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Abstract
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1 Introduction

Let 2 C R? be an open bounded set with regular boundary T', and consider the Navier-
Stokes equations (NSE) on {2 with a homogeneous Dirichlet boundary condition

% —vAu+ (u-V)u+ Vp = f(£) in (0,+00) x 2,

V-u =0 in (0,4+00) x Q,
u=0 on (0,400) x I,
U(O,I’) = UO(J:)7 T e Q7

(1.1)

where v > 0 is the kinematic viscosity, « is the velocity field of the fluid, p the pressure,
ug the initial velocity field, and f(¢) a given external force field.
We define Fiy : Rt — RT by

N
Fy(r) = min{l,}, reRT,
r

for some N € R* and will consider the following system of globally modified Navier-
Stokes equations (GMNSE)

% —vAu+ Fy (Jull) [(u- V)u] + Vp = f(t) in (0,+00) x ©,

V-u =0 in (0,400) x Q,
u=0 on (0,400) x T,

(1.2)
u(0,2) = up(x), x€Q,

The GMNSE (1.2) are indeed globally modified — the modifying factor Fiy (||ul|) de-
pends on the norm |[u|| = ||Vu||(2(q))sx3, which in turn depends on Vu over the whole
domain €2 and not just at or near the point x € 2 under consideration. Essentially, it pre-
vents large gradients dominating the dynamics and leading to explosions. It violates the
basic laws of mechanics, but mathematically the GMNSE (1.2) are a well defined system
of equations, just like the modified versions of the NSE of Leray and others with other
mollifications of the nonlinear term, see the review paper of Constantin [1]. (In passing,
we mention that Flandoli and Maslowski [3] used a global cut off function involving the
D(AY*) norm for the two dimensional stochastic Navier-Stokes equations).

In the next section we formulate the GMNSE (1.2) in the abstract framework that is
usually used for the NSE (1.1) and show that a strong solution of the GMNSE is unique in
the class of weak solutions. In section 3 we then establish the existence and uniqueness of
strong solutions of the GMNSE in three dimensions and their continuous dependence on N
and on the initial value in the space V. In addition, we investigate the relationship between
the Galerkin approximations of the GMNSE and the NSE for a fixed finite dimension. In
section 4 we verify the flattening property for the GMNSE and use it to conclude the exis-
tence of global V-attractors. Then in section 5 we show that a subsequence of solutions of



Modified Navier-Stokes equations 413

the GMNSE with a convergent sequence of initial values converges to a weak solution of
the NSE with the same initial value on any finite time interval. Finally, for time indepen-
dent forcing, we use the previous result for initial values in global attractors to establish the
existence of bounded entire weak solutions of the three dimensional Navier-Stokes equa-
tions. Such solutions would belong to a global attractor of the NSE, if such an attractor
were to exist.

2 Preliminaries

To set our problem in the abstract framework, we consider the following usual abstract
spaces (see Lions [7] and Temam [10, 11]):

V= {u e (C(Q)) - divu = o} ,

H = the closure of V in (L?(2)) with inner product (-, -) and associate norm |-| , where

for u,v € (L?(2))3,
3
() =3 [ wi@p(@s

V = the closure of V in (H}(€))? with scalar product ((-,-)) and associate norm ||-|| ,
where for u,v € (H}(2))3,

Z / ou; 61)]
Q 81'7, (91’2

It follows that V- C H = H' C V', where the injections are dense and compact. Finally,
we will use ||-||, for the norm in V"’ and (-, -) for the duality pairing between V" and V".
Now we define the trilinear formbon V x V x V by

b(u,v,w) Z/ w]d:c Yu,v,w eV,
1,7=1
and we denote

by (u,v,w) = Fn(||v]Db(u,v,w), Vu,v,weV.

The form by is linear in v and w, but it is nonlinear in v. Evidently we have by (u, v, v) =
0, for all u, v € V. Moreover, from the properties of b (see [9] or [10]), and the definition of
F, one easily obtains the existence of a constant C; > 0 only dependent on €2 such that

b (0, w)| < Co [ul*[lul 4oV o 4w, Vu,v,w eV,

b (w, 0, w)| < NCy[[uff[[w]],  Vu,v,weV.
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Thus, if we denote

<BN(U7U)7U}> = bN(U,U,U)), Vu,v,w € V7

we have

1B (u, 0) [ < CululM*lul o 4ol Va0 eV, (2.3)

|Bx(u,0)]l. < NCy[lull, Vv e V. (2.4)

We also consider A : V' — V' defined by (Au,v) = ((u,v)). Denoting D(A) =
(H?(2))3 NV, then Au = —PAu,Vu € D(A), is the Stokes operator (P is the ortho-
projector from (L?(£2))3 onto H).

We recall (see [10]) that there exists a constant C'; > 0 depending only on 2 such that

lull (o= (yys < CalAul, Yu € D(A), (2.5)
b(w, v, w)| < Colul*|Au)**||v|||w|, YVue D(A),veV,weH, (2.6)
b(u, v, w)| < Collu|*?|Au|?||v|||w|, Yu e D(A),veV,we H. (2.7)

Definition 1 Let ug € H and f € L%(0,T; (L?(Q))3) for all T > 0 . A weak solution
of (1.2) is any u € L%(0,T;V) for all T > 0 such that

%u(t) + vAu(t) + By (u(t),u(t)) = f(t) in D'(0, +o0; V'),
u(0) = uy,

or equivalently

(ult), w) +v / ((u(s),w)) ds + / by (u(s), u(s), w) ds = (up, w) + / (f(s),w) ds,

(2.8)
forallt>0and all w € V.

Remark 2 Observe that if u € L?(0,7;V) for all T > 0 and satisfies the equation

%u(t) +vAu(t) + By (u(t),u(t)) = f(t) in D'(0,4o00; V'),

d
then, as a consequence of (2.4), au(t) € L2(0,T; V"), and consequently (see [11])
u € C([0,+00); H) and satisfies the energy equality

u(t)]? |u(s)|2—|—21// Hu(r)||2dr=2/ (F(r),u(r) dr forall 0< s <t (2.9)
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We will prove the existence of (strong) solutions in the next section. First, we consider
the counterpart of Serrin’s classical theorem on the three-dimensional NSE which says that
a strong solution, if it exists, is unique in the class of weak solutions. We remark that strong
solutions, to be defined later, are examples of weak solutions of the kind in the following
theorem.

Theorem 3 [f there exists a weak solution u of (1.2) such that u € L?(0,T; D(A))
for all T > 0, then u is the unique weak solution of (1.2).

The proof is similar to, but a bit more complicated than in the NSE case and depends
on the following Lemmata.

Lemma 4

lp — 7|

[Ew (p) = F (r)] < =

for allp, r € RT.

Proof. Define
_ N N
Ft.r)i= Py () = By )] = i {1, 5 b~ min {1, T},

Taking into account that F 5 (r,p) = F n(p, ), it is enough to consider three cases.
If p, » > N, then

_ N N _ _
FN(p7T): - :N|p r| S |p T|.
P r pr r
If p, » < N, then
Fapr)=l1—1/=0< 221
r

Finally, if r > N > p, then

— N
FN(paT):’

Lemma 5 H |
u—v
|En ([[ull) = Fx (lolh)] <

o]
for all u, v € V with v # 0.

Proof. We apply Lemma 4 with p = ||u|| and r = ||v]|, using the fact that

el = Mol < flu =,
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Proof of Theorem 3. Let v be any weak solution with the same initial condition as the
weak solution u in the statement of the theorem and write w = v — u. Then, using the
energy equality, after rearrangement and using the fact that b(w, w, w) = b(u, w,w) = 0,
we obtain

1d
2 dt

From (2.5), we have that there exists a constant C'3 > 0 such that

wl* + vwl* + Fx([v])b(w, u,w) + (Fx (loll) = Fa ([[ul)] b(u, u, w) = 0.

|En ([[v])b(w, w, w)] < [b(w, u, w)]
= ‘b(wvwvu)‘
< Cslwl ||lwl||Aul

v C?
< = 2+ 3 Aul w3,
<Vl + B au?lu

Using Lemma 5 and (2.7), we have

[ = uf

(Ew (ol = Pl b, w)| < Collul*2| A

[l

Collwll[lul 2| Aul*/2 ]

v C?
ol + 2 Al

IN

Thus we obtain p
%IwI2 +vfjwl> < C (1 4+ [|lull? + [Aul?) Jw]?

for an appropriate constant C, and the result follows from Gronwall’s lemma, since |w(0)|? =

0. |

Later we will need the following generalization of Lemma 4.

Lemma 6

M —-N —
M=N| | [p=r1]

|[Far (p) — Fiv ()] < ; .

for all M, N, p, r € RT.
Proof.

|Far(p) = Fn(r)| < [Far(p) = Faur(r)| + [Far(r) — F(r)]

< |Fuifr) ~ Fx ) + 211
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by Lemma 4. To show that

M—N
1Fa(r) — Ew(n) < L2
forall M, N, r € Rt, we consider three cases.
If r > M, N, then
M N |M — N|
F —F — = _t) == 0
[Far(r) = Fn(r)] = |— = — .
Ifr <M, N, then
M — N
|Fas(r) — Fn(r)=1-1]=0< g

r

Finally, if M <r < N, then

M—r _|M-N]|
< )

r T

|Fas(r) — Fx(r)| = ‘f‘f_l‘ _

3 Existence and uniqueness of strong solutions
Here we prove the following existence and regularity result for the system GMNSE.

Theorem 7 Suppose f € L2(0,T;(L*(Q))3) for all T > 0, and let ug € H be given.
Then,

(a) If ug € V, there exists a unique weak solution u of (1.2), and in fact u is a
strong solution, i.e., satisfies

u € C([0,T]; V)N L*(0,T; D(A))  for all T > 0. (3.10)

(b) If ug € V, every weak solution u of (1.2) is a strong solution, in the sense
that
u€ C([e,T); V)N L*(e,T; D(A))  for all T > e > 0. (3.11)

(c) Ifug € V but f € L>(0,6; (L*(2))3) for some & > 0, then there exists at least
one weak solution u of (1.2).

Proof. The assertion (b) is a consequence of the assertion (a). If ug ¢ V and u is a weak
solution of (1.2), then u € C([0,T]); H) N L2?(0,T; V) for all T > 0, and consequently, for
any ¢ > 0 there exists 0 < ¢¢ < e such that u(to) € V. Then, the function v(¢) := u(t+to)
is a weak solution of system (1.2) with v(0) = u(¢g) € V and forcing term f(t + to), and
by assertion (a) v € C([0,T]; V) N L?(0,T; D(A)) for all T > 0, and in particular u
satisfies (3.11).



418 T. Caraballo, P.E. Kloeden, J. Real

Thus, we must prove assertions (a) and (c). Consider the Galerkin approximations for
the GMNSE, given by

du,

%+VAUm+P BN(um7um) = Pnf, um(o) = Pruo, (312)
where u,, = Z;"’:l U, jPjs Al = Z;":l AjUm,j¢;. Here the \; and ¢, are the cor-
responding eigenvalues and orthonormal eigenfunctions of the operator A and P, is the
projection onto the subspace of H spanned by {¢1, ..., ¢ . Then

m

|um|| Z Aj U,m N |"4um|2 Z /\j m,j*

In addition
m
2 _ Z 2
|um| - um,j?
Jj=1

which can be interpreted as either the Euclidean norm of u,,, € R™ or the L?-norm of u,,
€ H.

The existence of local solution of (3.12) is a consequence of Peano’s theorem, the
uniqueness of solution of (3.12) can be proved as in Theorem 3, and the fact that the local
solution is a global one is a consequence of the estimate (3.13) below.

Indeed, it is standard that if we take the inner product of the Galerkin ODE (3.12) with
Uy, and use that b(wy, , U, um) = 0, we obtain

1d
2 dt

which is exactly the same as in the NSE, and taking into account that Aj [u,,|? < ||um,||?,
easily gives the inequality

‘UM|2+V”Um” (faum)7

Sl + vl || < (3.13)

iR
VA 1 ’
and consequently

t ¢ 2
|t (8) ]2 + 1// |t (8)|% ds < |uo)? —|—/ % ds for all t > 0. (3.14)
0 0 1

Also, from (3.13) we have

—um|? + A1 |u \2<ﬁ
" =N
thus |f|2
el vt V)\lt
dt (e |Um( )| ) V)\l

and integrating one easily obtains
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t 2
[t (B)[* < |ug|?e™ M1 +/ %e*”l“*s) ds forallt>0. (3.15)
0 1

From (3.14), exactly as with the NSE, one determines the existence of a
ue L0, T; H)N L*(0,T;V)

and a subsequence of {u, }men Which converges weak-star to w in L°°(0,7; H) and
weakly to u in L2(0,T; V). By the compactness theorem 5.1 in Chapter 1 of [7], it follows
that a subsequence in fact converges strongly to « in L?(0,7T; H) and a.e. in (0,T) x .
But the weak convergence in L?(0,T'; V) is not enough to ensure that

luml — lull  oratleast  Fy (Jum@®)]) — Fy (Ju()]) for a.a. t.

Thus we go one step further and find a stronger estimate. We now take the inner product
of the Galerkin ODE (3.12) with Au,,, and obtain

1d

§%||um||2 + V| At |2+ b (U s Uy Atin) = (f, Atiy). (3.16)

Evidently,

v 2 |f|2
< Z Yl
(. At < % v 2 4+ 5

In addition, by (2.7) and Young’s inequality, one obtains

N
bN (U s At )| < Tl Collum |2 At |*/

= NC2||um||1/2|Aum|3/2

v 2 2

< A + o lJum?
27(NCy)*
43

Thus (3.16) simplifies to

with Cy =

d 2
el + vl At < Z[£12 + 20 (3.17)
Now we distinguish three cases:

Case 1. whenug € V.
In this case, from (3.17) and the fact that

[um ()| = [[Pruo]| < [|uoll
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by the choice of the basis {¢; } of H, one easily obtains that the sequence {u,, } is bounded
in L>°(0,7;V) and in L?(0,T; D(A)) for all T > 0.

Then, observe that for any w € H, |by (U, Um,w)| < NCs|Auy,||w], and in conse-
quence, the sequence {P,,, By (U, )} is bounded in L2(0, T'; H) for all T > 0.

d
Therefore, from the equation Z;” = —v AU, — P BN (U, U, ) + Py f, one has that

dup, | . .
the sequence % is also bounded in L?(0,T; H).

Consequently, as D(A) C V' C H with compact injection, by Theorem 5.1 in Chapter
1 of [7] there exists an element u € L°°(0,T; V) N L?(0,T; D(A)) for all T > 0, and a
subsequence of {u,, }, that we will also denote by {u,, }, such that

Um — u strongin L2(0,T5V),

Upm — u ae.in (0,T) x Q,

um — u weakin L2(0,T; D(A)),
Up — u weak-starin L>°(0,T;V),
Ay, N du

—m -z ; 2 .
o o weak in L°(0,T; H),

(3.18)

forall T > 0.
Also, as u,, converges to u in L?(0,T;V) for all T > 0, we can assume, possibly
extracting a subsequence, that

[um (@) = lu@)]  a.e. in (0,+00),

and therefore

Fn(lum(®)]]) — F(|lu(t)]]) a.e. in (0,+00). (3.19)

From (3.18) and (3.19) we can take limits in (3.12) and we obtain that « is a solution
of (1.2) satisfying (3.10). In fact, this can be done reasoning as in [7] for the case of the
Navier-Stokes system. The only slight difference is for the nonlinear term, and for the sake
of completeness we include the arguments here.

First, by linearity, density, and the properties of b, we only need to prove that

¢ ¢
i [ Ea () D (). 5 () ds = [ Exu(s) D). 65, u(5)) ds

’ (3.20)
forallj > 1,t > 0.

Let T > 0 be fixed. According to [7], as u,, is bounded in L>°(0,T; H) N L2(0,T;V),
foreach 1 < i,k < 3, the product of the components u'% u'%” is bounded in L2(0, T} L3/2(Q)),
and therefore, as 0 < Fy < 1, the product FN(||um(s)||)u£ﬁ)u£,’f) is also bounded in
L?(0,T; L3/2(Q)). But then, eventually extracting a subsequence, we can assume that

Fn ([ (s)NuDu® —~x; 1 weakin L2(0,T;L%2(Q)), 1<ik<3.  (3.21)
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But, u,, — wa.e. in (0,7) x 2, and therefore, by (3.19),

FN(||um(s)||)u£fL)u§,’f) — FN(||u(s)H)u(i)u(k) a.e. in (0,T) x Q, (3.22)

for 1 < i,k < 3. The sequence Fiy (||t (s)])uld 't is also bounded in L3/2((0, T) x ),
and thus, by (3.22) and Lemma 1.3 in [7],

Fn (||tm (8) )P0l ~ P (JJu(s)])uDu® weak in L¥2((0,T) x Q), 1<ik<3.

(3.23)

Evidently, (3.21) and (3.23) imply that x; = Fn(||lu(s)|)u®u*), and then (3.20) is
obtained exactly as in [7].

Case 2. When ug € V but f € L>(0, +o0; (L%(2))?).

In this case, we must go further with the previous estimates. We denote | f|oc = ||.f || Lo (0,-00;(L2(2))%)>
and we argue as in [2]. From (3.17) we have in this case

(t —to)| 29Vt forall 0 <ty <t. (3.24)

21113
e (DI < | llum (F0) [ + =22

Now, observe that (3.15) implies

/13
(U)\1>2

[ ()% < |uo|?e™ M + for all £ > 0. (3.25)

Also, integrating (3.13) between ¢ and ¢ + 7, we have

|f 15
V)\l

t+1
1// |t (5)]|2 ds < |um (£)|? + 7 forall0<t<t+r,
¢

and then, from (3.25)

t+7 2
1
V/ | (5)]|% ds < |u0|2e_”’\1t+& |:T + ] forall 0 <t <t+7. (3.26)
t l//\1 l//\1

Fort > 0 and 7 > 0 given, let us define p > 0 by
2 1£12 1
2 2 o0
p= vT {UQ| + l/)\l T l/)\l ’

D ={selt;t+7]: lum(s)| = p},

consider the sets

and let us denote |D,, | the Lebesgue measure of D,,,. Evidently, by (3.26),
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2Dyl < / i (3)]? ds

m

t+71
< / ()] ds
t

1 |f13 1 7p?
< = 24 Wl _ -7
~ v {|u0| + U1 T U1 2’

and thus |D,,| < 7/2.

Consequently we can ensure that for any ¢ > 0, 7 > 0 and m > 1 there exists a
to € (t,t + 7) such that

2 2 2 |f|go 1
< — - .
e e o L e

From this property, we have that for any given € > 0 and any ¢ > ¢, there exists a ty €
(t — €, 1) such that

2 PR,
mt 2<7 2 oo -
fumt)lP < 2= {juol? + = e

and hence, from (3.24) we deduce that

2 2 1 2 2
| ()]1? < Lg {|uo|2 + ‘Z{J\T |:E + 1//\1} } + |fy|°°€} 26N forall t > e.
(3.27)

From (3.14), (3.27) and (3.17), we immediately obtain that the sequence {u,,} is
bounded in L>(0,7T; H), in L?(0,T,V), in L>(&,T;V), and in L%(e, T; D(A)), for all
T>¢e>0.

m

d
Reasoning as in Case 1, we see that the sequence { Zt} is also bounded in L2 (¢, T'; H)

for all T' > ¢ > 0. Hence, there exists an element

u€ L=(0,T; HYNL2(0,T; V)N L>®(e, T; V) N L?(e, T; D(A))



Modified Navier-Stokes equations 423

forall T > ¢ > 0, and a subsequence of {u,,}, that we will also denote by {u,,}, such

that
Um — u weakin L2(0,7T;V),

Uy — u weak-star in L>°(0,T; H),

U, — u strongin L2(0,T; H),

Um — u ae. in (0,T) x €,

Um — u strongin L2%(e, T;V), (3.28)
um — u weakin L?(e,T; D(A)),

Uy — u weak-starin L> (e, T; V),

du,, N du

—m - ; 2 .
o o weakin L°(e,T; H),

forall T > e > 0.

Also, as u,, converges to u in LQ(E, T;V) forall T > ¢ > 0, we can assume, even-
tually extracting a subsequence, that (3.19) is also satisfied in this case. From (3.28) and
(3.19) we can take limits in (3.12) as in Case 1 above and we obtain that « is a solution of
(1.2) satisfying (3.11).

Case 3. Whenug & V but f € L°°(0,6; (L?(2))?) for some & > 0.

In this case, considering the prolongation of f as zero to (d, +00), by the Case 2 we can
ensure that there exists a function u! such that, in particular,

ut € C([0,0]; H) N L*(0,5; V)N C([&,8); V)N L2(g,8; D(A)) forall 0 < e < 6,

and
Ul w)+v t Ul s),w))ds + t Ul S Ul S),w| as
( (t)7 ) /0 (( ( )a )) /0 bN( ( )7 ( )a )

— (o, w) + / (f(s),w) ds

forallt € [0,d] and allw € V.
Now, considering the problem (1.2) with initial datum ! () and forcing term f(t +6),
it is immediate from Case 1 that there exists a function u? such that

u? € C([6,T); V)N L*(6,T; D(A)) for all T > 6,

and

(uz(t),w) +l//5 ((u?(s),w))ds +/§ bn (uQ(S),uz(s),w) ds

— (ul(é),w) Jr/ (f(s),w)ds

)
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forallt € [0, +oc0) andallw € V.
Thus, the function

u(t) =

ul(t) ifte€l0,d],
u?(t) ift € [6,+00),
is a solution of (1.2) satisfying (3.11). [ |

3.1 Continuous dependence on initial values and N

We prove now a result which shows, in particular, that the semi flows generated by the
solutions u(™) (¢, ug) of the GMNSE (1.2) with parameter N, depend continuously on the
parameter [N as well as on the initial value ug. First we prove a preliminary estimate.

Theorem 8 Suppose that f € L*(0,T;(L*(2))3) for all T > 0, and let N,M > 0,
and ug,vg € V be given. Let us denote by u(t) (respectively, v(t)) the solution of
(1.2) corresponding to the parameter N and the initial value ug (respectively, to the
parameter M and the initial condition vy). Then, there exists a positive constant
C > 0 depending only on Q and v such that

[lo(t) = u(®)|[* < [lvo — uol[* + C(M /IAU )|*ds] (3.29)

¢
X exp (C (M4t +/ Au(s)|2ds>) , forall t>0,
0

/|Av — Au(s)|?ds < [||vo — uo||* + C(M — N) /\Au )?ds]x  (3.30)

{1 + < /0 (JAu(s)[? +M4)ds> X exp (c (M4t+/o |Au(s)|2d8)>} ,

for allt > 0.
Proof. Denote w(t) = v(t) — u(t) where v(t) = u™)(t,ug) and u(t) = v (¢, up).
Taking into account that w € C([0,T); V) N L?(0,T; D(A)) for all T > 0, and

3 @) +vAw(t) + Bar(v(?), v(t) — B (u(t), u(t)) =0,

we obtain the energy equality

B dt Hw||2 + v|Aw|? + by (v, v, Aw) — by (u, u, Aw) = 0. (3.31)

Writing £X for +X — X (= 0) for an expression X, we have

bar (v, v, Aw) — by (u, u, Aw)
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= Far([lv])b(v, v, Aw) = F([[ul])b(u, u, Aw)

= Fu(([ol)b(v, v, Aw) £ Far([|v])b(u, v, Aw) — Fn ([[ul)b(u, u, Aw)
= Fu(([ol)b(w, v, Aw) + Far([[v])b(u, v, Aw) = Fn ([[ul)b(u, u, Aw)
= Fu(([ol)b(w, v, Aw) + Far([[o]l)b(u, v, Aw) + Fy ([[ul)b(u, v, Aw)

= En([lull)b(u, u, Aw)
= Fu(([ol]) b(w, v, Aw) + (Far([|v[]) = Fn([lul])) b(u, v, Aw) + Fr ([|lul]) b(u, w, Aw).

‘We then estimate the individual terms:

Ena(o]) (e, v, Aw)] < Coro ] ol Auwf?2

[[v]]
v 2 e 2
g\Aw| + C'M*H|w||*,

by Young’s inequality. On the other hand,

Fn(JJul]) [b(u, w, Aw)| < |b(u, w, Aw)|
< ClAul||wl|[Aw|
< 2wl + C" | Aul w]*.
Also, by Lemma 6

w|| |M—-N
<n||+)(nAu|mnAwl

~lAwl? + C"|Auf? (lwl? + (M = N)?).

[Ear(l[oll) = Fn(llulD] b(u, v, Aw)|

IN

IN

Thus,

L hole) P+ v Aw()? < O (|Au() + M) )]+ ClAu(O? (M~ N)*, 10,
whence
Hw@nw+ﬂQA\Aw@ndssuw<n|+wxwf Af./\Au<nds (3.32)

¢
+ C’/ (JAu(s)[* + M*) [Jw(s)||*ds, forall t >0,
0
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and
t T
[w(®)|? + v / |Auw(s)ds < [[w(0)]2 + C(M — N)? / |Au(s)?ds (3.33)
0 0
t
+c/ (JAu(s)> + M*) |w(s)|Pds, forall ¢ € [0,T).
0
Consequently,
(D)2 <

T T
l|w(0)|2 +C(M — N)2/0 |Au(s)2ds] exp <O/o (JAu(s)]* + M*) ds) .

Taking into account that 7' > 0 is arbitrary, then (3.29) follows immediately. As for (3.30),
it is a straightforward consequence of (3.32) and (3.29). [ |

As a consequence of the previous theorem, we have continuous dependence on the
initial value and on NV, being also the convergence in L?(0,T; D(A)). These properties are
stated in the following corollary.

Corollary 9 Suppose that f € L?(0,T;(L?*(2))3) for all T > 0. Then, for anyug € V
and N > 0 given,

u(M)(-,UO) — u(N)(-,uo) in C([0,T); V)N L*(0,T; D(A))
as (M,vo) — (N,ug) in RT x V, for all T > 0.
Proof. The proof follows from estimates (3.29) and (3.30). [ |

3.2 Comparison of Galerkin solutions of the GMSE and NSE

We suppose here that f € L>°(0,T’; (L?(£2))?) and consider the Galerkin approximations
of the GMNSE and NSE of fixed dimension m for the same initial value ug over the time
interval [0, 7. In particular, we want to discover what happens as N — oo.

The Galerkin ODE for the GMNSE with parameter [V is

duly
l;t AU 1 P By (@) w)) = P f (3.34)

The energy inequality for this ODE combined with A1 |u|? < ||u||? reads

d 1P
& (N2 (M2 < W1°
SR +vxfuR <

and leads to the boundedness of solutions uniformly in NV (and m),

UV OF < |uo® + 55 M?T = K, Vte[0,T], (3.35)

212
DX
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where we have denoted M := || f|| oo (0,7(22(02))3)-
In addition, from (3.34) we obtain that a.e. in (0, T"),

du%v )

dt

< v [AuD| 4+ By (D) [P B@Y) ul)| + [P f
< Vhm, ugfﬁ ‘B Uy, U(N)’+|f|

+M

3/2 1/2
< A [u@) +02Hu§jj>H ]Augjy))‘

2
< v [l | 4+ CoX* [u| + M

TTL

using the facts that
0< Fy (Jul]) <1

by definition, inequality (2.7), and that
[um| < )\717{2 |uml, [Att| < Ay |t - (3.36)

)

Using the uniform boundedness (in both N and m) of ‘u%v ‘ on the interval [0, T, we

see that its derivative is also a.e. uniformly bounded in NV on the interval (0, 7"). It follows
then by the Ascoli theorem that there is a subsequence u( i)

C([0,T],R?) to a function u;”) in C([0, T], R3).

This function is in fact the corresponding solution of the m-dimensional Galerkin ODE
for the NSE. This follows by the uniqueness of solutions of the Galerkin ODE for a given
initial value and the fact that

N . N
1> Fy (Juld]]) = m {Lnﬁp”}zmm{Lﬁfwgn}

) N
> min {1, 1} ,
MK

Fy (ng\”n) =1 for N>\/2k

which means that the Galerkin ODE (3.34) for the GMNSE with parameter IV is the same

as the Galerkin ODE for the NSE for NV > A},{QK, i.e. u£,{V> = u£;?°> for all such N.

which converges uniformly in

SO

4 Existence of global attractor in V' of the GMNSE

We now assume that the forcing term f does not depend on time. Then, for each ug €
V, we denote S (t)ug = u™ (t,up), where u™) (¢, ug) is the unique strong solution
uN)(t) of (1.2).
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In the sequel, we consider the GMNSE for a given IV, which is kept fixed, and we omit
the superscript (V) when no confusion in possible.

Then, from Theorems 7 and 8, it is immediate that {S(¢)}+>¢ is a C° semigroup in V/,
ie., S(t): V — V foreach ¢t > 0, and satisfies

(a) S(0) = I, the identity map on V,
(b) S(t+s) = S(t)S(s) forall s, t >0,

(¢) The function (¢,ug) € [0,+00) X V +— S(t)up € V is continuous.

Let u(t) = S(t)up with ug € V. With the same arguments used to obtain (3.13), we
obtain the inequality

d 1

Similarly, reasoning as in the derivation of (3.17), and taking into account that Ay ||u|?
< |Au|? and that, by (2.6), |bx (u, u, Au)| < NCs|u|'/*|Au|"/* if u € D(A), we obtain
the inequality

d 2
Tl + vl < S| f2 + O, (4.38)

o (NCR)RTT

Integrating the differential inequality (4.37) we obtain

1

Vg)\% |f|2 (1 _ e—uklt) ,

u(®)* < Juol*e™* +

from which we see that |u(#)|? remains bounded for all future time, i.e.

1
v2\?

lu(t)? < Jug|?e Mt + fI2, vt>o, (4.39)

and thus S(¢) has an absorbing set By in H (which absorbs bounded sets of V) given by

1
BH—{uEH:|u|2§1+ 22|f2}. (4.40)
2N

Substituting the bound (4.39) for |u(¢)|? in the differential inequality (4.38) gives

d 2 2 N 2 _ux ViE o)
gellel? + P < O g et 4 0= (24 5 )

Integrating this inequality then gives the solution estimate

@) < (huoll? + C Mt Pyt 4+ W (5, € V>0, (441)
= VAL vAZ ) =
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from which we deduce that S(t) has an absorbing set Bg,N) in V' (which absorbs bounded
sets of V') given by

2 (N)
B(VN>:{ueV:|u||2<1+ /1 <2+C )} (4.42)

Z/2A1 VA%

As we will see in the next subsection, the semigroup in V" here is asymptotically com-
pact, from which we conclude that the GMNSE system (1.2) has a global attractor Ay in
V for each N. Moreover, Ay C B&N) for each N and B&N) C Bg,N*) for N < N* in view
of the definition of the constant C'N). The upper semi continuous dependence of the global
attractors Ay in N follows by standard theorems in dynamical systems theory in view of
the continuity of the semi groups SV) in N already established in Corollary 9, see e.g.
[9], Theorem 10.16.

Theorem 10 If f € (L%())? then the GMNSE (1.2) has a global attractor Ay
iV for each N > 0. Moreover the set-valued mapping N — Ay is upper semi
continuous, i.e.

distv (AM,AN) —0 as M — N, (443)

where disty is the Hausdorff semi distance on V.

4.1 Asymptotic compactness of the semigroup in V

To show that the semigroup is asymptotically compact, it is enough to verify the following
condition which was called Condition (C) by Ma, Wang and Zhong [8] and later called the
flattening property by Kloeden and Langa [6], who investigated its relationship to the better
known squeezing property.

Flattening property For any bounded set B of V and for any ¢ > 0, there exists 7. (B) >
0 and a finite dimensional subspace V. of V, such that { P.S(¢)B,t > T.(B)} is bounded
and

(I — P.)S(t)ug|| <& for t>T.(B),ug € B, (4.44)

where P. : V' — V/ is the projection operator.

Without loss of generality, we can restrict our attention to B = Bg,N), the absorbing set
in V defined above by (4.42).

Given € > 0 we will find an appropriate integer /N, such that the flattening property
is satisfied for the /N -dimensional subspace V. of V which is spanned by the first V.
eigenfunctions {¢1, ..., ¢n_}, with P the projection onto this subspace.

The first boundedness condition in property clearly holds from the estimate (4.41) and
the fact that | P.v|| < ||v|| forallv € V.

To verify the condition (4.44), let ug € Bg,N), and u(t) = S(t)up. Observe first that for
any A € R one has, arguing as in deriving (3.17),
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v v 2 v v
= (M [ull?) + ver™ | Auf® < SN £2 4 (20D + pX)e M ful|. (4.45)

Then integrating one easily obtains

t 2 ) 9 (N) A t
e*t/)\t/o €VA5|A’UJ(S)|2dS < HUBH +VT)\‘f|2+ C V+V e—y)\t/o e”)‘5||u(s)|\2ds.
(4.46)
Now, define ¢.(t) := (I — P.)u(t,up) = (I — P-)S(t)ug. Then ||q-(t)| satisfies the

following equation which is obtained taking the L? inner product of the GMNSE with Ag.
(= Au— AP.u = Au — P.Au = A.u):

1d
5%”(15”2 + V|AQE|2 +bn(u,u, Age) = (f, Age). (4.47)
Using the estimates
N
b (u,u, Age)| < Tl Co|u[*/?| Aul'/?| Aqge |

= CoN||ul|"/?| Au|'/?| Aqgc|
v o 1 o0
< Z1Aqe? + S CIN? full| Aul
v
v 2
< YJ4q.? + C|Au)

for an approriate constant C, using the fact that ||u(¢)|| is bounded for all future time, and

v 1
A 5 < - A 5 2 - 27
(/. Aqe) < T1AG + 7]
we obtain
L gl + vl AP < 20 Al + 2P
dt"e = v
and hence

d 2
@Hqsll2 + VAN [lgel|* < 201 Au] + |7, (4.48)

since Ay [|g:[|? < |Age|?.
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We integrate (4.48) and obtain

2
Vz)\NE

llg=(®)1* < la=(0)[|*e™"A=" + [f* (1= emnet)

t
+ QCe_VANEt/ e’ =] Au(s)| ds
0

_ 2
< JJuo||Pe™ ANt + WWQ

t 1/2 t 1/2
+2Ce "Nt ( / e”’\Nssds> ( / |Au(s)l2e”NsSds>
0 0

2 c
+ J—
Vz)\NE |f| QV/\N

€

< Jluo|[Pe™ et +

)

using the fact that by (4.46) the expression
t
e VANt / | Au(s)||2e"*¥<* ds
0

remains bounded for all future time.

Thus, taking N, and ¢ large enough so that the sum of the terms involving Ay, in the
denominator is smaller than /2 and so that the initial condition term becomes smaller than
/2, we obtain

llg(®)* <e,

which is precisely the second requirement of the flattening property.

Remark 11 Applying the results of Ma, Wang and Zhong [8], we have thus proved
that the semigroup Sy (¢) in V has a global attractor Ay in V for each N which
attracts bounded subsets of V. In fact, since by Theorem 7, any weak solution
starting at a ug € H immediately becomes a strong solution, this global attractor
also attracts all weak solutions. Although the weak solutions may not be unique,
one can show that Ay is also the global attractor in H. The details will be presented
elsewhere.

5 Convergence to weak solutions of Navier-Stokes
Equations

Suppose that f € L2(0, T; (L?(2))?) for each T > 0 and let u(™) (t) be a weak solution of

the GMNSE (1.2) with the initial value u"’ € H, where u$") — uo weakly in H as N —
oo. Each of these weak solutions satisfies the energy equality
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1d
5 gl v = (fut™), (5.49)
from which it follows that
L1 Ly u™)2 < g2 (5.50)
dt - VAl
uniformly in N > 0.
(N) (N)

From this inequality and the boundedness of |u, ’|, we obtain that the sequence u
is bounded in L>°(0,7T; H) N L?(0,T;V) for all T > 0, and then, by (2.3), the sequence
4, (N) is bounded in L*/3(0,T;V*) for all T > 0. Thus, by a diagonal argument, there
exists a subsequence u(™i) of the u"¥) which converges to a funtion

u € L®(0,T; H) N L*(0,T;V)
weak-star in L>°(0,T’; H), weakly in L?(0,T; V') and strongly in L?(0,T’; H) for all T >
0.

This limiting function, as we will see, is a weak solution of the NSE (1.1) for the given
initial condition wy, i.e satisfies the variational equation

(u(t), w) —|—V/O/((u(s),w))ds—&—/Olb(u(s),u(s),w) ds

= (uo, w) +/0 (f(s),w) ds t>0, (5.51)

for all w € V, which differs from the variational equation (2.8) for the GMNSE by the
absence of the Fiy (JJu(s)||) factor multiplying the nonlinear term b. The convergence
of the corresponding terms as /N; — oo follows exactly the same as the convergence of
Galerkin approximations, with the exception of the nonlinear term for which we are going
to show that

t t
/ F, (1)) b (a9 (5),u™)(s),w) ds — / b(u(s),uls),w) ds (5.52)
0 0
forall t € [0,T] and w € D(A). To prove this we need the following lemma.

Lemma 12
Fy (Hu(N)(S)H) —~1 i LP(0,T;R)

as N — oo for eachp > 1.

Proof. From (5.50) we see that

T N 9 CQ 1 T
| @R s < K= St e [l

V2A1
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where C' > 0 is an upper bound of |u
Let us denote

(N)|
ol

On ={s€(0,7): [[u™(s)]| = N},

and |O | the Lebesgue measure of Oy .

Then .
ONIN? < / [ ()2 ds < K.,
0
and so %
|On| < Vg —0 N — oo,
Now, as
(05l = [ Fy (l@)) ds
[0,71\OnN
T
< [ By (™)) ds <1,
0
we see that

T

T
/ Fn (||u(N)(s)||) ds—>/ 1ds as N — oo.
0 0
But0 < Fy (J[u™(s)]) < L, so
! (N) ! (N)
1— Fy ([Ju™(s ’ds:/ 1—Fx ([[u™(s)]])) ds — 0 as N — oo.
[ = (e as= [ (1= (1))

Finally, since |1 — Fy (u™)(s)||)| < 1, we have
T T 1
1— Fy ([Ju® ‘pd:/ 1= Fx (@1 1= Fy (™)) ds
/O 1= Fx (™ )| ds= | w (1)) w (1))

T
§/0 ’1—FN(||u(N)(s)||)‘ds—>0 as N — oo

for any p > 1. |

Reasoning as in the proof of the existence of weak solutions of the NSE we have

/0 b(u(Nj)(s),u(Nf)(s),w) d8—>/0 b(u(s),u(s),w) ds

forallt € [0,T]andw € V.
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Let us fix w € D(A). Introduce the abbreviations

FD(s) = F, (Ju™ (9)]1) 609 () = b (u™) (), (5), w)

We want to prove that

T T
/ F(Nj)(s)b(Nj)(s) ds —>/ b(s)ds as N — oo.
0 0

We rearrange this as

/ ! (F(Nf)(s)b(Nj)(s) - b(s)) ds = / ! (F(Nf)(s) - 1) bN3) (s) ds

0

+ /OT (b(N")(s) - b(s)) ds,

where, as seen above, the second integral converges to zero. The first integral also con-
verges to zero from Lemma 12, the estimate

/T (F(Nf)(s)b(Ni)(s) _ b(Nj)(S)) ds 2
0

T 2 T 2
S/ ‘F(NJ)(S)—l‘ ds/ ‘b(Nf)(s)‘ ds
0 0

and the uniform boundedness in N; of the second integral here, namely
T 9 T
| )] ds < uliawd [ )20 ) as
0 0

< C3Cr|wl|Aw| < oo,

using the uniform boundedness of the sequence u(™+) in L>°(0,T; H) N L*(0,T; V).
The desired convergence (5.52) and thus the equation (5.51) holds for all w € D(A),
and then, by density, forallw € V.

We have thus proved the following theorem.

Theorem 13 Suppose that f € L*(0,T;(L*(2))3) for each T > 0 and let u™)(t)
be a weak solution of the GMNSE (1.2) with the initial value uéN) € H, where
uéN) — ug weakly in H as N — oo. Then, there exists a subsequence {u(NJ')(t)}
which converges as Nj — oo, weak-star in L>(0,T; H), weakly in L?(0,T;V) and
strongly in L*(0,T; H), to a weak solution u(t) on the interval [0,T] of the NSE
(1.1) with initial condition ug, for every T > 0.
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5.1 Existence of bounded entire weak solutions of Navier-
Stokes Equations

When the forcing term f € (L?(2))? is independent of time, we can use of Theorem 13
and the existence of a global attractor Ay of the GMNSE (1.2) for each N to show that
the NSE (1.1) have bounded entire weak solutions, that is, weak solutions which exist and
are bounded for all ¢ € R. Such solutions are interesting as they would belong to a global
attractor of the 3-dimensional NSE, if such an attractor were to exist.

Consider a sequence of {u(()N)} in V' with uéN) € Ay for each N. The global attractor
is invariant under the semi flow, i.e. S&Y) (t)An = Ay forall t > 0. It follows that there
exists an entire strong solution of the GMNSE (1.2) (™) : R — V with ¢(N)(0) = uéN)
and N (t) € Ay for all t € R for each N. To see this, first note that for any u(()N) € An
there exists a unique strong solution SV )(t)uéN) € Ay for all t € RT. There also exists
u(f\{) € Ap such that S(N)(l)u(f\p = u(()N) and S (¢4 1)u(f\{) =50 (t)u(()N) forallt €
R*. Repeating this argument inductively we find an u(_]\l?_l € Ay such that S(V) (1)u(_]\,£)_1
= u(f\,? and S(N)(t+ 1)“(7]\1?71 = S(N)(t)u(f\,;) forallt € Rt foreach k=1, 2, .... Inthis
way, defining

N
3N (1) = Sﬁ)(t)ué ). for t >0,
SN (t 4+ kyu_y, for te [~k ~k+1], k=1,2,...

we have an entire strong solution ¢¥) : R — Ay with ¢@V)(0) = u". We note that this
entire solution need not be unique, but it has been shown in [5] that the totality of backward
extensions satisfies the properties of a compact setvalued semi group in reversed time.

Now the attractor Ay C By for each IV, where the closed and bounded subset By of
H, which is defined in (4.40), is independent of N. This means the entire solutions (;E(N )
takes values in By for all N. Therefore, by Theorem 13, there exists a subsequence ¢(M1)
of the (™) which converges to a function ¢ € L>(0,T; H) N L?(0,T; V) weak-star in
L*°(0,T; H), weakly in L?(0,T; V') and strongly in L?(0,T; H) for all T > 0 such that
¢ is a weak solution of the NSE on the interval [0, 7] for every T' > 0. Moreover, by the
weak-star lower semicontinuity of the norm in L> (0, T'; H), the function ¢ takes values in
Br.

To extend this weak solution backwards in time, we start with the subsequence ¢(V)
and repeat the argument to obtain a further subsequence ¢V of the entire solutions which
converges to a weak solution on [—1, 7] for any T > 0, with values in By, and that coin-
cides with the previous weak solution on [0, +00). We repeat this arguments inductively
with the corresponding subsequence of the ¢™V* and extend the weak solution backwards to
exist on [—k, +o00) for each k =0, 1, 2, .. .. In this way we obtain an entire weak solution
¢ of the NSE with values in Bj;.

We have thus proved, in particular, the following theorem.

Theorem 14 There exists a bounded entire weak solution of the NSE (1.1). More
exactly, there exists a bounded entire weak solution of the NSE (1.1) with initial
value ug for each ug € Uy, where Uy is the subset in H consisting of the weak

H -cluster points of sequences u(()N) € Ay for N — oo.
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The set Uy here is obviously a non-empty subset of the closed and bounded subset By

of H.

This result improves on a similar one of Kapustyan and Valero [4], who required the

forcing term to be in the space (L*(€2))3 N H.
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