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Abstract

This paper deals with a class of nonlinear elliptic Dirichlet boundary value problems where
the combined effects of a sublinear and a superlinear term allow us to establish some exis-
tence and multiplicity results.

1991 Mathematics Subject Classification. 35J20, 35J25.
Key words. Multiple positive solutions, elliptic equation, Hardy inequality, critical point

1 Introduction

The first purpose of the present paper is to look for positive solutions of
−4u− µ

| x |2
u = up + λuq in Ω \ {0},

u(x) > 0 in Ω \ {0},
u(x) = 0 on ∂Ω,

(1.1)

where 0 ∈ Ω and Ω ⊂ RN (N ≥ 3) is a bounded domain with smooth boundary,

0 ≤ µ < µ = ((N − 2)/2)2;
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here µ is the best constant in the Hardy inequality∫
RN

u2

|x|2
dx ≤ C

∫
RN
|∇u|2dx

(cf. [8, Lemma 2.1]), 0 < q < 1 < p < 2∗ − 1, where 2∗ = 2N/(N − 2) is the so-called
critical Sobolev exponent.

Finally, in Theorem 1.2 we prove, for λ > 0 and small, the existence of infinitely many
solutions of {

−4u− µ

| x |2
u =| u |p−1 u + λ | u |q−1 u in Ω \ {0},

u(x) = 0 on ∂Ω,
(1.2)

by taking advantage of the oddness of the nonlinearity.
In the case µ = 0, p = 2∗−1, problem (1.1) has been studied extensively. For example,

when q = 1, Capozzi et al [4] has shown that (1.1) has at least one nontrivial solution for
N ≥ 5. When 0 < q < 1, Ambrosetti et al [1] has proved that there exists Λ∗ such that
(1.1) has at least two positive solutions for λ ∈ (0,Λ∗). All these results are obtained by
using critical point theory for the action functional

J0(u) =
1
2

∫
| ∇u |2 dx− 1

2∗

∫
| u |2

∗
dx− λ

q + 1

∫
| u |q+1 dx, u ∈ H1

0 (Ω).

In the present paper, we use a variational method to deal with problem (1.1) when
µ > 0. Since our method is variational in nature, we need to define the following Euler-
Lagrange functional of (1.1) on H:

Jµ(u) =
1
2

∫
[| ∇u |2 − µ

| x |2
u2 − F (u)]dx

=
1
2

∫
(| ∇u |2 − µ

| x |2
u2)dx− 1

p + 1

∫
(u+)p+1dx− λ

q + 1

∫
(u+)q+1dx,

where u+ = max{u, 0}, f(u) := (u+)p + λ(u+)q, F (u) := (u+)p+1/(p + 1) +
λ(u+)q+1/(q + 1) and H denotes the space of H1

0 (Ω) with the norm:

‖ u ‖2µ=
∫

(| ∇u |2 − µ

| x |2
u2)dx.

Due to the Hardy inequality, the norm ‖·‖µ is equivalent to the usual norm ‖·‖ of H1
0 (Ω)(cf.

[8, Lemma 3.1]). A similar proof as in [12, Appendix B] shows that Jµ is in C1(H, R) (see
also Proposition 5.1 in this paper).

If u is a critical point of Jµ(u), then for any ϕ ∈ C∞
0 (Ω), there holds 〈J ′

µ(u), ϕ〉 = 0,
where

〈J
′

µ(u), ϕ〉 =
∫

(∇u∇ϕ− µ

| x |2
uϕ)dx−

∫
(u+)pϕdx− λ

∫
(u+)qϕdx.
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This is the definition of weak solutions of (1.1). In fact, multiplying the equation −4u −
µ

| x |2
u = f(u) by u− = max{−u, 0} and integrating over Ω, we find

0 =
∫

(| ∇u− |2 − µ

| x |2
(u−)2)dx = ‖u−‖2µ. (1.3)

Hence u− = 0, i.e. u ≥ 0. A standard elliptic regularity argument [10] implies that
u ∈ C2(Ω \ {0}), in which case, by the strong maximum principle u is positive, thus is the
solution of problem (1.1). Therefore, the critical points of Jµ(u) on H are non-negative
weak solutions of (1.1).

Our results are

Theorem 1.1 Suppose that 0 ≤ µ < µ = ((N − 2)/2)2. Then there exists Λ∗ > 0,
such that (1.1) has at least two solutions in H1

0 (Ω) for any λ ∈ (0,Λ∗).

Remark 1.1 We also mention that when λ = 0, 1 < p < 2∗ − 1, the existence of
one solution of (1.1) has been proved in [8]. And when p = 2∗ − 1, J. Chen [6] has
proved that there exists Λ such that (1.1) has at least two positive solutions for
λ ∈ (0,Λ).

Theorem 1.2 Suppose that 0 ≤ µ < µ = ((N − 2)/2)2, then there exists Λ∗∗ > 0,
such that (1.2) has infinitely many solutions for any λ ∈ (0,Λ∗∗).

This paper is organized as follows. In Section 2, we give some preliminaries. Section
3 and Section 4 are devoted to the proof of Theorem 1.1. The proof of Theorem 1.2 is
contained in Section 5.

2 Preliminaries

Throughout this paper, the dual space of a Banach space of E will be denoted by E−1,
H1

0 (Ω), Lt(Ω) are standard Sobolev spaces with the standard norms: ‖ · ‖ is induced by
the standard inner product and | · |t .

∫
here means the integral is taken over Ω unless

stated otherwise. c, ci will denote various positive constants, the exact values of which are
not important.

Definition 2.1 [13, Definition 1.16] Let c ∈ R, E be a Banach space and I ∈
C1(E, R). We say that I satisfies the (PS)c condition if any sequence {un} in
E such that I(un) → c and ‖ I

′
(un) ‖E−1→ 0 has a convergent subsequence. If this

holds for every c ∈ R, we say that I satisfies (PS) condition.

3 Existence of a local minimizer

In this section, we will prove that there is Λ∗ > 0, such that Jµ can achieve a local mini-
mizer for any λ ∈ (0,Λ∗). First we have the following compactness result.
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Proposition 3.1 If {un} ⊂ H are such that

Jµ(un) → c, J
′

µ(un) → 0 in H−1,

then {un} possesses a convergent subsequence in H.

Proof. Since

Jµ(un) =
1
2

∫
(| ∇un |2 −

µ

| x |2
u2

n)dx− 1
p + 1

∫
(u+

n )p+1dx− λ

q + 1

∫
(u+

n )q+1dx,

〈J
′

µ(un), un〉 =
∫

(| ∇un |2 −
µ

| x |2
u2

n)dx−
∫

(u+
n )p+1dx− λ

∫
(u+

n )q+1dx.

For n large enough,

(p + 1)c + 1 + o(1) ‖ un ‖µ

≥ (p + 1)Jµ(un)− 〈J
′

µ(un), un〉

= (
p + 1

2
− 1) ‖ un ‖2µ −(

p + 1
q + 1

− 1)λ
∫

(u+
n )q+1dx

=
p− 1

2
‖ un ‖2µ −

λ(p− q)
q + 1

‖ u+
n ‖q+1

q+1

≥ p− 1
2

‖ un ‖2µ +
λc(q − p)

q + 1
‖ un ‖q+1

µ .

It follows from 0 < q < 1 that {un} is bounded in H . Going if necessary to a subsequence,
we can assume that

un ⇀ u0 in H,

un → u0, a.e. in Ω,

un → u0 in Lr(Ω), 1 < r < 2∗.

Denoting wn := un − u0, then the Brezis-Lieb Lemma [3] (or see [13, Lemma 1.32])
implies that

〈J
′

µ(un), un〉 =
∫

(| ∇u0 |2 −
µ

| x |2
u2

0)dx−
∫

(u+
0 )p+1dx− λ

∫
(u+

0 )q+1dx

+
∫

(| ∇wn |2 −
µ

| x |2
w2

n)dx−
∫

(w+
n )p+1dx + o(1)

=
∫

(| ∇wn |2 −
µ

| x |2
w2

n)dx−
∫

(w+
n )p+1dx + o(1),

since un → u0 in Lp+1(Ω), we have that
∫

(w+
n )p+1dx → 0. Thus∫

(| ∇wn |2 −
µ

| x |2
w2

n)dx → 0
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i.e., ‖wn‖2µ → 0, therefore un → u0 in H . 2

Existence of a first positive solution of (1.1)

Let φ ∈ H such that ‖ φ ‖µ= 1. Then, for t > 0, we have

Jµ(tφ) =
t2

2
‖ φ ‖2µ −

tp+1

p + 1

∫
(φ+)p+1dx− λtq+1

q + 1

∫
(φ+)q+1dx,

and
DtJµ(tφ) = t‖φ‖2µ − tp

∫
(φ+)p+1dx− λtq

∫
(φ+)q+1dx.

If
∫

(φ+)q+1dx = 0, then we have that φ+ = 0, a.e. in Ω, thus DtJµ(tφ) = t‖φ‖2µ > 0,
for any t > 0. If

∫
(φ+)q+1dx 6= 0, then Jµ(tφ) < 0 for sufficiently small t > 0 and

DtJµ(tφ) = t‖φ‖2µ − tp
∫

(φ+)p+1dx− λtq
∫

(φ+)q+1dx

≥ t‖φ‖2µ − c1t
p‖φ‖p+1

µ − c2λtq‖φ‖q+1
µ

= t− c1t
p − c2λtq.

So when λ is small enough, there is tλ > 0 such that tλ−c1t
p
λ−c2λtqλ = 0, and it is easy to

check that tλ → 0 as λ → 0, then there exists Tλ, Λ∗ > 0 such that t− c1t
p − c2λtq > 0

for tλ < t < Tλ and λ < Λ∗. So we have that DtJµ(tφ) > 0 for tλ < t < Tλ and
λ ∈ (0,Λ∗). Then if we minimize the functional Jµ on the Ball Bρ ⊂ H for ρ = tλ + ε,
for ε > 0 sufficiently small such that DtJµ(ρφ) > 0, we must have

cλ = inf
u∈Bρ

Jµ(u) < 0.

Proposition 3.1 implies that Jµ can achieve its minimum cλ at uλ, i.e., cλ = Jµ(uλ), and
we know that the minimum can’t be achieved on ∂Bρ. In fact, if uλ ∈ ∂Bρ, then Jµ(tuλ)
is strictly increasing with respect to t at ρ, this is contradiction. Thus uλ satisfies (1.1).

4 Existence of a second positive solution of (1.1)

We obtained a minimizer uλ of functional Jµ in the ball Bρ in Section 3 which is a positive
solution of (1.1). Without losing of generalities, we may assume that uλ is an isolated
minimizer. Since it is a local minimizer of functional Jµ, one can use Mountain Pass
Theorem to find another critical point. To show this proof more clearly, we consider a
translated functional as in [1, 6] to do this.

For fixed λ ∈ (0,Λ∗), we look for a second positive solution of (1.1) of the form
u = uλ + v, where v > 0 in Ω \ {0}. For v ∈ H , the corresponding equation for v is

−4v − µ

| x |2
v = (uλ + v)p − up

λ + λ(uλ + v)q − λuq
λ. (4.1)

Let us define
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g(x, t) =
{

(uλ + t)p − up
λ + λ(uλ + t)q − λuq

λ, t ≥ 0
0, t < 0 (4.2)

G(v) =
∫ v

0

g(x, t)dt,

and
Iµ(v) =

1
2

∫
(| ∇v |2 − µ

| x |2
v2)dx−

∫
G(v)dx.

Now we have one-to-one correspondence between critical points of Iµ in H and non-
negative weak solutions of (4.1). Moreover, if v satisfies (4.1) in the weak sense, then
standard regularity argument shows that v also satisfies (4.1) in the classical sense.

Next we will prove the existence of a second solution of (1.1).

Lemma 4.1 v = 0 is a local minimum of Iµ in H.

Proof. For any uλ + v ∈ Bρ ⊂ H(Bρ has been chosen in Section 3), write v = v+ −
v−, v± = max{±v, 0}. We have

Iµ(v) =
1
2

∫
(| ∇v |2 − µ

| x |2
v2)dx

− 1
p + 1

∫
[(uλ + v+)p+1 − up+1

λ − (p + 1)up
λv+]dx

− λ

q + 1

∫
[(uλ + v+)q+1 − uq+1

λ − (q + 1)uq
λv+]dx.

From the expression of Jµ and direct computation, we obtain that

Iµ(v) =
1
2

∫
(| ∇v− |2 − µ

| x |2
(v−)2)dx + Jµ(uλ + v+)− Jµ(uλ).

Since uλ is a isolated local minimizer of Jµ in H , v = 0 is a local minimum of Iµ in H .
Furthermore, since Jµ satisfies (PS) condition, there exists δ > 0 and α > 0 such that

Iµ(v) ≥ δ > 0,

as ‖v‖µ = α. 2

Completion of the proof of Theorem 1.1

It is standard to show that Iµ satisfies (PS)c for all c, see e.g. [2].
Note that

(b + d)m ≥ bm + dm + m bm−1d, m > 1, b, d > 0.

Then for every a > 0, since p > 1, from the definition of g (see (4.2)), we have that

g(x, a) ≥ ap + p up−1
λ a,
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and so for any v > 0,

G(tv) ≥ tp+1

p + 1
vp+1 +

p t2

2
up−1

λ v2.

Then we have that Iµ(tv) → −∞ as t →∞ and there exists v1 ∈ H such that Iµ(v1) < 0.
We define the following mini-max value

c∗λ = inf
h∈Γ

max
t∈[0,1]

Iµ(h(t)),

where Γ = {h ∈ C([0, 1],H); h(0) = 0, h(1) = v1}. From Lemma 4.1, v = 0 is a
local minimizer of Iµ. By using of the Mountain Pass theorem [13, Lemma 1.15], we get
a critical point v of Iµ. We note that c∗λ ≥ δ > 0. From the definition of g and uλ is a
positive solution of (1.1), we know that v 6= −uλ in Ω. Thus we complete the proof of
Theorem 1.1. 2

5 Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. Here we define the following Euler-Lagrange
functional of (1.2) on H:

J̃µ(u) =
1
2

∫
(| ∇u |2 − µ

| x |2
u2)dx− 1

p + 1

∫
| u |p+1 dx− λ

q + 1

∫
| u |q+1 dx.

We make some preparations.

Proposition 5.1 J̃µ ∈ C1(H, R).

Proof. Assume that un → u in H . Then for any ϕ ∈ C∞
0 (Ω), we have that

〈J̃
′

µ(u), ϕ〉 =
∫

(∇u∇ϕ− µ

| x |2
uϕ)dx−

∫
| u |p ϕdx− λ

∫
| u |q ϕdx.

and
un → u in Lr(Ω), 1 < r < 2∗.

So

‖ J̃
′

µ(un)− J̃
′

µ(u) ‖H−1

= sup
‖ϕ‖≤1

| 〈J̃
′

µ(un)− J̃
′

µ(u), ϕ〉 |

= sup
‖ϕ‖≤1

|
∫

(∇un∇ϕ− µ

| x |2
unϕ)dx−

∫
|un|p−1unϕdx− λ

∫
|un|q−1unϕdx

−
∫

(∇u∇ϕ− µ

| x |2
uϕ)dx +

∫
| u |p−1 uϕdx + λ

∫
| u |q−1 uϕdx |

= sup
‖ϕ‖≤1

|
∫

[∇(un − u)∇ϕ− µ

| x |2
(un − u)ϕ]dx
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−
∫

(| un |p−1 un− | u |p−1 u)ϕdx− λ

∫
(| un |q−1 un− | u |q−1 u)ϕdx |

≤ sup
‖ϕ‖≤1

[|〈un − u, ϕ〉|+
∫
| |un|p−1un − |u|p−1u | |ϕ|dx

+λ

∫
| |un|q−1un − |u|q−1u | |ϕ|dx]

≤ sup
‖ϕ‖≤1

[|〈un − u, ϕ〉|+ c1

∫
(|un|p−1 + |u|p−1)|un − u| |ϕ|dx

+λc2

∫
|un − u|q|ϕ|dx]

≤ sup
‖ϕ‖≤1

{|〈un − u, ϕ〉|+ c3[(
∫
|un|p+1)

p−1
p+1

+(
∫
|u|p+1)

p−1
p+1 ](

∫
|un − u|p+1)

1
p+1 (

∫
|ϕ|p+1)

1
p+1 + λc2

∫
|un − u|q|ϕ|dx}

≤ ‖ un − u ‖µ + c4 ‖ un − u ‖Lp+1(Ω) + λc5 ‖ un − u ‖q
Lq+1(Ω)

→ 0 as n →∞.

2

For any u ∈ H , we obtain, from Sobolev imbedding theorem, that

J̃µ(u) =
1
2

∫
(| ∇u |2 − µ

| x |2
u2)dx− 1

p + 1

∫
| u |p+1 dx− λ

q + 1

∫
| u |q+1 dx

≥ 1
2
‖ u ‖2µ −c1 ‖ u ‖p+1

µ −λc2 ‖ u ‖q+1
µ .

From this one readily finds that there exists Λ∗∗ > 0 such that for all λ ∈ (0,Λ∗∗) there
are ρ, α > 0 such that

(i) J̃µ(u) ≥ α for all ‖ u ‖µ= ρ;

(ii) J̃µ is bounded from below on Bρ (Bρ = {u ∈ H : ‖ u ‖µ≤ ρ});
(iii) J̃µ satisfies (PS) on Bρ.

Henceforth we fix λ ∈ (0,Λ∗∗). After these preliminaries, let us give the proof of Theorem
1.2. We use the same method as in Section 5 of [2].

Proof of Theorem 1.2 We set

Σ = {A ⊂ H : 0 /∈ A, u ∈ A ⇒ −u ∈ A}.

For A ∈ Σ, the Z2-genus of A is denoted by γ(A) (see, for example, [2, 12]). We set also

An,ρ = {A ∈ Σ : A compact, A ⊂ Bρ, γ(A) ≥ n}.

Clearly, An,ρ 6= ∅ for all n = 1, 2, · · · , because

Sn,ε := ∂(Hn

⋂
Bε) ∈ An,ρ,
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here Hn = span{e1, · · · , en}, ei is the ith eigenfunction of operator −4 − µ
|x|2 [7,

Proposition 2.1](see also [11])). Let

bn,ρ = inf
A∈An,ρ

max
u∈A

J̃µ.

Each bn,ρ is finite because of (ii). Moreover, one has

bn,ρ < 0, ∀ n ∈ N. (5.1)

Indeed, let w ∈ Hn be such that ‖ u ‖µ= ε. From

J̃µ(w) ≤ 1
2
ε2 − λ c1 εq+1,

it follows that J̃µ(w) < 0 provided ε > 0 small enough, and this suffices to prove (5.1).
Next, let us note that for all u ∈ Bρ

⋂
{J̃µ ≤ 0} the steepest descent flow ηt (defined

through the pseudo-gradient vector field, see e.g. the Deformation Lemma in [2]) is well
defined for t ∈ [0,∞) and

ηt(u) ∈ Bρ

⋂
{J̃µ ≤ 0} ∀ t ≥ 0,

because of (i). Since, by (5.1), bn, ρ < 0 and (PS) holds in Bρ, see (iii), we can make
use of the Ljusternik-Schnirelman theory to find infinitely many critical points of J̃µ in Bρ.
This proves Theorem 1.2. 2

Acknowledgments. The first author would like to express her thanks to Dr. Jianqing
Chen and Dr. Shaowei Chen for useful conversations and encouragement. The authors also
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