Advanced Nonlinear Studies 3 (2003), 1-23

Multiple Solutions for Perturbed Elliptic

Equations in Unbounded Domains

A. SALVATORE *
Dipartimento Interuniversitario di Matematica
via E. Orabona 4, 70125 Bari, Italy
e-mail: salvator@dm.uniba.it

Received 18 September 2002
Communicated by Donato Fortunato

Abstract

‘We look for solutions of a nonlinear perturbed Schrédinger equation with non-
homogeneous Dirichlet boundary conditions. By using a perturbation method
introduced by Bolle, we prove the existence of multiple solutions in spite of the
lack of the symmetry of the problem.
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1 Introduction

The aim of this paper is to look for solutions of the elliptic problem
-Au +o(z)u=Iu+ f(z,u) + g(z) inQ
u=9 on 9Q (1.1)
|u] =0 if |z| = o0

where A € R, Q is an open unbounded subset of RN, N > 2, with a C? bounded
boundary 89, and f(z,u) is superlinear in u.
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Assume for a moment that 2=R" and g = 0. In this case, the main difficulty
is caused by the lack of compactness of the problem; indeed, if f(z,u) grows sub-

u
critically, setting F(z,u) = [ f(z,s)ds, the action functional
0

% / (IVul® + o(z)u? — M?) dz — / F(z,u)dz
RN RN

defined on the set { u € H}(RY): [ o(z)udz < 400 § does not satisfy in general
RN

the classical Palais-Smale condition or one of its variants. In order to overcome this
problem, it is possible to assume, besides suitable assumptions on F(z,u), that the
function o(z) has a “good” behaviour at infinity in such a way that the Schrédinger
operator -A + o on L2(R") has a discrete spectrum and then the Palais-Smale
condition holds. Hence, a direct application of the mountain pass theorem or one
of its generalizations (see [2] and [18]) allows us to find a solution of the problem
(see [20], [4] if A = O and [16] for a class of elliptic systems) while, if f(z,u) is
odd in u, the symmetric mountain pass theorem proved in [2] implies the existence
of infinitely many solutions (see [4] and [21]).Those results still hold, with small
modifications in the proof, even if § is an open unbounded subset of RN having a
smooth boundary 992 and g = ¢ = 0. On the contrary, if g or ¢ are different from
0, the problem loses its symmetry and existence and multiplicity results in general
do not hold.

However, if  is bounded and ¢ = 0, perturbation methods introduced by
Bahri and Berestycki, Rabinowitz, and Struwe give the existence of infinitely many
solutions if the growth of the nonlinearity f(z,u) is not too large (see [3], [19],
[22] and [24]). Moreover, a multiplicity result holds for any subcritical growth of
f(z,u) if the forcing term g(z) is "small enough” (see [1] and [3]). Later, in [10]
and [11] those results have been extended to the case of elliptic equations with non-
homogeneous boundary conditions, i. e. to the case ¢ # 0. Analogous results for
elliptic systems are contained in [12].

More recently, a different perturbation method introduced by Bolle in [7] allows
us to improve, in the case ¢ # 0, the previous results about the multiplicity of
solutions for non-homogeneous elliptic equations in bounded domains (see [8], [14]
and, for the systems, [13] and [15]).

Now, our aim is to use the Bolle’s perturbation method in order to state the
existence of multiple solutions for the problem (1.1) when € is unbounded.

Troughout the paper, we suppose that f satisfies the following hypotheses:

(fi) feC(@Q xR) and f(z,-) is odd;
(f2) there exists u > 2 such that for every z € , u € R\ {0}
0 < pF(z,u) < uf(z,u);

(f3) there exists % # 0 such that %f F(z,a) > 0;
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(fa) there are constants a; >0and 2<p<pu+1,p<2*= —,3% if N > 3, such
that for every (z,u) € 2 xR

[f(z,0)] < anJulf ™

(fs) F(-,u) has the partial derivatives in © and, setting & = %,...,%) ,

there exist oy, as,q > 0 such that for every (z,u) € R x R it is

OF
I%(z, u)| < o2 Jul* + as,

where g < 2* ifN24andq<2u+N—-%uifN=2,3.
Moreover, for overcoming the lack of compactness we assume

(01) o € C(f) is such that i?zf o(z) > —o0, and for every b > 0,

m({z € Q:0(z) <b}) < +o0,

where m denotes the Lebesgue measure in R,

As it will be proved in the proposition 3.3, this assumption implies that the
spectrum of the self-adjoint realization of —A + o(z) with Dirichlet boundary con-
ditions in L?() is discrete; then, from now on, we will denote by (A ). the divergent
sequence of its eigenvalues (counting multiplicity). Let p’ = -;_Ll the coniugate ex-
ponent of u and, for ¢ > 1, let || 4) be the norm in Lt(A). Denoted by H(Q,0)
a suitable weigthed Sobolev space (see Section 3 for its definition), the following
multiplicity theorem holds:

Theorem 1.1 Let us assume that f and o satisfy (f1) — (fs) and (01). Moreover,
let p € H(8Q)NC(8R), o € C1(N5) and g € L¥ ()N C*(N;), where Ni denotes
a suitable small neighbourhoord of 0Q. Then, for fized A € R, the following results
hold:

i) for any integer k there exists 6 > 0 such that problem (1.1) has at least k
solutions provided |g| . q) < Ok and |¢|ps0q) < G-

i) Tokinga = % ifg< panda= ﬁ%% otherwise, if for n large

An > nTEGANTEE T a2
then the problem (1.1) has an unbounded sequence of solutions {u.} C H'(Q,0)
with higher and higher energy, i.e. such that asn — oo

% /(IVun|2+a(z)u,2,—/\uﬁ)dm - /F(a:, up)dz — /gu,,da:—) +00.
bl Q Q



4 A. Salvatore

Remark 1.2 The condition (1.2) is satisfied if o(z) is so large that {\,} rapidly
grows or, equivalently, if the exponent p is greater than 2 but not too large.

Remark 1.3 Let us point out that, by integration, it is easy to prove that as-
sumptions (f2) — (f3) imply the existence of a constant ay > 0 such that for any
ueR

o lull, < /F(a:, u)dz < %/uf(z,u)dz.
Q Q

Clearly, by the previous inequalities and (f4), u < p.

In some particular cases, the hypothesis (01) can be weakened as follows (see
Proposition 3.1):

(02) o € L% (9) is such that igfess o(z) > —oo and
—dy — 0 if |z| =& +o0,
»/S(a:) a(y) =

where S(z) is the unit sphere of RV centered at z. Indeed, the following results
will be proved:

Theorem 1.4 Let us assume that all the hypotheses of Theorem 1.1 are satisfied
ezcepting (01) replaced by (02). Then, the statements i) and ii) of Theorem 1.1 still
hold for any A < A;.

Theorem 1.5 Let us assume that all the hypotheses of Theorem 1.4 are satisfied
and, moreover, let ¢ < u = p. Then, for any A € R the statements i) and ii) still
hold with & = E——

If we consider problem (1.1) with ¢ = 0, in particular if @ = R”, the regularity
assumptions in the previous theorems can be improved as follows.

Corollary 1.6 Let us assume that F and o satisfy (f1)—(fs) and (o1) (respectively
(02)). Let g € L* () and ¢ = 0. Then, for any A € R (respectively for any A < \;
if u < p or for any A € R if u = p) the statements i) and i) of Theorem 1.1 still
hold with & = -};

Remark 1.7 Since in the equation (1.1) X is any real number, without loss of
generality we can assume that in the assumption (07) (respectively (o2)), uelfz >0
k4

(respectively ue% esso > 0). So, from now on we replace (071), respectively (o2), by
T
(01) o € C(f) is such that inf o(z) > 0 and for every b > 0,
m({z € R : o(z) < b}) < +o0,

respectively
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(02)" 0 € L2 () is such that 1nf esso(z) >0 and

—dy —0 if |z| = +oo.
/S(z) o(y) =

Remark 1.8 Assumption (o)’ has been introduced by Bartsch and Wang in [4] in
order to study a superlinear Scrédinger equation in R¥ like (1.1) with A = 0, while
assumption (02)’ has been introduced by Benci and Fortunato in [5] for proving
some compact imbedding theorems for weigthed Sobolev spaces. It is easy to see
that (o1)’, and therefore (02)’, hold in particular if o(z) is a continuous positive
function on RN which diverges at infinity. This condition on o(z) has been assumed
by Rabinowitz in [20] in order to prove the existence of two solutions, the first one
positive, the second one negative, for a superlinear Schré‘)dinger equation like (1.1)
with A = 0. Later, always if o(z) — oo at infinity, in [16] Costa has stated the
existence of solutions for a class of elliptic systems in R" (see also [4] and [21] for
related results under the weaker assumptions (01)’ or (02)’).

Lastly, we give a simple application of the previous results by taking into account
a particular function o(z) such that the distribution of the eigenvalues of -A + ()
is known, and so condition (1.2) can be explicited.

Example Let us consider the elliptic equation

—Au +|zfPu= I+ f(z,u) + g(z) inR3 (1.3)
|lu| =0 if |z] = oo ’

where f satisfies (f1)—(f1). As the operator —A +|z|® in L2(R3) has the eigenvalues
Aj = 2j + 3 with multiplicities (j + 1)(j + 2), j € N (see [17], pp. 514), Corollary
1.6 applies. Then, given g € L* () and A € R, it follows that:
i) for any integer k there exists x > O such that problem (1.3) has at least k
solutions provided |g|;uw ) < Ok-
if) if
6-p -

6(p—2) pu-1’
then the problem (1.3) has un unbounded sequence of solutions {u,} with higher
and higher energy. In particular, if 4 = p, (1.3) has infinitely many solutions for
any p €2, 5[, P being the largest rooth of the equation 7p? —19p+6 = 0 (p ~ 2, 34).

2 Stability of critical points under deformation of
an even functional

In order to apply the method introduced by Bolle for dealing with problems with
broken symmetry, let us recall the main theorem as stated in [14].

The idea is to consider a continuous path of functionals starting from a sym-
metric functional Jo and to prove a preservation result for min-max critical levels
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in order to get critical points also for the end-point functional J; which is the real
functional associated to the non-symmetric problem. _

Consider two continuous functions p;, p2 : [0,1] X R = R which are Lipschitz
continuous with respect to the second variable. Assume p; < p2 and denote by
¥1,%2 : [0,1] x R = R the scalar fields solutions of the Cauchy problems

%¢i(9’ s) = Pi(0, ¢i(07 8))
¥;(0,8) = s.
Note that 17 and 1), are continuous, increasing in s and ¥; < 9.

Definition 2.1 Let Jy be a C1—functional on a Hilbert space E with norm |-|| .
We say that a C1—functional J : [0,1] x E— R is a good path of funtionals starting
from Jp and controlled by p1, p2 if J(0,-) = Jo and if it satisfies (H1) — (Hs) below,
where Jp = J(6,-).

(H,) J satisfies the following Palais-Smale condition: any sequence {(6n,un)}, in
[0,1] x E such that

{J (6n,un)}, is bounded and lim Jo, (un) =0

has a convergent subsequence;

(Ha) for any b > 0 there exists C, > 0 such that if (6,u) € [0,1] x E then

()] < b= |35(6,0)] < oI -+ 11wl + 1

(H3) for any critical point u of Jp we have
0
pl(ov Jo(’u,)) < %-](9,'&) < P2(9, J9(u));

(H4) for any finite dimensional subspace W of E and any 6 € [0, 1], we have

lim sup J(B,u) = —o0.

ueW
Jull+o0 PS4

Setting
ﬁi(oi 3) = Ssup Ipi(ﬁr S)l )
Bel0,6]

the following abstract result can be proved (see Theorem 2.1 in [14]).

Theorem 2.2 Let p; < p2 be two velocity fields and let 11,12 be the corresponding
(o]
scalar flows. Assume that the Hilbert space E is decomposed as E = |J E, where

n=0
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Ey = E_ is a finite dimensional subspace and (E,), is an increasing sequence of
subspaces of E such that E, = E,_1 @ Ren. Let Jy be an even C'—functional on
E and consider the levels ¢, = inf sup Jp, where
heH h(En)
H={he€C(E,E):h is odd and h(u) = u for ||ul| > R for some R > 0}.

(i) If ¥1(8,¢n) T +o0 as n + oo, then for every integer k there exists 6 € (0,1],
depending only on Jo and p1,pe, such that for any good path of functionals J :
[0,1] x E = R starting from Jo and controlled by p1, p2, the functional Jo has, for
any @ € (0,6, at least k distinct critical levels.

(i) If cn > By + (Ba(n))® where B > 0, By € R, By(n) > 0 and if pi(f,s) <
A1+ Az |s|® with0 < @< 1 and Ay, Az > 0, then J; has an unbounded sequence of
critical levels provided (B (n))B >nT=,

Remark 2.3 Let us point out that in [14] (see also [7]) the functional J is C?, but
this assumption can be weaken by taking J only of class C? if in the deformation
Lemma we replace the gradient vector field by a pseudo-gradient vector field (see
[23]).

3 The variational approach

In the sequel, for any z,y € RN we will denote by z - y the inner product in R¥.
Moreover, if A is an open subset of R™, we shall consider the Banach spaces Lt (A)
and H!(A) with the usual norms

lelgecay = ([lu(w)l‘dz) and )l 72 a) = (;[ (IVul® + ?) dz)

For simplicity, if A = Q we will write |u|, and ||u|| g1 instead of |u| . o) and ||ull#1(a)-
From now on, let us assume that the coefficient o(z) satisfies (o;)" or (o2)’.
Then, we can consider the Hilbert spaces

1
2

L}(R,0) = {u € L*(Q): /a(a:)u2(:z:)da: < +oo}

Q

equipped with the inner product [ o(z)uvdz and
Q

HY(Q,0) = H'(Q) N L*(Q,0)

endowed with the inner product

/ (Vu- Vv + o(z)uv)dz (3.1)
Q
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and the corresponding norm

3
lull = (/ (IVul? + o(z)u?) d:v) . (3.2)
Q

Let us point out that the space H1(f2,0) is a particular case of a class of weighted
Sobolev spaces introduced in [5].

Before we state some important properties of this space, we want to analyse the
different assumptions made on the function o(z).
Set 2, = {z € Q : o(z) < b}. The following proposition holds:

Proposition 3.1 i) o(z) satisfies (02) <> o(z) € L% (D), igfessa(az) > 0 and

for every b >0:
m(S(x)N Q) =0 if |z| = +o0.

i) o(z) satisfies (01)' = o(z) satisfies (02)’.

Proof i) For the implication from the left to the right, it is enough to observe
that, for any b > 0,

1 1 1
d Z/ ——dy > =m(S(z) N w).
/S(z) o(y) v S(z)NS o(y) y b (8(=) 5)

On the other hand, since

/ —1 dy—/ —1 dy+/ -—1 dy
S=) °(¥) S@)nas oY) SN\ oY)

m(S(z))
< 'méfess a(z)m(S(z) %)+ b

it follows that

limsup/ 1 < m(S@)

|zl=++00 JS(z) T(Y) b

hence, the other implication follows by the arbitrariness of b.

ii) Thanks to i), this implication is obvious.l

Remark 3.2 Let us point out that conditions (1)’ and (02)’ (and therefore (o)

and (o2)) are not equivalent because it is possible that, for some b > 0, m(£2;) = oo
but m (S(z) N Q) — 0 if |z| = +o0.

In order to overcome the lack of compactness of the problem, the following
proposition is crucial.
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Proposition 3.3 Let o(z) satisfy assumption (02)’. Then, the space H(,0) is
embedded in Lt for any t € [2,2*], and the embedding is compact for any t € [2,2*[.
Moreover, the spectrum of the self-adjoint realization of —A + o(z) with Dirichlet
boundary conditions on 0 in L? (Q) is discrete, i.e. it consists of a denumerable
set of eigenvalues of finite multiplicity whose corresponding eigenmanifolds span all
the space L2(2) N {u =0 on 690} .

Proof If Q@ = RY, the result has been already proved in [6] (see also [21]). Now,
let  be an open smooth subset with bounded boundary. By Theorem IX.7 in [9]
there exists a linear extension operator P : H'(2) — H'(R") such that for any
u e HY(R)

(1) (Pu)ja=u

) IP“|L2(RN) < Clul,

(#3) || Pull gy < Cllull g

where the constant C depends only on Q. Then, taken a sequence {u,} such that
u, — u in HY(Q,0), it is Pu, — Pu in H'(R",0) and Pu, — Pu in L? (R")
since H*(R", o) is compactly embedded in L? (R") (see Theorem 3.1 in [6] and also
Remark 3.5 of [4]). Hence, H!(Q,0) is compactly embedded in L? (). Moreover,
by the Sobolev embeddings it follows that

HY(Q) = L' (Q) foranyte [2,2%].

Now, by the Gagliardo-Nirenberg interpolation inequality (see, e.g., [9]) for any
ue L? (Q)NL*>(Q) it is u € Lt () and

l1-a + a

2 2%’

Hence, the embedding of H*(Q2,0) in L* () is compact for any t € [2,2*[.

Finally, since —A + o(z) with Dirichlet boundary conditions on 02 is essentially
self-adjoint on C§°(€2), the second part of the proposition follows as in Theorem 4.1
of [6].0

W, < [l Jule.  with % - 0<a<l  (33)

Now, let us present the variational formulation of the problem. It is easy to see
that the weak solutions of problem (1.1) are the critical points of the functional

. ,
= [ (Ve +o(z)v® - M?)dz — [ F(z,u)dz — | gudz

on the linear manifold
M, ={ue H(Q,0) :u=¢p ae. on 8Q}.

If g = ¢ = 0, the previous proposition allows to prove that the action functional
verifies the classical Palais-Smale condition, then a direct application of the sym-
metric mountain pass theorem gives the existence of infinitely many solutions of the
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problem (see [21] for a detailed proof in the case F(z,u) = ll‘ |ul*). Now, we want
to state a multiplicity result even if g or ¢ are non trivial.

First of all, if ¢ # 0, we reduce the original problem to an elliptic problem with
homogeneous boundary conditions. Indeed, denoted by ® the solution of the linear
problem

-Au +o(z)u=0 inf

U= on 99

lu] =0 if |z| = oo,
the following result can be easily proved:

Proposition 3.4 A function u € M, is a solution of problem (1.1) if and only if
v € HY(Q,0) is a solution of

-Av +o(z)v=Av+®)+ f(z,v+ D)+ g(z) nQ
v=0 on 09
|v] = 0 if |z| = o0

where u(z) = v(z) + D(z) for a.e. z € Q.

Hence, our aim is to state the existence of multiple critical points of the func-
tional

L(u) = % /(|Vu|2+a(:c)u2) dr — /(% (u+ ®)° + F(z,u+®) + gu) dz
Q Q

defined on the Hilbert space
X = H(Q) NL*9Q,0) = {u € H(Q,0) : u=0 on 69}

endowed with the inner product (3.1) and the corresponding norm (3.2). Following
the Bolle’s perturbation method, let us consider the path of functionals

10,0) = Io(u) = 5 / (IVul® + o(z)u?) do+
Q

_/ (% (u+oq>)2+F(a:,u+0«I>)+OgU) dz.
Q

Standard arguments show that I is a C! functional and for any € [0,1] and
u,v € X it is

Z—g(o,u)=-/(,\(u+e<1>)<1>+f(z,u+e<1>)<1> + gu)ds (3.4)
Q
and
Bkl = 26,0l (35)

= /(Vu-Vv+a(z)uv-A(u+0(1>)v—f(:c,u+0<1>)v — 0gv) dz.
Q
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Remark 3.5 Clearly, if ¢ = 0, in particular if @ = R", the perturbed functional
Iy becomes

Ig(u) = -;—/ (IVul? + o(z)u?® — M?) dz — /F(m? u)dz — 6 /gudz.
Q Q Q

Remark 3.6 Let us point out that the regularity of ® in particular implies that
® e LYQ) forall £ > 2.

4 Some preliminary lemmas

In order to apply the abstract Theorem 2.2 to the functional I(6,u), the following
lemmas will be need. In the sequel, we will denote by a; some suitable positive
constants.

Lemma 4.1 Assume that (f1) — (f4) and (01)' hold. Taken any p e]%, 1[ there
ezists a positive constant a (p) such that

lull® + Ju + 821 < o (p) (To(u) — pIp(u) [u] +1).

Proof Let (8,u) €[0,1] x X and p e]%, 2[. By the definition of I, (3.5), Remark
1.3 and (f4) it follows that

To(u) — pIp(u) [u]
2
= (% - p) / (IVul? + o(z)u® — M?) dz — %0 / o2z
Q Q

—/(F(a:,u+0<1>)—pf(a:,u+0<1>)(u+0<1>))dz—p0/f(a:,u+0'1>)<1>da:
Q Q

—A(l—p)0/<1>udz—(1—p)0/gud:z:
Q Q
1 2 2 7
> (5=p) (lul® = Aful) = I\ [ u+02|(@]dz + (pu — 1) e Ju+ 681
Q

-0 / lu+ 08P |®|dz — / |u+ 0 ®||g]dz — a;.
Q Q
Now, by the Young inequality and Remark 3.6 for any € > 0, we have

/ lu+08||8]ds < e / lu+ 081" dz + B, (€) / |8 da, (41)
Q Q Q

/ lu+ 08P~ [8]dz < e / lu+ 08" dz + B, (€) / B ds,  (42)
Q o Q
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/|u+o<1>| lgldz < e/|u+0<1>|“ dz+/3u(e)/|g|“' da, (43)
(93 Q Q

where 4/ is the exponent coniugate to u and

p—1/1 T 3 p—p+1(p-1 e 7
)= —— | — , €)= , § = ——————,
Pule) ==, (6#) hip(€) P ( e ) p—p+1

The previous inequalities imply

1
1o(6) = p130) 4] > (3 - p) (Il = Aol (44)
+((or — 1) ag — (a1 + [A| + 1) €) [u + 82[F; — as.

Denoting by A; the first eigenvalue of —A + o(z) in L? (Q), if A < A; the proof
follows, choosing ¢ small enough. On the other hand, if A > Ay, by (o1)’ it is easy
to deduce that, for fixed € > 0, there exists a. > 0 such that

lul < ac [ul’ + ¢ [lu]®. (4.5)
Indeed, if we set

Qc={zeQ:a(z)<§},

by the assumption (o;)’ the measure of §2, is finite, then, denoted by a. the imbed-
ding constant of L#(€,) in L?(f), we have

/uzdz=/u2d:c+ / u2dm$/u2da:+e / o(z)u2da:
Q

Q. o\Q, Q. oQ\Q.
2

<a. (.‘/ uaf® d:z;) + e/a(z)uzdz <a. Iuli +elull®.
. Q

Finally, since > 2, by (4.4) and (4.5) we have the conclusion.ll

Remark 4.2 If we assume the weaker condition (02)’ instead of (¢;)’, Lemma 4.1
still holds if A < A; while, if A is any, by (4.4) it becomes

1
(5 - P) (llull2 - l"lg) +as ju+ 02!, < Ip(u) — ply(u) [u] + az.

In particular, chosen p = 1 we obtain

lu+ 0@} < ag (Jo(u) — plg(u) [u] +1). (4.6)
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Lemma 4.3 Assume that (f1) — (fa) and (01)’ hold. Then, Iy satisfies the Palais-
Smale condition, i.e. any sequence {(On,un)}, C [0,1] x X such that

{Is, (un)}, is bounded and LmlIp (un) =0, (4.7)

converges up to subsequence.

Proof If {(6n,un)}, satisfies (4.7), the previous lemma implies that ||u, || is bounded,
then, passing to subsequence,

u, = u in X.
By Proposition 3.3 it follows that
un —u in L*(Q) for any t € [2,2"].
Hence, standard arguments allow us to prove that u, — u in X (see, e.g., [4]).H

Lemma 4.4 Assume that (f1) — (f1) and (02) hold. Then, Iy still satisfies the
Palais-Smale condition for any A€ R if p=p or for A< A1 if u <p.

Proof The proof follows as above if A < A; (see Remark 4.2). Now, assume A € R
and p = p. Setting Lu = —Au + o(z)u — Mu, by Proposition 3.3 it follows that
X=Xt®oX X% X+®X°+#0, where for any u° € X° it is Lu® = 0 and for
any u* € X% it is

(Lu*,ut) > A JJut|®, (Lum,w) < Ao fju|® with Ay >0> A

Let {(6n,un)}, C [0,1] x X verifying (4.7) such that u, = u} +u; +ul,n € N.
Clearly, it is I_(un) [uf] < [luf ||, hence, (fs), Holder inequality and (4.6) imply

At ||u;'[||2 < 0/(A<I>+g) ul dz+01/|un+0¢>|“_1 |ut| dz + ||ut||
Q Q

< (|,\| 18], + |g|“,) lux], + o lun + -l lux |, + [lut]]
< as (1+ ual ) [l ],

and therefore st
it | < a6 (luall = +1). (4.8)

Moreover, as X~ @ X9 has finite dimension, by (4.6), (4.7) and (4.8) we deduce
lhuz + 2] < arfuz + 0], < as (luall® + lunl = +1). (4.9)
Adding (4.8) and (4.9) we obtain
lunll < as (lluall + fual F +1)

which imply the boundness of ||uy, || . The conclusion follows as in the proof of Lemma
4.3.0
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Lemma 4.5 Assume that (f1) — (f4) and (02) hold. For any b > 0 there ezists
Cy > 0 such that if (6,u) € [0,1] x X then

[lo(u)| < b= ’—(9 u)| < Co(llf ()l + 1)(llull + 1).

Proof By (3.4), (fs) and (4.1)-(4.3) with € = 1, it follows that

560

<(|)\|+a1+1)/|u+0<1>|“d:c+/|<I>Hg|da:
Q

+B,(1) ( / |®* dz + / gl dz) + 018, (1) / |° dz.
Q Q Q

Hence, (4.6) gives the conclusion.ll

Lemma 4.6 Assume that (f1) — (f5) hold and g, ¢ and o are functions regular as
in Theorem 1.1. Then, a constant L > 0O ezists such that for all critical point u of

I97
2
/ an
N

where v = u + 0P and m = max{u,q}.

do<L (||v||2 + vl + /F(z, v)dz + 1)
Q

Proof Let u be a critical point of Iy, i.e. a solution of

-Au +o(z)u=ANu+60®)+ f(z,u+0®)+0g(zx) inQ
u=0 on 99 (4.10)
lul =0 if |z| = oo.

Then, v = u + 09 satisfies

-Av +o(z)v= v+ f(z,v) + 0g(z) inQ

v=260% ' on 99 (4.11)

|v] =0 if |z| = oo.
Following [8], define n : © — R such that n coincides with the outward normal on
0 as follows: for z € §, let I(z) = dist(z,0R) the distance from the boundary of
2. Since 2 is of class 02 without loss of generality we can assume that ! is C? on
the set N5 = {z € Q:1(z) < 6} where g and o are C1. Then, let n(z) = Vi(z).
Moreover, let % : R — [0,1] be a smooth function such that % =1 on (—o0, 0] and
% =0 on [4, +00). Let w(z) = ¢(I(z)). Clearly, n and w are C.
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Multiply the equation in (4.11) by wVv-n and integrate over 2 (or equivalently on
Ns). On the left, we get

/(—A'v +ov)wVv-ndr = —/V'v- (wVv-n)ndo + /Vv - V(wVv - n)dz
Q a0 Q

+/avav-nd:c
Q

__/ o
- on
£

-l-/ava'v-nd:c
Q

2
do +/Vv -V(wVv-n)dz
Q

and

M=

/ Vv - V(wV’U . n)d:c = Vz,; (wvzj nj )z,; dz
Q

=~

S,
I
-

('Uzi Vz; (wnj )z; + Vg, Vzjz; (w nj)) dz

o

&
1
-

. i
.Mz

/N

1
Vz;Vz; (wnj)z- +3 (Uz¢)i. (wnj) ) dz
1 2 I

I
i

D B B~ 95—

i
M=

(v,;vz,. (wnj),, — % (v2.)" (wms )"") a

1

o~

2 5

. .
+ Z /E(v,i)zwn,-njda
i)j=189

= .12. / |Vo|2do + O ( f |Vv|2dz) ,
a0 Q

where

Fi(v) = O(Fa(v)) & 3¢ > 0st. |Fi(v)] < c|Fa(v)] for any v € X.
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Moreover,
/avav ndzr = Z/aw (—vz) n; dz
Q =19 i
1 1
= 52/0’0 wn; n; do — 3 /v (own;),, dz
=10 =1
=3[0 do+ O [v|* dz
aQ Q

By the previous equalities we obtain

/(—Av-i-av)wVv-nd:c:/( |Vo)? + ‘
Q

) do (4.12)
o9

+0 ( / |Vv|2dz) +0 ( |v| dz)
Q
On the rigth we have

N

1
/)\vav-ndz=)\Z/(§v2)z.wnidm
Q *

i=1gq

=.2’\./v2da+0(/|v|2dz). (4.13)
Q

an

Now, let us point out that all the integrals on 2 are really calculated on Ny, which
has a compact closure since 952 is bounded. Therefore, Holder inequality implies

/OQwV'v nda:-ﬂ/g'uda OZ/v(gwn,) dx

z—l

=0 [ gvdo+0 Ivlzd:z:) , (4.14)
[reo((fore) )
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while by (fs) and the imbedding of L™(Ns) in L9(Nj) it follows that

N
/f(z,v) wVv-ndz = Z/ [((F(z,v(z)))zi - g‘:(x,v)] wn;dz
P =

/F(a:,v)da E/ F(z,v) (wn;),, dz - /w%i—(:c,v)-nda: (4.15)
Q

=1

<ap+0 F(z,v)d:r) +0( Ivlmd:c).
/ /
[ (b oo | (e -2[2)
o9 89

where Daqv = D@ is the component of Vv along 92. Thus, putting together
relations (4.12)-(4.15), we reach the conclusion.ll

Now,

ov
on

Lemma 4.7 Assume that all the assumptions of Theorem 1.1 are satisfied. Then,
a constant Ly > 0 exists such that for all u critical point of Iy it is

3I9

(u) <L(1+B@w)

2N—uN+2q

where r = 3 if ¢ < p while r = B if > p.

Proof Letting wu be a critical point of Iy, then by (4.10) and (3.4) it follows

3"’ 2 () = / (Du - o(z)u + 0g) & — gu) dz

=/Vu-@nda—/(Vu-V<I>+a(x)u<1>—09<1>+gu) dz
/ (®Vu-n—uV®.n) do + / ((A® — o(x)®) u) dzx
/(u 0®) gdzx.

Recalling that u = 0 and Vu = %“;non 00 while A® — o(z)® = 0 on £, we obtain

aI"( )_ <I>da / (u - 68) g dz. (4.16)
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Now, Holder inequality and (4.6) imply

/gu dz

Q

i
< gl lul, < an ((To(u)| +1)* (4.17)

while, since a gz - 06‘1’ on 02, by Holder inequality and Lemma 4.6 it is
1

[ < ([
<a (Ilvllz+lvl$+ / F(w,v)da:) +1
Q

Let us point out that by the expression of Is(u), Remark 4.2 and (4.17) it is easy
to deduce that

/ F(z,v)dz = % (||u||2 - |u|§) -0 / ((Acp +9)u+ %oqﬁ) dz — Ip(u)
Q Q

dO') I‘I)ILz(BQ) + a2 (4.18)

<ayq (IIo(u)l + 1) . (419)

If g < p,ie. m=p, by (4.16)-(4.19) and Lemma 4.1 we have the conclusion.
Now, assume q > u, ie. m g, and N > 3 (the proof is similar if N = 2). Taken
a €]0,1[ s.t. "‘“ =Lyt = the inequalities interpolation (3.3) and Lemma 4.1 imply

ol < ('”';lfa lul;-)q < a5 (To(u) + )58 (4.20)

Hence, since (-1—;2 + %) g 2 1, the conclusion follows again by (4.16)-(4.20) and
simple calculations.ll

Remark 4.8 Thanks to the Remark 4.2, the previous lemma still holds for A < \;
if we assume (o2)’ instead of (o7)’.

Lemma 4.9 If we assume (02)’ instead of (01)' and ¢ < p = p, then, a constant
Ly > 0 ezists such that for all u, u critical point of Iy,

W

<L, (1+ Ig(u))

Proof Arguing as above, it is easy to prove that (4.16)-(4.19) hold also in this case.
Thus, we need an estimate for [|v]®. As

0 = Ip(u) [u*] = (Lu,u*) - /f(z,v)u"'dx - 0/ (A® + g)ut dz,
Q Q
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by (fs) and Holder inequality it follows that
Mt P < an ol [ut], + (1A 121, + gl ) [u*],,

and therefore
|| < o (fols™* +1). (4.21)

Since X~ @ X° has finite dimension, by (4.21) we deduce

e + %] < arg (Jul, + [[u*]) < ars (27 +1), (4.22)
hence, by (4.6), (4.21) and (4.22) we have

L"
o]l < a0 (1+ Ig(u)) o

So, the last inequality and (4.16)-(4.19) give the conclusion.l
Remark 4.10 Let us point out that (f5) and the regularity assumptions on g, ¢
and o are used only in the proof of Lemma 4. 6 and consequently, Lemmas 4.7 and
4.9. However, in order to get an estimate for 2k 89 , those assumptions can be avoided,

and (1)’ can be replaced by (o2)’, if we assume ¢ = 0. Indeed, in this case the
simpler expression of Iy (see Remark 3.5). and (4.6) directly imply

oI, -
0 <lgly lul, < I (Bw)+1)%

w|=|f

gudx

Lemma 4.11 If (f2) and (f3) hold, then, taking W to be any finite dimensional
subspace of X and 0 € [0,1], we have

lim sup I(B,u) = —c0.

"u"_, oo Bel0,]

Proof 1t is enough pointing out that Remark 1.3 implies
10,9)< = Jul? AMut 08 —oulu+08 +lgl, lul
(,u)_2 ul -3 lu a—oglu u gl lul,

for any (9,u) € [0,1] x X.1

5 Statement of the results

The aim of this section is to apply Theorem 2.2 to the functional Jp(u). Assume
that (f1) — (f1) and (o2)’ hold. As in section 2, let us introduce a suitable class
of minimax values for the even functional Iy. Denoting by X,, the subspace of X
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spanned by the first n eigenfunctions of -A + o(z) (see proposition 3.3), let us
consider

¢, = inf sup Ip,
heH h(xp) 0

where
H=1{heC(X,X): his odd and h(u) = u for ||u|| > R for some R > 0}.

Clearly, for all integer 7, c, is a critical value of Iy and ¢, < ¢p41. Now, we need a
suitable estimate on the ¢ s.

First, let us point out that by Lemma 4.11 for all n there exist R,, > 0 such that
if ||u|| > R, then Io(’l.l,) < IQ(O) =0
Setting

Dn={u€ Xy : |ull < Ra}
and
Hn ={h € C(Dn,X) : his odd and h(u) = u for ||ju|| = R,},

we deduce that

¢n > inf sup Io.
" €Hn h(D,)

Moreover, by (f2) and (f4) it is
1 2 A 2 (23} P
To(u) 2 5 flull® = 5 lul; — m lul, (5.1)
hence, setting K(u) = % ||u||2 - % |u|§ - 9"-‘1 [u|§ , in order to provide a lower bound

for ¢, it is enough to estimate the b, s, where

b, = mf sup K(u).
Hn h(D,)

Arguing as in [19], we shall prove the following result:

Lemma 5.1 Assume that (f1) — (f1) and (02)’ hold. Then, a constant v > 0 ezists
such that for n large ,
z—!z—Z!N

Proof Let n € N, h € H, and p < R,. ByLemma144m[19] h(D,)N 0B, N
VL, #0. Thus there exists w € h(D,) N8B, NV, s.t.

Ch > An

K@) >K(w)> inf K
max () 2 K(w) > weoiivs ().

Let u € 8B, NV, ,.-Then |u|, < An % p, so the Gagliardo-Nirenberg inequality
implies

e _p—-2 N .
[ul, < pAn where a = iy
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Whence, for n so large that A, > 2),

1 A o, —a=ae 1 ap  —Q=ap
K S 22 - 2yT12 —lA z >z2 3 z .
1 l-a
Taking p = p, = (2—?%1);3 )\:Tl ;Ei, we can assume p, < R, and therefore for n

large,
l1-a
K(U) Z 7A‘np—2 E]
which gives the conclusion.Hl
Remark 5.2 If we assume that (o;)’ holds, arguing as in the proof of (4.5) it
follows that Io(u) > 2 [[u]|® — azo |ul> . So, we suspect that, as in [24] in the case Q
bounded, it is possible to state the following estimate (independent on A,):

Cn > 6nFEW,
Indeed, denoted by v, a critical point of K(u) = i— ]IuII2 — ag |u|: at the level b,,

arguing as in [24] we can prove that

bn2G21lvnly  and  |vn|_g)y > a2 neT®,
but, © being unbounded, we are not able to directly compare |v,,|p and |vn|(p_2) y-

Finally, we can prove the results of Section 1.

Proof of Theorems 1.1 and 1.4. Assume that all the hypotheses of Theorem
1.1 (respectively Theorem 1.4) hold. Thanks to the Lemmas 4.3, (respectively 4.4)
4.5, 4.7 (respectively Remark 4.8) and 4.11, the functional I(6,u) is a good path of
functionals starting from I and controlled by p; and po with

—p1(s) = pa(s) =Ly (1 +6%)" (5.2)
. . 2N-N :
wherer:%lqu;twhﬂer=z(2—Njﬁ_%5 if ¢ > p.
Straighforward calculations show that
’ a=2r<1 (5.3)

for any g <2*if N>4andforg<2u+N—-ZYpif N=2,3.

In order to prove i), it is enough to remark that, ¢, being unbounded, so is %1(1, ¢,).
In fact, by the definition of v, we have that 9, (1, -) is increasing and |1 (1, s) — s| <
6 51(1, s), hence, by (5.2) and (5.3) it follows that

$1(1,6n) 2 n — L1 (14 2)" = +oo.
Then, i) of Theorem 1.1 follows directly by i) of Theorem 2.2.Moreover, by ii) of

22—§’2—2!N
Theorem 2.2 with & =2r < 1 and (Bz(n))‘a = A, 2*”® | we obtain that I; has an
infinite number of solutions when

22—‘2—2!”
I N (5.4)
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In particular, if ¢ < u, (5.4) becomes

2p~(p—2)N
A 2D S 2@

n

Proof of Theorem 1.5. The proof follows arguing as above by Lemmas 4.4, 4.5,
49 and 4.11.0

Proof of Corollary 1.6. The proof follows by Lemmas 4.3 (respectively 4.4), 4.5,
4.11 and Remark 4.10. B
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