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Abstract: We provide bounds for the sequence of eigenvalues λ Ωi i{ ( )} of the Dirichlet problem

− = = ⧹I Δ u λu uin Ω, 0 in Ω,Nln �( )

where −I Δ ln( ) is the Klein-Gordon operator with Fourier transform symbol + ξln 1 2( ∣ ∣ ). The purpose of this
study is to obtain the upper and lower bounds for the sum of the first k-eigenvalues by extending the Li-Yau’s
method and Kröger’s method, respectively.
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1 Introduction and main results

The purpose of this study, is to consider bounds for the spectrum of Klein-Gordon operator with the loga-
rithmic order, subject to the Dirichlet boundary condition, i.e.,
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where Ω is a bounded regular domain N� with ≥N 2 and the logarithmic Kein-Gordon operator −I Δ ln( ) is an
integro-differential operator with the Fourier symbol + ⋅ln 1 2( ∣ ∣ ).

In recent years, problems involving nonlocal differential order operators have been studied extensively
and deeply, see [4,6,16,18,19,26,27] and references therein. The prototype model is the fractional power of the
Laplacian. Recall that for ∈s 0, 1( ) the fractional Laplacian of a function ∈ ∞

u Cc
N�( ) is defined by
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where and in the sequel both � and ⋅̂ denote the Fourier transform. Equivalently, −Δ s( ) can be written as a
singular integral operator under the following form:
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and Γ is the Gamma function.
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Another important class of nonlocal differential operators is the fractional power of the relativistic
Shrodinger operator. It is known that the pseudo-differential operator −m Δ2

1

2( ) appears in the prescriptions
of quantum mechanics to the Klein-Gordon Hamiltonian +P m2 2∣ ∣ , which is a first-order pseudo-differential
operator used to model relativistic particles in quantum mechanics. Here m stands for the mass of particles.
Setting =m 1, the normalized operator −I Δ

1

2( ) is also called as the Kein-Gordon operator with order 1

2
,

corresponding to the Fourier symbol + ⋅1 2
1

2( ∣ ∣ ) and −I Δ s( ) is called as the s-order Klein-Gordon operator.
Moreover, −I Δ s( ) could be represented via hypersingular integral ([28, page 548] and [12]) that for a

regular function →u : N� � ,
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is a normalization constant and the function ωs is given by
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Here the function Kν is the modified Bessel function of the second kind with index >ν 0 and it is given by the
expression
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The normalization constant dN s, in (1.2) is chosen such that the operator −I Δ s( ) is equivalently defined via its
Fourier representation given by

− = + ∈I Δ u ξ ξ u ξ ξ1 for a.e .s s N2 �� �(( ) )( ) ( ∣ ∣ ) ( )( )

The fractional Laplacian has the following limiting properties when s approaches the values 0 and 1:
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e.g., [28]. It is proved in [8] that a remarkable expansion at =s 0 is valid for ∈u Cc
N2 �( ) and ∈x N� ,
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where, formally, the operator
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is given as a logarithmic Laplacian. For compactly supported Dini continuous functions →ϕ : N� � , the
logarithmic Laplacian −Δ ln( ) has the integro-differential formula defined by
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It is easy to observe that
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Inspired by the logarithmic Laplacian −Δ ln( ) , the logarithmic Schrödinger operator −I Δ ln( ) has been intro-
duced in [13] in a Taylor expansion with respect to the parameter s of the operator −I Δ s( ) near zero, i.e., for

∈u C N2 �( ) and ∈x N�

− = + − + → +I Δ u x u x s I Δ u x o s sas 0 ,s ln( ) ( ) ( ) ( ) ( ) ( )
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where the logarithmic Schrödinger operator −I Δ ln( ) appears as the first-order term in the above expansion
and it has the following properties: For ∈u Cα N�( ) for some >α 0 and any ∈x N� ,
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Moreover, the author obtained a sequence of Dirichlet eigenvalues for the logarithmic order Klein-Gordon
operator. We denote by Ω0

ln� ( ), the completion of ∞
C Ωc ( ) with respect to the norm ≔u u u,ωln �‖ ‖ ( ) , where ω�

is the bilinear form
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It is known that the logarithmic Schrödinger operator appears in the probability literature as the char-
acteristic exponent of the symmetric variance gamma process in N� and can be seen as a sub-class of
increasing Lévy process [2]. As a particular case of geometric stable processes + ⋅ln 1 s2( ∣ ∣ ) for ∈s 0, 1( ), it
plays an important role in the study of Markov process [1,30]. Very recently, [5] obtained the regularity result
of Poisson problem with the logarithmic Schrödinger operator.

We call a function ∈u Ω0

ln� ( ) an eigenfunction of (1.1) corresponding to the eigenvalue λ if
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Feulefack [13, Theorem 1.3] provided the following characterization of the eigenvalues and eigenfunctions for
the operator −I Δ ln( ) in an open bounded set Ω of N� :
(i) Problem (1.1) admits an eigenvalue >λ Ω 01( ) , which is characterized by
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(ii) The first eigenvalue λ Ω1( ) is simple, i.e., if ∈u Ω0
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1
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where Ωk� ( ) is given by
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(iv) The sequence ∈ϕ
k k �{ } of eigenfunctions corresponding to eigenvalues λ Ωk( ) forms a complete ortho-

normal basis of L Ω2( ) and an orthogonal system of Ω0

ln� ( ).

The asymptotic of the Dirichlet eigenvalues is one of the hottest topics in the area of partial differential
equations. It is well-known that the Hilbert-Pólya conjecture is to associate the zero of the Riemann zeta
function with the eigenvalue of a Hermitian operator. This quest initiated the mathematical interest for
estimating the sum of Dirichlet eigenvalues of the Laplacian while in physics, the question is related to count
the number of bound states of a one body Schrödinger operator and to bound their asymptotic distribution.

The eigenvalues of the Laplacian subject to the zero boundary condition has Weyl’s limit [31] and Pólya
lower bound [25] for “plane-covering domain.” The well-known Pólya’s conjecture has partially been solved in
[23] by considering the sum of the first k -eigenvalues and in a ball [14] very recently. More bounds for
eigenvalues could be seen in [15,20,21,24]. The eigenvalues of fractional Laplacians

− = =Δ u μu uin Ω, 0 in \Ωs N�( ) (1.8)

have been studied in [3,9,11,32] and references therein. The related lower bound is
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For the 1

2
-order Klein-Gordon operator −I Δ

1

2( ) , Weyl’s limit of related Dirichlet eigenvalues has been studied
in [17] in a trace sense.

Very recently, Chen andWeth in [8] showed the existence of a sequence of Dirichlet eigenvalues ∈λ Ωi
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Later on, Laptev and Weth obtained in [23, Corollary 6.2] Weyl’s limit

=
→+∞

λ

k N
lim

Ω

ln

2
.

k

k
L( )

Furthermore, lower bounds for the first eigenvalue are considered there by a particular scaling property.
Recently, Chen and Véron [7, Theorems 1.2 and 1.3] show that the bounds of related eigenvalues are as follows:
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Due to the lack of homogeneity of the logarithmic order operators, there is no scaling property. As a
consequence, homothety of the domain is inoperative for studying the variations in principle eigenvalue as it
is the case for the Laplacian or the fractional Laplacian. Different from the logarithmic Laplacian, the
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logarithmic Klein-Gordon operator combines the homogeneity and the logarithmic order differentiating,
which makes it more complicated to study the asymptotics of the Dirichlet eigenvalues.

Our purpose in this article is to provide the lower and upper bounds for the sum of the first k-eigenvalues
of (1.1) by developing the Berezin-Li-Yau methods and Kröger’s result for the Laplacian.

Theorem 1.1. Let ⊂ ≥NΩ 2N� ( ) be a bounded domain, ∈λ Ωi i N{ ( )} be the sequence of eigenvalues of problem (1.1).
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Our second interest is to give an upper bound for the sum of the first k-eigenvalues. Motivated by Kröger’s
result for the Laplacian [20], we shall construct an upper bound by computing the related Rayleigh quotient
via a particular complex valued function. Together with the lower bound (3.2), we can derive the limit of the
sum of the first k-eigenvalues as → +∞k . The results state as follows.

Theorem 1.2. Let ⊂Ω N� be a bounded domain, ∈λ Ωi i N{ ( )} be the sequence of eigenvalues of problem (1.1). Then,
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where = ∂ >C C NΩ , Ω , 0(∣ ∣ ∣ ∣ ) is independent of k.

Corollary 1.3. Let ⊂Ω N� be a bounded domain and ∈λ Ωi i �{ ( )} be the sequence of eigenvalues of problem
(1.1). Then,
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Remark 1.4. Note that λ
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=k k λln Ωi
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i
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1( ) ( ) have the same limit
N

2 as → +∞k , which is independent of Ω.

Due to the inhomogeneity of the expression of the Fourier symbol of + ⋅ln 1 2( ∣ ∣ ), our bounds are inspired
by [7], where the lower one is based on a developed Berezin-Li-Yau method for the non-homogeneous operator
and the upper one is based on the analysis of functions ∑ =

− ⋅e χ ϕ x ϕ yi

k x z
i i1

i

Ω
( ) ( ).
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The rest of this work is organized as follows. In Section 2, we prove the following Li-Yau-type lower bound for the
sums of the first k -eigenvalues. Sections 3 and 4 are devoted to the lower and upper bounds for the sum of the first
k -eigenvalues of Theorems 1.1 and 1.2, respectively. Finally, we obtain the limits of the eigenvalues in Corollary 1.3.

2 Preliminary

The section is devoted to show Li-Yau-type lower bound for the sums of the first k -eigenvalues to the
Logarithmic Schrödinger operator. To be convenient for the analysis, we denote
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To prove Proposition 2.1, we need some auxiliary lemmas.
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Proof. By direct computation, we have that
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Lemma 2.3. Assume that

= ⎛
⎝ + ⎞

⎠ − ∀ ≥g r r r
N

r rln 1
2

, 0.
2

N

2

( ) (2.5)

Then, for any >c 0, there exists a unique real number r̃c such that

=g r c˜ .c2
( )

Furthermore, let c1 and c2 be given by (2.1) and (2.2), then
(i) for ≥c c2, it holds that

<
− + + −

r
N c

c c

˜
2 ln ln ln 1 ln 1

;c N

2
( ( ))

(2.6)

(ii) for ∈c c c,1 2( ), it holds that

<
− + + −

r
N c

c

c

c c

˜
2 ln ln ln 1 ln 1

.c N

2

1 2 2 2
( ( ))

(2.7)

Proof. By direct computation, we have that

′ = ⎛
⎝ + ⎞

⎠ +
+

−g r r
N

r

r N
ln 1

2

1

2

2
N

N

N

2

2

2
( )

and

Bounds for the sum of the first k-eigenvalues of Dirichlet problem  7



″ =

⎛
⎝ + ⎞

⎠ +

⎛
⎝ + ⎞

⎠

>
− −

g r

r r

r1

0.

N N N

N

2

2 4
1

2
1

2
2

N N

2

2

2 4

( )

Then, the function ′g
2
is increasing in +∞0,( ) and then g

2
is increasing in +∞t̃ ,0[ ) with = −t e˜ 1N0

2 N

2( ) . Observe
that = =g t g˜ 0 0

2 0 2
( ) ( ) and = +∞→+∞g rlimr 2

( ) . Then, for any >c 0, there exists a unique real number >r t˜ ˜
c 0

such that

=g r c˜ ,c2
( )

i.e.,

⎜ ⎟

=
⎛
⎝

+ ⎞
⎠
−

r
c

r

˜

ln 1 ˜

.c

c
N

N

2
2 (2.8)

Moreover, r̃c is increasing with respect to c.
Now, we do bounds for r̃c.
(i) In the case of ≥c c2. Note that =g c c

2 2 2( ) and > >c t̃ 02 0 . Letting

= − = ⎛
⎝ + ⎞

⎠ − − ∀ ≥ψ c g c c c c
N

c c c cln 1
2

, .
2 2

N

2

( ) ( )

By direct computation, it yields that

′ = ′ − = ⎛
⎝ + ⎞

⎠ +
+

− −ψ c g c c
N

c

c N
1 ln 1

2

1

2
1

2
N

N

N

2

2

2
( ) ( )

and

″ = ″ =

⎛
⎝ + ⎞

⎠ +

⎛
⎝ + ⎞

⎠

>
− −

ψ c g c

c c

c1

0.

N N N

N

2

2 4
1

2
1

2
2

N N

2

2

2 4

( ) ( )

Then, ′ψ is increasing and by the fact that = =ψ ψ c0 02( ) ( ) and ′ = >−+

+
ψ c 0

N

e

e
2

2 1N

N

2
1

2
1

( ) , we have that ψ is
increasing in +∞c ,2[ ). Thus, ≥ψ 0 in +∞c ,2[ ). Then, for any ≥c c2, we obtain that ≥ =g c c g r̃c2 2

( ) ( ), by the
monotonicity of g

2
, which implies that ≥c r̃c. Combining with (2.8), it holds that

⎜ ⎟

=
⎛
⎝

+ ⎞
⎠
−

≥
⎛
⎝ + ⎞

⎠ −
r

c

r

c

c

˜

ln 1 ˜ ln 1

.c

c
N

N N

2
2 2

N

2 (2.9)

For ≥N 1, we have that for any >a b, 0,

+ ≤ +a b a b2 .N N N N

2 2 2 2

( )

Then,

+ ≤ +c c1 2 1N N N

2 2 2

( )

and

+ + − ≤ +
N

c
N N N

c
2

ln 1
2

ln2
2 2

ln 1 .( ) ( )

Combining with (2.9), it yields that

>
+

r
N c

c
˜

2 ln 1
.c

( )
(2.10)
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Together with (2.8) and (2.10), for ≥c c2, it holds that

<
⎛

⎝
⎜ + ⎛

⎝
⎞
⎠

⎞

⎠
⎟ −

<
⎛
⎝

⎞
⎠ −

=
− + + −

+ +

r
c c N c

c c

˜

ln 1
ln

2 ln ln ln 1 ln 1

.c

N c

c N
N

N c

c N

N

2 ln 1

2
2

2 ln 1

2
2

N

2

( ( ))

( )
( )

(2.11)

(ii) In the case of ∈c c c,1 2( ), observe that < <r r r˜ ˜ ˜c c c1 2
, by (2.11), we have that

<
− + + −

<
− + + −

r
N c

c c

N c

c c

˜
2 ln ln ln 1 ln 1 2 ln ln ln 1 ln 1

.c N

c

c

N

2

2 2 2 2 2 2

2

1

( ( )) ( ( ))

The proof is completed. □

Now, we are ready to give the proof of Proposition 2.1.

Proof of Proposition 2.1. Let >R 0, we observe that

+ − + − ≥z R f z M 1ln 1 ln 1 0.B
2 2

1 R
( ( ∣ ∣ ) ( ))( ( ) )

By integration over N� , we obtain that

∫ ∫+
+

≥ +
+

M
M ω

N

r

r
r R f z z

2

1
d ln 1 d .

N

R
N

2

1

0

1

2

2

N
�

( ) ( )

Since R is arbitrary, ∫ f z zdN�
( ) satisfies the following upper bound:

∫ ∫≤
⎧
⎨
⎩

> +
+

− + >
⎫
⎬
⎭

+
f z z A M

M ω

N

r

r
r A Rd sup 0 s.t.

2

1
d ln 1 0 .

N

R
N

2

1

0

1

2

2

N
�

( ) ( ) (2.12)

Set

∫= +
+

− +
+

R M
M ω

N

r

r
r A R

2

1
d ln 1 ,A

N

R
N

2

1

0

1

2

2� ( ) ( )

then A� achieves the minimum if = A
M ω R

N

N
N

1 , that is

⎜ ⎟= ⎛
⎝

⎞
⎠R

NA

ω M
.

N 1

N

1

Let

=t
NA

ω M
,A

N 1

then,

∫ ⎜ ⎟= +
+

− ⎛
⎝

+ ⎞
⎠
≥

+
t M

M ω

N

r

r
r A t

2

1
d ln 1 0,A A

N N

t
N

A
N

1

2

1

0

1

2

2A
N

1

� ( )

which implies that

∫⎜ ⎟
⎛
⎝

+ ⎞
⎠
−

+
≤

+
A t

M ω

N

r

r
r Mln 1

2

1
d .A

N N

t
N2

1

0

1

2 2

A
N

1

(2.13)

On the one hand, we denote
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∫= ⎛
⎝ + ⎞

⎠ −
+

+
h t t t

r

r
rln 1 2

1
d ,

t
N

0

1

2
N

N

2

1

( )

by direct computation, it holds that

′ = ⎛
⎝ + ⎞

⎠ >h t tln 1 0,
s

N

2

( )

then h is increasing in +∞0,( ). Moreover, we note that

∫≥ ⎛
⎝ + ⎞

⎠ − = + −
+

+ +
h t t t r r t t

N
tln 1 2 d ln 1

2

2
,

t

N

0

1
N

N

N

N

N

2

1

2 2

( ) ( )

combining with the monotonicity of h, it yields that ≥h g
1
in +∞0,( ), where g

1
is given by (2.3). Together with

(2.13), we have that

≥ ≥
M N

M ω
h t g t .

N

A A

2

1
1

( ) ( )

i( ) When ≤M

M

c ω

N

N2

1

1 , i.e., ≤c c1, there exists a unique real number rc such that =g r cc1
( ) . Then,

= ≥g r g tc

M N

M ω A1 1
N

2

1

( ) ( ) and by the monotonicity of g
1
, it holds that ≤t rA c, by (2.4), we obtain that

≤ ⎛
⎝

+
−

⎞
⎠

+

t
N

N
c

2

1
,A

N

N 2

and then

⎜ ⎟≤ ⎛
⎝

+
−

⎞
⎠

+

A
M ω

N

N

N

M N

M ω

2

1
,

N

N

1 2

1

N

N 2

thus,

∫ ⎜ ⎟< ⎛
⎝

+
−

⎞
⎠

+

f z z
M ω

N

N

N

M N

M ω
d

2

1
.

N

N

1 2

1N

N

N 2

�

( )

On the other hand, by the fact that <+
−

+
r

r

r

N

1

1
N 1

2 , Inequality (2.13) could be replaced by

⎜ ⎟
⎛
⎝

+ ⎞
⎠
− ≤A t

M ω

N
t Mln 1

2

A
N N

A

2
1

2 2

and

+ − ≤t t
N

t
M N

M ω
ln 1

2
.A A

N
A

N

2
2

1

( )

ii( ) When < <c ω

N

M

M

c ω

N

N N1 2

1

2 , i.e., < <c c c1 2, applying Lemma 2.3 (ii), we have that

<
− + + −

t
N c

c

c

c c2 ln ln ln 1 log 1

,A N

2

1 2 2 2
( ( ))

then

<
− + + −

A
M ω c

c

c

c c2 ln ln ln 1 ln 1

.
N

N

1 2

1

2

2 2 2
( ( ))

Thus, we obtain that
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∫ < ⎛
⎝ − + + − ⎞

⎠ =
−

f z z
M ω c

c
c c

N
Ad

2
ln ln ln 1 ln

2
1

N1 2

2

1

2 2

1

1

N
�

( ) ( ( ))

and

⎜ ⎟
⎛
⎝

+
−

⎞
⎠ > ⎛

⎝
+
−

⎞
⎠ =

+ +M ω

N

N

N

M N

M ω

M ω

N

N

N
c A

2

1

2

1
.

N

N

N1 2

1

1

1 2

N

N
N

N2 2

Then,

⎜ ⎟
⎛
⎝ − + + − ⎞

⎠ < ⎛
⎝

+
−

⎞
⎠

− +M ω c

c
c c

N A

A

M ω

N

N

N

M N

M ω2
ln ln ln 1 ln

2
1

2

1
.

N N

N

1 2

2

1

2 2

1
1

2

1 2

1

N

N 2

( ( ))

Therefore, we have that

∫ ⎜ ⎟< ⎛
⎝

+
−

⎞
⎠

+

f z z
A

A

M ω

N

N

N

M N

M ω
d

2

1
.

N

N

1

2

1 2

1N

N

N 2

�

( )

(iii) When ≥M

M

c ω

N

N2

1

2 , i.e., = ≥c c
M N

M ω 2
N

2

1

, by Lemma 2.3 (i), we obtain that

<
− + + −

t
N c

c c2 ln ln ln 1 ln 1

,A N

2
( ( ))

and then,

<
− + + −

A
M ω c

c c2 ln ln log 1 ln 1

,
N

N

1

2
( ( ))

which implies that

∫ ⎜ ⎟⎟⎜ ⎜ ⎟<
⎛
⎝

−
⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠
+ −

⎞
⎠

−

f z z
M N M N

M ω

M N

M ω

N
d

2
ln ln ln 1 ln

2
1 .

N N

2 2

1

2

1

1

N
�

( )

Thus, we have that

∫ ⎜ ⎟⎟⎜ ⎜ ⎟ ⎜ ⎟<
⎧
⎨
⎩

⎛
⎝

−
⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠
+ −

⎞
⎠

⎛
⎝

+
−

⎞
⎠

⎫
⎬
⎭

−
+

f z z
M N M N

M ω

M N

M ω

N A

A

M ω

N

N

N

M N

M ω
d max

2
ln ln ln 1 ln

2
1 ,

2

1
.

N N

N

N

2 2

1

2

1

1

1

2

1 2

1N

N

N 2

�

( )

The proof is complete. □

2.2 Dual bounds

Lemma 2.4. Let

=
− + +

>g r
r

r r a
for r e˜

ln ln ln 1
,e

0

2( )
( )

where = −a min 0, ln 1
N

0 2
{ }. Then, for >t ee

2

, there exists a unique point >r et
e2 such that =g r t˜ .t( )

Furthermore,
> − + +r t t t aln ln ln 1 .t 0( ( ) ) (2.14)

Bounds for the sum of the first k-eigenvalues of Dirichlet problem  11



Proof. Since

⎜ ⎟

′ =
− + +

−
−

− + +

>
− + +

⎛
⎝

−
− + +

⎞
⎠

+ +
g r

r r a r r a

r r a r r a

˜
1

ln ln ln 1

1

ln ln ln 1

1

ln ln ln 1
1

1

ln ln ln 1
.

r

r r

0

ln 1 1

0
2

0 0

( )
( ) ( ( ) )

( ) ( )

( )( )

Since >r e e2 , − + + >r r aln ln ln 1 10( ) , so

′ >g r˜ 0,( )

the function g̃ is increasing from +∞e ,e2( ). Setting = − + +r t t t a* ln ln ln 1t 0( ( ) ), then

=
− + +

+ − + + − + − + + +

≤
− + +

+ − + + − +

=
− + +

− +
<

− + +

g r
t t t a

t t t a t t t a a

t t t a

t t t a t t a

t t a

t a

t t

˜ *
ln ln ln 1

ln ln ln ln ln 1 ln ln 1 ln ln ln 1

ln ln ln 1

ln ln ln ln ln 1 ln ln ln

ln ln ln 1

ln ln

,

t

t t

t t a

0

0 0 0

0

0 0

0

ln ln

ln ln ln 1 0
0

( )
( ( ) )

( ( ) ) ( ( ( ) ))

( ( ) )

( ( ) ) ( )

( )
( )

( )

where the last inequality holds if

− + +
< +

t t

t t a
t

ln ln

ln ln ln 1
ln 1 ,

0

( )

( )
( )

and this inequality is equivalent to

− + +
<

t t

t t a
t

ln ln

ln ln ln 1
ln ,

0

( )

( )

which is equivalent to

≔ − + − + − > =h τ τ e τ τ a τ τ τ t˜ ln ln 1 ln 0, ln .τ2
0( ) ( )

Thanks to > −a 20 , we have that

′ > − + −
+ +

− − > >h τ τ e
e

e e τ
τ e˜ 2 ln ln 1

ln 1 1
3

1
0 ifτ

τ

τ τ
( ) ( )

( )( )

and

> − + − − >h e e e e e˜ ln ln 1 3 2 0.e2 4 2 2
2

( ) ( )

Thus, for >t ee
2

, it yields that

> − + +r t t t aln ln ln 1 .t 0( ( ) )

The proof is complete. □

3 Proof of lower bound

This section gives the proof of lower bound in Theorem 1.1.

Proof of Theorem 1.1. Denote

∑= ∈ ×
=

x y ϕ x ϕ y x yΦ , , ,k

j

k

j j
N N

1

� �( ) ( ) ( ) ( )

and
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∫= − − ⋅y z π x y e xΦ , 2 Φ , d ,k k
ix z

N

N

2
�

( ) ( ) ( )

where Φk
 is the Fourier transform with respect to x . Since ∈ϕji N

is orthogonal in Ł Ω2( ), we have the identity

∫∫ ∫∫= =y z z y x y x y kΦ , d d Φ , d d .

R

k k

Ω

2

Ω Ω

2

N

∣ ( )∣ ∣ ( )∣

Furthermore, we note that

∫ ∫

∫

∑ ∑

∑ ∑

=
⎛

⎝
⎜

⎞

⎠
⎟
⎛

⎝
⎜

⎞

⎠
⎟

=
⎛

⎝
⎜

⎞

⎠
⎟ =

= =

= =

y z y ϕ z ϕ y ϕ z ϕ y y

ϕ z ϕ z ϕ y ϕ y y ϕ z

Φ , d d

d .

k

j

k

j j

j

k

j j

j

k

j j

j

k

j

Ω

2

Ω
1 1

Ω
, 1 1

2

 

  

∣ ( )∣ ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ∣ ( )∣
ℓ

ℓ ℓ

Using again the orthonormality of the ∈ϕ
j i N{ } in L Ω2( ), we infer by the k-dim Pythagorean theorem,

∫ ∫ ∫

∫

∫

∫

∑

∑

∑

=
⎛

⎝
⎜

⎞

⎠
⎟

=
⎛

⎝
⎜

⎞

⎠
⎟

≤
⎛

⎝
⎜

⎞

⎠
⎟

= =

−

=

−

−

=

−

−

=

∞
−

− − −

y z y π e ϕ x x ϕ y y

π e ϕ x x

π e ϕ x x

π e x π

Φ , d 2 d d

2 d

2 d

2 d 2 Ω .

k
N

j

k

ix z
j j

N

j

k

ix z
j

N

j

ix z
j

N ix z N

Ω

2

Ω
1

Ω

.

2

1
Ω

.

2

1
Ω

.

2

Ω

. 2

∣ ( )∣ ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ∣ ∣ ( ) ∣ ∣

The Fourier expression of −I Δ ln( ) applied in the variable x holds that

∫∫

∫ ∫ ∫

∑

∑

=

= + =
⎛

⎝
⎜

⎞

⎠
⎟ +

=

=

λ x y x y y x

ϕ z z z y z y z z

Ω Φ , Φ , d d

ln 1 d Φ , d ln 1 d .

j

k

j k k

j

k

j k

1
Ω Ω

1

2 2

Ω

2 2

N N

 
� �

( ) ( ) ( )

∣ ( )∣ ( ∣ ∣ ) ∣ ( )∣ ( ∣ ∣ )

Then, we obtain that

∫

⎜ ⎟⎟⎜ ⎜ ⎟ ⎜ ⎟

=

<
⎧
⎨
⎩

⎛
⎝

−
⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠
+ −

⎞
⎠

⎛
⎝

+
−

⎞
⎠

⎫
⎬
⎭

−
+

k f z z

M N M N

M ω

M N

M ω

N A

A

M ω

N

N

N

M N

M ω

d

max
2

ln ln ln 1 ln
2

1 ,
2

1
.

N N

N

N

2 2

1

2

1

1

1

2

1 2

1

N

N

N 2

�

( )

Note that

⎜ ⎟⎟⎜ ⎜ ⎟

⎛
⎝

−
⎛
⎝

⎛
⎝ + ⎞

⎠
⎞
⎠
+ −

⎞
⎠

>
−

M N M N

M ω

M N

M ω

N
k

2
ln ln ln 1 ln

2
1 ,

N N

2 2

1

2

1

1

setting

= = =r
NM

M ω
t

k

M ω

π k

ω
,

2 2 2

ΩN N

N

N

2

1 1

( )

∣ ∣
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and

− + + −
=

×

− + + −
r

r r r rln ln ln 1 ln 1 ln ln ln 1 ln 1

.
N

NM

M ω

N

2

2

2

2

N

2

1

( ) ( )

Then, we have that

− + + −
> = =

r

r r

k

M ω

π k

ω
t

ln ln ln 1 ln 1

2 2 2

Ω
.

N
N

N

N
2

1( )

( )

∣ ∣

By Lemma 2.4, if

>
π k

ω
e

2 2

Ω
,

N

N

e
2( )

∣ ∣

i.e.,

>k
e ω

π

Ω

2 2
,

e
N

N

2

∣ ∣

( )

then

> > ⎛
⎝ − + + − ⎞

⎠r r t t t
N

ln ln ln 1 ln
2

1 ,t ( )

which implies that

⎜ ⎟⎜ ⎟ ⎜ ⎟>
⎛
⎝

⎛
⎝

⎞
⎠
− ⎛

⎝
+ ⎞

⎠
+ −

⎞
⎠

NM

M ω

π k

ω

π k

ω

π k

ω

N2 2

Ω
ln

2 2

Ω
ln ln 1

2 2

Ω
ln

2
1 .

N

N

N

N

N

N

N

2

1

( )

∣ ∣

( )

∣ ∣

( )

∣ ∣

Then,

∑ ⎜ ⎟⎜ ⎟>
⎛
⎝

− ⎛
⎝

+ ⎞
⎠
+

⎞
⎠=

λ
k

N

k π k

ω
CΩ

2
ln

Ω
ln ln 1

2 2

Ω
,

j

k

j

N

N1

1( )
∣ ∣

( )

∣ ∣
(3.1)

where =C C N1 ( ).

Letting =k 1 and <Ω
π

e ω

2 2 N

e
N

2∣ ∣
( ) , we have that

⎜ ⎟⎜ ⎟>
⎛
⎝

− ⎛
⎝

+ ⎞
⎠
+

⎞
⎠

λ
N

π

ω
CΩ

2
ln

1

Ω
ln ln 1

2 2

Ω

N

N

1 1( )
∣ ∣

( )

∣ ∣

and

⎜ ⎟
⎛
⎝

+
−

⎞
⎠ >

+A

A

M ω

N

N

N

M N

M ω
k

2

1
,

N

N

1

2

1 2

1

N

N 2

which leads to

∑ >
=

− +λ C kΩ Ω ,

i

k

i

1

2
1

N N

2 2

( ) ∣ ∣ (3.2)

where =C C N2 ( ).
Particularly, take =k 1, we have that

> −λ CΩ Ω .1 2
N

2

( ) ∣ ∣

When >k ,
e ω

π

Ω

2 2

e
N

N

2

∣ ∣

( )
we compare (3.1) and (3.2) and obtain
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⎜ ⎟⎜ ⎟
⎛
⎝

− ⎛
⎝

+ ⎞
⎠
+

⎞
⎠
< − +k

N

k π k

ω
C C k

2
ln

Ω
ln ln 1

2 2

Ω
Ω .

N

N

1 2
1

N N

2 2

∣ ∣

( )

∣ ∣
∣ ∣

Therefore, (i) if >k ,
e ω

π

Ω

2 2

e
N

N

2

∣ ∣

( )

∑ ⎜ ⎟⎜ ⎟>
⎛
⎝

− ⎛
⎝

+ ⎞
⎠
+

⎞
⎠=

λ
k

N

k π k

ω
CΩ

2
ln

Ω
ln ln 1

2 2

Ω
.

j

k

j

N

N1

1( )
∣ ∣

( )

∣ ∣

(ii) If ≤k ,
e ω

π

Ω

2 2

e
N

N

2

∣ ∣

( )

∑ >
=

− +λ C kΩ Ω .

i

k

i

1

2
1

N N

2 2

( ) ∣ ∣

The proof is complete. □

4 Upper bound

The definition of − △I ln( ) , i.e.,

∫− △ =
− +

I u x d
u x u x y

y
ω y yd .ln

N

R

N
N

( ) ( )
( ) ( )

∣ ∣
(∣ ∣)

For any bounded Hölder continuous complex valued functions u v, admissible at infinity, there holds

∫− △ = − △ +
−
−

−I uv x u x I v x d
u x u η

x η
v η ω x η ηd .ln ln

N N
N

�

( ) ( )( ) ( )( ) ( )
( ) ( )

∣ ∣
( ) (∣ ∣) (4.1)

Lemma 4.1. For ∈z \ 0N� { }, we denote

= ∀ ∈− ⋅μ x e x, ,
z

x z Ni �( )

then

− △ = + ∀ ∈I μ x z μ x xln 1 , .ln
z z

N2 �( ) ( ) ( ( ∣ ∣ )) ( ) (4.2)

Proof. Since ∈s 0, 1( ),

− △ = + ∀ ∈I μ x z μ x x1 , .s
z

s
z

N2 �( ) ( ) ( ∣ ∣ ) ( ) (4.3)
μ

z
is bounded, we can consider the distribution Tμ

z
in N� defined by

∫≔ ∈ ∞
T ζ μ x ζ x x ζ Cd for all .μ z c

N

z

N

�

�

⟨ ⟩ ( ) ( ) ( )

Then, − △ ≔ − △I T ζ T I ζ,s
μ μ

s

z z
⟨( ) ⟩ ⟨ ( ) ⟩. Since

− △ ⎢
⎣ = − △

=s
I ζ I ζ

d

d
,s

s

ln

0

( ) ( )

there holds in the sense of distributions

− △ ⎢
⎣ = − △

=

d

s
I T I T

d

s
μ

s

ln
μ

0
z z

( ) ( )

in the sense that
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∫− △ = − △ = − △I T ζ T I ζ μ I ζ x, , d .ln
μ μ

ln
z

ln

z z

N
�

⟨( ) ⟩ ⟨ ( ) ⟩ ( )

By definition of the Fourier transform of distributions � in the class ′ N�� ( ) [29], there holds

∫

∫

− △ = − △

= − △ = + = +

− − ⋅I T ζ π e I ζ x x

I ζ z z ζ z z μ x ζ x x

, 2 d

ln 1 ln 1 d .

ln
μ

z x ln

ln
z

i

2 2

z

N

N

N

2

�

�

� �

⟨( ) ⟩ ( ) ( ) ( )

(( ) )( ) ( ∣ ∣ ) ( )( ) ( ∣ ∣ ) ( ) ( )

Since ↦ − △x I μ xln
z

( ) ( ) is locally integrable, − △ = −△I T Tln
μ I Tz

ln
μz

( ) ( ) , hence

∫ ∫= − △ = +−△T ζ I T ζ x z μ ζ x, d ln 1 d .I T
ln

μ z
2

ln
μz

N

z

N
� �

⟨ ⟩ ( ) ( ∣ ∣ )( )

Because ζ is arbitrary, this implies = +−△T z μln 1I T z
2

ln
μz

( ∣ ∣ )( ) , a.e. in N� and finally everywhere by continuity,
which is the claim. □

For a given < ≪σ0 1, we take ⊂ Ω� be a C2 domain such that

− < ∂ ≤ ∂ +σΩ and Ω 1.� �∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

Let =ρ x xdist , \N� �( ) ( ), then it is C2 near the boundary ∂� and zero in \N� � . Now we denote

= ∀ ∈−w x η σ ρ x x, ,σ 0

1 �( ) ( ( )) (4.4)

where +∞ ↦η : 0, 0, 1
0

[ ) [ ] is a nondecreasing C2 function such that

= ≥ = ≤η t t η t t1 if 1, 0 if 0.
0 0
( ) ( )

Here we can assume more that ′ ≤∞η 2L0
‖ ‖ .

Observe that ∈w Cσ
N2 �( ) for >σ 0 small enough and

→ → +w σ1 in as 0 ,σ �

then there exists a positive constant ≪σ 11 such that for ∈σ σ0, 1( ],

∫ > ∈ > ≥ − ∂ ≥ − ∂ +w x x ρ x σ σ σd : Ω Ω 1σ

Ω

2
� � �∣{ ( ) }∣ ∣ ∣ ∣ ∣ ∣ ∣ (∣ ∣ )

and

∫ < ≤ −w x σd Ω ,σ

Ω

�∣ ∣ ∣ ∣

thus

∫ ∫− ∂ + < ≤ < −σ w x w x σΩ Ω 1 d d Ω .σ σ

Ω

2

Ω

∣ ∣ (∣ ∣ ) ∣ ∣

Lemma 4.2. Let

∫=
−
−

−− ⋅w x
w x w ζ

x ζ
e ω x ζ ζd ,z σ

σ σ

N

iζ z

N
�

� ( )
( ) ( )

∣ ∣
(∣ ∣)

then there holds

∫≤
−

≤ ∈
−∣ − ∣

−w x
σ

Ce

x ζ
ζ

σ
C for x

2
d

2
Ωz σ

x ζ

N 1

N
�

�∣ ( )∣
∣ ∣

with ∫− =
∞ − + − − ∣ − ∣

ω x ζ t e td .t

0

1
N x ζ

t2

2

4(∣ ∣)
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Proof. Actually, if ∈x Ω,

− ≤ − ≤ ′ −−∞ ∞w x w ζ Dw x ζ σ η x ζσ σ σ L L
1

0
∣ ( ) ( )∣ ‖ ‖ ∣ ∣ ‖ ‖ ∣ ∣

and

∫− = ≤
∞

− + − − −∣ − ∣∣ − ∣
ω x ζ t e t Ced ,t x ζ

0

1
N x ζ

t2

2

4(∣ ∣)

then there exists = ∂ >C C Ω 0(∣ ∣) such that

∫ ∫−
−

− ≤
′

−
≤− ⋅

−∣ − ∣

−

∞w x w ζ

x ζ
e ω x ζ ζ

η

σ

Ce

x ζ
ζ

σ
Cd d

2
,

σ σ

N

ζ z
L

x ζ

N

i 0

1

N N
� �

( ) ( )

∣ ∣
(∣ ∣)

‖ ‖

∣ ∣

since ′ ≤∞η 2L0
‖ ‖ , where >C 0 is independent of σ . □

Proof of Theorem 1.2.We recall that x yΦ ,k( ) and y zΦ ,k
 ( ) have been defined in the proof of Theorem 1.1. If we

denote

≔ = − ⋅G x G x z w x e˜ , ,σ z σ σ
x z

,
i( ) ( ) ( )

the projection of Gσ onto the subspace of L Ω2( ) spanned by the ϕ
j
for ≤ ≤j k1 can be written in terms of the

Fourier transform of w Φσ k with respect to the x-variable:

∫ = ∕G x z x y x π w y z, Φ , d 2 Φ , .σ k
N

x σ k

Ω

2�( ) ( ) ( ) ( )( )

Put

= − ∕G y z G y z π w y z, , 2 Φ ,σ k σ
N

x σ k,
2�( ) ( ) ( ) ( )( )

and the Rayleigh-Ritz formula shows that for any ∈z N� and >σ 0,

∫ ∫≤ − △+λ G y z y G y z I G y z yΩ , d , , d ,k σ k σ k Δ y σ k1

Ω

,
2

Ω

, ,

log

,( ) ∣ ( )∣ ( )( ) ( )

where the right-hand side is a real value

∫ ∫

∫

− △ = − △

= +

G y z I G y z y G y z I G y z y

ξ G z ξ ξ

, , d , , d

ln 1 , d ,

σ k Δ y σ k σ k Δ y σ k

σ k

Ω

, ,

log

, , ,

log

,

2
,

2

N

N

�

�

�

( )( ) ( ) ( )( ) ( )

( ∣ ∣ )∣ ( )( )∣

although Gσ k, is a complex valued function. Then, integrating this last inequality with respect to z in Br, for
>r 1, we obtain

∫ ∫
∫ ∫

≤
− △

+
>

λ

G y z I G y z y z

G y z y z
Ω inf

, , d d

, d d
.k

σ

B σ k Δ y σ k

B σ k

1
0

Ω
, ,

log

,

Ω
,

2

r

r

( )
( )( ) ( )

∣ ( )∣

By Pythagorean theorem, we have that

∫ ∫ ∫∑= −
=

G y z y G y z y π w ϕ z ϕ y y, d , d 2 d .σ k σ
N

j

k

x σ i i

Ω

,
2

Ω

2

Ω
1

2 2�∣ ( )∣ ∣ ( )∣ ( ) ∣ ( )( )∣ ( )

Integrating over Br we obtain that

∫∫ ∫ ∫∑≥ −
=

G y z y z
ω r

N
w y y π w ϕ z z, d d d 2 d .

B

σ k

N
N

σ
N

j

k

B

x σ i

Ω

,
2

Ω

2

1

2

r r

�∣ ( )∣ ( ) ( ) ∣ ( )( )∣
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On the other hand, we see that

∫∫

∫∫ ∫∫

− △

= − △ − − △

G y z I G y z y z

G y z I G y z y z π w y z I w y z y z

, , d d

, , d d 2 Φ , Φ , d d ,

B

σ k Δ y σ k

B

σ Δ y σ
N

B

x σ k Δ y x σ k

Ω

, ,

log

,

Ω

,

log

Ω

,

log

r

r r

� �

( )( ) ( )

( )( ) ( ) ( ) ( )( )( ) ( )( )

where

∫∫ ∫∑− △ =
=

w y z I w y z y z λ w ϕ z zΦ , Φ , d d Ω d

B

x σ k Δ y x σ k

j

k

j

B

x σ j

Ω

,

log

1

2

r r

� � �( )( )( ) ( )( ) ( ) ∣ ( )( )∣

and

∫∫

∫∫ ∫∫

∫∫ ∫∫

∫ ∫ ∫

∫

− △

≤ − △ +

≤ + +

=
⎛

⎝
⎜ + −

+

⎞

⎠
⎟ +

< + +

− ⋅

+

G y z I G y z y z

w y I e y z w y w y y z

w y z y z
C

σ
w y y z

ω

N
w y y r r

ε

ε
ε

ω C

Nσ
w y yr

ω

N
r r w y y C

ω

Nσ
r

, , d d

d d d d

ln 1 d d
2

d d

d ln 1 2
1

d
2

d

ln 1 d Ω .

B

σ Δ y σ

B

σ Δ y
y z

B

σ z σ

B

σ

B

σ

N

σ
N

r
N

N

σ
N

N N
σ

N N

Ω

,

log

Ω

2
,

log i

Ω

Ω

2 2

Ω

Ω

2 2

0

1

2

Ω

2

Ω

2
0

r

r r

r r

�

( )( ) ( )

( )∣( ) ∣ ( )∣ ( )∣

( ) ( ∣ ∣ ) ( )

( ) ( ) ( )

( ( )) ( ) ∣ ∣

Because of Parseval’s identity, there holds

∫ ∫ ∫≤ = ≤w ϕ z z w ϕ z z w ϕ xd d d 1.

B

x σ i x σ i σ i
2 2

Ω

2

r
N

�

� �∣ ( )( )∣ ∣ ( )( )∣ ( )

Denote

∫ ∫= + + =A
ω

N
r r w y y C

ω

Nσ
r A

ω r

N
w xln 1 d Ω d ,

N N
σ

N N N
N

σ1
2

Ω

2
0 2

Ω

2( ( )) ( ) ∣ ∣

then

∫
∫

∫
∫

∑

∑

∑

∑

∑

≤
−

−
−

=
− + −

−

≤
− + −

−

=

=

+

+ = +

=

+ = +

A π λ w ϕ z z

A π w ϕ z z

λ

A A λ π λ λ w ϕ z z

A π w ϕ z z

A A λ π λ λ

A π k

0

2 Ω d

2 d

Ω

Ω 2 Ω Ω d

2 d

Ω 2 Ω Ω

2
,

N

j

k

j
B

x σ j

N

j

k

B
x σ j

k

k
N

j

k

k j
B

x σ j

N

j

k

B
x σ j

k
N

j

k

k j

N

1 1

2

2 1

2
1

1 2 1 1 1
2

2 1

2

1 2 1 1 1

2

r

r

r

r

�

�

�

�

( ) ( ) ∣ ( )( )∣

( ) ∣ ( )( )∣
( )

( ( )) ( ) ( ( ) ( )) ∣ ( )( )∣

( ) ∣ ( )( )∣

( ( )) ( ) ( ( ) ( ))

( )

since ≥+λ λΩ Ωk j1( ) ( ) for < +j k 1 and ∫ ∈w ϕ z zd 0, 1
B x σ j

2

r

�∣ ( )( )∣ ( ). As a consequence, we obtain that

≤
− ∑

−+
=

λ
A π λ

A π k
Ω

2 Ω

2
.k

N
j

k

j

N1

1 1

2

( )
( ) ( )

( )

Note that
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≔
∂ + +

<
∂ + +− −σ

k k

1

2 Ω Ω 1

1

ln ln 1

1

Ω Ω 1

1

ln ln 11 1∣ ∣ (∣ ∣ ) ( ) ∣ ∣ (∣ ∣ ) ( )

and let

∫
≔ + < +

− ∂ +
< +r

π N

ω w x
k

π N

ω
k

σ

π N

ω
k

2

d
1

2
1

1

Ω Ω 1

2 2

Ω
1 ,N

N

N σ

N

N

N

N
Ω

2

( )
( )

( )
( )

∣ ∣ (∣ ∣ )

( )

∣ ∣
( )

where

∫ > − ∂ +w x σd Ω Ω 1 .σ

Ω

2 ∣ ∣ (∣ ∣ )

Then,

∫

∫
∫ ∫

∑

⎜ ⎟⎜ ⎟

≤ = + +

= +

⎛

⎝

⎜
⎜⎜

+
⎛

⎝
⎜
⎜ +

⎞

⎠

⎟
⎟

⎞

⎠

⎟
⎟⎟
+

≤ +
⎛
⎝

+ + ⎛
⎝

⎞
⎠
⎞
⎠
+ + +

=

+

π λ A
ω

N
r r w y y

ω C

Nσ
r

ω w y y

N

π N

ω w y

k
π N

ω w y

k
ω C

Nσ
r

π
N

k k
C π N

ω
C k k

2 Ω ln 1 d Ω

d
2

d

1 ln 1
2

d

1 Ω

2
2

1 ln 1 ln
2

Ω
1 ln ln 1 ,

N

j

k

j

N N
σ

N N

N σ N

N σ

N

N σ

N N

N

N

N

1

1

1
2

Ω

2 0

Ω

2

Ω

2

Ω

2

0

0

1

N

2

( ) ( ) ( ( )) ( ) ∣ ∣

( ) ( )
( )

( )
( ) ∣ ∣

( ) ( ) ( )
( )

∣ ∣
( ) ( )

where = ∂ +−C π C2 Ω Ω 1N
1 0

1( ) ∣ ∣ (∣ ∣ ).
As a consequence, we have that

∑ ≤ + + + + + + +
=

+

λ
N

k k C k k C kΩ
2

1 ln 1 1 ln ln 1 1 ,

j

k

j

1

1

1 2( ) ( ) ( ) ( ) ( ) ( )

where = ⎛
⎝

⎞
⎠ >C ln 0

N

C π N

ω2

2 2

Ω

N

N

0( )

∣ ∣
. □

5 Limits

Proof of Corollary 1.3. The Limit (1.14) follows by (1.13) and (3.2) directly. Now, we prove (1.15). On the one
hand, it follows by the monotonicity of ↦k λ Ωk( ) and (3.2) that

∑ ⎜ ⎟⎜ ⎟≥ >
⎛
⎝

− ⎛
⎝

+ ⎞
⎠
− + −

⎞
⎠=

λ
k

λ
N

k
k

T
T

N
Ω

1
Ω

2
ln ln ln 1

Ω
ln Ω ln

2
1 .k

i

k

i

N

N

1

( ) ( )
∣ ∣

( ∣ ∣) (5.1)

On the other hand, letting =m k , we obtain that

∑ ∑

⎜ ⎟

⎜ ⎟

⎜ ⎟

⎜ ⎟

≤
⎛

⎝
⎜ −

⎞

⎠
⎟

≤ +
⎛
⎝

+ + ⎛
⎝

⎞
⎠
+ +

⎞
⎠

−
⎛
⎝

− ⎛
⎝

+ ⎞
⎠
− + −

⎞
⎠

< + + + +

+
=

+

=
λ

m
λ λ

Nm
k m k m

π N

ω
c k m

Nm
k k

k

T
T

N

N
k c c k

Ω
1

Ω Ω

2
ln ln

2 2

Ω
ln ln

2
ln ln ln 1

Ω
ln Ω ln

2
1

2
ln 1 ln ln 1 ,

k

j

k m

j

j

k

j

N

N

N

N

1

1 1

( ) ( ) ( )

( ) ( )
( )

∣ ∣
( ( ))

∣ ∣
( ∣ ∣)

( ( ) ( ))

where >c 0, independent of k . Thus, we have that
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=
→+∞

λ

k N
lim

Ω

ln

2
.

k

k( )

The proof is completed □
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