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Abstract

Grigor’yan, Hu and Lau [10] introduced sub-Gaussian heat kernels on general metric mea-
sure spaces and defined a family of function spaces to characterize the domain of associated
Dirichlet forms. In this paper, we will improve their results about norm equivalence. As
an application, we construct self-similar Dirichlet forms on a class of self-similar sets con-
taining the Sierpiriski gaskets and carpets. Then we prove the Poincaré inequality and give
effective resistance estimates by the self-similarity. Consequently, we have a new equiva-
lent characterization of heat kernel estimates through function spaces with strong recurrent
condition.
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1 Introduction

It is well known that the Gaussian kernel p;(x, y) in R™ given by

__ 1 |z =yl
Pt(%y)—mexp T u

plays an important role in the studies of heat equation % = Auw. To introduce a Laplacian
on the Sierpiniski gasket(SG) in R?, Barlow-Perkins [4] showed the existence of a heat

kernel p;(z,y) via simple random walks such that

B (s 7T
Com(-(E50)%)

for 0 < t < 1 and a constant C' > 0 (the sign < means both inequality signs < and >
are admitted instead but the constant C' may be different in upper and lower bounds). Here
a = log, 3 and 5 = log, 5 denote the Hausdorff dimension and walk dimension of SG.
Then Barlow-Bass [2] constructed diffusion processes on the Sierpifiski carpet(SC) and its
higher dimensional analogues, and obtained similar estimates of the associated heat kernels
as (HK(f3)). Note that SC is much more complicated than SG since it is an infinitely
ramified fractal.

More generally, Grigor’yan, Hu and Lau [10] introduced the sub-Gaussian heat kernel
pt(x,y) on metric measure space(MMS) (M, d, ;1) satisfying

pe(z,y) <

1 d(z,y 1 d(z,y
W 1( il/ﬁ))épt(l“,y)\ ta/B 2( £1/5>) (1'1)

for p-almost all x,y € M and t > 0. Here «, 3 are positive indexes, and &, ®, are
priori non-negative monotone decreasing functions on [0, +00). The heat kernel p; is said
to fulfill hypothesis H(#), if (1.1) holds, ®;(1) > 0, and

/ 39<I>2(s)§ < 00.
0 S

For example, take
3
D,(s) < Cexp (—C’sﬁ) ,  i=1,2

then it is easily checked that (H K (3)) implies H(0) for all § > 0.

It is known that p;(z, y) determines a Dirichlet form (&, F) on M, where F is a dense
linear subspace in L?(M, ;1) and £ is a non-negative symmetric bilinear functional defined
on F. See Fukushima [8] for the details. How to characterize JF is a basic problem in the
studies of Dirichlet forms. For this aim, Grigor’yan [9] introduced a family of function
spaces as the generalization of Besov spaces in R™. Fix a in (1.1), for any o > 0, define
functionals on L?(M, ) by

D(f.r) = / / (@) — F)Pduly)du(z),

z,yeM, d(z,y)<r
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Nooo(f) = sup

and define Besov spaces with norms by

Ao = 1{f € L*: Npwo(f) <00}, IIfllag_ = (IFIB + Nowe($))'?

where || - ||2 denotes the L?-norm.
Abbreviate £[f] = £(f, f). Domain F can be characterized in the following way (see
Theorem 4.2 in [10] and Theorem 5.1 in [9]).

Proposition 1.1. Let p; be a heat kernel on M satisfying hypothesis H(a + 3) for
0<t<l. Then]—‘:Aﬁ/2 and for all any f € F

2,007
E[f] = Npy2,00(f) (1.2)
moreover,
~ Tim s 27)
ELf] = lim sup =257 (1.3)

Remark 1.1. Let S and T be two function(al)s, S ~ T means that there is an
independent constant C' > 0 such that C~1S(-) < T(-) < CS().

The conclusion of Proposition 1.1 was first obtained by Jonsson [11] for the Sierpifiski
gaskets, and he called Ag /Ci the Lipschitz space. Then Pietruska-Patuba [19] extended the
result to a class of simplevnested fractals.

As the first result of this paper, we will give a stronger conclusion than (1.3).

Theorem 1.1. With the same assumptions in Proposition 1.1, for oll f € F

g 27)
el = it =25

(1.4)

Remark 1.2. Though the right-hand term above is not exactly a semi-norm, we
still call (1.4) a norm equivalence.

Remark 1.3. To construct a local Dirichlet form on MMS, Kumagai and Sturm
made an assumption((A2) in [15]) as follows: there is a 6 > 0 such that for all
u € L? and all (uy,), € L? with u,, — u in L?

lim inf £ [u,] = 6 limsup £ [u], (1.5)

T —0+ rn—04+

where £ [u] = [, [5, [u(@) — w(®)|? K., (x,y)du(y)du(z) is called approximating
Dirichlet form. But we don’t know whether (1.5) holds for general cases. Take now
K. (2,y) = 15 (y)/r*"?, by norm equivalences (1.3) and (1.4), we see that the
assumption (1.5) holds really.
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By Proposition 1.1, Pietruska-Patuba [20] showed the function space

By = {f eL?: /M /M Wdu(z)du(y) < 00}

is trivial, i.e. all elements in the space are constants. As an application of (1.4), we will
give a short proof of the triviality.

Let K be a self-similar set generated by the similitudes 1;(1 < ¢ < N) and (£*, F*)
be a Dirichlet form on K. Say (£*, F*) is a self-similar Dirichlet form(SSDF), if there
exist positive constants r;(1 < ¢ < N) such that for all f,g € F*,

N
i=1 "t

Kigami [12] defined a SSDF on SG (or p.c.f. sets) as a limit of discrete analytical
approximation via regular harmonic structure. Kusuoka and Zhou [16] constructed a SSDF
on SC through an averaging method. Both ideas seem hard to extend to higher dimensional
carpets. Then a question arises naturally: given a self-similar set, is there any SSDF on
it? Assuming the existence of sub-Gaussian heat kernels, we apply norm equivalences
(1.2)-(1.4) to give a positive answer of above question for a class of arcwise connected
self-similar sets containing the Sierpifiski gaskets and carpets. It is the second main result
of this paper. We denote this SSDF still by (£*, F*).

Remark 1.4. [16] defined a SSDF on SC denoted here by (£, F'). By Theorem
5.6 in [3], we know that the heat kernel p; and p; corresponding to £ and £* fulfill

(1.1) at the same time. Then the associated Besov space Ag:cf coincides with Ag;/oz
by using (1.2) and (1.3), which yields that £ = £* up to a constant coefficient.
Without requiring any sub-Gaussian heat kernel on K, we directly assume the existence

of a Besov space Ag/fo fulfilling:

(NE) norm equivalence: for all f € Ag’/fo,
D(f,r)
Np/2,00(f) = liminf —2257,

(DR) domain’s regularity: FNC(K) is dense in C'(K') with uniform norm.
By using the SSDF constructed from Ag’/oi, the third result of this paper is to get the
Poincaré inequality PI(3) and effective resistance estimates RE.S(3) on K with some
more geometric assumptions.

The condition 3 > « is called the strong recurrent condition, as a consequence, we
obtain the equivalent characterization below depending on Barlow [1] and Kumagai [14]:

HEK(B) < (NE) + (DR). (1.6)

This paper is organized as follows. In Section 2, we shall prove (1.4) and give an
application. Sections 3 is devoted to the construction of a SSDF. The Poincaré inequality,
resistance estimates and (1.6) will be given in Section 4.
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2 Norm equivalence

About preliminaries of heat kernels, we refer to [9]. Here we only introduce some more
notations. Given a heat kernel p;, denote

T,f = /Mpm,y)f(y)du(y)

forall f € L?(M, ). For any t > 0, define a quadratic form &; on L? by

&lfl = (Jc_tth,f) ;

where (-, -) is the inner product in L. Fix f, then & [f] increases when ¢ tends to 0+,
which yields a Dirichlet form (&, F) as follows:

Elfl = lim &[f], Fi={fel”:£[f] <oo}.

We see that £(f, g) is well defined by the polarization identity

£(f,9) = 5(Elf + 9]~ Elf ~ 3

Abbreviate

T . D(f77’) . . D(f,'l")
To(f) =Tlimsup =257, Ly(f) = limjnf =257

Proof of Theorem 1.1. Given f € F, r =1 and B(x,r) = {y : d(z,y) < r}. For
any t > 0, write

alfl =5 [ [ 0@~ £ Prlen)dnint) = A+ B,
2t Sy Jm
where
1 2
A0 =g [ @) ) R ),
BO=g [, [, U@~ 1) R o)tz
Repeating the second part of the proof for Theorem 5.1 in [9], we obtain

tE%:L A(t) = 0.
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The quantity B(t) is estimated by using (1.1) and (H(a + 3)). Let t = 2757
e =2"% and a; = 271 tADy(271) for any j € N,k € N and [ € Z, then

B(t) = Z/ /B(M 1)\B(x,rk)(f(x) — [ ()" pe(=, y)du(y)du(z)
S ;Ztua/ﬁ tl/[i / / o 1) — f())*duly)du(x)
O‘+ﬁ T D(f,T‘ _1)
S CZ (t1/5> (ﬂ%) ﬁ

fark 1)
C’Zak —j a+,8 .

k-1

Since there is a constant ¢ > 0 such that £[f] > c¢Ng/2 »(f) by Proposition 1.1,
we obtain for big j (depending on f)

fa Tk—
N /2,00(f) < 205 R 2 (2.1)
Tk—1
. . o0 a+p dS .
Recall that @5 is decreasing and s¥TPdy(s)— < o0, then there exist two
s

positive constants ¢ and a such that

which implies

Tk: 1
f77nk 1)
< Z ag—j a+ﬂ 4CN,8/200(f)
[k—jl<e k—
(faTk—l)
< 20a- ATk € N 2.2
T R PRl (F): (22)

Combining (2.1) and (2.2), we have (for big j)

D(f, 2—(l+j71)) D(f’gf(jf@))
Npj2,00f) < Cmax S0 hars S C9=Goa@s)

By letting j — oo we get
Np/2,00(f) < CLo(f),
which follows that £[f] ~ I,(f). O
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Another class of Besov spaces By, in [9] is defined by

|P
p .
{feL // |y—ac|"+po Ty =g Gy <o g

Replacing R™ by M, dx by du(z), n by «, and o by [3/2 respectively, we define Bg /22

formally as
2, 1fly) — f(2)P?
e [ [ e ) < o

With the same assumption in Theorem 1.1, we have
Corollary 2.1. Bﬁ/ 1s trivial.

Proof. Note that By% C Ay/2 by the definitions. Given r € (0,1), which will be

chosen later, let
— ()2
)= /M /M Wdu(z)dﬂ(y)-

Then we have

B > 3 T oy Lo e O~ PP @)
° rk rktl
— Z(D(f7 )_r(x+5D(f> )) (23)

rk(a+p3) r(k+1)(a+8)
k=0

By (1.4) in Theorem 1.1, for large k we have

D<f7 rk) _ eotp D(f’ Tk+1)

k@B " k) (a+B)
1

> §lo(f)—27“a+ﬁjo(f)
> %Io(f) 20T (f)-

If we take r so small that (20)~! > 2r®*8 then the series in (2.3) diverges.
That is, Bg/; is trivial. O

3 Self-similar Dirichlet form
We give first a quick review of self-similar sets (see [7] for example), then we construct a

SSDF on a self-similar set admitting a sub-Gaussian heat kernel. Some geometric assump-
tions are required, which hold for the Sierpinski gaskets and carpets, at least.
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3.1 Notations and definitions
Let Q = {1, ---, N} be an alphabet of finite letters. For all m € N, define

Qp, ={wiwe - wp : wp €2, 1 <k<m}, Q= U Qe
meN

and the shift space
QY ={wwy---: w; € Q,i € N}

For convenience we add ¢ into 2* as an empty word. For w = wjws - - - w,, and
vV = ViU - - VUy, denote wv = wiwsy - - - Wy V12 - - - U, and w¥ = wiws - - Wy—1. If
u = wv, denote w < u. w and v are called incomparable if there is no w such that u = vw
orv = uw. Given 0 < r < 1 and w,v € Q¥ with w # v, define 6, (w,v) = r*(¥:*), where
s(w,v) = min{m : wy,, # vy} — 1. Also define 6, (w,v) = 0 if w = v. Then ¢, is a
metric on 9%, and (“, §,) becomes a compact metric space. Define a map o; : Q¥ — Q¥
by oi(wiws ---) = dwyws--- for each i € €, and the shift map o : Q¥ — QY by
o(wiwows - -+ ) = Waws -« - .

We consider R™ with the Euclidean metric | - |. Let K C R"™ be the self-similar set
generated by an iterated function scheme {¢; };cq such that

K =Jwix
ieQ
where each 1); is a similitude satisfying
[Vi(@) = ¥i(y)| = eilz —yl,  Va,y €R™
There exists a unique continuous map 7 : 2 — K such that for all ¢ € €,
Yom=moao; .
Let (p1,p2,--- ,pn) be a weight with > p; = 1and 0 < p; < 1 forall i € Q. Then

i€Q
there exists a unique probability measure 1 on K such that for any Borel set B C K,

B)=> piue; " (B)),
i€

which is called a self-similar measure. Moreover, if K fulfills the open set condition(OSC),
i.e. there is an open set O such that

$;(0) C O, and ;(0O)NY;(0)=0 fori#jeQ,

then the Hausdorff dimension dy of K satisfies ), ¢, ¢; '

 associated to the weight (p; = C-l 7) is the d¢-dimensional Hausdorff measure restricted
to K normalized so that p(K) = 1.

Let d be the Euclidean metric restricted on K, then (K, d, i) is a MMS. In the follow-
ing, a ball B(x,r) for any x € K and r > 0 means the subset {y € K : d(z,y) < r}.

= 1, and the self-similar measure



Function spaces and Dirichlet forms 387

Given F' C K, define U(F,r) = U,cp B(x,r), and N,.(F) to be the smallest number of

balls centered in F and of diameter » which can cover U(F,r/2). We abbreviate { B} }

to be a collection of these N,.(F) balls with centers {py . } respectively. 7
For any w € (2,,, denote

¢w=ww10¢w2'“°¢wm7 Kw:ww(K)a Cw = Cwy Cwy " * * Cayy -

Say K, is of size [ if ¢,, < I < ¢y~ holds. By OSC, there exists a uniform bound Cg for
the total number of K, of size r that intersects with B(x,r) for any z € K and r > 0.
Consequently there is another constant C, > 0 such that

C;lro‘ < p(B(z,r)) < Cure.

Write o® to be the k times compositions of o, define
D=JEnK;), D=x'D), P=|JD), 0K=nP).
i) k>0

OK is called the boundary of K. If P is finite, then K is called a post critical finite(p.c.f.)
set. Let 0K, = 1, (OK) for any w € Q,,.
Kigami [12] showed that (see Proposition 1.3.5 and 1.3.11)

Proposition 3.1. 0K C (J,cq
incomparable words w and v.

0K;, and K, N K, = ¢, (0K) N ¢, (0K) for any

Let F = v '(K; N K;) for any i # j. If F is not empty, we say F is a face. Let §
be a collection of all the faces. Let F’ be the closure of 0K \ | J reg P IEF " is not empty,
we add it into §. Forany A, B € §,let§ = {AUB}J (F\ {4, B}). We say § can be
reduced to F'.

3.2 Construction

Let K be a self-similar set in R™ with OSC, « the Hausdorff dimension, d the inherited
Euclidean metric and x the self-similar measure with weight p; = ¢ for ¢ € 2. Let p; be
a heat kernel on (K, d, ;1) satisfying hypothesis H(« + ) for 0 < ¢ < 1, and write (£, F)

to be the Dirichlet form associated to p; with F = Ag{i
We impose two assumptions on the boundary 0K :

(B1) {¢s(F) & D:i€Q,F €} can be reduced to § by finite steps.
(B2) If § < «, then the Hausdorff dimension ¢ of 0K fulfills 6 < oo < § + (§ and
p(U(F N B(p,r),1)) ~r°1°7°
forany F € §,p e F,r >0and < r.

For example, the Euclidean cubes, Sierpiriski gaskets and carpets satisfy these conditions.
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Theorem 3.1. With the above assumptions, there exists a SSDF (£*,F) on K
such that £ ~ &.

The idea for the proof is to apply the Schauder’s fixed point theorem. We first give a
lemma which will be verified later.

Lemma 3.1. There exists a functional 78 > Iy on F such that for any f € F:

1. There is a constant Cs > 0 such that

Cs' To(f) < €M1 < Cs Lo(f).
2. Forr; =~ with i € Q,

To(F) < X0~ Ta(f o).

et

Remark 3.1. I doesn’t fulfill the second item, so we need some adjustments.

Now we recall some facts in functional analysis which can be found in [5] and [6]. Let
X be a vector space composed of all bounded Dirichlet forms defined on F, and endowed
with the weak-star topology. More precisely, since F is a Banach space, the tensor product
F ® F is also a normed space with the norm defined as follows:

Z fi®gi

finite

IPllrer=, _ inf _Zl\finllgillf, heFar.

Thus X is a subspace of the locally convex space (F ® F)* endowed with the weak-star
topology.
Define a subset D C X composed of those Dirichlet forms W with

Cs ' To(f) S WIS < Cs Lo(f) (3.1)
forall f € F, where W|[f] = W(f, f) = W(f ® f). Since £ € D, D is not empty.
Lemma 3.2. D is a compact convex subset of X.

Proof. By the Banach-Alaoglu’s theorem, it is sufficient to show that D is a bounded
closed convex subset.

Given W e D, Let h =) f; ® g; in F® F. Then,
i=1

W(h) =Y W(fig) <Y VWIINVWIg] < Cs D lIfill#llgillz,
i=1 =1 =1
which implies
W(h) < Csl|hl|lre 7

Namely, D is uniformly bounded.
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Suppose that the sequence {W,} C D weakly-star converges to W. That is,
W, (f,g) converges to W(f,g) for any given f,g € F. Thus W is also a Dirichlet
form and satisfies (3.1), which means W € D. Namely, D is closed with respect to
the weak-star topology.

Let W,W’' € D, and A € (0,1). Then, AW + (1 — )W’ is also a Dirichlet form
satisfying (3.1). Namely, D is convex. O

Given f,g € F,forall W € X, define ¥ : X — X by

(WOV))(f,6) = 3 W (F o g 0 0)

e’
Lemma 3.3. ¥ is continuous on X, and ¥(D) C D.
Proof. W is continuous since it keeps the weakly-star convergence. More precisely,
if W,, weakly-star converges to W, then ¥(W,,) weakly-star converges to U(WW) by

the definition of V.
Given W € D and f € F, we have by the integral transformation

W[ = 32 S Wf o]
ieqQ ' *

< Cb}:%ldfowa

icQ "
= — lim1n: fo 2
= OSZEZQ ilHofT +5/ /B(M |f ovi(x ¥i(y)|2dp(y)dp(x)
- <3s§iilﬂnlnfl o o o )~ SO
< Csn )

On the other hand, by Lemma 3.1 we have

V) = Y Wl o] > 05 Y T o) > G5 T,

i€Q ’LEQ

which yields ¥(W) € D. O

Proof of Theorem 3.1. By above discussions, all conditions of Schauder’s fixed point
theorem are fulfilled, so there exists a Dirichlet form £* € D such that

W(g*) — 8*7

which implies that £* is self-similar and £* ~ £. O
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Now we go back to prove Lemma 3.1. Firstly we are going to define 7;. Recall nota-
tions in Subsection 3.1 and assumptions in Theorem 3.1, let E,,, = U(F N B(p,r),2~"r)
for given FF € §, p € F, r > 0 and m a non-negative integer. Let f4 be the mean in-
tegral for any f € F on A with positive p-mass. Let r,, = 27™r, By, ; = Bf;jn for
1<i< N, (E,), and

Trn (E )

fe, = Z IBo i

7'm

Lemma 3.4. Suppose 5 < «, then {fEm} is a Cauchy sequence.
Proof. For A, B C K, we have

1 1
fa= g [ [ ©@autnan©). 1o = s [ [ rndutmince)

which yield that

fa— fal < //u ldu()dpu(€). (3.2)

Note that (B, ;) ~ rg, and the number of By, ; intersecting with B,,; is
bounded by a constant P(n) from the Besicovitch covering lemma (see [17]). Thus
N,, (En) ~ 2™ by (B2). Using (3.2) and the Hélder inequality, we obtain

|fEm - fEm+1 |2

Nrp, (Em)

C
S m Z Z ‘me+1~j_me,i|
TmATS =1 B () B
o (E ) 2
S \v & — F()|dp(n)du(e
Nrm(Em) i m 7n+1 B i /B(£ Tm) (77)‘ M( ]) M( )
2
<
< @MW/W&MM f@W@@@)
< G [ - FoPdu(mdu(e)
2 Em B(f’“m)
Crf—«
S g ( ot // Erm) (ﬂ)leu(n)du(£)> (3.3)
< Crﬁ_aNB/Q,oc(f)
= om(B+i—a)

Due to 8+ 0 > «, we get the convergence of { fEm} and denote the limit by
flp,r). O
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Remark 3.2. The proof implies f(p, r) is independent of the choice of {B,,;}
covering E,, for all m.

By the same argument we extend above result to any ¢ € K; N K; with 4,5 € Q and
i#j. Let B, = U(K; N K;NB(g,r),2~™r) and define fr: similarly.

Corollary 3.1. {fE/ } is still a Cauchy sequence, whose limit, denoted also by
Fla.r). equals to [ o (4 (). c 'r).
By this corollary, for any p € 0K; with i € €, set
fp), B>
flo.r) =19~ , (3.4)
flp,r), < a

It is easily to see that by Proposition 3.1, the definition includes points in 0K .
Define functionals

AF(f,r) = sup Z /BF \f(x) — f(pr.r,7)Pdpu(z), for F €,

A(f,r)=Co Y A(f,2r), for Co=6-2"-C),
Feg

T;(f) = lim sup <D¢EXJ:£) n A(:;r)) |

r—0

Proof of the first claim in Lemma 3.1. Given F € §, let B, = B}:T, Dk = Dk,r
for 1 < k < N.(F), and r,, = 27™r for any integer m > 0. We divide the proof
into two parts.

Partl: § > a. For any « € K, using (3.2) and the Holder inequality we have

|fB(wT fB a:r/2
2
BTN BE ] /B 10 = P

< O / / F©) — F)Pdu(n)due)
B(z,r) J B(&,2r)

e — B ) | |
< C ((QT)aJrﬁ /B(x,r) /1;’(672T) 1£(&) — f(n)l du(n)du(§)> (3.5)

By the Lebesgue’s density theorem, for u-a.e. z, we have

|fB(z,r) - f(x)l < Z ‘fB(a:,'rm) - fB(a:,r,,L+1)|' (36)

m=0
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Recalling the definition of AT (f,r), by Proposition 1.1 we obtain

Nr(F)

> /B (@) — Forr) Pdu(a)
~(F)
< Z /B 2£(2) = £, + 21f5, — For,7)Pdpu(a)
< /B /B 2)2dp(y)dpa(z) + 2C,r*| f, — F(pr )
(f L
< 20,P(n) =2 4o, Z \fBi = f(prs 7)1, (3.7)

where P(n) is the same constant in Lemma 3.4.
Note that f(pg,r) = f(px). Applying (3.6) and the following inequality

2(s)) <s(e)”

we see that the last summation of (3.7) is controlled by

N, (F) 1/2\ 2
20, | o Y 1o ) = Fr 00 7
meN k=1

which, using (3.5), is not greater than

2C,r" (Z (CP(n)rﬁ?Ng/z,oo(f)ym)

meN

Combining above estimates we have

AF(f.r
% < CNgj2,.00(f),

which yields T5(f) < CNg/2,00(f)-

Part 2: § < a. Similarly we have to estimate the summation in (3.7). For each
Pk, change the notation E,, to Ej .,; thus Ex o = By and fg, , = fp,. By Lemma
3.4 we obtain

|ka - Pk, Z |fEk m fEk,7n+1 | (3'8)

m2=0

Then replacing (3.5) by (3.3) and (3.6) by (3.8), we get the same bound. O
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Proof of the second claim in Lemma 3.1. Let | = ¢;r, define two functionals by

(f7)._1 D(foti,r)

rBta
- ), /B o ) = S
> 55 o /B @ = S@P, (39)

and

[
Nay (Fy)

T Z Z /B,iiglr‘lKi |f(@) — f(pr20,20)Pdp(z),  (3.10)

Feg {Bk 21} k=1

Ai(f,1) _ 1 A(foti,r)

where F; = 9;(F) and Cy =6 -2% - C,,.
Let B = B(g, 2l) for any ¢ € K; N K, (i # j) if no confusion occurs. Then

20, {/BﬂKi+~/BﬂKj}|f($)_f(q72l)| dp()
1

> [f(x) = F(W)Pdu(y)du(=), (3.11)
BNK: JBNK;
and similarly
4G, |f(z) = f(q.20)]du(z)
BNK;
£ () Pdu(y)dpu(). (3.12)
BNK: /JBNK;

Using (3.10)-(3.12) and (B1), we have

1B
i€Q
Nzl(F
> XY / ~ F (a1, 20 Pdu(z)
zEQFeS{Bkzl} k=1 k2lﬂK
>

A(f.1)
s /U . /B . WPdutyyintr) + 250 (313)
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Combining (3.9) and (3.13), we finally obtain

> L Ty(fow)

ieq "
limsupz (Ii(f,l) + Aigg’l))

—0
DL ALDY =
(T + 55 =T

The proof of Lemma 3.1 is completed. O

WV

> limsup
1—0

4 Resistence estimates

In this section we show first the Poincaré inequality, and give resistance estimates by the
self-similarity of Dirichlet form. Then for the strong recurrent case 5 > «, we get a new
equivalent characterization of heat kernel estimates.

Let K be an arcwise connected self-similar set in R with OSC and (B1), (B2). Recall
notations «, d and y in the beginning of Subsection 3.2. Let F = Ag /020 be a nontrivial
Besov space on (K, d, u1) satisfying (N E) and (DR), which have been defined in Section
1. Note that we don’t require the priori existence of any sub-Gaussian heat kernel here.

According to Theorem 2.2 in [15], there is a strongly local regular Dirichlet form £(¢)
on F such that £©[f] ~ Ng /s o (f). Repeating the construction in Subsection 3.2, we

obtain also a SSDF (&, F) such that £[f] ~ Ng /2 oo (f) and for r; = ¢,
1
el = Zﬂ —Elfewil.

Let T'(f, f) be the energy measure on K such that

/K GAT(f.f) = 26(f.f9) — £(f2g). g€ Fin (4.1)

where g is the quasi-continuous modification of g and 3 is the set of functions in F that
are essentially bounded. For details we refer to [8].

Let K, be of size r. We make two more assumptions on local geometric properties of
K as follows:

(G1) if K, is also of size r intersecting with K, then ¥,1(K,, N K,,) belongs to F,

(G2) there is an independent constant cx > 0 such that U (K, cx7) is always contained
in the union of all K, of size r intersecting with K.

Remark 4.1. (G2) means for any = € K,, and y € B(x, cr) there exist certain K,
containing y and K, N K, # 0.
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Theorem 4.1. With above assumptions, there are two positive constants C' and ¢
such that for any B = B(x,r), B* = B(x,qr) and f € F,

/ (@) — flPdu(z) < CrF / dr(f, f). (PI(5))
; *

where fp is the mean integral of f on B.

Proof. Let I(x,r) be composed of w € Q* such that K, is of size r and intersects
with B. For any w,v € I(x,r), the Hausdorfl distance between K, and K, is
less than 4r. Let w’ < w and v' < v such that K, and K, are of size 401_(17’.
Then by (G2), we have K, N K, # 0); so there are words wug, u,- - ,us such that
up = w,up =, Ky, N Ky, #0, and K,, is of size r for each 0 <1i < k.

Let J(z,r) be a collection of all above u; depending on w and v. Then the union
K(z,r) == Uyes(s,r Ku is connected. Note that k is uniformly bounded; there is
an independent constant ¢ such that B(z,qr) D K(z,r) D B.

Given w € J(z,r), we have by the Holder inequality and integral transformation

/ F©) = Frcu Pdu(e)

o / / ) 2 du(n)dp(€)

/ / 1 0 (€) — 1 © ) Pdps(r)dpu(€)

< COr® Nﬁ/z,m(f°¢w)
< Croglf o) gcrﬁ/ dr(f, f). (4.2)
By connectedness, for any w,v € J(z,r), we can find a team ug,uy -+ ,uy €

J(z,r) such that uy = w, u,,, = v and K, intersects with K,
Choose p; € K,,,NK, with B(p;,7) D Ky, NK,

Uit1

we have by (G1) that

/K /K F(€) — Fn)[Pdpu(n)du(€)
< oo /K /K 1) = Fpo. ) + | F(prror) — ()2

v

+ Zlf pir) = i1, )P du(n)du(€)

i, for any 0 <7 < m.
Recalling the definition (3.4),

i+1°

< c / ~ fre Pdu(e) + / F(©) = Fic, Pdu(e)

K,

1 k
+Cre (Z \frew, = F i)+ ) | fra, = f(pi_l,r>|2>
=0 =1

< o / dr(f. f).
B(x,qr)
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the last step being due to (3.6), (3.8) and (4.2). Consequently

[is@ = tsbaue) < o [ [ 170 = rnPantaante)
< “ng:(“)/ /If dp(n)du(€)

N

B8
Cr /B L ArD),
O

Remark 4.2. Comparing with the proof in [18], we don’t consider the capacity of
boundary set here.

Define the effective resistance Reg (A, B) for disjoint subsets A and B as
Reg(A,B) ' =inf{g[f]: f=1onAand f =00n B, f € F}.

By (DR) and the Markovian property, there is a sequence f € F with fr = 1 on A,
fte =0o0n Band 0 < fr < 1on K such that £[fx] tends to the infimum. Then there is a
subsequence f, converging £-weakly to a certain h € F by the Banach-Alaoglu’s theorem
(see for example [5]), which yields a subsequence fi , of fi, such that the Cesaro mean
hy = 3" | fx,./n converges £-strongly to some h € F. Hence Reg(A, B)™' = £[h]
with h = 1 on A and h = 0 on B quasi-everywhere (see [8] for this definition).

Adjusting the definition in [3], we say K fulfills condition RES(/3) if there exists a
constant C' > 0 such that for any x € K and R > 0,

C7'R°~® < Reg(B(z, R/2), B(x,2R)°) < CRP~. (RES(B))
Theorem 4.2. With the above assumptions, RES(() holds for K.

Proof. Recalling the definition of I(zg,r), there is a certain w € I(zg, R/2) such
that K., contains zo. Set A = U,cr(so.r/2) Ku and B = U, er(z,,r) Kv such that
B(z,R/2) C AC B(z,R) C B C B(z,2R).
Consider Reg(A, B¢)~! and h as above. By (G1) we know that the set of the
shapes of 1 *(B) is finite, which means h o, is of finite choices on v, !(B). Note
that contraction ratio ¢, ~ R, there is a constant C; > 0 such that

ghl= Y = glhov,] < CLRO.

vel(zo,R) Y

Hence we obtain the lower bound of Reg(B(x, R/2), B(x,2R)) since it is greater
than Reg(A, B€).

To get the upper bound, we use the same argument as above. There exists a
positive constant A < 1/2 such that we can find a word w’ € I(xg, AR) satisfying
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K, C B(xo,R/2). Set A’ = K,y and B’ = UU’GI(zO,ZR) K. Let Reg(A’, B'¢)~! =
E[R]. Still by (G1), there is a constant Cy > 0 such that

1
EWl= Y Gl odu] =GR,

v'€l(xo,2R) Cor
which yields Reg(B(z, R/2), B(z,2R)°) < Reg(A’, B'®) < Cy 'RA~. O

Remark 4.3. The Poincaré inequality implies the upper bound. However, we
prefer a direct way to show it here.

If 3 > «, itis known that F is continuously imbedded into the Hélder space C = (K)
(see for example Theorem 8.1 in [9]), i.e. there exists a constant C' > 0 such that for all
feFandz,y € K p-ae.

1f(x) = fy)]* < Cd(z,y)*~ €[f].

So we can define the resistance metric R(z,y) (see [12] and [13]) by
R(z,y) =sup{&[f]™" : f(2) =1, f(y) =0, f € F}.
Let r = d(x, y). Then by the definition, we have a constant C' such that
CrP= > R(z,y) > Ren(B(z,r/2), B(x,2r)°) > O 1070,

That is R(z,y) ~ d(x,y)?~, which we label still by (RES(3)).

Say a metric space (X, p) fulfills the midpoint property (see [1]) if for any z,y € X
there exists z € X such that p(z,2) = p(z,y) = p(z,y). If we impose the midpoint
property on K with respect to some appropriate metric equivalent to d(-, -) (for example
the geodesic metric on SG), then by Theorem 8.16 in [1] and Theorem 3.1 in [14], we
obtain immediately

Corollary 4.1. With the above assumptions on K, if 3 > «, then
HK(B) < (NE) + (DR) < RES(D).

Remark 4.4. Formally speaking, Besov space Ag/; describes the ‘smoothness’ of
functions through a global integral average. By contrast, heat kernel estimates
mainly rely on the local neighborhoods. So the equivalence between them is due to
the self-similarity essentially.
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