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Abstract

This paper deals with a class of nonlinear elliptic Dirichlet boundary value problems where
the combined effects of a sublinear and a superlinear term allow us to establish some exis-
tence and multiplicity results.
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1 Introduction

The first purpose of the present paper is to look for positive solutions of

—Au— L=+ 2t i O\ {0},

z 2
o u(z) >0 in Q\ {0}, (1.1)
u(z) =0 on 09,

where 0 € Q and Q C RY (N > 3) is a bounded domain with smooth boundary,

0<pu<m=((N-2)/2)>%
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here 1z is the best constant in the Hardy inequality

w2
/ —=dx < C/ |Vu|*dx
Ry J2|? RN

(cf. [8,Lemma 2.1]), 0 < ¢ < 1 < p < 2* — 1, where 2* = 2N /(N — 2) is the so-called
critical Sobolev exponent.

Finally, in Theorem 1.2 we prove, for A > 0 and small, the existence of infinitely many
solutions of

{ o ﬁu =l |P*1 utAlu ‘qil v in QA1) (1.2)
u(z) =0 on 99,
by taking advantage of the oddness of the nonlinearity.

Inthe case p = 0, p = 2* —1, problem (1.1) has been studied extensively. For example,
when ¢ = 1, Capozzi et al [4] has shown that (1.1) has at least one nontrivial solution for
N > 5. When 0 < ¢ < 1, Ambrosetti et al [1] has proved that there exists A* such that
(1.1) has at least two positive solutions for A € (0, A*). All these results are obtained by
using critical point theory for the action functional

1 1
Jow =3 [1vulP oo [ lu

In the present paper, we use a variational method to deal with problem (1.1) when
> 0. Since our method is variational in nature, we need to define the following Euler-
Lagrange functional of (1.1) on H:

. A
2 dx—m/|u|q+1 dz, u € H}(Q).

T = 5 [19uP — L - Pl

L 2 K2 1 A
= — — d R, + P+1d _ + q+1d

where vt = max{u, 0}, f(u) := (u")? + Auh)4, F(u) = (uF)PT/(p + 1) +
A(uT)?t1 /(g + 1) and H denotes the space of H{ (£2) with the norm:

L
luli= [0 Vul —Lgutyas

Due to the Hardy inequality, the norm ||-|| , is equivalent to the usual norm ||-|| of Hg (£2)(cf.
[8, Lemma 3.1]). A similar proof as in [12, Appendix B] shows that J, is in ct (H,R) (see
also Proposition 5.1 in this paper).

If w is a critical point of J,,(u), then for any ¢ € C§5° (), there holds (J;(u), ) =0,
where

’

(T (u). ) = / (VuVe

| ;‘Pwp)dm - /(mwdx - A/(qﬁ)qudx.
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This is the definition of weak solutions of (1.1). In fact, multiplying the equation —Au —
i
|z |

w= f(u) by u~ = max{—wu, 0} and integrating over 2, we find

= u_2—’u u”)?)dz = ||u” 3. .
0= [V P~ s = o (13)

Hence v~ = 0, i.e. u > 0. A standard elliptic regularity argument [10] implies that
u € C?(Q\ {0}), in which case, by the strong maximum principle u is positive, thus is the
solution of problem (1.1). Therefore, the critical points of J,,(u) on H are non-negative
weak solutions of (1.1).

Our results are

Theorem 1.1 Suppose that 0 < p < i = (N — 2)/2)%. Then there exists A* > 0,
such that (1.1) has at least two solutions in H}(Q) for any X € (0, A*).

Remark 1.1 We also mention that when A = 0, 1 < p < 2" — 1, the existence of
one solution of (1.1) has been proved in [8]. And when p = 2* — 1, J. Chen [6] has
proved that there exists A such that (1.1) has at least two positive solutions for
A€ (0,A).

Theorem 1.2 Suppose that 0 < u < 1 = ((N — 2)/2)2, then there exists A** > 0,
such that (1.2) has infinitely many solutions for any A € (0, A**).

This paper is organized as follows. In Section 2, we give some preliminaries. Section
3 and Section 4 are devoted to the proof of Theorem 1.1. The proof of Theorem 1.2 is
contained in Section 5.

2 Preliminaries

Throughout this paper, the dual space of a Banach space of E will be denoted by E~1,
H (), L*(Q) are standard Sobolev spaces with the standard norms: || - || is induced by
the standard inner product and | - |; . [ here means the integral is taken over {2 unless
stated otherwise. ¢, c¢; will denote various positive constants, the exact values of which are
not important.

Definition 2.1 [13, Definition 1.16] Let ¢ € R, E be a Banach space and I €
CH(E,R). We say that I satisfies the (PS). condition if any sequence {u,} in
E such that I(u,) — ¢ and || I (un) || g1 — 0 has a convergent subsequence. If this
holds for every ¢ € R, we say that I satisfies (PS) condition.

3 Existence of a local minimizer

In this section, we will prove that there is A* > 0, such that J,. can achieve a local mini-
mizer for any A € (0, A*). First we have the following compactness result.
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Proposition 3.1 If {u,} C H are such that
Ju(un) — ¢, J;L(un) —0 in H
then {un} possesses a convergent subsequence in H.

Proof. Since

1 1 A\
Tutw) = 5 [0 P~ Egutyar - = faiyttas - = [yt

| z p+1 q+1

<Jlt(un)aun> = /(‘ Vu, |2 | M|2 n)dl’* /(U;LF)erldx B )\/(U:)q+1dl’

For n large enough,

(p+1De+1+0(1) [ un [y

> (p+ I)Ju(un) - <J/;(u,,) Up)
p+1 p+1
= ( - 1) ” Up Hi a1 1 A n quld'r
2
_ p— 1 H w HQ _)‘(p B Q) || + ||q+1
2 " qg+1 o+l
p—1 s, Ac(g—p) +1
> _ q .
> | un [l + | | un (7

It follows from 0 < ¢ < 1 that {u,, } is bounded in H. Going if necessary to a subsequence,
we can assume that

Uy — U in H,
U, — Ug, G.C. in £,
Up — Ug in LT(Q), 1<r<2%.

Denoting w,, := u,, — ug, then the Brezis-Lieb Lemma [3] (or see [13, Lemma 1.32])
implies that

(T (un)yun) = /(I Vg 2 n MPug)dI - /(USr)p“d:c - A/(U(J{)q“dx
a
+ /(| YV, |2 — “ng)dx - /(wj{)p“doﬂro(l)
X

— /(| Vw, |* T ;owl)d:v - /(w:{)pdeJro(l),

since u, — ug in LPT(Q), we have that [(w;})?**dz — 0. Thus

Jvu, P —Lguta—o
X



Multiple positive solutions 51

i.e., |lwn |2 — 0, therefore u,, — ug in H. ]

Existence of a first positive solution of (1.1)

Let ¢ € H suchthat || ¢ ||,= 1. Then, for t > 0, we have

tp+1
p+1

A\atl
g+1

2
Tut9) =5 61— [oryriae - 250 [orymia,

and
DiJ,(t9) = tlol — / (¢ )P+ de — A / (¢7)"+ da.

If [(¢*)9" dx = 0, then we have that ¢* = 0, a.e. in Q, thus D;J,(t¢) = t[¢]7 > 0,

L

forany ¢ > 0. If [(¢T)7" ! dx # 0, then J,,(t¢) < 0 for sufficiently small ¢ > 0 and

DuI(td) = t|2 1 / (64 de — A / (6*)0H da

> tlglZ — et || plI — cart?] |6
= t—c1t? — e\l

So when A is small enough, there is £y > 0 such that ¢ —cltf”\ —Co /\ti = 0, and it is easy to
check that £, — 0 as A — 0, then there exists T, A* > 0 such that ¢t — ¢1t? — coAt? > 0
for ty <t < T and A < A*. So we have that D,J,(t¢) > 0 for ¢ty < ¢t < Ty and
A € (0,A*). Then if we minimize the functional .J,, on the Ball B, C H for p = t) + ¢,
for e > 0 sufficiently small such that D;J,,(p$) > 0, we must have

ey = inf J,(u) <0.
ueB,

Proposition 3.1 implies that .J,, can achieve its minimum cy at uy, i.e., cx = Jy(uy), and
we know that the minimum can’t be achieved on 0B,. In fact, if uy € 0B,, then J,,(tuy)
is strictly increasing with respect to ¢ at p, this is contradiction. Thus u) satisfies (1.1).

4 Existence of a second positive solution of (1.1)

We obtained a minimizer u of functional .J,, in the ball B, in Section 3 which is a positive
solution of (1.1). Without losing of generalities, we may assume that u) is an isolated
minimizer. Since it is a local minimizer of functional .J,,, one can use Mountain Pass
Theorem to find another critical point. To show this proof more clearly, we consider a
translated functional as in [1, 6] to do this.

For fixed A € (0,A*), we look for a second positive solution of (1.1) of the form

u=uy + v, where v > 0in Q \ {0}. For v € H, the corresponding equation for v is

i
—Av — E ‘21): (ux + )P —ul + Auy + )7 — Aug. (4.1)

Let us define
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g(z,t) =

{ (ux + )P —u + Aun + )7 — Mg, t>0 (4.2)

0, t <0

and

Iﬂ(v):%/(\ T C—— vg)dx—/G(v)dx.

|z [?

Now we have one-to-one correspondence between critical points of I, in H and non-
negative weak solutions of (4.1). Moreover, if v satisfies (4.1) in the weak sense, then
standard regularity argument shows that v also satisfies (4.1) in the classical sense.

Next we will prove the existence of a second solution of (1.1).

Lemma 4.1 v =0 is a local minimum of 1, in H.

Proof. For any u) + v € B, C H(B, has been chosen in Section 3), write v = v —
v™, vF = max{4wv, 0}. We have

1 %
I,(v) = 5/(| Vo |2 Tz |2v2)da:
1
= [l - )i
A
Y [(uy + o)t — uq;l — (g + DufoT)dz.

From the expression of .J,, and direct computation, we obtain that

L(v) = %/(| Vo 5|2(v_)2)dx+ Toun+0F) = Ju(un).

Since uy is a isolated local minimizer of .J,, in H, v = 0 is a local minimum of I, in H.
Furthermore, since J,, satisfies (PS) condition, there exists § > 0 and v > 0 such that

I,(v)>6 >0,
as ol = o 0

Completion of the proof of Theorem 1.1

It is standard to show that I,, satisfies (PS). for all c, see e.g. [2].
Note that

b+d)™ > B 4+ d™ 4+ mbmtd, m>1,b, d>0.
Then for every a > 0, since p > 1, from the definition of g (see (4.2)), we have that

glz,a) > a” +puf a,
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and so for any v > 0,
+1

v L P
G(tv) > mvar + 71;’;\ ve.
Then we have that [,,(tv) — —oo as t — oo and there exists v; € H such that I,,(v1) < 0.
We define the following mini-max value
N = inf 1,(h(t)),
cx = inf max L,(h())
where I' = {h € C([0,1],H); h(0) = 0, h(1) = v1}. From Lemma 4.1, v = O is a
local minimizer of I,,. By using of the Mountain Pass theorem [13, Lemma 1.15], we get
a critical point v of I,,. We note that ¢; > J > 0. From the definition of g and u, is a
positive solution of (1.1), we know that v # —uy in 2. Thus we complete the proof of
Theorem 1.1. U

5 Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. Here we define the following Euler-Lagrange
functional of (1.2) on H:

~ 1 " 1 A
J“(u)zi/(|vu|2_|x|2u2)d$_m/|“|p+ld$—7q+l/\u|q+1dx.

We make some preparations.

Proposition 5.1 J, € C'(H,R).

Proof. Assume that u,, — w in H. Then for any ¢ € C§°(Q2), we have that

o) = [(VuVe— Lrugda = [ ul g =x [ 1u ) o

and
up, —u in LT(Q), 1 <r<2".

So
T, (un) = T, (w) -1

sup | (J, (un) = T, (u), ) |

llell<1
= sSup |/(vunv§0— LQURW)dx_/‘un|p_lun<pdx_ )‘/lun‘q_lun@dm
lell<1 |z ]
—/(VuVap ] N|2ucp)dx+/ | u [P~ upde + /\/ | u |7 upd |
T

= s | [ [90 =0~ g~ )l

llell <1
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— [ P = TP e =3 [ 7 ] wpds |

< sup [~ w4 [ ]~ ] [plds
lell<t

A / | |9 Vet — [V | ol

< sup [{un—u )|+ / (TtnP + PV i — ] [

lell<1

+)\02/\un — ul?|p|dz]

p—1

< sup {J{un —u )| +c3[</|w|p+1>m

lell<1

+( / P+ ) / g, — u[PHY) 7 ( / [P T 4 ey / ly, — |9l da}
< up —u ||;t +eall up —u ||LP+1(Q) + Acs || un —u HquJrl(Q)

— 0 as n — oo.

For any v € H, we obtain, from Sobolev imbedding theorem, that

= 1 2 M 4 1 +1 A +1
Ju(u) = 5/(|Vu| |x|2u)dxp+1/|up cl:zrfq_~_71 | w9 dx

1
3 I —en Tl =Aeo [ [

Y

From this one readily finds that there exists A** > 0 such that for all A € (0, A**) there
are p, a > 0 such that

(1) Ju(u) =2 o forall || w[|,= p;
(1) J,, is bounded from below on B, (B, ={u € H : || u ||.< p});
(iii) J,, satisfies (PS) on B,.

Henceforth we fix A € (0, A**). After these preliminaries, let us give the proof of Theorem
1.2. We use the same method as in Section 5 of [2].

Proof of Theorem 1.2 We set
Y={ACH:0¢ A, ue A= —uc A}.
For A € %, the Zy-genus of A is denoted by v(A) (see, for example, [2, 12]). We set also
Anp={A€X: Acompact, A C B,,v(A) > n}.
Clearly, A,, , # O foralln =1, 2, - - -, because

Sma = 8(Hn mBg) S -An,pa
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here H, = span{ej, - -, e,}, e; is the ith eigenfunction of operator —/A — # [7,
Proposition 2.1](see also [11])). Let
bn,p = Aelr}tfn,p rgleaj‘( Ju.
Each b, , is finite because of (i7). Moreover, one has
bpnp, <0, VneN. (5.1)

Indeed, let w € H,, be such that || u ||, = . From

1
Ju(w) < 552 — Ay e

it follows that ju (w) < 0 provided € > 0 small enough, and this suffices to prove (5.1).

Next, let us note that for all u € B, ﬂ{j“ < 0} the steepest descent flow 7, (defined
through the pseudo-gradient vector field, see e.g. the Deformation Lemma in [2]) is well
defined for ¢ € [0, o) and

ne(u) € By [ {Ju, <0} V=0,

because of (7). Since, by (5.1), b,, , < 0 and (PS) holds in B,, see (iii), we can make
use of the Ljusternik-Schnirelman theory to find infinitely many critical points of J,, in B,,.
This proves Theorem 1.2. m|
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