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Abstract: We consider weighted composition operators Wψ,φ : f Ü→ ψ(f ∘ φ) on spaces of analytic functions
on the unit disc, which take values in some complex Banach space. We provide necessary and sufficient con-
ditions for the boundedness and (weak) compactness ofWψ,φ on general function spaces, and in particular
onweak vector-valued spaces. As an application,we characterize theweak compactness ofWψ,φ between two
different vector-valued Bloch-type spaces. This characterization appears to be new also in the scalar-valued
case.
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1 Introduction
LetD be the open unit disc in the complex planeℂ and, for any complex Banach space X, let H(D, X) denote
the linear space of all analytic functions f : D → X. A weighted composition operator Wψ,φ defined from
H(D, X) to H(D, Y) is the linear map

(Wψ,φ f)(z) = ψ(z)f(φ(z)), z ∈ D, (1.1)

whereφ is an analytic self-map of the unit discD andψ ∈ H(D, L(X, Y)). Here L(X, Y) is the space of bounded
linear operators from X to Y. Weighted composition operators appear naturally; we have Wψ,φ = MψCφ,
whereMψ is the operator-valued multiplier f Ü→ ψf and Cφ is the composition operator f Ü→ f ∘ φ. Moreover,
for a large class of Banach spaces X, all linear onto isometries between X-valued H∞ spaces are of the form
(1.1) for suitable ψ and φ; see [4, 15]. Properties of multipliers and (weighted) composition operators have
been widely studied on various spaces of vector-valued analytic functions, including vector-valued Hardy,
Bergman, BMOA and Bloch spaces; see, for example, [2, 3, 10–12, 17–19] and the recent survey [13].

The study of composition operators Cφ on vector-valued function spaces involves some important basic
principles which hold for large classes of function spaces. For example, if X is infinite dimensional, then
composition operators Cφ are not compact on classical X-valued analytic function spaces; see, e.g., [13, 17].
On the other hand, for the weak compactness of Cφ it is necessary that X is reflexive and that Cφ is weakly
compact on the corresponding scalar-valued function space. For the latter statement a partial converse holds
for the so-called weak vector-valued function spaces [2, 13] as follows: for any Banach space E of analytic
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functions f ∈ H(D,ℂ) such that E contains the constant functions and the closed unit ball BE is compact in
the compact open topology ofD, the weak space wE(X) (modelled on E) is the space of functions f ∈ H(D, X)
such that

‖f‖wE(X) = sup
‖x∗‖X∗≤1

‖x∗ ∘ f‖E < ∞. (1.2)

Thefirst aimof this paper is to present analogousnecessary and sufficient conditions for theboundedness
and (weak) compactness ofweighted composition operators between twodifferent function spaces,where the
weight function ψ is scalar valued, i.e., ψ ∈ H(D,ℂ). Consequently, we obtain characterizations of the weak
compactness of weighted composition operators between many weak vector-valued spaces, such as weak
Hardy and Bergman spaces.

In the second part, we characterize the weak compactness of weighted composition operators between
two Bloch-type function spaces. For α ∈ (0,∞) and a complex Banach space X, the vector-valued Bloch-type
spaceBα(X) is the Banach space of functions f ∈ H(D, X) such that

‖f‖Bα(X) = ‖f(0)‖X + sup
z∈D

‖f �(z)‖X(1 − |z|2)α < ∞.

In the special case X = ℂ, we get the usual scalar-valued Bloch-type spaces Bα = Bα(ℂ). In the case α = 1,
we get the usual Bloch space B(X) = B1(X) (see, for example, [1]). In this part, the main argument concerns
a characterization of the weakly compact weighted composition operators between two scalar-valued Bloch-
type spaces Bα and Bβ. The vector-valued characterization follows from this by applying the general result
for weak vector-valued function spaces.

Recall that an operator T ∈ L(X, Y) is (weakly) compact if for any bounded sequence (xn) in X there is a
(weakly) convergent subsequence (Txnk ) in Y. Any compact operator is clearly weakly compact.

2 Weighted composition operators on general vector-valued
function spaces

In this sectionwe consider weighted composition operators between general spaces of vector-valued analytic
functions. Most arguments extend known results for composition operators but we present the details for
completeness. Below we assume that the weight function ψ is complex valued (ψ ∈ H(D,ℂ)) and nonzero
(ψ(z) ̸= 0 for some z ∈ D).

Suppose that A is any Banach space of analytic functions D → ℂ and let A(X) be an associated vector-
valued Banach space of analytic functions D → X, where X is a complex Banach space. Assume that the
following properties hold for the pair (A, A(X)) for all Banach spaces X (see [13, Section 2]):
(a1) The constant maps f(z) ≡ c belong to A for all c ∈ ℂ.
(a2) f Ü→ f ⊗ x defines a bounded linear operator Jx : A → A(X) for any x ∈ X, where (f ⊗ x)(z) = f(z)x for

z ∈ D.
(a3) f Ü→ x∗ ∘ f defines a bounded linear operator Qx∗ : A(X) → A for any x∗ ∈ X∗.
(a4) The point evaluations δz, where δz(f) = f(z) for f ∈ A(X), are bounded A(X) → X for all z ∈ D.

It follows from these assumptions that the vector-valued constant maps z Ü→ fx(z) = 1 ⊗ x ≡ x belong to
A(X) for all x ∈ X; see [13]. The properties (a1)–(a4) are satisfied by a large number of well-known function
spaces, such as X-valued Hardy, Bergman, BMOA, and Bloch spaces as well as their weak versions (see, for
example, [13] for the definitions of these function spaces).

Suppose next that A(X) and B(X) are two spaces of analytic functionsD → X such that the pairs (A, A(X))
and (B, B(X)) satisfy (a1)–(a4). The following result extends [13, Corollary 2] and [2, Proposition 1] to
weighted composition operators. The result involves general operator ideals in the sense of Pietsch [21],
although the remainder of the paper mainly concerns the closed ideals of compact and weakly compact
operators (but see Remark 2.5 below). For clarity we will use the notation W̃ψ,φ for the weighted composi-
tion operator between vector-valued spaces A(X) → B(X) andWψ,φ for the operator between corresponding
complex-valued spaces A → B. We denote by IX the identity operator of X.
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Proposition 2.1. Let X be a complex Banach space. Let ψ ∈ H(D,ℂ) be nonzero and let φ be an analytic self-
map ofD. Then we have the following results:
(1) If W̃ψ,φ is bounded A(X) → B(X), then Wψ,φ is bounded A → B.
(2) If W̃ψ,φ : A(X) → B(X) belongs to an operator ideal, then IX andWψ,φ : A → B belong to the same operator

ideal.

Proof. Let x ∈ X, x∗ ∈ X∗ be norm-1 vectors such that ⟨x∗, x⟩ = 1, let z0 ∈ D be a point such that ψ(z0) ̸= 0,
and let j1, j2, j3, j4 be the linear operators

j1 : A → A(X), f Ü→ f ⊗ x,
j2 : B(X) → B, f Ü→ x∗ ∘ f,
j3 : X → A(X), x Ü→ fx ,
j4 : B(X) → X, f Ü→ f(z0)/ψ(z0).

By (a1)–(a4), all these operators are bounded, and

Wψ,φ = j2 ∘ W̃ψ,φ ∘ j1, IX = j4 ∘ W̃ψ,φ ∘ j3.

The following result settles the question of compactness of W̃ψ,φ between vector-valued spaces satisfying
(a1)–(a4).

Proposition 2.2. Let ψ ∈ H(D,ℂ) be nonzero and let φ be an analytic self-map of D. Then W̃ψ,φ is compact
A(X) → B(X) if and only if X is finite dimensional and Wψ,φ is compact A → B.

Proof. Applied to the closed operator ideal of compact operators, Proposition 2.1 implies that if W̃ψ,φ is com-
pact, then X is finite dimensional and Wψ,φ is compact. The proof of the converse direction is a straightfor-
ward modification of the proof of [13, Proposition 7] and is thus omitted.

Let us next consider the general class of weak vector-valued function spaces (1.2), introduced by Bonet,
Domański and Lindström [2] in the context of composition operators. Suppose that E is a Banach space of
analytic functions f ∈ H(D,ℂ) satisfying the following conditions:
(b1) E contains the constant functions,
(b2) the closed unit ball BE is compact in the compact open topology τco ofD.
Then theweak space defined in (1.2) is a Banach space; see [2]. Moreover, by [13, Lemma 13], properties (b1)
and (b2) imply the assumptions (a1)–(a4), so that Propositions 2.1 and 2.2 apply to weak spaces.

The next result provides converses to Proposition 2.1 for bounded and weakly compact weighted com-
position operators between two different weak spaces. It also extends [2, Proposition 11] to weighted compo-
sition operators. Recall here that the identity operator IX of X is weakly compact if and only if X is reflexive.

Proposition 2.3. Let ψ ∈ H(D,ℂ) and let φ be an analytic self-map ofD. Suppose that E1 and E2 are spaces
of analytic functions onD that satisfy assumptions (b1) and (b2). Then we have the following results:
(1) If Wψ,φ : E1 → E2 is bounded, then W̃ψ,φ : wE1(X) → wE2(X) is bounded.
(2) If X is a reflexive Banach space and Wψ,φ : E1 → E2 is compact, then the operator W̃ψ,φ is weakly compact

wE1(X) → wE2(X).

For the proof of Proposition 2.3 we need the following facts from [2]: Assumptions (b1) and (b2) imply that
the point evaluation maps δz belong to E∗ for each z ∈ D and that E is the dual space of VE, where VE is the
closed linear span in E∗ of {δz ∈ E∗ : z ∈ D}. Moreover, by [2, Lemma 10], there is an isometric isomorphism
χ : L(VE , X) → wE(X) so that

(χ(T))(z) = T(δz) and (χ−1(f))(δz) = f(z) (2.1)

hold for T ∈ L(VE , X), f ∈ wE(X) and z ∈ D.

Proof of Proposition 2.3. For part (1) note that

‖x∗ ∘ (W̃ψ,φ f)‖E2 = ‖Wψ,φ(x∗ ∘ f)‖E2 ≤ ‖Wψ,φ‖ ⋅ ‖x∗ ∘ f‖E1
so that ‖W̃ψ,φ‖ ≤ ‖Wψ,φ‖.
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We next prove part (2). Assume thatWψ,φ : E1 → E2 is compact. Its adjoint (Wψ,φ)∗ : E∗2 → E∗1 satisfies

(Wψ,φ)∗(δz) = ψ(z)δφ(z), z ∈ D

so that (Wψ,φ)∗(VE2 ) ⊂ VE1 . We obtain the factorization W̃ψ,φ = χ2 ∘ Sψ,φ ∘ χ−11 , where Sψ,φ is the operator
composition map

T Ü→ IL(VE1 ,X) ∘ T ∘ (Wψ,φ)∗|VE2 , L(VE2 , X) → L(VE1 , X),
and χ1 : L(VE1 , X) → wE1(X) and χ2 : L(VE2 , X) → wE2(X) are isometric isomorphisms from (2.1). Indeed,

((χ2 ∘ Sψ,φ ∘ χ−11 )(f))(z) = (χ2(χ−11 (f) ∘ (Wψ,φ)∗|VE2 ))(z) = χ
−1
1 (f)((Wψ,φ)∗(δz))

= χ−11 (f)(ψ(z)δφ(z)) = ψ(z)χ−11 (f)(δφ(z)) = ψ(z)(f(φ(z))

for f ∈ E1 and z ∈ D.
Since (Wψ,φ)∗|VE2 is a compact operator VE2 → VE1 by duality and IX is weakly compact by reflexivity

of X, it follows from [22, Proposition 2.3 and Remark 2.4], that the operator composition Sψ,φ is weakly
compact L(VE2 , X) → L(VE1 , X). Consequently, W̃ψ,φ is weakly compact wE1(X) → wE2(X).

As concrete examples, let us next considerweak versions of two classical function spaces: theHardy spaceH1

and the Bergman space A1. Recall that f ∈ H(D,ℂ) belongs to H1 if and only if

‖f‖H1 = sup
0<r<1

1
2π

2π

∫
0

|f(reiθ)|dθ < ∞,

and f ∈ H(D,ℂ) belongs to A1 if and only if

‖f‖A1 = ∫
D

|f(z)|dA(z) < ∞,

where A is the normalized area measure onD. Both of these spaces satisfy (b1) and (b2), so the associated
weak spaceswH1(X) andwA1(X) are Banach spaces for all X. However, they are quite different from the usual
“strong” spaces H1(X) and A1(X); see [11, 14].

Compactness andweak compactness ofWψ,φ arewell understood onH1 and A1; function-theoretic char-
acterizations exist for the compactness ofWψ,φ on both H1 and A1; see [7, 8]. In [7] it was further shown that
every weakly compact Wψ,φ on H1 is compact. Moreover, because A1 is isomorphic to ℓ1, it has the Schur
property, and so every weakly compact linear operator on A1 is compact; see [17, p. 302]. Using Proposition
2.3, we get the following extension of these scalar results.

Corollary 2.4. Let ψ ∈ H(D,ℂ) be nonzero and let φ be an analytic self-map ofD. Then we have the following:
(1) W̃ψ,φ is weakly compact on wH1(X) if and only if X is reflexive and Wψ,φ is compact on H1.
(2) W̃ψ,φ is weakly compact on wA1(X) if and only if X is reflexive and Wψ,φ is compact on A1.

Corollary 2.4 could include more examples. For example, (weak) compactness of Wψ,φ between weighted
spaces H∞

v is well known [5, 6]. Also the weak space wH∞
v (X) is well defined (and coincides with the usual

“strong” space H∞
v (X)). However, weak compactness of the more general “operator-weighted” compositions

W̃ψ,φ (where ψ ∈ H(D, L(X, Y))) between H∞
v (X) spaces has been characterized in [12].

It is worthwhile to note that the general framework (Propositions 2.1, 2.2 and 2.3) does not in general
hold for operator-weighted composition operators. For example, an operator-weighted composition between
weighted H∞(X) spaces can be compact even if X is infinite dimensional [12]. Indeed, the present knowl-
edge of operator-valued composition operators is quite rudimentary and, for example, their boundedness
and compactness on Hardy spaces Hp(X) is still an open question; see the discussion in [13, Section 7].

Remark 2.5. An analogue of Proposition 2.3 (2) holds for the ideal of weakly conditionally compact opera-
tors: Recall that an operator T ∈ L(X, Y) is weakly conditionally compact if for any bounded sequence (xn)
in X there is a weakly Cauchy subsequence (Txnk ) in Y. Then, if X does not contain an isomorphic copy of
ℓ1 andWψ,φ : E1 → E2 is compact, it follows that W̃ψ,φ is weakly conditionally compact wE1(X) → wE2(X).
The proof is analogous to Proposition 2.3 (2), but uses [16] instead to deduce that the operator composition
Sψ,φ is weakly conditionally compact.
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3 Weighted composition operators between Bloch-type spaces
Wenext consider weighted composition operators between Bloch-type spacesBα(X). Boundedness and com-
pactness of weighted composition operators between two scalar-valued Bloch-type spacesBα is well known.
Ohno, Stroethoff and Zhao [20] provided the following function-theoretic characterizations, which involve
the quantities

q1(α, β, z) =
(1 − |z|2)β

(1 − |φ(z)|2)α
|ψ(z)||φ�(z)|,

q2(β, z) = (1 − |z|2)β log
1

1 − |φ(z)|2
|ψ�(z)|,

q3(α, β, z) =
(1 − |z|2)β

(1 − |φ(z)|2)α−1
|ψ�(z)|

for α, β ∈ (0,∞):
(1) If 0 < α < 1, thenWψ,φ : Bα → Bβ is bounded or compact if and only if

sup
z∈D

q1(α, β, z) < ∞ or lim
|φ(z)|→1

q1(α, β, z) = 0,

respectively.
(2) If α = 1, thenWψ,φ : B→ Bβ is bounded or compact if and only if

sup
z∈D

q1(1, β, z) < ∞ and sup
z∈D

q2(β, z) < ∞,

or
lim

|φ(z)|→1
q1(1, β, z) = 0 and lim

|φ(z)|→1
q2(β, z) = 0,

respectively.
(3) If 1 < α < ∞, thenWψ,φ : Bα → Bβ is bounded or compact if and only if

sup
z∈D

q1(α, β, z) < ∞ and sup
z∈D

q3(α, β, z) < ∞,

or
lim

|φ(z)|→1
q1(α, β, z) = 0 and lim

|φ(z)|→1
q3(α, β, z) = 0,

respectively.
The following theorem extends the scalar results to vector-valued Bloch-type spaces. For composition

operators, the case α = β = 1 is from [17, Theorem 4] and the case α = β ∈ (0,∞) follows from [2, Proposi-
tion 11]. Our proof applies an approach similar to that of [17].

Theorem 3.1. Let ψ ∈ H(D,ℂ) be nonzero and let φ be an analytic self-map ofD. Let α, β ∈ (0,∞). Let X be
a complex Banach space.
(1) Wψ,φ is weakly compactBα → Bβ if and only if it is compact.
(2) W̃ψ,φ is boundedBα(X) → Bβ(X) if and only if Wψ,φ is boundedBα → Bβ.
(3) W̃ψ,φ isweakly compactBα(X) → Bβ(X) if andonly ifWψ,φ is (weakly) compactBα → Bβ and X is reflexive.

For the proof of Theorem 3.1, we will need the following facts: For α ∈ (0,∞) letBα,0 denote the little Bloch-
type space, which is the closed subspace ofBα for which

lim
|z|→1

|f �(z)|(1 − |z|2)α = 0.

First, by [23, Theorem 15], the Bergman space A1 is the dual space ofBα,0 for all α under the pairing

⟨f, g⟩α = limr→1∫
D

f(rz)g(rz)(1 − |z|2)α−1 dA(z), f ∈ Bα,0, g ∈ A1, (3.1)
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where dA(z) is the normalized areameasure onD. Second, eachBα,0 has the Dunford–Pettis property (DPP).
Recall that a Banach space E has the DPP whenever every weakly compact operator from E to some Banach
space is completely continuous, i.e., if it maps weakly null sequences to norm null sequences. The fact that
Bα,0 has the DPP follows from the above duality and the fact that A1 ∼ ℓ1 has the Schur property; see, for
example, [9, 17].

Proof of Theorem 3.1. It is easy to see that each Bα(X) is a weak space of the form (1.2). In fact, we have
Bα(X) = wBα(X) with equivalent norms, where wBα(X) is modelled on Bα. Therefore, parts (2) and (3) of
Theorem 3.1 follow from part (1) and Propositions 2.1 and 2.3. We thus only need to prove part (1).

Let first α, β ∈ (0,∞) and suppose thatWψ,φ is weakly compact, but not compact,Bα → Bβ. Then there
are ε > 0 and a sequence (zn) ⊂ D so that |φ(zn)| → 1 and q1(α, β, zn) ≥ ε for all n. For n ≥ 0 define the func-
tions fn ∈ H(D,ℂ) by

fn(z) =
(1 − |φ(zn)|2)2

(1 − φ(zn)z)α+1
−

1 − |φ(zn)|2

(1 − φ(zn)z)α

for z ∈ D. In [20, p. 202] it has been shown that the sequence (fn) is uniformly bounded in Bα, fn(z) → 0
uniformly on compact subsets ofD, fn(φ(zn)) = 0, and f �n(φ(zn)) = φ(zn)/(1 − |φ(zn)|2)α. Thus,

‖Wψ,φ fn‖Bβ ≥ |(Wψ,φ fn)�(zn)|(1 − |zn|)β = |φ(zn)|q1(α, β, zn) ≥
ε
2 (3.2)

for all n large enough. We further have fn ∈ Bα,0 for all n. Let f̂n(j) denote the jth Taylor coefficient of fn and
let pN(z) = ∑N

j=0 ajzj be a polynomial. Since fn(z) → 0 uniformly on compact subsets ofD, we have

f̂n(j) =
f (j)n (0)
j! → 0 as n →∞.

By (3.1), we have

⟨fn , pN⟩α = limr→1

2π

∫
0

1

∫
0

∞
∑
k=0

N
∑
j=0
f̂n(k)ajrk+jsk+j+1ei(k−j)θ(1 − s2)α−1 ds

dθ
2π

=
N
∑
j=0
f̂n(j)aj

1

∫
0

s2j+1(1 − s2)α−1 ds → 0

as n →∞. Since the polynomials are dense in A1, this means that fn → 0 weakly inBα,0. Weak compactness
ofWψ,φ and the DPP ofBα,0 now imply thatWψ,φ fn → 0 inBβ,0 and thus inBβ. This contradicts (3.2).

We next divide the proof into the following three cases: (i) α ∈ (0, 1), (ii) α = 1, and (iii) α ∈ (1,∞). The
above argument proves case (i). Cases (ii) and (iii) are completed similarly, by using functions

gn(z) =
−1

log(1 − |φ(zn)|2)
(3(log 1

1 − φ(zn)z
)
2
− 2(log 1

1 − φ(zn)z
)
3
)

or
hn(z) = (α + 1)

1 − |φ(zn)|2

(1 − φ(zn)z)α
− α (1 − |φ(zn)|2)2

(1 − φ(zn)z)α+1
,

respectively, instead of fn.
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