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Abstract: In this article, we are concerned with the existence of nontrivial solutions to the Choquard equation

− + = ∗ ≥− −
u α x u x u u u NΔ in 2 ,μ q q N2 �( ) (∣ ∣ ∣ ∣ )∣ ∣ ( )

with recurrent potential α, where < <μ N0 and < <− −
−q

N μ

N

N μ

N

2 2

2
. Our results include some classical cases

where α is constant and α is periodic, as well as some new cases, such as α being almost periodic and α being
only bounded and uniformly continuous.
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1 Introduction

We consider the problem

− + = ∗ ≥− −
u α x u x u u u NΔ in 2 ,μ q q N2 �( ) (∣ ∣ ∣ ∣ )∣ ∣ ( ) (1.1)

where < <μ N0 and < <− −
−q

N μ

N

N μ

N

2 2

2
. Equation (1.1) is usually called the nonlinear Choquard (or Choquard-

Pekar) equation, and it has a strong physical background. Equation (1.1) originates from the model of Fröhlich
and Pekar for polaron (cf. [7,21]). In the approximation developed by the Hartree-Fock theory of one compo-
nent plasma, Choquard also used equation (1.1) to describe an electron trapped in its own hole (cf. [13]). In
addition, the Choquard equation is also known as the Schrödinger-Newton equation in models coupling the
Schrödinger equation of quantum physics with nonrelativistic Newtonian gravity (cf. [11,22]). Moreover, the
equation can be derived from the Einstein-Klein-Gordon and Einstein-Dirac system (cf. [9]). Such a model was
also proposed for boson stars and for the collapse of galaxy fluctuations of scalar field dark matter (cf. [10,26]).

When the potential ≡α 1, problem (1.1) becomes

− + = ∗ ≥− −
u u x u u u NΔ in 2 ,μ q q N2 �(∣ ∣ ∣ ∣ )∣ ∣ ( ) (1.2)

and it is called the autonomous homogeneous Choquard equation. Some classical results about existence,
symmetry and decay of ground state solutions for equation (1.2) have been established (cf. [13,15,16,18,19,28]
and the references therein). For some recent relevant contributions to some variants of equation (1.2), we refer

Hui-Sheng Ding: School of Mathematics and Statistics, Jiangxi Normal University, Nanchang, Jiangxi 330022, People’s Republic of China,
e-mail: dinghs1979@jxnu.edu.cn
Quan Liu: School of Mathematics and Statistics, Jiangxi Normal University, Nanchang, Jiangxi 330022, People’s Republic of China,
e-mail: quan_liu@jxnu.edu.cn



* Corresponding author: Wei Long, School of Mathematics and Statistics, Jiangxi Normal University, Nanchang, Jiangxi 330022,
People’s Republic of China, e-mail: lwhope@jxnu.edu.cn

Lan Zhong: School of Mathematics and Statistics, Jiangxi Normal University, Nanchang, Jiangxi 330022, People’s Republic of China,
e-mail: 2691552681@qq.com

Advances in Nonlinear Analysis 2024; 13: 20240057

Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.

https://doi.org/10.1515/anona-2024-0057
mailto:dinghs1979@jxnu.edu.cn
mailto:quan_liu@jxnu.edu.cn
mailto:lwhope@jxnu.edu.cn
mailto:2691552681@qq.com


the reader to [3,17]. When the potential α is nonconstant, problem (1.1) becomes more tricky, and most known
results focus on the cases of α being a perturbation of a constant or periodic. For example, Lions [15] studied
the existence of solutions to problem (1.1) with =p 2 when α is a perturbation of a constant potential, and
recently in [2,4], minimizers for the energy function have been constructed when α is a positive periodic
function. Moreover, Ackermann and Qin et al. [1,24] considered the existence of solutions for problem (1.1)
with a sign changing periodic potential.

In this article, we are interested in problem (1.1) with a more general positive potential α. As one will see,
our recurrent assumptions on α include many special cases such as α being constant, α being periodic, α being
almost periodic, and even α being only bounded and uniformly continuous. More specifically, we assume that
the potential function α satisfies the following conditions:
• (α1) α is bounded and continuous on N� .
• (α2) >∈ α xinf 0

x
N� ( ) .

• (α3) for any sequence ⊂y
n

N�{ } , there exist a subsequence y
nk

{ } and a function →α x :h N� �( ) such that

+ = ∈
→∞

α x y α x xlim , for all .
k

n

h N

k

�( ) ( )

Hereafter, we denote αHull( ) as the set of all these α x
h( ).

• ( ′α3 ) =α x α x x, …, N1( ) ( ) is Ti-periodic in x
i for =i N2, …, and almost periodic in x

1 uniformly with respect to
∈ × ×⋯×x x x T T T, , …, 0, 0, 0,N

N

2 3
2 3( ) [ ] [ ] [ ] (c.f. Definition A.1 in Appendix).

Remark 1.1. We note that α3( ) is a pretty weak assumption, which includes many special cases. In fact, α3( )

automatically holds if α is constant, continuous and periodic, almost periodic, or even bounded and uniformly
continuous. Moreover, if = +α β γ, where β satisfies α3( ) and γ is continuous on N� with

=
→∞

γ xlim 0,
x

( )

then α still satisfies α3( ). Moreover, α3( ) is weaker than the recurrent assumptions in [20], where Pankov
considered a semilinear uniformly elliptic partial differential equation with nonstabilizing coefficients.

Since the function α
h in α3( ) is not necessarily a translation of α, which is the biggest difference of α3( ) from

the corresponding assumptions in earlier results, we need consider the following shell equation of (1.1)

− + = ∗− −
u α x u x u u uΔ in ,h μ q q N2 �( ) (∣ ∣ ∣ ∣ )∣ ∣ (1.3)

where ∈α x αHullh( ) ( ). Denote

=
⎧
⎨
⎩

∈ ≤ ≤ ∈
⎫
⎬
⎭∈ ∈

A β C α x β x α x x, inf sup for all .α

N

x
x

N

N
N

� � �
� �

( )∣ ( ) ( ) ( )

It is easy to see that ⊂α AHull α( ) . For every ∈β Aα and ∈u H
N1 �( ), let

∫ ∫ ∫= ∇ + −
−

J β u u β x u x

q

u x u y

x y

x y,
1

2
d

1

2
d d ,

q q

μ

2 2

N N N
� � �

( ) (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

and

∫ ∫ ∫′ = ∇ ∇ + −
−

∈
−

J β u φ u φ β x uφ x

u x u y u y φ y

x y

x y φ H, , d d d , .

q q

μ

N

2

1

N N N

�

� � �

⟨ ( ) ⟩ ( ( ) )
∣ ( )∣ ∣ ( )∣ ( ) ( )

∣ ∣
( )

Hereafter, for simplicity, we denote =J α u J u,( ) ( ), ′ = ′J α u J u,( ) ( ), =J α u J u,h h( ) ( ), and ′ = ′J α u J u,h h( ) ( ) if
there is no confusion.

The Hardy-Littlewood-Sobolev inequality (cf. [14]) implies that ∫ ∫ − x yd d
u x u y

x y
N N

q q

μ� �

∣ ( ) ∣ ∣ ( ) ∣

∣ ∣
is well defined for

∈u H
N1 �( ) if ≤ ≤− −

−q
N μ

N

N μ

N

2 2

2
. Usually, −N μ

N

2 is called the lower critical exponent and −
−

N μ

N

2

2
is the upper critical

exponent of the Choquard equation. The upper critical exponent plays a similar role as the Sobolev critical

2  Hui-Sheng Ding et al.



exponent in local semilinear equations, while the lower critical exponent is related to the bubbling at infinity
phenomenon. Several existence and nonexistence results of solutions have been established for various of q.
For instance, in view of the Pohozaev identity, the autonomous Choquard equation (1.1) (if ≡α 1) does not have

nontrivial solutions if either ≤ −
q

N μ

N

2 or ≥ −
−q

N μ

N

2

2
. We refer to Li and Ma [12] for details.

We know that solutions of problems (1.1) and (1.3) are critical points of the energy functionals J α u,( ) and
J α u,h( ), respectively. By a classical argument, the energy functional J β u,( ) is of class C

1 on H
N1 �( ) for all

∈β Aα. Moreover, J β u,( ) is a C
2-functional on H

N1 �( ) for all ∈β Aα if ≥q 2.
Consider the following constrained minimization problems:

= ∈ ′ = ≠I J u u H J u u uinf , , 0, 0N1 �{ ( )∣ ( ) ⟨ ( ) ⟩ }

and

= ∈ ′ = ≠I J u u H J u u uinf , , 0, 0 .h h N h1 �{ ( )∣ ( ) ⟨ ( ) ⟩ }

Theorem 1.2. Assume that α α~1 3( ) ( ) hold and < <− −
−q

N μ

N

N μ

N

2 2

2
. Then, problem (1.3) has a nontrivial solution for

some ∈α x αHullh( ) ( ). Moreover, if <I I
h for every ∈α x αHullh( ) ( ), then there exists a nontrivial solution

of (1.1).

Remark 1.3. The assumptions α1( )– α3( ) include several classical cases such as α being constant and α being
periodic. If α is constant then ≡α α

h, and if α is periodic, then α
h is a translation of α. So in both these two cases,

the original equation (1.1) admits a nontrivial solution. This means that Theorem 1.2 recover some classical
results in [2] and [16].

Corollary 1.4. Let q be as in Theorem 1.2 and = +α x α x α x¯ ˜( ) ( ) ( ) with
(i) ᾱ satisfying α1( )– α3( );
(ii) ∈α C˜ ,N� �( ), ≤α x˜ 0( ) for every ∈x

N� with ≢α x˜ 0( ) , and =→∞α xlim ˜ 0x ( ) .

If

− + = ∗ ∈− −
u α x u x u u u xΔ ¯ ,μ q q N2 �( ) (∣ ∣ ∣ ∣ )∣ ∣ (1.4)

has a ground state solution, then <I I
h for every ∈α x αHullh( ) ( ).Moreover, equation (1.1) has a nontrivial solution.

Remark 1.5. Corollary 1.4 means that any result for the ground state solution to equation (1.4) would lead to a
corresponding result for equation (1.1). Moreover, by Corollary 1.4, we know that the condition of <I I

h for
every ∈α x αHullh( ) ( ) does occur in many cases. In particular, for the case of ᾱ being a constant, then by
Corollary 1.4, problem (1.1) has a nontrivial solution, which recovers a classical result in Part III of [15].

Although Theorem 1.2 establishes the existence of nontrivial solutions to equation (1.1) in many cases
(Remarks 1.3 and 1.5), one cannot use Theorem 1.2 to obtain directly the existence of nontrivial solution to
equation (1.1) for some cases. In fact, from the proof of Theorem 1.2 and Lemma 2.4, we will know that ≡I I

h if
α is an almost periodic function, that is,

+ − =
→∞ ∈

α x y α x αlim sup 0 in .
k

x

n

h

3
N

k

�

∣ ( ) ( )∣ ( )

Moreover, in this case, one cannot expect that α
h is always a translation of α. Thus, for a general almost

periodic potential, Theorem 1.2 can only show that some shell equation (1.3) (not necessarily the original
equation) has a nontrivial solution. In fact, the problem on nontrivial solution to equation (1.1) with almost
periodic potentials appears to be difficult to answer completely. Fortunately, by utilizing an idea in [27], we can
solve partially this problem.

Theorem 1.6. If α satisfies ′α α α, ,1 2 3( ) ( ) ( ), and < < −
−q2

N μ

N

2

2
, then problem (1.1) has a nontrivial solution.
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This article is organized as follows. In Section 2, we present some estimates for the constrained minimizers
and the proof of Theorem 1.2. The proof of Theorem 1.6 is given in Section 3. In the final part of this article, we
state some auxiliary results in the Appendix.

2 Constrained minimizers and proof of Theorem 1.2

In this section, we give some basic estimates of energy functionals, which are used in the sequel.
Denote

∫ ∫⎜ ⎟= − ′ = ⎛
⎝

− ⎞
⎠ −

= ∈ ′ = ∀ ∈

l u J u J u u

q

u x u y

x y

x y

I l u u H J u u a a

1

2
,

1

2

1

2
d d ,

inf , , , .

q q

μ

a

N1

N N

� �

� �

( ) ( ) ⟨ ( ) ⟩
∣ ( )∣ ∣ ( )∣

∣ ∣

{ ( )∣ ( ) ⟨ ( ) ⟩ }

Let = ∈ ′ = ≠u H J u u u, 0, 0N1 �� { ( )∣⟨ ( ) ⟩ } and = ∈I J uinfu � ( ).

Lemma 2.1. We have >I 0 and ≥I 0a . Moreover, >I Ia if <a 0.

Proof. We know

= =
∈ ∈

I J u l uinf inf .
u u� �

( ) ( )

For every ∈u � , we have

∫ ∫

∫

⎜ ⎟

⎜ ⎟

⎜ ⎟

= = − ′ = ⎛
⎝

− ⎞
⎠ −

= ⎛
⎝

− ⎞
⎠

∇ +

≥ ⎛
⎝

− ⎞
⎠

J u l u J u J u u

q

u x u y

x y

x y

q

u α x u x y

q

α u

1

2
,

1

2

1

2
d d

1

2

1

2
d d

1

2

1

2
min 1, ,

q q

μ

2 2

2

N N

N

� �

�

( ) ( ) ( ) ⟨ ( ) ⟩
∣ ( )∣ ∣ ( )∣

∣ ∣

(∣ ∣ ( )∣ ∣ )

{ }‖ ‖

where = ∈α α xinf .
x

N� ( ) There exists >r 0 such that >u r‖ ‖ for every ∈u � . It follows

that ≥ ⎛
⎝ − ⎞

⎠ >I α rmin 1, 0
q

1

2

1

2

2{ } .

Moreover, for every ∈ ∈ ′ =u u H J u u a,N1 �{ ( )∣⟨ ( ) ⟩ }, we obtain ≥l u 0.( ) So

≥I 0.a

We will prove that >I Ia if <a 0, and this will be done in four steps.
Step 1: We claim that

= ∈ ′ = ≤I l u u H J u u a J u cinf , , , ,a

N1
0�{ ( )∣ ( ) ⟨ ( ) ⟩ ( ) }

where = − + >c I a 1 0a0

1

2
.

Denote

= ∈ = ∈ ′ =I l u u M M u H J u u ainf , ,M

N

1 1
1

1
�{ ( )∣ } { ( )∣⟨ ( ) ⟩ }

and

= ∈ = ∈ ′ = ≤I l u u M M u H J u u a J u cinf , , , .M

N1
02

�{ ( )∣ } { ( )∣⟨ ( ) ⟩ ( ) }

Since ⊂M M1, we obtain ≤I IM M1 2
. On the other hand, for < <ε0 1, there exists ∈v M1 such that
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+ > − ′ = −I ε J v J v v J v a

1

2
,

1

2
,M1

( ) ⟨ ( ) ⟩ ( )

which yields

< + + ≤ − + =J v I ε a I a c

1

2

1

2
1 .M M 01 1

( )

Thus, ∈v M and + > − ′ ≥I ε J v J v v I,M M

1

21 2
( ) ⟨ ( ) ⟩ . According to the arbitrariness of ε, we have ≥I IM M1 2

. So

=I I .M M1 2

Step 2: For ∈u M , there exists a < = <t t u0 1( ) such that ∈t u u �( ) .
We define

∫ ∫ ∫
= ′

= ∇ + −
−

> ∈

G t J tu tu

t u α x u x t

u x u y

x y

x y t u M

,

d d d , 0, .q

q q

μ

2 2 2 2

N N N
� � �

( ) ⟨ ( ) ⟩

(∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

By

∫ ∫ −
≤

u x u y

x y

x y c ud d ,

q q

μ

q2

N N
� �

∣ ( )∣ ∣ ( )∣

∣ ∣
‖ ‖

we have

≥ − = − −
G t α t u ct u tu α c tumin 1, min 1, .q q q2 2 2 2 2 2 2( ) { } ‖ ‖ ‖ ‖ ‖ ‖ ( { } ‖ ‖ )( )

We can choose >r 0 such that = ′ >G t J tu tu, 0( ) ⟨ ( ) ⟩ when < <t0
r

u‖ ‖
. In addition, = ′ = <G J u u a1 , 0( ) ⟨ ( ) ⟩

and ∈G t C �( ) ( ). Therefore, there exists = ∈t t u 0, 1( ) ( ) such that = ′ =G t u J t u u t u u, 0( ( )) ⟨ ( ( ) ) ( ) ⟩ , that
is, ∈t u u �( ) .

Step 3: We claim that ≤ <t u s 1( ) , where ∈s 0, 1( ) and ∈u M .

We prove this by contradiction. Suppose that there are = − <s 1 1n
n

1 , ⊂v Mn{ } and = >t t v sn n n( ) . Since
< <s t 1n n and =→∞slim 1n n , we obtain =→∞tlim 1.n n

According to ∈t vn n � , we obtain

∫ ∫ ∫′ = ∇ + −
−

=J t v t v t v α x v x t

v x v y

x y

x y, d d d 0,n n n n n n n n

q n

q

n

q

μ

2 2 2 2

N N N
� � �

⟨ ( ) ⟩ (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

that is,

∫ ∫ ∫−
= ∇ +−v x v y

x y

x y t v α x v xd d d .
n

q

n

q

μ n

q

n n

2 2 2 2

N N N
� � �

∣ ( )∣ ∣ ( )∣

∣ ∣
(∣ ∣ ( )∣ ∣ )

By ∈v Mn , one obtains

∫− ∇ + =−
t v α x v x a1 d .
n

q

n n

2 2 2 2

N
�

( ) (∣ ∣ ( )∣ ∣ ) (2.1)

On the one hand, according to ∈v Mn and choosing = ⎛
⎝ + ⎞

⎠γ
q

1

2

1

2

1

2
, < <γ

q

1

2

1

2
, we have

∫ ∫⎜ ⎟

− + − ≥ − ′

= ⎛⎝ − ⎞
⎠ + ⎛

⎝
− ⎞

⎠ −

≥ ⎛⎝ − ⎞
⎠ >

I a γa J v γ J v v

γ α v γ

q

v x v y

x y

x y

γ α v

1

2
1 ,

1

2
min 1,

1

2
d d

1

2
min 1, 0.

a n n n

n

n

q

n

q

μ

n

2

2

N N
� �

( ) ⟨ ( ) ⟩

{ }‖ ‖
∣ ( )∣ ∣ ( )∣

∣ ∣

{ }‖ ‖

Thus, vn{ } is bounded. Taking the limit on both sides of form (2.1), then =a 0, which contradicts with <a 0.
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Step 4: >I Ia if <a 0.
Let

∫ ∫⎜ ⎟= = ⎛
⎝

− ⎞
⎠ −

g t l tu

q

t

u x u y

x y

x y

1

2

1

2
d d .q

q q

μ

2

N N
� �

( ) ( )
∣ ( )∣ ∣ ( )∣

∣ ∣

Thus,

∫ ∫

∫

⎜ ⎟

⎜ ⎟

⎜ ⎟

− = ⎛
⎝

− ⎞
⎠

−
−

= ⎛
⎝

− ⎞
⎠

−
⎛

⎝
⎜ ∇ + −

⎞

⎠
⎟

≥ ⎛
⎝

− ⎞
⎠

− −

g g t u

q

t u

u x u y

x y

x y

q

t u u α x u x a

q

s a

1
1

2

1

2
1 d d

1

2

1

2
1 d

1

2

1

2
1 .

q

q q

μ

q

q

2

2 2 2

2

N N

N

� �

�

( ) ( ( )) [ ( ( )) ]
∣ ( )∣ ∣ ( )∣

∣ ∣

[ ( ( )) ] (∣ ∣ ( )∣ ∣ )

( )( )

Moreover,

⎜ ⎟ ⎜ ⎟≥ ⎛
⎝

− ⎞
⎠

− − + ≥ ⎛
⎝

− ⎞
⎠

− − +l u

q

s a l t u u

q

s a I

1

2

1

2
1

1

2

1

2
1 .q q2 2( ) ( )( ) ( ( ) ) ( )( )

So

⎜ ⎟≥ ⎛
⎝

− ⎞
⎠

− − + >I

q

s a I I

1

2

1

2
1 ,a

q2( )( )

which completes the proof. □

Lemma 2.2. ⊂u Hn

N1 �{ } ( ) is bounded. There exists a constant k such that

∫ ∫ −
> >

u x u y

x y

x y kd d 0.
n

q

n

q

μ

N N
� �

∣ ( )∣ ∣ ( )∣

∣ ∣

Then there is a subsequence ⊂ >t a a a a, , 0n 1 2 1 2{ } ( )( ), such that ′ =J t u t u, 0n n n n⟨ ( ) ⟩ .

Proof. By ∫ ∫ > >− x y kd d 0
u x u y

x y
N N

n

q

n

q

μ� �

∣ ( ) ∣ ∣ ( ) ∣

∣ ∣
, we know for every fixed n,

∫ ∫ ∫′ = ∇ + −
−

=J t u t u t u α x u x t

u x u y

x y

x y, d d d 0n n n n n n n n

q n

q

n

q

μ

2 2 2 2

N N N
� � �

⟨ ( ) ⟩ (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

has a solution

∫
∫ ∫

=
⎛

⎝
⎜⎜

∇ + ⎞

⎠
⎟⎟

−

−

t

u α x u x

x y

d

d d

.n

n n

u x u y

x y

2 2
N

N N

n

q

n

q

μ

q

1

2 2

�

� �

(∣ ∣ ( )∣ ∣ )

∣ ( ) ∣ ∣ ( ) ∣

∣ ∣

If →t 0n as → ∞n , we obtain

= →t u t u 0.n n n n

2 2 2‖ ‖ ‖ ‖

Moreover, →t u 0n n and ∈t un n � , which is a contradiction. Thus, →t ̸ 0n . On the other hand, by
∫ ∇ + <u α x u x cdn n

2 2
N�
(∣ ∣ ( )∣ ∣ ) , we have

= ′ ≤ ⋅ − ⋅ → −∞J t u t u t c t k0 , .n n n n n n

q2 2⟨ ( ) ⟩

This is a contradiction. Thus, the result follows. □
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Remark 2.3. As the aforementioned discussion, we have the following results:
(1) By the similar way with � , l u( ), J u( ), I and Ia, we define h� , l u

h( ), J u
h ( ), I

h, and I
a

h, respectively. Thus, we
also have > ≥I I0, 0h

a

h and >I I
a

h h when <a 0.
(2) Similar to Lemma 2.2, if ⊂u Hn

N1 �{ } ( ) is bounded, there exists a constant k such that

∫ ∫ −
> >

u x u y

x y

x y kd d 0.
n

q

n

q

μ

N N
� �

∣ ( )∣ ∣ ( )∣

∣ ∣

Then there is a subsequence ⊂ >t a a a a, , 0n 1 2 1 2{ } ( )( ) and ′ =J t u t u, 0h

n n n n⟨ ( ) ⟩ .

Lemma 2.4. For every ∈α x αHullh( ) ( ), we have ≤I I
h.

Proof. By the definition of αHull( ), for every ∈α x αHullh( ) ( ), there exists ⊂y
n

N�{ } such that

+ − = ∈
→∞

α x y α x xlim 0, for .
n

n

h N�∣ ( ) ( )∣ (2.2)

By the definition of I
h, for all >ε 0, there exists ∈w

h� such that + >I ε J w
h h ( ). Let = −w x w x yn n

( ) ( ), thenwehave

∫ ∫ ∫ ∫

∫ ∫

−
=

− −
−

=
−

>

w x w y

x y

x y

w x y w y y

x y

x y

w x w y

x y

x y

d d d d

d d 0.

n

q

n

q

μ

n

q

n

q

μ

q q

μ

N N N N

N N

� � � �

� �

∣ ( )∣ ∣ ( )∣

∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣

According to Lemma 2.2, going if necessary to a subsequence, there exists →t tn 0 as → ∞n such that

∫ ∫ ∫

∫ ∫ ∫

= ′

= ∇ + −
−

= ∇ + + −
−

J t w t w

t w α x w x t

w x w y

x y

x y

t w α x y w x t

w x w y

x y

x y

0 ,

d d d

d d d .

n n n n

n n n n

q n

q

n

q

μ

n n n

q

q q

μ

2 2 2 2

2 2 2 2

N N N

N N N

� � �

� � �

⟨ ( ) ⟩

(∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

(∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

We obtain

∫ ∫− ∇ ≤ − ∇ →t t w x t t w xd d 0,
n n

2

0

2 2 2

0

2 2

N N
� �

( ) ∣ ∣ ∣ ∣ ∣ ∣ (2.3)

∫ ∫ ∫ ∫−
−

≤ −
−

→t t

w x w y

x y

x y t t

w x w y

x y

x yd d d d 0
n

q q

q q

μ n

q q

q q

μ

2

0

2 2

0

2

N N N N
� � � �

∣( )
∣ ( )∣ ∣ ( )∣

∣ ∣
∣ ∣ ∣

∣ ( )∣ ∣ ( )∣

∣ ∣
(2.4)

and

∫ ∫

∫ ∫ ∫ ∫

∫ ∫

+ −

≤ + − + + + −

≤ − + + −
→∞

t α x y w x t α x w x

t α x y w x t α x y w x t α x y w x t α w x

t t α w x t α x y α w x

d d

d d d d

d lim d .

n n

h

n n n n

h

n

n
n

h

2 2
0

2 2

2 2
0

2 2
0

2 2
0

2 2

2

0

2 2
0

2 2

N N

N N N N

N N

� �

� � � �

� �

( )∣ ∣ ( )∣ ∣

( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ∣ ∣

∣ ∣ ∣ ∣ ∣ ( ) ∣∣ ∣

(2.5)

By combining with (2.2)–(2.5), we have

∫ ∫ ∫∇ + −
−

=t w α x w x t

w x w y

x y

x yd d d 0.h
q

q q

μ0

2 2 2
0

2

N N N
� � �

(∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣
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That is, ′ =J t w t w, 0h

0 0⟨ ( ) ⟩ . Since ′ =J w w, 0h⟨ ( ) ⟩ , we obtain =t 10 . By the direct computations, we obtain

∫ ∫ ∫

∫ ∫ ∫

=
⎧
⎨
⎩

∇ + −
−

⎫
⎬
⎭

= ∇ + −
−

=

→∞ →∞
J t w

t

w α x w x

t

q

w x w y

x y

x y

w α x w x

q

w x w y

x y

x y

J w

lim lim
2

d
2

d d

1

2
d

1

2
d d

.

n

n n

n

n

n n

n

q

n

q

n

q

μ

h

q q

μ

h

2

2 2

2

2 2

N N N

N N N

� � �

� � �

( ) (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

(∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

( )

Thus,

+ > =
→∞

I ε J w J t wlim ,h h

n

n n( ) ( )

that is,

+ ≥I ε J t w .h

n n( )

Since ∈t wn n � , ≥J t w I .n n( ) Thus,

≥I I .h

The proof is now complete. □

2.1 Proof of Theorem 1.2

Proof.We choose a minimizing sequence ⊂u Hn

N1 �{ } ( ) of I . Then, going if necessary to a subsequence, un{ } is
bounded in H

N1 �( ). We can assume that there exists ≥λ 0 such that

∫ =
→∞

u x λlim d .
n

n

2

N
�

∣ ∣

If =λ 0, that is, ∫ =→∞ u xlim d 0n n

2
N�
∣ ∣ , setting = >−γ 0

N

N μ

2

2
, there exists < <θ0 1 such that < <qγ2 2* and

= ⋅ + − ⋅ ∗
qγ θ θ2 1 2( ) satisfying

∫ ∫

∫

∫ ∫

=

=

≤
⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜

⎞

⎠
⎟ =

→∞ →∞
⋅ + − ⋅

→∞
⋅ − ⋅

→∞

−

∗

∗

∗

u x u x

u u x

u x u x

lim d lim d

lim d

lim d d 0.

n

n

qγ

n

n

θ θ

n

n

θ

n

θ

n

n

θ

n

θ

2 1 2

2 1 2

2 2

1

N N

N

N N

� �

�

� �

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

( )

( )

(2.6)

By Hardy-Littlewood-Sobolev inequality, we obtain

∫ ∫ −
≤ →

u x u y

x y

x y c ud d 0.
n

q

n

q

μ
n

L

q2

N N

qγ N

� �

�

∣ ( )∣ ∣ ( )∣

∣ ∣
‖ ‖

( )

Since ⊂un �{ } , we have

∫ ∇ + =
→∞

u α x u xlim d 0.
n

n n

2 2

N
�

(∣ ∣ ( )∣ ∣ )

Thus,

∫ ∫ ∫=
⎧
⎨
⎩

∇ + −
−

⎫
⎬
⎭
=

→∞ →∞
J u u α x u x

q

u x u y

x y

x ylim lim
1

2
d

1

2
d d 0,

n

n

n

n n

n

q

n

q

μ

2 2

N N N
� � �

( ) (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣
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that is, =I 0. This contradicts >I 0, so ∫ = >→∞ u x λlim d 0n n

2
N�
∣ ∣ . The vanishing Lemma [29] implies that

∫ = ∈
→∞ →∞ ∈

u x τ λlim lim sup d 0, .
R n

y
y

n

B

2

N

R

�

∣ ∣ ( ]

( )

If ∈τ λ0,( ), we have

∫=
→∞ →∞ ∈

τ u xlim lim sup d ,
R n

y
y

n

B

2

N

R

�

∣ ∣

( )

then for all < <
⎧
⎨
⎩

⎫
⎬
⎭

−
ε0 min ,

λ τ τ3

8 4

( ) , there exists > >R n0, 00 0 and y
n

{ }. When >n n0, we have

∫ ∈ − +u x τ ε τ εd , .

y

n

B

2

R n0

∣ ∣ ( )

( )

(2.7)

Setting = +u x u x yn n n
( ) ( ), we know ≠u x 0n( ) is bounded in H

N1 �( ). We may assume, going if necessary to a
subsequence

⇀u u Hin ,n

N1 �( )

→u u Lin .n

N

loc

2 �( )

On the one hand, if = ∞→∞ ylimn n
∣ ∣ , we can rewrite constraint condition

∫ ∫ ∫

∫ ∫ ∫

= = ′ = ∇ + −
−

= ∇ + + −
−

ξ u J u u u α x u x

u x u y

x y

x y

u α x y u x

u x u y

x y

x y

0 , d d d

d d d .

n n n n n

n

q

n

q

μ

n n n

n

q

n

q

μ

2 2

2 2

N N N

N N N

� � �

� � �

( ) ⟨ ( ) ⟩ (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

(∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

(2.8)

By α3( ), there exists ∈α αHullh x1 ( )( ) such that

∫ ∫+ =
→∞

α x y u x α x u xlim d d .
n

n

h2 2

N N

1

� �

( )∣ ∣ ( )∣ ∣

Then

∫

∫ ∫

∇ + +

= ∇ − − − + − − − + ∇ +

→∞

→∞

u α x y u x

u x y u x y α x u x y u x y x u α x u x

lim d

lim d d .

n

n n n

n

n n n n n n

h

2 2

2 2 2 2

N

N N

1

�

� �

∣ ∣ ( )∣ ∣

∣ ( ( ) ( ))∣ ( )∣ ( ) ( )∣ ∣ ∣ ( )∣ ∣

(2.9)

On the other hand,

∫

∫ ∫

∗

= ∗ − − − − − − + ∗

→∞
−

→∞
− −

x u u x

x u x y u x y u x y u x y x x u u x

lim d

lim d d .

n

μ

n

q

n

q

n

μ

n n n

q

n n n

q μ q q

N

N N

�

� �

(∣ ∣ ∣ ∣ )∣ ∣

(∣ ∣ ∣ ( ) ( )∣ )∣ ( ) ( )∣ (∣ ∣ ∣ ∣ )∣ ∣

(2.10)

Combining to (2.8)–(2.10), we have

= = − − − +
→∞ →∞

ξ u ξ u x y u x y ξ u0 lim lim .
n

n

n

n n n

h1( ) ( ( ) ( )) ( ) (2.11)

Similar to (2.11), we have

Choquard equations with recurrent potentials  9



∫

∫

∫

⎜ ⎟

⎜ ⎟

⎜ ⎟

= = − ′ =

= ⎛
⎝

− ⎞
⎠

∗

= ⎛
⎝

− ⎞
⎠

∗ − − − − − −

+ ⎛
⎝

− ⎞
⎠

∗

= − − − +

→∞ →∞ →∞

→∞
−

→∞
−

−

→∞

I J u J u J u u l u

q

x u u x

q

x u x y u x y u x y u x y x

q

x u u x

l u x y u x y l u

lim lim
1

2
, lim

1

2

1

2
lim d

1

2

1

2
lim d

1

2

1

2
d

lim .

n

n

n

n n n

n

n

n

μ

n

q

n

q

n

μ

n n n

q

n n n

q

μ q q

n

n n n

h

N

N

N

1

�

�

�

( ) ( ) ⟨ ( ) ⟩ ( )

(∣ ∣ ∣ ∣ )∣ ∣

(∣ ∣ ∣ ( ) ( )∣ )∣ ( ) ( )∣

(∣ ∣ ∣ ∣ )∣ ∣

( ( ) ( )) ( )

(2.12)

Set = − − − =→∞ →∞ξ ξ u x y u x y ξlim limn n n n n n
( ( ) ( )) , =ξ u ã

h1( ) and − − − =→∞l u x y u x y llim ˜.n n n n
( ( ) ( ))

We obtain

= + = +ξ a I l l u0 ˜, ˜ .h1( )

1 .0 If <ã 0, for all ∈ − − − ≥+n l u x y u x y, 0,n n n
� ( ( ) ( )) then ≥l̃ 0. By definition I

a

h

˜
1, we have

= + ≥ ≥ >I l l u l u I I˜ .h h

a

h h

˜
1 1

1
1( ) ( )

But by Lemma 2.4, we have ≤I I
h1. This is a contradiction.

2 .0 If >ã 0, then <ξ 0. Hence, when n enough large, we have − − − <ξ u x y u x y 0.n n n
( ( ) ( )) By definition

Iξn
and Lemma 2.1,

− − − ≥ >l u x y u x y I I .n n n ξn
( ( ) ( ))

So,

≥l I˜ .

But ≠u 0, we have >l u 0h1( ) , and thus

= + > ≥I l l u l I˜ ˜ .h1( )

This is a contradiction.
3 .0 If =ã 0, then =ξ 0 and

∫

∫

= = − − −

= ∇ − − − + − − −

− ∗ − − − − − −

→∞

→∞

→∞
−

ξ ξ u x y u x y

u x y u x y α x u x y u x y x

x u x y u x y u x y u x y x

0 lim

lim d

lim d .

n

n n n

n

n n n n n n

n

μ

n n n

q

n n n

q

2 2

N

N

�

�

( ( ) ( ))

∣ ( ( ) ( ))∣ ( )∣ ( ) ( )∣

(∣ ∣ ∣ ( ) ( )∣ )∣ ( ) ( )∣

Moreover,

∫

∫

∫ ∫

⎜ ⎟

⎜ ⎟

⎜ ⎟

= − − −

= ⎛
⎝

− ⎞
⎠

∗ − − − − − −

≥ ⎛
⎝

− ⎞
⎠

+ −

≥ ⎛
⎝

− ⎞
⎠

⎛

⎝
⎜ −

⎞

⎠
⎟

→∞

→∞
−

→∞

→∞

l l u x y u x y

q

x u x y u x y u x y u x y x

q

α x y u u x

q

α u x u x

˜ lim

1

2

1

2
lim d

1

2

1

2
lim d

1

2

1

2
lim d d .

n

n n n

n

μ

n n n

q

n n n

q

n
n n

n

n

2

2 2

N

N

N N

�

�

� �

( ( ) ( ))

(∣ ∣ ∣ ( ) ( )∣ )∣ ( ) ( )∣

( )∣ ∣

∣ ∣ ∣ ∣
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By ∫ ∫=→∞ u x u xlim d d ,R

B

2 2

R

N�
∣ ∣ ∣ ∣ we obtain that for any < < −

ε0 min ,
λ τ τ3

8 4
{ }

( ) , there exists > >R R 01 0 such that

∫ ∫< +u x u x εd d2

B

2
N

R�
∣ ∣ ∣ ∣ when ≥R R .1 So

∫ ∫ ∫

∫ ∫

< + = +

= + ≤ +

≤ + ≤ +
−

→∞

→∞ →∞ ∈

u x u x ε u x ε

u x ε u x ε

τ

ε

τ

λ τ

d d lim d

lim d lim sup d

4

3 2
.

n

n

n

y

n

n
y

y

n

2

B

2

B

2

B

2

B

2

N

R R

R n

N

R

1 1

1 1

�

�

∣ ∣ ∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

( ) ( )

Since ∫ ∫= =→∞ →∞u x u x λlim d lim d ,n n n n

2 2
N N� �
∣ ∣ ∣ ∣ we have

∫ ∫⎜ ⎟ ⎜ ⎟≥ ⎛
⎝

− ⎞
⎠

⎧
⎨
⎩

−
⎫
⎬
⎭
≥ ⎛
⎝

− ⎞
⎠
⎛
⎝

− ⎞
⎠ >→∞

l

q

α u x u x

q

α

λ τ
˜

1

2

1

2
lim d d

1

2

1

2 2
0.

n

n

2 2

N N
� �

∣ ∣ ∣ ∣

Moreover,

= + > ≥I l l u l u I˜ .h h h1 1 1( ) ( )

This is a contradiction with ≤I I
h1.

On the other hand, if y
n

∣ ∣ is bounded, then going if necessary to a subsequence y
n

{ }, we have
=→∞ y ylimn n 0

∣ ∣ , that is, it follows from (2.7), and there exists >R 02 , and we have ⊂B y BR n R0 2
( ) ,

∫ ∫< − < <τ ε u x u x0 d d .

y

n n

B

2

B

2

R n R0 2

∣ ∣ ∣ ∣

( )

Similar to → ∞y
n

∣ ∣ , by the definition of I , one can obtain a contradiction. Thus, the dichotomy cannot happen.
Thereby, we have

∫ =
→∞ →∞ ∈

u x λlim lim sup d .
R n

y
y

n

B

2

N

R

�

∣ ∣

( )

For any < <ε0
λ

4
, there exists > > ⊂r n y0, 0, ˜ ,

n

N

1 �{ } we obtain

∫< ∈ − +u x λ ε λ ε0 d ,

y

n

B ˜

2

r n

∣ ∣ ( )

( )

(2.13)

when >n n .1 If = ∞→∞ ylim ˜
n n

∣ ∣ , set = +u x u x y˜ ˜
n n n
( ) ( ). It is verified through the compactness that

→u u L˜ ˜ in ,n

N2 �( ) (2.14)

where ≠ũ 0. Hence, by (2.14) and α3( ), there exists ∈α αHullh2 ( ) such that

∫ ∫∇ + + ≥ ∇ +
→+∞

u α x y u x u α x u xlim ˜ ˜ ˜ d ˜ ˜ d .
n

n n n

h2 2 2 2

N N

2

� �

(∣ ∣ ( )∣ ∣ ) (∣ ∣ ( )∣ ∣ ) (2.15)

Moreover,

= ≥
→∞

ξ u ξ u0 lim ˜ ,
n

n

h2( ) ( )

and

= = − ′ = =
→∞ →∞ →∞

I J u J u J u u l u l ulim lim
1

2
, lim ˜ .

n

n

n

n n n

n

n

h2( ) ( ) ⟨ ( ) ⟩ ( ) ( )

If <ξ ũ 0h2( ) , by definition of I
ξ u

h

˜
h2

2

( )
and Remark 2.3, we have

= ≥ >I l u I I˜ .h

ξ u

h h

˜
h

2
2

2
2( )

( )
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This is a contradiction to Lemma 2.4. If =ξ ũ 0h2( ) , by definition of I
h2,

= ≥I l u I˜ .h h2 2( )

By ≤I I
h2, we obtain = =I I l ũ

h h2 2( ), =ξ ũ 0h2( ) , that is, ũ is a minimax function of I
h2. Thus, ũ is a nontrivial

solution of

− + = ∗− −
u α x u x u u uΔ in .h μ q q N22 �( ) (∣ ∣ ∣ ∣ )∣ ∣

If ỹ
n

∣ ∣ is bounded, by (2.13), there exists ỹ
n

{ }, =→∞ y ylim ˜ ˜
n n 0

∣ ∣ , for enough large >r 00 such that

∫ ∫< − < <λ ε u x u x0 d d ,

y

n n

B ˜

2

B

2

r n r0

∣ ∣ ∣ ∣

( )

when ⊂B y B˜
r n r0
( ) . By un{ } is bounded in H

N1 �( ), there exists ∈u Hˆ N1 �( ) such that

⇀u u Hˆ in .n

N1 �( )

Analogous to → ∞ỹ
n

∣ ∣ , û is a nontrivial solution of (1.1).
Particularly, if <I I

h for every ∈α αHullh x ( )( ) , then = ∞→∞ ylimn n
∣ ∣͠ never happens. Hence, ≠ ∞→∞ ylim ˜

n n
∣ ∣

is necessary, which means that equation (1.1) has a nontrivial solution. □

2.2 Proof of Corollary 1.4

Proof. Set

∫ ∫ ∫= ∇ + −
−

J u u α x u x

q

u x u y

x y

x y

1

2
¯ d

1

2
d d

q q

μ1

2 2

N N N
� � �

( ) (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

and

= ∈ ′ = ≠I J u u H J u u uinf , , 0, 0 .N

1 1

1

1
�{ ( )∣ ( ) ⟨ ( ) ⟩ }

We have <I I1. Suppose I1 is attained by u0, then there holds

∫ ∫ ∫

∫ ∫ ∫

≔ ′ = ∇ + −
−

< ∇ + −
−

=

a J u u u α x u x

u x u y

x y

x y

u α x u x

u x u y

x y

x y

, d d d

¯ d d d 0

q q

μ

q q

μ

0 0 0
2

0
2

0 0

0
2

0
2

0 0

N N N

N N N

� � �

� � �

⟨ ( ) ⟩ (∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

(∣ ∣ ( )∣ ∣ )
∣ ( )∣ ∣ ( )∣

∣ ∣

and

∫ ∫⎜ ⎟= = − ′ = ⎛
⎝

− ⎞
⎠ −

= ≥ ∈ ′ = ≔

I J u J u J u u

q

u x u y

x y

x y

l u l u u H J u u a I

1

2
,

1

2

1

2
d d

inf , , .

q q

μ

N

a

1 1 0 1 0 1 0 0

0 0

0
1

N N

�

� �

( ) ( ) ⟨ ( ) ⟩
∣ ( )∣ ∣ ( )∣

∣ ∣

( ) { ( )∣ ( ) ⟨ ( ) ⟩ }

(2.16)

By Lemma 2.1, we obtain >I Ia . So <I I .1

On the other hand, for all ∈α x αHullh( ) ( ), by definition of αHull( ), we know there exists → ∞y
n

∣ ∣ such that

+ = ∈
→∞

α x y α x xlim , for any .
n

n

h N�( ) ( )

Since α x¯( ) satisfies α3( ), there is ∈α C¯
h N¯ �( ) such that

+ = ∈
→∞

α x y α x xlim ¯ ¯ , for any .
n

n

h N¯ �( ) ( )

By + =→∞ α x ylim ˜ 0n n
∣ ( )∣ , we have =α x α x¯

h h̄( ) ( ), that is, =I I
h h

1

¯. Thus, ≤I I
h

1 by Lemma 2.4. Hence,
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<I I .h

By Theorem 1.2, Equation (1.1) has a nontrivial solution. □

3 Proof of Theorem 1.6

Set

≔ ∈ ≠ ∃ ∈ ′ =∞K v H v β A J β v0, , , 0 .N

α

1 �{ ( )∣ ( ) }

For every given ∈ +l � , define

∑≔
⎧
⎨
⎩

∈ = + ∈ ∈ = =
⎫
⎬
⎭∞

=
∞Q H v x z v K z i l l lΦ Φ , , , 1, …, , 1, …, .N

i

l

i i i i

N1

1

� �( )∣ ( )

By Lemma A.1 in [5], we have

Theorem 3.1. If ∈ ∞v K , then ∈v C
N2 �( ) and v is a solution of the following equation:

⎧
⎨
⎩

− + = ∗
=

− −

→∞

v β x v x v v v

v x

Δ ,

lim 0.

μ q q

x

2( ) (∣ ∣ ∣ ∣ )∣ ∣

( )
∣ ∣

Hence, we can assume that >v x 0( ) and ∈v C
N2 �( ) for all ∈ ∞v K . So if ∈ ∞QΦ , we have

(i) ∈ CΦ N2 �( );
(ii) =∣ ∣→∞ xlim Φ 0x ( ) ;
(iii) >xΦ 0.( )

The next result contains an uniform qualitative property of the elements in ∞Q .

Lemma 3.2. There exists >δ 0 such that >x xΔΦ Φ
α

2
( ) ( ) when <x δΦ( ) .

Proof. For ∈ ∞v K , we have

∫ ∫ ∫−
=

−
+

−

≤
−

+

⧹

∈
−

v y

x y

y

v y

x y

y

v y

x y

y

v y c N

N μ

R

c

R

v

d d d

max
1

,

q

μ

B x

q

μ

B x

q

μ

y B x

q N μ

μ

q

N

R
N

R

R

� �

∣ ( )∣

∣ ∣

∣ ( )∣

∣ ∣

∣ ( )∣

∣ ∣

∣ ( )∣ ( ) ‖ ‖

( ) ( )

( )

that is, ∫ − yd
v y

x y
N

q

μ�

∣ ( ) ∣

∣ ∣
is bounded. Set ∫= =−h x y i ld , 1, …,i

v y

x y
N

i

q

μ�
( )

∣ ( ) ∣

∣ ∣
, = + =h h x z i lmax , 1, …,i i0 { ( ) }. By >q 2, for

every > ∃ >ε δ0, 0, we have <⋅ −
ε

h v x v x

v x

q

0
2∣ ( ) ∣ ( )

( )
when <v x δ( ) . Choosing =ε

α

2
, when <x δΦ( ) , for every

=v i l, 1, …,i , we have + <v x z δi i( ) and

∑ ∑ ∑+ + + < + = +
=

−

= =
h x z v x z v x z

α

v x z

α

v x z

2 2
.

i

l

i i i i

q

i i

i

l

i i

i

l

i i

1

2

1 1

( )∣ ( )∣ ( ) ( ) ( )

For ∈ ∞v Ki , it follows from Theorem 3.1 that vi satisfy

− + = ∗ =− − −
v β x v x v v v h x v vΔ .i i i

μ

i

q

i

q

i i i

q

i

2 2( ) (∣ ∣ ∣ ∣ )∣ ∣ ( )∣ ∣

Thus,

− + + + + = + + +−
v x z β x z v x z h x z v x z v x zΔ .i i i i i i i i i i

q

i i

2( ) ( ) ( ) ( )∣ ( )∣ ( )
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Moreover,

∑

∑ ∑

∑ ∑ ∑

= +

= + + − + + +

> + − + = +

=

=

= =

−

= = =

v x z

β x z v x z h x z v x z v x z

α v x z

α

v x z

α

v x z

α

ΔΦ Δ

2 2

2
Φ.

i

l

i i

i

l

i i i i

i

l

i i i i

q

i i

i

l

i i

i

l

i i

i

l

i i

1

1 1

2

1 1 1

( )

( ) ( ) ( )∣ ( )∣ ( )

( ) ( ) ( )

The proof is now complete. □

Similar to regularity arguments ([8] or [25]), using α1, we obtain that for all ∈ ∞v K and for every open ball
⊂B

N� , there results

≤v C v ,
C B

γ2,‖ ‖ ‖ ‖( )

where >C 0 depends on ∈N α γ, , 0, 1( ) and diam(B). Then it follows that for all ∈ ∞ϕ Q , we have

≤ϕ C v ,
C B 1

γ2,‖ ‖ ‖ ‖( )

where >C 01 depends on ∈N α γ, , 0, 1( ) and diam(B). Consider a bounded subset Q in ∞Q . It follows from the
aforementioned estimates that

∇ ≤∞ϕ C
L

N�‖ ‖ ( )

for every ∈ϕ Q, where >C 0 does not depend on ∈ϕ Q. Therefore, we have the following:

Theorem 3.3. If Q is a bounded set in ∞Q . Then for every ∈ ∞QΦ , there exists >k Q 0( ) , such that
(i) − ≤ −x y k x yΦ Φ∣ ( ) ( )∣ ∣ ∣, for all ∈x y, N� ;
(ii) for every >ε 0, there exists = >r r ε Q, 0( ) such that − ≤x y εΦ Φ∣ ( ) ( )∣ when − <x y r∣ ∣ .

By using the properties, we can give an estimate of the ∞
L distance between elements in ∞Q .

Lemma 3.4. For every bounded subset Q in ∞Q , there exists a constant = >c c Q N, 0( ) such that

− ≤ − ∈∞ +c for all QΦ Ψ Φ Ψ , Φ, Ψ .
L

N N

2

2
�‖ ‖ ‖ ‖( )

Proof. For every ∈x
N

0 � , by Theorem 3.3, there exists = >k k Q 0( ) , for all ∈x
N� , such that

− ≤ − − ≤ − ∀ ∈x x k x x x x k x x QΦ Φ ; Ψ Ψ , Φ, Ψ .0 0 0 0∣ ( ) ( )∣ ∣ ∣ ∣ ( ) ( )∣ ∣ ∣

Without loss of generality, we suppose >x xΨ Φ0 0( ) ( ) and set = −
r

x x

k

Ψ Φ

4

0 0( ) ( ) . Then, for every ∈x
N� , we have

− ≤ − ≤ − ≤ − ≤x x k x x kr x x k x x krΦ Φ ; Ψ Ψ ,0 0 0 0∣ ( ) ( )∣ ∣ ∣ ∣ ( ) ( )∣ ∣ ∣

when − ≤x x r0∣ ∣ , that is,

≤ + − ≤x x kr x kr xΦ Φ ; Ψ Ψ .0 0( ) ( ) ( ) ( )

It follows that

− ≥ − − − = −x x x kr x kr x xΨ Φ Ψ Φ
1

2
Ψ Φ .0 0 0 0( ) ( ) ( ) ( ) ( ( ) ( ))

Moreover, we have
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∫− ≥ − ≥ − = − +
x x x c N r c k N x xΨ Φ Ψ Φ d

1

4
Ψ Φ , Ψ Φ .

B x

N N2 2
0 0

2
0 0

2

r 0

‖ ‖ ∣ ∣ ( ( ) ( )) ( ) ( )( ( ) ( ))

( )

Hence, − ≤ − +x x cΨ Φ Ψ Φ0 0
N

2

2( ) ( ) ‖ ‖ . By arbitrariness of x0, we obtain

− ≤ −∞ +cΦ Ψ Φ Ψ ,
L

N N

2

2
�‖ ‖ ‖ ‖( )

which completes the proof. □

Define a mapping ⊂ →∞X Q H: N1 1 � �( ) by

= ∈ ′ = ′ ∈ ∈−
∞X x x x δ x QΦ max Φ , for some , Φ ,N1 1 1 1� �( ) { ∣ ( ) }

where >δ 0 is the real number given in Lemma 3.2.

Lemma 3.5. The function ⊂ →∞X Q H: N1 1 � �( ) is uniformly continuous on bounded subsets of ∞Q .

Proof. Set = ∈ >x x XΩ ΦN 1 1�{ ∣ ( )}. We will prove < ∈x δ xΦ , Ω( ) . In fact, suppose ∈x Ω0 such that ≤x δΦ 0( ) .
If =x δΦ 0( ) , then ≤x X Φ .0

1 1( ) This contradicts ∈ >x x XΩ Φ0 0

1 1( ( )). If >x δΦ 0( ) . By =∣ ∣→∞ xlim Φ 0x ( ) , there
exists ∈y Ω

0
and >y x

0

1

0

1 such that <y δΦ
0

( ) . By ∈ CΦ N2 �( ), there exists y
1
in line x y0 0

such that

=y δΦ
1

( ) . Then ≤y X Φ
1

1 1( ). By y
1
in line x y0 0

, then > >y x X Φ
1

1

0

1 1( ). This is a contradiction. Similarly, we
can prove ≤ ∈ ∂x δ xΦ , Ω.( )

Let = − −
v x δe

ω x X Φ
1 1

( ) ( ( )), where ∈ω 0,
α

2

1

2( ( ) ) and

− = − − + − ∈L v x x v x x

α

v x x xΦ Δ Φ
2

Φ , Ω.( ( ) ( )) ( ( ) ( )) ( ( ) ( ))

By Lemma 3.2, we know − ≥ ∈L v x x xΦ 0, Ω( ( ) ( )) and − ≥ ∈ ∂v x x xΦ 0, Ω( ) ( ) . By − =∣ ∣→∞ v x xliminf Φx ( ( ) ( ))

≥∣ ∣→∞v xliminf 0x ( ) and maximum principle applied to the unbounded domain (see [23]), we know
− ≥ ∈v x x xΦ 0, Ω.( ) ( ) So, ∀ ′ ∈ ≥x x x X, , ΦN1 1 1�( ) ( ), we have

′ ≤ ′ = − −
x x v x x δeΦ , , .ω x X1 1 Φ

1 1

( ) ( ) ( ( )) (3.1)

We prove the continuity of X
1 by the aforementioned estimate. Taking ∈ QΦ, Ψ , there exists =x Φ( )

′ = ′ ∈X x x X xΦ , Φ , Ψ Ψ , Ψ N1 1 �( ( ) ( )) ( ) ( ( ) ( )) such that ′ =X x δΦ Φ , Φ1( ( ) ( )) and ′ =X x δΨ Ψ , Ψ1( ( ) ( )) . Without
losing of generality, we assume >X XΨ Φ1 1( ) ( ). By (3.1),

′ ≤ − −
X x δeΦ Ψ , Ψ ,ω X X1 Ψ Φ

1 1

( ( ) ( )) ( ( ) ( ))

that is,

− ′ ≥ − − −
X x δeΦ Ψ , Ψ .ω X X1 Ψ Φ

1 1

( ( ) ( )) ( ( ) ( ))

By =x δΨ Ψ( ( )) , we have

− ≥ − ≥ − − −∞ x x δ δeΦ Ψ Ψ Ψ Φ Ψ .
L

ω X XΨ Φ
N

1 1

�‖ ‖ ( ( )) ( ( ))( )
( ( ) ( ))

By Lemma 3.4, we obtain

− ≥ − ≥ − − −+ ∞c δ δeΦ Ψ Φ Ψ .
L

ω X XΨ Φ
N N

2

2

1 1

�‖ ‖ ‖ ‖ ( )
( ( ) ( ))

Thus,

< − ≤
− − −

⟶ − →
+

X X

δ δ c

ω

0 Ψ Φ

ln ln Φ Ψ

0 Φ Ψ 0 .1 1

N

2

2

( ) ( )
( ‖ ‖ )

(‖ ‖ )

This completes the proof. □
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Theorem 3.6. Set ⊂u Hm

N1 �{ } ( ) be a PS( ) sequence for J at level c̃, ⇀u 0m in H
N1 �( ) and −→∞ ulimm m‖

=−u 0m 1‖ . Then there exists ⊂xm

N�{ } such that
(10) − =→∞ −x xlim 0m m m

1

1

1∣ ∣ , where =x x x, …, ;m m m

N1( )

(20) there exists >R 0 such that ∫ >→∞ u xlim d 0;m
B x

m

2

R m

∣ ∣
( )

(30) = ∞→∞ xlim .m m∣ ∣

Proof. By Theorem A.9, going if necessary to a subsequence um{ }, there exists ∈β x A
i α( ) and

≠ ∈ =v H i l0 , 1, …,i

N1 �( ) ( ) such that

(i) − ∑ + →=u v x y H0 in ;m i

l

i
m

i N

1
1 �( ) ( )( )

(ii) ′ = =J β v i l, 0, 1, …, ;
i i( )

(iii) = ∑∼
=c J β v, ;

i

l

i i1 ( )

(iv) → ∞ =y i l, 1, …, .
m

i∣ ∣( )

Set = ∑ +=x v x yΦm i

l

i
m

i

1( ) ( )( ) , then ⊂ ∞x QΦm{ ( )} and − =→∞ ulim Φ 0m m m‖ ‖ . Moreover, − =→∞ −lim Φ Φ 0.m m m 1‖ ‖

There exists = ′ ∈x X xΦ Φ , Φm m m

N1 �( ) ( ( ) ( )) such that ′ =X x δΦ Φ , Φ .m m m

1( ( ) ( )) Let =x x Φm m( ). By um{ } is
bounded in H

N1 �( ), Φm{ } is bounded in ∞Q . By Lemma 3.5, we have − =→∞ −x xlim 0m m m

1

1

1∣ ∣ . 10( ) is proved.

By Theorem 3.3 (ii) and =x δΦm m( ) , choosing =ε ,
δ

2
there exists >R 0 such that ≥xΦm

δ

2
( ) for all

∈x B xR m( ). By − =→∞ ulim Φ 0m m m‖ ‖ , we know

∫ ∫= ≥ ⎛
⎝

⎞
⎠ >

→∞ →∞
u x x

δ

B xlim d lim Φ d
2

0.
m

B x

m

m

B x

m R m

2 2

2

R m R m

∣ ∣ ∣ ∣ ∣ ( )∣

( ) ( )

Thus, 20( ) is proved.
Next, we will use the contradiction method to prove 30( ). Going if necessary to a subsequence, suppose that

xm{ } and <x R̃.m∣ ∣ Then

∫ ∫≥ >
→∞ →∞

+

u x u xlim d lim d 0.
m

B

m

m

B x

m

2 2

R R R m˜

∣ ∣ ∣ ∣

( )

This contradicts with →u L0in .m

N

loc

2 �( ) Thus, 30( ) is proved. □

Proof of Theorem 1.6. Since J satisfies the geometric assumption of the mountain pass theorem, using
Theorem 1.2 in [27], we can find a Palais-Smale sequence um{ } for J at some level >c̃ 0 such that

− =
→∞

−u ulim 0.
m

m m 1‖ ‖ (3.2)

We have um{ } admits a subsequence converging weakly to a critical point u. If ≠u 0, one find a solution of (1.1).
Next, if =u 0, we will find a nontrivial solution of (1.1). By (3.2) and Theorem 3.6, there exists ⊂xm

N�{ }

satisfying
(10) − =→∞ −x xlim 0m m m

1

1

1∣ ∣ , where =x x x, …, ,m m m

N1( )

(20) there exists >R 0 such that ∫ >→∞ u xlim d 0,m
B x

m

2

R m

∣ ∣
( )

(30) = ∞→∞ xlim .m m∣ ∣

Take ≔τ x k T k T, , …,m m m m

N

N

1 2
2( ), where = ∈ − ≤+k k kT x Tmin

m

i

i m

i

i�{ ∣∣ ∣ }, =i N2, …, . So

∑ ∑⎜ ⎟ ⎜ ⎟− =
⎛
⎝

−
⎞
⎠
≤
⎛
⎝

⎞
⎠
≔ < +∞

= =
τ x k T x T T .m m

i

N

m

i

i m

i

i

N

i

2

2

2

2

1

2

1

2

∣ ∣ ∣ ∣

Denote = +v x u x τ .m m m( ) ( ) We know there exists ∈v H
N

0
1 �( ) such that ⇀v v Hinm

N

0
1 �( ) and →v vm 0 in

L
N

loc

2 �( ). Moreover,
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∫ ∫ ∫ ∫= + = ≥
+ + +

v x u x τ x u x x u x xd d d d .

B

m

B

m m

B τ

m

B x

m

0

2

0

2 2 2

R T R T R T m R m

∣ ∣ ∣ ( )∣ ∣ ( )∣ ∣ ( )∣

( ) ( ) ( ) ( )

By 20( ), we have ∫ >→∞ +
v xlim d 0m

B
m

2

R T

∣ ∣ . Hence, ≠v 00 .
Case I: ≠ ∞→∞ xlimm m

1∣ ∣ where x
m

1 is the first component of τm, There exists a subsequence x
m

1{ } such that
=→∞x xlim .m m

1

0

1 By ′α3( ), we have

+ − + ′ = + + + − + ′
= + ′ − + ′

α x τ α x x x α x x x k T x k T α x x x

α x x x α x x x

, , , …, ,

, , ,

m m m

N

m

N

N

m

1
0

1 1 1 2 2
2

1
0

1

1 1 1
0

1

∣ ( ) ( )∣ ∣ ( ) ( )∣

∣ ( ) ( )∣

where ′ = ⊂ = ×⋯×x x x U T T, …, 0, 0,N

N

2
2( ) [ ] [ ]. By Theorem A.2, we have

+ − + ′ = + ′ − + ′

= + ′ − + ′ →
∈ ∈

∈ ×

α x τ α x x x α x x x α x x x

α x x x α x x x

sup , sup , ,

sup , , 0.

x

m

x

m

x U

m

1
0

1 1 1 1
0

1

1 1 1
0

1

N N� �

�

∣ ( ) ( )∣ ∣ ( ) ( )∣

∣ ( ) ( )∣

By Lemma A.5,

′ + − ′ + ′ ≤ + − + ′

≤ + − + ′ →
∈

− ∞J α x τ v J α x x x v c α x τ α x x x

c α x τ α x x x

, , , ,

sup , 0.

m m m H m L

x

m

1
0

1 1
0

1

1
0

1

N N

N

1 � �

�

‖ ( ( ) ) ( ( ) )‖ ‖ ( ) ( )‖

∣ ( ) ( )∣

( ) ( )

So for all ∈φ H
N1 �( ), denoting = + ′ ∈φ x φ x x x H, N1

0

1 1 �( ) ( ) ( )͠ , we have

′ + ′ = ′ +

= ′ − −

= ′ − =

→∞ →∞

→∞

→∞

J α x x x v φ J α x τ v φ

J α x v x τ φ x τ

J u x φ x τ

lim , , , lim , ,

lim , ,

lim , 0.

m

m

m

m m

m

m m m

m

m m

1
0

1⟨ ( ( ) ) ⟩ ⟨ ( ( ) ) ⟩

⟨ ( ( ) ( )) ( )⟩

⟨ ( ( )) ( )⟩

͠ ͠

͠

͠

By ⇀v vm 0, we have ′ + ′ = ′ + ′ =→∞J α x x x v φ J α x x x v φ, , , lim , , , 0m m

1
0

1
0

1
0

1⟨ ( ( ) ) ⟩ ⟨ ( ( ) ) ⟩͠ ͠ , we obtain

∫ ∫ ∫∇ ∇ + + ′ −
−

=
−

v x φ x α x x x v x φ x x

v x v y v y φ y

x y

x y, d d d 0.

q q

μ
0

1
0

1
0

0 0
2

0

N N N
� � �

( ) ( ) ( ) ( ) ( )
∣ ( )∣ ∣ ( )∣ ( ) ( )

∣ ∣
͠ ͠

͠

Moreover,

∫

∫ ∫

∇ − ′ ∇ + − ′

−
− ′ − ′ − ′

−
=

−

v x x x φ x α x v x x x φ x x

v x x x v y x y v y x y φ y

x y

x y

, , d

, , ,
d d 0.

q q

μ

0
1

0

1
0

1
0

1

0
1

0

1
0

1
0

1 2
0

1
0

1

N

N N

�

� �

( ) ( ) ( ) ( ) ( )

∣ ( )∣ ∣ ( )∣ ( ) ( )

∣ ∣

Letting = − ′v v x x x,0 0
1

0

1( ), we have v0 is a nontrivial solution of (1.1).
Case II: = ∞→∞ xlimm m

1∣ ∣ . Because α x( ) satisfies ( ′α3 ), there exists ⊂σm �{ } and = ∞→∞ σlimm m∣ ∣ , such that

+ ′ − ′ = + ′ − ′ =
→∞ ∈ →∞ ∈ ×

α x σ x α x x α x σ x α x xlim sup , , lim sup , , 0.
m

x

m

m
x U

m

1 1 1 1

N� �

∣ ( ) ( )∣ ∣ ( ) ( )∣

By = ∞→∞ xlimm m

1∣ ∣ , − =→∞ −x xlim 0m m m

1

1

1∣ ∣ , we can choose ⊂x x
m m

1 1

k

{ } { } such that

− =
→∞

x σlim 0.
k

m k

1

k

∣ ∣

Moreover,
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+ −

= + + + −

= + −

≤ + ′ − + ′ + + ′ −

= + ′ − + ′ + + ′ − →

∈

∈

∈

∈ ∈

∈ × ∈ ×

α x τ α x

α x x x k T x k T α x

α x x x x α x

α x x x α x σ x α x σ x α x

α x x x α x σ x α x σ x α x

sup

sup , , …,

sup , , …,

sup , , sup ,

sup , , sup , 0.

x

m

x

m m

N

m

N

N

x

m

N

x

m k

x

k

x U

m k

x U

k

1 1 2 2
2

1 1 2

1 1 1 1

1 1 1 1

N

k

N

k k k

N

k

N

k

N

k

�

�

�

� �

� �

∣ ( ) ( )∣

∣ ( ) ( )∣

∣ ( ) ( )∣

∣ ( ) ( )∣ ∣ ( ) ( )∣

∣ ( ) ( )∣ ∣ ( ) ( )∣

By Lemma A.5, we know

′ + − ′ ≤ + −
≤ + − →

∈

− ∞J α x τ v J α x v c α x τ α x

c α x τ α x

, ,

sup 0.

m m m H m L

x

m

k k k

N

k

N

N

k

1 � �

�

‖ ( ( ) ) ( ( ) )‖ ‖ ( ) ( )‖

∣ ( ) ( )∣

( ) ( )

By ⇀v vm 0k
, for all ∈φ H

N1 �( ), we have

′ = ′

= ′ +

= ′ −

= ′ − =

→∞

→∞

→∞
−

→∞

J α x v φ J α x v φ

J α x τ v φ

J α x v φ x τ

J α x u φ x τ

, , lim , ,

lim , ,

lim , ,

lim , , 0,

k

m

k

m m

k

m x τ m

k

m x m

0 k

k k

k m
k

k

k k

⟨ ( ( ) ) ⟩ ⟨ ( ( ) ) ⟩

⟨ ( ( ) ) ⟩

⟨ ( ( ) ) ( )⟩

⟨ ( ( ) ) ( )⟩

( )

( )

that is, ′ =J v 0.0( ) So v0 is a nontrivial solution of (1.1).
By Theorem 3.1, the nontrivial weak solution of (1.1) is a classical solution. Thus, we end the proof. □
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Appendix

In this section, we give some preliminaries. First, we recall some definitions and properties concerning almost
periodic functions depending on a parameter (cf. [6,30]).

Definition A.1. Let ⊂ −Ω N 1� be a compact subset. A continuous function ′α x x,1( ) is called almost periodic in
∈x

1 � , uniformly with respect to ′ ∈x Ω, if for any >ε 0, there corresponds a number >l ε 0( ) such that any
interval of the real line of length l ε( ) contains at least a real σ for which

+ ′ − ′ ≤
′ ∈ ×

α x σ x α x x εsup , , .

x x, Ω

1 1

1 �

∣ ( ) ( )∣
( )

The number σ is called an ε-period for α. The uniform dependence on parameters follows from the fact
that l ε( ) and σ are independent of ′x .

The following two theorems contain classical results on almost periodic functions depending on
parameters.

Theorem A.2. Let ⊂ −Ω N 1� be a compact subset. Then an almost periodic function ′α x x,1( ) in x
1 uniformly with

respect to ′ ∈x Ω is uniformly continuous and bounded on × Ω� .

Theorem A.3. Let ⊂ −Ω N 1� be a compact subset. A necessary and sufficient condition for a function ′α x x,1( ) to
be almost periodic in x

1 uniformly with respect to ′ ∈x Ω, is that the family of its translates + ′ ∈α x τ x τ, ,1 �{ ( ) }

is (uniformly) pre-compact in × Ω,� ��( ).

Next, we will give the property of the Choquard terms. Since the proof is simple or can be found directly,
we omit the proof.

Lemma A.4. For ∈β Aα, let = ∈ ′ = ≠K u H J β u u, 0, 0β

N1 �{ ( )∣ ( ) }. Then we have
(i) >∈ ∈ uinf inf 0;β A u Kα β

‖ ‖

(ii) >∈ ∈ J β uinf inf , 0.β A u Kα β
( )

Lemma A.5. Assume that Λ is a bounded subset of H
N1 �( ). Then, for ∈ ∞

β β L, N

1 2
�( ) and all ∈u Λ, there exists a

constant >c Λ 0( ) such that
(i) − ≤ − ∞J β u J β u c β β, , ;

L1 2 1 2
N�∣ ( ) ( )∣ ‖ ‖ ( )

(ii) ′ − ′ ≤ −− ∞J β u J β u c β β, , .
H L1 2 1 2

N N1 � �‖ ( ) ( )‖ ‖ ‖( ) ( )

Proposition A.6. If ⇀u un in H
N1 �( ), then for every ∈φ H

N1 �( ), we have

∫ ∗ − − − =
→∞

− −
x u u u u u u φ xlim d 0;

n

μ

n

q

n

q

n

2

N
�

(∣ ∣ ∣ ∣ )∣ ∣ ( ) (A1)

∫ ∗ − ∗ =
→∞

− − − −
x u u u φ x u u uφ xlim d 0.

n

μ

n

q

n

q

n

μ q q2 2

N
�

[(∣ ∣ ∣ ∣ )∣ ∣ (∣ ∣ ∣ ∣ )∣ ∣ ] (A2)

Moreover, we have

Lemma A.7. (Brezis-Lieb lemma) [18, Lemma 2.4] Let ≥ ∈ −N p3, 1,
N

N μ

2

2
[ ] and < <μ N0 . If un{ } is a bounded

sequence in −L
N

Np

N μ

2

�( ) such that →u un a.e. in N� , then

∫ ∫ ∫
⎛

⎝
⎜ ∗ − ∗ − −

⎞

⎠
⎟ = ∗

→∞
− − −

x u u x x u u u u x x u u xlim d d d ,
n

μ

n

p

n

p μ

n

p

n

p μ p p

N N N
� � �

(∣ ∣ ∣ ∣ )∣ ∣ (∣ ∣ ∣ ∣ )∣ ∣ (∣ ∣ ∣ ∣ )∣ ∣

as → ∞n .
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By the Brezis-Lieb lemma of the Choquard terms, we obtain

Lemma A.8. If ⇀u um 0 in H
N1 �( ), then

(1) − − + →∈ J β u u J β u J β usup , , , 0;
β A m m0 0

α

∣ ( ) ( ) ( )∣

(2) ′ − − ′ + ′ →∈ −J β u u J β u J β usup , , , 0.
β A m m H0 0

α

N1 �‖ ( ) ( ) ( )‖ ( )

Through Lemma A.8, we can prove the following representation theorem. Although the proof is standard
[15], there exist some differences, which result from the almost periodic potential. To ensure the integrity of
the article, we give the proof here.

Theorem A.9. (Representation theorem) Suppose that α satisfies ′α α~1 3( ) ( ). Let um{ } be Palais-Smale sequence
with the level c̃. Then there exist ∈u H

N

0
1 �( ), = ∈l l c̃ �( ) , ∈β αHull

i
( ), ∈ ≠v H v, 0i

N

i

1 �( ) , ⊂y
m

i N�{ }( ) ,
=i l1, 2,…, , such that
(i) − − ∑ + →=u u v x y 0m i

l

i
m

i

0 1 ( )( ) in H
N1 �( );

(ii) ′ =J u 00( ) and ′ = =J β v i l, 0, 1,…, ;
i i( )

(iii) = + ∑ =c J u J β v˜ , ;
i

l

i i0 1( ) ( )

(iv) → ∞ =y i l, 1,…, .
m

i∣ ∣( )

Proof. By the boundedness of um{ }, there exists ∈u H
N

0
1 �( ), such that = − ⇀w u u 0m m 0 in H

N1 �( ). By
Lemma A.8, we have

′ = ′ = = − +
→∞

J u J w J w J u J u o0, lim 0 and 1 .
m

m m m m0 0( ) ( ) ( ) ( ) ( ) ( )

By vanishing theorem [29], we know ∫ = >→∞ w x λlim d 0m m

2
1N�

∣ ∣ . Hence, we obtain dichotomy or compact-

ness can occur, and hence, there exists >R̃ 0 such that ∫ >→∞ ∈ w xlim sup d 0m y y
m

B

2
N

R̃
� ∣ ∣

( )
. Thus, for every

∈ +m � , there exists ∈y
m

N1 �( ) such that

∫ ∫− <
∈

w x

m

w xsup d
1

d ,

y
y

m

y

m

B

2

B

2

N

R R m
˜ ˜

1�

∣ ∣ ∣ ∣

( ) ( )( )

that is,

∫ ∫≥ >
→∞ →∞ ∈

w x w xlim d lim sup d 0.
m

y

m

m
y

y

m

B

2

B

2

R m

N

R˜
1

˜
�

∣ ∣ ∣ ∣

( ) ( )( )

Hence, when m is enough large,

∫ ∫≥
→∞

w x w xd
1

2
lim d .

y

m

m

y

m

B

2

B

2

R m R m
˜

1
˜

1

∣ ∣ ∣ ∣

( ) ( )( ) ( )

Moreover, we know = ∞→∞ ylimm
m

1∣ ∣( ) . In fact, going if necessary to subsequence, we assume <y c̃
m

1
1∣ ∣( ) . Then

∫ ∫ ∫> ≥ >
→∞

+

w x w x w xd d
1

2
lim d 0.m

y

m

m

y

m

B

2

B

2

B

2

c R R m R m˜1 2 ˜ ˜
1

˜
1

∣ ∣ ∣ ∣ ∣ ∣

( ) ( )( ) ( )

This contradicts with ⇀w 0m .
So, we have = ∞→∞ ylimm

m

1∣ ∣( ) and ∫ >→∞ w xlim d 0.m
y

m
B

2

R m
˜

1 ∣ ∣
( )( ) Wemay assume that there exists ∈v H

N

1
1 �( ),

such that

+ ⇀w x y v Hin ,m
m

N1
1

1 �( ) ( )( )

+ →w x y v Lin .m
m

N1
1 loc

2 �( ) ( )( )
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By

∫ ∫+ = >
→∞ →∞

w x y x w xlim d lim d 0,
m

m
m

m

y

m

B

1 2

B

2

R R m
˜ ˜

1

∣ ( )∣ ∣ ∣( )

( )( )

we have ≠v 01 .
For each ∈m � and +α x y

m

1( )( ) , we choose ∈ =k i N, 2, …,
m

i1 , �( ) , ⊂ ×⋯×z z z T T, , …, 0, 0,
m m m

N

N

1 ,2 1 ,3 1 ,
2( ) [ ] [ ]( ) ( ) ( )

such that

+ = + + ⋯ + = + ⋯α x y α x y z k T z k T α x y z z, , , , , ,
m m m m m

N

m

N

N
m m m

N1 1 1 ,1 1 ,2 1 ,2
2

1 , 1 , 1 1 ,1 1 ,2 1 ,( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

since the aforementioned equality is from ′α .3( ) By Theorem A.3, we know there exists ∈ =β Aα1

∈ ≤ ≤ ∀ ∈β C α β x α x, ,N N� � �{ ( )∣ ( ) } such that + − =→∞ ∈ α x y β xlim sup 0.m x m

1

1
N� ∣ ( ) ( )∣( )

Since +w x ym
m

1{ ( )}( ) is bounded in H
N1 �( ) and Lemma A.5, we have

+ + − + ≤ + −

≤ + −
∈

∞J α x y w x y J β w x y c α x y β x

c α x y β x

, ,

sup

m
m

m
m

m m L

x

m

1 1

1

1 1

1

1

1

N

N

�

�

∣ ( ( ) ( )) ( ( ))∣ ‖ ( ) ( )‖

∣ ( ) ( )∣

( ) ( ) ( ) ( )
( )

( )

and

′ + + − ′ +

≤ + − ≤ + −
∈

−

∞

J α x y w x y J β w x y

c α x y β x c α x y β x

, ,

sup .

m
m

m
m

m H

m L

x

m

1 1

1

1

1

1

1

1

N

N

N

1 �

�
�

‖ ( ( ) ( )) ( ( ))‖

‖ ( ) ( )‖ ∣ ( ) ( )∣

( ) ( ) ( )
( )

( )
( )

( )

So

+ = + + = = >
→∞ →∞ →∞

J β w x y J α x y w x y J w clim , lim , lim ˜ 0
m

m
m

m
m

m
m

m

m1

1 1 1( ( )) ( ( ) ( )) ( )( ) ( ) ( )

and

′ + = ′ + + = ′ =
→∞ →∞ →∞

− − −J β w x y J α x y w x y J wlim , lim , lim 0.
m

m
m H

m
m

m
m H

m

m H1

1 1 1
N N N1 1 1� � �‖ ( ( ))‖ ‖ ( ( ) ( ))‖ ‖ ( )‖( )

( )
( ) ( )

( ) ( )

By + ⇀w x y vm
m

1
1( )( ) , we know

′ =J β v, 0.
1 1( ) (A3)

By Lemmas A.4–A.8, the energy function

− − − +

= + + − − + + +

≤ + + − − + + + + + +

−

≤ + − − + + + + −
∈ ∈

J w v x y J w J β v

J α x y w x y v J α x y w x y J β v

J α x y w x y v J α x y w x y J α x y v J α x y v

J β v

J β w x y v J β w x y J β v c α x y β
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, , ,

, , , ,

,

sup , , , sup .

m
m

m

m
m

m m
m

m

m
m

m m
m

m m m

β A

m
m

m
m

x

m

1
1

1 1

1 1
1

1 1

1 1

1 1
1

1 1 1
1

1
1

1 1

1
1

1
1

1

1

α

N�

∣ ( ( )) ( ) ( )∣

∣ ( ( ) ( ) ) ( ( ) ( )) ( )∣

∣ ( ( ) ( ) ) ( ( ) ( )) ( ( ) )∣ ∣ ( ( ) )

( )∣

∣ ( ( ) ) ( ( )) ( )∣ ∣ ( ) ∣

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

So

− − = −
→∞

J w v x y c J β vlim ˜ , .
m

m
m

1
1

1 1( ( )) ( )( ) (A4)

By Lemma A.4, we know − ≥c J β v˜ , 0.
1 1( )

For every ∈φ H
N1 �( ), we have
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′ − −

≤ ′ − − − ′ + ′ − + ′ − ′ −

≤ ′ + + − − ′ + + + ′ +

+ ′ − ′ −

−

J w v x y φ

J w v x y φ J w φ J v x y φ J w φ J v x y φ

J α x y w x y v J α x y w x y J α x y v φ

J w φ J v x y φ

,

, , , , ,

, , ,

, , .

m
m

m
m

m
m

m
m

m
m

m m
m

m m H

m
m

1
1

1
1

1
1

1
1

1 1
1

1 1 1
1

1
1

N1 �

∣⟨ ( ( )) ⟩∣

∣⟨ ( ( )) ⟩ ⟨ ( ) ⟩ ⟨ ( ( )) ⟩∣ ∣⟨ ( ) ⟩ ⟨ ( ( )) ⟩∣

∥ ( ( ) ( ) ) ( ( ) ( )) ( ( ) )∥ ‖ ‖

∣⟨ ( ) ⟩ ⟨ ( ( )) ⟩∣

( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( )

( )

(A5)

On the other hand, we know

′ − ′ −

≤ ′ + ′ +

≤ ′ + ′ + − ′ + ′

− −

− − −

J w φ J v x y φ

J w φ J α x y v φ

J w φ J α x y v J β v φ J β v φ

, ,

,

, , , .

m
m

m H m H

m H m H H

1
1

1
1

1
1 1 1 1 1

N N

N N N

1 1

1 1 1

� �

� � �

∣⟨ ( ) ⟩ ⟨ ( ( )) ⟩∣
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( )
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(A6)

By Lemmas A.5 and A.8, combining (A3) and (A5), with (A6), we have

′ − − =
→∞

−J w v x ylim 0.
m

m
m H1

1
N1 �‖ ( ( ))‖( )

( ) (A7)

Combining to (A3), (A4) and (A7), as → ∞m , we have

′ =

− − → − ≥

′ − − →

−
J β v H

J w v x y c J β v

J w v x y

, 0 in ,

˜ , 0,
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m
m
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m
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1
1
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( )
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10( ) If − =c J β v˜ , 0
1 1( ) , that is,

− − →
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m
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⎠
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2
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2
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1
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N
�
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So, − − =→∞ w v x ylim 0m m
m

1
1‖ ( )‖( ) and =c J β v˜ ,

1 1( ). Thus, the theorem is proved with =l 1.
20( ) If − >c J β v˜ , 0

1 1( ) , that is, = <J β v c c, ˜ ˜,
1 1 1( ) setting = − −w x w x v x y

m m
m

1
1

1( ) ( ) ( )( ) ( ) , then

→ − >
′ →

J w x c c

J w x

˜ ˜ 0,

0.

m

m

1
1

1

( ( ))

( ( ))

( )

( )

We iterate as in the aforementioned steps.
To prove that this procedure ends, it is enough to show that for some ∈l �, we obtain

= = − − − − −J β v c c c c c, … .
l l l l1 2 1( ) By Lemma A.4, we obtain − − − − =c c c c… 0l1 2 after most for some l. □
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