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Abstract

We study the existence of multiple positive solutions for a convex-concave problem, de-
noted by (P»,), with a nonlinear boundary condition involving two critical exponents and
two positive parameters A and p. We obtain a continuous strictly decreasing function f
such that K1 = {(f(u), 1) : p € [0,00)} divides [0, 00) x [0,00) \ {(0,0)} in two con-
nected sets Ko and K5 such that problem (P,,) has at least two solutions for (\, 1) € Ko,
at least one solution for (A, ) € K7 and no solution for (A, u) € Ko.
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1 Introduction

In this paper we study the existence of multiple positive solutions for a convex-concave
problem with a nonlinear boundary condition involving two critical exponents and two
positive parameters A and p of the type

—Au—l—u— Autt + Pt in Q)
87 = pu + uP? on 0, (Pa)
u>0 in Q,

where 0<q<1l<p<oo(i=1,2),Qc R (N > 3)isasmooth bounded domain
and ~ is the outer unit normal derivative.
By Pohozaev identity (see [1]), problem (P,,) does not have any solution when \, 1 <
0. While for the Dirichlet elliptic problems involving nonlinearities convex-concave, that is,
when the nonlinearities are a sum of a sublinear and a superlinear terms, they were studied
in [3] (see [4], [13] and [14] for some improvement involving the p-laplacian operator).
Actually in [3] they considered the Dirichlet problem of the form

—Au=Mu?+uP in Q,
u=0 on 09, (Py)
u>0 in Q,

where 2 is a smooth bounded domain, A > 0,0 < g < land1l <p <2*—-1= %

In the critical case, that is, when p = 2* — 1, they proved that there exists A > 0 such that
problem (Py) has at least two solutions for all A € (0, A), at least one solution for A = A
and no solution for all A > A. After pioneering paper [7], problem (Py) corresponding
to 0 < ¢ < p = 2% — 1 has been studied extensively in recent years (e.g. [21]). For
the Neumann case, recently, in [15], a class of elliptic problems involving convex-concave
nonlinearities of the form

—Au+u=[uPlu in Q
{ 9 — plul™ on 09, (Pou)
was treated, where () is a smooth bounded domain, i > 0, ¢ and p as in (P)). They
obtained results similar to those obtained in [3]. In [15] is also considered the problem

—Au+u= /\\u|q_1u in
{ 8“ = |ul|P~t on 09, (Pxo)

where Qisas (Py\) with A > 0,and0 < ¢ <1 <p<2,—1= NZX We recall that

2* and 2, are the limiting Sobolev exponents for the embedding H'(Q2) — L? () and
HY(Q) — L?(09) respectively.

For the multiplicity results in the inhomogeneous Neumann problem, one is referred
to [11] and the references therein. We would also like to mention the works in ([1, 5,
9, 10, 17, 18], and [20]) for the Neumann problem involving convex nonlinearities. In
this paper, by combining argument used in [3] and [17], we study the existence of multiple
solutions for the problems related to (Pyo) and (P, ). Notice that our problem involves two
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Sobolev critical exponents, bringing two difficulties to our approach because of the lack of
compactness of the embedding H'(Q) — L? () and H(Q) — L?(9Q). We overcame
these difficulties by showing that the critical levels of “approximate solutions  lie below of
a number which is a combination of two best constants of the above embedding. As in [7]
this information implies that sequence of “approximate solutions ” is relatively compact.

By sub and super solution method (see [2]), we obtain a minimal positive solution of
(Pxy). We also get some properties of the minimal solution, as well as, for the function
f 10, Mo] — [0, Ap] defined by

f(u) = sup{X € [0,00) : problem (P),) has a classical solution},

where Ay and M, are positive constants such that problem (Pyo) has at least a solution

VA < Ag and o = 0, and problem ([P,,) has at least a solution Vi < My and A = 0,

respectively. These constants can be found arguing as in [3] and [15] (see Lemma 2.1).
We will split [0, 00) x [0,00) \ {(0,0)} such that

[0,00) X [0700) \ {(0,0)} = KO UKl UK2

where K1 = {(f(p),pn) : p € [0, Mo]}, Ko = {(A\,u); p€[0,Mp) and 0 < A\ <
()} \{(0,0)} and Ko = (K1 U K3)°.

Finally, we employ a version of the Ambrosetti-Rabinowitz Mountain Pass Theorem
due to Ghoussoub and Preiss [16] in order to get the second positive solution. Our main

results of this paper are stated as follows.

Theorem 1.1 There ezists a strictly decreasing function f : [0, Mo] — [0, Ao] such
that:

i) For (f(u),pn) € Ky, problem (Ps,),) has a solution wg(,,.

ii) For all (\,p) € Ky, problem (Py,) has a minimal solution wy,, such that
Iyu(uny) < 0. Moreover, uy, are ordered in the sense that V(A p;) € Ko,
1= 1,2, such that \y < Ao and p1 < pg or Ay < Ag and py < g, we have
Uripr < Uaps-

iii) For all (\, ) € Ko, problem (Py,) has no solution.

Remark 1.1 A regularity result due to Brezis and Kato [6], which was proved for
Dirichlet problems, still holds for problem (Pj,), since its proof can be adapted
for our case (see Appendix). Moreover proceeding as in [8] we can conclude that
ur, € C*P(Q), for some B € (0,1).

Remark 1.2 The solutions of problema (Py,) are classical solutions if p; < 2* —1
and ps < 2, — 1, while when p; > 2* — 1 and py > 2, — 1 the solutions are in
HY(Q)N L Q) N Lr2H1(09Q).
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Theorem 1.2 For all (A, u) € Ko, problem (Pxy) has a second solution vy, > Uxu,
provided that p1 < 2* —1 and py < 2, — 1.

Remark 1.3 Arguing as in [3], we can prove that if wy, is a solution of problem
(P»y) such that wy, # ux, and wy, is a minimal solution, then ||wy,|lcc — 00 as
[(A )| = 0.

The figure below illustrates the diagram of solution for problem (P, ).

L
My

Ao A

Figure 1: Solution diagram

By solutions to problema (P, ), we understand as the critical points of the associated
energy functional, defined on H'((2), given by

9 )\uq1+1 uP1+1
Dy(u) = 5 [ol |Vu| —|—|u| df_fQ T T e

uu
faQ Q2++1 szr+1 )dg

where do is the measure on the boundary and vy = maxz{0, u}. It is standard to see that
I € CYH(Q),R)and

I,y = fQ(Vqu—Fuv dm—j;z(/\u‘fv—kuﬁlv)dx
— Joo (nuv 4+ uf?v)do.

Notation: In the rest of the paper we will make use of the following notation. fQ x)dx
and [, g(x)do will be denoted by [, f and [, g respectively; ||.||, means the norm
in LP(Q) or LP(99) spaces; ||ul|* = [,(|Vu|[* + u?) denotes the norm in H'(Q);
C, C,, Cy, Cq, Cs,..., mean (possibly different) positive constants.
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The organization of this paper is as follows: In Section 2 we discuss the existence and
nonexistence of the solution of (P, ), by using sub and super solution method. In section
3 the existence of second positive solution for (Py,,) is established, by applying a version
of the mountain pass Theorem.

2 Proof of Theorem 1.1

Firstly, we shall state the curve limit of the region K.

Lemma 2.1 We have 0 < f(u) < oo, Yu € [0, My) and f(My) = 0. Also 0 < g(\) <
00, VA €0,Ay) where g(A) = sup{p € (0,00) : problem (Py,) has a classical solution}.

Proof. Let ¥ be the unique positive solution of

{ AV LT =1 in O,

g—‘f:l on 0.

Since 0 < ¢; < 1, i = 1,2, we can find Ao > 0 and po > 0 such that for all (\, ) €
(0, Ag) % (0, o) there exists M = M (X, u) > 0 satisfying

M > AMT||¥

gé‘i’Mpl

vl

pi=1,2.
Thus MV is a supersolution of (P,,). In fact
M=-A(MY)+ MU > A\(MP)? + (MT)”* in Q

M = 8?947\11 > u(MU)?2 + (MP)P2 on 02
v

On the other hand, taking ¢; > 0 the solution of

Ba‘f} =0 on 99,

{ —Ap; +o1 =M1 in

we conclude that e, is a subsolution of (P,,) for all € > 0. Indeed, for all A, u > 0 we
have

eMpr = —A(epr) + (ep1) < Alep1)™ + (ep1)? in O
0 < ulepr)™ + (epr)?* on 99,
for e sufficiently small.
Choose € > 0 small enough such that epp; < M W. From sub and super solution method
(see [2]) there exists a solution u of (Py,,) such that ey < u < MU, V(A p) € (0, o) x

(0, p10). Therefore f (1) > Ao and g(A) > po.
Choose A and [ satisfying

M 91 > M\t V>0 (2.1)
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at? +tP2 > nt, Vit >0, (2.2)

where p verifies (Steklov problem)

G5 = gn on 09, (2.3)

If (X, 1) is such that (Py,) has a solution u = wuy,, multiplying (Py,) by ¢1 and
integrating over ¢2, we obtain

Al/usm:/\/uq%er/up%pl +M/ uqﬁpﬁr/ uP? 1.
Q Q Q o0 o0

Combining with (2.1), we conclude that A < A, that is, f (1) < .
On the other hand, from (2.3) we have

A/uq1¢1+/upl¢1+u/ u”¢1+/ up2¢1=u1/ ue1,
Q Q o o0 o

by using (2.2), we obtain 4 < f. Thus g(A\) < f. Therefore 0 < f(u) < oo, and also
0 < g(A) < oco. This is the end of the proof. |

Now, the following comparison Lemma whose the proof follows arguing as in [3], it

will used to prove that problem (Py,,) has a minimal solution.

Lemma 2.2 Assume that f(t) g(t) are functions such that t=1f(t) and t=tg(t) are
decreasing for t > 0. Let v and w satisfy

—Av < f(v)  in Q
% < g(v) on 01,
v >0 m Q,

and
—Aw > f(w)  in Q

G >g(w) on 0O,
w >0 n Q.

Then w > v in .
We shall prove the following existence results.

Lemma 2.3 For all ji > 0 such that fi < p, problem (Pyjp), with 0 < X\ < f(p), has a
minimal solution uxj such that Ing(uxz) < 0. Moreover, problem (Py(,,) possesses
a solution.
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Lemma 2.4 For all A\ > 0 such that A\ < X, problem (P5,), with0 < p < g(A), has a
minimal solution us, such that I;“(u;\ﬂ) < 0. Moreover, problem (Pyg(y)) possesses
a solution.

Remark 2.1 From Lemma 2.3, problem (P5;) has a solution, if i < p and A< f(w).
Analogously for Lemma 2.4

Proof of Lemma 2.4. The proof of Lemma 2.3 is similar. Given A< Xand u < g(\), let
Uxgpo a solution of (Py,,,) with A < Ao < Aand p < po < g(A). Notice that uy,,, is a
supersolution for (P5 #). Since €1 < Uxyy,, for € sufficiently small, we conclude that P M
has a solution, which is positive since ep; < uj e

We shall prove that uy ,, with 0 < p < g()), satisfies the following properties.
Claim 2.1

i) us, is a minimal solution.
ii) I;\#(u;#) <0.
We are going to postpone the proof of this Claim , first completing the proof of Lemma

2.4; more exactly, we prove that problem (P, (»)) possesses a solution.
Letting p1,, € [0,g())), from the Claim we have

I)‘/—Ln (u)‘;ufn) =S I(u/\;ufn) <0.

pitl < C, C >0, i=1,72 Since Uxy, 1S a solution, we

This implies that [|ux,, [ 11

conclude that

is bounded.

||“/\un

Thus, there exists uyg(x) € H' () such that uy,,,, — uyg(x) weakly in H (), as n — oo.
It is standard to prove that uyy(y) is a positive weak solution of (Py,»)); and this is the
end of the proof. ]

Proof of Claim 2.1 i) Let vy u be the unique solution of

{ —Av+v =0 in Q,

% = pwi2 on ON.

Let u > 0 be a solution of P; e Observe that

{ —Au+u>u® in Q,

% = pu?? on 0.

From Lemma 2.2, we reach that u > v;\lbin Q.

On the other hand, v5 , is a subsolution of (P5 #). By monotone iteration method we
obtain an increasing sequence u, such that u,, — uj 48T — 00, But w is a supersolution
of P;\M. Therefore u,, < wu, Y n.Thus Uz, < u, that is, Uz, is a minimal solution.

To prove Claim 2.1 ii) we shall need the following
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Lemma 2.5 Let ¢ < v be a subsolution and supersolution for (P), respectively.
Suppose that v is not a solution. Let u be a minimal solution for (Py,) such that
Y <u <. Then

A= M[-A —alx) - b(y)] = 0,
where a(z) = Agru® " +p1uPr =1, b(y) = pgou® 4pauP2 =t and A [—A—a(z)—b(y)]

denotes the first eigenvalue of the problem

—Ad+¢—alx)p=X o in Q,
92 —b(y)p = Mo on 0N

Proof. Notice that there exists
qﬁEV:{UEHl(Q);/vQ—i—/ v =1},
¢ > 0 verifying

Jn(9) = inf{J, (v); veV},
where

J,,l(v):/Q(|Vv\2+v2)—/ﬂav2—/89bv2, ve HY(Q).

We claim that A\; > 0. Suppose by contradiction that \; < 0. Arguing as in [3], we
conclude that u — «¢ satisfies

—A(u—ad) +u—ap— [AMu—ap)® + (v — ap)*] >0,
for a > 0 small enough. We also get

d(u — ag)

ov
Thus (u — «¢) is a supersolution for (Py,). Since 1 is not a solution, we obtain u > 1.
Therefore u — ap > 1), for a sufficiently small. Hence (Py,) has a solution 4 satisfying
1 < 4 < u— ag, which is a contradiction because « is a minimal solution. This is the end
of the proof. ]

Proof of Claim 2.1 4i). From Lemma 2.5 we have

= [u(u = ag)® + (u — ad)?] > 0.

1 1 1 1
lunal? = Agi e 1251 = prllunl 251 — pgallunal 251 = polluaul|225] > 0. (2.4)

From I}, (ux,) = 0 and (2.4) we have

+1 +1
AL = g)lfuaullg 1 + (U= po)lluaul 50 +

1 1
(1 = a2)lfunallgiis + (1= p2)llun 3247 > 0. (2.5)



Multiplicity of solutions for a convex-concave problem 141

Using again that I} , (u,,) = 0 we have

Agr—1 o+l 1p1—1

Dyu(uny) = EﬁHukquﬁ_l + 5])1 ) ||u)\u|\£1ii
+ggz jr Cllunllg i + %iz 4:1””“”223
< %min{m%’ ﬁ}@(m = Dluna| 257 + (g2 — 1)lJural 1211)
+%%Ilumllﬁii} + %zz ;1”%“”223
< %min{ql%, ﬁ}[)\(lh - I)HU/\HHZiE + u(ge — 1)|\umlli‘,§ii

+1 +1
+(p1 = Dlluullpy i1 + (02 = Dllural5237]

From (2.5) and the above inequality, we conclude that I, (v, ) < 0. This is the end of the
proof of the claim. ]

Now, we will state some properties about the minimal solution.
Lemma 2.6
1) If M < A2 and p1 < po, then wy,, < Unypus,-
2) The function f is strictly decreasing.

3) The function f is invertible and f~! = g.

Proof. 1) Let uy,,,, i = 1,2, be solutions of (Py,). Since \; < Az and p; < po, we
have

—AUx,py — Urgp, <0 in Q,
78(“1“187“*2“2) <0 on ON.

By the Hopf maximum principle we conclude uy, ,, < Ux,p,-

2) First of all, we will prove that f is non-increasing, that is, if p1 < p2, p; €
[0,Mo] (i =1,2) then f(p1) > f(ue2). Suppose by contradiction that f(u1) < f(u2).
Then for all A € (f(u1), f(p2)) there exists a solution wy,, of (Pxg,). But uy,, is a
supersolution for (Py,), Vu < po. In particular, uy,, is a solution for (P, ), which is
a contradiction since A > f(u1).

Next we conclude that f is strictly decreasing. Suppose by contradiction that p; <
pa, i € [0, Mo] (i =1,2)and f(p1) = f(u2) = Ao
Let u;, = 1,2, be solutions of (Py,,,), ¢=1,2. Since yt1 < 2, then

—A(u; —ug) <0 in Q,
w <0 on 99,

which is a contradiction, by the Hopf maximum principle since
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for some xg € Of)

3) We shall prove that g(A\) = f~*()). Since (Pys-1(y)) has a solution then g(\) >
JF71(N). Suppose that g(\) > f~1()), then problem (Py,,) with f~*(\) < p < g()) has
a solution, which is a contradiction, because (\, u) € K. Therefore f -1 = g. This is the
end of the proof. ]

Proof of Theorem 1.1. The proof follows directly by applying the results above.
This is the end of the proof. u

3 Proof of Theorem 1.2

Again, we will follow some arguments used in [3] (see also [11] and [14, 15]). The main
difference here is to use the regularity result due to [6] adapted to the Neumann problems,
in order to get a similar results those in [8]. Thus, we will give only the sketch of the proof.

Let uo be a minimal positive solution obtained in the first part satisfying Ix,,(uo) < 0.
In fact arguing as in [3], ug is a local minimum of I, in the C topology. We will find a
second positive solution v of the form « = wug + v. The function v should be a solution of
the problem

—Av+v=hy(z,v) in
% = gu(z,v) on 09,

where

AMug + 8)7 — dudt + (ug + s)Pr —ubt if s>0
hk(x’s){ o "0 ot if 5<0

and

 plug 4 8)2 — pud + (up + s)P2 —uh?  if >0
gu(w)—{ 0 if s<0.

Notice that v is a critical point of the C'* functional

1
70 = ol = [ Mz = [ Gutas

where

Hy(z,s) = /OS hy(z,s) and Gu(z,s) = /Osgu(x,s).

The proof of Theorem 1.2 follows from the results below. We recall that the proofs of
these results follow as in [3] (see also and [11] and [14, 15]).

Lemma 3.1 [t folows that v =0 is a local minimum of J in H(Q).
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To prove Lemma 3.1, we need the following result due to [8].

Lemma3.2 If v = 0 is a local minimum of J in C'-topology, then it is a local
minimum of J in H'-topology.

Proof. The proof follows as [8], see also [15]. [ |

The following compactness result can be obtained by adapting some arguments used in
[3], as well as in [15].

Lemma 3.3 If 0 is the only critical point of J, then J satisfies (PS). for all

11 s o
e < (5= 5 mar{Sy 7,857} (2.6)

*

where

_ 2. 1 N 2. 2* _
Somf{/]Rf|VU| s uwe H(RY) and /]RNlu +/ Lu =1}

+
and Rﬁ ={(z,t) e RN |z € RN and t > 0}.

Proof. The proof of (PS). condition follows arguing as in [15]. In our situation, since
problem (Py,,) involves two critical exponents, the verification of (2.6) needs refinements
in some estimates. But its proof is basically made as in [7], more exactly, as it is done in
[1], where they used the function

€ N-2

Z1 D)~ o))

we(x,t) = (

which is a minimizer of .Sy (see also [9], [12] and [20]). -
To obtain (2.6) it suffices to prove that there exists vg € H'(Q2), vy >0 on  and
vo # 0, such that

1 1 2t 2 _
sup J(tvg) < (5 — = )max{S; 2,5, *} =65.
t>0 2 2*

First of all we will state some estimates. Consider the cut-off function ¢ € C°°(Q)
suchthat 0 < ¢ <1, (z,t) € @ € RN ™" x IR and ¢(x,t) = 1 on a neighborhood U of
(%0, %0) such that U C . Define

ue(z,t) = we(z, t)p(z, 1)
and
ue(, )

3+ llucll3)®

ve(x,t) =

([[ee
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The following estimates are proved by combining [17, Lemma 5.2] with the argument used
in the proof of [7, Lemma 1.1]:

[Ve||3 = So + O(eN72), (2.7)
uel|z = |lur])? + O(eM), 2.8
Jucl: = 2 g +O(eY) (2:3)
lucl3: = llusll2” on—s + O ), (2.9)
and
2 J ole) for N>4
ld={ 60 o NZa (210)
where

2" 2" 2" 2"
u -1 = u and ||ju = uy -
H ! 2*,]RN ! / No1 1 ” 1”2*,Ri’ /JR{Z 1

As we mentioned before, it is sufficient to show that

sup J(st,) < S,
s>0

where U, (z,t) = av.(z,t) with « > 0 to be chosen later on.
Since J(sv,) — —o0 as s — 00, there exists s > 0 such that

sup J(s0.) = J(8cUe. (2.11)
s>0

(If s = 0 the proof is finished). From (2.11) we obtain

2o 27-2 2% | 2.-2p2.
Xﬁ 2 SE A€ + 56 B€ ?

where || V4, |3 = X2, ||i.]3- = A2" and ||v]|3* = B?. So,

. X2
min{s? ~% s> 7%} < —¢ 5
AZ + BZ
o IVeld
min{a?”, a? } v |2 + ||ve 3; . .
Now choosing o > 0 such that
: : )<L,

2%

: 5= (
min{a 2, 0% 2} [, 2*’Rf+||ul|‘§:’RN—1

from (2.12) results
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8¢ < maX{S[()Z*72)71,582*72)71}. (2.13)

Also, by (2.7)-(2.10) we have following estimates

X2 < So+0(N72), (2.14)

and

s2X2 < maX{Sg*(z*ﬁ)_l,Sg*(z*fz)_l} +O(eN72), for N > 3. (2.15)

On the other hand, since the critical level ¢ > 0, we can assume that s > c¢g > 0, Ve > 0.
From (2.11), we obtain

s2 A% 4 2 B% > s2X2 + O(e). (2.16)

Thus inserting (2.16) into the expression of J(s ¥, ), from (2.10) and (2.15) we conclude
that

J(scv:) < S, forall e sufficiently small
This proves Lemma 3.3. ]

Proof of Theorem 1.2. From the results above we can conclude that J has a nontrivial
positive critical point by applying a version of the Ambrosetti-Rabinowitz Mountain Pass
Theorem due to [16]. u

4 Appendix

Next we shall prove a regularity result for the weak solutions of (Py,,), by closely following
[19]. Its proof is based on the classical interactions method due to Moser. Here, we make
essentially an adaptation of the proof of a result proved by Brézis-Kato [6] for Dirichlet
problem. See also the appendix in Struwe [19]. We consider the following problem

—Au = f(z,u), in Q

ou

5% = g(y,u), on 09, (2.17)

with Caratheodory functions f : Q x IR — Rand g : 92 x IR — IR, thatis, f(z,u) is
measurable in z € ) and continuous in u € IR, and g(y, u) is measurable in y € 9 and
continuous in u € IR. Moreover, we will assume that f and g satisfy the following growth
conditions

[fz,u)| <alx)1+|u]), x€Q, ue R (2.18)
9y, w)| < b(y)(1 + |u]), y €99, ue R, (2.19)

where a € L;Z(/f(ﬂ) and b € LY 1(09).

loc
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Lemma 4.1 Let Q be a domain in RY andlet f: Qx R — IR, g: 90 x IR — IR be
Carthéodory functions satisfying (2.18) and (2.19). Also let u € H} (Q) be a weak

loc

solution of problem (2.17). Then u € L} .(Q) N L} (0Q) for any 1 < t,r < co. If

loc
u € HYQ), a € LN?(Q) and b € LN=1(09), then v € L*(Q) N L"(9Q) for any
1<t r <oo.

Proof. Choose n € C°°(Q) and for s > 0, L > 0, let 5, = umin{|u|?®, L?}n? €
H1(€). Testing (2.17) with 5.1, we obtain

3/
2 J{weQ s lu()=<L}
< —2/Vuumin{|u|237L2}V7777

Q

/Q Vul? min{ul®, L3P + IV (Juf?) 2?22

+ /a(l+2|Ua\2)milfl{lltlzs,122}772 +/ b(1 + 2[ul?) min{|ul**, L?}1?
Q o0

1

2

oo / lal[ul? min{[u[?*, 2} + Cy / bfJuf? min{ ul?*, L2}
Q o0

+ / laln® + / bl
Q o0

< Ca(11Cy) / ful? min{[u?*, L2} + CsC, / fu? min{u?*, L2}
Q oN

IN

/ Vul? min{[ul?*, L} + C / ful? min{[u[2*, L2}V |?
Q Q

Lo / lafuf? min{[u[?*, L2} 2
{z€Q; |a(z)|>Ca}

Tye / 1bfluf? mingul?*, L2},
{yed2; |b(y)|>Cv}

Suppose u € L*72(Q)). Then we may conclude that, with constants depending on the
L2372 _ norm of u, we have

/ IV (umin{jul*, L})
Q

2/N
< 03(1+Ca+cb)+03(/ |a|N/2>

{z€Q; |a(2)|2Ca}

(N-2)/N
([ fumin{juls, 23/ )
Q

oo [ oI
{y€oQ; [b(y)|>Ch}

([ umin{jule, v
o

)1/(N—1) ’

) )(N—Q)/(N—l)
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< G+ Gt O+ (€ +€(Ch) - [ [VGuminlal L)

where

2/N
«c=( [ ")~ 0 (Cu— o0),
{z€Q; |a(z)|>CL}

1/(N-1)
«cy)=( [ o)
{yeoQ; [b(y)|=Cs}

Fix C, and Cj, such that €(C,) + €(C) = 1/2, and note that

—0 (Cp — 00).

/ V() < Co(1 4 Cot )
{zeQ; [u(x)|*<L}

is uniformly bounded in L. Hence we may let . — oo to get that

|u|s+177 c Hl(Q) N L2N/(N—2)(Q) ﬂL(N—l)/(N—Q)(@Q)7

that is,
ue LU (Q) 0 L7 (00).
Now, let s, =0, s;+1 = (s;—1 +1)%, ors;+1=(s;_1 +1)%, if 7 > 1, to conclude

the lemma. If u € H'({2), we may let ) = 1 to obtain the same conclusion.
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