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Abstract

In this paper we are interested in existence of solutions for some nonlinear elliptic equations
with principal part having degenerate coercivity. The model case is

. Vu .
—div (W) = f(z) inQ, (0.1)
u=0 on 9f)

with Q bounded open subset of IR™, N > 2 and f a datum in some Lebesgue space.
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1 Introduction

In this paper we study the existence of solutions of the following elliptic problem (with
degenerate coercivity):

div(a(z,u)Vu) = f in§,
{ u=0 on 05} (1.2)
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where Q is a bounded, open subset of IR, with N > 2, and a(z,s) : @ x R — IR

is a Caratheodory function (that is, measurable with respect to x for every s € IR, and

continuous with respect to s for almost every x € () satisfying the following conditions:
@

m <a(z,s) <0, (1.3)

for almost every = € (2, for every s € IR, where « and (3 are positive constants.

The main difficulty in dealing with problem (1.2) is the fact that, because of assumption
(1.3), the differential operator A(v) = —div(a(z, v)Vv) is not coercive on W, * (). This
implies that the classical methods used in order to prove the existence of a solution for
problem (1.2) cannot be applied in general, even if the datum f is regular.

In [4], it is proved that, if the datum f belongs to L™({2), with m >
exists a weak solution of (1.2) u in Wol’z(Q) N L>(Q).

Here, we study the existence of solutions under the assumption f € L™(Q), 1 < m <
%, with particular care to the case f(z) = ﬁ, which is an important borderline case, as
Theorems 3.1, 4.1 and following Remark show.

% , then there

Remark 1.1 Consider the model problem (0.1) in Q = B(0,1), with a(z) = 1,

f@) = g
. Vu A .
—div (1—|—|u|> = W m .B(O7 ].)7
u=0 on 0B(0,1).

Then, if we look for radial solutions of the type u(x) = |z|=* — 1, our differential
problem has a solution if p(N —2) = A. Thus u(z) = |{E|7ﬁ — 1, so that the
regularity of w and Vu depends on A. Moreover, this example shows that the
assumptions of Theorems 3.1 and 4.1 are optimal.

Furthermore, if we consider the model problem (0.1) in = B(0, 1), with a(x) =

1, f(z) = ﬁ’m< %:

Vu A
_di — in B(0,1),
1V<1+|u|> \xN in B(0,1)

u=0 on 0B(0,1),

and we look for radial solutions of the type u(z) = e#1*|” —1, our differential problem
has a solution if

p—2=—
{uMPDA-
Thus we have log(1 + |u|) = p|z|2~# (see Theorem 4.1).

If we replace the assumption (1.3) with

«
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existence results can be found in [5], [4], [1] (in this paper is also studied a problem with
0> 1).

Our results can be generalized, in the direction of a nonlinear operator with respect to
the gradient, thanks to a combined use of our a priori estimate and of some techniques of
[1]. Uniqueness results are studied in [8].

The proofs of the existence results will be obtained by approximation. Let f be a func-
tion in L™(Q), with 1 < m < % and { f,} be a sequence of smooth functions converging
to fin L™ (), such that

1/

< I£ll VneN. (1.4)

L™(Q) L)’

Recall the following definition of truncation:
s, ifls| <k
Tu(s) =9 &2, if|s| > k.
|s]
Let us define the following sequence of problems:

{ —div(a(z, T (un))Vuy,) = fr, in€,

Up =0 on 0f). (1.5)

Take, for instance, f,, = T, (f).

The existence of weak solutions u,, in Wol 2 (€2) of the Dirichlet problem (1.5) is classi-
cal, since the differential operator in (1.5) is uniformly elliptic. Moreover, for any n € IN,
U, is a bounded function.

The use of T} (uy,) as test function in (1.5) yields the following main estimate.

Lemma 1.1

«
1+k

Vol < [ T < B VB> 0. (L0)
{z€2:|un(z)| <k} 2

2 Weak solutions

Theorem 2.1 Assume (1.3). If f belongs to L%(Q), there exists a weak solution of
the boundary value problem (1.2); that is

ue Wy?(Q): /a(x,u)Vu'Vv:/fv, Yo € W, 2 (). (2.7)
Q Q

Moreover u € LP(Q), for any 1 < p < oo.

Proof. First of all, use [log(1+|uy|)]sgn(uy,) as test function in (1.5). Then, if S is Sobolev
constant,

2 2 L
2 o* ] 2% |C’LL"| o+ 2%

Q
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and 1
SQa{/log(1+|un|)2*}2 S o
N+2
Q
which implies
||f||13£2 1 2
Q: fuy| > k) < : : 2
meas{w € 2 : fun| = }—< S%a 1og(1+k)) =

Thus, so far, we cannot say that the sequence {u,} is bounded in L'(2). However, we
have limy_. meas{z € Q : |u,| > k} = 0.
Let M > 1. We shall use the following inequality.

1

221 < M(t—1)?
<SM(t=1%+ 37—

teR (2.9)

Use
[(1+ [un )20 — (14 k)20 Fsgn(u,)

as test function. We have

20y + 1)a / (14 [un])*" [V un|?
{zeQ:k<|un (2)|}
< / FIIL+ IunI)Q(WH) — 1+ k)2(w+1)|

{zeQk<|un (2)[}

1
<M L [un )77 = (L4 k)72 7/
< J L e e S e g AL
{zek<|un (2)|} .

that is
M H
poeva-g( [ mE)] [ vePa e
(€ un ()]} (2€9k < un ()]}
1
< — .
< g/
Q

Thanks to the absolute continuity of the integral, we can take kg such that

{wEQ:ko < ‘un (w) |}

Then

1
n 2 1 n l < / k - k
Vunl 21+ un) < sy [ M ko= hollfll )
{zeQ:ko<|un(z)} Q
(2.10)
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Now we use the previous estimate for v = 0. On one hand (1.6) gives, for any k > 0,
2k2
Vun|* < —[If1,-

{z€Q:|un(x)|<k}

Then the sequence {u,, } is bounded in the Sobolev spaces Wy (2). Thus, up to a subse-
quence, it converges weakly to some function v € Wo 2(Q) Moreover, u,, converges to
u almost everywhere in () as a consequence of the Rellich theorem. Let v be a function in
W 2(£2), and take v as test function in (1.5). We obtain

/a(x,Tk(un))Vun~VvQ/fnv

Q

The left hand side side passes to the limit as n tends to infinity since a(z, Ty (uy)) —

a(z,u) in L>°(£2) (and almost everywhere in §2) and Vu,, — Vu in L?(Q), so that we

have a(z, Ty (uy)) Vu, — a(z,u) Vu in L*(2). Hence, since [ f,v — [ fv, uisa
Q Q

weak solution of (1.2).
Now use (2.10) for v > 0. Sobolev inequality implies

72* * -
/|Gko (o) =T M Rkl
Q

Use the previous estimate together with (1.6) in order to prove that u belongs to L? (), for
any p < o0.
Now, if 0 belongs to €2, on the datum f, we put a slightly weaker assumption:

1<

B I%‘I2
Recall that -7 ‘2 does not belong to the Lebesgue space L2 (), but, for any v € Wy2(Q)

o]

—n < 00,
||
Q

thanks to the following proposition (see [6], [7]).

Proposition 2.1 [Hardy inequality] Assume that 0 belongs to Q. If v € WO1 2(Q),

then ,
v|? N -2
x||2 < <2> /|Vv|2. (2.11)
Q

2 . )
Moreover, H?> = (%) 18 optimal.
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Lemma 2.1 Assume that 0 belongs to €2,

1l < ka, (2.12)

and 1 <y < 20‘H . Then there exizts L > 0 such that

linl_ye < Lyl gy < L

Proof. Use [(1 + |un|)® — 1]sgn(uy), v > 1, as test function. Let M > 1 be such that
AM . We have

1 2y _ 1
2ay/|vun|2 1 4 Jun )72 SA/ (14 [un|) ]

||
’Y_
<AM/ Lt fun])? — 1)? /
|2 M—-1) ) |z
<72ﬁ/|Vun|2 (14 |un])> 2 + /|x|2
Then
2 2
201*71-12 /W“n\ (L4 un )77 < =3 M—1) /CL‘|2
sGa -] [+ |>’Y—1>2*}%* Al
T2 n S -1 ) |z
Q Q
So

Now it is possible to repeat the proof of previous theorem in order to obtain a second
existence results:

Theorem 2.2 Assume that 0 belongs to Q, (2.12) and 1 < v < %. Then there
exists a weak solution u of the boundary value problem (1.2). Moreover, u belongs

to L7? ().

3 Distributional solutions

Lemma 3.1 Assume that 0 belongs to Q, (2.12) and

N -2
_ <
sv—1) ~ 7=t
20 H?
0 < .

A
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Then there exixts L > 0 such that

2N6

<L, q=-—""7
| I N 21— 9)

W, (@)

Proof. Use [(1+ |u,])?? — 1]sgn(uy), 0 < 6 < 1, as test function. Let M > 1 be such that
2a0 > 0’21]\24. Then

1 n20
2a9/|vun\ 1+|u|292<A/ + [un)” — 1]

||
(1 + |ug))? A / 1
< AM —
/ CEE = M-1) ) [P
Q
AM A 1
< 62 1 20-2 | /7
o /IVunI A+ bl + i [ o
Q Q
Hence A |V |2
M Uy,
20 — 3.13
Q
So,if ¢ < 2,

[Vun|? (1—6)
Vu,|? = (1 + |u,
Q‘/| u | Q/(l |un|)q(179) ( | |)

2_
2q(1 9):| 2

<[ [+ )™
Q
Definition of g gets
29(1-0)
2—q

* —
so that

a(1-6) 1 Taray [a(1-6)] 2la(1-0)]
/|Vun|qScl[/(1+|un|)22(iq9)}2 a-o 4 §CQ+03[/|VUn|q]q
Q Q

/|Vun|q < LY,
Q

which implies the following existence theorem.

that is

Theorem 3.1 Assume that 0 belongs to Q, (2.12) and

N -2
T ch<
TNE R
200H?
0 < .

A
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Then there exists a distributional solution u € W&’q(Q), q = %, of the

boundary value problem (1.2), that is

we Wyl (Q) : /a(x,u) Vu -V = /fv, Vv e C§ (). (3.14)
)

4 Entropy solutions

Lemma 4.1 Assume that 0 belongs to Q, (2.12) and

N -2
<0< ——
0<6 2(N — 1)
9<2aH2

VB

Then there exizts L > 0 such that

/|un|92* < L.
Q

Proof. Estimate (3.13) yields (recall that any u,, is a bounded function)

AM Vua| 2
— <
(20— 070 ) 3o /‘IV (1+ [un])? 1)) /’ Trieham| S0

so that

Lemma 4.2 Assume f € L™(R), 1312 <m< &. Then

0g(1 + [uaDI|_.. < Camllfll

Proof. Use [log(1 + |un|)]>?~sgn(u,,) as test function in (1.5), with v = ™=, Then

/ |V, |? log(1 + |u,|)?7 2

S2a(2y — 1)[/log(1 + WH)Q*”F = (1+ Jun])?

Q

<151, [ [ tostt + fualy =]

Q

Lemma 4.3 Assume f € L™(2), 1 <m < Then

N+2

Hog(1 + fun ]l .. < Camlfll
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1+ |un|
1+ k

* %

201
} sgn(uy) as test function in (1.5), with § = "5
+

1+|un| 627 &
29—1 }
/ 1+k 1+

Proof. Use [ log

Q

|Vu,|?log(1 + |u,|)20—2
(1 + [un])?

<a(20-1)

{zeQk<|un (2)}

1
1+ |up|126-1 1+ [up|1@0-1Dm"\ 77
1 < 1 .
Jinfloe =5 < ([ 11 oe 55
Q Q

Lemma 4.4 Assume f € L'(Q). Then

2 1
o (@) > 1| < s 101 (1.15)
Q
Proof. Use log(1 + | Tk (un)|)sgn(u,) as test function in (1.5).
[ [ sk TF <52 [logl 4 T ]F

{zek<|u,(z)|} Q

|VTk(un)‘2
Sﬂ/log(1+|Tk(un)|)2 Sﬂ/bg“HTk(u”)lfl Slog(l%)!'fl'

Recall (see (1.6)) that the truncation T (u) belongs to VVO1 ’Q(Q), and the following
result (see [2], Lemma 2.1).

Proposition 4.1 Let u be a measurable function such that Ty (u) belongs to Wol’z(Q)
for every k > 0. Then there exists a unique measurable function v : Q — RN such
that

UX{lul<k} = VTk(u), for almost every x € Q, Vk > 0, (4.16)

where xg 1s the characteristic function of a measurable set E. If, moreover, u
belongs to Wol’l(Q), then v coincides with the standard distributional gradient of u.

In view of the above result, for every measurable function u such that T (u) belongs to
I/VO1 2(Q) for every k > 0, we define Vu, the weak gradient of u, as the unique function
v which satisfies (4.16). The definition of weak gradient allows us to give the following
definition of entropy solution for problem (1.2) (see [2]).

Definition 4.1 (see [2]) Let f be in L™(£2), m > 1. A measurable function u is an
entropy solution of (1.2) if Ty (u) belongs to Wy'?(Q) for every k > 0, and if

/a(x w)Vu - VI (u — /fT;C u— (4.17)
Q

for every k > 0 and for every ¢ € W, *(2) N L>().
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Proposition 4. 2 Let {vn} be a sequence of measurable functions such that Ty (vy,) is
bounded in W0 ( ) for every k > 0. Then there exists a measurable function v,
with Ty (v) belonging to W, *(Q), for every k > 0, and a subsequence, still denoted
by {vn}, such that v,(z) — v(x) a. e. in Q and VTj(v,) = VTi(v), in Wy (Q).

Thanks to Main Estimate (1.6) and the previous Proposition, we can state the following

Corollary 4.1 There exists a measurable function u, with Ty, (u) belonging to W, > (),
for every k > 0, and a subsequence, still denoted by {uy}, such that u,(x) — u(x)
a. e inQ, and VTi(u,) = VTi(u) weakly in Wy (Q).

Note that the left hand side is well defined, since the integral is only on the set {z €
O |u(z) — o(x)] <k} and on this set |u| < k + ||<p||LOO(Q)

Theorem 4.1 Under the assumptions either of Lemma 4.1, or of Lemma 4.2, or of
Lemma 4.3, or of Lemma 4.4, there exists an entropy solution of the boundary value

problem (1.2).

Proof. Let € Wy*(€2) N L> (). Choosing Ty [u,, — ] as test function in (1.5), we have

/ a2, T () Vit - VTi[u / Fo Telu

Q

The right hand side easily passes to the limit as n tends to infinity. As for the left hand side,
we can write it as

/ (e, T (1)) [V (1 — )2 + / a2, T () Vo - V[t — ]
Q Q

In the first term we use the weak lower semicontinuty of the quadratic forms; while the
second converges to

/a(x, u) Vo - VTg[u, — ¢,
Q

as n tends to infinity. Putting together the terms, we thus have

Q/ a(z,u) Vu - VIpu— ¢ /kau—

for every p € W, *(Q) N L> () and so u is an entropy solution of (1.2).

Corollary 4.2 Under the assumptions of Lemma 4.1 entropy solution w is such that

/|u|62* < L
Q
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which implies that
L
meas{z € Q: |u(z)| > k} < =

2%

Moreover, we can repeat the proof of Lemma 3.2 in [5] (see also [2]) to prove that
there exists A > 0 such that, for any h > 0 we have

A
meas{z € Q: |Vu(z)| > h} < —F75—
hENOTN =D
Corollary 4.3 Under the assumptions of Lemmas 4.2, 4.3, 4.4, the decay with respect
to k of the measure of the sets {x € Q : |u(x)| > k}, {xr € Q : |[Vu(z)| > h} of

entropy solution u s of logarithmic type.

Proof. We follow the lines of the proof of [2], Lemma 4.2 (see also [5]). Lemmas 4.2, 4.3,
4.4 imply that
Cy

[log k] m** )

Let h be a fixed positive real number. We have, for every k& > 0,

meas{z € Q: |u(z)| > k} <

k2 1

: < < < -

[ € 0 V(@) > b} < IVl > b ul < B}l > K} < Co g+ o)
Now, if we take k = h*, A\ < 1, we have

1
: < _—
Hz € Q: |Vu(z)| > h}| < Cj Tog K™
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