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1 Introduction and main results

Let T be a classical singular integral operator. In 1976, Coifman et al. [6] studied the commutator generated by
T and a locally integrable function b as follows:

[b, TI(f)0) = T((b(x) = b()f (D)) = BOOT(f)(X) = T(bf)(x). 1)

A well-known result states that [b, T] is bounded on LP(R") for 1 < p < o if and only if b € BMO(R")
(bounded mean oscillation) (see [6] and [17] for details). In 1985, Bloom [4] considered two-weight behavior for
the commutators of the Hilbert transform H. He proved that for two weights u, A € A,, the commutator
[b, H] = bH(f) - H(bf) is bounded from LP(u) to LP(A) if and only if the symbol b belongs to BMO,, with
v = (uA™)VP, where BMO, is a kind of weighted BMO space introduced by Muckenhoupt and Wheeden [23].

Segovia and Torrea [24] first extended the sufficient part of Bloom’s result to general Calderén-Zygmund
operators. They also characterized Bloom-type two-weight inequalities for maximal commutator of the Hardy-
Littlewood maximal function. Soon afterward, Garcia-Cuerva et al. [8] extended the sufficient part to a class of
strongly singular integrals.

In recent years, Bloom-type inequalities have been at the focus of harmonic analysis. In 2017, Holmes et al.
[13] extended Bloom’s result to commutators of Calderén-Zygmund operators. For some more up-to-date
results related to Bloom’s result, we refer to [1,5,10,12-14,16,19-22] and references therein.

In this article, we will extend Bloom’s results to commutators of the Hardy-Littlewood maximal function
and sharp maximal function. Some necessary and sufficient conditions are given to characterize the two-
weight inequalities for such commutators. We first recall some notations.

Let Q be a cube in R™ with sides parallel to the coordinate axes. Denote by|Q| the Lebesgue measure and by
Xo the characteristic function of Q. For a locally integrable function f on R", the Hardy-Littlewood maximal

function of f is defined by
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M0 = sup @_[lf(y)ldy,

and the sharp maximal function M#, introduced by Fefferman and Stein [7], is given by

MO0 = sup =) ~ 4y,
Q3x |Q| )

where the supremum is taken over all cubes Q C R" containing x and fQ = |Q|‘1fof (x)dx.

Let b be a locally integrable function. Similar to (1.1), we can define two different kinds of commutators of
the Hardy-Littlewood maximal function as follows.

The maximal commutator of the Hardy-Littlewood maximal function is given by

My(f)(x) = M((b(x) = b)f )(x) = sup ﬁjlb(x) = bOIIFIdy,
03x 0

where the supremum is taken over all cubes Q C R" containing x.
The commutator generated by M and b is defined by

[b, M](f)(x) = bOOM(f)(x) = M(Bf )(x).
Similarly, we can also define the commutator generated by M* and b by
(b, MFI(f)() = bOOMF(f)(x) = MF*(Bf )(x).

Obviously, commutators M, and [b, M| essentially differ from each other. For example, M, is positive and
sublinear, but [b, M] and [b, M¥] are neither positive nor sublinear.

In 2000, Bastero et al. [3] gave some characterizations for the boundedness of [b, M] and [b, M#] on L?P
spaces. Certain BMO classes are characterized by the boundedness of the commutators. In 2014, Zhang and Wu
[27] extended the results to the setting of variable exponent Lebesgue spaces.

A weight will always mean a nonnegative locally integrable function. As usual, we denote by A, (1 < p < =)
the Muckenhoupt weights classes (see [9] and [25] for details). Let w be a weight. For a function f and a measurable
set E, we write

1/p

Wllzrwy = and o(E) = Iw(x)dx.
E

[Ireopweodx
[Rn

For w € Ay(1 < p < ®), we denote its conjugate weight by ’, i.e, w = w'?, where 1/p + 1/p’ = 1. It
follows obviously from the definition of A, that w € A, if and only if v’ € A,..

Definition 1.1. [23] Let w € A.. We say that a locally integrable function b belongs to weighted BMO class
BMO,, if

1
b = sU b(x) = bp|dx < .
|1bllemo, QP w(Q)J;l (x) = byl

When w = (UA™)VP with y,A € Ay, BMO, is also referred to as Bloom’s two-weight BMO space in the
literature (see, e.g., [5,12,13,19,22]).

For a function b, denote by b*(x) = max{b(x), 0} and b™(x) = -min{b(x), 0}.

Let Q, be a cube. The Hardy-Littlewood maximal function relative to Q, is given by

Mo 0)0) = sup @ﬁb(yndy,

QCQU ¢

where the supremum is taken over all the cubes Q with Q C Q, and Q 3 x.
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Our results can be stated as follows:

Theorem 1.1. Let 1 < p < o, u, A € Ay, and v = (uA"1)/P. Suppose that b is a locally integrable function on R",
then the following statements are equivalent:
(1) b € BMO, and b™/v € L*.
(2) [b, M] is bounded from LP(u) to LP(A).
(3) There is a constant C > 0 such that
1/p

sup j|b(x) - My()WIPAdx| < C.
Q

1
o |1
@) [b, M] is bounded from LP'(X) to LP (), where ' = u*? and X’ = A7,
(5) There is a constant C > 0 such that

1/p’

1 ,
—— | |b(x) = My(b Pur(x)dx <C.
sup A,(Q)Q () = Mo(h)OOI? w'(x) <

(6) There is a constant C > 0 such that

1
sup —— | [b(x) - Mp(b)(x)|dx < C.
0 V(Q)-([ ¢
Theorem 1.1 gives new characterizations for certain subclass of Bloom’s two-weight BMO. The unweighted
case of Theorem 1.1 was obtained in [3, Proposition 4]. Moreover, for w € A, N Ay, lety = w and A = w'™P in
Theorem 1.1, observe that w € A, implies A = wlP e Ap, we obtain the following characterization for one-
weight case, which seems to be new.

Corollary 1.1. Let 1 < p < » and w € A, N A,. Suppose that b is a locally integrable function on R", then the
following statements are equivalent:
(1) b € BMO, and b™/w € L*.
(2) [b, M] is bounded from LP(w) to LP(w'P).
(3) There is a constant C > 0 such that
1/p

1 _
Sgp F@glb(x) - Mp(h)()|Pw(x)""Pdx| < C.

(4) There is a constant C > 0 such that

su 1
o, Q)

J'|b(x) - My(b)(x)|dx < C.

Q

Remark 1.1. We would like to note that [26, Theorem 2] provides a result similar to the equivalence of (1) and
(2) for bilinear case under the assumption w € A4;. Our result essentially improves the corresponding linear
case of it. The equivalence of (1), (3), and (4) is new.

Taking u = A = w € A, in Theorem 1.1, we deduce the following result.

Corollary 1.2. Let 1 < p < © and w € A,. Suppose that b is a locally integrable function on R", then the following
statements are equivalent:

(1) beBMO and b~ € L*.

(2) [b, M] is bounded from LP(w) to LP(w).

(3) There is a constant C > 0 such that
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1/p

j|b(x) - Meh)(0)lPw()dx| < C.
Q

oup|
)

(4) There is a constant C > 0 such that

1
sup @'c[lb()() - My(b)(x)|dx < C.

Remark 1.2. Corollary 1.2 was obtained by Agcayazi and Zhang in [2, Corollary 4.2]. The equivalence of (1) and
(2) was also proved by Hu and Wang in [15, Theorem 1.4] independently.
On the other hand, Ho [11, Theorem 3.1] proved that for1 < p < @ and w € A,, then b € BMO if and only if
1/p

Ilb(x) - by Pw(x)dx| <.
Q

sup|
A 0)

Parallel to Ho’s result, statement (3) can characterize a function b € BMO with b~ € L*.

For the commutator of the sharp maximal function, we have similar results.

Theorem 1.2. Let 1 < p < », u, A € Ay, and v = (uA"1)V/. Suppose that b is a locally integrable function on R",
then the following statements are equivalent:
1) b € BMO, and b™/v € L*.
(2) [b, M#] is bounded from LP(u) to LP(A).
(3) There is a constant C > 0 such that
1/p

1
sgp @llb(x) - ZMﬁ(b)(Q)(x)ll’A(x)dx <C.

(4) [b, M*] is bounded from L?' (X) to L” (i’).
(5) There is a constant C > 0 such that

1/p’

" [ibeo) - 200 weoax| s c.
Q

Q)

sup
Q
(6) There is a constant C > 0 such that

sup
Q

1
——||b(x) - 2M*#(by,)(x)|dx < C.
V(Q)J; o
Theorem 1.2 gives new characterizations for certain subclass of Bloom’s two-weight BMO class. When

u = v =1, the result was obtained in [3, Proposition 6]. Similar to Corollary 1.1, we have new characterizations
for one-weight results for commutator [b, M¥] as follows.

Corollary 1.3. Let 1 < p <  and w € Ay, N Ay. Suppose that b is a locally integrable function on R", then the
following statements are equivalent:
(1) b € BMO, and b™/w € L*.
(2) [b, M*] is bounded from LP(w) to LP(w!'™P).
(3) There is a constant C > 0 such that
1/p

sup ﬁo)ybm - My O PO()Pdx | < C.



DE GRUYTER Bloom-type two-weight inequalities for commutators =—— 5

(4) There is a constant C > 0 such that

[1b00) - 2meerp) 00l < .
Q

su 1
Qp w(Q)

By taking u = A = w € 4, in Theorem 1.2, we have the following result, which was also obtained by
Agcayazi and Zhang [2, Corollary 4.3].

Corollary 1.4. Let 1 < p < o, w € Ay and b be a locally integrable function in R". Then, the following statements
are equivalent:

(1) b€ BMO and b~ € L”.

(2) [b, M] is bounded from LP(w) to LP(w).

(3) There is a constant C > 0 such that

1/p

sup [1b0o) - 2mey ) e0PwE0dx | < c.
Q

1
o |w(@)
(4) There is a constant C > 0 such that

1
sup —Ilb(x) ~ 2M¥(by,)(0)|dx < C.
o 10
Q
To compare our results with the ones for maximal commutator, we summarize some characterizations for
Bloom’s two-weight BMO and the two-weight boundedness of maximal commutator of the Hardy-Littlewood
maximal function.

Theorem 1.3. Let1<p <, u,A €A, andv = (uA e, Suppose that b is a locally integrable function on R",
then the following statements are equivalent:
(1) b € BMO,.
(2) M is bounded from LP(u) to LP(A).
(3) There is a constant C > 0 such that
1/p

1
sup m_([|b(x) - boPAG0)dx| = C.

(4) M, is bounded from L¥'(X) to L¥' ().
(5) There is a constant C > 0 such that
1/p’

1 ,
T Q)£|b(x) - bolPw(0dx| <c.

sup
Q

The equivalence of (1) and (2) was proved in [24, Theorem 3] (see also [8, Theorem 2.4]). The equivalence of
(1), (3), and (5) was given in [13, Theorem 4.1] for the dyadic version.

It is easy to see that the statements in Theorems 1.1 and 1.2, which can characterize a function b € BMO,
with b™/v € L” and two-weight boundedness of [b, M ] and [b, M*], correspond to the ones in Theorem 1.3 that
characterize Bloom’s two-weight BMO functions.

2 Preliminaries and lemmas

In this section, we present some lemmas that will be used in the proof of our results. The following weighted
norm inequality for the Hardy-Littlewood maximal function is well known (see, for instance, [18] and [25] for
details).
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Lemma 2.1. Let 1 < p < o, Then, M is bounded from LP(w) to itself if and only if w € A,.
For Bloom’s weight, we have the following estimates (see [13, Lemma 2.7 and (2.15)]).

Lemma 2.2. [13] Let 1 < p < o, y, A € Ay, and v = (UAH)Y/P. Then, v € A, and for any cube Q,

1/p 1/p
J'u(x)dx [J’A(x)‘l”/l’dx < ov(Q).
Q Q

The following characterization for Bloom-type two-weight inequalities for maximal commutator M, can
be deduced from [24, Theorem 3] (see also [8, Theorem 2.4]).

Lemma 23. Let 1<p <o, u,A € Ay, and v = (WA, For any locally integrable function b, the following
Statements are equivalent:

(1) b € BMO,.

(2) My is bounded from LP(u) to LP(A).

The following lemma shows that the maximal commutator M, pointwise controls the commutators [b, M]
and [b, M#] when b = 0 (see [27, (3.1) and (3.2)] for details).

Lemma 2.4. Let b and f be locally integrable functions and b = 0 a.e. in R™. Then, for any fixed x € R" such that
M(f)(x) < o and 0 < b(x) < o, we have

|[b, MI(fHCOI < Mp(f)(0. 2.0
and

|[b, M#](fHCO| < 2Mp(f)(X). 22)
Proof. Let b and f be locally integrable and b > 0 a.e. From the proof of [27, (3.1)], we see that each step in (3.1)

can be applied to such x that satisfies 0 < b(x) < o and M(f)(x) < . So does (3.2). This concludes Lemma 2.4.
We omit the details. O

Remark 2.1. Observe that a locally integrable function is finite a.e. and M#(f)(x) < 2M(f)(x). It follows from
Lemma 2.4 that if b is locally integrable and b > 0 a.e., then (2.1) and (2.2) hold for a.e. x € R", provided M(f) is
finite a.e. in R™.

To prove our theorems, we also need the following result.

Theorem 2.1. Let 1 < p < o, i, A € Ay, and v = (uA™)P. If b € BMO, and b 2 0, then [b, M] and [b, M#] are
bounded from LP(u) to LP(A).

Proof. For i € A, and f € LP(u), by Lemma 2.1, we deduce that M(f)(x) is finite a.e. in R". Since b € BMO,
implies that b is locally integrable, it follows from Remark 2.1 that

I[b, MI(HHOOI < Mp(f)(x), ae x ERY,
and

[, M#F](f)0OI < 2Mp(f)(x), ae. x €R™
By Lemma 2.3, we deduce that [b, M] and [b, M#] are bounded from LP(u) to LP(A). O
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3 Proof of the theorems

Proof of Theorem 1.1. We first prove the implication (1) = (2). Since |b(x)| - b(x) = 2b™(x) and M(bf)(x) =
M(|b|f)(x), we have

(b, M](FH)0ON < [[b, M](f)(x) = [Ibl, M](FHCOL + [[1b], MI(FHOO]
<1(b(x) = [BCADM O] + IM (B )(x) = M(IbIHCON + [Ibl, M](fHCO (.1
< 2bCOM(f)(x) + |[1b], MI(fH(O!.

Observe that |b]| € BMO, when b € BMO, and M is bounded on L?(u) since u € A,. Since b™/v € L* and
v = (uA™H)YP, it follows from (3.1) and Theorem 2.1 that
b, MI(P)llry < 21" M ()l ey + LB MICHN zpy
<2[b7 Il IM (Ollzeg + DL MICHOON ray
< Cllflzrg -

Next, we will show the implication (2) = (3). For any cube Q C R" and any x € Q, we have (see [3, p. 3331])
M((p)(X) = xo(x) and  M(by,)(x) = Mo(b)(x).
Applying statement (2), we obtain that

1/p
1
el £|b(x) ~ Mo(b)(x)|PAX)dx

1/p

o _([Ib(X)M(XQ)(x) - M0G0

1/p

1
= @Q[b, M1(tp)001PA(0)dx

1

(Q)l/P”[b s MG oy
< W”XQ”LP(H)
<C.

Thus, we obtain statement (3) since the constant C is independent of Q.

The proof of the implication (3) = (6) is easy. Indeed, by Hélder’s inequality, Lemma 2.2, and statement (3),
we have

1 1 _
TQ){“?(X) — Mp(b)(x)|dx = TQ);!]b(X) ~ Mo(B)OOAGOYPACX) Pdx

1/p

I|b(x) Mo(b)()PAG)dX

1/p
5o Jrooe /de’

Q
1/p

1
o) b[lb(X) ~ Mo(b)(x)PAG)dx

<C.

This achieves statement (6) since Q is arbitrary and C is independent of Q.
Now, we prove the implication (6) = (1). First, we want to prove b € BMO,. We use similar procedure to
the proof of Proposition 4 in [3]. For any fixed cube Q, let

E={x€Q:bx)<bp} and F={x€Q:b(x)> by}

Then, (see [3, p. 3331])
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Ilb(x) - boldx = Ilb(x) - boldx.
E F

Since for any x € E we have b(x) < by < My(b)(x),
[b(x) = bg| < [b(x) - Mp(b)(x)|, forany x € E.

This yields
1
— |1b(x) = boldx = [b(x) = boldx
v(Q) { v(Q) EL
2
=—— | |b(x) - bp|dx
0 £| () = bol
5 (3.2)
<——||b(x) = Mp(b)(x)|dx
ng() o))l
2
—— | |b(x) = Mp(b)(x)|dx.
o) £| (00 - Mo
Combining (3.2) and statement (6), we obtain that
1
TQ)Z[W(X) - boldx < C,
which implies b € BMO, by Definition 1.1.
Now, we will show b™/v € L*(R"). For any fixed cube Q, observe that
0 < b*(x) = |b(x)| £ Mp(b)(x), forae. x € Q.
We have for almost all x € Q that
0 < b (x) £ Mp(b)(x) = b*(x) + b~ (x) = Mp(b)(x) — b(x). 3.3)

By Lemma 2.2, we have v € A, since y, A € A,. Then, it follows from the A; condition that 1/v is locally
integrable and

1 QI
——dx < C——
1o V(X) v(Q)' (3.4)
By (3.4), (3.3), and statement (6), we deduce
2 [roax| - [ J ——
QI 0 QI QV(X) v(Q)

(3.5)
zﬁym—m@wm
<C.

Applying the Lebesgue differentiation theorem, we can achieve that b/v € L*. Indeed, denote by £(b) and
L(1/v) the sets of all Lebesgue points of b and 1/v, and then, R\(L(b) N L(1/v)) is a set of measure zero.
For any xy € L(b) N L(1/v), it follows from the Lebesgue differentiation theorem that

1 1
|0|~0[IQI-[ o “@{W '

Q323X

b™(xo)
v(Xp)

This together with (3.5) concludes that b™(xg)/v(xp) < C. Thus, we have b™/v € L*.
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Finally, to complete the proof of Theorem 1.1, we need to verify the implications (1) = (4), (4) = (5), and
(5) = (6). Observe that for u, A € A,, we have ', A’ € A, and v = (AP = U ™''?". So, the procedure we
just used on the ordered-group (i, A, v, p) also applies to the ordered-group (A, ¢’, v, p’). Thus, we can use the
same procedure to conclude the implications (1) = (4), (4) = (5), and (5) = (6). We omit the details.

The proof of Theorem 1.1 is complete. O

Proof of Theorem 1.2. Reasoning as the proof of Theorem 1.1, we only prove the implications (1) = (2) =
(3) = (6) and (6) = (D).
We first prove the implication (1) = (2). By the definition of [b, M*], we have
|[b, M#]1(f)(x) = [1bl, MFI(F)0ON = [BOOMH(f)(x) = [bOOIMA(f)CO] + [M#(Bf )(x) = M#(|bIf)()I
< 2b"COMF(f)() + [MF((Ib] = b )(XI
< 2b"COMF(f)(x) + MF2b7f)(0).

This gives
|[b, MFI(SH0OOI < 2b"COMF(f)(x) + M#2b7f)(x) + |[Ib], M*](f)(X)I. (3.6)
Since M*(f)(x) < 2M(f)(x), by Lemma 2.1, we have that M# is bounded on both LP(u) and LP(A). Observe

that |b| € BMO, when b € BMO, and note that b /v € L* and v = (uA™)!P. It follows from (3.6) and Theorem
2.1 that

1D, ME)(Olpy < 200" M#H(f)lley + (IMF2D ey + IILDL MEICO I ey
< 2|67 /V|= (IMA()|zrqwy + 2107 llzeay + ClIf Nz
< 2|67Vl e + ClFllera
< Cllflzrqu)-

This concludes that [b, M¥#] is bounded from LP(u) to LP(A).
Next, we prove the implication (2) = (3). For any fixed a cube Q, we have Mﬁ()(o)(x) = % for x € Q (see [3,
p- 3333] for details). Note statement (2) that [b, M*] is bounded from LP(u) to LP(A), and then, we have

1/p
1

Q)

Ilb(X) = 2MF(by )(X)IPAG)dx
Q

1/p
= ﬁ {Ib(x)Mﬁ(XQ)(x) - M(br)(01PACO X

1/p
2
= oW g b, MAGOIPACO

2
WII [D, M#) ()Nl ey

IN

IN

C
W”XQHLP(H)
C.

IN

Since the constant C is independent of Q, this concludes the proof of (2) = (3).
It is easy to prove the implication (3) = (6). Indeed, by Hélder’s inequality, Lemma 2.2, and statement (3),
we have
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1 _
0 Jlb(x) - MHREOIx = £|b(x> - M) COCOPACO)
1/p 1/p
1
o) j|b(x) 2MA(by ) COPACO)dX {A(x) g “’dx’

1/p

0) Ilb(X) = 2M*(byo)(x)PAC)dx

<C.

Finally, to prove the implication (6) = (1), we can argue as mentioned earlier. For any fixed cube Q, it was
proved by Bastro et al. in [3, (2)] that

|bo| < ZMﬁ(b)(Q)(x), for x € Q. 3.7
Let E={x € Q: b(x) < by} and F = {x € Q : b(x) > by} as mentioned earlier. Then (see [3, p. 3331]),

[1b0) = bolax = [1bx) - boldx.
E F

Since b(x) < by < |bg| < ZMﬁ(b)(Q)(x) for x € E, we have
[b(x) = bol < |b(x) = 2M*(bx,)(X)|, X € E.

Similar to (3.2), we have

—=— [ bCx) - boldx

2
j|b(x) boldx = 5|

v(Q)
, 3.8)
< ol £|b(x) = 2M*(byo)(x)dx.

Combining (3.8) and statement (6), we conclude that b € BMO,,.
To complete the proof, we need to show b™/v € L. By (3.7) again, we obtain for x € Q,

2M#(byo)(X) = b(x) 2 |bo| = b(x) = |bg| = b*(x) + b™(x).

Since u, A € A,, by Lemma 2.2, one has v € A4,. Using (3.4) again, we have

0 jW(bXQ )0x) = beo)ldx

00 (e o o
o W £|2M (brg)x) = b0O)|

v

1
S e - bO)|dx || — [——=dx
o £|2M COORECSE gv(x)

1 1

1
o1 J @m0 = booyaxl- o [t

o)

v

1 1
01 vo0 ™

v

1 N _
@'([(lbd - B0 + b ())dx

1 +
) "’Q'_|_Q|£b(x)d“|o|1b” ’[IQIJV(X)



DE GRUYTER Bloom-type two-weight inequalities for commutators = 11

This together with statement (6) gives

Ibo| - Ljlf(x)olx + _[b( )dx (3.9

el ol

1
[mem“

By the same reason as in the prove of Theorem 1.1, letting |Q] — 0 with Q > x in (3.9), Lebesgue differ-
entiation theorem assures that the limit of the left-hand side of (3.9) equals almost everywhere to
[bCO| - b*00) + b () _ 2b"(x)
v(x) vix)
Putting this fact together with (3.9) gives that b™/v € L*.
This completes the proof of Theorem 1.2. O

Before ending this article, we give another proof of the equivalence of (1), (3), and (5) in Theorem 1.3, which is
different from the ones provided in [13, Theorem 4.1].

Proof of Theorem 1.3. Since the equivalence of (1) and (2) is given in [24, Theorem 3], it is sufficient to prove the
implications (2) = 3) = (D and (1) = 4) = (5) = (V.
For any cube Q, noting statement (2) that M, is bounded from L?(u) to LP(A), we have

p

1 I 1 1
—— [1b0x) - b P00 < —— [|= [1b00) - b)Idy| A0
4@ u@ el

i%ﬁmmﬂmmmm

H(Q) |Mb(XQ)“ LP(})

< @IIXQII%)
<C,

which concludes the implication (2) = (3).
Now, we prove the implication (3) = (1). Given a cube Q, by Hélder’s inequality, Lemma 2.2, and statement (3),
we have

1 1 _
TQ)_{["J(X) = boldx = T@‘([H)(x) ~ BolAG)YPA(X) VPdx

1/p 1/p
(Q) _[|b(X) = bo|PA(x)dx I,\(X)P/pdx’
Q
1/p
@me-%mwm
<C.

This achieves b € BMO, by Definition 1.1.

Observe that1 < p’ < o, y, ' € Ay, and v = (AP = (X )"?". Applying the equivalence of (1) and (2)
to the ordered-group (A, i, v, p’) gives the equivalence of (1) and (4). Using the procedure in proving the
implications (2) = (3) = (1) to the ordered-group (A’, u’, v, p’), we conclude the implications (4) = (5) and
3= . O
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