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1 Introduction

This paper is a continuation of [4] where we studied the problem of bifurcation of periodic
orbits of large period in elliptic singular systems such as

ẋ = f(x, y, ε)
εẏ = J(x)y + εg1(x, y) + ε2g2(x, y, ε)

(1.1)

where x ∈ R2n and y ∈ R2 and

J(x) =
(

0 1
−λ2(x) 0

)
.

It is assumed, there, that the associated degenerate equation ẋ = f(x, 0, 0) has a non
degenerate homoclinic solution. Then, under some further conditions, it has been shown in
[4] that, if the homoclinic orbit is even, then (1.1) has several layers of periodic solutions.

Equations like (1.1) arise, for example, when passing from the D’Alembert equation
associated to a second order equation on a certain submanifold M of Rn to the so-called
penalized equation [1, 12]. Here, by D’Alembert equation we mean the equation

Dtż + PzF (z) = 0 (1.2)

where Dt is the covariant derivative along the tangent bundle TM of an orientable sub-
manifold M and Pz : Rn → TzM is the orthogonal projection on TzM along the normal
space NzM. We recall that, given a smooth curve z(t) on a submanifold M ⊂ Rn and a
vector field Y (t) ∈ Tz(t)M, the covariant derivative DtY (t) is defined as

DtY (t) = Pz(t)Ẏ (t)

(see [5, p. 305-306]). By penalized equation, instead, we mean the equation

z̈ + F (z) + ε−2G(z) = 0 (1.3)

where G(z) is a smooth function vanishing on M and such that, for any x ∈ M, G′(x) is
positive definite on the normal space NxM. Since in [4] the case y ∈ R2 is studied, the
result proved therein applies to D’Alembert equations on a hypersurface M. The purpose
of this paper is to extend Theorem 5.1 in [4] to the case where y ∈ R2m, m ≥ 1. This fact
allows us to remove the assumption that M is a hypersurface, thus extending Theorem 1.1
in [4] to the case where M is an orientable, codimension m ≥ 1 submanifold of Rn. As a
matter of fact, we will prove the following result.

Theorem 1.1 Assume that F (z) ∈ C3, G(z) ∈ C5 and that M is an orientable C5

codimension m submanifold of an open subset Ω ⊂ Rn. Let Dt be the covariant
derivative along the tangent bundle TM of M and Pz : Rn → TzM be the or-
thogonal projection on TzM along the normal bundle NzM. Moreover assume the
following conditions hold:

1) G(z) = 0, for any z ∈M and Pz0F (z0) = 0 for some z0 ∈M;
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2) NzM has an orthonormal basis {nj(z) | j = 1, . . . ,m} such that G′(z)nj(z) =
λ2

j (z)nj(z), with λ2
j (z) ≥ λ2 > 0, for any z ∈M;

3) the D’Alembert equation
Dtż + PzF (z) = 0 (1.4)

has a (nontrivial) symmetric solution γ0(t) = γ0(−t) ∈ M homoclinic to the
fixed point z = z0 which is hyperbolic for the dynamics of (1.4) restricted on
M;

4) z(t) = γ̇0(t) is the unique bounded solution, up to a multiplicative constant, of
the variational equation of (1.4) along γ0(t) such that z(t) ∈ Tγ0(t)M and

[n′j(γ0(t))tz(t)]γ̇0(t) + nt
j(γ0(t))ż(t) = 0

for any j = 1, . . . ,m.

Then, there exist M > 0, δ > 0, µ > 0, ε0 > 0 such that for any ε ∈ (0, ε0)
there exists a subset Sε ⊂ (−3δ−1 ln ε, µε−1/2) such that the Lebesgue measure
m(Sε) ≥ 1

2 [µε−1/2 + 3δ−1 ln ε] and for any T ∈ Sε the penalized equation (1.1)
has a 2T−periodic solution z(t) such that z(t) = z(−t) and the following hold

sup
−T≤t≤T

|z(t)− γ0(t)| ≤Mε. (1.5)

The method of proof of Theorem 1.1 follows that in [4], with the changes that are made
necessary by the higher codimension case. In particular we have to face with the problem
that, now, we have to study the existence of bounded solutions of such a set of m boundary
value problems in R2 as 

εż1 = z2 + εh1(t)
εż2 = −λ2

j (t)z1 + εh2(t)
z2(−T ) = z2(T ) = 0,

where λ2
j (t) are, possibly different, real functions bounded below by a positive number

λ. As it has been proved in [4], each of the above systems has bounded solutions (with
T -independent bound) provided T is sufficiently large and satisfies a certain non resonance
condition. Thus, in Section 2 we show that all the non resonance conditions can be satisfied
simultaneously (see Lemma 2.2). Section 3 contains the main result whose proof is only
sketched since it is quite similar to Theorem 5.1 in [4]. In Section 4 we give an example
of application of our Theorem 1.2 to a second order equation in R3 whose D’Alembert
equation on a non planar curve M has a homoclinic solution satisfying the assumption of
Theorem 1.1.

2 Reduction to a singular equation

Here we assume that M is a Cr, r ≥ 5, orientable submanifold of an open and bounded
subset Ω ⊂ Rn of codimension m and denote with NxM the m-dimensional normal
bundle at the point x ∈ M. Without loss of generality we may (and will) assume that
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z0 = 0. Let NxM = span{n1(x), . . . , nm(x)} be an orthonormal basis of NxM. We
assume that positive numbers λ2

j (x) ≥ λ2 > 0 exist such that the following holds:

G′(x)nj(x) = λ2
j (x)nj(x). (2.1)

Then let U ⊂ Ω be a neighborhood of M such that any point z ∈ U can be written as

z = x+ ε
m∑

j=1

ξjnj(x)

with x ∈M and ξ = (ξ1, . . . , ξm)t ∈ Rm (here and in the rest of this paper vt and At will
denote the transpose of the vector v and of the matrix A).

We also extend nj(x) to the whole U in such a way that {n1(x), . . . , nm(x)} is an
orthonormal Cr−1 subset of Rn. Note, that G′(x)v = 0 for any x ∈ M and any tangent
vector v to M at the point x ∈M. We want to derive the differential equation satisfied by
(x, ξ). Assume that z = z(t) is a C2−solution of equation

z̈ + F (z) + ε−2G(z) = 0 (2.2)

that belongs to U for any t in a certain interval. Then we can write z(t) = x(t) +
ε
∑m

j=1 ξj(t)nj(x(t)) = x(t) + εn(x(t))ξ(t), where n(x) is the n × m matrix whose
columns are the vectors n1(x), . . . , nm(x), and t 7→ x(t) ∈ M, t 7→ ξ(t) ∈ Rm are
C2−functions. Note that according to this notation we have

G′(x)n(x) = n(x)Λ(x) (2.3)

where

Λ(x) =

 λ2
1(x) 0 0

0
. . . 0

0 0 λ2
m(x)

 . (2.4)

Now, for any p × q matrix A(x) = [aij(x)] i=1,...,p
j=1,...,q

depending smoothly on the parameter

x ∈ Rn, with A(x)′ we will denote its derivative, that is for any v ∈ Rn, A(x)′v is the
p × q matrix whose (i, j)−entry is < ∇aij(x), v > or else the i−th row of A(x)′v is
A′i(x)v where A′i(x) is the Jacobian matrix of the i−th row Ai(x) of A(x).

Then (x(t), ξ(t)) satisfies:

ẍ +ε[n(x)′ẍ+ n(x)′′(ẋ, ẋ)]ξ + 2ε[n(x)′ẋ]ξ̇ + εn(x)ξ̈
+F (x+ εn(x)ξ) + ε−2G(x+ εn(x)ξ) = 0.

(2.5)

Now, differentiating the identity nt(x)n(x) = I, we obtain, for any v ∈ Rn and any
C2−function t 7→ x(t) ∈M

[nt(x)′v]n(x) + nt(x)n(x)′v = 0,
[nt(x)′ẍ+ nt(x)′′(ẋ, ẋ)]n(x) + 2 [nt(x)′ẋ] [n(x)′ẋ]
+nt(x) [n(x)′ẍ+ n(x)′′(ẋ, ẋ)] = 0.

(2.6)
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Moreover, using nt(x(t))ẋ(t) = 0 (that follows from ẋ(t) ∈ Tx(t)M), we get

[nt(x)′ẋ]ẋ+ nt(x)ẍ = 0 (2.7)

for any C2−function x(t) whose values are in M. Thus, left multiplying equation (2.5) by
nt(x), we obtain

εξ̈ −[nt(x)′ẋ]ẋ− 2ε[nt(x)′ẋ]n(x)ξ̇ + εnt(x) [n(x)′ẍ+ n(x)′′(ẋ, ẋ)] ξ
+nt(x)F (x+ εn(x)ξ) + ε−2nt(x)G(x+ εn(x)ξ) = 0

(2.8)

and then, plugging into (2.5) the expression for εξ̈ we get from (2.8)

ẍ +n(x)[nt(x)′ẋ]ẋ+ ε[I− n(x)nt(x)][n(x)′ẍ+ n(x)′′(ẋ, ẋ)]ξ
+2ε[n(x)′ẋ]ξ̇ + 2εn(x)[nt(x)′ẋ][n(x)ξ̇] + [I− n(x)nt(x)]F (x+ εn(x)ξ)
+ε−2[I− n(x)nt(x)]G(x+ εn(x)ξ) = 0.

(2.9)

We remark that, for x ∈M and any vector v ∈ Rn one has

n(x)nt(x)v =
m∑

j=1

〈v, nj(x)〉nj(x)

and then I− n(x)nt(x) is the projection Px : Rn → TxM along the normal space NxM.
Moreover

[I− n(x)nt(x)]G(x+ εn(x)ξ) = [I− n(x)nt(x)][εG′(x)n(x)ξ +O(ε2‖ξ‖2)]
= [I− n(x)nt(x)][εn(x)Λ(x)ξ +O(ε2‖ξ‖2)]
= O(ε2‖ξ‖2).

(2.10)
Thus we multiply (2.8) by ε and get:

ε2ξ̈ +Λ(x)ξ − ε[nt(x)′ẋ]ẋ− 2ε2[nt(x)′ẋ]n(x)ξ̇ + ε2nt(x) [n(x)′ẍ+ n(x)′′(ẋ, ẋ)] ξ
+εnt(x)F (x+ εn(x)ξ) + ε−1nt(x)[G(x+ εn(x)ξ)− εG′(x)n(x)ξ] = 0.

(2.11)
Note that, since Λ(x) is an invertiblem×m–matrix, equations (2.9), (2.11) for ε = 0 read:

ẍ− n(x)nt(x)ẍ+ PxF (x) = 0
ξ = 0 (2.12)

that is, since I−n(x)nt(x) is the projection onto the tangent space TxM along the normal
space NxM, (2.9), (2.11) for ε = 0 is the D’Alembert equation on M. On the other hand,
passing to the time τ = t

ε and setting ε = 0 we obtain the boundary layer system

ξ′′ + Λ(x)ξ = 0 (2.13)

with x ∈ M. Thus the manifold M is a manifold of fixed points for (2.12) which is not
normally hyperbolic for (2.13). As in [4] we see that the standard Geometric Theory of
singular equations (see [8]) cannot be applied.
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We now write equations (2.9)–(2.11) as a first order system, setting x1 = x, x2 = ẋ,
y1 = ξ, y2 = εξ̇. Using also the equality [n(x)′x̃]ξ = [n(x)ξ]′x̃, we get, after some
algebra:

ẋ1 = x2

ẋ2 = ϕ(x1, x2, y1, y2, ε) := −{I + ε[I− n(x1)nt(x1)][n(x1)y1]′}−1

{[n(x1)nt(x1)′x2]x2 + ε[I− n(x1)nt(x1)][n′′(x1)(x2, x2)]y1
+2[n′(x1)x2]y2 + 2n(x1)[nt(x1)′x2][n(x1)y2]
+[I− n(x1)nt(x1)]F (x1 + εn(x1)y1)
+ε−2[I− n(x1)nt(x1)]G(x1 + εn(x1)y1)}

εẏ1 = y2
εẏ2 = −Λ(x1)y1 + ε[nt(x1)′x2]x2 + 2ε[nt(x1)′x2]n(x1)y2

−ε2nt(x1) [n(x1)′ϕ(x1, x2, y1, y2, ε) + n(x1)′′(x2, x2)] y1
−εnt(x1)F (x1 + εn(x1)y1)
−ε−1nt(x1)[G(x1 + εn(x1)y1)− εG′(x1)n(x1)y1].

(2.14)

Now, since (2.14) is just equation (2.2) in the new coordinates (x1, x2, y1, y2), (2.14)
should be considered as a dynamical system on S × R2m where

S =
{(

x1

x2

)
| x1 ∈M, x2 ∈ Tx1M

}
. (2.15)

Here we show that, in fact, S × R2m is invariant for equations (2.14). To prove this we
only need to prove that if (x1, x2) ∈ S, then(

x2

ϕ(x1, x2, y1, y2, ε)

)
∈ T(x1,x2)S.

It is easy to see that

T(x1,x2)S =
{(

u1

u2

)
∈ R2n | nt(x1)u1 = 0 and [nt(x1)′u1]x2 + nt(x1)u2 = 0

}
.

We recall that the j−th row of nt(x)′u is given by the product of the Jacobian matrix of
the j−th row of nt(x) with the vector u. That is n′j(x)u, j = 1, . . . ,m. In other words(

u1
u2

)
belongs to T(x1,x2)S if and only if, for any j = 1, . . . ,m, one has

< nj(x1), u1 >= 0 and < n′j(x1)u1, x2 > + < nj(x1), u2 >= 0.

Hence we have to show that for any (x1, x2) ∈ S we have

nt(x1)x2 = 0 and [nt(x1)′x2]x2 + nt(x1)ϕ(x1, x2, y1, y2, ε) = 0.

The first of the above equalities follows directly from the definition of S. As for the second
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we have, using nt(x1)n(x1) = I:

nt(x1)ϕ(x1, x2, y1, y2, ε) = nt(x1){I + ε[I− n(x1)nt(x1)][n(x1)y1]′}ϕ(x1, x2, y1, y2, ε)
= −nt(x1){[n(x1)nt(x1)′x2]x2+

ε[I− n(x1)nt(x1)][n(x1)′′(x2, x2)]y1
+2[n(x1)′x2]y2 + 2n(x1)[nt(x1)′x2][n(x1)y2]
+[I− n(x1)nt(x1)]F (x1 + εn(x1)y1)
+ε−2[I− n(x1)nt(x1)]G(x1 + εn(x1)y1)}

= −[nt(x1)′x2]x2 − 2nt(x1)[n(x1)′x2]y2
−2[nt(x1)′x2][n(x1)y2]

= −[nt(x1)′x2]x2.

Note that to show the last equality we made use of the first equation in (2.6) with v = x2.
This concludes the proof of the invariance of S × R2m.

To simplify notation we set

J(x) =
(

0 I
−Λ(x1) 0

)
, (2.16)

f0(x1, x2, y1, y2) =


x2

−n(x1)[nt(x1)′x2]x2 − 2n(x1)′x2y2
−2n(x1)[nt(x1)′x2][n(x1)y2]− [I− n(x1)nt(x1)]F (x1)

−[I− n(x1)nt(x1)]G′′(x1)(n(x1)y1, n(x1)y1)



g1(x1, x2, y1, y2) =


0

[nt(x1)′x2]x2 + 2[nt(x1)′x2][n(x1)y2]
−nt(x1)F (x1)− nt(x1)G′′(x1)(n(x1)y1, n(x1)y1)


and write (2.14) as

ẋ = f0(x, y) + εf1(x, y, ε)
εẏ = q(x, y, ε) := J(x)y + εg1(x, y) + ε2g2(x, y, ε)

(2.17)

where x = (x1, x2) ∈ S, y = (y1, y2) ∈ R2m and f1(x, y, ε), g2(x, y, ε), q(x, y, ε)
are defined by the equalities. Sometimes we will also write f(x, y, ε) and g(x, y, ε) for
f0(x, y) + εf1(x, y, ε) and g1(x, y) + εg2(x, y, ε) respectively.

Remark 2.1 Note that, when f(x, y, ε) and q(x, y, ε) are taken as in (2.14), then
f and q are C3−functions because of the smoothness properties of F , G and M.
Moreover S × R2m is an invariant manifold for (2.14) and the following symmetry
properties hold.

Let U1 : Rn × Rn → R2n and U2 : Rm × Rm → R2m be the involutions defined
as:

U1(x) = U1(x1, x2) = (x1,−x2), U2(y) = U2(y1, y2) = (y1,−y2), (2.18)
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then:

U1(f(x, y, ε)) = −f(U1(x), U2(y), ε), U2(q(x, y, ε)) = −q(U1(x), U2(y), ε). (2.19)

Moreover, f(x, y, ε) and g(x, y, ε) satisfy

2-i) [I + U2]g(x, 0, 0) = 0 and gy(x, 0, 0) = 0,

2-ii) fy(x, 0, 0)[I + U2] = 0,

2-iii) f(0, 0, ε) = 0.

Finally, for any x = (x1, x2) ∈ S, NxS, has the C3-smooth and U1-invariant basis:
{v1(x), . . . , v2m(x)} where

vj(x) = wj(x)/‖wj(x)‖

and

w2j−1(x) =
(
n′j(x1)tx2 − nj(x1)

nj(x1)

)
w2j(x) =

(
n′j(x1)tx2 + nj(x1)

nj(x1)

)
.

We recall the following definition [4]:

Definition 2.1 A basis {v1(x), . . . , v2m(x)} of NxS is said to be U1-invariant if
for any x ∈ S and any j = 1, . . . ,m the following holds:

U1v2j−1(x) = −v2j(U1(x)).

Thus, we also have U1v2j(x) = U1v2j(U2
1 (x)) = −U2

1 v2j−1(U1(x)) = −v2j−1(U1(x))
that is

U1v2j(x) = −v2j−1(U1(x)).

Now, let Ck(I,Rn) be the space of functions on the interval I ⊂ R that are bounded
together with their first k derivatives, on I . For h(t) ∈ C0([−T, 0],Rn) ∩ C0([0, T ],Rn)
we consider the following system in R2m:

εẏ = J(x(t))y + εh(t) (2.20)

where x(t) ∈ C1(R,R) is an even (i.e. x(t) = x(−t)) function taking values on M,
together with the boundary conditions

(I− U2)y(−T ) = (I− U2)y(T ) = 0 (2.21)

where U2 is defined as in (2.18). Due to the form of the matrix J(x) (see (2.4) and (2.16))
system (2.20) splits in m equations in R2 that look like:

εẏj = ym+j + εh
(j)
1 (t)

εẏm+j = −λ2
j (t)yj + εh

(j)
2 (t)

ym+j(−T ) = ym+j(T ) = 0
(2.22)

to which we may apply the result of Lemma 4.2 in [4]. However, for our purposes, we
need to look closely at the proof of the same Lemma 4.2. Such a closer look shows that the
following result holds:
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Lemma 2.1 Assume that λj(t) ∈ C1(R,R) is an even function on R such that∫ ∞

−∞

|λ̇j(t)|
λj(t)

dt <∞.

Let

ωj(t) =
∫ t

0

λj(τ)dτ.

Then there are two points θ1,j , θ2,j ∈ [0, π] such that for any δ > 0 and for any
j = 1, ..,m, there exist Tj(δ) > 0 such that if T > Tj(δ) and ε > 0 satisfy∣∣ε−1ωj(T )− θi,j − kπ

∣∣ > δ

for any i = 1, 2 and k ∈ Z, then (2.22) has a unique solution Yj(t) := (yj(t), ym+j(t)) ∈
C0([−T, T ])∩C1([−T, 0])∩C1([0, T ]). Moreover there exist positive constants K,K1,
independent of T and ε (but possibly not of δ) such that

‖Yj‖ ≤ KT‖h‖

if h(t) ∈ C0([−T, 0]) ∩ C0([0, T ]) and

‖Yj‖ ≤ εK1T [‖h‖+ ‖ḣ‖]

when h(t) ∈ C1([−T, 0]) ∩ C1([0, T ]). Here, the norms are those in C0([−T, 0]) ∩
C0([0, T ]).

Since we want to solve all the above systems for j = 1, . . . ,m, we need to show that it
is not empty the set of T > max{Tj(δ) | j = 1, . . . ,m} for which the inequalities∣∣ε−1ωj(T )− θi,j − kπ

∣∣ > δ (2.23)

are satisfied for any j = 1, . . . ,m, i = 1, 2 and k ∈ Z. To this end we show the following

Lemma 2.2 Let A,B : (0,∞) → [0,∞) be two functions such that A(ε) < B(ε),

lim
ε→0+

B(ε) = ∞ and lim
ε→0+

A(ε)
B(ε)

= 0. Let φi,j ∈ [0, π] for i = 1, 2 and j = 1, 2, · · · ,m.

Then there exists a constant K0 ≥ 1 such that for any δ < π
4mK2

0
there is ε0 > 0

such that for any 0 < ε < ε0, the set

Sε,δ :=
{
T ∈ [A(ε), B(ε)] |

∣∣∣ε−1ωj(T )−φi,j−kπ
∣∣∣ > δ,∀i = 1, 2; j = 1, . . . ,m; k ∈ Z

}
is nonempty. More precisely,

lim inf
ε→0

m(Sε,δ)
B(ε)−A(ε)

≥ 1− 4mK2
0δ

π
.

Here m(S) is the Lebesgue measure of the set S. As a consequence, if ε > 0 is
sufficiently small, the set of T ∈ [A(ε), B(ε)], for which equation (2.20) with the
boundary condition (2.21) has a solution, has a positive measure.
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Proof. The complement S′ε,δ of Sε,δ in [A(ε), B(ε)] is the set of those T ∈ [A(ε), B(ε)]
for which (i, j, k) exist such that∣∣∣ε−1ωj(T )− φi,j − kπ

∣∣∣ ≤ δ (2.24)

or
ε(kπ + φi,j − δ) ≤ ωj(T ) ≤ ε(kπ + φi,j + δ).

Let
λ := inf{λj(t) | t ∈ R, j = 1, . . . ,m}
Λ := sup{λj(t) | t ∈ R, j = 1, . . . ,m}

Then, for t1, t2 ∈ R, one has

λ|t2 − t1| ≤ |ωj(t2)− ωj(t1)| ≤ Λ|t2 − t1|.

Hence, since ωj(t) is monotone increasing, it easily follows that

|ωj(t2)− ωj(t1)| ≤ Λ|t2 − t1|,
|ω−1

j (t2)− ω−1
j (t1)| ≤ λ−1|t2 − t1|.

We set
K0 = max{Λ, λ−1} ≥ 1.

Then, the length of the interval

ω−1
j

(
ε(kπ + φi,j − δ)

)
≤ T ≤ ω−1

j

(
ε(kπ + φi,j + δ)

)
(2.25)

is less than 2K0εδ. Since 0 ≤ T ≤ B(ε), and 0 ≤ 4mK2
0δ < π, (2.25) implies that

−1− 1
4mK2

0

≤ k ≤ 1
4mK2

0

+
K0B(ε)
πε

.

As a consequence, the measure of S′ε,δ satisfies

m(S′ε,δ) ≤ 4mK0δ

(
K0B(ε)

π
+

4mK2
0 + 1

2mK2
0

ε

)
or

m(Sε,δ) ≥ B(ε)−A(ε)− 4mK0δ

(
K0B(ε)

π
+

4mK2
0 + 1

2mK2
0

ε

)
which gives

m(Sε,δ)
B(ε)−A(ε)

≥ 1−4mK0δ

(
K0B(ε)

π(B(ε)−A(ε))
+

[4mK2
0 + 1]ε

2mK2
0 (B(ε)−A(ε))

)
→ 1−4mK2

0δ

π
.

as ε→ 0+. The proof is finished.
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Remark 2.2 i) The opportunity being given we observe that the symmetry of λ(t)
has an interesting consequence that has not been observed in [4]. Let Y (t) be the
fundamental matrix of the system in R2

ẏ = Jy, J =
(

0 1
−1 0

)
.

Then it has been proved in [4] that, if B(t) is a 2 × 2 matrix such that ‖B(t)‖ ∈
L1(R), the fundamental matrix YB(t) of the linear system

εẏ = [J + εB(t)]y (2.26)

is bounded and there exist invertible 2×2 matrices Y± such that the following holds:

lim
t→±∞

Y (ε−1t)−1YB(t) = Y± =
(
φ±11 φ±21
φ±12 φ±22

)
.

Now, assume that (yj(t), yj+m(t)) is a solution of (2.22) with h1(t) = h2(t) = 0.
Then setting, as in [4],

zj(t) = yj(ω−1
j (t)), zj+m(t) =

yj+m(ω−1
j (t))

λj(ωj(t))

with

ωj(t) =
∫ t

0

λj(τ)dτ,

we see that (zj(t), zj+m(t)) satisfies equation (2.26) with

B(t) =
(

0 0
0 −Γj(t)

)

and Γj(t) =
λ̇j(ω−1

j (τ))

λj(ω−1
j (τ))

. It is easy to see that, when λ(t) is even then ωj(t) and

Γj(t) are odd. Moreover, if

U2 =
(

1 0
0 −1

)
,

we have
U2J = −JU2 and U2B(−t) = −B(t)U2.

Hence
U2YB(−t) = YB(t)U2 (2.27)

since both matrices satisfy the Cauchy problem{
εẆ = [J + εB(t)]W
W (0) = U2.
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Note that, when B(t) = 0, (2.27) gives U2Y (−t) = Y (t)U2. As a consequence we
obtain:

U2Y− = lim
t→∞

U2Y (−ε−1t)−1YB(−t) = lim
t→∞

Y (ε−1t)YB(t)U2 = Y+U2

or,
φ−11 = φ+

11, φ−12 = −φ+
21, φ−21 = −φ+

12, φ−22 = φ+
22.

Hence the quantities A∞, B∞, C∞ that have been defined in [4, p. 181] have the
following simpler form:

A∞ = −2φ+
12φ

+
22

B∞ = −2[φ+
11φ

+
22 + φ+

12φ
+
21]

C∞ = −2φ+
11φ

+
21.

This implies that B2
∞−4A∞C∞ = (detZ+)2 > 0, which is a much simpler expression

of B2
∞−4A∞C∞ than the one derived in [4]. We recall that it is this condition that

guarantees that a certain equation has only two solutions in [0, π], and eventually
implies the conclusion of Lemma 4.2 in [4].
ii) Assume that U1 : R2n → R2n and U2 : R2m → R2m are involutions on R2n and
R2m such that

U2q(x, y, ε) = −q(U1x,U2y, ε), (2.28)

where q(x, y, ε) is as in (2.17). We claim that if for some x0 ∈ R2n we have J(x0) =
J(U1x0) (we recall that J(x) is defined in (2.16)) and all the λj(x0) are different
from each other, then U2 has the form given in (2.18). In fact, setting ε = 0 in
(2.28) we get

U2J(x) = −J(U1x)U2. (2.29)

Let {ej} be the canonical basis of Rm and set

e±j :=
(

ej

±iλj(x0)ej

)
, j = 1, 2, . . . ,m

where i2 = −1. We extend both J(x0) and U2 linearly to C2m and note that (2.29)
with x = x0 continues to hold because of uniqueness of analytic continuation. Then

J(x0)e±j = ±iλj(x0)e±j

or, using (2.29) with x = x0, and J(U1x0) = J(x0)

J(x0)U2e
±
j = ∓iλj(x0)U2e

±
j . (2.30)

Thus U2e
±
j is an eigenvector of J(x0) with ∓iλj(x0) as eigenvalue. Since we assumed

that all λj(x0) are different from each other, it follows that

U2e
+
j = e−j , and U2e

−
j = e+j .
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In fact, the equality J(x0)v = −iλj(x0)v writes:(
v2

−Λ(x0)v1

)
=

(
−iλj(x0)v1
−iλj(x0)v2

)
with v =

(
v1
v2

)
.

Hence v2 = −iλj(x0)v1 and Λ(x0)v1 = λ2
j (x0)v1. Using the fact that all the λj(x0)

are different we get then, v1 = ej and v2 = −iλj(x0)ej that is v = e−j . A similar
argument shows that U2e

−
j = e+j (note that we may also obtain this equality by

applying U2 to U2e
+
j = e−j and using U2

2 = I).
Let {bj}j=1,...,2m be the standard basis on R2m. Since for j = 1, . . . ,m we have

bj =
e+j + e−j

2

bj+m =
e+j − e−j
2iλj(x0)

we get, for j = 1, . . . ,m:

U2bj =
1
2
(e−j + e+j ) = bj

U2bj+m =
1

2iλj(x0)
(e−j − e+j ) = −bj+m.

Hence, generically, U2 has the form given in (2.18).

Now we state the following result which is a slight variation of Proposition 3.1 in [4].
Consider equation (2.17) and let U1, U2 be involutions on R2n, R2m respectively that
satisfy (2.19). Then the following result holds.

Proposition 2.1 Suppose that system (2.17) has an invariant, C3-smooth, orientable
manifold S × R2m, with S ⊂ R2n, which is U1-invariant and such that the normal
vector bundle NS has an U1-invariant basis. Let S̃ ⊂ S be a U1-invariant, open
(in the relative topology) and bounded subset of S. Then, there exist an open,
U1-invariant neighborhood Ω̃ of S̃ in R2n, with Ω̃ ∩ S = S̃, and functions x̃(w),
f̃(w, y, ε), g̃(w, y, ε), w ∈ Ω̃, y ∈ R2m such that the following hold:

a) x̃(w) = w, f̃(w, y, ε) = f(w, y, ε) and g̃(w, y, ε) = g(w, y, ε) for any (w, y) ∈
S̃ × R2m;

b) S̃ × R2m is a normally hyperbolic invariant manifold of the system

ẇ = f̃(w, y, ε)
εẏ = J(x̃(w))y + εg̃(w, y, ε).

(2.31)

c) System (2.31) is U -reversible.
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d) If (x0(t), y0(t)) ∈ S̃ × R2m is a solution of (2.31) which is bounded on R then
the space of bounded solution on R of the linear system

ẋ = f̃x(x0(t), y0(t), ε)x+ f̃y(x0(t), y0(t), ε)y
εẏ = J ′(x0(t))xy0(t) + J(x0(t))y + εg̃x(x0(t), y0(t), ε)x+ εg̃y(x0(t), y0(t), ε)y

has the same dimension as the space of the bounded solutions on R of the
linear system

ẋ = fx(x0(t), y0(t), ε)x+ fy(x0(t), y0(t), ε)y
εẏ = qx(x0(t), y0(t), ε)x+ qy(x0(t), y0(t), ε)y

such that x(t) ∈ Tx0(t)S. Similarly, the space of bounded solutions on R of the
linear system

ẋ = f̃x(x0(t), 0, 0)x

has the same dimension as the space of the bounded solutions on R of the
linear system

ẋ = fx(x0(t), 0, 0)x

such that x(t) ∈ Tx0(t)S.

Finally, f̃(w, y, ε) and g̃(w, y, ε) satisfy 2-i), 2-ii) and 2-iii).

Here we note that the slight difference we mentioned is that Proposition 3.1 in [4]
has been proved only for m = 1. However the same proof works even when m > 1.
Thus, from now on we will consider (2.17) as a system in R2(n+m) having the invariant
manifold S × R2m with the property that at any point x ∈ S, NxS has the U1-invariant
basis {v1(x), . . . , v2m(x)} and the properties 2-i), 2-ii), 2-iii) hold.

3 Existence of periodic solutions

In this Section we consider a system in the general form (2.17) and assume that the vec-
tor field (f(x, y, ε), q(x, y, ε)) is (U1, U2)−invariant, where U1 : R2n → R2n and U2 :
R2m → R2m are involutions on Rn and Rm respectively. According to Remark 2.2 ii) we
assume that U2 has the form given in (2.18). Moreover, from [13] it follows that we may
choose a scalar product in R2n, denoted by < ·, · >, so that U1 = U∗1 . We assume that this
choice has been made and write A∗ for the linear map adjoint to A. The purpose of this
Section is to prove the following result.

Theorem 3.1 Assume that system (2.17) has an invariant, C3-smooth, orientable
manifold S × R2m, with S ⊂ R2n, which is U1-invariant and such that the normal
vector bundle NS has an U1-invariant basis. Assume, also, that γ(t) ∈ S is a
solution of the equation ẋ = f0(x, 0), x ∈ R2n, which is homoclinic to a hyperbolic
fixed point x = x0 ∈ S ∩ FixU1. Here FixU1 = {x ∈ R2n | U1x = x} is the
set of fixed points of U1 and the the hyperbolicity of x0 is considered with respect
to the dynamics restricted to S. Moreover, assume that γ̇(t) is the unique, up to a
multiplicative constant, bounded solution of the variational system ẋ = f0,x(γ(t), 0)x
along the tangent bundle TS, and that the following conditions hold:
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i) J(U1x) = J(x), (I + U2)g1(x, 0) = 0 and g1,y(x, 0) = 0;

ii) f0,y(x, 0)(I + U2) = 0 and f1(x0, 0, 0) = 0;

iii) system (2.17) is (U1, U2)-reversible, that is

U1f(x, y, ε) = −f(U1x, U2y, ε), U2q(x, y, ε) = −q(U1x,U2y, ε);

iv) γ(t) is U1−symmetric that is U1γ(t) = γ(−t).

Then, there exist M > 0, δ > 0, µ > 0, ε0 > 0 such that for any ε ∈ (0, ε0) and
T > 0 that satisfies condition (2.23) together with −3δ−1 ln ε < T < µ√

ε
, system

(2.17) has a 2T−periodic solution (x(t), y(t)) such that the following hold

sup
−T≤t≤T

|x(t)− γ(t)| ≤Mε

sup
−T≤t≤T

|y(t)| ≤Mε

U1x(t) = x(−t), U2y(t) = y(−t).

(3.1)

Proof. Since the proof is very similar to that given in [4], we mainly emphasize the differ-
ences, due to the different notation we use in this paper, and refer to [4] for more details.

First we note that, changing x with x + x0 and f(x, y, ε), g(x, y, ε) and J(x) with
f(x + x0, y, ε), g(x + x0, y, ε) and J(x + x0), assumptions i), ii), iii) are still satisfied
because of U1x0 = x0. Thus we may assume, without loss of generality, that x0 = 0.

As in [4], we note that, according to Proposition 2.1, x = 0 is a hyperbolic fixed point
for the expanded system ẋ = f̃0(x, 0) and that γ̇(t) is the unique, up to a multiplicative
constant, bounded solution on R of the linear system ẋ = f̃0x(γ(t), 0)x. In other words,
passing to the expanded system (2.31), we may assume that the conditions of this theorem
hold for the dynamics in the whole R2(n+m). Next, we note that it is enough to prove the
result for the expanded system (2.31). In fact, since S × R2m is a normally hyperbolic
invariant manifold for (2.31) any periodic solution of (2.31) in a small neighborhood of
S × R2m actually belongs to S × R2m. But then such a periodic solution solves also
(2.17) since on S × R2m (2.31) is the same as (2.17). Thus we may and will assume
that the assumptions of this theorem hold for the dynamics in the whole R2(n+m). For
simplicity we will continue to write f and g and q instead of f̃ , g̃ and q̃. Finally taking
A(ε) = −3δ−1 ln ε and B(ε) = µ√

ε
we see that the conditions of Lemma 2.2 are satisfied

and hence, for any ε > 0 sufficiently small, the set of T that satisfy the assumptions of this
theorem has positive measure.

Now, we observe that, from iii), i) we get

U2J(x) = −J(U1x)U2 = −J(x)U2

U1f0(x, y) = −f0(U1x, U2y),
U1f1(x, y, 0) = −f1(U1x,U2y, 0).

(3.2)

Let
y0(t) := −J(γ(t))−1g1(γ(t), 0).
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From (3.2) we get immediately: (I− U2)J(x)−1 = J(x)−1(I + U2). Hence

(I− U2)y0(t) = 0. (3.3)

Moreover, it is easy to see that
U2y0(t) = y0(−t). (3.4)

In fact from iii) we get
U2g1(x, y) = −g1(U1x,U2y)

and then, using (3.2),

U2y0(t) = −U2J(γ(t))−1g1(γ(t), 0) = J(U1γ(t))−1U2g1(γ(t), 0)
= −J(γ(−t))−1g1(U1γ(t), 0) = −J(γ(−t))−1g1(γ(−t), 0) = y0(−t).

Next, differentiating the second equation in (3.2) with respect to x, at (x, 0, 0) we obtain

U1f0,x(x, 0) = −f0,x(U1x, 0)U1. (3.5)

Let ψ(t) be the bounded solution of the adjoint system ẋ = −f∗0,x(γ(t), 0)x with |ψ(0)| =
1. It is known (see for example [4, 13]) that U1ψ(t) = ψ(−t). As in [4] we see that the
system {

ẋ− f0,x(γ(t), 0)x = f1(γ(t), 0, 0) ,
〈γ̇(0), x(0)〉 = 0 (3.6)

has a unique bounded solution x0(t) ∈ C1
b (R) (see, also [10]) such that

|x0(t)|, |ẋ0(t)| ≤ c0e
−δ|t|/2

and, because of uniqueness:
U1x0(t) = x0(−t). (3.7)

Now, as in [4], we replace (x(t), y(t)) in equation (2.17) with (γ(t)+εx0(t)+εx(t), εy0(t)+
εy(t)). From ii) and (3.3) we obtain first:

f0,y(x, 0)y0(t) = −f0,y(x, 0)U2y0(t) = −f0,y(x, 0)y0(t)

and then we obtain the following system (x ∈ R2n, y ∈ R2m)

εẏ −[J(γ(t)) + εJ ′(γ(t))x0(t)]y = g1(γ(t) + εx0(t) + εx, εy0(t) + εy)
−g1(γ(t), 0)− εẏ0(t) + εg2(γ(t) + εx0(t) + εx, εy0(t) + εy, ε)
+[J(γ(t) + εx0(t) + εx)− J(γ(t))]y0(t)
+[J(γ(t) + εx0(t) + εx)− J(γ(t))− εJ ′(γ(t))x0(t)]y

ẋ −f0,x(γ(t), 0)x = ε−1[f0(γ(t) + εx0(t) + εx, εy0(t) + εy)
−f0(γ(t), 0)− f0,x(γ(t), 0)(εx0(t) + εx)− f0,y(γ(t), 0)εy0(t)]
+f1(γ(t) + εx0(t) + εx, εy0(t) + εy, ε)− f1(γ(t), 0, 0)

(3.8)

with the boundary condition

x(−T )− x(T ) = x0(T )− x0(−T ) + ε−1[γ(T )− γ(−T )]. (3.9)
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Arguing as in [4] we see that the matrix J(γ(t))+εJ ′(γ(t))x0(t) satisfies the assumptions
of Lemma 4.2 and that taking ρ1 > 0, ρ2 > 0 and then µ > 0 so that

4Ĉ2C6ρ2 < ρ1, C̃µ(2 + ρ1ρ2) ≤ ρ2 (3.10)

then there exists ε0 = ε0(ρ1, ρ2, µ) such that if 0 < ε ≤ ε0, −3δ−1 ln ε < T < µ/
√
ε,

and T satisfies (2.23), system (3.8) with the boundary condition (3.9) has a unique bounded
solution (x̃(t), ỹ(t)) such that

‖x̃‖1 ≤
√
ερ1, ‖ỹ‖0 ≤

√
ερ2 ,

(I− U2)ỹ(−T ) = (I− U2)ỹ(T ) = 0 ,
x̃(0+)− x̃(0−) = 〈x̃(0+)− x̃(0−), ψ(0)〉ψ(0) .

(3.11)

Then
(x(t), y(t)) = (γ(t) + εx0(t) + εx̃(t), εy0(t) + εỹ(t))

is a solution of the expanded system (2.31), with a possible jump at t = 0, that satisfies

x(−T ) = x(T ) and (I− U2)y(±T ) = 0.

To conclude the proof of the theorem we only need to show that:

x(0+) = x(0−) and U2y(−t) = y(t).

In fact, since (I − U2)y(±T ) = 0, the above conditions imply that (x(t), y(t)) is a C1,
periodic solution of the expanded system (2.31). Thus it belongs to the invariant manifold
S × R2m, as we have observed at the beginning of this proof and is in fact a periodic
solution of the original system (2.17).

Let
x̄(t) = U1x̃(−t), ȳ(t) = U2ỹ(−t).

It is easily seen, from (3.4), (3.7), iv) and v), that (x̄(t), ȳ(t)) is another solution of system
(3.8) such that ‖x̄‖1 ≤

√
ερ1, ‖ȳ‖0 ≤

√
ερ2 (here we used also ‖U1‖ = ‖U2‖ = 1).

Moreover
(I− U2)ȳ(t) = (I− U2)U2ỹ(−t) = −(I− U2)ỹ(−t)

and hence (I− U2)ȳ(−T ) = (I− U2)ȳ(T ) = 0. Next, as in [4] we see that

< x̄(0+), γ̇(0) >= 0

and
x̄(0+)− x̄(0−) =< ψ(0), x̄(0+)− x̄(0−) > ψ(0).

Thus, owing to the uniqueness of the fixed point that satisfies (3.11),

U1x̃(t) = x̃(−t), U2ỹ(t) = ỹ(−t).

As a consequence

x̃(0+)− x̃(0−) =< x̃(0+)− x̃(0−), ψ(0) > ψ(0) =
=< U1(x̃(0−)− x̃(0+)), ψ(0) > ψ(0)
= − < x̃(0+)− x̃(0−), ψ(0) > ψ(0)
= x̃(0−)− x̃(0+) = 0.
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So x̃(0+) = x̃(0−) and then x(0+) = x(0−). Finally, using also (3.4):

U1x(t) = U1γ(t) + εU1x0(t) + εU1x̃(t) = x(−t) ,
U2y(t) = εU2y0(t) + εU2ỹ(t) = y(−t) .

This concludes the proof of the Theorem.

We are now able to give the

Proof of Theorem 1.1. We apply Theorem 3.1 to equation (2.14). Thus we show that the
assumptions of Theorem 3.1 follow from those of Theorem 1.1. Of course we take S as
in (2.15), J(x) as in (2.16) and (U1, U2) as in (2.18). From Remark 2.1 and the fact that
equation ẋ = f0(x, 0) is the D’Alembert equation (2.12), it follows that we only need to
show that

γ(t) =
(
γ0(t)
γ̇0(t)

)
satisfies the assumptions of Theorem 3.1. Now, the U1-symmetry of γ(t) directly follows
from γ0(t) = γ0(−t). Thus, in order to apply Theorem 3.1 we only have to prove that the

space of bounded solutions x(t) =
(
x1(t)
x2(t)

)
of the variational system

ẋ1 = x2

ẋ2 = −[n(γ0(t))′x1][nt(γ0(t))′γ̇0(t)]γ̇0(t)− n(γ0(t))[nt(γ0(t))′′x1γ̇0(t)]γ̇0(t)
−n(γ0(t))[nt(γ0(t))′γ̇0(t)]x2 − n(γ0(t))[nt(γ0(t))′x2]γ̇0(t)
−[I− n(γ0(t))nt(γ0(t))]F ′(γ0(t))x1

+[n(γ0(t))′x1n
t(γ0(t)) + n(γ0(t))nt(γ0(t))′x1]F (γ0(t))

such that x(t) ∈ Tγ(t)S is one dimensional (and then spanned by γ̇(t)). Now, setting
z = x1, ż = x2 and using [nt(γ0(t))′γ̇0(t)]γ̇0(t) = −nt(γ0(t))γ̈0(t), (see (2.7)) we see
that proving this is equivalent to prove that the space of solutions of

z̈− [n(γ0(t))′z][nt(γ0(t))γ̈0(t)] + n(γ0(t))[nt(γ0(t))′′zγ̇0(t)]γ̇0(t)
+n(γ0(t))[nt(γ0(t))′γ̇0(t)]ż(t) + n(γ0(t))[nt(γ0(t))′ż(t)]γ̇0(t)
+[I− n(γ0(t))nt(γ0(t))]F ′(γ0(t))z
−[n(γ0(t))′znt(γ0(t)) + n(γ0(t))nt(γ0(t))′z]F (γ0(t)) = 0

(3.12)

that are bounded on R and satisfy:

nt(γ0(t))z(t) = 0 and [nt(γ0(t))′z(t)]γ̇0(t) + nt(γ0(t))ż(t) = 0 (3.13)

is one dimensional and spanned by γ̇0(t). Now, the linearization of the D’Alembert equa-
tion (1.4) along γ0(t) is:

[I − n(γ0(t))nt(γ0(t))][z̈ + F ′(γ0(t))z]
= [n(γ0(t))′znt(γ0(t)) + n(γ0(t))nt(γ0(t))′z][γ̈0(t) + F (γ0(t))].

(3.14)

Hence we see that if z(t) satisfies the following condition

[nt(γ0(t))′′z(t)γ̇0(t)]γ̇0(t) + [nt(γ0(t))′γ̇0(t)]ż(t)
+[nt(γ0(t))′ż(t)]γ̇0(t) + nt(γ0(t))z̈(t) + [nt(γ0(t))′z(t)]γ̈0(t) = 0 (3.15)
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then z(t) satisfies (3.12)–(3.13) if and only if z(t) solves (3.14) with the condition in The-
orem 1.1 point 4) (which is just the second condition in (3.13)). But then from the as-
sumption 4) in Theorem 1.1 the space of bounded solutions of (3.12) that satisfy (3.13) is
one dimensional, this concluding the proof. So, we prove that (3.13) implies (3.15). Dif-
ferentiating the second equality in (3.13) with respect to t we see that (3.15) is equivalent
to

[nt(γ0(t))′′z(t)γ̇0(t)− nt(γ0(t))′′γ̇0(t)z(t)]γ̇0(t) = 0,

which of course is valid since n(x) is at leastC2-smooth. Thus the assumptions of Theorem
3.1 are satisfied and the conclusion follows.

4 Example

Here we give an example of application of our main theorem. AsMwe take the non planar
curve in the torus of radii R = 1 and r = 1

2 :

z(θ) =

 z1(θ)
z2(θ)
z3(θ)

 =
1
2

 (2 + cos θ) cos θ
(2 + cos θ) sin θ

sin θ


−π ≤ θ ≤ π. We have

z′(θ) =
1
2

 −2 sin θ − sin 2θ
2 cos θ + cos 2θ

cos θ


and

z′′(θ) = −

 cos θ + cos 2θ
sin θ + sin 2θ

1
2 sin θ

 .

So, the tangent vector at the point z(θ) = (z1(θ), z2(θ), z3(θ)) is

T (θ) =
z′(θ)
‖z′(θ)‖

=
1√

(2 + cos θ)2 + 1

 −2 sin θ − sin 2θ
2 cos θ + cos 2θ

cos θ


and the Binormal vector is B(θ)

‖B(θ)‖ where

B(θ) =

 sin 3θ + 3 sin θ
− cos 3θ − 3 cos θ − 4

12(1 + cos θ)


hence B(θ) 6= 0, for any θ ∈ [−π, π], and, since B(0) 6= B(π), the curve is not planar.
Another normal vector to the curve is found taking the cross product between the unitary
tangent vector and the binormal vector. We obtain N(θ)

‖N(θ)‖ , where

N(θ) =

 cos 4θ + 12 cos 3θ + 52 cos 2θ + 68 cos θ + 27
sin 4θ + 12 sin 3θ + 52 sin 2θ + 60 sin θ

4(sin 2θ + 5 sin θ)

 .
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Then, the covariant derivative is

Dt

[
d

dt
z(θ(t))

]
=< z′(θ(t))θ̈(t) + z′′(θ(t))θ̇2(t), T (θ(t)) > T (θ(t)) =

and hence, inserting the equations for z(θ), z′(θ), z′′(θ), T (θ) we obtain, after some alge-
bra:

Dtż =
1
2

[√
(2 + cos θ)2 + 1θ̈ − (2 + cos θ) sin θ√

(2 + cos θ)2 + 1
θ̇2

]
T (θ)

whereas the scalar product 〈F (z(θ)), T (θ)〉 is

−(2 sin θ + sin 2θ)f1(θ) + (2 cos θ + cos 2θ)f2(θ) + f3(θ) cos θ√
(2 + cos θ)2 + 1

,

(here fj(θ) := Fj(z(θ)), j = 1, 2, 3). As a consequence the D’Alembert equation of the
equation

z̈ + F (z) = 0

on the manifold M is equivalent to the second order equation in R:

θ̈− sin θ(2 + cos θ)
(2 + cos θ)2 + 1

θ̇2 = 2
(2 sin θ + sin 2θ)f1(θ)− (2 cos θ + cos 2θ)f2(θ)− f3(θ) cos θ

(2 + cos θ)2 + 1

Now, we take

F (z) =

 −4z1
−4z2 − z3
5z2 − 2z3

 .

After some algebra, we see that the above equation reads:

((2 + cos θ)2 + 1)θ̈ − sin θ(2 + cos θ)θ̇2 = Φ(θ) (4.1)

where Φ(θ) = − 39
4 sin θ − 5 sin 2θ − 3

4 sin 3θ. Setting:

u = θ

v = [(2 + cos θ)2 + 1]θ̇

equation (4.1) is equivalent to the following system:
u̇ =

1
[(2 + cosu)2 + 1]

v

v̇ = Φ(u)− (2 + cosu) sinu
[(2 + cosu)2 + 1]2

v2.
(4.2)

It is straightforward to verify that equation (4.1) has the solution

θ0(t) = 2 arctan(sinh t),
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or equivalently, that system (4.2) has the solution

γ0(t) =
(
u0(t)
v0(t)

)
=

 2 arctan(sinh t)
4

cosh t

[
1 +

2
cosh2 t

+
2

cosh4 t

] 
that corresponds to the homoclinic orbit of the D’Alembert equation:

z0(t) =



4− cosh4 t

2 cosh4 t

(cosh2 t+ 2) sinh t
cosh4 t

sinh t
cosh2 t


→ ẑ0 :=


− 1

2

0

0



as t → ±∞. Note that γ0(t) →
(±π

0

)
, as t → ±∞ and that the equilibrium point ẑ0,

corresponding to both θ = −π and θ = π, is hyperbolic since the Jacobian matrix of (4.2)
at (±π, 0) is (

0 1
2

2 0

)
.

Now, we define the function G(z) so that the assumptions of our main theorem are
satisfied. To this end we observe that the manifoldM is the intersection of the two surfaces
in R3:

T1 = {(z1, z2, z3) ∈ R3 | g1(z1, z2, z3) := z2
1 + z2

2 + z2
3 − 2

√
z2
1 + z2

2 + 3
4 = 0}

T2 = {(z1, z2, z3) ∈ R3 | g2(z1, z2, z3) := z2[z2
1 + z2

2 + z2
3 − 5

4 ]− 2z1z3 = 0}.

in a tubular neighborhood of M itself. In fact it is obvious that any point of M belongs to
the torus T1. Then, since T1 has the parametric equation: z1 = z1(θ, φ) := (1 + 1

2 cos θ) cosφ
z2 = z2(θ, φ) := (1 + 1

2 cos θ) sinφ
z3 = z3(θ) := 1

2 sin θ,

we see that a point in T1 belongs to T2 if and only if g2(z1(θ, φ), z2(θ, φ), z3(θ)) = 0.
After some algebra we see that the above equation is equivalent to:

sin(φ− θ) = 0.

This mean that besides the manifold M, T1 ∩ T2 also contains the points we obtain taking
φ = θ + π that is  z1 = −(1 + 1

2 cos θ) cos θ
z2 = −(1 + 1

2 cos θ) sin θ
z3 = 1

2 sin θ.
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The above points describe another manifold M1 which is in some sense parallel to M.
Hence M is locally isolated. Then, for z = (z1, z2, z3) ∈ R3, we set

U(z) = g2
1(z) + g2

2(z)

and G(z) = U ′(z) = 2g1(z)∇g1(z) + 2g2(z)∇g2(z). Of course G(z) = 0 on M, and,
for z ∈M, we have

1
2
G′(z) = ∇g1(z)⊗∇g1(z) +∇g2(z)⊗∇g2(z)

where ∇g(z)⊗∇g(z) stands for the rank one, n× n matrix

∇g(z)[∇g(z)]t = [gzi(z)gzj (z)]i,j .

Now, it is not difficult to see that ‖∇g1(z)‖ = 1 onM and ‖∇g1(z)×∇g2(z)‖ = cos2 θ+
4 cos θ + 5 ≥ 2 for z ∈ M, so that ∇g1(z), ∇g2(z) are independent on M. Hence NzM
is spanned by the vectors ∇g1(z), ∇g2(z), and then any vector v ∈ NzM can be written
as

v = c1∇g1(z) + c2
∇g2(z)
‖∇g2(z)‖

.

Then for any z ∈M we have

1
2G

′(z)v = c1∇g1(z) + c2
∇g1(z)·∇g2(z)
‖∇g2(z)‖ ∇g1(z)

+c1[∇g1(z) · ∇g2(z)]∇g2(z) + c2‖∇g2(z)‖∇g2(z)

from which it follows that NzM is invariant under G′(z). Although it is clear from
the above equality that the directions of ∇g1(z) and ∇g2(z) are not invariant with re-
spect to G′(z)|NzM

: NzM → NzM, the matrix of G′(z)|NzM
with respect to the basis

{∇g1(z),∇g2(z)} of NzM, z ∈M, is

H(z) =
(

1 ∇g1(z) · ∇g2(z)
∇g1(z) · ∇g2(z) ‖∇g2(z)‖2

)
.

So, trH(z) = 1+‖∇g2(z)‖2 ≥ 1 > 0 and detH(z) = ‖∇g2(z)‖2−(∇g1(z)·∇g2(z))2 ≥
κ > 0, (by the Cauchy-Schwartz inequality) uniformly with respect to z ∈ M. As a
consequence G′(z)|NzM

is symmetric and positive definite uniformly with respect to z ∈
M. On the other hand, passing to the functions

g̃1(z) = g1(z), g̃2(z) = g2(z)− [∇g1(z) · ∇g2(z)]g1(z)

in place of g1(z) and g2(z), we see that ∇g̃1(z) · ∇g̃2(z) = 0 for z ∈ M. Hence the
corresponding matrix H(z) is diagonal in the basis {∇g̃1(z),∇g̃2(z)}. Consequently, we
can take

n1(z) = ∇g̃1(z), n2(z) = ∇g̃2(z)/‖∇g̃2(z)‖
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in the notation at the beginning of Section 2. Summarizing, the assumptions of our main
Theorem are satisfied. Hence there exists ε0 > 0 such that, for any ε ∈ (0, ε0) the equation z̈1

z̈2
z̈3

 =

 4z1
4z2 + z3
−5z2 + 2z3

− 2ε−2[g1(z1, z2, z3)∇g1(z1, z2, z3)

+ g2(z1, z2, z3)∇g2(z1, z2, z3)]

has several layers of periodic solutions accumulating on the homoclinic solution z0(t).

Remark 4.1 The previous example can be extended to the case where M is a com-
plete intersection, codimension m submanifold of Rm, that is when there exists a
neighborhood Ω of M and smooth functions gi : Ω → R, i = 1, . . . ,m such that

M∩ Ω = {z ∈ Ω | g1(z) = . . . = gm(z) = 0}

and

rank
(
∂gi

∂zj
(z)

)
i,j

= m

for any z ∈ M. Then if we take U(z) =
∑m

i=1 g
2
i (z) and G(z) = 1

2∇U(z) =∑m
i=i gi(z)∇gi(z) it is easy to see, by the same arguments as above, that a basis of

NzM, at z ∈M, is {∇g1(z), . . . ,∇gm(z)}, and that G(z) satisfies the assumptions
of our main theorem. Thus, in order to apply our result, we only need to find an
example of a second order equation in Rn:

z̈ + F (z) = 0

whose D’Alembert equation on M has a non degenerate (with respect to the dy-
namics on M) homoclinic orbit.
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