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Abstract: The Keller-Segel-Navier-Stokes system in R is considered, where N > 3. We show the existence and
uniqueness of local mild solutions for arbitrary initial data and gravitational potential in scaling invariant
Lorentz spaces. Although such a result has already been shown by Kozono, Miura, and Sugiyama (Existence
and uniqueness theorem on mild solutions to the Keller-Segel system coupled with the Navier-Stokes fluid,
J. Funct. Anal. 270 (2016), no. 5, 1663-1683), we reveal the precise regularities of mild solutions by showing
the smoothing estimates of the heat semigroup on Lorentz spaces. The method is based on the real interpola-
tion. In addition, we prove that the mild solutions exist globally in time, provided that the initial data are
sufficiently small. Compared with the usual result, a part of the smallness conditions is reduced. We also obtain
the asymptotic behavior of the global mild solutions. In the proof of the asymptotic behavior, to overcome a
lack of density for the space L*(R") to which one ¢, of the initial data belongs, we show the decay of the global
solutions without any approximation for c.
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1 Introduction

Let us consider the following initial value problem for the Keller-Segel-Navier-Stokes system in RV, N = 3:

on+u-Vn=An-v-«(nve), t>0, x€RVY,

d:;c + u-Vc=Ac - nc, t>0, x€RY,
ou+ (u-Vyu=Au-Vp+nvep,t >0, x€eRY, 1.1
V-u=0, t>0, x€RY,

(n, ¢, u)(0, x) = (ng, ¢o, Up)(X), X ERV,

where n = n(t, x), ¢ = c(t, x), u = u(t, x), and p = p(t, x) are the unknown functions denoting the density of
the cell, the concentration of the oxygen, the velocity of the fluid, and the pressure, respectively. Moreover,
ngy = no(x), co = ¢o(x), and uy = uy(x) are the given initial data and ¢ = ¢(x) is the given gravitational potential.

In this article, we show the existence of local mild solutions of system (1.1) with arbitrary initial data
(ny, o, Up) and gravitational potential ¢ in scaling invariant Lorentz spaces. By analyzing the smoothing effects
of the heat semigroup on Lorentz spaces precisely, we reveal the regularities of mild solutions of (1.1)
corresponding to those of the initial data (ny, cg, uy). We also obtain the uniqueness result of mild solutions
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under the assumption based on the weak Lebesgue spaces. Moreover, if we take the initial data (ng, o, up)
sufficiently small, then we show that the mild solutions of (1.1) exist globally in time. The asymptotic behavior
of the global mild solutions is also revealed.

The Keller-Segel-Navier-Stokes system given by (1.1) has been proposed in [45]. More precisely, from
experimental observations, it is known that certain bacteria move in fluid drops and concentrate in special
regions [19]. From the viewpoint of mathematical and theoretical biology, it is assumed that such a phenom-
enon occurs by the effect of the chemotaxis, i.e., bacteria swim due to the consumption of oxygen in fluid drops.
In addition, the swimming of bacteria, a gravitational effect for bacteria, and a convective flow stir up the fluid,
and hence the fluid flow also affects the diffusion of bacteria strongly. Such a hypothesis is discussed in
[19,36,45]. We also mention that the original mathematical model of chemotaxis is called the Keller-Segel
system [27] and given as follows:

on=An-v-(nW),t>0, x€RV,
ov=Av-v+n t>0, x€ERY, 1.2)
(n1 V)(O, X) = (n0: VO)(X)’ X € [RN-

We note that the right-hand side of the second equation is not Ac — nc but Av — v + n: Recall that the unknown
function ¢ of system (1.1) denotes the concentration of the oxygen. Compared with (1.1), in the original Keller-
Segel system (1.2), we usually consider the unknown function v describing the concentration of the chemo-
attractant instead of the oxygen. This is the reason why the structure of the second equation is different. Here,
we mention that Lorz [37] considers the Keller-Segel-Stokes system described by the concentration v of the
chemo-attractant.

1.1 Existence of global solutions to the chemotaxis(-fluid) system

While chemotaxis is one of the significant features in the biological field, the Keller-Segel system (1.2) also has a
special property in the mathematical sense, critical mass phenomena. One of the typical problems for evolution
equations may be the construction of solutions. However, in general, we do not know whether we may
construct global solutions of nonlinear evolution equations for arbitrarily large initial data. Concerning this
problem, in the 2D Keller-Segel system (1.2), it is known that solutions exist globally in time if the initial density

ny satisfies I[Rzno(x)dx < 8. Conversely, for any M > 87, we may take some initial density n, such that

I[Rzno(x)dx = M and corresponding solutions of (1.2) blow up in finite time. We refer to [2-5,14,16,18,39,40]
for such results and related topics. In addition, similar results hold even if we consider the case of the Keller-
Segel-Navier-Stokes system [23,29,34]. We also note that there have been a lot of studies on the existence and
asymptotic behavior of global solutions to the 2D Keller-Segel-Navier-Stokes system in various domains. For
instance, we refer to [6,8-10,15,35,43,46,47,49].

As mentioned above, mathematical models of chemotaxis in the 2D case have the critical mass phenom-
enon, and thus, the global existence of solutions may be characterized by the mass of the initial density ny.
However, we do not know the corresponding results in the higher dimensional case N > 3. Therefore, to
construct global solutions in such a case, we have to consider weak solutions or we have to assume that all
of the initial data are sufficiently small. In the former case, there have been various kinds of the existence
results of global weak solutions to the 3D Keller-Segel-Navier-Stokes system. In fact, Liu and Lorz [35] con-
sidered the case where the term An appearing in (1.1) is replaced by An*/3, nonlinear diffusion type. Winkler
[46] studied the case where the domain is bounded and the Navier-Stokes system is replaced by the Stokes
system. Chae et al. [8] considered the case where some nonlinear terms have special structures. Tao and
Winkler [44] treated the case where the domain is bounded and An is replaced by An™, m > 8/7. In addition,
Winkler [48] considered the case of a bounded domain and achieved obtaining global weak solutions without
any restriction, such as considering nonlinear diffusion and Stokes system and assuming structures of non-
linear terms. Kang et al. [25] also treated the whole space case.
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Next, we mention another way to construct global solutions, assuming the smallness conditions. A starting
point to obtain such a result may be the article by Duan et al. [20]. In fact, they considered the 3D case and
constructed global classical solutions for small initial data in the Sobolev spaces H**(R3) framework. After
that, several results were obtained by following the well-known method of Kato [26]. Here, let us consider the
scaling invariant spaces to system (1.1). Suppose that (n, ¢, u, p) is a global classical solution of (1.1) with a
gravitational potential ¢. Then, by setting

(n/l(tx X)’ C/\(t) X)’ u/l(t: X)x pa(t’ X)) = (AZn(AZt’ AX)) C(/‘{ZL /IX)) /‘{u(/‘{zt) AX); /‘{zp(/‘{zt) AX)) (13)

for (t,x) € (0,») x RN and 0 < A < =, we observe that (n;, ¢, uy, p,) also satisfies (1.1) with ¢ replaced by
0,(x) = @(Ax) for all 0 < A < o, Since it holds that

170, ¥y = [I0(0, Dllpvegyy, 160, =gy = €0, ll=w™)
[[taC0, llvwy) = [[w(0, Ilvwyy,  IV@llvwY) = IVOllyRY)

for all 0 < A < o, we see that
ng € LN2RN), ¢y € L*RY), up € INRY))HY, Vo € INRM)V

is one of the scaling invariant spaces to (1.1). Kozono et al. [28] considered a more involved system by adding a
new unknown function v to system (1.1), where v stands for the concentration of the chemo-attractant. From
the viewpoint of the scaling invariance, they obtained global mild solutions by assuming that the given data
(ny, o, Vo, Up) and ¢ are sufficiently small in the following spaces:

ng € LN22RY), ¢ € L*(RY), Vco € (IN=(RM)V,
Vv € LN*RV)N,  ug € PAN*RV)N, Vo € (IV"RM)Y,

where P denotes the Helmholtz projection operator. Note that their result is valid for all N > 3 and that
the case of N =2 is also valid if ny € L¥/>*(RYN) is replaced by ny € L(R?). Cao and Lankeit [6] treated
the case of a bounded domain @ C R¥ for N € {23} and assumed that the initial data satisfy either
lIno = Tollzeey + licollz@) + ollvey <1 with Nj2 < q < or [l + Vcollyvo) + l[Uollvie) < 1 with
N/2<q<N and some suitable assumptions, where n := |Q|‘1I9n0(x)dx. Then, they constructed global
classical solutions. Jiang [24] considered a similar system to (1.1) in a bounded domain with N > 2 by replac-
ing ¢ with the concentration v of the chemo-attractant. He assumed that the initial data satisfy
Ino = Tollprrzgy + |IVVollvgy + |[Mollry@y < 1 with certain assumptions to show the existence of global classical
solutions. Moreover, concerning more involved scaling invariant spaces, Choe et al. [13] and Choe and Lkhag-
vasuren [12] considered the 3D case in the homogeneous Besov spaces framework; nOGquJ'S/q(W),
G € B; M(R3), u, € P(BqTB/ R3)3 and ¢ € B; J(R3) for 1 < q < 3. For the case of the other function spaces
based on Besov-type spaces, we refer to, e.g., [17,22,42,51-55].

1.2 Our motivations in this article

In this article, we consider the case where the given data (n, ¢y, #p) and ¢ satisfy

ny € LN'ZP(RN), o € L*(RY), Veo € (LVP(RN)N,

14
ug € P(LYPRV)Y, Vo € (LV*RM)Y, a

where N >3 and 1 < p < . In particular, we focus on scaling invariant Lorentz spaces. As stated before,
Kozono et al. [28] have already shown the existence of global solutions to a more involved system under the
condition p = . One of the reasons why we consider the scaling invariant spaces is to enlarge the spaces of the
given data that ensure the existence of global solutions. Although our assumption (1.4) does not seem to
provide an advantage from this viewpoint, what we want to do is to reveal the detailed properties of solutions
of system (1.1) by focusing on a difference of the index 1 < p < ». More precisely, we show that mild solutions
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of (1.1 have higher regularities than those of [28]. We also reduce a part of the smallness conditions of the given
data. In addition, we improve the asymptotic behavior of the global mild solutions to (1.1) by relying on the
condition1 < p < oo,

Before stating our main results, we shall mention the key ideas of the analysis in this article. The method
to obtain regularities of solutions is mainly based on the real interpolation. We recall that the Lorentz spaces
are characterized by the real interpolation spaces of the usual Lebesgue spaces. Kozono and Shimizu [33,
Proposition 2.1] focused on the smoothing estimates of the heat semigroup defined on homogeneous Besov
spaces, which were shown by Kozono et al. [30, Lemma 2.2 (ii)], and relied on the real interpolation technique
to obtain the space-time estimates of the heat semigroup:

tA oS
18l sy < CIF g7

From this result, we may expect that a similar estimate is valid in the case of the Lorentz spaces. By showing
the corresponding estimate, we will observe that mild solutions of (1.1) have higher regularities. It should be
noted that Yamazaki [50, Corollary 2.3] has obtained almost the same estimate as ours. We also refer to [31,32]
for related papers. Concerning the reduction of the smallness condition of the given data, we note that the term
nVe appearing in (1.1) is a linear term with respect to n. From the viewpoint of perturbation theory, we have to
assume that V¢ is small to obtain solutions. However, we may reduce such a condition by a simple modification
of the usual method in the construction of solutions. We remark that Choe and Lkhagvasuren [12] have used
such a method. Moreover, for the initial datum ¢, € L*(RY) with Vcy € (LY 2(RY))N, we only assume that
[IVcol| ¥y is small to obtain global solutions, while it is not necessary to assume that ||co||=g», is small. In
other words, we may construct global solutions even if ¢, is close to a large constant. We shall refer to the
result of Cao and Lankeit [6, Theorem 1.2], who have obtained a similar result through a different approach.
Finally, let us mention the asymptotic behavior; by following the approach due to Kato [26], we may show that
the global solutions decay as t — o with suitable rates. For instance, Kozono et al. [28] obtained the decay of
global solutions n such that

IN(O)]| 2wy = Ot N/DEIN-1/0)
ast — o« for some ¢ > N/2. Compared with this result, we show that
[In(O]|per1wyy = o(tWI2QIN=1/0)), IO yr2ogyy = 0(1)

ast — oo for some ¢ > N/2 and 1 < p < . Such a result is obtained by the method of Kato [26, Note]. Mention
that the set C;°(R") of smooth functions with compact support is dense in L¥/%2(RY) for 1 < p < « but not
dense in L¥/%>*(RM). This is an advantage of considering the case of 1 < p < «. However, we should remark that
our condition (1.4) contains ¢, € L*(RY), and thus, the problem of a lack of density still remains. To overcome
this problem, we show the decay of the global solutions without any approximation for the initial datum co. In
particular, we approximate only the initial data ny and u,.

1.3 Main results

In what follows, we shall state our main results. To this end, we consider the integral forms of system (1.1). Let
P denote the Helmholtz projection operator defined on RY, namely, we set P = I + V(-A)"'V-. Then, since
P(Vp) = 0 and Pu = u under the condition V- u = 0, we observe that the third equation of (1.1) is given by
ou — Au = -P((u -V)u - nVe). We also note that u -Vn = V-(hu) and (u -V)u = V-(u ® u) due to V- u = 0. As
the Laplacian -4 generates the heat semigroup e = G for 0 < t < oo, where G,(x) = (47t)™N/2e"X'I4) for
(t,x) € (0, ®) x RN, we obtain the following integral forms of system (1.1):
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t
n=en, - je“‘”“(V-(nu) +V:(nVc))dr in (0, ) x RV,

0
t

c = efcy - Ie(“T)A(u -Vc + ne)dr in (0,) x R¥, (1.5)

0
t

u = ey, - Ie(“T)AP(V(u ® u) - nve)dr in (0, ©) x RY,
0

A solution (n, ¢, u) of the integral forms (1.5) may be called a mild solution of the original system (1.1).
Throughout this article, we assume that N > 3.

Our first result is the existence and uniqueness theorem of local mild solutions of (1.1) with initial data in
scaling invariant Lorentz spaces.

Theorem 1.1. (Local mild solution) Let 1 < p < » and let q, 1, a, and f satisfy
N/2<q<N, N<r<min{2N, Nq/(2q - N), Nq/(N - q)}, (1.6)
1/a = (N/2)2/N - 1/q), 1/B={N/2)A/N - 1r). @7

Suppose that the initial data (n, ¢, Up) and the gravitational potential ¢ satisfy (1.4). Then, the following
statements hold:
(i) There exist T > 0 and a solution (n, ¢, u) on (0, T) x RY of (1.5) satisfying

n € BC([0, T); LN2P(RN)) N L*P((0, T); LEY(RN)),
tYan € BC([0, T); LYY(RNY),
¢ € BC((0, T); BUC(RY)),
Ve € BC([0, T); (LNP(RM)N) n LAP((0, T); (LM RM)Y),
tfvc € BC([0, T); (L"Y(RM)N),
u € BC([0, T); P(LNP(RN)N) N LAP((0, T); P(LY(RN)V),
tYBu € BC([0, T); P(L1(RN)N).

Moreover, the solution has the properties

I(n, ¢, w|x, = ”n”LTw(LN/Z’/J(RN)) + ||C||L;°(L°°([RN)) + ||VC||LT°°(LN"’(RN)) + ||u||LT°°(LN’p(RN))
+ sup (tY9In(O)||paagyy + FVC(O)lragry + Fu®)||pragy)

0<(<T
+ [l grqaiwyy + IVEll pegrigny + Ul pegrigyy (1.8)
< 2lcollz=wy + CQ + [[VQ||pr=®™)A + [|Coll1=w )

X (|Inol[pv2ewyy + [[VCol[Lve@wNy + |[WollL¥e®M))s

llellzeae®™y < 2llcollz=w™ (1.9)
and

Lim(in(t) = nollpvzegyy + IVe(E) = Veollpvewy) + [[u(E) = Uollreg) = 0, (1.10)
lim [le(t) = eeollp=) = 0, (111)
tlirf})(t”a||"(t)||ylv1(m“’) + tYBVe(O)]pragyy + B [u(®)|rage) = 0, (1.12)

where C > 0 is a constant independent of T, ny, Co, Ug, ¢, N, ¢, and W.
(ii) Let 0 < Ty < oo, There exists a constant 0 < § < 1 independently of Ty, ny, Co, Ug, and ¢ such that a solution

(n, ¢, w) on (0, T) x RY of (15) satisfying
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n € L**((0, T); L**RY)), ¢ € L*((0, Ty); L*(RY)),
Ve € LP=((0, To); (L""RV)M),  u € LP=((0, To); P(L-"(RV)M),
limsup{Au(t € (0, o) | [In()]|ze=g) > DY + Au(t € (0, T) | [[Ve(Ol|r=gr) > VP

A=

+ Au(t € (0, ) | |[u@®)|lyr=g> > DY} < 81 + ||Vo||pvege) (A + ||C||L1‘1‘;)(L"“([RN)))_1

is unique, where u denotes the usual Lebesgue measure on (0, Tp).
(iii) In the statement of (i), suppose that (n, ¢, w) is the solution on (0, T) x RY of (1.5) with the initial data

(no, co, Uy) and the gravitational potential ¢. In addition, suppose that (i, €, ) is a solution on (0, T) x RY of
(1.5) with initial data (R, Cy, iy) and a gravitational potential ¢ such that

flp € IN2P(RY), & € L*(RY), Vg € (LNPRM))N,

ify € PLNPRN)N, Vg € (LN*(RM)N.
Then, it holds that

I(n-n,c-¢ u-ux
< CQA + Vol regm)A + [Icoll=®@)IINo = Aollpyresgy,
+ C(L+ ||V@||pregMy)llco = Coll=wy + ClIVCo = VEo||py e
+ C(L + |collp=w™) )(IVQ = V@ |prvegyy + |[ttg = Wol|pvey),

(1.13)

where C > 0 is a constant independent of T, ny, ¢y, Wo, @, My, Cy, Uy, @, N, C, U, N, C, and U.

Remark 1.2. (i) The spaces of solutions of (1.1) are scaling invariant spaces, which correspond to those of the initial
data. In particular, for the function (ny, ¢;, u;) given by (1.3), we observe that ||(ny, ¢, un)||x. = ||(n, ¢, w)||x., for
all0 < A < oo,

(ii) In Theorem 1.1, we focus on the local solvability. In this case, we do not have to assume the smallness
conditions of the given data unlike the result of [28]. Moreover, even though C;°(RY) is not dense in L*(RY), it is
not necessary to assume that [|co||,~x», is small. We remark that the smallness condition of ¢ is also reduced by
the method of [12].

(iii) A main difference between our result and that of [28] is the regularities of solutions in both space and
time directions. Concerning the space direction, we see that t%n(t) € L¥(RN) for all 0 < ¢t < T, where
LPY(RN) € LI(RN). Moreover, we also have n € L%((0, T); L+*'(R")), which may be regarded as a gain of
regularities in the time direction. Note that p is the same as the index appearing in (1.4), and thus, this is an
advantage of considering general 1 < p < ». We refer to [50, Corollary 2.3] and [33, Proposition 2.1] for such
results.

(iv) We also mention that properties (1.10) and (1.12) are obtained by considering the case of 1 < p < o; this
is also different from the result of [28]. Since (1.10) and (1.12) rely on the density argument, for the space L™(RY),
we only know that c¢ € BC((0,T); BUC(RY)) with (1.11). Specifically, we do not know whether
limy.|c(t) = Col|=w™, = 0 holds. However, by combining (1.11) and the duality argument, we see that
lim,_..o{c(t) = co, ¥) = 0 for all p € LYRN).

(v) The statement of (ii) states the uniqueness of mild solutions. To ensure the uniqueness in weaker
assumptions, we consider the case of weak Lebesgue spaces in both space and time. Note that some smallness
conditions are needed. Recall that the weak Lebesgue spaces are characterized as follows:

Inflpg=qe=@yy = sup Au(t € (0, To) | [In(Ollpe=gr) > nve.
0<A<oo
Therefore, the smallness condition implies that a part of the norm is sufficiently small. We also remark that
[42, Proposition 3.7] yields
lim Au(t € (0, T5) | [In(O)lle=e, > A" = 0,
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provided that tV/%n € L°((0, Tp); L¥*(RN)) satisfies limtq+ot1/“||n(t)||Lq,w([RN) = 0. Thus, we observe that the
solution obtained in the statement of (i) satisfies the assumption of uniqueness. We refer to [33, Theorem 2
(i1)] for a similar assumption.

Our second result states that if the initial data (ng, co, U) are sufficiently small, then we may obtain global
mild solutions of (1.1). In addition, the asymptotic behavior of the global mild solutions is obtained.

Theorem 1.3. (Global existence and asymptotic behavior) In the statement of Theorem 1.1 (i), there exists a
constant 0 < ¢ < 1 independently of ny, ¢y, Uy, and ¢ such that if

|70l vrzegyy + ||[VCol |y + |[WollL¥er™

Y , (1.14)
< (1 + ||Volprv=gm) (1 + [|Collp=®Y)) ™%

then, the solution (n, ¢, u) of (1.5) exists globally in time, namely, the existence time interval T in the statement of
Theorem 1.1 (i) may be chosen as T = «. In addition, the following properties hold:

Lm(|n(Ollvzegy) * IVEOlvegy) * [[Ollrewt) = 0, (115)
lim le(6) - eeollp=w) = 0, (1.16)
(@) oy + EAITED oy + PO ) = 0. &y

Remark 1.4. (i) As stated before, we do not have to assume that ||co|| =g *, and |Vo|| ¥~ are small unlike the
result of [28]. In particular, we may take ¢, such that ¢, is close to a large constant. This consequence is
regarded as a whole space version of [6, Theorem 1.2]. In addition, the dependence of the smallness of the
initial data with respect to ||co|| ~®», and ||V@|| v g~y is given by (1.14). We also remark that a similar result to
Theorem 1.3 is still valid even if p = «. However, in this case, we have to modify the regularities of solutions
and the properties (1.10), (1.11), (1.12), (1.15), (1.16), and (1.17) due to a lack of density.

(i) Noting (1.7), we see that property (1.17) implies

IN(O||pe1w> = o(t-NI2QIN-1/9)),
ch(t)”Lr'l(RN) = o(t‘(N/Z)(llN—I/r)),
lu(®llr1wy) = o(t~(NIDAIN-1/r)y

ast — . Hence, we see that these decay rates coincide with those of the solutions to the linear heat equation.
In addition, our result is regarded as an improved version compared with [28]. Here, we mention that our
method of construction of global solutions is based on the linear analysis and perturbation theory. We also
refer to [9-11] for the decay property of global solutions to (1.1).

(iii) Such a result and the remaining property (1.15) are shown by the density argument. In particular, our
condition 1 < p < o plays a key role in the proof of refined decay properties. More precisely, we use the
method of Kato [26, Note]. To this end, we combine the continuous dependence of solutions given in Theorem 1.1
(iii) and the density argument. However, from estimate (1.13), we see that the term ||co — Col|;~r», disturbs the
decay of the global solutions since Cy’(RY) is not dense in L”(R"). Therefore, to show the properties (1.15) and
(1.17), we consider smooth initial data no € Cy(RY) and uy € (C;’(RY))V and the original initial datum
¢o € L*(RY). Even if we consider such a case, we may show that the corresponding solutions have the desired
decay properties. We also mention that a similar remark to property (1.11) may be said for (1.16); although a
lack of density disturbs the usual decay property, we see that lim,..{(c(t), ¢) = 0 for all ¥ € L'(R") from the
duality argument.

This article is organized as follows: In the next section, we recall the notation and definitions of function
spaces. Some fundamental properties of the Lorentz spaces are also stated. In Section 3, we show the
smoothing estimates of the heat semigroup on Lorentz spaces. We also prove the standard decay properties
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of the heat semigroup. Section 4 is devoted to the proof of our main results. To this end, we show the suitable
estimates of the nonlinear terms. After that, we construct local solutions of (1.5), i.e., we show Theorem 1.1.
Finally, we also show the existence of global solutions and asymptotic behavior, i.e., we show Theorem 1.3.

2 Preliminaries

2.1 Notation and function spaces

Here, we recall the notation and definitions of the function spaces: Let d € N. Assume thatQ C R4 is a domain
and E is a Banach space. Then, BC(Q; E) and BUC(Q; E) denote the spaces of all bounded continuous E-valued
functions on Q and bounded uniformly continuous E-valued functions on Q, respectively. Note that BC(Q; E)
and BUC(Q; E) are the Banach spaces equipped with the norm ||f||z=@; £) = SUP,eo|lf(X)||¢ of the Bochner-

Lebesgue space L(Q; E). In particular, we set BUC = BUC(RY; C).

For the Bochner-Lebesgue space LY(Q; E), let L. .(Q; E) denote the set of all functions f such that
f€ IXK; E) for any compact subset K C Q. In addition, for the function f€ L}.(Q; E), let us define the
rearrangement f* of f by setting

f*@) = inf{n € (0, o)|ulx € QUIfF|le >m <A}, 0<A<o,

where p denotes the usual Lebesgue measure on Q. We also define the Lorentz spaces L%P(Q; E) =
{f € Lip(Q; E) | |Ifllere £y < o} for 1< q < o and 1< p < o, where

) 1/p
lj(ﬂl/qf*()l))ﬂd)t/)t] if1<p <o,
fllzerce; £y = 1l0
sup AY4f*(Q) if p=o,

0<A<oo

We remark that ||f]|ze; £y = |l|Iflle]le#@; ) holds from a simple calculation. In particular, we set L?°(Q) =
L9P(Q; €) and L?P = L#P(RY; C). We also abbreviate as follows:

Wy = Wflle=o.ry; £ys  Wfllzee@)y = Wflleeo,ry; £y
Wllz=ey = Ifllz=o.x s Ifllzercey = fllzer (o, E)-

For the Helmholtz projection operator P, we set P(L4P)N = {Pu € (L9P)N | u € (L9*)N}, where the bounded-
ness of P : (L%*)N — (L¥P)N is mentioned in, e.g., [50, p. 641].

2.2 Fundamental properties of the Lorentz spaces
In this article, we focus on the Lorentz spaces, and thus, we recall the fundamental properties here.

Proposition 2.1. Let d € N. Assume that Q@ C R? is a domain and E is a Banach space. Then, the following
Statements hold:
() Let1<q<oandl<p <o Then, for every f, g € LYP(Q; E), it holds that f + g € LTP(Q; E) with the
estimate
If + gllores £y < 2Y9(Iflleoece; £y + NI8lIoece; £))-

In addition, it holds that L¥9(Q; E) = L1(Q; E). Furthermore, for every f € L?*(Q; E), the following equality
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Ifllo=e; £y = sup Au(x € Q| [If (X)[lg > D)1
0

<)<
holds.
(i) Letl1<q<xandl < p, < p; <. Then, the following continuous embeddings
LY(Q; E) C L4Pu(Q; E) C LEP(Q; E) C L™(Q; E)

hold.

(i) Let1 < q < ©and1 < p < . Suppose that q,, q, € (1, ®) and p,, p; € [1, ©] satisfy 1/q = 1/q, + 1/q, and
1/p = 1/p, + 1/p,, respectively. Then, for every f € L% (Q) and g € L%P(Q), it holds that fg € L9*(Q) with the
estimate

fgllzoo@) < 249||f |10 I8l L)
(iv) Let1 < g <»and1 < p < o, Then, for every f € L*(Q) and g € LTP(Q), it holds that fg € LTP(Q) with
the estimate
8l < 2Y9f o lIgllzr )
W Letl<qy<q so,1<p<oo, and0 <0 <1. Then, it holds that
(L%(Q; E), L%KQ; E))g,p = L¥P(Q; E),
where q satisfies
1/q= @1~ 6)lq, + 0lq ()]

and (-, -)g, denotes the real interpolation spaces. In addition, let 1< q, < q, < ®, p, py, p; € [1,®], and
0 < 6 < 1. Then, it holds that

(L%Po(Q; E), L9P1(Q; E))G,p = LTP(Q; E),

where q satisfies (2.1).
(vi) Let 1< q <o and 1< p < =, Then, the set C;’(Q) of smooth functions with compact support is dense
in LTP(Q).

Proof. The assertions of (i), (ii), and (v) are shown by Castillo and Rafeiro [7, p. 216 and Theorems 6.3 (b), 6.4 (a),
and 6.6] and Bergh and Lofstrom [1, Theorems 5.2.1 and 5.3.1]. Hence, it remains to verify the assertions of (iii),
(iv), and (vi).

Concerning (iii), we assume that p, p;, p; € [1, ). Then, since (fg)*(A) < f*(A/2)g*(A/2) for all0 < A < o
from [7, Theorem 4.11], we see by the Hélder inequality that

JoacgrawS < fanpamgamps:
0 0

- 208 gy gy
0

0 p
< 211 ol ooy

which yields the desired result. The remaining cases are shown in the same way. Moreover, we may show the
assertion of (iv) as well.

Finally, we show (vi). The condition 1 < p < » and [7, Theorem 6.19] imply that we may take a sequence
{filjen C (L' N L*)(Q) of simple functions satisfying lLim..||f - fillee@) = 0. In addition, since Cr(Q) is
dense in L(Q), for each j €N, there exists a sequence { f].’k}kEN C Cy(R) of functions such that
limyo||f; = f; 1 llze) = 0. Noting that the assertion of (v) yields (L(Q), L*(Q))1-1/¢, = L#*(Q), we see by [38,
Corollary 1.7] that
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f = fj xlleeee) < CAIF = filleeey + If; = fjxlleoey)
1 1-1/
< C(If - fllwry *+ Wf; = Fixllpggy Iy = Fiaelli=)s

which gives

1imsup|[f— f]-,k”quP(Q) < CHf— f}”LW(Q).
k— o
Therefore, by letting j — o, we have the desired result. O

Remark 2.2. (i) Proposition 2.1 (i) gives the quasi-triangle inequality on the Lorentz spaces L%P(Q; E). More
precisely, it is known that L9(Q; E) are not normed spaces in general [7, Theorem 6.5 (a)]. However, by
introducing

) 1/p
‘_[(Al/qf**(A))PdA//\’ if1<p<o,
IfDsece; £y = 1lo
sup AVaf**(Q) if p=o,
0<A<o0
where f**(A) = A‘lﬁ f*(n)dn for 0 < A < », we may show that [-]¢7; gy are norms and
Il £y < [flieee; £y < q(q = D7Ifllzere; )

holds for all f€ L%P(Q; E) [7, p. 228 and Theorem 6.14]. In addition, the Lorentz spaces L%*(Q; E) equipped
with the norms [-[zero; ;) become Banach spaces [7, Theorem 6.18]. Hence, we may regard L%°(Q; E) as
Banach spaces even though ||-||ze¢(e; £y do not satisfy the triangle inequality.

(ii) In this article, we consider the Lorentz spaces L% for 1 < q < o. If we consider the case of ¢ = 1, then
we do not know the equivalence of norms [-J;1¢(q; ry and||-||;1e(q; £y due to the coefficient g(q - 1. In addition,
if we consider the case of g = «, then we see by [7, p. 216] that L™P(Q; E) = {0} for any 1 < p < . Thus, we
exclude the marginal cases ¢ =1 and q = .

3 Heat semigroup on Lorentz spaces

In this section, we show the properties of the heat semigroup {€“};., defined on Lorentz spaces L. We first
show the smoothing estimates and space-time estimates of the heat semigroup. These estimates play a key role
in the proof of our main results. We may regard the assertions of (iii) and (iv) below as the result corre-
sponding to that given by Kozono and Shimizu [33, Proposition 2.1]; they showed the space-time estimate in the
homogeneous Besov spaces framework, where the homogeneous Besov spaces are characterized by the real
interpolation spaces of the homogeneous Sobolev spaces. Our method also relies on real interpolation. We
have to remark that Yamazaki [50, Corollary 2.3] has shown a part of our estimates: Even so, we attach all the
proofs in detail for the convenience of the readers.

Proposition 3.1. Let 1< g, < g, < and 1< p < o, Set (Hf)(t) = e“f for f€ Lj. and 0 < t < co. Then, the
following assertions hold:
(i) For every f € L%P, it holds that Hf € L*((0, »); L9%F) with the estimate

IHf[z=@ory < ClIfl|oe,

where C > 0 is a constant independent of f. In addition, it holds that V(Hf )(t) € (L%P)N and VX(Hf )(t) € (LWP)N
for all 0 < t < o with the estimate

(IVICHF)(0)]|zooe < CEI2||f||pa00

for j € {1, 2}, where C > 0 is a constant independent of t and f.
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(it) For every f € L%, it holds that (Hf )(t) € L%! N L and V(Hf )(t) € (L% N L*)N for all 0 < t < o with
the estimates

IPCH Ol < CENR D2 f g,
DO < eV TP -

for j € {0, 1}. In addition, for every f € L', it holds that (Hf )(t) € L% and V(Hf)(t) € (L®)N for all0 < t <
with the estimate

IVCH)Ol|gar < CoNRAWT2|f]]

for j € {0,1}.
(iii) Let j € {0, 1} and let a; satisfy 1/a; = (N/2)(1/q, - 1/q,) + j/2. Suppose that 1/q, — 1/q, < 2/N. Then, for
every f € L%P, it holds that Hf € L%P((0, c); L%1) with the estimate

1 llzeongaty < ClIf |z

In addition, suppose that 1/q, - 1/q, < 1/N. Then, for every f € L%, it holds that VHf € L%P((0, ®); (L%®-1)N)
with the estimate

IV Hfl|ssognsy < Cllfflzsoe-
(iv) Let j € {0, 1} and let B; satisfy 1/B; = N/(2q,) + j/2. Suppose that N/2 < g, < . Then, for every f € LIP,
it holds that Hf € LPoP((0, ); L™) with the estimate
1Hf pporq=y < ClIfflzwe.

In addition, suppose that N < g, < ». Then, for every f € L%, it holds that VHf € LFvP((0, »); (L*)V) with the
estimate

IVEfllprogmy < Cliflleoe-

Proof. (i) Since 1 < g, < g, < ®, we may take q_, g, € (1, ) so that
1<q <qy<¢q <q. 3.1
In addition, we take 0 < 0 < 1 satisfying
1/q,= (1 - 6)/q_ + 0/q,. (3.2)
Then, we see by the usual estimates of the heat semigroup that
Vel ||ge < CEIf |lpoe, || Ve, e < CEIRYIF, o

forall0 <t <o, j€{0,1,2}, f € L% and f, € L% Since (3.2) and Proposition 2.1 (v) yield (L%, L%)g , = LiP
for all 1 < p < =, we see by [38, Theorem 1.6] that the desired estimates are valid.

(ii) We consider q_, q, € (1, ©) and 0 < 6 < 1 satisfying (3.1) and (3.2) again. The usual estimates of the heat
semigroup yield

(IViedf ||pa < Ct-NIDAWaA1a)~12||f || o,
||Vetdf, || s < Ct= N2/ =112 ||| a:,
[|Wef.||p= < CtNIQOTRf ||,
Wetf, = < CEMICa I |
forall0 <t <o, jE{0,1}, f € L%, and f, € L%. Therefore, by applying Proposition 2.1 (v) and [38, Theorem
1.6], we deduce that
(|Veldf]| Lo < C(t~N/DA/q-~1/q)=j12)1=6(¢=(NI2)A/6.=1/a)=jI2)0| | f| | jao = Ct=NIDA %=1 a1\ f|| a0,
(|Veldf]||,» < C(¢~N/@a)=JI2)1=0(¢=NIQa)=12)8)|f|| a0 = Ct™N/ QW T12||f]| a0



12 — Taiki Takeuchi DE GRUYTER

for all 0 < t < » and f € L%®. Since the first estimate is valid for all g, < g, < «, by taking r, r, € (1, ©) and
0 < 0 <1 such that

Q<T-<g<r<e, 1/q=>10-0)r +adr,
we have
Vietfll- < Ct- 2/ f o,
Vietf]l < C- DI 2| ]|y
forall0 < t < = and f € L%. As Proposition 2.1 (v) yields (L™, L)1 = L% we see by [38, Corollary 1.7] that

Ve ||yt < ClI Ve[| | Ve f
< C(e NI T2 f]| gy Y10 (¢ DAG0Y)12 f | gy )
= Ct‘(N/Z)(l/QO‘1/‘11)_//2||f||LL10v°°.

Similarly, noting that

el < Ce- IR I,
Vel < Ce- NI I )

forall 0 <t < o and f € L!, we also see by Proposition 2.1 (v) and [38, Corollary 1.7] that
I Wetf|lus < C|[ Ve |7 Vel %,
< C(t—(N/Z)(l—l/r-)—j/ZHﬂ|L1)1—a(t-(N/Z)(1—1/r+)—j/2||f||L1)o'
= Ct'(N/Z)(l'l/ql)‘f/2|[f||L1,

which yields the desired estimate.
(iii) Let 1 < q < q,. Then, we see by the assertion of (ii) that

Ut € (0, ) | [|Vetf||jur > HWN/DA/a1 a2

< Ut € (0, ) | C-NVIDA-1a)12||f|| 00 > N)YNIDA/G-1/g)+/2
Ut € (0, ) | (CY|f||po=) VDU a-1a)+iI2" > ¢y /2A/a-1/q)%12
CA o

for all 0 <A < « and f € L**. In what follows, we consider the case of j = 0. Suppose that 1/q, - 1/q, < 2/N.
Then, we may take ¢, q, € (1, ) so that (3.1) and 1/q_ - 1/q, < 2/N. We also take 0 < 6 <1 such that (3.2).
In addition, let a- and a, satisfy

Ya- = (N/2)A/q - 1/q), 1a. = (N/2)(1/q, - 1/g,).
Then, we obtain a_, a, € (1, ») and
A-0)a-+0/a.=1/ay
from condition (3.2). Therefore, since setting ¢ = q_ and g = ¢, in the above estimate yields

u(t € (0,%) | flef [fynr > AV < CATIF [ge-m,
u(t € 0,%) | flef[lynr > AV < CAIf, e

forall0 <A <o, f € L%, and f, € L%, we see by Proposition 2.1 (i) that
WH o=ty < Cllfllee=,  1Hf llpo=qaty < ClIf (e
By using Proposition 2.1 (v), we have

(L0, 00); L), (0, )3 L))y, = LWP((0, 0); L4,
(L4, L), = LW,
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Hence, it holds by [38, Theorem 1.6] that the desired estimate is valid. The case of j = 1 may be shown in the
same way.
(iv) We may show in the same way as in the proof of the assertion of (iii). This proves Proposition 3.1. [

By combining Proposition 3.1 and the standard density argument, we may show the following properties:

Proposition 3.2. Let 1 < g, < q; < @ and 1 < p < . Then, for every f € L%P, it holds that

lim ||€%f = f||poe + lim ||e®f||zor = 0, (3.3)
t—+0 t—
1
lim E (t NI/ 41 8)412)|Zetf|| 1 + tN/ Q12| Wieldf]|| =) = 0, 3.4
t—+0, ; K
> j=0

tooo

where the limit of (3.4) implies either t — +0 or t — o. In particular, the heat semigroup e” : L9P — L%F is a
bounded analytic Cy-semigroup.

Proof. Since 1 < p < «, by applying Proposition 2.1 (vi), we may take a sequence {f; }xen C Cg of functions so
that limy«||f - f; [l0» = 0. Here, noting that Proposition 2.1 (v) yields (L', L*)1-1/q,, = L%, we see by [38,
Corollary 1.7] that

1/q, 1-1/q,
lle“fic = ficllwoor < Clle“fi = fillpxlle%fic = fllp=""
1/q, _
< Clle“fi = fill2" QI =)'

for all 0<t<w and k€N. Since the heat semigroup e?:L'— L' is a Cy-semigroup, we have
lim,_+o||e®f, = fillzee = 0. Hence, by the condition g, > 1 and Proposition 3.1 (i) and (ii), we observe that

lle“f = fllwos < C(lle“f = ey llzwe + [le“fy = fillzoe + [lfy = fllusoe)
<C(lf = fllswe + ||€2f, = fillooe),
lle“fllzeor < C(||e%f = e“fy llwe + [1€“f; [lLe)
< C(If = fillpwo + e NDAVDYf||11),

which yield

limsup||e®f - fl|rwe + limsup||e’f|| o < Cllfy; = fllro0e.

t—+0 t—oo

By letting k — o, we obtain (3.3). Moreover, since Proposition 3.1 (i) yields ||Aef]|zwr < Ct™Y|f]|0e for all
0 <t < and f€ L%?, by applying [21, Theorem 4.6], we observe that the heat semigroup e® : Li%P — [P
is a bounded analytic Cy-semigroup.

In addition, by considering the sequence {f} }xen C C, again, we also obtain

tWNI2DA Q=14 +12) |\ eldf || v + ¢V G412 |\ Wielf || =
< CHONRAa NI Delf - Ve, [ + Ve, )
+ VIO I(|[Dietf - Vet [s= + Ve 1)
forall0 <t <o, k€N, and j € {0,1}. Hence, Proposition 3.1 (i) and (ii) imply that
tWNI2DA16=11a) 12 |\ Qietf || arr + V120412 Wit ||
< CUIf - fillzwr + t NPV G |GIf || 000 + ¢V ||)
and

(2040100 I e 1 + NI T g < CIF = fillwr + NS 1),

Noting that 1 < g, < q,, we have
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1

limsup Y (¢N/2/a119)512| Pelf|| s + VW12 Webf||=) < Cllfy = fllzwe,
t=+0, j=0

t—oo

and thus, we obtain (3.4) by letting k — o. This proves Proposition 3.2. ]

4 Construction of mild solutions in scaling invariant Lorentz spaces

4.1 Nonlinear estimates

In this section, we shall show our main results (Theorems 1.1 and 1.3). To this end, we follow the approach due
to Kato [26]. Particularly, we show the suitable estimates of the nonlinear terms of the integral systems (1.5) by
using the estimate of the heat semigroup in Proposition 3.1. We begin with the following estimates:

Proposition 4.1. Let1 < a < ©,1< p < ©,1/a < ¢ < 1,and0 < T < =, For the function f € L1 .(0, T), define I,[ f]
by setting

WL = [t - oroppnr, 0<t<T.
0

Then, the following statements hold:
() Suppose that f€ L*P(0,T), where 1< ay< o satisfies 1/ag=1/a +1- a. Then, it holds that
I,[f] € L*P(0, T) with the estimate

oL f NIz < Cllfllzgoe,

where C > 0 is a constant independent of T and f.
(ii) Suppose that f € L*P(0,T) and g € L**(0, T), where ag, a; € (1, ) satisfy 1/ay + 1/a; = 1/a + 1 - o.
Then, it holds that I, fg] € L%P(0, T) with the estimate

sl fgllzge < ClifllLgorlIgllzere,
where C > 0 is a constant independent of T, f, and g.
Proof. (i) Let 1 < a,, < = satisfy 1/a, < 0. Then, we have 0 < 1/a, + 1 - o < 1. Suppose that f € L&/@+1-07"(0, T),
By setting

_|f(@® T€(,T), _ |Gl D@® t€0,1),
EO=10 ¢ R\(0, T), I el fD(E) = 0 £ €R\0.T),

we obtain (I, g[ f1)(¢) < Ith - 7|°|fz(7)|d7 for all t € R. Hence, the Hardy-Littlewood-Sobolev inequality [41,
V, Theorem 1] yields

ol flllg = Mo el flllew) < CH’E”L(l/a*ﬂfa)‘l(R) = C“fHL}l/wlfo)‘l- 4.1

Next, take a-,a, € (1,) so that 1<a-<a<a,<o and 1/a- < g. We also take 0 <0 <1 satisfying
1/a = (1 - 0)/a- + 6/a.. Then, we see by (4.1) that

Mol Mleg < QN ety ol Allge < CILAL rar-or
for all f. € LWe+1-9)"(0, T) and f, € LU/%+1-97(0, T). Since
1-0)1/a+1-0)+01/a,+1-0)=1a+1-0=1/ap,

Proposition 2.1 (v) implies that
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(La_(09 T)’ La+(0’ T))G,p = La,P(O’ T);
(L/a-+1-00'(0, T), LA/a+1-07'(0, T))g , = L20P(0, T).

Therefore, the result of [38, Theorem 1.6] yields the desired estimate.
(ii) In the assertion of (i), by replacing f with fg, we have

||Icr[fg]||L{5'p < C“fg”Lg/aﬂ—o)*,p'

Noting that1/a + 1 - g = 1/ay + 1/a;, we see by Proposition 2.1 (ii) and (iii) that the desired estimate holds. [

By combining the estimates in Propositions 3.1 and 4.1, we show the estimates of the nonlinear terms in the
Lorentz spaces framework.

Lemma4.2. Let N/2< q< o, N<r<ow 1<p<o and0<6<1andleta,p € (1, ©) satisfy (1.7). In addition,
let 0 < T < o and set

t

DO = [ (dr, 0<t<T

0

for f€ LL.((0, T); LL,). Then, the following assertions hold:
(i) Assume that (6 + 1)/N < 1/q + 1/r < 1andlet1 < q, < » satisfy 0 < 1/q + 1/r — 1/q, < 1/N. Then, it holds
that

IZIV- () )(O)]| o1 < Ce-®IDEINT012 sup 71«02 |n(T) | 0= sup T/P||u(D)]|p=,

O<z<t O<z<t
ILTV-(VO)](0)|| o < CtNIDEINY0)=012 sup THa*812)|n(T) |10 sup T/F||Ve(T)||p=,
O<z<t 0<7<t

ILIV-(u)]llerqaty < Clinllp oo Ul pogr=.

[IZTV-(nVO)]||2p(zaty < Clinflzerge= ||Vl LEP@)

for all0 < t < T, where C > 0 is a constant independent of T, t, n, ¢, and u.
(it) Assume that u(t) € P(L"™)N for all 0 < t < T. Then, it holds that

12T -el(©)|z= < €t sup [|c(D)]lr= sup T/F O ju(D)]|p,

0<7<t O<7<t
[ ZInc](©llz= < €t/ sup T/ 02||n(D)||ze= sup |lc(D)][z=
O0<7<t O<7<t

forall0<t<T.
(iif) Assume that 0 < 2N/r and let 1 < 1, < o satisfy 0 < 2/r — 1/r, < 1/N. Then, it holds that

IV u -Ve](0)]|pnt € CmWNIDAINRI=6/2 gupy 71 E+012)|u(7)||pre sup TVA||Ve(D)||pr=,

O<z<t 0<7<t
ILTPY-(u ® W)(0)]|1 < Ce-WIDANIIZ612 sup B0/ u(T)||re sup /A||E(T)|rr,
O<z<t O<z<t

IVZTu V]|l pogray < Cllull pogrey 1Vl pogre,
[ ZTPV-(u ® W)]||poray < Cllullppogre) [Tl perey

for all0 < t < T, where C > 0 is a constant independent of T, t, ¢, u, and i. Here, ® denotes the tensor product.
(iv) Assume that 8 < N/q and let 1 < 1, < oo satisfy 0 < 1/q — 1/r, < 1/N. Then, it holds that

IVZInc](®)]]r < CeNIDUNARIZ012 gup 012 n( 7)) sup [|c(D)[r
0<t<t O<z<t

for all0 < t < T. In addition, if q and r satisfy 0 < 1/q — 1/r < 1/N, then, it holds that

92Tl pogrny < Clinllgsogam sup [le()]z-

0<7<t

forall0<t<T.
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(v) Assume that 6 < N/q and let 1 < 1, < o satisfy -1/N < 1/q — 1/r, < 1/N. Then, it holds that

IZIP(YQN(O)|1 < Ct-NIAANTIR02)| Y| e sup T4/ n(T)] |0

O<z<t

for all 0 <t < T, where C> 0 is a constant independent of T, t, ¢, and n. In addition, if q and r satisfy
-1/N < 1/q - 1/r < 1/N, then, it holds that

IZTP(NVQ)]|| pogrry < ClIVQ|x [Nl 2r s
forall0<t<T.

Proof. (i) Take g, so that 1/q, = 1/q + 1/r. Then, the assumption yields
max{(6 + 1)/N, 1/q,} < 1/q, < min{l, 1/N + 1/q,}.

Since it holds that J;(t - 1) 17b-1q7 = B(a, b)t**P 1 for all 0 < t < » and a, b € (0, ), where B(a, b) denotes
the beta function given by B(a, b) = IO (1 - ) 1A71dA < =, we see by Propositions 2.1 (iii) and 3.1 (ii) that
t
I Z1V-(nu)](t)]| 01 < C I(t - )y W42 (nu)(7)) |- dT

0
t

< CI(t - T)_(N/Z)(llqo_llq*)_llz”n(T)”qu‘”||u(T)||Lfv°°dT
0
< CB(1/2 - (N/2)1/qy - 1/q,), N/(2q,) — 1/2 = 6/2)t™1+N/Ca.)-6/2
X sup Tl_N/(Zq)+9/2||n(T)||Lq,°° sup Tllz—N/(Zr)Hu(T)HLr,w

0<t<t O<z<t

for all 0 < t < T. In addition, since we may take q, = ¢, there holds
t

IV -(nu)](t)]|pan < Cf(t - O VP e |[u(o)| |- dr.
0

Noting that 1/a + 1/ = 1/a + 1 - (1 - 1/f8), we see by Proposition 4.1 (ii) that

NZTV-(ud)]||parllze < C [Hmlle=llzee Nllwll= I pe-

The remaining estimates are obtained by replacing u with Vc.
(ii) We remark thatu -Vc = V-(cu) due to V- u = 0. Since ¢ > N/2 and r > N, it holds by Propositions 2.1 (iv)
and 3.1 (ii) that

17T Vel < € [ (€ = Ty M1 cup(o)]|reda

0
t

< CJ.(t - T)_N/(Zr)_UZ”C(T)“Lm“u(T)”Lr,de
0
<CB(1/2 - N/(2r), N/@2r) +1/2 = 0/2)t™%2 sup ||c(7)||z= sup /> N/ u(T)|| =

O<7<t 0<7<t

and

t
IZTnel®)z- < € [ (¢ = )N/ (o)D) paedr
0

t
<[t - Dy V1e|n(o) o lle(@)]p-de
0

< CB(1 - N/(2q), N/(2q) - 8/2)t%* sup T*"N1CO*912||n(T)|| o= sup ||c(T)]|z=

O<z<t O<z<t

foral0<¢t<T.
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(iii) Sincer > N, N/r - /2 > 0, and 0 < 2/r - 1/r, < 1/N, we see by Propositions 2.1 (iii) and 3.1 (ii) that

t
(IVITu -Ve] (0| < CI(t - )y WI2QIr=1r)=112)|(u -Ve)(T)||rreedT

0
t

< CJ’(t - T)‘(N/Z)(Z/r—l/r*)—llznu(T)HLr,w||VC(T)||Lr,wdT
0
< CB(1/2 - (N/2)2/r - 1/r,), N/r — §/2)¢ 12+N/@r)-0/2
X sup Tl/Z—N/(Zr)+9/2”u(T)”Lm sup TUZ_N/(Z”HVC(T)HLW

0<7<t 0<t7<t

and

t
IZIPY-(u ® @)y < C (¢ - Dy @RI @ F)(D)yrnedr

0
t

< [(¢ = £y WU () | e d
0
< CBQ1/2 = (N/2)2[r = 1/1), N/r = 0/2)t 1/2+N/@r)=6/2
X sup Tllz_N/(2r>+9/2||u(’Z')||Lr,°° sup ,1-1/2—N/(2r)||ﬁ'(,[-)”L,’m

0<t<t O<t<t

for all 0 < ¢ < T. Since we may take r, = r, we deduce that

t
V2T -V}l < € [ (¢ = Ty VD)l |Ve(D)]|rd,
0

t
TPV ® DO < € [(¢ = D VDo) @) dr.
0

Noting that 1/ + 1/8 = 1/ + 1 - (1 - 1/B), we apply Proposition 4.1 (ii) to obtain the desired estimates.
(iv) Since N/(2q) - 0/2 > 0 and 0 < 1/q — 1/r, < 1/N, it holds by Propositions 2.1 (iv) and 3.1 (ii) that

t

IV ZTel(O)llzs < € [ (€ = 7y D12 (ne) (o) 0

0
t

< [(t - oy P2 (D) |pam o(D) T
0
< CB(1/2 - (N/2)(1/q - 1/r,), N[(2q) — 6/2)¢ 12N/ @r)=0/2
x sup tNCO*ORYn(T)||ee sup [|c(T)]|ze

O<z<t O<z<t

for all 0 < ¢ < T. Since the condition 0 < 1/q - 1/r < 1/N implies that we may take r, = r, it holds that

t
IV ZTnel(®)+ < € sup [le(@l= [ (¢ = )0 Va 1D n(o)]a-d.

0<7<t 0

Hence, we see by 1/a =1/ + 1 - (1 - 1/a + 1/p) and Proposition 4.1 (i) that the desired estimate holds.
(v) Take ry so that 1/ry = 1/q + 1/N. Then, the assumption yields 1/r, < 1/ry < 2/N + 1/r,. Thus, we see by
N/(2q) — 6/2 > 0 and Propositions 2.1 (iii) and 3.1 (ii) that
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t
IZIPI))O) < C [ (¢ = ) DAL In()Vgro-de

0
t

< € [t = Ty ORI (o) g -de
0

< CB(1 - (N/2)A/ry = 1/1), N/(2q) — 6/2)t71/2+N/@r)=612
x ||[Vg|| v sup TN DO (7))o

O<z<t

for all 0 < ¢t < T. Since the condition -1/N < 1/q - 1/r < 1/N implies that we may take r, = r, it holds that

t
IP@IPID] < CTg= [ (¢ = Ty AV VBY|n(D)]|po-dor,
0

which yields the desired estimate with the aid of Proposition 4.1 (i). This completes the proof of Lemma 4.2. [

Remark 4.3. Let N/2<q<N. Then, it holds that max{2/N -1/q,1/q - 1/N} <1/N, namely, N <
min{Nq/(2q — N), Nq/(N - q)}, and thus, we may take r so that (1.6). Hence, a and B given by (1.7) satisfy
2<a<oand4 < f < oo respectively. In addition, since ¢ and r satisfy

1/(2N) <1/r <1/N<1/q<2/N, 2/N<1/q+1/r<3/N, 0<1/q-1/r<1N,

by setting q, = N/2 or q, = q and r,, = N or 1y, = r, we observe that all the estimates given in Lemma 4.2 are
valid for any 0 < 0 < 1.

4.2 Local mild solutions: Proof of Theorem 1.1

Once we show the nonlinear estimates in Lemma 4.2, we may show the existence of mild solutions of (1.1) by
the Banach fixed point theorem. We mention that since the term nV¢ appearing in (1.5) is regarded as a linear term,
we have to choose V¢ sufficiently small in general. However, by a slight modification of the definition of the mapping,
we may show that the mapping is a contraction mapping without assuming any smallness of V¢. In addition, it is not
necessary to assume the smallness condition of the norm ||cy||;= although C;° is not dense in L*.

Proof of Theorem 1.1. (i) Take a and § so that (1.7). Let T > 0 and define the function space Xy by setting

n € BC([0, T); LN/2P) N L%P((0, T); LoY),

¢ € BC((0, T); BUC),

Ve € BC([0, T); (L¥P)N) N LAP((0, T); (L"HY),
u € BC([0, T); P(LNP)N) n LAP((0, T); P(L™DN),

Xr =1(n, c, u) 4.2)
tl/an € BC([0, T); LY),  tYFVc € BC([0, T); (L'HY),
tYPu € BC([0, T); P(LPYN), lim £/9)|n(t)||e1 = 0,  lim (Y/A)[9e()]|r+ = 0,
t—+0 t—+0
Lim ¢/8][(6)]|7+ = 0
t—+0
and set

I, ¢ Wllx, = [nllp ey + llellzam) + [IVellpzgrey + l[Ullzzq@rey + [0 ¢ W],

[(n, ¢, w]x, = sup (/Y n(D)||er + TF|Ve(@)]|prr + TFju(D)]|)
O<z<t

+[|n|lpzeary + [Vl pogry + ||ull peray



DE GRUYTER Asymptotic behavior of global solutions to KSNS system == 19

for 0 <t <T and (n,c,u) € Xr. First, we consider v(t) = (e%ny, e%co, e”uy) for 0 <t < o, By applying
Propositions 3.1 (i), (i), and (iii) and 3.2, we observe that

Vol < C(lInollyrze + [[VCollpwe + [|uollze),

4.3
[IVollx: < CClInollxrze + [|Coll= + [[VCollve + [[ttollp0)

and

lim [VO]XI =0. (4.4)

t—+0
Hence, we see that vy € Xr. Next we take (n,c,u) € Xr and set v:=(n,c,u). Define the mapping
dv = (dyv, DV, D,yv), where @y, $,, and P, are given by
t

(Dou)(t) = etny - Je“‘”“(V(nu) +V(nVe))(r)dr, 0<t<T,

0
t

(D)(t) = ey - Ie(“f)“((tI)zv)‘Vc + (@gv)e)(t)dr, 0<t<T,

0
t

(Dy)(t) = eug - Ie(“T)AP(V-(u ® u) - (®gv)Vo)(r)dr, 0<t<T.
0

Then, we see by Proposition 3.1 (i) and Lemma 4.2 (i) that
|DoVl| = vr2ey < Clno||prrze + C[VB(T’
[[(@oV)(D)]|ge1 < Clle“noller + CEVVI,,

|Dov||araty < Clvolx, + C["]%(,

for all 0 < t < T. Thus, we have

sup 7V9|(Dov)(T)||per + || Do || ep oty < C([volx, + [v]ﬁr). 4.5)

O<z<t

By combining the estimate (4.5), Proposition 3.1 (i), and Lemma 4.2 (iii) and (v), we deduce that

@2Vl zave) < Clltollpye + CVE, + Cl[V@l|ye sup 7V/4|(@gv)(7)| |
0<7<T

< Cllug|lpve + CA + |[V0] =)ol + [VIE,),
|(@2v)(O)]|71 < Clleug||pra + CEYP[VIE, + CEYA|V||xe sup 7| (@ov)(7)|| o

O<z<t
< Clle™ |2 + CEVEQ + ||Vg|[px=)([olx, + [VIR),
@]l pogirny < Clvolx, + CIVIK, + ClIVQ|p[|Pov][enom

< C(1 + ||V|lpx=)([volx, + [VIZ)
for all 0 < t < T. Hence, there holds

sup /A @)(Ollt + 1@Vl|ppogprny < CRo([Volx, + VIR, (4.6)

O<z<t
where
Ky =1+ ||Vol|pre. @.7
In addition, since (4.5) and (4.6) hold, we use Proposition 3.1 (i) and Lemma 4.2 (ii), (iii), and (iv) to obtain

[@wllzzas) < llcolles + Clicllzyasy sup (T/FI( @)@l + T/|(@v)(T)]|1o+)
0<7<T (4.8)

<llcolle= + CKplicllza=)(olx, + [VIK,)
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and
[V®1V|| =20y < ClIVeol[pve + ClV]g, sup 7B @v)(D)||r= + Cllcllzemy sup T/9|(@v)(7)||ze=

0<7<T 0<7<T
< ClIVeollpve + CKp(llcllza™ + VI )([Volx + [VIE),

IV(D1v)()||p1 < C||Vecy||r1 + CtVE[V]y, sup TVA||(Dv)(T)| |1

O<z<t

+ CtYP||cl|p e sup /| @ov)(T)]lo

O<7<t
< C||Vete||ra + CKot™VA(cllze™ + [Vx)(Wolx, + [VIZ),
||VCD1V||L[ﬁ,P(Lr,1) < C[VO]Xt + C([V]Xt||‘I)2V||L[ﬁ,p(Lr,l) + ”C”L;(L”)||CDOV||L[“'”(L‘7’1))

< Clvoly, + CKp(liclizas) + Ix)(volx, + V)
for all 0 < t < T. Therefore, we observe that
[D]y, < CKp(1 + [Icllzam) + VIx)(Volx, + [VIZ)
and
@Vl < lleoll= + Clinollyize + [[Veollve + [uollye) + CKo(L + lcllizamy + Vg )([Volx + [VI,)-

Here, definition (4.2) of Xr and (4.4) imply that lim,_.o[®v]x, = 0. Moreover, estimate (4.3) yields

[@Vlx; < [lcolle= + CKp(L + llcllzamy + [VIx)(Mollvze + [Vcollpve + [[uollpve + [VIR).
Thus, we observe that ®v € Xy for all v € Xr. Let (71, €, if) € X7 and set V = (71, €, i). Since we have

(@ov)(1) = (DoV)(2)

t

= - Ie“‘”“(V-(n(u - @) + V((n - M)iI) + V-(n - A)Vc) + V-(AV(c - &)))(7)dx,
0
(®)(t) = (PV)(1)
t

= - je<f-f>4((q>2v — ®,7)-Vc + (@,9)V(c - &) + (Dgv - By )c + (DgD)(c - E))(7)dr,

0
(@2v)(1) = (P2V)(D)

= - Ie(“f)AP(V-((u -~ ® u)+ V(I ® (u- i) - (Dv - OV)Ve)(7)d7
0

for all 0 <t < T, in the same way as the derivation of the above estimates, we obtain

[Dov — DV o
= || @V = B[z rrzey + sUP 9|(DeU)(E) = (DoP)(B)][zar + [|Dov = BoP||2oat)
0<t<T
< C([vlx + [V]g)v = Vlx,.

In addition, it holds that

[@2v - @,V ],
= [|@yv = @oF|| =iy + SUP EVB||(@u)(E) = (@oV)(O)]| 1 + || D2V - DoV ||p pogry
0<t<T
< C([vly + [VIxg)v = Vg + ClIVo||pr=[Dov = oV o
< CKy([vlx + [VIx)lv - Vi,

and

(4.9)

(4.10)
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[PV = D1V + [[VO = VOT||p=ghr)

+ sup tYA[V(@v)() - V(@)1 + (VP = V1D o)
0<t<T

Cllcllzgay + Vg )([Pv — @,V + [Pov — DoV ]o)

IN

sup tV9|(@e¥)(0)||o= + || DoV || er(ro=
0<t<T

+ C(lle = Cllepa + [v = Vlx)

+ sup (VB @D)O)llr= + DTl pore,
0<t<T

IN

CKy(lIcllzzay + Wx) (Vg + VgV - Vg + CKy([volx, + [V]ng)”V - Vllx»
which yield
[PV = ®Ul|y, < CKy(1 + [lcllrra) + [V + Vg )([V]x + VIV = Vllx, + CKolvolx[[v = Vllx,.  (411)
By property (4.4), we may assume that
[Volx < 275(1 + C)2K,°(1 + ||col|=) (4.12)
for sufficiently small T > 0. For such a T > 0, we define the closed subspace of X; as follows:

[(n, ¢, W), <2751 + CO)K, (A + [leollz=) Y,

#B(Xr) =
llcllzzes) < 2llcollz

(n,c,u) € Xr (4.13)

Let (n,c,u), (N, ¢, 1) € #(Xr) and set v = (n,c,u) and V = (71, ¢, if). Then, estimates (4.8), (4.9), (4.11), and
(4.12) imply that
[Vl < CRy(1 + 2lcollm + 12 + 20 + ORGP + colli=) 2
<2701+ O7K, 1A + leoll=)™,
[@llzram) <lcollzm + CKy - 2llcolli=+(27° + 276)(1 + C) 2K, AL + [lcolli=)
< 2||collz=»
@V = @V, < CKy(1 + 2f|collz= + 1 2741 + )K" + [|collz=) IV = Tl
+ CKy - 2751 + C)2K,2(1 + ||collz=) v = Tllx,
<@/ - Vlx-

Therefore, we deduce that the mapping @ : Z(Xr) — %(Xr) is a contraction mapping. The Banach fixed point
theorem ensures the existence of a unique v = (n, ¢, u) € #(Xr) such that ®v = v. In particular, we have
®gv = n, ;v = ¢, and ®,v = u with estimate (1.9). In addition, since v € #(Xr), it holds by (4.10) that

xr = ||Col|L” ) ollL” ol{LN/zp ol|LN-r ollLN+
IVllx; < llcollzs + CKy(1 + 2||collz= + D(||nol| + [|Veol|ve + [[uoll )
+ CKy(1 + 2l[collz= + 1) 2731 + O)UK,' (A + [Icollz=) ™ IVIlx,
< lcollz= + CKy(1 + [[Collz=)([[Mol V2o + [[VCo|[pve + |[tollve) + U/D|V]|x:

which yields (1.8). Concerning properties (1.10) and (1.11), since (1.5) yields

t
n(t) - ng=e%ny - ng - Ie“‘”“(V(nu) + V+(nVo))(7)dr,

0
t

c(t) - cp=efBcy - ¢y - Ie(f‘”“(u -Vc + nc)(t)dr,

0
t

u(t) - ug = euy - ug - Ie(“f)“P(V-(u ® u) - nVe)(r)dr
0
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forall0 <t < T, we see by Lemma 4.2 (i), (iii), (iv), and (v) that

In(t) = nollvee < Clle®ng = nllyves + Cl(n, ¢, Wk,
[IVe(t) = Veo||pve < ClleVey = Veol[pve + C(||cllzamy + [(n, ¢, w)]x)[(n, ¢, w)]x,,
[[u(®) = wollpe < Clle“uo = uollre + C(IV@lv= + [(n, ¢, Wx)I(n, ¢, W,
Thus, we have (1.10) by virtue of definition (4.2) of X; and Proposition 3.2. Moreover, we also see by Lemma 4.2
(i) that
lle(t) = e®collr= = C[(n, ¢, W]y, |lcllzze=)
which yields (1.11).
(ii) Let 0 < Ty < o and set
n € Lo=((0, Ty); L), ¢ € L*((0, Ty); L),
Y = cow) | Ve € LE=((0, To); (L)), u € LP=((0, Ty); PL"™)™),
M(n, ¢, u) < 8K,'(1 + lcflzg )™

for sufficiently small 0 < § < 1, where K, is the constant given by (4.7) and

M(n, ¢, u) = limsup{Au(t € (0, T) | ||n(t)||ze= > DM@

A—0o0

+ Aut € (0, To) | [[Ve@®llrr= > DME + Au(t € (0, To) | [lu(@®llrr= > D)MF}.
We first show that there is 0 < h < 1 satisfying
Inllo=,eomy; 19°) + IVElgseesny, 1y + NWILBeremy; 1) S CKGH(L + llelleg @)™ (4.14)

forall0 <t < Ty - h and (n, ¢, u) € Yy, where C > 0 is a constant independent of T, 8, h, t, ¢, n, ¢, and u. By
applying [42, Proposition 4.9], we may take Rs > 0 and ng € L*((0, Tp); L?*) so that

_1 —
Ingllezem) < Rs, [N = ngllgeqe=) < 26K, (A + [icllupam)™

Hence, we observe that
lInflze=(e,eeny; 22y < CUINBllLae.esny, 297) + 1N~ NgllLgm@e=))
< C{Rsh'® + 28K, (1 + ||cl|pwmy) -

Thus, we have

IInllze e erny 197 < CEKG(A + |lelloze)™

by taking 0<h<1 sufficiently small. In the same way, we obtain (4.14). We assume that
(n,c,w), (L, ¢, 0) € Yy, are solutions of (1.5) and set

D) =In = Aflz=(o,0; 2=y * ll€ = Clle=(o,05 1)
+ |IVe = Vel poqoey, 1y + 11U = Wllzpqo,ey 1

for 0 < t < T;. Then, since (4.14) holds and since

t
n(t) - A(t) = - _[e<f-f>4(v-(n(u - @) + V<((n - M)iI) + V-((n - A)Vc) + V-(AV(c - &)))(z)dr,

0
t

ct) - &(t) = - J’e@-ﬂﬂ((u — @)Ve + i -V(c - €) + (n - A)c + fi(c - &))(t)dr,

0
t

u(t) - ii(t) = - J’e(t-f>ﬂp(v~((u -~ w+V@E® (u- ) - (- V) (T)dr
0
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for all 0 < t < T, we see by Lemma 4.2 that
lIn = fl|e=(o ny, #=) < CEK,' (1 + |[cl|zz @) DC(h),
llw = @l[gp=ony; =) < CSA + [lclleg @) D(R) + ClV@l|pr=|in = Alle=o,ny; 1)
< C8(1 + lcllzz @) D)
and

lle = Clle=ony =y * [IV€ = VEllp=o,nmy; 17)
C8D(h) + Cllellegas)in = Allze=ony; 19 + (U = &llppe=o,ny 7))
CSD(h),

IA

IN

which yield D(h) < C5D(h). By taking 0 < § <1 so that C§ < 1/2, we have D(h) = 0. Thus, we deduce that
(n,c,u) = (1, ¢, @) in (0, h) x RN, In addition, since

D(2h) =|n = fllze=(n,2ny; 12 + [I€ = Clle=(n,2ny 1)

+ |IVe = Vellpeqn,zny; 1=y + 10 = Wl namy; 2y

by setting ¢t = h in (4.14), we may show that D(2h) < C6D(2h) in a similar way to the derivation of the above
estimates. Thus, we have (n, ¢, u) = (71, ¢, it) in (0,2h) x RY. By repeating the same argument, we have the
desired result.
(iii) Note that
t
n(t) - f(t) = e%(ny - M) - Je(t"’A(V'(n(u - ) + V((n - mu) + V-((n - n)Vc) + V-(V(c - €)))(7)dz,

0
t

c(t) - E(t)=eB(cy - ) - Ie(t‘m((u —f)Vec+ il -V(c-7C)+(n-fA)c+fc - &)(r)dr,
0

u(t) - a(t) = e(uy - ) - Ie(“T)AP(V-((u -~ ® w+ V([ ® (u-i)-(n-nVe - 1v(e - @))(t)dr
0
forall0 <t < T.Wesetv:=(n,c,u)and v = (1, C, ). In the same way as the derivation of the estimate (4.11),
we observe that
[n = Allo = In = Allpzqrmey + sup M9fn() = AO||per + [In =~ Allpgear
0<t<T
< Cllng = fo||pvrze + C([V]y, + [V]x)[V = V]x.

In addition, it holds that

[u - @], = |ju - ||=qye + sup tF|u(t) - T(@)||y + |ju - |l pogre
0<t<T

< Cllug - Wol|ve + C([V]x, + [V]x )V — Vg + Cl|Vo|pr=[n - filo

+ ClIVp = V@||ve| sup MA@l + |17l prqon
0<t<T
< C(Klino = Mollpvrze + 1o = ollve) + C[Toly, + V151V — Vp]|v-

+ CKy([V]x, + [V]x)[v - Vx,

and
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llc = Cllpa=y + 1IVe = VEllpeqyey + sup 4FVe(t) = V(DI + [[Ve = VE||prgray
0<t<T

< |lco = Collz= + Cl|Veo = Veollpye + C(llcllLpa=y + V] )([u = @l + [n = itl)

+ C(lle = Cllezaz + v = V)| sup tVR(Olo= + [[Allpeeqa= + sup PO + (@] pogrey
0<t<T 0<t<T

< leo = Goll= + ClIVeg = VEol|pve + C(llcllpam) + [VIx)
x {Kyllno = flollvee + |[uo = ol + ([Foly, + [FI5)IIVQ = V@||v=}
+ CKp([Tolx, + [T )(le = Cllpam) + [v - Tlx,)
+ CKyp(llCllzzay + Ve )([VIx + [V1g)v - Vg,
where K, is the constant given by (4.7). Therefore, we deduce that
IV = Vllx < llco = Collz= + ClIVeo = VEo||pve + C(A + |ICllpa=) + [VIx)
x {Kyllno = flol|pve + [t = ollve + ([Toly, + [VI5)IIVe = V@l|v}
+ CKy(1 + J[C|lzza™y + V] ) (Vg + [V]g)v - Vix,
+ CKp([Wolx, + VIV = Tllx, -
Since v, V, and 1y satisfy
[Vlx <2731 + O7K,'(A + [lcoll=) ™
[T1x <2731 + O'KG' (A + ||oll=) ™,
[Volx, < 2751 + €)2K52(1 + ||1Goll=) %,
llellgam < 2llcoll=,  [IElleya=y < 2lIColl~
from condition (4.12) and definition (4.13) of Z(Xr), we obtain
1+ |cllpa=y + Vg < 2(1 + ||collz=),
[Volx + [V, <1,
CKy(1 + [[cllpasy + VIx)VIg[v - V1x < 2723V - §]lx,

CKa([Tolx, + VRNV = Vil < 27%v = D]l

and
CKy(1 + ||Cc|lzza™y + V) V][V - Vg
< C(|IV@ = V@ ||pv= + Kz)(A + |[Collz=)[V]x [V = V]x,
< CQA + [lcollz)IIV = V@ |y + CK5(|Ico = Collr= + 1 + [|Collz=)[V]x [V = V]
< CQA + [collz=)|IV = V@ |y + CKjllco = Collz= + CKz(1 + [|Coll=)[V]x [V = V]l
< CQA+ [leollz)I[Ve = V@ ||pve + CKgllco = ol + 273|v = Dlx.
which imply that

v = Vllx, < CKp(1 + [|Col|z=)lIo = To||pvrze + CKgllco = Collz= + C|[Veo = Vo[ e
+ C(1 + [[collz=)(|[uo = Wollxe + [[VQ = V@||pr=) + (1/2)||V = V||x;-

Hence, we have (1.13), which completes the proof of Theorem 1.1. O
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4.3 Global mild solutions and asymptotic behavior: Proof of Theorem 1.3

Finally, we show the global existence of mild solutions to (1.1). We also show that the global solutions decay as
t — o in the suitable norms, namely, we show Theorem 1.3. Such a result is also mentioned by Kato [26, Note],
but we have to pay attention to the proof of Theorem 1.3; recall the method of [26, Note]. To show the decay of
the global solutions, we use the continuous dependence (1.13) of solutions (n, ¢, u) with respect to the initial data
(no, ¢g, Uo). However, since estimate (1.13) contains the term ||co — &||z~ and since C; is not dense in L*, the
initial datum ¢y € L™ disturbs the proof of the decay of the global solutions. Concerning this problem, we note
that system (1.5) does not contain the nonlinear term given by the product of ¢ with itself. Therefore, we obtain
the additional regularities of the solutions without an additional condition of c.

Lemma 4.4. Let1 < p <o and 0 < 6 < 1. Suppose that q,r, a, and S satisfy (1.6) and (1.7). In addition, suppose

that the initial data (ny, co, Wo) and the gravitational potential ¢ satisfy (1.4). Then, the following statements hold:

(1) In the statement of Theorem 1.1 (i), there exists a constant 0 < ¢ < 1 independently of n, ¢y, Uy, and ¢ such
that if (1.14), then the solution (n, c, u) of (1.5) exists globally in time, namely, the existence time interval T in
the statement of Theorem 1.1 (i) may be chosen as T = .

(i0) In the statement of (i), suppose that the initial data (ny, ¢y, Uo) satisfy the additional conditions ny € LN/(0+2
and uy € P(LN'O*D)N Then, the global solution (n, c, u) of (1.5) satisfies (1.15), (1.16), and (1.17).

Remark 4.5. As0 < 0 < 11is given before the assertion of (i), the constant 0 < € < 1 will be chosen depending on
0 although it is related only to the assertion of (ii). However, choosing € in such a way, we will not have to
assume any smallness conditions of the norms ||no|| ¥e+» and ||ug||;ve+» even though the additional conditions
ng € LN+ and uy € P(IN/G*D)N are assumed in (ii); we emphasize that the smallness assumption of the
norm only of scaling invariant spaces will be sufficient to obtain the desired decay properties.

Proof of Lemma 4.4. (i) We recall that in the proof of Theorem 1.1 (i), it is necessary to take T > 0 sufficiently
small so that (4.12) holds. Since we see that (4.3), assumption (1.14) ensures that (4.12) holds for any T > 0. Thus,
we may take T = .
(ii) Let X = X, where X., is defined by (4.2). We also set
(ny, 0,uy) € X,
Z = {(Ny, Uy) t1/a+9/2n* € BC([0, «); Lq’l),
1B+, € BC([0, ); P(L")V)

and

(s, wa)llz = [1(M, O, W|lx + SUP (E/ 902y (6)]|or + /P01 uy ()] 1)
0<t<oo
for (n,, u,) € Z. In addition, let v, = (n,, u,) € Z and let v, = (Wpv,, ¥,v,) be the mapping such that
t
(Pov)(t) = eng - Ie<f‘T’A(V~(n*u) +V(n Vo)) (t)dr, 0<t<w,

0
t

(W )(0) = ey - [PV (u, © u) + (T )Vp)(D)dT, 0<t<e,
0

where (n, ¢, u) € #(X) denotes the global solution of (1.5). By applying Lemma 4.2 (i) and (ii), we have
I(®ov)(Ollsr < Clle“nollyer + CEHO(n, ¢, w)]x [villz
for all 0 < t < o, which yields

sup T/ O|(Pou)(D)|par < Clinollrew + Cl(n, ¢, x|Vl lz

0<7<00

from Proposition 3.1 (ii). Similarly, we deduce that
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(P2 )OIl < Clle“uollr + CEHEO(n, ¢, w)]x|[villz
+ CHB0) V|| e sup T/ 0| (Poup)(T) |

0<7<0

< Clle“uollr1 + CKot™MF=0R(|Ingl|vien + [(n, ¢, wlx|[vall2)

for all 0 < t < o, where K, is the constant given by (4.7). Moreover, in a similar way to the derivation of the
estimate (4.10), we obtain

lI(Wovs, 0, Povillx < CKy(lInollpvize + [luollye + [(n, €, w)lxl[villz)-

Hence, it holds by Proposition 3.1 (ii) that

Pvllz < CRy(|mollpvrze + [[nollpyiess + [[uollyve + [[tollpxion + [(1, ¢, w)]x|villz),

which yields Pv, € Z. In a similar way to the derivation of the above estimate, we also see that

[[(Wovy — Wolly, 0, Wavy — Wally)||x < CK¢[(H, ¢, W]x||(ny — Ay, 0, wy — W)||x,
[Py — Pz < CKq)[(n, ¢, Wx|[vs — Villz

for all v, = (ny, uy) € Z and Vi, = (M, il,) € Z. Recall definition (4.13) of #(X) and note that the constant C > 0
appearing in the above estimates might be larger than that in (4.13). However, we may follow the same
argument as in the proof of Theorem 1.1 even if the constant C > 0 in (4.13) is replaced with a larger one.
Since we have assumed that (1.14), we may regard these two constants as the same ones by going back to the
proof of the assertion of (i) and choosing 0 < ¢ < 1 sufficiently small if necessary. Then, as the condition
(n, ¢, u) € #(X) implies that

[[(Wovs — Wiy, 0, Wavy — Woll)||x < 2_3”(71* - My, 0, Uy — Uy)||x,
[Pvi = PUlz < 273w = Tz,

we observe that the mapping ¥ : Z — Z is a contraction mapping. Hence, by the Banach fixed point theorem,
we obtain a unique v, = (ny, u,) € Z such that $v, = v,. Note that (n,, u,) € Z satisfies

t
nu(t) = etng - je<f-f>ﬂ(v-(n*u) + V(YO D)dr, 0<t<o,

0
t (4.15)

u,(t) = euy - Ie(t‘”AP(V(u* ® u)+nVe)r)dr, 0<t<w
0

and the global solution (n, ¢, u) € X of (1.5) also satisfies (4.15). Furthermore, we deduce that a global solution
(n4, uy) of (4.15) is unique under the condition (n,, 0, u,) € X, and thus, we have n, = n and u,. = u. Therefore,
we observe that the global solution (n, ¢, u) of (1.5) satisfies (n, u) € Z.

Now, we shall verify that (1.15), (1.16), and (1.17). To this end, we estimate the original system (1.5). By
applying Lemma 4.2 (i), (iii), (iv), and (v) again, we have

IOl xi20 < Clle“ngl|pxrze + CEOP|(n, ¢, w)|[x[|(n, Wz,
(Ol < Clle“noll et + CVe0|(n, ¢, w)lx ||(n, Wz,
Vel < Cl[Ve col|pxe + CEOP|(n, ¢, w|x[|(n, W)z,
V(]| < ClIVe collrr + CEVEO|(n, ¢, w|x [I(n, w)lz,
(Ol < Clle“uollve + CEO2(|[Vpl|v= + [|(n, ¢, WOl Wz,
[l < Clle“uoll1 + CEVEO2(|[p)|px + [|(n, ¢, w1, Wz
for all 0 < t < ., Thus, we see by Proposition 3.2 that (1.15) and (1.17). In addition, since Lemma 4.2 (ii) yields

lle(®) = e“collz= < CO|(n, ¢, W[ [I(n, Wz,

we obtain (1.16). This completes the proof of Lemma 4.4. O
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Proof of Theorem 1.3. Since we may construct a global solution (n, ¢, u) of (1.5) from Lemma 4.4 (i), in the
following, we show properties (1.15), (1.16), and (1.17). We take sequences {ng}jex C C; and {ugj}jen C (C)N of
functions satisfying the following conditions:

tim(||ng = nojlvee + [y = oy fl5) =0,

]4}00
sup({najllyes + [1tollpve) + Vel < €K7 + [lcols=),
jen

where K, is the constant given by (4.7). Then, we see that the initial data (no, ¢o, Uo;) satisfy the conditions
corresponding to (1.14), and thus, we may obtain a sequence {(n;, ¢j, uj)}jen Of global solutions of (1.5). In
addition, Theorem 1.1 (iii) implies that

I = Ryll=vizey + llc = Gl + 19¢ = Vellp=groy + [l = W= o,

+ sup (tV|n(®) = (Ol + V() = VOl + ) - wi(©)l|r)

0<t<oo

< CKyp(1 + ||collz=)(lIno = nogjllpyree + lttg = Wojl|pve)
for all j € N. Therefore, by setting

E(n, ¢, w)(©) = [[n(®)|pvze + ) n(O)]|ger + [[Ve(@®||pve + EF)TC(O)]|p
+ @l + Pu®llr + [le(e) - eeollp=, 0 <t < e,

we have
E(n, ¢, u)(t) < CE(ny, ¢j, wj)(t) + C(|[n = njl|p=gveey + || = ¢lli=q) + |IVC = VCj|lp=@vey + |[tt = wjl|=g¥ey)
+ C sup (tV%n(7) = nj(0)||ger + TPVe(T) = Vei(T)|[pra + TP|Ju(T) - wi(o)||pr)

0<7<

< CE(ny, ¢j, uj)(t) + CKy(1 + ||collz=)([Ino — nojllpvree + ||uo — Uojl|zve)

for all 0 <t <« and j € N. Since Lemma 4.4 (ii) implies that lim,.E(n;, ¢;, u;)(¢) = 0 for all j € N, we have

limsupE(n, ¢, u)(t) < CKy(1 + ||col|z=)(|[n0 — Mo jllvvze + [[Uo = o jllpve),

t—ooo

and hence we obtain (1.15), (1.16), and (1.17) by letting j — . This completes the proof of Theorem 1.3. O
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