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Abstract
We look for standing waves of nonlinear Schrodinger equation

inY —Aw + P2 = g(z) €t

coupled with Maxwell’s equations. We use the variational formulation introduced by Benci
and Fortunato in 1992 for studying an eigenvalue problem for the Schrédinger-Maxwell
system in bounded domains. We establish the existence of multiple standing waves both
in the homogeneous and the non-homogeneous cases by means of the fibering method
introduced by Pohozaeyv.
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1 Introduction

In this paper we state the existence of multiple radial solutions for the following perturbed
system of Schrodinger-Maxwell equations

2m

{ — P AuA (e® + hw)u— [ulP2u=g(x), x€RS3, (1.1)
—A® = 4reu?, xr € R3, '
withu, ® : R2xR - R, ¢g: R* = R, p > 2, e = =£1 and h, m, w real positive
constants. Such a system was first introduced in [2] as a model describing solitary waves
for the nonlinear stationary Schrodinger equation in R? interacting with the electrostatic
field. Here, u is the wave associated with the particle, while £ is the Planck’s constant, m
the mass of the particle, e the electric charge and w the phase of the wave (for more details,
see Section 2).

If g = 0, in [2] the existence of infinitely many radial solutions of an eigenvalue
problem for the Schrodinger-Maxwell equations in bounded domains was established if
4 < p < 6. More recently, the existence of infinitely many radial solutions of (1.1) in all
R3 was established in [6] if 4 < p < 6; while in [7] it was shown that a nontrivial radial
solution exists if 4 < p < 6. Moreover, the existence of a non radially symmetric solution
was established in [8] if 4 < p < 6.

If g # 0, the existence of infinitely many radial solutions of the coupled Schrodinger—
Maxwell system in a bounded symmetric domain was proved in [5]. On the other hand, to
the author’s knowledge, no existence and multiplicity results for (1.1) have been obtained
in all of R? if g # 0. Now, using the fibering method introduced by Pohozaev in [9, 10, 11],
we will give the following multiplicity results in the homogeneous and non-homogeneous
case.

Theorem 1.1 Let m, w and h be real positive numbers, e = +1 and 4 < p < 6.
Taken g = 0, system (1.1) has infinitely many radially symmetric solutions (uy,, ®,),
up, € HY(R3), ®,, € LS(R3) and |V®,,| € L*(R3), with u, # 0 and ®,, # 0, e®,, > 0.
Moreover, there exist two solutions (u+, ®), ux # 0 and ® # 0, withuy >0, u_ <0
and e® > 0.

Theorem 1.2 Let m, e, w, h and p be as in Theorem 1.1. Taken g(z) = g(|z|),
g € L2(R3) with L?>-norm small enough, system (1.1) has at least three radially
symmetric solutions (u;, ®;), u; € H'(R3), ®; € LY(R3) and |V®;| € L*(R3),

Remark 1.3 As already observed, if ¢ = 0 a multiplicity result like the one stated in
Theorem 1.1 has been obtained in [6] by exploiting the symmetry of the problem.
On the contrary, a different type of result holds if ¢ # 0. In fact, by using a
suitable perturbative method, infinitely many solutions have been found in [5] for
all g(x) = g(|z]), g € L*(2), and 4 < p < 6, but only if the charged particle lies in
a bounded symmetric space region €.

This paper is organized as follows. In Section 2 we deduce system (1.1), describing a
quantum particle interacting with an electrostatic field. In Section 3 we give a variational
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principle, as stated in [5], which allows us to reduce system (1.1) to an elliptic equation in
the only variable u. Moreover, we recall the Pohozaev fibering method, usefull in order to
state our multiplicity results. Finally, in Sections 4 and 5 we give the proofs of Theorems
1.1 and 1.2.

2 The Schrodinger-Maxwell equations

In this section we show that system (1.1) arises in the study of solitary waves for non-
linear Schrodinger equations coupled with Maxwell equations. To this aim, we adapt the
arguments used in [2] (see also [7]) if g = 0 to the case g # 0.

Let us consider the following nonlinear Schrédinger type equation

ih— = — oA — [P 2 — g(z) ™", z € R3,
m

where 9 : R? x R — C is the wave function. The associated Lagrangian density is

Ls() (1) = ( Iy w|)+;|w|P+Re(g<x>e%)-

The interaction of ¥ with the electromagnetic field is described by the minimal coupling

rule, that is by the formal substitution

0 0 e

- = — <I> —i-A

o ! Vo VoipA
where A : R?* x R — R? and ® : R? x R — R are the gauge potentials. As in [2], we
do not assume that the electromagnetic field (E,H) is assigned. Then not only the wave
function ¢ = 1 (x, t) but also the gauge potentials A and ® which are related to E, H by
Maxwell’s equations

E:*V@*%, H=VxA
ot
are unknown. Thus, the Lagrangian takes the form
aw
Lsm(®, @, A)(at) = o (ihg & —e® Y]~ f\wﬂﬁw\

+]; [¥I” + Re (g(z) ev)) .
If 4 is written in polar form
W(x,t) = ulx,t) eis(m)/h,

with u, S : R® x R — R, the Lagrangian density becomes

Lo (u, S, @, A)(x,t) = —= <%§ +ed + — \VS —eA| )

8u ﬁz 2 P S
( hu U T o [Vu| ) + » lul” 4+ g(x)u cos (o.)t — h) .
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Now, consider the Lagrangian density of the electromagnetic field (E,H)

—V><A2>.

Hence, the total action of the system “particle-electromagnetic field” is given by

Ef - H? 1
B A)(z.4) = = 1B oA
Lo(®, A) (1) or 16r \|V2 o

L(u,S,®,A) = /(ESM + Lo)dxdt.

Making the first variation of £ with respect to u, S, ® and A respectively, we obtain
the following system of equations:

h? oS p—2 S
—mAu+((%+e<I>—|—|VS—eA| )u—u| u = gcos (wt—h>, (2.1)
ou 97 U . S
Ugy + —dw (VS —eA)u?]| = = sin (wt h) , (2.2)
dreu’ + div (V@ + %A) =0, (2.3)
4me 0 0A
m(VS’—eA)u—at(vq)—l—at)—i—Vx(VxA):O. (2.4)

For simplicity, we restrict ourselves to look for standing waves with the same frequency
w of the source in the electrostatic case, or better, we limit ourselves to consider

u(z, t) = u(x), S(z,t) = hwt, O(z,t) = O(x), A(z,t) =0.
Then, equations (2.2) and (2.4) are identically satisfied while (2.1) and (2.3) reduce to
system (1.1).
3 The variational principles
Our aim is to find solutions (u, ®) of (1.1) with
we H, d e D,

where H' = H'(IR?) is the usual Sobolev space with norm

ull s = ( [ e+ |Vu|2>dm)
R3

and D! = D'(R3) denotes the completion of C5°(IR?) with respect to the inner product

(v,w)p1 = /R3 (Vu, Vw) dzx
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From now on, all the integrals are taken on R? and || - || ; is the norm in L*(R?). By Sobolev
imbedding theorems,

H' — L*(R?) forall 2<s<6

and
D' — L5(R3).

Let us point out that system (1.1) has a variational structure; in fact, if we consider the
functional

Fy(u,®) = —/W | dxf—/|V<I>| dr + = /(hw+e<1>)u2d$

—7/|u\pdm—/gudx
p

defined on H' x D*, standard arguments show that £, is C* on H' x D" and its critical
points are solutions of system (1.1). Since Fy, is strongly indefinite, i.e. it is neither bounded
from below nor from above even modulo compact perturbations, arguing as in [2] and [3]
we reduce the problem to studying the critical points of a new functional of the only variable
u. To this aim, we recall the following result.

Lemma 3.1 There exists a map ® : H' — D' such that for anyu € H*, the function
®(u) € D' is the unique weak solution of

—A® = 4reu?, r € R3. (3.1)

Moreover, ®(u) satisfies the following properties:

(i) e®(u) > 0;

(i) ®(su) = s*®(u) for all s € R, in particular ®(u) = ®(—u);

(iii) if u is radially symmetric, then ®(u) is radial.
Proof. The function ® was introduced in [2] while its properties (i)—(ii), respectively (iii),
were proved in [7], respectively [3]. However, for completeness, we give here the proof of
this lemma.

For fixed u € H*, let us consider the linear map ¢ € D' — [w?idz, which is
continuous since by Holder inequality and Sobolev imbeddings a constant ag > 0 exists

such that
‘ / uy dx

By Lax-Milgram’s lemma a unique ® € D* exists such that

< [le?[lsllvlls < aollullz 1]l p:-

/V<I> -Vpdr = 47re/u21/1 de  forally € D!, (3.2)
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ie. ®(u) = —4reA~1u? is the unique solution of (3.1). Moreover, ® is the minimum
point of the associated functional, that is

1 1
min {/V¢|2dx—47re/u2¢da:} = f/|V<I>|2 dx—47re/u2¢’dx.
peD! | 2 2

If e = +1, and =+ |®| achieves such a minimum, then by uniqueness we have & = + ||
and therefore e®(u) > 0. Clearly, for all s € R

—AD(su) = dres’u® = —s?Ad(u) = —A(s2D(u)),

and, again by uniqueness, ®(su) = s?®(u) and, in particular, ®(u) = ®(—u). Finally,
property (iii) follows by arguing as in the proof of [3, Lemma 4.2]. [ |

Remark 3.2 For fixed u € H!, by (3.2) it follows that

/\V@(U)F dx = 47Te/u2q)(u)dsc.
Hence,
[2(w)llB: = 47T/U2 |@(w)| dar < drf|u? || o ||®(u) s < 4malluliz [@(u)]| pr
and therefore
2o < draollllyy, [0l de < draFully. (33)

Now, we can state the following proposition (see also [2, Proposition 5]).

Proposition 3.3 There exists a C* functional J, : H* — R, defined as

Jg(u) = ZL;/|Vu2dm+wzh/u2dm+z/u2<I>(u)dm—]1)/|u|pd:c—/gud:c, (3.4)
such that the following statements are equivalent:
(i) (u,®) € H' x D' is a critical point of Fy,
(11) w is a critical point of J; and ® = ®(u).

Proof. Standard arguments imply that the map ® defined in Lemma 3.1 is C* on H';
moreover, by definition, its graph G is given by

Gﬂpz{(uﬁb)eHlxDl: %%(u,@):O}. (3.5)

Now, let us introduce the functional J, : H L _, R defined as
hw = B = [l o [ [vewa
() = Fg(u,®(u = am u|” dx Tom u T

+%/(hw+efb(u))u2dxf 1/|u|pdmf/gudsc.
p
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By (3.5), Jgyis asin (3.4), it is C' and

J! (u) = or, (u, ®(u)) = RGN + (hw + e®(u)) u — |ulP 2 u —
S Ju - 2m g
(as an operator in H~1). Thus, the proof is completed. [ |

Hence, looking for solutions of system (1.1) is equivalent to studying critical points
of functional .J, depending only on variable u. However, since the embedding of H' in
L*(R?), 2 < s < 6, is not compact, we cannot study directly critical points of the func-
tional Jg, as also this functional is strongly indefinite, i.e. it is neither bounded from above
nor from below on H' modulo compact perturbation. Consequently, Jy does not satisfy a
compactness condition of the Palais-Smale type in an obvious way. Hence, we will restrict
Jg to the subspace of the radial functions

H,={ueH" :u(x)=u(z|)}.

By virtue of Lemma 3.1 (iii), it follows easily that H.. is a natural constraint for Jg, i.e.
any critical point of Jg 77 is also a critical point of .J;. Therefore, from now on we will
look for critical points of Jg g7, , still denoted by J,. It has been proved (see [4] and [12])
that

H, —— L} 2 < s <6, (3.6)

where L¢ = L*(R®) N H,. Hence, (3.4), (3.6) and Lemma 3.1 (i) imply that .J, is bounded
from below modulo the compact perturbation

1
u— f/|u|pdat.
p

So, it is possible to prove that for 4 < p < 6 J, satisfies the Palais-Smale condition
(see [7, Proposition 3.3] if ¢ = 0 and [5] if ¢ # 0). Whence, at least if ¢ = 0, the
existence of a non trivial critical point of J; follows by a direct application of the classical
Mountain Pass theorem (see [1] and [7]). Moreover, since in this case Jj is even, estimate
(3.3) on the growth at infinity of the nonlinear term | u?®(u)dx allows one to prove that if
4 < p < 6, J, satisfies a symmetric version of a linking theorem (see [6]), then infinitely
many solutions of system (1.1) can be found. On the contrary, if g # 0, the problem
loses its symmetry and existence and multiplicity results cannot be stated in general. In the
next sections we shall prove Theorems 1.1 and 1.2 using the “algebraic” approach based
on the fibering method, more precisely on the “spherical fibering” method, introduced by
Pohozaev (see [9, 10, 11]). For completeness, here we recall it briefly.

Let Y be a real Banach space with a norm which is differentiable for w # 0, and let
E be a functional on Y of class C1(Y \ {0}). To functional E we can associate a new
functional E defined on R x Y’ by

E(t,v) = E(tv).

Denoted by 9, the unit sphere in Y, the following result holds (see in [10, Theorem
1.2.1]).
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Theorem 3.4 Let Y be a real Banach space with norm differentiable on Y '\ {0}, and
let (t,v) € (R\{0}) x S be a conditionally stationary point of the functional E on
R xS. Then, the vector u = tv is a nonzero “free” stationary point of the functional

E, that is, E'(u) = 0.

The previous theorem says that any critical point (¢, v) of E restricted on (R\ {0}) x S
generates the free nontrivial critical point uw = tv of E and vice versa, that is equation

E'(u)=0, u#0,

is equivalent to the system

D)
aaé‘(ta U) 0
%<t, 'U) =0

for ||lv|| = 1.
In the following, the first scalar equation of the previous system will be called a “bifur-
cation equation”.

4 Proof of Theorem 1.1

Let us assume g = 0. Then by Lemma 3.1(ii), the functional Jj is even. From now on, as
w > 0, we denote by || - || the equivalent norm in H'!

h2 9 %
ull = =— Vul®dz +w | v?dx .
2m

According to the spherical fibering method, we look for critical points v € H,. of Jj in the
form

u=tv wheret € R,t#0,andv e S,with S ={ve H,: |v||=1}.

Then, by Lemma 3.1 (ii), the functional .Jy can be extended to the space R x H, by setting

I o2
Jo(t,v) = Jo(tv) = §||UH + e D(v [v|Pdz.

Clearly, the restriction of Jo on R x S, still denoted by Jo, becomes

. 2 tte
o) = 5 + 5 [ate - Lo,

Hence the bifurcation equation % 0Jo 2 (t,v) = 0 takes the form

t—l—tSe/vQ(I)(v)dx —|tP 2t [v][; =0
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or, equivalently, for ¢ # 0,
1+ t2e/v2¢>(v)dx P2 oz = 0. (A1)

Let us point out that for any v € S equation (4.1) has at least two nontrivial solutions
+t(v). In fact, setting

%w:rw%/fmwm—m%wﬂ;

lim ¢, (t) = —oo (as p > 4), v, (0) = 1 and, for t # 0, ¢, (t) = 0 if and only if

\t|~>+oo
o 2e [v2®(v)dx =
== (5 )

Hence, the functional Jy(v) = Jo(t(v), v) becomes

Jo(v) = ”T”) L e (Z) ‘ /02<I>(v)dx - 't(;’))' vl

on the unit sphere S of H,, or, equivalently, by bifurcation equation (4.1)
A 1 1 1 1
Jo(v) = (2 - p) t2(v) + (4 - p) t4(v)e/v2<l>(v)dx. (4.2)

Obviously, by (4.2) and p > 4 it follows that jo is bounded from below. We claim that jo
is weakly continuous on S. Let (v,,),, C S and v € H, be such that v,, converges weakly
tovin H,.. By (3.6) and 2 < s < 6 we have

lonlls = |lv]ls asn — +oo. (4.3)

Now, we need to prove that

/v,%cb(vn)dx — /v2<I>(v)dx. (4.4)

To this aim, let us note that

’/(vitb(vn)—vz@(v))dm < /yvi—ﬂ 1B (vy)| d

+/02 |D(v,) — ®(v)] dx.

(4.5)

Clearly, by Holder inequality and (3.3) a positive constant c exists such that

/ |v721 — 1)2’ |®(vy,)| dx

l[on = vlls]lvn + ol[2[|®(vn)ll6

ao||vn — vllsllvn + vll2[|®(vn)l pr
Amag|lvn — vlls(L + [oll2) [va 132 < ellvn —vlls.

IN AN IA
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Hence (4.3) implies
/ |vg - U2| |®(v,)| dz — 0. (4.6)
On the other hand, denoted L : H, — H! as Lv = —Av, we have ®(v) = L~ !(—4mev?).

3
Since (vy),, C S, it is bounded in L?. Thus (v7), is bounded in L? << H], where H;
denotes the dual of H,.. Hence,

L7'(v2) - L7 *(v?*)  inH,

and therefore .
D (vy,) — P(v) inH, — L?.

Since

o

/v2 @ (vn) — @(v)] da < [[0*[[3]|@(vn) — @(v)]|3
we have that
/v2 |®(vy) — ®(v)| da — 0. (4.7

Now, (4.4) follows by (4.5) - (4.7). Since (4.3) and (4.4) hold, by the implicit function the-
orem, the sequence of solutions (¢(vy,)),, of equation (4.1) converges to the corresponding
solution ¢(v), and therefore X R

J()(’Un) — Jo(’l)).

Hence, we conclude that jo is weakly continuous on S. Clearly, by the Weierstrass theorem,
Jo attains its minimum at a point ¥ which belongs to the closed unit ball B in H,.. Now,
we prove that v € S. In fact, taking 6 > 0, by the bifurcation equation we obtain

@jo(ev) = [t(6v)v+ t3(90)094e/v2¢)(v)dx — |t(6v) [P t(Ov)v||6v|[D] x
a%t(@v) + t4(90)03e/v2¢>(v)d1‘ — |t(6v)[? 0”71”ng
B t2(0v)
= T < 0.

Then, .J(Av) decreases with respect to 6 €0, 1] and attains its minimum for 6 = 1, i.e.
v € S. As, by definition, ®(v) = ®(Jv|), we have Jy(v) = Jo(|v|). So, according to the
fibering method, we conclude that

up =t([o))fol,  uo=—t(|o]) o]

are a positive and a negative critical point of .Jy respectively. By Proposition 3.3 it follows
that (u4, ®(uy)) and (u_, P(u_)) are two nontrivial solutions of system (1.1) if g =
0. Moreover, since jo is even, positive, weakly continuous and of class Cl on S, by
applying the classical Lusternik-Schnirelmann theory, we prove that Jo has a sequence of
geometrical different constrained critical points vy, va,...,Un,... on S with jo(vn) —
400 as n — +o00. Hence, by fibering method, .Jy has a sequence of geometrically different
critical points +uy, Fusg, ..., Ty, ... with u, (z) = t(v,)v, such that Jy(v,) — +oo. So,
the conclusion of the proof of Theorem 1.1 follows again by Proposition 3.3. [ |
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5 Proof of Theorem 1.2

Let us consider the case g # 0. According to the notations introduced in the previous
section, let us denote by J, both the extension of J,; to space R x H,., that is

7 2 o te [, It
Jg(t,v) = Jg(tv) = §||v|| + o | O(v)de — — [ |v|Pdz —t | gvdex,
p

and its restriction to “unit sphere” R x S| that is

. 2 the [, [t|” v
Jg(t,v) = B + = /v O (v)dr — r |[v|Pdx — t | gudz.

Now, we will prove that, if g is small enough, for any v € S the bifurcation equation
t+ t?’e/vz@(v)d:r — |t tlvllh — /gvdx =0 (5.1)
has at least three different roots ¢;(v), ¢ = 1,2, 3. To this aim, set
Uy(t) =t + tse/v2<1>(v)d:v — \t|p72t||fu||g.

Obviously, 1, (t) is odd, , ligl ¥y (t) = —oo (since p > 4) and 9, (¢) = 0 has exactly two

solutions since it reduces to an equation like (4.1). Whence, 1, has a local maximum M,
and a local minimum m, = —M,, and equation (5.1) has three distinct roots if

‘/ gudx

We are not able to calculate the local maximum M. However, by Lemma 3.1 (i), for all
v € S we have

< M,.

Po(t) > Py(t) =t — [tP 2 tljv|2 forallt >0

and direct calculations show that 1, (¢) has a local maximum M, and a local minimum
m, = —M, with

1, = (0= DIl ™77)) = 0= 20 - D75 o, 77

As M, < M,, it follows that the bifurcation equation possesses three isolated smooth
branches of solutions t; = ¢;(v), ¢ = 1,2, 3, if we take

sup{‘/gvdw
veS

Hence, we obtain three distinct functionals

mw%}<@—m@—nﬁ?. (5.2)

Jyi(v) = Jy(ti(v),v)
1 ti(v)

= §t72(v) + Te/vzé(v)dx — }? [ti(v)|” [v]|5 — ti(v) /gvdx
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defined on B\ {0} . We will prove that for each i = 1,2, 3, .J, ; attains its minimum at a
point ¥; € S such that ¢;(7;) # 0. Indeed, given a minimizing sequence (v, ;) C S for
functional J, ; on S, there exists ¥; € B such that, passing to a subsequence,

Un,i — U; in H,.

Arguing as in the case g = 0, it is easy to prove that jg,i is weakly continuous, and thus

jg,i(@i) = grelg jg,i(v) <0,

and, therefore, ¢;(0;) # 0. Moreover, for all § > 0 we have

d -

@Jw(eq}) = {ti(ﬁv)v—kt?(@v)veéle/v2<I>(U)dac] Ov)

d
do (
_ {|ti(ﬁv)|i’2 ti(0v)vl|Ov|p +v/g€)vd:c} diﬁti(ev)

+ t?(@v)93e/v2<1>(v)dx = [t:(6)[" 0P~ |o||B — t;(6v) /gvdm.

Hence, by the bifurcation equation, we deduce

d - 1

@Jg’i(ﬁv) = —at?(ﬁv) <0 for any 6 > 0.
Then, J, ;(fv) decreases with respect to # €]0, 1] and attains its minimum for 6 = 1, i.e.
v; € S. Theorem 3.4 implies that the original action functional .J, has at least three critical
points of the form @;(z) = ¢;7;(x); hence, the proof of Theorem 1.2 follows again from
Proposition 3.3. Finally, as the sign of ¢;(7;) depends on the sign of [ gv;dz, we have

/gl_}ldx <0, /gﬁgdm >0, /gfzgda: > 0.

Remark 5.1 Let us point out that inequality (5.2) is satisfied if the L?-norm of g is
small enough, the estimate for ||g||2 depending on p and on the embedding constant
of H, into LP.
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