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Abstract: This article is concerned with the qualitative properties for the Cauchy problem of a non-Newtonian
filtration equation with a reaction source term and volumetric moisture content. On the basis of the slowly
decaying behavior of volumetric moisture content, we establish new critical exponents that depend on the
ratio of coefficients and exponent of volumetric moisture content. Meantime, under appropriate conditions,
we show that the solution globally exists for small enough initial data and blows up in finite time for large
enough or any nontrivial initial datum.
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1 Introduction

We consider an inhomogeneous quasilinear parabolic equation in the whole dimensional space

�( ) ( ) ( ) ( )= + ∈ ×ρ x u Δ u ρ x u x t T, , 0,
ˆ

,t p
q N (1.1)

subject to the initial condition

�( ) ( )= ∈u x u x x, 0 , ,

N
0

(1.2)

where (∣ ∣ )≔ ∇ ∇−Δ u u udivp
p 2 , ≥N 3, < <p N2 , >q 1, >Tˆ 0. The coefficient ( )ρ x and initial data ( )u x

0
satisfy,

respectively,
(H1) �( ) ( )∈ρ x C N , ( ) >ρ x 0, �∀ ∈x ;

N

(H2) there exist k
1
, ( )∈ +∞k 0,

2
with ≤k k

1 2
and ≤ <s p0 such that

�∣ ∣
( )

∣ ∣ ( )≤ ≤ ∀ ∈k x
ρ x

k x x B
1

, \ 0 ,

s s N
1 2 1

where ( )B 0
1

is the unit ball in �N ;
(H3) �( ) ( )∈ ∞u x L N

0
, ( ) ≥u x 0

0
, �∀ ∈x N .
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The quasilinear parabolic equation considered in problems (1.1) and (1.2) is of the p-Laplacian type with
the special volumetric moisture content ( )ρ x and a reaction term ( )ρ x uq. Obviously, such parabolic equation is
degenerate (also called slow diffusion) due to >p 2. Furthermore, equation (1.1) can be written in the form

�
( )

( ) ( )= + ∈ ×u
ρ x

Δ u u x t T
1

, , 0,
ˆ

,t p
q N

and thus, the corresponding nonlinear diffusion operator is
( )

Δ
ρ x p

1 , and according to ( )H
1
–( )H

2
, the coefficient

( )ρ x

1 can positively diverge at infinity. Model (1.1) describes the flow of the compressible non-Newtonian fluids
in a homogeneous isotropic rigid porous medium, where ( )u x t, is the density of fluid, ( )ρ x is the volumetric
moisture content, ( )ρ x uq represents a special reaction source term (see [37, Chapter 2]). Clearly, there exists the
more general source term ( )A x uq, where ( )A x is not necessarily equal to ( )ρ x .

We refer to ( )ρ x as a slowly decaying volumetric moisture content at infinity, since ( )H
2
implies that

∣ ∣
( )

∣ ∣
∣ ∣≤ ≤ ∀ >

k x
ρ x

k x
x

1 1

, 1,

s s
1 2

with ≤ <s p0 . Indeed, it is known from [19] that the behavior of solutions varies according to the different
decaying rate of the volumetric moisture content, namely, <s p and ≥s p. Consequently, we regard the value
=s p as the threshold one and focus on the case of slowly decaying.

In the past decades, many authors have been devoted to investigating the local well-posedness and
qualitative properties of the solutions to p-Laplacian parabolic equations, and one can refer to monographs
[7,29,37] as well as survey papers [8,12, 13,19,40] and the references therein. Among them, the global existence
and blow-up phenomenon of solutions to Cauchy problem are particularly important issues. Fujita [11] first
studied these issues in 1966. For example, for problems (1.1) and (1.2) with ≡ρ 1, i.e.,

�

�

( ) ( )

( ) ( )

⎧
⎨
⎩

= + ∈ ×
= ∈

u Δ u u x t T

u x u x x

, , 0,
ˆ

,

, 0 , ,

t p
q N

N
0

and he studied the Cauchy problem for the classical semilinear parabolic equation ( )=p 2 and showed that
there exists a critical Fujita exponent = +q 1

c N

2 such that the positive solution blows up in finite time for
any nontrivial initial data, whenever < <q q1

c
; while there are global solutions for small initial data and

non-global solution for large initial data, if >q q
c
. After that, there have been many kinds of extensions of

Fujita’s result. It is noted that the critical case =q q
c
also belongs to blow-up case (cf. [14,36]). In addition, with

regard to the latest advances on the Cauchy problem of semilinear parabolic equations with sufficiently small
initial value, one can see [30,31]. Meanwhile, for the extension of studying the influence of the size of initial
energy on the qualitative properties and global dynamical behavior of solutions to the initial boundary value
problems for semilinear pseudo-parabolic equations and finitely degenerate parabolic equations, we refer to
[4,18,38,39]. From then on, the Cauchy problem to quasilinear degenerate parabolic equation ( )>p 2 is con-
sidered in literature [12,13,32,33] and monograph [29], in which they obtained the critical Fujita exponent
= − +q p 1

c

p

N
. We remark that monographs [29,37] have mentioned Barenblatt-type super- and sub-solution

in such a form that

�( ) ( )
∣ ∣

( ) ( ) [ )=
⎡

⎣⎢
−

⎤

⎦⎥
∀ ∈ ×

+

−
−

−
w x t Cξ t

x

a
η t x t T, 1 , , 0, ,

p

p

N

1

2

p

p 1

where ( )=ξ ξ t , ( )=η η t are appropriate auxiliary functions and constants >C 0, >a 0.
Concerning problems (1.1) and (1.2) with volumetric moisture content, without reaction source term, i.e.,

�

�

( ) ( ) ( )

( ) ( )

⎧
⎨
⎩

= ∈ ×
= ∈

ρ x u Δ u x t T

u x u x x

, , 0,
ˆ

,

, 0 , ,

t p
N

N
0

it has been investigated in detail. In particular, depending on the behavior of ( )ρ x at infinity, local and global
solvability, the interface blow-up phenomenon and large time behavior of the solutions have been studied
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(including more general doubly degenerate operators and the case of Riemannnian manifold), see [15,16]
( =p 2) and [5,6,9,34,35] (quasilinear operator).

For problems (1.1) and (1.2) with volumetric moisture content and a general reaction term, i.e.,

�

�

( ) ( ) ( ) ( )

( ) ( )

⎧
⎨
⎩

= + ∈ ×
= ∈

ρ x u Δ u A x u x t T

u x u x x

, , 0,
ˆ

,

, 0 , ,

t p
q N

N
0

when the behavior of ( )ρ x at infinity is given, there have been some advances on the well-posedness, blow-up,
and large time behavior of the solutions for =p 2 (cf. [2,10,17, 26,27]), >p 2 (cf. [40]), and doubly degenerate
operators (cf. [1,3,19–25]), which involved the case of >p 2. Especially, Li and Xiang [17] have recently con-
sidered the case of =p 2 (also refer to [26,27]), and ( )ρ x and ( )A x satisfy the following decay rates, respectively

( ∣ ∣ ) ( ) ( ∣ ∣ )+ ≤ ≤ + < < < ≤− −k x ρ x k x s k k1 1 , 0 2, 0 ;
1

2

2

2

1 1 2

s s
1

2

1

2

( ∣ ∣ ) ( ) ( ∣ ∣ )+ ≤ ≤ + < < < ≤− −K x A x K x s K K1 1 , 0 2, 0 ,
1

2

2

2

2 1 2

s s
2

2

2

2

where ≤s s
2 1

. They obtained the critical Fujita exponent = + −
−q 1

c

s

N s

2
1

2

. In fact, for problems (1.1) and (1.2) with
=p 2 and ( ) ( )=ρ x A x , the corresponding critical exponent is

= +
− +

q
b

N b
1

2

,
c

where ≔ −b s2 , ≤ <s0 2. Zhao [40] investigated the case of >p 2, ≡ρ 1 and ( ) ( ∣ ∣)= + −A x x1

s, �∈s . On the
basis of the energy method, he obtained the existence and uniqueness of solution and large time behavior of
solutions. It was also shown that if <s p and − < < − +p q p1 1

b

N
with ≔ −b p s, then the solution blows up

in finite time. The doubly degenerate problem with ( ) ( )=ρ x A x have been considered in [19,22], whose special
cases included problems (1.1) and (1.2). It was shown that (see [19, Theorems 1 and 3]) when ( ) ∣ ∣= −ρ x x s,
≤ <s p0 , � { }∀ ∈x \ 0

N , if

> − +
+ −

q p
b

N b p
1 ,

initial value ≥u 0
0

and

�

( ( ) ( ))∫ + ≤ρ u x u x x δd ,

s
0 0

N

where ( )( )> − + − +
s

N p b q p

b

1 and >δ 0 small enough, then there exists a global solution of problems (1.1) and (1.2)
and the long-time asymptotic behavior is derived. On the other hand, when ( ) ∣ ∣= −ρ x x s or ( ) ( ∣ ∣)= + −ρ x x1

s,
≤ <s p0 , if ( ) ≢u x 0

0
and

< − +
+ −

q p
b

N b p
1 ,

then the solution blows up in finite time, in the sense that ∃ < <θ0 1, < < ∞R0 , >Tˆ 0 such that

( ) ( )∫ → ∞ → < ∞−
ρ x u x t x t T, d ,

ˆ
.

B

θ

R

Such results have also been generalized to more general initial data, decaying at infinity with a certain rate
(cf. [22]).

In this article, continuing with the model considered in the literature [19,40], we consider the Cauchy
problems (1.1) and (1.2). However, the key ingredient of the technique in proof is the method of directly
constructing the Barenblatt-type super- and sub-solutions, and this article is a first attempt to research the
asymptotic behavior of (1.1) and (1.2) involving degenerate p-Laplacian operator and slowly decaying volu-
metric moisture content. We mention that the methods and results used in this article are completely different
from [19], see Remarks 3.2, 4.1, and 5.1. The main difficulties can be listed as follows. First, the methods used in
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[11,14,17,36] cannot work in the degenerate situation ( )>p 2 as they strongly require =p 2. Second, since
equation (1.1) has not scaling invariant structure, we cannot apply the method of analyzing self-similar
solutions. To overcome these difficulties, we modify the method of Barenblatt-type super- and sub-solutions
(cf. [29,37]) and establish the new asymptotic behaviors of solution. Indeed, we construct suitable super- and
sub-solutions, which crucially rely on the slowly decaying behavior of volumetric moisture content ( )ρ x at
infinity. More accurately, whenever ∣ ∣ >x 1, they are of the following form:

�( ) ( )
∣ ∣

( ) ( ) [ ( )] [ )=
⎡

⎣⎢
−

⎤

⎦⎥
∈ ×

+

−
−

−
w x t Cξ t

x

a
η t x t B T, 1 , , \ 0 0, ,

p

p

N

1

2

1

b

p 1

where ( )=ξ ξ t , ( )=η η t are appropriate auxiliary functions and constants >C 0, >a 0. In view of the term
∣ ∣ −x

b

p 1 with ( ]≔ − ∈b p s p0, , we cannot show that such functions are super- and sub-solutions in ( ) [ )×B T0 0,
1

.
Hence, it is essential to extend them in a suitable way in ( ) [ )×B T0 0,

1
and attach some additional conditions

on ( )=ξ ξ t , ( )=η η t , C and a. This is a technical aspect. In addition, it reflects the interaction between the
behavior of the volumetric moisture content ( )ρ x in compact sets, say ( )B 0

1
, and its behavior for large value of

∣ ∣x . A rough sketch of our main results is as follows (the more detailed statement see Sections 3–5):
Let ≔ −b p s, since ≤ <s p0 , we have

< ≤b p0 .

At the same time, assume

( )( )
< − +

− −k

k
p

N p p

b
1

2
2

1

(1.3)

and define

( )( )

≔
+ − − + ⎛

⎝ − − ⎞
⎠

− + ⎛
⎝ − − ⎞

⎠

−

−

q

N b p p p

N p p

1 1

1

.

b

p

k

k

b

p

k

k

2

2

2

1

2

1

(1.4)

It is easy to check that q is monotonically increasing with respect to the ratio k

k

2

1

and

> −q p 1.

• (See Theorem 3.1) If

>q q ,

initial data u
0
has compact support and is small enough, then problems (1.1) and (1.2) admit a global solution.

Note that for =k k
1 2

,

= − +
+ −

q p
b

N b p
1 ,

this is consistent with [19, Theorem 1] (see Remark 3.1 for more details). Furthermore, if ≡ρ 1, and so =b p, we
have

= − +q p
p

N
1 .

Thus, our results are in accordance with those in [12,13,29,32,33]. In addition, for =p 2, they are in agreement
with the results established in [17], and in [11,14,36] when ≡ρ 1.
• (See Theorem 4.1.) For any >q 1, if u

0
is sufficiently large, then the solutions of problems (1.1) and (1.2) blow

up in finite time.
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• (See Theorem 5.1.) If < < −q p1 1, then the solutions of problems (1.1) and (1.2) blows up in finite time for
any ≢u 0

0
.

• (See Theorem 5.2.) If
− ≤ <p q q1 ,

where

( )( )

≔
+ − − + ⎛

⎝ − − ⎞
⎠

− + ⎛
⎝ − − ⎞

⎠

−

−

q

N b p p p

N p p

1 1

1

,

b

p

k

k

b

p

k

k

2

2

1

2

1

2

(1.5)

then the solution blows up for any nontrivial initial data under the additional hypothesis that [ )∈s ε0, for
>ε 0 small enough.

In view of (1.3), it can be easily checked that
≤q q .

In particular, =q q , whenever =k k
1 2

. We mention that it remains to be considered without restriction
[ )∈s ε0, . In addition, when hypothesis ( )H

2
is satisfied for general < <k k0

1 2
, the blow-up results for suffi-

ciently large initial data and any nontrivial initial data with < < −q p1 1 can be stated exactly as in the
previous case =k k

1 2
(cf. [17,19]). However, from Theorems 3.1 and 5.2, we see that the critical exponents of

problems (1.1) and (1.2) depend on the ratio of coefficients k
1
and k

2
, which is a new and interesting phenom-

enon compared with the case of =k k
1 2

.
The rest of our article is organized as follows. In Section 2, we introduce some preliminaries related to

problems (1.1) and (1.2). In Section 3, we construct suitable super-solution to obtain the existence of global
solution. The blow-up results for sufficiently large initial data are proved in Section 4. Finally, for any initial
datum, the blow-up of solutions are proved in Section 5.

2 Preliminaries

In this section, we present the definitions of weak solution, weak super- and sub-solutions, comparison of
principle and some propositions, which are required in the proof of the main results to problems (1.1) and (1.2).

We first give the definition of the weak solutions of problems (1.1) and (1.2) in different domains.

Definition 2.1. Let >p 2, >q 1, >Tˆ 0, ≥u 0
0

, and �( ) ( )∈ ∞u x L N
0

. A nonnegative function �( ( ))∈ ×∞u L S0,

N ,
�∣ ∣ ( ( ))∇ ∈ ×u L S0,

p N1 for any <S Tˆ is a weak super-solution of problems (1.1) and (1.2) if the following
integral inequality holds

� �

( ( ) ∣ ∣ ( ) ) ( ) ( ) ( )∫ ∫ ∫− + ∇ ∇ ⋅∇ − ≥−ρ x uϕ u u ϕ ρ x u ϕ x t ρ x u x ϕ x xd d , 0 d

T

t
p q

0

ˆ

2

0

N N

(2.1)

for any nonnegative test function �( [ ))∈ ×∞
ϕ C T0,

ˆ
N

0
.

Similarly, a nonnegative function �( ( ))∈ ×∞u L S0,

N is a weak sub-solution of problems (1.1) and (1.2) if it
satisfies (2.1) in the reverse order. We say ( )u x t, is a weak solution of problems (1.1) and (1.2) if it is both a weak
super-solution and a weak sub-solution of problems (1.1) and (1.2).

For any �∈x N
0

and >R 0, we set

�( ) { ∣ ∣ }≔ ∈ − <B x x x x R: .R
N

0 0

When =x 0
0

, we briefly write ( )≔B B 0R R . For every >R 0, we consider the following Dirichlet initial boundary
value problem:
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( )
( ) ( )= + ∈ ×u

ρ x
Δ u u x t B T

1

, , 0,
ˆ

,t p
q

R R (2.2)

( ) ( ) ( )= ∈ ∂ ×u x t x t B T, 0, , 0,
ˆ

,R R
(2.3)

( ) ( )= ∈u x u x x B, 0 , .R0
(2.4)

Definition 2.2. Let >p 2, >q 1, >Tˆ 0R , ≥u 0
0

, and ( ) ( )∈ ∞u x L BR0
. A nonnegative function ( ( ))∈ ×∞u L B S0,R R ,

∣ ∣ ( ( ))∇ ∈ ×u L B S0,R
p

R
1 for any <S TˆR is a weak super-solution of problems (2.2)–(2.4) if the following integral

inequality holds

( ∣ ∣ ) ( ) ( )∫∫ ∫− + ∇ ∇ ⋅∇ − ≥−ρu ϕ u u ϕ ρu ϕ x t ρu x ϕ x xd d , 0 d

T

B

R t R
p

R R

q

B0

ˆ

2

0

R

R R

(2.5)

for any nonnegative test function ( [ ))∈ ×∞
ϕ C B T0,

ˆ

R R0
.

Meanwhile, a nonnegative function ( ( ))∈ ×∞u L B S0,R R is a weak sub-solution of problems (2.2)–(2.4) if it
satisfies (2.5) in the reverse order. We say ( )u x t,R is a weak solution of problems (2.2)–(2.4) if it is both a weak
super-solution and a weak sub-solution of problems (2.2)–(2.4).

Proposition 2.1. Assume ( )H
1
–( )H

3
hold. Then problems (2.2)–(2.4) has a solution uR, and the maximal time of

existence TˆR satisfies

( )‖ ‖ ( )

≥ ≔
− −

∞
T T

q u

ˆ

1

1

.R

L B

q0

0

1

R

Proof. Obviously, ≡u 0R is a sub-solution of problems (2.2)–(2.4). Furthermore, let ( )u tR be the solution for the
following initial value problem of ordinary differential equation:

( ) ( )

( ) ‖ ‖ ( )

⎧
⎨
⎩
′ = >

= ∞

u t u t t

u u

, 0,

0 .

q

L B0 R

Standard calculations show that

( )
‖ ‖

[ ( ) ‖ ‖ ]
[ )

( )

( )

=
− −

∈−

∞

∞ −
u t

u

q t u
t T

1 1

, 0, .R

L B

L B

q

0

0

1
0

R

R

q

1

1

It can be easily verified that uR is a super-solution of problems (2.2)–(2.4) for every >R 0. In view of ( )H
1
–( )H

2
,

we obtain

( )
< ≤ ≤ ∀ ∈

ρ ρ x ρ
x B0 min

1 1

max

1

, .

B B
R

R R

As a result, by applying the standard results (see [7]), problems (2.2)–(2.4) have a nonnegative solution
( ( ))∈ ×∞u L B S0,R R for any <S TˆR, where ≥T Tˆ

R 0
is the maximal time of existence, namely,

‖ ( )‖ → ∞ →∞
−

u t t T,
ˆ

.R R

The proof is completed. □

In addition, the following comparison principle for problems (2.2)–(2.4) holds (cf. [37]).

Proposition 2.2. Assume ( )H
1
–( )H

3
hold. If uR and uR are a super-solution and a sub-solution of problems

(2.2)–(2.4), respectively, then we have

( ) ( )≤ ∈ ×u u a.e. x t B T, , 0,
ˆ

.R R R R
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Proposition 2.3. Assume ( )H
1
–( )H

3
hold. Then problems (1.1) and (1.2) have a solution u, and the maximal time of

existence Tˆ satisfies

( )‖ ‖
≥ ≔

− ∞
−T T

q u
ˆ ˆ

1

1

.

q0

0

1

Moreover, u is the minimal solution, that is, the following inequality holds

�( ) ( )≤ ∈ ×u v x t T, , 0,
ˆ

,

N

for any solution v of problems (1.1) and (1.2).

Proof. Let uR be the unique solution of problems (2.2)–(2.4) for every >R 0. It is not difficult to see that when
< <R R0

1 2
, we have the following inequality:

( ) ( )≤ ∈ ×u u x t B T, , 0,
ˆ

.R R R2 0
1

(2.6)

Indeed, uR
2

is a super-solution, whereas uR
1

is a solution of problems (2.2)–(2.4) with =R R
1
. Consequently, we

obtain the inequality (2.6) by virtue of Proposition 2.2. We proceed to consider the following initial value
problem of ordinary differential equation:

( ) ( )

( ) ‖ ‖

⎧
⎨
⎩
′ = >

= ∞

u t u t t

u u

, 0,

0 .

q

0

Standard calculations show that

( )
‖ ‖

[ ( ) ‖ ‖ ]
[ )=

− −
∈∞

∞
− −

u t
u

q t u
t T

1 1

, 0,
ˆ

.

q

0

0

1

0

q

1

1

It can be easily verified that ( )u t is a super-solution of problems (2.2)–(2.4) for every >R 0. Thus, we obtain

( ) ( ) ( ) ( )≤ ≤ ∈ ×u x t u t x t B T0 , , , 0,
ˆ

.R R 0

(2.7)

It follows from (2.6) and (2.7) that the family { } >uR R 0
is monotone increasing with respect to R and uniformly

bounded. Therefore, we derive the family { } >uR R 0
converges point-wise to a function ( )u x t, , as → +∞R , namely,

( ) ( )=
→+∞

u x t u x tlim , , .

R
R

Furthermore, according to the monotone convergence theorem, taking an equal sign in (2.4) and letting
→ +∞R , we arrive at

� �

( ( ) ∣ ∣ ( ) ) ( ) ( ) ( )∫ ∫ ∫− + ∇ ∇ ⋅∇ − =−ρ x uϕ u u ϕ ρ x u ϕ x t ρ x u x ϕ x xd d , 0 d

T

t
p q

0

ˆ

2

0

N N

0

for any nonnegative test function �( [ ))∈ ×∞
ϕ C T0,

ˆ
N

0 0
. Consequently, ( )u x t, is a solution of problems (1.1) and

(1.2) and �( ( ))∈ ×∞u L S0,

N for any <S Tˆ , where ≥T Tˆ ˆ

0
is the maximal time of existence, that is,

‖ ( )‖ → ∞ →∞
−

u t t T,
ˆ

.

Next, we aim to prove that u is the minimal nonnegative solution of problems (1.1) and (1.2). Suppose v be
any other solution of problems (1.1) and (1.2). It is clear that v is a super-solution of problems (2.2)–(2.4) for
every >R 0. Therefore, in view of Proposition 2.2, one can obtain

( ) ( )≤ ∈ ×u v x t B T, , 0,
ˆ

.R R

Then letting → ∞R , we derive

�( ) ( )≤ ∈ ×u v x t T, , 0,
ˆ

.

N

As a result, u is the minimal nonnegative solution. The proof is completed. □
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In a word, the following comparison principles of problems (1.1) and (1.2) can be presented.

Proposition 2.4. Assume ( )H
1
–( )H

3
hold and u be a super-solution of problems (1.1) and (1.2). If u is the minimal

solution to problems (1.1) and (1.2) given in Proposition 2.3, then we have

�( ) ( )≤ ∈ ×u u a.e. x t T, , 0,
ˆ

.

N

In particular, if u exists up to time Tˆ , then also u exists at least up to time Tˆ .

Proof. It is clear thatu is a super-solution of problems (2.2)–(2.4) for any >R 0. Thus, making use of Proposition
2.2, we arrive at

( ) ( )≤ ∈ ×u u x t B T, , 0,
ˆ

.R R
(2.8)

Letting → ∞R in the aforementioned inequality, from the definition of maximal existence time, it is easy to see
that (2.8) holds, which trivially guarantees that u does exist at least until Tˆ . The proof is completed. □

Proposition 2.5. Assume ( )H
1
–( )H

3
hold. If ( )u x t, is a solution to problems (1.1) and (1.2) for some time = >T tˆ

0
1

,
u is a sub-solution to problems (1.1) and (1.2) for some time = >T tˆ

0
2

and satisfies

�∣ ( )[ ] ∈×u is compact for every S tsupp 0, ,S0, 2

N

then

�( ) ( { })≥ ∈ ×u u x t t t, , 0, min , .

N
1 2

(2.9)

Proof. Fix any { }<S t tmin ,
1 2

. If >R 0 is large enough so that

�∣ [ ][ ] ⊆ ××u B Ssupp 0, ,S R0,

N

then it is easy to know that u and u are a super-solution and a sub-solution to (2.2)–(2.4), respectively.
Consequently, we obtain

( ) ( )≥ ∈ ×u u x t B S, , 0, .R

Then letting → +∞R in the aforementioned inequality and utilizing the arbitrariness of S , we obtain the
inequality (2.9). The proof is completed. □

Remark 2.1. By the similar arguments in [28], one could show that problems (1.1) and (1.2) admits at most one
bounded solution, not satisfying any additional condition at infinity, when ( ) →ρ x 0 slowly, as ∣ ∣= → ∞r x .

In the following, we consider the solution of the following equation:

( )
( ) ( )= + ∈ ×u

ρ x
Δ u u x t T

1

, , Ω 0,
ˆ

,t p
q (2.10)

where �⊂Ω

N . Meantime, the definition of weak solution is given in the following sense.

Definition 2.3. Let >p 2, >q 1, >Tˆ 0. A nonnegative function ( ( ))∈ ×∞u L SΩ 0, , ∣ ∣ ( ( ))∇ ∈ ×u L SΩ 0,

p 1 for any
<S Tˆ is a weak super-solution of (2.10) if the following integral inequality holds

( ∣ ∣ ) ( ) ( )∫∫ ∫− + ∇ ∇ ⋅∇ − ≥−ρuϕ u u ϕ ρu ϕ x t ρu x ϕ x xd d , 0 d

T

t
p q

0

ˆ

Ω

2

Ω

0

(2.11)

for any nonnegative test function ( [ ))∈ ×∞
ϕ C TΩ 0,

ˆ

0
.
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Meanwhile, a nonnegative function ( ( ))∈ ×∞u L SΩ 0, is a weak sub-solution of (2.10) if it satisfies (2.11) in
the reverse order. We say ( )u x t, is a weak solution of (2.10) if it is both a weak super-solution and a weak sub-
solution of (2.10).

To prove the main results and reader’s convenience, we review the following well-known criterion.
Assume �⊂Ω

N be an open set, = ∪Ω Ω Ω
1 2

with ∩ = ∅Ω Ω
1 2

, and ≔ ∂ ∩ ∂Σ Ω Ω
1 2

is of class C1, and ν be
the unit outward normal to ∂Ω

1
at Σ (ν be the unit inward normal to ∂Ω

2
at Σ). Let

( ) [ ) ( )= ∈ × =u u x t T i, , Ω 0,
ˆ

, 1, 2 ,i i
(2.12)

where ( ) ( ( ))∈ ×u C TΩ 0,
ˆ

i t i , ( ( )) ( ( ))∈ × ∩ ×u C T C TΩ 0,
ˆ

Ω 0,
ˆ

i i i
2 1 , =i 1, 2.

Lemma 2.1. Assume ( )H
1
–( )H

3
hold.

(i) If

( )
( )

( ) ( ) ( )≥ + ∈ × =u
ρ x

Δ u u x t T i
1

, , Ω 0,
ˆ

, 1, 2 ,i t p i i

q

i (2.13)

∣ ∣ ∣ ∣ ( ) ( )= ∇
∂
∂

≥ ∇
∂
∂

∈ ×− −u u u
u

ν
u

u

ν
x t T, , , Σ 0,

ˆ
,

p p
1 2 1

2
1

2

2
2 (2.14)

then ( )u x t, defined in (2.12) is a super-solution of equation (2.10) in the sense of Definition 2.3.
(ii) If

( )
( )

( ) ( ) ( )≤ + ∈ × =u
ρ x

Δ u u x t T i
1

, , Ω 0,
ˆ

, 1, 2 ,i t p i i

q

i

∣ ∣ ∣ ∣ ( ) ( )= ∇
∂
∂

≤ ∇
∂
∂

∈ ×− −u u u
u

ν
u

u

ν
x t T, , , Σ 0,

ˆ
,

p p
1 2 1

2
1

2

2
2

then ( )u x t, defined in (2.12) is a sub-solution of equation (2.10) in the sense of Definition 2.3.

Proof. Taking any nonnegative test function ( [ ))∈ ×∞
ϕ C TΩ 0,

ˆ

0
with ∣ =∂ϕ 0

Ω
for [ )∀ ∈t T0,

ˆ .
(i) Multiplying (2.13) by ϕ and utilizing integrating by parts, one can see that

( ) ∣ ∣ ∣ ∣

( ) ∣ ∣ ∣ ∣

∫∫ ∫∫ ∫∫

∫∫ ∫∫ ∫∫

− + ≥ − ∇ ∇ ⋅∇ + ∇
∂
∂

− + ≥ − ∇ ∇ ⋅∇ − ∇
∂
∂

− −

− −

ρ u ϕ u ϕ x t u u ϕ x t ϕ u
u

ν
S t

ρ u ϕ u ϕ x t u u ϕ x t ϕ u
u

ν
S t

d d d d d d ,

d d d d d d

T

t

q

T

p

T

p

T

t

q

T

p

T

p

0

ˆ

Ω

1 1

0

ˆ

Ω

1

2

1

0

ˆ

Σ

1

2
1

0

ˆ

Ω

2 2

0

ˆ

Ω

2

2

2

0

ˆ

Σ

2

2
2

1 1

2 2

By summing up the previous two inequalities and employing (2.14), we can derive the inequality

( ) ∣ ∣∫∫ ∫∫− + ≥ − ∇ ∇ ⋅∇−ρ uϕ u ϕ x t u u ϕ x td d d d .

T

t
q

T

p

0

ˆ

Ω 0

ˆ

Ω

2

Thus, the conclusion holds. The result of (ii) can be obtained by using the same approach. This completes the
proof. □

3 Global existence for small initial data

In view of ( )H
1
, there exist ( )∈ ∞ρ ρ, 0,

1 2

with ≤ρ ρ
1 2

such that

( )
≤ ≤ ∈ρ

ρ x
ρ x B

1

, .
1 2

1
(3.1)

An inhomogeneous non-Newtonian filtration equation  9



According to assumptions ( )H
1
–( )H

2
and (3.1), we may assume that

≥ ≤ρ k ρ k, .
1

1
2

2
(3.2)

Theorem 3.1. Suppose ( )H
1
–( )H

3
, (1.3), (3.1), and (3.2) hold. If < <p N2 and

>q q ,

where q is given in (1.4), initial data u
0
are small enough and has compact support, then problems (1.1)–(1.2)

exists a global solution �( ( ))∈ × ∞∞u L 0,

N .

More precisely, if >C 0 is small enough, >T 0 is big enough, >a 0 and for suitable < <A A0
0 1

such that

≤ ≤
−

−A
C

a
A ,

p

p0

2

1
1

( )
⎜ ⎟∈ ⎛
⎝ − −

⎞
⎠

≔
− −

−
α

q p
δ

α p

q

1

1

,

1

2

,

1 2

1

, (3.3)

�( )
( )

≤ ⎡
⎣ − ⎤

⎦ ∀ ∈− −

+

−
−

u x CT
τ x

a
T x1 , ,

α δ

p

p
N

0

1

2 (3.4)

where

( )

∣ ∣ ∣ ∣

∣ ∣
∣ ∣

≔

⎧

⎨
⎪

⎩⎪

≥

+ −
<

−

−τ x

x x

b x p b

p
x

, if 1,

, if 1,

b

p

b

p

1

1

then problems (1.1) and (1.2) admit a global solution �( ( ))∈ × ∞∞u L 0,

N . Furthermore,

�( ) ( )
( )

( ) ( ) [ )≤ + ⎡
⎣ − + ⎤

⎦ ∀ ∈ × +∞− −

+

−
−

u x t C T t
τ x

a
T t x t, 1 , , 0, .

α δ

p

p
N

1

2 (3.5)

The accurate selection of the parameters >C 0, >T 0, and >a 0 in Theorem 3.1 is discussed in Remark 3.2
below. Note that if u

0
satisfies (3.4), then

‖ ‖ ≤∞
−u CT ,

α
0

�{ ( ) }⊆ ∈ ≤u x τ x aTsupp : .

N δ
0

In view of the selection of C T a, , (see also Remark 3.2), ‖ ‖∞u
0

is sufficiently small, but usupp
0
can be large,

since we can choose >aT rδ
0
for any fixed >r 0

0
.

Furthermore, from (3.5), we deduce that

�( ) { ( ) ( ) }⊆ ∈ ≤ + ∀ >u x t x τ x a T t tsupp , : , 0.

N δ (3.6)

Remark 3.1. In [19, Theorem 1], when ( ) ∣ ∣= −ρ x x s for any � { }∈x \ 0

N with [ )∈s p0, , and for appropriate initial
data u

0
, which is not necessary to have compact support, a similar result of global existence is proved.

Obviously, such ( )ρ x does not fulfill our hypotheses ( )H
1
–( )H

2
. In addition, we can consider a more general

behavior of ( )ρ x for ∣ ∣x large, which influences the definition of critical exponent q , as well as the selection of q.
The detailed conditions in Theorem 3.1 are distinct from that in [19], and it is hard to say which is stronger.
Furthermore, we can derive the estimates (3.5) and (3.6), which do not have a counterpart in [19], due tou

0
with

compact support. Observe that our proofs and results are totally different with [19], since they are based on the
energy method and a smoothing estimate is derived.
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For the remainder of this article, we set ∣ ∣≡r x . In order to show the global existence of solution, we will
construct a suitable super-solution of equation

�
( )

( ) ( )= + ∈ × +∞u
ρ x

Δ u u x t
1

, , 0, .t p
q N (3.7)

To this end, we define the function ( )w x t, as follows:

�
( ) ( ( ) )

( ) ( ) [ ] [ )

( ) ( ) [ )
= ≔

⎧
⎨
⎩

∈ × +∞
∈ × +∞

w x t w r x t
u x t x t B

v x t x t B
, ,

, , in , \ 0, ,

, , in , 0, ,

N
1

1

(3.8)

where

( ) ( ( ) ) ( ) ( )= ≔ ⎡
⎣⎢
− ⎤

⎦⎥+

−
−

u x t u r x t Cξ t
r

a
η t, , 1 ,

βb

p

p

1

2 (3.9)

( ) ( ( ) ) ( )
( )

= ≔ ⎡
⎣⎢
−

+ − ⎤
⎦⎥+

−
−

v x t v r x t Cξ t
br p b

p

η t

a
, , 1 ,

θ

p

p

1

2 (3.10)

with ([ ) [ ))∈ +∞ +∞ξ η C, 0, ; 0,

1 , >C 0, >a 0, ≔ −β
p

1

1

, ≔ −θ
p

p 1

.
In addition, we denote

( ) ⎜ ⎟ ⎜ ⎟≔ ′ +
−
−

′
+ ⎛

⎝ −
⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠

−

−
−

−

σ t ξ ξ
p

p

η

η
k

C

a
ξ

bη

p
N b p

b

p

1

2 2 2

,

p

p

p

p

1

2

1

1

1

(3.11)

( ) ⎜ ⎟≔
−
−

′
+

−
⎛
⎝ −

⎞
⎠

−

−
−

−

δ t ξ
p

p

η

η
k

C

a
ξ

b

p

bη

p

1

2 2 2

,

p

p

p

p

2

2

1

1

1

(3.12)

( ) ≔ −γ t C ξ ,

q q1 (3.13)

( ) ⎜ ⎟≔ ′ +
−
−

′
+ ⎛

⎝ −
⎞
⎠

−

−
−

−

σ t ξ ξ
p

p

η

η
k N

C

a
ξ

bη

p

1

2 2

,

p

p

p

p

0 1

2

1

1

1

(3.14)

( ) ⎜ ⎟≔
−
−

′
+ ⎛

⎝ −
⎞
⎠

−
−δ t ξ

p

p

η

η
k

C

a
ξ

bη

p

1

2 2

.

p

p

p

p

0 2

2

1 (3.15)

Next, we establish the proposition that plays a crucial role in the proof of Theorem 3.1.

Proposition 3.1. Let ( )=ξ ξ t , ( ) ([ ) [ ))= ∈ +∞ +∞η η t C 0, ; 0,

1 and ( )σ t , ( )δ t , ( )γ t , ( )σ t
0

, ( )δ t
0

be defined in
(3.11)–(3.15). Assume ( )H

1
–( )H

2
, (1.3), and (3.1) hold, and for ( )∀ ∈ +∞t 0, ,

( ) <η t a, (3.16)

⎜ ⎟−
′
≥ ⎛

⎝ −
⎞
⎠

−

−
−

−
η

η

C

a
ξ

b

p
k βb

2

,

p

p

p

p

p
2

1

2

1

2

(3.17)

⎜ ⎟ ⎜ ⎟′ + ⎛
⎝ −

⎞
⎠

⎡
⎣⎢
⎛
⎝
+ − +

−
⎞
⎠
−

−
⎤
⎦⎥
≥

−

−
−

−
−ξ

C

a
ξ

bη

p
k N b p

b

p

b

p
k C ξ

2 2 2

,

p

p

p

p

q q

2

1

1

1

1 2

1 (3.18)

⎜ ⎟−
′
≥

−
⎛
⎝ −

⎞
⎠+

−
−

−
η

η

C

a
ξ

b

p

b

p
k

1 2

,

p

p

p

p

p

1

2

2

1

2

(3.19)

⎜ ⎟′ + ⎛
⎝ −

⎞
⎠

⎡
⎣⎢

−
−

⎤
⎦⎥
≥

−

−
−

−
−ξ

C

a
ξ

bη

p
k N

bk

p

η

a
C ξ

2 2

.

p

p

p

p

q q

2

1

1

1

1

2
1 (3.20)

Then ( )w x t, defined in (3.8) is a super-solution of equation (3.7).
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Proof. Let

( ) ( )≔ −F r t
r

a
η t, 1 ,

βb

and define

�{( ) [ ] ( )∣ ( ) }≔ ∈ × +∞ < <D x t B F r t, \ 0, 0 , 1 .

N
1 1

For ( )∀ ∈x t D,
1
, by a straightforward calculation, one can see that

⎟

⎟

⎜

⎜

= ′ +
−
−

⎛
⎝
− ⎞

⎠
′

= ′ +
−
−

⎛
⎝
− ⎞

⎠
′
−

−
−

′

= ′ +
−
−

′
−

−
−

′

−
− −

−
− − −

−
−

−
− −

u Cξ F Cξ
p

p
F

r

a
η

Cξ F Cξ
p

p
F

r

a
η

η

η
Cξ

p

p
F

η

η

Cξ F Cξ
p

p
F

η

η
Cξ

p

p
F

η

η

1

2

1

2

1

1

2

1

2

1

2

;

t

βb

βb

p

p p

p

p p p

p

p

p

p p

1

2

1

2

1

2

1

2

1

2

1

2

1

2

1

2

(3.21)

=
−
−

⎛
⎝−

⎞
⎠

−−u Cξ
p

p
F

βb

a
η r

1

2

;r
βb 1

p

1

2 (3.22)

( )
( )

( )

( )
( )

( )

( )

( )

⎟⎜=
−
−

⎛
⎝−

⎞
⎠ − −

−
−

⎛
⎝
− ⎞

⎠

=
−
−

⎛
⎝−

⎞
⎠ − −

−
−

+
−
−

− − −

− −

− −

− −

− −

−

u Cξ
p

p
F

βb

a
η βb r Cξ

p

p
F

r

a
η

βb

a
ηr

Cξ
p

p
F

βb

a
η βb r Cξ

p

p
F

βb

a
ηr

Cξ
p

p
F

βb

a
ηr

1

2

1

1

2

1

2

1

1

2

1

2

.

rr
βb

βb

βb

βb βb

βb

2

2

1

2

2

2

2

2

2

2

1

2

2

p p

p p

p

1

2

1

2

1

2

1

2

1

2

(3.23)

By virtue of (3.22), (3.23) and the fact ( )( )− − = − +p βb b p1 1 1, we obtain

(∣ ∣ ) ∣ ∣

( )( )

( )

( )

( )( )

( )( )

( )( )

( )( )

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

= +
−

= ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠ − −

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠ −

= ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠ + −

− −

− −
−

− − −

− −
−

− − −

− −
− −

− − −

− −
− −

− − −

− −
−

−

− −
−

−

− −
− −

−

−

−
−

−
−

−
−

−

−
−

−
−

Δ u u u
N

r
u u

C ξ
p

p
F

βb

a
η βbr

C ξ
p

p
F

βb

a
η βbr

C ξ
p

p
F

βb

a
η p βb r

C ξ
p

p
F

βb

a
η N r

C ξ
p

p
F

βb

a
η βbr

C ξ
p

p
F

βb

a
η βbr

C ξ
p

p
F

βb

a
η N b p r

1

1

2

1

2

1

2

1 1

1

2

1

1

2

1

2

1

2

.

p r
p

r r r
p

r

p p

p p

βb p

p p

p p

βb p

p p

p p

βb p

p p

p p

βb p

p p

p p

b p

p p

p p

b p

p p

p p

b p

2 2

1 1

1

1 1 1

1 1

1

1 1 1

1 1

1
1

1 1 1

1 1

1
1

1 1 1

1 1

1

1 1

1

1 1

1
1

p

p

p

p

p

p

p

p

p

p

p

p

1

2

1

2

1

2

1

2

1

2

1

2

1

2

(3.24)

Then it follows from (3.21) and (3.24) that
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( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟

− −

= ′ +
−
−

′
−

−
−

′

+
⎧
⎨
⎩

⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎫
⎬
⎭
−

−
− −

− −

− −
−

−
−

−
− −

−
−

−
−
−

u
ρ x

Δ u u

Cξ F Cξ
p

p
F

η

η
Cξ

p

p
F

η

η

r

ρ
C ξ

p

p
F

βb

a
η N b p

b

p

C ξ
p

p
F

βb

a
η βb C ξ F

1

1

2

1

2

1

2 2

1

2

.

t p
q

b p

p p

p p

p p

p p

q q

1 1

1
1

1 1

1

p

p

p

p p

p

p

p

p q

p

1

2

1

2

1

2

1

2

1

2

1

2

(3.25)

By hypothesis ( )H
2
, we have

�≥ − ≥ − ∀ ∈
− −r

ρ
k

r

ρ
k x B, , \ .

b p b p

N
1 2 1

(3.26)

From (3.25) and (3.26), we obtain

( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟

− −

≥
⎧
⎨
⎩

⎡

⎣⎢
′ +

−
−

′
+ ⎛

⎝
−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠
⎤

⎦⎥

−
−
−

′
− ⎛

⎝
−
−

⎞
⎠
⎛
⎝

⎞
⎠ −

⎫
⎬
⎭

− −
− −

− −
−

−

−

− −
−

u
ρ x

Δ u u

CF F ξ ξ
p

p

η

η
k C ξ

p

p

βb

a
η N b p

b

p

ξ
p

p

η

η
k βbC ξ

p

p

βb

a
η C ξ F

1

1

2

1

2 2

1

2

1

2

.

t p
q

p p

p p

p p

p p

q q

1

2 1

1
1

2

2 1

1

1

p

p q

p

1

2

1 1

2

(3.27)

Therefore, taking advantage of (3.27) and the definitions of ( )σ t , ( )δ t , ( )γ t , one can see

( )
( ) ( ) ( )

( )

− − ≥ ⎡⎣ − − ⎤⎦−
− −
−u

ρ x
Δ u u CF σ t F δ t γ t F

1

.t p
q

p

p q

p

1

2

1 1

2

For each >t 0, set

( ) ( ) ( ) ( ) ( )
( )

≔ − − ∈
− −
−φ F σ t F δ t γ t F F, 0, 1 .

p q

p

1 1

2

We aim to find suitable C a ξ η, , , such that, for each >t 0,

( ) ( )≥ ∀ ∈φ F F0, 0, 1 .

Indeed, computing the second derivative of φ with regard to F , one can see that

( )
( ) ( )( ) ( )( )

″ = −
− −
−

− −
−

<−− −
−φ F

p q

p

p q

p
F

1 1

2

1 1

2

0.

1

p q

p

1 1

2

As a result, ( )φ F is concave with respect to the variable F , and so it suffices to verify that

( ) ( )≥ ≥φ φ0 0, 1 0, (3.28)

which ensures ( ) ≥φ F 0, ( )∀ ∈F 0, 1 . Evidently, (3.28) is equivalent to

( ) ( ) ( ) ( )− ≥ − − ≥δ t σ t δ t γ t0, 0,

namely,

⎜ ⎟−
′
≥ ⎛

⎝ −
⎞
⎠

−

−
−

−
η

η

C

a
ξ

b

p
k βb

2

,

p

p

p

p

p
2

1

2

1

2

(3.29)

⎜ ⎟ ⎜ ⎟′ + ⎛
⎝ −

⎞
⎠

⎡
⎣⎢
⎛
⎝
+ − +

−
⎞
⎠
−

−
⎤
⎦⎥
≥

−

−
−

−
−ξ

C

a
ξ

bη

p
k N b p

b

p

b

p
k C ξ

2 2 2

,

p

p

p

p

q q

2

1

1

1

1 2

1 (3.30)
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which is guaranteed by (1.3), (3.17), and (3.18). Hence, we have proved that

( )
( )− − ≥ ∈u

ρ x
Δ u u x t D

1

0, , .t p
q

1

Set = DΩ
1 1

, � [ ]= ∪B DΩ \

N
2 1 1

, =u u
1

, =u 0
2

, =u u , by virtue of Lemma 2.1-(i), we obtain that u is a super-
solution of equation (3.7) in �[ ] ( )× +∞B\ 0,

N
1

, i.e.,

�
( )

( ) [ ] ( )− − ≥ ∈ × +∞u
ρ x

Δ u u x t B
1

0, , \ 0, .t p
q N

1
(3.31)

On the other hand, set

( )
( )

≔ −
+ −

G r t
br p b

p

η t

a
, 1 .

θ

In view of ( ) <η t a, it can be easily seen that

( ) ( ) ( )< < ∀ ∈ × +∞G r t x t B0 , 1, , 0, .
1

For any ( ) ( )∈ × +∞x t B, 0,
1

, a straightforward calculation yields

= ′ +
−
−

′
−

−
−

′−
−

−
− −v Cξ G Cξ

p

p
G

η

η
Cξ

p

p
G

η

η

1

2

1

2

;t

p

p

p

p p

1

2

1

2

1

2 (3.32)

⎜ ⎟=
−
−

⎛
⎝
− ⎞

⎠
−−v Cξ

p

p
G

θb

p

η

a
r

1

2

;r
θ 1

p

1

2 (3.33)

( )
( )

( )⎜ ⎟ ⎜ ⎟=
−
−

⎛
⎝
− ⎞

⎠
− +

−
−

⎛
⎝

⎞
⎠

− − −− −v Cξ
p

p
G

θb

p

η

a
θ r Cξ

p

p
G

θb

p

η

a
r

1

2

1

1

2

.rr
θ θ2

2

1

2

2 1
p p

1

2

1

2 (3.34)

By virtue of (3.33), (3.34), and the fact ( )( )− − =p θ1 1 1, we obtain

(∣ ∣ ) ∣ ∣

( )( )

( )

( )

( )( )

( )( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

= +
−

= ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− −

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

−

=
⎡

⎣⎢
⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎤

⎦⎥

− −

− − −

− −
− −

− − −

− −
− −

− − −

− −
− −

−

−
−

−
−

−
−
−

Δ v v v
N

r
v v

C ξ
p

p
G

θb

p

η

a
r

C ξ
p

p
G

θb

p

η

a
p θ r

C ξ
p

p
G

θb

p

η

a
N r

C ξ
p

p
G

θb

p

η

a
r

p

p
G

θb

p

η

a
N

1

1

2

1

2

1 1

1

2

1

1

2

1

2

.

p r
p

r r r
p

r

p p

p p

p θ

p p

p p

θ p

p p

p p

θ p

p p

p p

θ

p p

2 2

1 1 1

1 1

1 1

1 1 1

1 1

1 1

1 1 1

1 1

1 1

p

p

p

p

p

p

p

p

1

2

1

2

1

2

1

2

1

2

(3.35)

From (3.32) and (3.35), we deduce

( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

− − = ′ +
−
−

′
−

−
−

′

+ ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠
−

− −
− −

− −

−
−

−
− −

−
−

−
−
−

v
ρ x

Δ v v Cξ G Cξ
p

p
G

η

η
Cξ

p

p
G

η

η

N

ρ
C ξ

p

p
G

θb

p

η

a

r

ρ
C ξ

p

p
G

θb

p

η

a
C ξ G

1 1

2

1

2

1

2

1

2

.

t p
q

p p

p p

θ

p p

p p

q q

1 1

1 1

1 1

p

p

p

p p

p

p

p

p q

p

1

2

1

2

1

2

1

2

1

2

1

2

(3.36)

By applying (3.1), (3.36), and the fact that ( )∈r 0, 1 , we obtain
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( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

− −

≥
⎧
⎨
⎩

⎡

⎣⎢
′ +

−
−

′
+ ⎛

⎝
−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎤

⎦⎥

−
−
−

′
− ⎛

⎝
−
−

⎞
⎠
⎛
⎝

⎞
⎠
−

⎫
⎬
⎭

− −
− −

− − −

−

− −
−

v
ρ x

Δ v v

CG G ξ ξ
p

p

η

η
k NC ξ

p

p

θb

p

η

a

ξ
p

p

η

η
k C ξ

p

p

θb

p

η

a
C ξ G

1

1

2

1

2

1

2

1

2

.

t p
q

p p

p p

p p

p p

q q

1

2 1

1 1

2

2 1 1

p

p q

p

1

2

1 1

2

(3.37)

Therefore, taking advantage of (3.37) and the definitions of ( )σ t
0

, ( )δ t
0

, ( )γ t , one can see

( )
( ) ( ) ( )

( )

− − ≥ ⎡⎣ − − ⎤⎦−
− −
−v

ρ x
Δ v v CG σ t G δ t γ t G

1

.t p
q

0 0

p

p q

p

1

2

1 1

2

For each >t 0, set

( ) ( ) ( ) ( ) ( )
( )

≔ − − ∈
− −
−ψ G σ t G δ t γ t G G, 0, 1 .

0 0

p q

p

1 1

2

We aim to find suitable C a ξ η, , , such that, for each >t 0,

( ) ( )≥ ∀ ∈ψ G G0, 0, 1 .

Indeed, computing the second derivative of ψ with regard to G, one can see that

( )
( ) ( )( ) ( )( )

″ = −
− −
−

− −
−

<−− −
−ψ G

p q

p

p q

p
G

1 1

2

1 1

2

0.

1

p q

p

1 1

2

As a result, ( )ψ G is concave with respect to the variable G, and so it suffices to verify that

( ) ( )≥ ≥ψ ψ0 0, 1 0, (3.38)

which ensures ( ) ≥ψ G 0, ( )∀ ∈G 0, 1 . Evidently, (3.38) is equivalent to

( ) ( ) ( ) ( )− ≥ − − ≥δ t σ t δ t γ t0, 0,
0 0 0

that is,

⎜ ⎟−
′
≥

−
⎛
⎝ −

⎞
⎠+

−
−

−
η

η

C

a
ξ

b

p

b

p
k

1 2

,

p

p

p

p

p

1

2

2

1

2

(3.39)

⎜ ⎟′ + ⎛
⎝ −

⎞
⎠

⎡
⎣⎢

−
−

⎤
⎦⎥
≥

−

−
−

−
−ξ

C

a
ξ

bη

p
k N

bk

p

η

a
C ξ

2 2

,

p

p

p

p

q q

2

1

1

1

1

2
1 (3.40)

which is guaranteed by (3.19) and (3.20). Hence, we have proved that

( )
( ) ( )− − ≥ ∀ ∈ × +∞v

ρ x
Δ v v x t B

1

0, , 0, .t p
q

1
(3.41)

As a consequence, ( )v x t, is a super-solution of equation (3.7) in ( )× +∞B 0,
1

.
Now, observe that �( [ ))∈ × +∞w C 0,

N . Indeed,

( )
( )

( ) ( )= = ⎡
⎣ − ⎤

⎦ ∀ ∈ ∂ × +∞
+

−
−

u v Cξ t
η t

a
x t B1 , , 0, .

p

p

1

2

1

(3.42)

Furthermore, for ( ) ( )∀ ∈ ∂ × +∞x t B, 0,
1

,

∣ ∣ ∣ ∣ ( )
( ) ( )

⎜ ⎟= = − ⎛
⎝ −

⎞
⎠

⎡
⎣ − ⎤

⎦
− − − −

−

+

−
−

u u v v C ξ t
b

p

η t

a

η t

a2

1 .r
p

r r
p

r
p p

p
p

p
2 2 1 1

1

1

2 (3.43)

In conclusion, set �= BΩ \

N
1 1

, = BΩ
2 1

, =u u
1

, =u v
2

, =u w , by virtue of (3.31), (3.41)–(3.43) and Lemma 2.1-(i),
we obtain that ( )w x t, is a super-solution of equation (3.7). The proof is completed. □
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Remark 3.2. Let

>q q ,

and (1.3) and (3.1) hold. Meanwhile, denote ≔
−

−A
C

a

p

p

2

1
. In Theorem 3.1, the accurate assumptions on parameters

α δ, , >C 0, >A 0, >T 0 are the following:

( )α δ, satisfy the condition 3.3 ,

⎜ ⎟− ⎛
⎝ −

⎞
⎠ −

≥
−

δ A
b

p

bk

p2 1

0,

p 1

2 (3.44)

⎜ ⎟ ⎜ ⎟− + ⎛
⎝ −

⎞
⎠

⎡
⎣⎢
⎛
⎝
+ − +

−
⎞
⎠
−

−
⎤
⎦⎥
≥

−
−α A

b

p
k N b p

b

p

b

p
k C

2 2 2

,

p

q

1

1 2

1 (3.45)

⎜ ⎟≥ ⎛
⎝ −

⎞
⎠ −

−

δT A
a

b

p

b

p
k

1

2 1

,

δ

p 1

2

(3.46)

> >T
r

a
r, 1,

δ 0

0
(3.47)

⎜ ⎟ ⎜ ⎟− + ⎛
⎝ −

⎞
⎠

⎛
⎝

−
−

⎞
⎠
≥

−
− −α A

b

p
k N

p

b

a
k T C

2

1

2

.

p

δ q

1

1 2

1 (3.48)

Lemma 3.1. All the conditions in Remark 3.2 can be fulfilled concurrently.

Proof. We take α satisfying (3.3) and

( ) ( )

( )( )

( )

( )⎪

⎪ ⎪

⎪
<

⎧
⎨
⎩

+ − + −

+ − − +
− −
− −

⎫
⎬
⎭

−
α

k N b p k k

k N b p p k b

p k N bk

p k N p
min

2

,

2

2

,

1

2

.

b

p1
2

1 2

1 1

1 2

2

1

(3.49)

In view of

> > − + > −q q p
bk

Nk
p1 1,

2

1

then (3.49) holds. Moreover, making use of (1.3), (3.49), and the fact that ( )= − −
−δ

α p

p

1 2

1

, we can choose >A 0 such
that (3.44) holds, the left side of (3.45) is positive, and

( )⎜ ⎟− + ⎛
⎝ −

⎞
⎠

− >
−

α A
b

p
k N ε

2

0,

p 1

1

for some >ε 0. Then, we select >C 0 so small that (3.45) holds and

( )⎜ ⎟− + ⎛
⎝ −

⎞
⎠

− >
−

−α A
b

p
k N ε C

2

.

p

q

1

1

1 (3.50)

Select >T 0 large enough so that (3.46) and (3.47) are valid and

−
−

≥−k N
p

b

a
k T ε

1

2

.

δ
1 2

(3.51)

Therefore, from (3.50) and (3.51), inequality (3.48) follows. The proof is completed. □

We are ready to give the proof of the main Theorem 3.1.
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Proof of Theorem 3.1. According to Lemma 3.1, we can assume that all the conditions of Remark 3.2 are
satisfied. Set

( ) ( ) ( ) ( )= + = + ∀ >− −ξ t T t η t T t t, , 0.

α δ

Observe that condition (3.47) implies ( ) <η t a. In addition, combining conditions (3.17), (3.18) of Proposition 3.1
with the selection of ( )ξ t and ( )η t , direct calculations show that

( ) ( ) ( )⎜ ⎟− ⎛
⎝ −

⎞
⎠

+ ≥
−

−

−
− − − − +δ

C

a

b

p
βbk T t

2

0,

p

p

p

α p δ p

2

1

1

2

2 1 1 (3.52)

( ) ( ) ( ) ( )( )⎜ ⎟ ⎜ ⎟− + − + + ⎛
⎝ −

⎞
⎠

⎡
⎣⎢
⎛
⎝
+ − +

−
⎞
⎠
−

−
⎤
⎦⎥

+ ≥− − − −
−

−

−
− + −α T t C T t

C

a

b

p
k N b p

b

p

bk

p
T t

2 2 2

0.

α q αq

p

p

p

α δ p1 1

2

1

1

1

2
1 (3.53)

In view of ( )= − −
−δ

α p

p

1 2

1

, (3.52) and (3.53) become

( )
⎜ ⎟
⎛
⎝ −

⎞
⎠

≤
− −−

−

−
C

a

b

p

α p

bk2

1 2

,

p

p

p
2

1

1

2

(3.54)

( ) ( )⎜ ⎟ ⎜ ⎟

⎧
⎨
⎩
− + ⎛

⎝ −
⎞
⎠

⎡
⎣⎢
⎛
⎝
+ − +

−
⎞
⎠
−

−
⎤
⎦⎥
⎫
⎬
⎭

+ ≥ +
−

−

−
− − − −α

C

a

b

p
k N b p

b

p

b

p
k T t C T t

2 2 2

.

p

p

p

α q αq

2

1

1

1 2

1 1 (3.55)

By the assumption ∈ ⎛
⎝

⎞
⎠− −α ,

q p

1

1

1

2

, we obtain

> − − > −δ α qα0, 1 . (3.56)

Then (3.54) and (3.55) are direct consequence of (3.44), (3.45), and (3.56).
We now consider conditions (3.19) and (3.20) of Proposition 3.1. Substituting ( )ξ t , ( )η t , α and δ previously

chosen, we obtain (3.46) and the following inequality:

( ) ( ) ( )⎜ ⎟ ⎜ ⎟

⎡

⎣⎢
− + ⎛

⎝ −
⎞
⎠

⎛
⎝

−
−

+ ⎞
⎠
⎤

⎦⎥
+ ≥ +

−

−

−
− − − − −α

C

a

b

p
k N

bk

p a
T t T t C T t

2 2

1

.

p

p

p

δ α q αq

2

1

1

1

2
1 1 (3.57)

Obviously, condition (3.57) follows from (3.48) and (3.56). Hence, we can choose suitable α, δ, >C 0, >a 0, andT

so that (3.46), (3.54), (3.55), and (3.57) hold. By means of Propositions 2.4 and 3.1, the conclusion of Theorem 3.1
holds. The proof is completed. □

4 Blow-up for large initial data

In this section, we present the blow-up phenomena of the solution to problems (1.1) and (1.2) with sufficiently
large initial data.

Theorem 4.1. Suppose ( )H
1
–( )H

3
, (3.1) and (3.2) hold. If < <p N2 and >q 1, >T 0, and initial data u

0
is large

enough, then the solution u of problems (1.1) and (1.2) blows up in a finite time ( ]∈S T0, , in the sense that

‖ ( )‖ → ∞ →∞
−u t t S, .

More precisely, we have the following two cases:

(i) Let > −q p 1. If >C 0 is large enough, >a 0, >T 0,

�( )
( ) ( )

( )( )≥ ⎡
⎣ − ⎤

⎦ ∀ ∈−

+

−
−

−
− −
− −u x CT

s x

a
T x1 , ,

p

p
N

0

1

2

q

q p

p q

1

1

1

1 1

(4.1)
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where

( )
∣ ∣ ∣ ∣

∣ ∣ ∣ ∣
≔
⎧
⎨
⎩

≥

<

−

−
s x

x x

x x

, if 1,

, if 1,

b

p

p

p

1

1

then the solutions of problems (1.1) and (1.2) blow up and satisfy the bound from below

�( ) ( )
( )

( ) ( ) [ )
( )

( )( )≥ − ⎡
⎣ − − ⎤

⎦ ∀ ∈ ×−

+

−
−

−
− −
− −u x t C T t

s x

a
T t x t S, 1 , , 0, .

p

p
N

1

2

q

q p

p q

1

1

1

1 1

(4.2)

(ii) Let ≤ −q p 1. If >
−

− 0

C

a

p

p

2

1
, a is large enough, >T 0, and (4.1) holds, then the solutions of problems (1.1) and

(1.2) blows up and satisfies the bound from below (4.2).
Observe that if u

0
satisfies (4.1), then

� ( )
( )

( )( )⊇
⎧
⎨
⎩
∈ ≤

⎫
⎬
⎭

− −
− −u x s x aTsupp : .

N
0

p q

p q

1

1 1

Furthermore, in the cases (i) and (ii), from (4.2), we infer that

�( ) ( ) ( ) [ )
( )

( )( )⋅ ⊇
⎧
⎨
⎩
∈ ≤ −

⎫
⎬
⎭

∀ ∈
− −
− −u t x s x a T t t Ssupp , : , 0, .

N
p q

p q

1

1 1 (4.3)

The accurate selection of the parameters >C 0, >T 0 and >a 0 in Theorem 4.1 is discussed in Remark 4.1.

Remark 4.1. Due to our results concerning any >q 1 and sufficiently large initial data, there is no counterpart
of Theorem 3 in [19], where some blow-up results are shown for problems (1.1) and (1.2).

To show the result of blow-up, we define

�
( ) ( ( ) )

( ) ( ) [ ] [ )

( ) ( ) [ )
= ≔

⎧
⎨
⎩

∈ ×
∈ ×

w x t w r x t
u x t x t B T

v x t x t B T
, ,

, , in , \ 0, ,

, , in , 0, ,

N
1

1

(4.4)

where

( ) ( ( ) ) ( ) ( )= ≔ ⎡
⎣⎢
− ⎤

⎦⎥+

−
−

u x t u r x t Cξ t
r

a
η t, , 1 ,

βb

p

p

1

2 (4.5)

( ) ( ( ) ) ( ) ( )= ≔ ⎡
⎣⎢
− ⎤

⎦⎥+

−
−

v x t v r x t Cξ t
r

a
η t, , 1 ,

θ

p

p

1

2 (4.6)

with ([ ) [ ))∈ +∞ξ η C T, 0, ; 0,

1 , >C 0, >a 0, ≔ −β
p

1

1

, ≔ −θ
p

p 1

.
In addition, we define

( ) ( )

( )( )

( )

( )( )

≔ ⎡
⎣⎢

−
− −

⎤
⎦⎥

− ⎡
⎣⎢

−
− −

⎤
⎦⎥

>

−
− −

−
− −

K
p

p q

p

p q

2

1 1

2

1 1

0,

p

p q

p q

p q

2

1 1

1

1 1

(4.7)

( ) ⎜ ⎟ ⎜ ⎟≔ ′ +
−
−

′
+ ⎛

⎝ −
⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠

−

−
−

−

σ t ξ ξ
p

p

η

η
k

C

a
ξ

bη

p
N b p

b

p

1

2 2 2

,

p

p

p

p

2

2

1

1

1

(4.8)

( ) ⎜ ⎟≔
−
−

′
+

−
⎛
⎝ −

⎞
⎠

−

−
−

−

δ t ξ
p

p

η

η
k

C

a
ξ

b

p

bη

p

1

2 2 2

,

p

p

p

p

1

2

1

1

1

(4.9)

( ) ≔ −γ t C ξ ,

q q1 (4.10)

( ) ⎜ ⎟ ⎜ ⎟≔ ′ +
−
−

′
+ ⎛

⎝ −
⎞
⎠

⎛
⎝
+

−
⎞
⎠

−

−
−

−

σ t ξ ξ
p

p

η

η
k

C

a
ξ

pη

p
N

p

p

1

2 2 2

,

p

p

p

p

0 2

2

1

1

1

(4.11)
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( ) ⎜ ⎟≔
−
−

′
+

−
⎛
⎝ −

⎞
⎠

−

−
−

−

δ t ξ
p

p

η

η
k

C

a
ξ

p

p

pη

p

1

2 2 2

.

p

p

p

p

0 1

2

1

1

1

(4.12)

Next, we establish the proposition that plays a key role in the proof of Theorem 4.1.

Proposition 4.1. Let ( )∈ ∞T 0, , ( ) ( ) ([ ) [ ))= = ∈ +∞ξ ξ t η η t C T, 0, ; 0,

1 , K and ( )σ t , ( )δ t , ( )γ t , ( )σ t
0

, ( )δ t
0

be
defined in (4.7)–(4.12). Assume ( )H

1
–( )H

2
, (3.1) and (3.2) hold, and ( )∀ ∈t T0, ,

[ ( )] ( )[ ( )]
( )

( )( ) ( )( )≤
− −
− −

−
− −K σ t δ t γ t ,

p q

p q

p

p q

1 1

1 1

2

1 1 (4.13)

( ) ( ) [( ) ] ( )− ≤ − −p σ t p q γ t2 1 1 , (4.14)

[ ( )] ( )[ ( )]
( )

( )( ) ( )( )≤
− −
− −

−
− −K σ t δ t γ t ,

0 0

p q

p q

p

p q

1 1

1 1

2

1 1 (4.15)

( ) ( ) [( ) ] ( )− ≤ − −p σ t p q γ t2 1 1 .
0 (4.16)

Then ( )w x t, defined in (4.4) is a sub-solution of equation (3.7).

Proof. For any ( ) ∈x t D,
1
, from (3.21) and (3.24), one can see that

( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟

− −

= ′ +
−
−

′
−

−
−

′

+
⎧
⎨
⎩

⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎫
⎬
⎭
−

−
− −

− −

− −
−

−
−

−
− −

−
−

−
−
−

u
ρ x

Δ u u

Cξ F Cξ
p

p
F

η

η
Cξ

p

p
F

η

η

r

ρ
C ξ

p

p
F

βb

a
η N b p

b

p

C ξ
p

p
F

βb

a
η βb C ξ F

1

1

2

1

2

1

2 2

1

2

.

t p
q

b p

p p

p p

p p

p p

q q

1 1

1
1

1 1

1

p

p

p

p p

p

p

p

p q

p

1

2

1

2

1

2

1

2

1

2

1

2

(4.17)

According to hypothesis ( )H
2
, we have

�− ≤ − ≤ ∀ ∈
− −r

ρ
k

r

ρ
k x B, , \ .

b p b p

N
1 2 1

(4.18)

Combining (4.17) and (4.18), we obtain

( )

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟

− −

≤
⎧
⎨
⎩

⎡

⎣⎢
′ +

−
−

′
+ ⎛

⎝
−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠
⎤

⎦⎥

−
−
−

′
− ⎛

⎝
−
−

⎞
⎠
⎛
⎝

⎞
⎠ −

⎫
⎬
⎭

− −
− −

− −
−

−

−

− −
−

u
ρ x

Δ u u

CF F ξ ξ
p

p

η

η
k C ξ

p

p

βb

a
η N b p

b

p

ξ
p

p

η

η
k βbC ξ

p

p

βb

a
η C ξ F

1

1

2

1

2 2

1

2

1

2

.

t p
q

p p

p p

p p

p p

q q

2

2 1

1
1

1

2 1

1

1

p

p q

p

1

2

1 1

2

(4.19)

Therefore, taking advantage of (4.19) and the definitions of ( )σ t , ( )δ t , ( )γ t , we obtain

( )
( ) ( ) ( )

( )

− − ≤ ⎡⎣ − − ⎤⎦−
− −
−u

ρ x
Δ u u CF σ t F δ t γ t F

1

.t p
q

p

p q

p

1

2

1 1

2

For each ( )∈t T0, , set

( ) ( ) ( ) ( ) ( )
( )

≔ − − ∈
− −
−φ F σ t F δ t γ t F F, 0, 1 .

0

p q

p

1 1

2

We aim to find suitable C a ξ η, , , such that, for each ( )∈t T0, ,

( ) ( )≤ ∀ ∈φ F F0, 0, 1 .
0
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To this end, we impose that

( ) ( ) ( )
( ) ( )

= = ≤
∈ ∈

φ F φ F φ Fsup max 0,

F F
0,1

0

0,1

0 0
0

with ( )∈F 0, 1
0

. Then we have

( )
( )

( )

( )

( )

( )

( )( )

( )( )

= ⇔ −
− −
−

=

⇔ = =
⎡
⎣⎢

−
− −

⎤
⎦⎥

− −
−

−
− −

φ

F
σ t

p q

p
γ t F

F F
p

p q

σ t

γ t

d

d

0

1 1

2

0

2

1 1

,

0

0

0

p q

p

p

p q

1 1

2

2

1 1

from which, we obtain

( )
[ ( )]

[ ( )]
( )

( )

( )( )

( )( )

= −
− −
− −

−
− −

φ F K
σ t

γ t

δ t ,
0

0

p q

p q

p

p q

1 1

1 1

2

1 1

where the coefficient K depending on p and q has been defined in (4.7). By hypotheses (4.13) and (4.14), for each
( )∈t T0, ,

( ) ≤ ≤φ F F0, 1,
0

0 0

which implies ( ) ≤φ F 0
0

, ( )∀ ∈F 0, 1 . So far, we have proved that

( )
( )− − ≤ ∈u

ρ x
Δ u u x t D

1

0, , .t p
q

1
(4.20)

Set = DΩ
1 1

, � [ ]= ∪B DΩ \

N
2 1 1

, =u u
1

, =u 0
2

, =u u, by virtue of Lemma 2.1-(ii), we obtain that u is a sub-
solution of equation (3.7) in �[ ] ( )×B T\ 0,

N
1

.
On the other hand, set

( ) ( )͠ ≔ −G r t
r

a
η t, 1 ,

θ

and define

{( ) ( )∣ ( ) }͠≔ ∈ × < <D x t B T G r t, 0, 0 , 1 .
2 1

For any ( ) ∈x t D,
2
, by a straightforward calculation, one can see that

͠ ͠ ͠= ′ +
−
−

′
−

−
−

′−
−

−
− −v Cξ G Cξ

p

p
G

η

η
Cξ

p

p
G

η

η

1

2

1

2

;t

p

p

p

p p

1

2

1

2

1

2 (4.21)

͠=
−
−

⎛
⎝−

⎞
⎠

−−v Cξ
p

p
G

θ

a
η r

1

2

;r
θ 1p

1

2 (4.22)

( )
( ) ( )

͠ ͠ ͠=
−
−

⎛
⎝−

⎞
⎠ − −

−
−

+
−
−

− − − −− − −v Cξ
p

p
G

θ

a
η θ r Cξ

p

p
G

θ

a
ηr Cξ

p

p
G

θ

a
ηr

1

2

1

1

2

1

2

.rr
θ θ θ2

2

2

2

2

1

2

2p p p

1

2

1

2

1

2 (4.23)

By virtue of (4.22), (4.23) and the fact ( )( )− − =p θ1 1 1, we obtain

(∣ ∣ ) ∣ ∣

͠ ͠

͠

⎜ ⎟ ⎜ ⎟

⎜ ⎟

= +
−

= ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠ − ⎛

⎝
−
−

⎞
⎠

⎛
⎝

⎞
⎠

− ⎛
⎝

−
−

⎞
⎠

⎛
⎝

⎞
⎠
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−
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−
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−
−
−

−
−

Δ v v v
N

r
v v

C ξ
p

p
G

θ

a
η θ C ξ

p

p
G

θ

a
η θ

C ξ
p

p
G

θ

a
η N

1

1

2

1

2

1

2
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p r
p

r r r
p

r

p p

p p

p p

p p

p p

p p

2 2

1 1

1

1 1

1

1 1

1
1

p

p

p

p

p

1

2

1

2

1

2

(4.24)

In view of (4.21) and (4.24), we deduce
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( )

͠ ͠ ͠

͠

͠ ͠
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⎜ ⎟ ⎜ ⎟

⎜ ⎟

− −

= ′ +
−
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−
−
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−
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v
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p

p
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η
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p
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η

η

ρ
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θ

a
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p
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G

θ

a
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1

1

2

1

2
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2

.
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q
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q q
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1
1
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p
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p

p
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p

1

2

1
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2

1
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1

2

1
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(4.25)

By (3.1) and (4.25), we have

( )

͠ ͠

͠
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⎜ ⎟
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≤
⎧
⎨
⎩

⎡

⎣⎢
′ +

−
−

′
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η

η
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p
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θ

a
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p

p

ξ
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η
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1
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2

1
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1

2

1

2
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q q
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1
1

1
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1

1

p

p q
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1

2

1 1

2

(4.26)

Then, according to (4.26) and the definitions of ( )σ t
0

, ( )δ t
0

, ( )γ t , we obtain

( )
( ) ( ) ( )͠ ͠ ͠

( )

− − ≤ ⎡
⎣ − − ⎤

⎦
−

− −
−v

ρ x
Δ v v CG σ t G δ t γ t G

1

.t p
q

0 0

p

p q

p

1

2

1 1

2

For each ( )∈t T0, , set

( ) ( ) ( ) ( ) ( )͠ ͠ ͠ ͠
( )

≔ − − ∈
− −
−ψ G σ t G δ t γ t G G, 0, 1 .

0
0 0

p q

p

1 1

2

We aim to find suitable C a ξ η, , , such that, for each ( )∈t T0, ,

( ) ( )͠ ͠≤ ∀ ∈ψ G G0, 0, 1 .
0

To this end, we impose that

( ) ( ) ( )͠ ͠ ͠

( ) ( )͠ ͠
= = ≤

∈ ∈
ψ G ψ G ψ Gsup max 0,
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0,1

0
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0 0
0
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0

. Then we have
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from which, we obtain
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− −
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−
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ψ G K
σ t

γ t

δ t ,
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0

p q

p q

p

p q

1 1

1 1

2

1 1

where the coefficient K depending on p and q has been defined in (4.7). By hypotheses (4.13) and (4.14), for each
( )∈t T0, ,

( )͠ ͠≤ ≤ψ G G0, 1,
0

0 0

which implies ( )͠ ≤ψ G 0
0

, ( )͠∀ ∈G 0, 1 . Hence, we have proved that
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( )
( )− − ≤ ∀ ∈v

ρ x
Δ v v x t D

1

0, , .t p
q

2

Set = DΩ
1 2

, = B DΩ \
2 1 2

, =u v
1

, =u 0
2

, =u v, by virtue of Lemma 2.1-(ii), we obtain that v is a sub-solution of
equation (3.7) in ( )×B T0,

1
.

Now, observe that �( [ ))∈ ×w C T0,

N . Indeed,
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In conclusion, set = BΩ
1 1

, �= BΩ \

N
2 1

, =u v
1

, =u u
2

, =u w, by virtue of Lemma 2.1-(ii), we obtain that
( )w x t, is a sub-solution of equation (3.7). The proof is completed. □

Remark 4.2. Denote ≔
−

−A
C

a

p

p

2

1
. In Theorem 4.1, the accurate assumptions on parameters >C 0, >A 0, >T 0 are

the following:
( )i Let > −q p 1. We require that
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− ≤ − −
−

−A
b

p
k N b p

b

p
p p q C1

2 2

2 1 1 ,

p

q

1

2

1 (4.28)

( )

( )( )

( )

( )( )

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎡

⎣⎢ −
+ ⎛

⎝ −
⎞
⎠

⎛
⎝
+

−
⎞
⎠
⎤

⎦⎥
≤
⎡
⎣⎢

− −
− −

+ ⎛
⎝ −

⎞
⎠

⎤
⎦⎥

−
− −
− −

−
−K

p
A

p

p
k N

p

p

q p

p q
A

p

p
k C

1

2 2 2

1

2 1 2

,

p p1

2 1

p q

p q

p

p

1 1

1 1

2

1

(4.29)

( ) [( ) ]⎜ ⎟ ⎜ ⎟+ ⎛
⎝ −

⎞
⎠

⎛
⎝
+

−
⎞
⎠

− ≤ − −
−

−A
p

p
k N

p

p
p p q C1

2 2

2 1 1 .

p

q

1

2

1 (4.30)

( )ii Let ≤ −q p 1. We require that

( )

( )( )
>

− −
− −

⎛
⎝

− ⎞
⎠A

p q

k p q

p

b

1

2 1

2

,

p

1

(4.31)

( )

( )( )

( )

( )( )

( )

( )( )

( )

( )( )

≥

⎧

⎨
⎪⎪

⎩
⎪
⎪

⎡
⎣⎢

+ ⎛
⎝

⎞
⎠

⎛
⎝ + − + ⎞

⎠
⎤
⎦⎥

⎡
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⎛
⎝

⎞
⎠ − ⎤

⎦⎥

×

⎡
⎣⎢

+ ⎛
⎝

⎞
⎠

⎛
⎝ + ⎞

⎠
⎤
⎦⎥

⎡
⎣⎢
⎛
⎝

⎞
⎠ − ⎤

⎦⎥

⎫

⎬
⎪⎪

⎭
⎪
⎪

− −

−

−

−
− −
− −

− −

−

−

−
− −
− −

− −
− −

−

− −
− −

−

a

K A k N b p

A A k
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A A k

max ,

,

p

b

p

p
b

p

b

p

p
p q

p q

p

p

p

p
p

p

p

p

p
p q

p q

1

2 2

1

2
2

2
1

1

2 1

1

2 2

1

2
2

2
1

1

2 1

p q

p q

p

p q

p q

p

1 1

1 1

1

1

1 1

1 1

1

1

(4.32)
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[( ) ]( )

( ) ( )⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

− −

≥
⎧
⎨
⎩
+ ⎛

⎝ −
⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠

− + ⎛
⎝ −

⎞
⎠

⎛
⎝
+

−
⎞
⎠

−
⎫
⎬
⎭

−

− −

−
−p q a A

A
b

p
k N b p

b

p
p A

p

p
k N

p

p
p

1 1

max 1

2 2

2 , 1

2 2

2 .

p

p p

1

1

2

1

2

q

p

1

2

(4.33)

Lemma 4.1. All the conditions in Remark 4.2 can be fulfilled concurrently.

Proof.
(i) For any >A 0, we select >C 0 large enough (therefore, >a 0 is also fixed, owing to the definition of A) so

that (4.27)–(4.30) hold.
(ii) We select >A 0 so that (4.31) holds and >a 0 sufficiently large to guarantee (4.32) and (4.33) (hence, >C 0 is

also fixed).

The proof is completed. □

We are ready to give a proof of the main Theorem 4.1.

Proof of Theorem 4.1. According to Lemma 4.1, we can assume that all the conditions of Remark 4.2 are
satisfied. Set

( ) ( ) ( ) ( )= − = −−ξ t T t η t T t, ,

α δ
0 0

where

( )

( )( )
≔

−
≔

− −
− −

α
q

δ
p q

p q

1

1

,

1

1 1

.
0 0

Then

( ) ( )

( )
( )

( )( )
( )

( ) ( )

( ) ( )

( )
( )

( )( )
( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟

=
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⎞
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⎞
⎠
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⎣⎢

− −
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+ ⎛
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⎞
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−

= −

=
⎡
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+ ⎛
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⎞
⎠

⎛
⎝
+

−
⎞
⎠
⎤

⎦⎥
−

=
⎡
⎣⎢

− −
− −

+ ⎛
⎝ −

⎞
⎠

⎤
⎦⎥

−

−

−

−

−

−

−

−

−

−

−

−

−
−

−
−

−
−

−
−

−
−

σ t
p

C

a

b

p
k N b p

b

p
T t

δ t
q p

p q

C

a

b

p
k T t

γ t C T t

σ t
p

C

a

p

p
k N

p

p
T t

δ t
q p

p q

C

a

p

p
k T t

1

2 2 2

,

1

2 1 2

,

,

1

2 2 2

,

1

2 1 2

.

p

p

p

p

p

p

q

p

p

p

p

p

p

2

1

1

2

2

1
1

1

0

2

1

1

2

0

2

1
1

q

q

q

q

q

q

q

q

q

q

1

1

1

1

1

Case 1: Let > −q p 1. Conditions (4.27) and (4.28) imply (4.13) and (4.14), whereas (4.29) and (4.30) imply (4.15)
and (4.16). Hence, by Propositions 3.1 and 4.1, the conclusion follows in this case.
Case 2: Let ≤ −q p 1. Conditions (4.32) and (4.33) imply (4.13)–(4.16). Therefore, the conclusion holds in this case
by means of Propositions 3.1 and 4.1.

The proof is completed. □

5 Blow-up for any nontrivial initial data

In this section, we deal with a further result with regard to the blow-up of solution to problems (1.1) and (1.2)
for any nonnegative and nontrivial initial data u

0
. We distinguish between two cases:
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(i) < < −q p1 1,
(ii) − ≤ <p q q1 .

In case (( ))ii , we need an additional assumption. In fact, we suppose that ( )H
1
–( )H

2
hold with

( )∈s ε0, , (5.1)

for some >ε 0 to be fixed small enough later. Then, by the definition of b, we obtain

− < <p ε b p. (5.2)

Theorem 5.1. Suppose ( )H
1
–( )H

2
hold. If < <p N2 , < < −q p1 1, the nonnegative initial data �( )∈u C N

0
and

( ) ≢u x 0
0

, then for any sufficiently large >T 0, the solution u of problems (1.1) and (1.2) blows up in a finite time
( ]∈S T0, , in the sense that

‖ ( )‖ → ∞ →∞
−u t t S, .

More precisely, the bound from (4.2) holds, with C , a, ξ , η as in Theorem 4.1-(ii).

Proof. Since ( ) ≢u x 0
0

and �( )∈u C N
0

, there exist >σ 0, >r 0
1

and �∈x N
0

such that

( ) ( )≥ ∀ ∈u x σ x B x, .r0 0
1

Without loss of generality, we can suppose that =x 0
0

. Let w be the sub-solution of problems (1.1) and (1.2)
considered in Theorem 4.1. We can choose >T 0 sufficiently large in the way that

( )

( )( )≤ ≤
⎧
⎨
⎩

⎫
⎬
⎭

− − − −
−

− −
− −CT σ aT r r, min , .

b

p

p

p

1

1

1

1

q

p q

p q

1

1

1

1 1 (5.3)

From inequalities in (5.3), we deduce that

�( ) ( )≤ ∀ ∈w x u x x, 0 , .

N
0

Hence, by Theorem 4.1 and the comparison principle, the result follows. The proof is completed. □

Theorem 5.2. Let assumptions ( )H
1
–( )H

2
and (5.1) be satisfied for >ε 0 small enough. For any < <p N2 , the

nonnegative initial data �( )∈u C N
0

and ( ) ≢u x 0
0

. If

− ≤ <p q q1 , (5.4)

where q is defined in (1.5), then there exist >t 0
1

and sufficiently large >T 0, the solution u of problems (1.1) and
(1.2) blows up in a finite time ( ]∈ +S T t0,

1
, in the sense that

‖ ( )‖ → ∞ →∞
−u t t S, .

More precisely, when >S t
1
, we have the bound from below

�( ) ( )
( )

( ) ( ) ( )
( )

( )( )≥ + − ⎡
⎣ − + − ⎤

⎦ ∀ ∈ ×−

+

−
−

−
− −
− −u x t C T t t

s x

a
T t t x t t S, 1 , , , ,

p

p
N

1 1

1

2

1

q

q p

p q

1

1

1

1 1

with C , a and ( )s x as in Theorem 4.1-(i).

Remark 5.1. Observe that an integral blow-up result of problems (1.1) and (1.2) is shown when ( ) ∣ ∣= −ρ x x s or
( ) ( ∣ ∣)= + −ρ x x1

s with [ )∈s p0, in [19, Theorem 3], namely, for some >R 0, ( )∈θ 0, 1 , >Tˆ 0, ( ) ( )∫ ρ x u x t x, d

B

θ

R

→ +∞ as → −
t Tˆ . Indeed, under the assumption ( )ρ x integrable in BR this implies ∞L blow-up. Therefore, our

Theorem 5.2 is similar to that under the extra assumption (5.1). Nevertheless, our approach is completely

24  Wentao Huo and Zhong Bo Fang



different with the methods of proofs in [19] as they are mainly based on the selection of a special test function
and integration by parts.

In what follows, let us explain the strategy of the proof of Theorem 5.2. Let ( )u x t, be a solution of problems
(1.1) and (1.2) and ( )w x t, be given in Theorem 4.1. However, as Theorem 5.2 considers the arbitrary initial data
and ≥ −q p 1, it cannot be determined that ( )w x t, is the blow-up sub-solution of problems (1.1) and (1.2). The
main reason is that the size relation between the initial value ( )u x

0
and ( )w x , 0 is unknown. Consequently, our

goal is find some time >t 0
1

such that ( ) ( )≥u x t w x, , 0
1

, so that we can directly obtain that the solution blows
up in a finite time by virtue of Theorem 4.1. To this end, we find a sub-solution ( )z x t, of the equation

�
( )

( ) ( )= ∈ × ∞y
ρ x

Δ y x t
1

, , 0, ,
t p

N (5.5)

such that

�( ) ( )≤ ∀ ∈z x u x x, 0 ,

N
0

(5.6)

and

�( ) ( )≥ ∀ ∈z x t w x x, , 0 , ,

N
1

(5.7)

for >t 0
1

and sufficiently large >T 0. LetTˆ be the maximal existence time of ( )u x t, . If ≤ < ∞T tˆ

1
, then nothing

has to be proved, and ( )u x t, blows up in a finite time. If >T tˆ

1
, since ( )z x t, is also a sub-solution to (1.1), by (5.6)

and the comparison principle, we deduce

�( ) ( ) ( ) ( )≤ ∀ ∈ ×z x t u x t x t T, , , , 0,
ˆ

.

N (5.8)

Combining (5.7) and (5.8), one can see that

�( ) ( ) ( )≥ ≥ ∀ ∈u x t z x t w x x, , , 0 , ,

N
1 1

Hence, ( )+u x t t,
1
and ( )w x t, are the super-solution and sub-solution of the following problem, respectively,

�
( )

( ) ( )= + ∈ × +∞h
ρ x

Δ h h x t
1

, , 0, ,t p
q N

�( ) ( )= ∈h x w x x, 0 , 0 , .

N

As a result, it follows from the finite time blow-up property of ( )w x t, that ( )u x t, also blows up in a finite
time ( ]∈ +S t T t,

1 1
.

Next, we construct a sub-solution of equation (5.5). We define

�
( ) ( ( ) )

( ) ( ) [ ] [ )

( ) ( ) [ )
= ≔

⎧
⎨
⎩

∈ × +∞
∈ × +∞

z x t z r x t
μ x t x t B

υ x t x t B
, ,

, , in , \ 0, ,

, , in , 0, ,

N
1

1

(5.9)

where

( ) ( ( ) ) ( ) ( )= ≔ ⎡
⎣⎢
− ⎤

⎦⎥+

−
−

μ x t μ r x t C ξ t
r

a
η t, , 1 ,

βb

p

p

1

1

1

2 (5.10)

( ) ( ( ) ) ( )
( )

= ≔ ⎡
⎣⎢
−

+ − ⎤
⎦⎥+

−
−

υ x t υ r x t C ξ t
br p b

p

η t

a
, , 1 ,

θ

p

p

1

1

1

2 (5.11)

with ([ ) [ ))∈ +∞ +∞ξ η C, 0, ; 0,

1 , >C 0
1

, >a 0
1

, ≔ −β
p

1

1

, ≔ −θ
p

p 1

.
Let

( ) ( ) ( )
( )

≔ − ≔ −
+ −

F r t
r

a
η t G r t

br p b

p

η t

a
, 1 , , 1 ,

βb θ

1

1

1

1

and we define
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�{( ) [ ] ( )∣ ( ) }≔ ∈ × +∞ < <D x t B F r t, \ 0, 0 , 1 ,

N
3 1 1

{( ) ( )∣ ( ) }≔ ∈ × +∞ < <D x t B G r t, 0, 0 , 1 .
4 1 1

In addition, for >ε 0
0

small enough, let

( )[( )( ) ( ) ]
≔

− − − + −
δ

b

p p N p p b1 2 1

,

k

k

0

1

2 (5.12)

( )

( )( ) ( )
≔

− −
−

=
− + ⎛

⎝ − − ⎞
⎠

− − + −
−

α
δ p

p

N p p

p N p p b

1 1

2

1

2 1

,

b

p

k

k

0

0

2

1

2 (5.13)

( )[( ) ]
͠ ≔

−

− − +
δ

p ε

p p N p1 2

,

k

k

0

0

1

2 (5.14)

( )
( )

( )[( ) ]
͠

͠
≔

− −
−

=
− + ⎛

⎝ − ⎞
⎠ +

− − +
α

δ p

p

N p p ε

p p N p

1 1

2

2 1

1 2

.

k

k

0

0

0

1

2 (5.15)

Observe that

͠< <
−

< <
−

δ
p

δ
p

0

1

1

, 0

1

1

,
0 0

(5.16)

and if ε
0
is small enough, then

͠< <δ δ0 .
0 0

(5.17)

We establish the proposition that plays a crucial role in the proof of Theorem 5.2.

Proposition 5.1. Assume ( )H
1
–( )H

2
, (5.1) holds for >ε 0 small enough and

( )∈δ δ0, ,
0

(5.18)

( )
≔

− −
−

α
δ p

p

1 1

2

. (5.19)

Suppose that

( )< < − + −q p p
δ

α
1 1 1 .

(5.20)

Let ( )∈ +∞T 0,
1

, we choose

( ) ( ) ( ) ( )= + = +− −ξ t T t η t T t, .

α δ
1 1

Then there exist ͠ ≔ >
−

−A 0

C

a

p

p

1

2

1

1
, >t 0

1
and >T 0 such that z defined in (5.9) is a sub-solution of equation (5.5) and

satisfies (5.6) and (5.7).

Proof. For any ( ) ∈x t D,
3
, by the similar calculations to (4.17), we deduce

( )

⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

−

≤
⎧
⎨
⎩

⎡

⎣⎢
′ +

−
−

′
+ ⎛

⎝
−
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⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
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⎞
⎠
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− ⎛
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⎠
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⎠

⎫
⎬
⎭
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−

μ
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C F F ξ ξ
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η

η
k C ξ

p

p
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a
η N b p

b

p
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p

p

η

η
k βbC ξ

p

p

βb

a
η

1

1

2

1

2 2

1

2

1

2

.

t p

p p p

p p

p p

p p

1 1

1

2

1 2 1

2
1

1

1

1

1 1

2
1

1

1

(5.21)
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Now, we define

( ) ⎜ ⎟ ⎜ ⎟≔ ′ +
−
−

′
+ ⎛

⎝ −
⎞
⎠

⎛
⎝
+ − +

−
⎞
⎠

−
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−

−

σ t ξ ξ
p

p

η

η
k

C

a
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p
N b p

b

p

1

2 2 2

,

p

p

p

p

2

1

2

1

1

1

1

(5.22)

( ) ⎜ ⎟≔
−
−

′
+

−
⎛
⎝ −

⎞
⎠

−

−
−

−

δ t ξ
p

p

η

η
k

C

a
ξ

b

p

bη

p

1

2 2 2

.

p

p

p

p

1

1

2

1

1

1

1

(5.23)

Hence, (5.21) becomes

( )
( )− ≤ −

μ
ρ x

Δ μ C F φ F
1

,
t p

p

1 1

1

2

1
1

where

( ) ( ) ( ) ( )≔ − ∈φ F σ t F δ t F, 0, 1 .
1

1 1 1

Now we aim to seek suitable C a,
1 1

such that, for each >t 0,

( ) ( )≤ ∀ ∈φ F F0, 0, 1 .
1

1 1

We observe that it is sufficient that for each >t 0, satisfies

( ) >σ t 0, (5.24)

( ) >δ t 0, (5.25)

( ) ( )− ≤σ t σ t 0, (5.26)

which guarantees ( ) ≥φ F 0
1

1
, ( )∀ ∈F 0, 1 .

1

By virtue of the definitions of ( )ξ t and ( )η t , we obtain

( ) ( ) ( )

( ) ( ) ( )
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⎜ ⎟ ⎜ ⎟ ⎜ ⎟
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= ⎛
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p
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p

p
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p
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1
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1

1

1

1

1

1

By (5.16), (5.18), and (5.19), we have

< <
−

>δ
p

α0

1

1

, 0.

By applying (5.19), (5.24)–(5.26) can be rewritten as follows:
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⎠
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which reduces to
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⎛
⎝ −

⎞
⎠

− >

⎧

⎨
⎪

⎩
⎪ ⎛
⎝ + − + ⎞

⎠

−
⎫

⎬
⎪

⎭
⎪

−

−

−

−

C

a

b

p
p

k N b p

δ p

k βb2

2 max

1

,

2

,

p

p

p

b

p

1

2

1

1

1

2
2

1

(5.27)
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( )
( )

⎜ ⎟
⎛
⎝ −

⎞
⎠

− ≤
− −

⎛
⎝ + − + ⎞

⎠ −

−

−

−

− −

C

a

b

p
p

δ p

k N b p
2

2

1 1

.

p

p

p

b

p

bk

p

1

2

1

1

1

2
2 2

1

(5.28)

If (5.27) and (5.28) are verified, then ( )μ x t, is a sub-solution to equation (5.5) in D
1
. Thus, we show that it is

possible to find ͠ ≔
−

−A
C

a

p

p

1

2

1

1
such that (5.27) and (5.28) hold. If

( )

⎛
⎝ + − + ⎞

⎠

<
− −

⎛
⎝ + − + ⎞

⎠ −− − −k N b p

δ p

k N b p

1 1 1

b

p

b

p

bk

p2
2

2
2 2

1

(5.29)

and

( ) ( )−
<

− −
⎛
⎝ + − + ⎞

⎠ −− −

δ p

k βb

δ p

k N b p

2 1 1

,

b

p

bk

p

1

2
2 2

1

(5.30)

then A͠ can be selected to hold up for (5.27) and (5.28). If

<δ δ ,
0

then conditions (5.29) and (5.30) are satisfied. As a consequence, by virtue of Lemma 2.1-(ii), we obtain that
( )μ x t, is a sub-solution of equation (5.5) in �[ ] ( )× +∞B\ 0,

N
1

.
On the other hand, for any ( ) ∈x t D,

4
, by the similar arguments to (3.35), we deduce

( )

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

−

≤
⎧
⎨
⎩

⎡

⎣⎢
′ +

−
−

′
+ ⎛

⎝
−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝
+

−
⎞
⎠
⎤

⎦⎥

−
−
−

′
− ⎛

⎝
−
−

⎞
⎠

⎛
⎝

⎞
⎠

⎡
⎣⎢ −

−
−
−

⎤
⎦⎥
⎫
⎬
⎭

− − −
− −

− −
− −

υ
ρ x

Δ υ

C G G ξ ξ
p

p

η

η
C ξ

p

p

θb

p

η

a
k N

p

p

ξ
p

p

η

η
C ξ

p

p

θb

p

η

a

pk

p

η

a

p b

p
k

1

1

2

1

2 2

1

2

1

2 2 2

.

t p

p p p

p p

p p

p p

1 1

1

2

1 1

2
1

1

1

1

2

1

2
1

1

1

1

1

1

2

(5.31)

Now, we define

( ) ⎜ ⎟ ⎜ ⎟≔ ′ +
−
−

′
+ ⎛

⎝ −
⎞
⎠

⎛
⎝
+

−
⎞
⎠

−

−
−

−

σ t ξ ξ
p

p

η

η

C

a
ξ

bη

p
k N

p

p

1

2 2 2

,

p

p

p

p

0

1

2

1

1

1

1

2

(5.32)

( ) ⎜ ⎟≔
−
−

′
+ ⎛

⎝ −
⎞
⎠

⎡
⎣⎢ −

−
−
−

⎤
⎦⎥

−

−
−

−

δ t ξ
p

p

η

η

C

a
ξ

bη

p

pk

p

η

a

p b

p
k

1

2 2 2 2

.

p

p

p

p

0

1

2

1

1

1

1

1

1

2

(5.33)

Hence, (5.33) becomes

( )
( )− ≤ −

υ
ρ x

Δ υ C G ψ G
1

,t p

p

1 1

1

2

1
1

where

( ) ( ) ( ) ( )≔ − ∈ψ G σ t G δ t G, 0, 1 .
1

1 0 1 0 1

Now we aim to seek suitable C a,
1 1

such that, for each >t 0,

( ) ( )≤ ∀ ∈ψ G G0, 0, 1
1

1 1

we observe that it is sufficient that for each >t 0, satisfies

( ) >σ t 0,
0

(5.34)

( ) >δ t 0,
0

(5.35)
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( ) ( )− ≤σ t σ t 0,
0 0

(5.36)

which guarantees ( ) ≤ψ G 0
1

1
, ( )∀ ∈G 0, 1 .

1

By virtue of the definitions of ( )ξ t and ( )η t , we obtain

( ) ( ) ( )

( ) ( ) ( ) ( )

( )( )

( )( )

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟

= ⎛
⎝
− −

−
−

⎞
⎠

+ + ⎛
⎝ −

⎞
⎠

⎛
⎝
+

−
⎞
⎠

+

= −
−
−

+ + ⎛
⎝ −

⎞
⎠

⎡
⎣⎢ −

−
−
−

+ ⎤
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+

− −
−

−

−
− + −

− −
−

−

−
− − + −

σ t α
p

p
δ T t

C

a

b

p
k N

p

p
T t

δ t
p

p
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C

a

b

p

k p

p

k

a

p b

p
T t T t

1

2 2 2

,

1

2 2 2 2

.

α

p

p

p

α δ p

α

p

p

p

δ α δ p

0 1

1
1

2

1

1

1

2 1

1

0 1

1
1

2

1

1

1

1 2

1

1 1

1

Hence, (5.34)–(5.36) become

( )⎜ ⎟ ⎜ ⎟− + ⎛
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⎞
⎠

− ⎛
⎝
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⎞
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C
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b
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p k N
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p
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2
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2
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p
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2

( )⎜ ⎟ ⎜ ⎟− + ⎛
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⎠

⎛
⎝ −
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−
−
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>

−

−

−
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2 1 1
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−

−
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p

p

k

k

p b T t

a p
1 1

2

2

2

1

2

0,

p

p

p δ
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2

1

1

1

2

1

2

1

1

which reduces to

( )

( )
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⎛
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⎞
⎠

>

⎧

⎨
⎪

⎩
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(5.37)

( )

( ) ( )
( )
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⎛
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⎞
⎠

≤
− −

− ⎡
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⎠ + + ⎤
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−

−

−
−
−

−
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a

b

p
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k p N T t
2

1 1

2 1
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p

p

p

k

k

p b

a p

δ

1

2

1

1

1

2
2 2

1

1

2 1

(5.38)

If (5.37) and (5.38) are verified, then ( )υ x t, is a sub-solution to equation (5.5) in D
4
. To find ͠ ≔

−

−A
C

a

p

p

1

2

1

1
such that

(5.37) and (5.38) hold, we require

( )

( )

( ) ( )
( )

− ⎛
⎝ + ⎞

⎠

<
− −

− ⎡
⎣⎢ + ⎛

⎝ − ⎞
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⎦⎥− −
−
−

−k p N
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k p N T t

1

2

1 1
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,
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p
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2
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2 2
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(5.39)

and

( )

( )

( )

( ) ( )
( )

−
⎡⎣ − + ⎤⎦

<
− −

− ⎡
⎣⎢ + ⎛

⎝ − ⎞
⎠ + + ⎤

⎦⎥
− −

−
−
−

−

δ p

k p T t

δ p

k p N T t

1 1 1

2 1

.

k

k

p b

a

δ p

p

k

k

p b

a p

δ
2 1

2
2 2

1

1

2 1

1

2 1

(5.40)

Now we select in (5.1) ( )= >ε ε a T, 0
1 1

so that

≤−ε

a
T ε ,

δ

1

1 0 (5.41)

with ε
0
used in (5.14) and (5.15) to be appropriately fixed. By (5.1), (5.2), and (5.41), we obtain

( )
−

+ < ≤− −p b

a
T t

ε

a
T ε .

δ δ

1

1

1

1 0

Hence, if
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(5.42)

and

( ) ( )

( )

−
⎡⎣ − ⎤⎦
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⎣⎢ + ⎛

⎝ − ⎞
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δ p
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2 1

,

k

k

p

p

k

k

ε

p
2 0

2
2 2

1

2

1

2

0

(5.43)

then conditions (5.37) and (5.38) are satisfied. Finally, for ε
0
is small enough, if

͠<δ δ ,
0

(5.44)

then conditions (5.42) and (5.43) are satisfied. Observe that (5.44) is ensured owing to assumptions (5.17) and
(5.18). As a consequence, by virtue of Lemma 2.1(ii), we obtain that ( )υ x t, is a sub-solution of equation (5.5)
in ( )× +∞B 0,

1
.

Now, observe that �( [ ))∈ × ∞z C 0,

N . Indeed,

( )
( )

( ) ( )= = ⎡
⎣⎢ − ⎤

⎦⎥ ∀ ∈ ∂ × ∞
+

−
−

μ υ C ξ t
η t

a
x t B1 , , 0, .

p

p

1

1

1

2

1

(5.45)

Moreover, for ( ) ( )∀ ∈ ∂ × +∞x t B, 0,
1

,

∣ ∣ ∣ ∣ ( )
( ) ( )

⎜ ⎟= = − ⎛
⎝ −

⎞
⎠

⎡
⎣⎢ − ⎤

⎦⎥
− − − −

−

+

−
−

μ μ υ υ C ξ t
b

p

η t

a

η t

a2

1 .
r

p
r r

p
r

p p

p
p

p
2 2

1

1
1

1

1

1

1

2 (5.46)

In conclusion, set = BΩ
1 1

, �= BΩ \

N
2 1

, =u μ
1

, =u υ
2

, =u z, by virtue of (5.45), (5.46) and Lemma 2.1-(ii), we
obtain that ( )z x t, is a sub-solution of equation (5.5).

As before, since ( ) ≢u x 0
0

and �( )∈u C N
0

, there exist >σ 0 and >r 0
1

such that

( ) ≥ ∀ ∈u x σ x B, .r0
1

Thus, if

( )⋅ ⊂z Bsupp ,0 r
1

(5.47)

and

( )⋅ ≤ ∀ ∈z σ x B,0 , ,r
1

(5.48)

then (5.6) holds. Furthermore, if

( ) ( )⋅ ⊂ ⋅w z tsupp ,0 supp ,
1

(5.49)

and

�( ) ( )⋅ ≤ ∀ ∈w z x t x,0 , , ,

N
1

(5.50)

then (5.7) follows.
We first show that ( )z x t, satisfies condition (5.47) and (5.48). If

≤a T
r

2

,

δ
1 1

1

2

(5.51)

then

( )⋅ ∩ ⊂z B Bsupp ,0 r1
1

and
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�( ) [ ]⋅ ∩ ⊂z B Bsupp ,0 \ ,

N
r1

1

hence (5.47) follows. Furthermore, if

( )͠ ≤−
−a A σT ,

p α
1

1

1

p

1

2 (5.52)

then (5.48) holds. Clearly, for any >T 0
1

, we can select ( )=a a T
1 1 1

such that (5.51) and (5.52) are valid. On the
other hand, if

( )
( )

( )( )+ ≥ − − −
− −a T t aT ,

δ
1 1 1

p

p q

1 1

1 1
(5.53)

then

( ) ( )⋅ ∩ ⊂ ⋅ ∩w B z t Bsupp ,0 supp ,
1 1 1

and

� �( ) [ ] ( ) [ ]⋅ ∩ ⊂ ⋅ ∩w B z t Bsupp ,0 \ supp , \ ,

N N
1 1 1

thus (5.48) holds. If

( )+ ≥− − −C T t CT ,

α
1 1 1

q

1

1 (5.54)

then (5.49) holds. If we select

( )⎜ ⎟+ = ⎛⎝
⎞
⎠

−
−T t

C

C
T ,

α

1 1

1

q α

1

1

then (5.53) becomes

( )

( )

( )( )⎜ ⎟
⎛
⎝

⎞
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−

−
− −
− −a

C

C
T aT .

1

1

δ

α
δ

q α

q p

p q1

1

1 1
(5.55)

Therefore, if

( ) )( ⎜ ⎟≤ ⎛⎝
⎞
⎠

−
−

−
− −
−T

C

C

a

a
,

1

1

q

q p

p

δ

α

δ

α
1

1

1

1 (5.56)

then (5.55) holds. Condition (5.56) is satisfied according to (5.4), for >T 0 sufficiently large. The proof is
completed. □

We are in a position to give a proof of the main Theorem 5.2.

Proof of Theorem 5.2. Let Tˆ be the maximal existence time of ( )u x t, . Based on the aforementioned explana-
tion of the strategy of the proof of Theorem 5.2, we can divide it into the following two cases.

If ≤ < ∞T tˆ

1
, then nothing has to be proved, and ( )u x t, blows up in a finite time.

If >T tˆ

1
, we consider the sub-solution ( )z x t, of equation (5.5) as defined in (5.9). In view of <q q, we can

find δ and α such that (5.18), (5.19), and (5.20) hold. ( )z x t, satisfies (5.6) and (5.7) by virtue of Proposition 5.1.
According to condition (5.6) and the comparison principle, we obtain (5.8). It follows from (5.7) and (5.8) that

�( ) ( ) ( )≥ ≥ ∀ ∈u x t z x t w x x, , , 0 , .

N
1 1

Hence, ( )+u x t t,
1
and ( )w x t, are the super-solution and sub-solution of the following problem, respectively,

�
( )

( ) ( )= + ∈ × +∞h
ρ x

Δ h h x t
1

, , 0, ,t p
q N

�( ) ( )= ∈h x w x x, 0 , 0 , .

N
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As a result, it follows from the finite time blow-up property of ( )w x t, that ( )u x t, also blows up in a finite time
( ]∈ +S t T t,

1 1
. The proof is completed. □
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