DE GRUYTER Advances in Nonlinear Analysis 2024; 13: 20230113

Research Article

Jing Yang*
Existence of normalized peak solutions for a
coupled nonlinear Schrodinger system

https://doi.org/10.1515/anona-2023-0113
received December 26, 2022; accepted October 11, 2023

Abstract: In this article, we study the following nonlinear Schrédinger system
-Aug + I0OOW = augly + Uy, X € R4,
a
Auy + B(OU, = Eulz + puf + uu;, x € R4,
with the constraint R4(u12 + uzz)dx =1, wherea > 0anda > B, u € R, V3(x), and V5(x) are bounded functions.
Under some mild assumptions on V3(x) and V,(x), we prove the existence of normalized peak solutions by using

the finite dimensional reduction method, combined with the local Pohozaev identities. Because of the inter-
species interaction between the components, we aim to obtain some new technical estimates.
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1 Introduction and main result

In this article, we consider the following Schrddinger system with coupled quadratic nonlinearities

=AMy + Vi00u = augly + puy, X € R,
a , 5 . 11
Auy + V(xX)uy = Eul + Buy + uup, x € R4,
under the constraint
[+ upax =1, 1.2)
[R4

where a > 0 and a@ > B, u € R is a chemical potential, and V3(x) and V,(x) are bounded functions.

Such type of systems like (1.1) with quadratic interaction have wide applications in physics, such as Bose-
Einstein condensates, plasma physics, and nonlinear optics. For example, the following coupled nonlinear
Schrodinger equations

K

Zlij,k lewjf?
j=1

ow
i— + Awy + Wi = 0 (13)

ot

for some Uy € R and j,k=1,2,.., K, can describe the propagation of solitons with x® nonlinear fiber
couplers in nonlinear optic theory, where the complex function wy denotes the kth component of the light
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beam, and Zlelelz is the change in refractive index profile created by all the incoherent components in the

light beam. This system has gotten a lot of attentions experimentally and theoretically. If we consider the
standing wave solutions for (1.3) of the form wy(x, t) = ey, (x) with uy a function independent of time, then
uy satisfies

K

ZHj,kujz

j=1

Aug = Ay + u, =0 (1.4

fork =1, 2,..., K. The existence and multiplicity of standing wave solutions to (1.4) and its relates problem have
been explored by many authors in recent years, see previous studies by [2-4,6,9,10,13,22,24,26,30] and the
references therein. However, when nonlinear optical effects such as second harmonic generation are inves-
tigated in the optical material that has a y® nonlinear response, it is led to the system (1.1) (c.f. [1,7]). For the
existence, multiplicity and asymptotic behavior of solutions for (1.1), we can refer to [27-29,31].

We note that the following Gross-Pitaevskii (GP) equations proposed by Gross [15] and Pitaevskii [25] in the
1960s

220~ —hox, 0+ VOO, 0 - a lox, 0P O, x €RY, 9

with the constraint

[ 1o, opax =1,
[RN

has been investigated extensively due to some new experimental advances in quantum phenomena (c.f.
[5,11,14]). Here, N = 2, V(x) = 0 is a real-valued potential and a € R is treated as an arbitrary dimensionless
parameter. If we want to find a solution for (1.5) of the form w(x, t) = e"*u(x), where u represents the
chemical potential of the condensate and u(x) is a function independent of time, then the unknown pair
(u, u) satisfies the following nonlinear eigenvalue equation

-Au + V(QOu = au® + yu, in RY, (1.6)
with the constraint
qudX =1 (1.7)
[RN

For ground states of equation (1.6), one can refer to the studies by Guo et al. [18-20] and the references therein,
where the main tools are the energy comparison under various assumptions of trapping potential V(x), which
can be described equivalently by positive L2 minimizers of the following functional:

I = 1I(|Vu|2 + Voouddx - 7 [ utdx.
Z[RN 4[RN
Very recently the existence and the local uniqueness of excites states for a class of degenerated trapping
potential with nonisolated critical points were given in the study by Luo et al. [23], where we call any
eigenfunction of equations (1.6) and (1.7) whose energy is larger than that of the ground state the excited
states in the physics literatures (c.f. [8]). As for two-component Bose-Einstein condensates with the mass
constraint, the studies by Guo and Yang [16] showed the existence of the general exited states by using the
reduction argument combined with the local Pohozaev identities, which generalize the existence of the ground
state with trapping potentials given in the study by Guo et al. [17] to some extent.

To our best knowledge, there seems to be no results on the existence of peak solutions to (1.1) with the I?
constraint (1.2). So in this article, we want to investigate this problem and suppose the following condi-
tions hold.

(K: Vi(x) and V5(x) have m common critical points aj, ..., a, for m > 1 with @, ..., a,, the nondegenerated
critical points of I“%Vl(x) + F%Vz(x), where I and I, are given below.
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(Kp): Vi(x) < Vi(ay) for x € Bd(al)\{al} and V;(x) € C%By(ay)) for some 6 € (0,1) with some small d > 0
forj=1,2.

To state our results, we first introduce some notations. Let U be the unique positive solution of the
following problem:

-Au+u=u? in R%
u(0) = maxu(x), u(x) € HY(RY),
XER*
and we denote b, = I[R4U2dx. From [21], we know that U(x) = U(|x]) is strictly decreasing and satisfies for
Is|] =1
IDSU(X)[e™ [x|"2 < C.
Also (Uy, Uy) = (WU, LLU) is the ground state of
—Awy + Uy = awlly in R4

a . 1.8)
Ay + Uy = Elﬁz + puf, in R%

1 (2(a- 1
pol[MaB 1
a a a

For any t € R* and y € R*, we define for i = 1,2, Uy, = tU(~t(x - y)), and for any & > 0, ||(u, v)|[3 =

llulfts + 11VI5,5 with

provided that a > 8 with

1
s = 5 [ (Vuf + (6 + Viecoudax.
|R4

The first result of our article is as follows.

Theorem 1.1. Assume that (K;) holds and a >  and a > 0, then there exists a small constant € > 0 such that for

any (a, B) satisfying | 3“;32'3 - meJ < ¢, problems (1.1) and (1.2) have a peak solution (uy ,, Uy, i) depending on a

and B with the form

(U4 (X), Uy, 4 (X)) =

m m
z Ul,,u,y‘lyj(x) + (/’1“,1()(), Z UZ,u,yM(X) + (quu(x)
j=1 j=1

3a-28
o3

Also as - ﬁ there hold u —» - and

Nas
Theorem 1.1 tells that we construct a synchronized solution for problems (1.1) and (1.2), where the
synchronized solution means that the two components of the solutions for system (1.1) concentrate at the

same set of concentrated points. Otherwise, we call it a segregated solution if the components concentrate at
two different set of points.

Iy‘u,]' - a]l =0

1
and (@10 03,0l = 0[—;]-

Remark 1.2. If 4(x) and V5(x) have no common nondegenerate critical points, that is, V4(x) has m critical points
ay,..., am, and while V,(x) has m critical points a, ..., @ with m, m = 1, then we also can construct a segregated
peak solution (uy,, Uy 4, #) With u;, and u, , concentrating at these points, respectively.

Now we want to consider the clustering peak solutions to problems (1.1) and (1.2), and the another result is
as follows:
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Theorem 1.3. Assume that (K;) holds and a > B and a > 0, then there exists a small constant € > 0 such that for

any (a, B) satisﬁiinglaa(;gzﬁ - meJ < g, problems (1.1) and (1.2) have a peak solution (uy y, Uy, 1) depending on a

and B with the form

m

2

Jj=1

(U, (%), Up (X)) =

m
Ul,y,ny(X) + (Pu,(x), Z Uz,y,yyj(x) + (pZ,H(X)
J=1

3a-28 R
P

1
-—| and
u

Also as

1
s> there hold y1 = =, (9 ,, 9 -4 = O
Yoy @ and  Jply,; ~ Yl = w, for L#].

Remark 1.4. To our best knowledge, this seems to be the first time to consider the existence of the normalized
peak (or bubbling) solutions for problems (1.1) and (1.2). Also we note that only one coefficient a in (1.6) need to
be discussed with the constraint mass, while there are two parameters a and § in system (1.1) to be considered,
corresponding to the interactions within and between the components, respectively, which makes the pro-
blems (1.1) and (1.2) more complicated than the single equation, and we have to analyze the mutual influence of
the parameters and the constraint condition very carefully.

We will mainly use the finite dimensional reduction to prove our results, which is an effective way to
construct solutions for perturbed elliptic problems. Since the singularly perturbed problem has a small
parameter naturally, the approximate solutions can be constructed by the standard steps of the reduction
argument. However, the constraint problems (1.1) and (1.2) itself do not provide any natural limiting process
explicitly. So to apply the reduction method, we have to instigate the relationship between the constraint
conditions and the parameters appeared in the system. This process involve some various Pohozaev identities,
which play an important role and need some more accurate estimates.

The structure of this article is organized as follows. We carry out the finite dimensional reduction to study
the corresponding problem without constraint in Section 2. In Section 3, we prove Theorems 1.1 and 1.3 is
proved in Section 4.

2 The finite dimensional reduction

In this section, we consider the following problem without constraint

—Awy + (A + OOy = auylly in R4,
a, 2 i ma 21
Ay + (A + LOO))up = Eul + pu; in R%,
where A > 0 is a large parameter.
We want to find a peak solution of equation (2.1) with the form
m
Uip () = Y Uiy, 00 + 9,;00,1=1,2, 22)

J=1

where Uy, = /IU,-(ﬁ (x - y)) for some y € R* To this aim, we define ; be the bounded linear operator from
HY(R%) x HY(RY) to itself as follows:

La(@1; @), Wy, Y0 = I

R4
|
[R4

for any (¥, ¥,), (¢4, 9,) € HY(R?) x H(R?).

m m
VoV, + A+ V0O = @ D Uiy, 0,8 = a Y Uppy, o1t
j=1 j=1

Vo,VY, + (A + 0O, —a Y Uiy, 1%, — 2B 2 Usiy, oY,
j=1 j=1




DE GRUYTER Existence of normalized peak solutions == 5

Then to obtain the solution (u 5, Uz,) of equation (2.1) with (2.2) is to solve the following problem:
L@y @20 = L+ Ry(@y 5, 90)s

where [, = (ll,b lz,/\) with

m m m m
llyﬂ = _Z Vl(X)ULA’)’A,j ta Z Ul,A,YA,j Z UZ,A:YM' - Z Ul-AxyA,jUZ’A’Y/\J’
j=1 j=1 j=1 j=1
m all m 2 om m 2 om
— 2 2
b= -XlW(X)Uz,A,yA,j 5 1U1,A,yM - Zl Uiay,| + B ZlUZ,)L,yA il ZlUZ,A,yM ,
J= J= J= J= J=

and Ry(@; 5, @53) = (Rua(@y3 9300: Roa(@ 5 952)) with
Rip(@15 02) = Q91 ,0,

a
Roa(@10 9020 = E‘/’fx + ﬁ‘ﬂzz,a-

To carry out the reduction argument, we first introduce the following result, which has been proved
in [29].

Proposition 2.1. For any a > 0 and a > B, (Uy, U,) is nondegenerate for the system (1.8) in H{(R*) x H'(R*) in the
sense that the kernel is given by

oUu oU
"l(a, B)a_Xl’ So

i=123,4
aXi ’

in HY(R%) x HY(R*), where n(a, B) # 0.
Now we define the set

a ULAJM a UZ,/L)’M

>

> =0, k=1,..4 j=1,..m

Ey = {(w, ) € HY(R*) x H(R?) : <(u1, up),

an 0X k

and the norm |, v)If = lulf, + [IvIE with
2 1 2 2
s = = [ qvuP + @+ vioowdax.
|R4

Also we set the projection F; from HY(R*) x HY(R%) to E; as follows:

4 m

B(w, w) = (W, w) - ) D Tiij
i=1j=1

OUssy, 0Unay,

bl

aXi axi

Proposition 2.2. There exist Ao, &, p > 0 independent of a;(j =1, ...,m), such that for any A € [Ag, +©) and
W € Bgy(a)), FL, is bijective in E,. Also, for any (u;, uy) € E,, it holds

(|1ELy(ug, up)llx 2 pA||(ug, up)]|z.
Proof. By contradiction, suppose that there exist A, = +o, Yij = G (u,n, Uzn) € E,, such that
An
”FA,ILA,[(ul,n: uZ,n)”An < ?”(ul,n’ uZ,n)”A,[, (2'3)

with ||(ug,n, uz,n)||ﬁn = %ﬂ By (2.3), for any (¢,, ¢,) € E,,, we have
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1
(Lo (U, Uz ), (B3, D)2, = 0| (U ns Uz )2, [|( Dy B)Ila, = OAD|(By, B3,
and from this, it holds
<L/1n((u1,m uZ,n): (ul,n; uZ,n)))A,, = o(1).
Now choosing R sufficiently large such that
< 1
(a+ 2ﬁ)_zluz,an,yw <O+ V00), i RAUL By, ),
j=
we find

An
(L, (U, Uz ), (U, Up )i, 2 7|I(ul,n; w )|, — Chn I (ufy + ugy),
U’]'"=1B &wAnJ)
VAn

which gives that

C
_[ (ulzn + uzzn) 2 —.
s s An

UjsaB R (3,,)

VAn
To obtain a contradiction, next we want to prove that
,[ (W, + k) = o| —
1,n 2,n An . (2_4)
U;ﬂ:lB%(yﬁnJ)
To this end, we define iy j(x) = uk (== \/— + Y5, }) Then
5 I(Wukn,P B2nj) = O, )|, <
k=1ps
Thus, we can assume that as n — +o, @ ; = @x; weakly in HY(R*) x HY(R*), and @y nj — Uk, strongly in
LE(R* x L3 (R for k = 1,2 and j = 1,..., m. Now we just need to prove that
M;=0, k=12 and j=1,..,k 2.5)

For any (¢,, ¢,) € HY(R?) x HY(R?), we can decompose (¢,, ¢,) as follows:

4m oU; - oU; .
(@0 6= FB 8) + 2 3 Ty S,

with Ty, ij = b, U<(¢1, ®,), [aUHW'” BU%;”"’D for some constants by, ;;. Then it holds

o 4 m
(LU, Uy ), (@y, D02, = (La,(Uin, Un), Fa (@1, O 01, + ;er)tn,i,jk)tn,i,j;
i=1j=
where Ky, = <LAn(u1 n Uzn), [BUL;“” BU%T;A”D . Also, by (2.3),
An

1
(L, (U n, Ug ), Fa (@1, @2, = (FaLa,(Uyn, Upn), Fa,(@y, @)1, = o[AnZ ]||(¢’1: ),

which gives that

1 4 m aUl,An,yM j aUZ:AmyAnj
(Lt o), (B, D), = "[A"Z]llwl, Ol + 2.2 Onis| (91 82, K |

i=1j=1 0x; 0X;

> (2.6)
M

for some constants ¢,,,;;. From this, we estimate &,,,;; as follows:
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% %3 aUl,,\n,yW aUmmyw aUumyw aUz’,\n’yﬂnJ
Ansij > ) ) '
i=1j=1 OXp oxXp 0X; o0X; A
OUn,y, ; sy,
Ay n j A anj
= <L)L,[(u1,n: ) + 0(4n)
h h s
Uiy, . oy,
Ay j Ay j
= Ay < (ul,n: uz,n), ax; s ax; + Qn(ul,n; uZ,n) + 0(An)
n

= Qn(ul,m uz,n) + O(AIF-V):

where y > 0 is a small constant and

JU aUl,/\nyy/\"Jj J'U aULAn,yA j
Qn(ty,n, Uz p) = ) N a Uy, 5
R R
IU aUZ,)tmy/ln,j ZB IU ” 0 2003 3
-a Wn——F— ~ 20y, Han = -
X LAn:y/\nJ 1,n aXh \ Ay i T aXh
R R
Noting that (Up, Vin? Uz, ,yw) satisfies that
— i 4
_AUL/\n:y/\,l,j + A"Ul,lmy/\n,j - aUl,AnxyAn,jUZ,Amy/\n,j In R%
a
— =772 2 3 4
_AUZ,AnJ’/\nJ‘ + A”UZ:Am)’AM - 2 Ul,ﬂn,)’/\n,j * ﬁUZ,ln,)/AnJ I R%
we find
aUl,Am}’AnJ‘ aUl,Am)’AnJ aUl,/\my/\,bj aUZ,AnJ’An,j . 4
- + An = (}le,An,y/1 —_— * ClUumyA —_— in R%,
0Xp OXy, nl OXp ni OXp
Uy, U2y, Uiy, U200, A
+ An = (IULA"’]' + ZBUZ’,\,UM — in R*
0Xp, 0Xp, O0Xp, ni o OXp

It follows from the definition of E,, that
Qn(ul,nx uz,n) = O(Ar}-‘-y)'
Hence, we find

0 Ul,/ln,y/\n,j o Uzﬁn:}’x,l,j
aXi ’ 6X,'

a Ul,)ﬁn,yhhj a UZ,A",yAM-

)

4 m
2 2 Oij , = oA,
i=1j=1 OXp O0Xp, P, "

which gives 3,,;; = 0o(1). So (2.6) gives that
1
(La,(uan, Uz ), (Pys D)2, = O[Anz]ll(q)l, ),
Now setting ¢3k,j(x) = \/Tn ¢k(\//17,, x- YVinj )) and using (2.7), we obtain

1
1+ —V

2
(Lt o), B Go = . [ Vi 06, + |1+ -
n

z
——+y,
i=1p4 VA M’

-2B JUzﬁz,n,j¢2 -a I(U1ﬁz,n,j¢1 + Uillyn jp, + Uolly,n jb)
[R4

[R4

Ui n,j;

1 _
- o[ar%]n(@,,, Boll, = o(d).

—_— 7

2.7
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Then, (@), @t ;) solves

—Al_lllj + ﬁlyj = (leLjUz + aliz,le in [R4,
—Aﬂzlj + L_lz’j = aﬂly,-Ul + Zﬁﬂz,jUz in R

From this and the fact that (Uy, U;) is nondegenerate, we have

4

oU; oU;
(ttyj, ) = ZTk] —, =

2.8
oxi” Oxy | @8

On the other hand, from (u n, Uz,) € E;, and (2.8), it holds

\

0l VLAY aUZ’An’y/{n,j
uln Vuzlnv—

aUl,An,yA,,,,- aUZ,/\m)’/\,l,j

3

0 = <(ul,n; uz,n)a

gb
g
!

+ I[[1+ jnVl(X)

an an

0x X an

oU,,y, - 1
g+ [1 + V00
n

U,
0Xj o

aUZ,AnJ’An,}"

1
1+ —V
[ + 1, 1(X) X

_ oU; _ oU,
Vity o, V— + Vit , V—
1,n,j Ak 2,n,j axk]

20+ Lol 2
2 L1 9% OXk An : B OXk

_ _oU; _ o0 _ oty _ ol
= | |VigiV— + Vi, ,V—| + | |l =— + @& +0(1
u;[[ 1] an 2,] an] I}i[l[ 1j 6X 2] 5. a ( )

=]

[R4

oUy oUy o, o,
Uzllljaxk + Uitk % o + Uit Y g ] + zﬁJUzuzj_ +0(1).

By the property of (Uj, Us), all the constants 7; = 0 in (2.8). This gives that (2.5) holds and then (2.4) fol-
lows. (I

Similar to Proposition 2.2, we have

Proposition 2.3. There exist A, &, p; > 0 independent of a;, such that for any A € A, +®) and y, , close to @
with

& InA .
Mk‘hﬂz—%fn for k #j, (2.9)

EL, is bijective in E,. Moreover, it holds

IEALa (s, u)la 2 paAll(us, U2

Lemma 2.4. We have

[ILl1x = 0Q1). (2.10)

Proof. Recall that [ = (4, ;) and
(o L), (@, O = (la O + (bas P
Using Holder inequality, we find
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m
<ll As ¢1)A - _[ Z Vl(X)Ul AyM¢1 +a _[ Z Ul AyM z UZ Ay,] Z Ul,/l,yﬂijZ,/l,yM ¢1 (2 11)
Rr4J=1 R4 U= j=1 '
= 0(||91]lL2);
and
2 m
(b o0 = I Z V() Uz py, @, + I Z Uiy, | — > Ulz,A,yM ?,
Rr4J=1 R4 =1 j=1
m P om (2.12)
I z ZAY)U - ZUZZ,A,)’AJ ¢2
j=1 j=1
= 0(||¢z||2,/1)-
Hence, (2.12) and (2.11) give (2.10). OJ
Lemma 2.5. It holds
IR(@y 5 P21, = Olﬁ%ll(fpm cm)ll%]. 213)

Proof. Note that Ry(¢, 5, 9,,) = (Ria(@1 95,), Rea(@1, 95,)). By the direct computations, we have

<R1,/1((P1,)p ¢2,A)’ dn=a _[(pl,/lfpz,/\d’l s C||§01,A||L4||§02,A”L4 [l 122
R (2.14)

= O[A%||<pu||a||¢z,a||1||¢1||l],

where we use the following classical Gagliardo-Nirenberg inequality:

j|¢|4 = [ |V¢||Lz||¢||Lz] - [A%||¢||,»,A], for any¢ € H'(R?). 219)

With the same argument, it holds
(Rei@150 02,0 62 = ool 216
Hence, (2.13) follows by (2.16) and (2.14). O

Proposition 2.6. Let A, be as in Proposition 2.2. Then for any A € [y, +»), and Yok closetoay fork=1,..,m
there exists unique ¢, , € E,, such that

I(VuuV(Pl + VU VP, + (A + Vi0))ug, + (A + Va(X)Uzi0,)
[R4

-

[R4

(217

a
UL, + Bus0,

Aty Uy 2B, + 5

for any (¢,, ¢,) € E, where u; x(x) = kalel-,A,yM(x) + o 1(X). Moreover, it holds

C
1(@1 2 @ )lI0 < T (2.18)
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Proof. To obtain (2.17), it is equivalent to consider the following problem:

ELy(9,, 0,) = By + BR)(94, 9,), for(ey, 9,) € E,. (2.19)
By Proposition 2.2, we can rewrite (2.19) as follows:
((Pl’ (Pz) = B((Pp (02) = (HL)L)_ll:}LZ)L + (ﬂLA)_lF/\RA((pp (Pz) (2.20)

Now we define

1
M = ‘((Plx (02) € E)t : ||((P1; (pz)“A = F’;

where y > 0 is a fixed small constant.
Next we will prove B is a contraction map from M to M. First, from Proposition 2.2 and Lemmas 2.4 and
2.5, we have

1 1 1
1B(@1, @,)lla < C[EHI)L”/\ * S IIR(@y, €Dz)||A] < 3

On the other hand, for (¢,, 9,), (@, @,) € Ej, it holds

o c - 1
1B(o1, 92) = B(P1, @Il = S (IR, 9)la + IR, @2)12) < 255

By applying the contraction mapping theorem, we find that for any A € [4g, +), y;, close to ai for
k =1,..., m, there exists unique (¢, ,, ¢,,) € Ex depending on a and A solving (2.20) and then (2.17) follows.
Finally, (2.18) follows from (2.20). O

Similar to Proposition 2.6, using Proposition 2.3 and Lemmas 2.4 and 2.5, we have the following result.
Proposition 2.7. Let 4 be as in Proposition 2.3. Then for any A € [A, +»), and y, , close to a; for k = 1,...,m,
satisfying (2.9), (2.17) and (2.18) hold with u; ; = ZZ1=1U1‘,A,yA,k + 9, ().

3 Proof of Theorem 1.1

From Proposition 2.6, for any A € [Ag, +), y,; —~ a; for j =1,..., m, there exist u;, and I ;; such that

4 m aUl,A,)’A,j . 4
—Aug; + A+ VIO = aug gz + ) D D , in R*,
i=1j=1 0Xi
am o oU
a 2,03, .
~Dup + (A + OOy = Euf/\ +Bui+ Y Y Ty P R4,
1

i=1j=1

where u;;(x) = 241Uy, () + ¢;,00.
Now to obtain a true solution for (2.1), we just need to choose suitable y, ; such that

;=0 fori=1234 and j=1..,m 3.1

To this end, we want to choose (ym, ...,ya,m) solving for any d > 0,

I -Au O + (A + i(x)u Otz - Qg U Ot
1,A aXi 1 1,A 6X,- 1,A42,1 aXi
Ba(yy) (32)
ouy, ouw,; a ., Ouyy ouy, '
+ -Au L+ A+ KOO —2 — —ud—= - Bul,—=| =
I I 20 0% ( H(X)Uiz, 2 x| 2% oy Bus; %,
Ba(yy,j)

withi=1,2,3,4and j=1,..,m.
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Lemma 3.1. Assume that (K;) holds. Then there exists some large A such that for any A € [Ag, +), problem (2.1)
has a peak solution (u 3, Uy ) with the form

U0 = Y Uppy, (X) + ¢;,00, (33)
j=1

satisfying for j = 1,...,m

1 1
Waj — @l = O[W and ||[(@1; @2 )Ix = 0[;] (34)

Proof. From the aforementioned discussions, we have to choose suitable y,; € R* for j = 1,..., m satisfying

(3.2). Integrating on Bq(y, ;), we find that (3.2) is equivalent to

J’ aVl(X)u o) ,
ax,- 1’A aXi ZA

Ba(yy)
I v 2 9 J’ auu 6111,,1 J’ all2 I (A . V( ))
= u Vi — —-— - Qa u X))Ui Vi
[V a|*v; ox oV 2 1 1Vi
9Ba(y, ;) 9B4(yy ;) Ba(y ;) 9Ba(y, ;)
auz 2 au1 2
+ Vi 2v; - 2 I i I A+ OOz,
I [Vuy 2|°v; ox v ( H(X))uz Vi
6311()’)@ aBd(}’,\ J 034()/,1,,-)
6112 A
-a I uh—=-= I v,
aXl B 2,AY1
Ba(y, ;) 9Ba(y, ;)

where v = (v, ...,1) is the outward unit normal of aBd(yM ). Also it holds

ouy out, )
_[ Uiy ax oy _[ st v = O(e%)
Ba(y, ;) 9B4(y, ;)
for some 6 > 0. Then we have
o) , . 9n) , _
uty + u?,| = 0(e).
I ox T oy (e™%) (3.5)

Ba(yy,)

On the other hand,

oVi(x) < 0*Vi(a)
_[ Tox i = J FyuC i a;, )i, + 0 I Ix - ajl?ui;
Ba(yy,) ! Bd(y/\,j)lzl v Ba(y)
: 0*Wi(a))
=mY 0~ 40 JURO + 0@ + gyl + oy ~ah B9
=1 9XiXi R
< 02Vi(aj))

-y Y

=1 90X

Ot ~ a]l)IUl(X)"'O[\/— - |]

Similarly, we have

() , < 0"(a)
J 0X; uZ’A_mlzzl 0XiX;

1
(yA,j,z - aj,l)IUzz(X) + Olﬁ + ly/u - aj|]- 3.7
[R4

Ba(y, ;)

Then (3.5), (3.6), and (3.7) give us that
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(@), , O

) 1
TZ —-ai) =ol— + .= aill.
£ oxx oxx C Onji ~ @) n by~ 4l

By the assumption (X;), we find
—_ 1 f -
D’M -aj=o = orj=1,.,m.

Lemma 3.2. It holds

[J;UE' = Su;[Uz = §u£|VU|2.

Proof. Note that U satisfies
-AU+ U=U?% in R4

By direct computations, we have

[avwe + vy = [ue.

R* R*
Also multiplying (x -VU) on both sides of equation (3.10) and integrating on R4, it holds

4
VUP +2|U%= | U3
roeeefr=s]

So the aforementioned two equalities give (3.9).

Proposition 3.3. If (143, Uy ) is a solution of (2.1) with the form (3.3) satisfying (3.4), then it holds

Almb,,

2 m 1
=b,) ) Ti(a)) + o[—].
i=1j=1 A

3
Eal"zl“% + /i'l"g] - I(qu +ufy)
[R4

(3.8

(3.9

(3.10)

(311

Proof. Let (14, Uy ;) be a solution of equation (2.1), multiplying (x — Wijs Vu; ;) on both sides of the ith equation

of equation (2.1) and integrating on By(y, ;), we find

f

Ba(y, ;)

= J' W(x)do,
0B4(y15)

2

2
2 (QV(X) + (VVi(x), x Y, Nudy + 2Audy) = auyuty - gﬁui?:x
i=1

where

- <X _y)t,]': V>

2 au,-,,\ 2
W) = Y |-2 Gy X 7 Yage Via) X = 5 vIA + KOO,
i=1

Now, being u; x(x) = Z;ZlUM,yM(X) + (p“(x) with ||((pu, (p“)||,1 = 0[%] it holds

[ @neo + @en, x -y, s
Ba(yy)

= [ OO0, x - 0 + 20700 - V@)U, (0 + 2%@) [ ud
Ba(y)) Ba(y,j)

2
+0| [ - qfUay, 0 + 918

Ba(yy)
9 1
= 2Vi(a)) I Uiz *+ 0|3
Ba(yy ;)

1
= 2Ib,Vi(ay) + O[E],

2
2 3
QU ply ) + gﬁuz,/l .

(312)
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,UZ On the other hand, using (3.9), we find

I

Ba(yy)

where b, = I[R

2 2 1 3 1
aup Uty + gﬁuzﬂ] = AI aUtu, + g/i‘UZB] + 0[;] =21 Eal"zl"% + BF%]b* + O[}]
[R4

So summing (3.12) from j =1 to j = m, we find (3.11). O
Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Now we set b, = IR4(u1%A + uz% V) and vy = u;a/ \/b_ , then (vy3, v,3) satisfies that

1
=Aviy + (A + Vi00))Vi3 = abfvy vz, in R%,
a ! 1
—Avy; + (A + 0Oy = Eb} vi, + Bbfvi;,  in RY

with

2 25 =
I(Vl,A +vy) =1
[R4

Therefore, from Proposition 3.3, we obtain that

2 m

A(mD(a, B)bs = by) = by Y Y T?Vi(a)) + o(1), (3.13)
i=1j=1

where D(a, B) = %al‘zl“f + I3 = 3% Take (a*, B*) is a root of D(a, B) = #

If D(a, B)! # as (a, p) — (a*, B*), letting N; € R such that Ny + Vi(a;) > 0 and A =1 - Ny, we have

=Augy + (A + (N + ViOO))ugp = aug iz in R4,
By + (X + (N + OOl = Sy + fufy,  in R
Similar to (3.13), it holds
_ 2 m
A(mD(a, )by — by) = by ) Y TAN; + V(@) + o(1) > 0, (3.14)
i=1j=1

which glves that there exists some A, large enough such that by, < 1. In fact, if bz, > 1, then from the fact that
D(a, B)¥ - as (a, B) — (a*, B*), we can take (a, B) such that bz, > mD(a, B)b,, which contradicts to (3.14).

Now we define T(A) = (1 - bA% If by, = 1, then we have got the solution. Now we consider bz, < 1 and
T (o) > 0 for (a, B) — (a*, B*). On the other hand, by (3.13),

lim T(3) = lim (mD(a, )b = A + (1 = mD(a, Bb.IDA
= lim (1 - mD(a, B)b. + o())A* = ~.

Thus, there exists some Aqp € [Ag, +) such that T(A, 8) = 0, which means that b,, op = 1. S0 we have derived

the existence for (1. 1) with g = -Agp and_[ J(ul +u?)=1if D(a,p) € (7 Ly €] for small €.

mb,.’ mb,

When D(a, B)T - as (a, B) = (a*, B*), letting N, € R such that N, + Vi(a;) < 0 and A = A - N, we have
~Duyp + (A + (N + OO = iy jliz 3, in R%,

~ a
—Auy; + (A + (Ny + OOy 3 = Equ +pui;,  in R%

With the same argument as mentloned earlier, we can also obtain the existence of a concentrated solution to
. 1
1.D-1.2) if D(a, B) € [m—b* - ) O
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4 Proof of Theorem 1.3

In this section, we come to prove Theorem 1.3. First from Proposition 2.7, for any A € [A, +), Yj = @

Ja IyM- - y,ul — o, there exist u;; and Iy ;; such that

4 m 6U1,/1,y” ) .
—Auy; + A+ Vi0O i = Qg + ) ZFA,i,jT, in RY
i=1j=1 i
am U
a , 9 ZAN .
=Auy 3 + (A + V(0))ug 2 = Ut Bui, + Y Zrﬂ,i,j—ax , inR*
1

i=1j=1
with u; ;(x) = z;'rl:lUi,)L,yM(X) + @, ,(x) satisfying (2.18).
Now we define

B, ) = Zj(|\7u|2+@+Vl<x>>u2>——ju1uz Ll

l 1[R R* R*

withy = (y,, ....y,,) € R*™
Then to obtain a true solution of (2.1), we need to choose suitable Wi such that

;=0 fori=1234 and j=1..,m 4.1)

and Q(y) = I ZT=1U1,A,y, + 0, z;'n=1U2,A,y]~ + 0y

To this aim, similar to Lemma 2.2.13 in [12], we will find the critical points of Q(y) because that if
Yo = OVa1s - Yam) 18 the critical point of Q(y), then (4.1) holds.

Lemma 4.1. It holds

mb)t

I

ZZF Vi)

11]1

_ Zwe—ﬁw—w S S
2 ﬁb’m _yA,1|

ZlUl/lyM ZUZ)LyA]
J=

(4.2)

1#

1 3 1
+0|l— + A Ze‘zﬁb’w‘)’},z' _
A 1% VA Waj = Yl

for some constant Tj > 0.

Proof. First, by the definition of ), we have
2

m m A 2 m
Ly Uiy, > Ui |= 7 Z I 2 VUGN = y,,)

j=1 j=1 =1 i =1
/1 2 m g
* g 2T P+ oo LUK -0

=1 R4 j=1
B ’
o] Soeieey,)|
=1 R4
3a- ZB

where we use the fact that =~ = I'? + T2 Now, we find

2
=7’" Y [VUGAGx = 3, )r VUGG - ;).

l#jp4

. 2
_[ 2 VUGN - y,))

R4 J=1

=4,



DE GRUYTER Existence of normalized peak solutions

And from the assumption (K3) and |y,; - y,,;| — 0, we compute that
2

ZU(\/I(X )

o+ v
[R4

Z(A+ V(»,))JUZ(I CEE Zj(Wx) Vi DUANAC - 33,

JEIR4
o 3 [+ VOOUCT® -y, DUGTG -,
l:/'[R4
1 1 <
= Emb*+ﬁj§1Vi(yM)b*+ [Az ] g][ﬁ[w(f(x yA,))U(J—(x V)
=4y
1 VAl =yl ; Z
+ 0 Ae \/XD’M _y/ul

On the other hand, it holds

J

4

+3IZU2(\/—(X yM))U(\/—(X V)

R4

S U0 - yM»

j=1

=43

+ 0| [UANAG - 3 DUAGx - 33,)

l#jR4

ol

1

3kb*
\/X Iy)L,j ~ |

+34; + 0 A—e -5Vl Y/H"

Finally, by using the equation satisfied by U, 4; + A,
Now we have the following energy expansion.

Lemma 4.2. It holds

1
Ly, up2) = I ZUlﬂyA ZUZ/lyM 0[5]
j=1
Proof. First, by definition, we have
m
Z “)’M(X) +t Q1 ZUZAyM(X) + 02
=t =1
m 2
- IA ZU“U’A (X) ZUZ}U’A;(X) ZZJ.(VUUU’A vgolﬂ + (/1 + V(X))Ul)lyA QDM)
J=li=1pe
m 2
a
EI Z 1Ay, | P2a t ZUMyM zUMyM P1a* ZUlAyM P19 + Z(UZAyM)‘/’M ‘Plg‘/’z/\
R4 U=1 j=1 j=1
selfz
-3 Z oagy| Paa ZUWM 0o+ 02| + OQI(@y 5 0 DIR)-
|R4 = ]_

- A4z = 0. So the aforementioned estimates give (4.2).

15

O

(4.3

(4.4)
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By using the classical Gagliardo-Nirenberg inequality (2.15), similar to (2.14), we have

J

4

ZlUlf\yM 012920 * Z(UZAyM)‘Pu PP+ O3n = [7‘%”((/’1,/1: ‘Pz,x)”%]-
j

On the other hand, from (¢, ;, ¢,,) € E,
[ @y, 70, + @+ VOO Uiy, 01,) = 0
[R4

So, (4.4) gives that

m m
I Z Ul,)t,yM(X) T O Z UZ,A,yM(X) T 0,
j=1

#]

[R4

2

02,2 (4.5)

LUCAG- 3,0

Z 1, 00, ZUZM |- [ r1+ﬁrz]

2

QUGN - Y)| Pia

Jj=1

+ ally + O(Al(9y ‘PZ,A)H%)-

Now using the classical Gagliardo-Nirenberg inequality (2.15) again, we have

2
I Pin
[R4

D UGN = y;,))

J=1

S [0 0x - 3,00, + ZIU(I (= Yy DUGAG = 3, )01,

J=1R I#jp4

O[_SH((PLA’ ¢z,/\)||/1]-
A4

Then (4.3) follows by the aforementioned estimates. O

Proposition 4.3. Assume that (K;) holds. Then there exist some large A such that for any A € [A, +=), problem
(2.1) has a peak solution (uy 5, Uz ) with the form

m
Ui 00 = Y Uipy, () + @, (4.6)
j=1
satisfying
. 1
Yoy = @ N~y =, for 1) and |9y, 0,0l = O 3 @7

Proof. First, it follows from Lemmas 4.1 and 4.2 that

b AL, b,
- — 2T Z ZFZV(yM

11]1

- ZW(;“HWU 1’“'1;

1 ly/l,]’ _y)ul 4.8)

l#j

+

0 min{,1} *A Ze'm'yﬁf _yA"l[ !
7

1% ﬁb’/\,j - yul
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Now we define

_ elna | ;
H = y= (yl’ ...,ym) y] GBg(al), D’l —yjl > _ﬁ ’]=1, ...,m,l?‘:] s

where ¢ is a small fixed constant. Consider the following problem

max .
max Q(y) 49
Suppose that it is achieved by y, € . To prove this y, is a critical point of Q(y), we just need to prove thaty, is
the interior point of H .
Let y,;, j = 1,..., m, satisfy

1Y) 1 )7
ﬁ] and IYAJI —)7/1’1| > [ﬁ] if 1 #j,

where 0 < & <y < <11is a small fixed constant. Then for y, = (3,4, ...V, ,,) € H, it holds

WAJ’ - <

Amb,, & mb, & 1
=T+ == Tii(a) + 0[7
2 i3 2 i3 Az

Q¥ =

Suppose that there exists Yrjs such that [y,\,jg - a1| = €. Then by (4.8) and the assumption (K;), we have

Amb, & m - Db, < by < _
oty < By + D00 paay + 2 Y vy, + o) < 003,
i=1 i=1 i=1

which contradicts the fact that y, is a maximum point of Q(y) in H .

Now suppose that there exist Yrjs and y; ,,, such that D’Mo =~ Yamol = % for mg # ji. Then by using (4.8), we

find

2

An;b* 2IF = KA (nA) < Q(3)
i=1

Qyy <

for some K, > 0, which gives a contradiction again. Thus, we have proved that y, is the interior point of #, and
thus, it is a critical point of Q(y). O

Finally, we conclude our second main result.

Proof of Theorem 1.3. Now we set b; = I 4(uf,\ + uzz,,l) and v; ) = uu/\/IT , then (vy, v,3) satisfies that

R

1

=Avip + (A + IOy = abfvy vy, in R4,
a1 1

Avyy + (A + )y, = Ebf v + BbFvi;,  in R4

with
Jot+viy=1
[R4

Therefore, similar to Proposition 3.3, we obtain that

2 m

AmD(a, )by ~ by) = b} Y TiVi(ay) + o(D).
i=1j=1

Next, similar to the proofs of Theorem 1.1, we can finish the proof. O
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