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1 Introduction

The theory of wavelet analysis has played an important role in many different branches of science and tech-
nology; see, for instance, [1, 2, 7, 8, 11] and the references therein. Wavelet analysis provides a simpler and
more efficient way to analyze functions and distributions that have been studied through Fourier series and
integrals. R. Coifman and G. Weiss invented the atoms and molecules (cf. [6, 21]) which formed the basic build-
ing blocks of various function spaces. The atom decomposition can be obtained by using a discrete version of
a well-known identity, due to A. Calderdn ([3]), in which wavelets were implicitly involved. The wavelet series
decompositions are nowadays effective expansion by unconditional bases in various function spaces arising
from the theory of harmonic analysis.

Let us now recall the frame constructed by Frazier and Jawerth in [12] using the Fourier transform. Let
P € S(R™) with

(i) supp ¢ C {1/2 < |§| < 2},
(i) Yy 1PQTOP =1, forall & # 0.
Then
f00=3" 3 27"pix-x)@j*flxq),  VfeL*®RM,
JEZ Q:£(Q)=27

where Q represents a dyadic cube with ¢(Q) = 27, Xq represents the lower-left corner of Q, ¢;(x) = 2f"<p(2f X),
<p§(x) = 2" p(-2ix), and the series converges in L*(R").

Note that the Frazier-Jawarth approach relies on the Fourier transform on Euclidean spaces. However,
there are many non-Euclidean situations (for instance, the Ahlfors-type spaces and Carnot-Carathédory-type
spaces) in which the Fourier transform is not available. In [4], we presented a new approach for constructing a
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frame without using the Fourier transform on R". The purpose of this article is to adapt that idea to construct
a frame on the Heisenberg group H".

Let us first recall the classical Calderén reproducing formula established by Geller and Mayeli [13] on the
Heisenberg group via the Fourier transform.

Theorem A. (Corollary 1 of [13]) There is i € C*° (H") satisfying

either) < §(H") and all moments of  vanish,

ory € C7 (H") and all arbitrarily large moments of i vanish,

such that the following Calderén reproducing formula holds:

Fo [ Wi s L pert @),
0

where * is the Heisenberg convolution, ¥ ({) = ¥ ({"1), and s (z, t) = s™>" % (£, %) for s > 0.
Based on this Calderdn reproducing formula, Han-Lu-Sawyer [16] established a discrete and wavelet-like
Calderon reproducing formula.

Here we use another approach, beginning with an approximation to the identity.

Definition 1.1 (Test function space). A function f defined on H" is said to be a test function if there exist B, v,
andrwith0 < B < 1, and~, r > 0 and (zo, to) € H" such that

r"/

@) If(z,0)] = C(r+d((z,t),(zo,to)))z"ﬂ*v ,

! ’ B
55 _ - d((z,0),(z',t") rY /gl
(i) |f(z,t) f@,t) < C (r+d((z,t),(zo,to))) +d(z,0,(z0, L)) E for d((z,0),(,t) < (1/2a)r +
d((Z’ t), (207 tO))))
(iii) [y f(z, t)dzdt = 0,
where a is the constant in the quasi-triangle inequality (see Section 2 below).

If f is a test function as above, we denote f € M(B, v, 1, 2o, to) and the norm of f € M(B, v, 1, 2o, to) is
defined to be the smallest constant C given in (i) and (ii) above.

Denote M(B,~, 1) = M(B,~,1,0,0) and M(B, v) = M(B, v, 1). It is easy to see that M(B, v, 1, zo, to) =
M(B, v) with equivalent norms for all (zo, typ) € H" and r > 0. Furthermore, it is also easy to check that
M(B, v) is a Banach space with respect to the norm in M(B, v). We refer the reader to [11, 17, 18] for more
details.

The following is our main result, whose proof is based on the Calderén-Zygmund operator theory.

Theorem 1.2. Suppose that ¢(z,t) is a function satisfying the above conditions (i) and (ii) with
Jin (2, )dzdt = 1. Set (z, t) = P(z, 1) - p1(z, t) where fi(z, t) = /@D f(2iz 22t). Then there exist families
of functions !Tb]-(z, t;w,s) and J);(z, t; w, s) such that for all f € L*>(H"),

f(z, t)=z Z ‘Q|{/;]'(Z, t,ZQ,tQ)lpj*f(ZQ,tQ)
Jjez Q
(Q=27"
=50 N 1awi(z, 0) - (zq, t) W} (F(zqs to),
JEZ @ STHV

(1.1)

where Q represents a dyadic cube on H" of side length ¢(Q) = 277N

(zq, to) is any fixed point in Q,

with N being a large fixed positive integer,

l,Nb;(f)(zQ, to) = /17);(20, to, w, s)f(w, s)dwds,
Hn
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and JJ,' (z,t,zq, tg) and 17); (zq, to, z, t) satisfy the similar smoothness and cancellation conditions as P;((z, t) -
(zg, t Q)il)-

For clarification purposes, we point out that the number N must be sufficiently large, depending on ¢ and
the dimension. As mentioned before, the key tool used in the proof for Frazier-Jawerth’s result is the Fourier
transform. In contrast, Theorem 1.2 is proven through the Calderén-Zygmund operator theory.

Throughout the article, let X < Y mean that there is a constant ¢ > 0 such that X < cY.

This article is organized as follows. In Section 2, we present preliminaries and some lemmas. The main
result, Theorem 1.2 is proven in Section 3.

2 Preliminaries and some lemmas

The n-dimensional Heisenberg group H" consists of the set C" x R = {(z,t) : z € C", t € R} with the
multiplication law
(z,t)-(w,s)=(z+w, t+s+2Im(zw)).

The Haar measure on H" is just the Lebesgue measure dzdt. The convolution on H" is defined by

gz b= / o, $)g((w, 5171 - (2, £) dwds
H"

- / £((z, 0) - (w, ) Dglw, s) dwds.
H)’l

The nonisotropic dilation on H" is defined by §0(z, t) = (6z, 6%t), V6 > 0. These dilations are automorphisms
of H":
So((z,t)-(w,s))=(80(z,t) (60 (w,s)).
A homogeneous norm on H" is given by p((z, t)) = (|z|* + tz)%. The quasi-distance d on H", induced by p, is
defined by
d((z, £), W, 9)) = p(w, )" - (2, 1)),

which satisfies the quasi-triangle inequality
d((z, 1), (Z, 1) < ald((z, O, (w, 5)) + d((w, 5), (, t')].
We define balls B((z, t), §) in H" by
B((z, 1), 6) = {(w,s) e H" : d((w, s), (2, 1)) < 6}.

These balls are left-invariant under the action of H". We refer the reader to Stein [20] for more background
about the Heisenberg groups. Notice that (H", p, dzdt) is a space of homogeneous type in the sense of Coif-
man and Weiss [9].

Christ [5] provided a dyadic grid in a space of homogeneous type.

Lemma 2.1. Let X be a space of homogeneous type. Then there exists a collection {IX ¢ X : k € Z, a € I¥} of
open subsets, where Ik is some index set, and C1, C, > 0, such that
(i) u(X\ Ug IX) = 0 for each fixed k and IX N I’é =0,ifa=p;
(ii) forany a, B, k, I with 1 = k, either I;g c IXor I;i NIk =p;
(iii) foreach (k, a) and eachl < k, there is a unique B such that Ik 1,’3,-
(iv) diam(I¥) < c127%;
(v) each I§ contains some ball B(Z’&, C>27%), where z’,i e X.
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We may think of IX as being a dyadic cube with side-length 4(I, ky = 27k centered at zK.
The following is the definition of generalized approximations to the identity of the Heisenberg group,
whose kernels have only Lipschitz smoothness.

Definition 2.2. Let 0 < € < 1. A sequence {Sy }rcyz, of operators is said to be an e-approximation to the iden-
tity (or simply an approximation to the identity) if there exists 0 < C < oo such that for all (z,t),(w,s) €
H", Si(z, t; w, s), the kernel of Sy, are functions from H" x H" into C satisfying

Z—ke
|Sk(z, t; w, s)| < C(z_k A0, s)))2"+2+€; (2.1)
. / /' d((Z, t); (Z/y t/)) € 27k€
Skl 6w, 5) = Si@, €5 w,9) 5 (5, . 0. (w, s))) @K+ d(@. 0, (w, s))nee @2
ford((z, ), (', t) < L27* +d((z, 1), W, s));
, ot e of AW, s), (W, s) e 2k
Sl 6w, 5) = Silz, 65w, 8] < €5, . 0, (w, s))) oFr de 0. w e 2D
for d((w,s), W', s")) < 227+ d((z, ), (W, 9));
/Sk(z, t;w, s)dwds = 1 2.4)
Hn
forall (z,t) ¢ H";
/Sk(Z, t;w,s)dzdt =1 (2.5)
H"

forall (w, s) ¢ H".

Note that if ¢(z, t) is a function satisfying the above conditions (i) and (ii) with [;;, ¢(z, t)dzdt = 1, then
¢i((z, 1) - (w, s)™Y) is an e-approximation to the identity. Let D; = S; — Sy_; and D(x, y) be the kernel for
k € Z.Then Di(-,y) € M(e, €,27%) for any fixed y = (w, s) and k, and similarly, D;(x, -) € M(e, €, 27%) for
any fixed x = (z, t) and k.

The following result follows from a more general one in [11, Lemmas 3.7 and 3.11].

Lemma 2.3. Let O < € < 1. Suppose that { ¢ } kcz is an e-approximation to the identity. Set Yy = ¢y — ¢py_1 for
allk € Z. Then for 0 < €' < €, there exists a constant C which depends on €' and €, but not on k, 1 such that

2—(1{/\1)6
QUMD + d((z, D), (w, s)))2n+2+e’

Wi * Yi((z, ) - (w, 8)7Y)] < c27 Ikl

fork=land d((z,t), (Z, t)) < Q27+ d((z, ), (w, s)))

2—16
-1+ d((z, 1), (w, s)))2n+2+e;

i * iz, 0 - W, ) = * (@, ) - (w, ) D] = € (rld i(fz((g (5 ’(iv))s)))e

fork<land d((z,t), (', t)) < i(Z’k +d((z,t), (w,s)))

d((z, 1), (', ') )6’ 5-ke-e) .
27k +d((z,t), (w,s))/ (2% +d((z,t), (w, s)))2n+2+ee’’

P DG 0 ()7 = * Pl ) G570 =

fork<landd((w,s), w',s’)) < %(2"‘ +d((z, t), (w, 5)))

d((w, s), W', s") 5-ke

27k +d((z, 1), (w, s))) 2~k +d((z, t), (w, S)))2n+2+€;

i * Wiz, O - (w, $) D) =y * (2, 0 - (W, s") )| < C(

forl < kand d((w,s), w,s") < =@ +d((z, 1), (w,s))

d((w, s), W', s") )e/ -le-¢)

P i 0 O = (a0 0 ) < (SRS o oo e
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Definition 2.4. An approximation to the identity {Sy }xcy is said to satisfy the double Lipschitz condition if

ISk(z, t;w, s) = Si(, t';w,s) - Sz, t; W, s") + Si(Z, t'; W', s')]

< ( d((z, t), (z', t) )€< d((w, s), W', s") )f
~MA\27k+d((z, 1), (w,8))/ \27k+d((z, t), (w,s))/ 2% +d((z,t), (w, s)))2n+2+e

ford((z, ), (z, t) < L(27% + d((z, ), (W, 5))) and d((w, 5), W', s) < = (27K +d((z, 1), (w, 5))).

27k (26)

Lemma 2.5. [11, Lemma 3.12] Suppose that {Sy }xcz is an approximation to the identity and Si((z, t), (w, s)),
the kernels of Sy, satisfy the condition (2.6). Set Dy = Sy — Sy_1 for all k € Z. Then for any 0 < €' < ¢, there
exists a constant C which depends on €' and €, but not on k or 1, such that

Wi * Yi((z, £) - (W, )7 = * Py, £) - (w, ) ) = i * (2, ) - W', 8) 7D + gy * (2, 1) - (W', 8) 7))

<C( d(z, 1), (Z/, ) )5( d((w, s), W', ) )e' 2~ (kn)(e-e?)
T\ L d(z 0, w,8)) \20A + d((z, 0, w,9)) @ ®D 1 d((, 1), (w, 5)22ree

ford((z, t), (2, t) < 22 *) + d((z, 0), (w, 5))) and d((w, 5), W', s")) < Q2%+ d((z, ), (w, $))).

Definition 2.6. Let D(R") be the space of smooth functions on H" with compact support, and let D' (H") denote
its dual space. An operator T is said to be a Calderon-Zygmund singular integral operator with the kernel K if
T: D(H") — D'(H") with

(Tf, g) =//K(z, t; w, s)f(w, s)g(z, t) dzdt dwds,

H" H"

for f,g € D(H") with supp f N supp g = &, where the kernel K(z, t; w, s) is a complex-valued continuous
function on H" x H"\{(z, t) = (w, s)} and satisfies the following estimates: For some 0 < € < 1 and some ¢ > 1,

() |K(z, t;w,s)| < Wﬁ/’s))mfor (z,8) # ()/Vj s),
(i) |K(z, t;w,s) - K(Z, t';w, s)| < c%
ford((z, 1), (Z', ') < (1/20)d((z, 1), (w, 5)),

(it)) [K(z, t;w,s) - K(z, ;W' s")| < C MO0

for d((w, s), W', s") < (1/2c)d((z, 1), (w, 5)).
The main tool we will use to show Theorem 1.2 is the following result.

Theorem 2.7. [15] Suppose that T is a Calderén-Zygmund singular integral operator and extends to be a
bounded operator on L*>(H™). Furthermore, if T(1) = T"(1) = 0 and the kernel K(z, t; w, s) satisfies the following
double difference condition:

d((z, 8), @, ) d(w, 5), W, )
d((z, t), (w, s))2n+2+2e¢

for d((z, 1), (', 1) < &d((z, 1), (W, 5)) and d((w, s), W', s)) = ~d((z,t), (W, s)), then T maps M(B, v, r) to
M(B, v, 1) for 0 < B,~ < €, and all v > 0. Moreover, there exists a constant C such that

“K(Z, t; w, s) - I((Zl, t/; w, S)] - [K(Z’ t; W/a S/) - I((Z/’ tl; W/’ S/)]| S (2~7)

ITf lveqg,,m < CITH - 11f lveqp, v,

where ||T|| = ||T|lz2—12 + | Tllcz, the || T||cz being the smallest constants in the definition of Calderén-Zygmund
kernels and (2.7).

We would also like to mention a result of Meyer. To study the property of the Besov space B‘f’l (R™), Meyer
introduced the following definition of smooth atoms.

Definition 2.8. [19] A function f(x) is said to be a smooth atom if there exist 0 < 8 < 1, v, r > 0, and a constant
C such that
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i) |f(X)| W’
@) 10 ~£0) = € (S5 [t + o
(iii) [pa f(X)dx = 0.

Iff is a smooth atom as above, then the norm of f is defined by the smallest constant C given in (i) and (ii) above
and is denoted by ||f!|m,,» -

We would like to point out that if f € M(B, v, r), then f € M(B, v, r). Meyer in [19] proved the following
theorem. The extension of this result to spaces of homogeneous type can be found in [11].

Theorem 2.9. [19] If T is a Calderén-Zygmund singular integral operator and extends to be a bounded operator
on L2(R™) and T(1) = T*(1) = O, then there exists a constant C such that

1T lmegr v ,» < CllFllme,,m

foro<p <B<e,0<y <y<eandallr>O0.

3 Proof of Theorem 1.2

Let ¢(z, t) = 2/ p(2)z, 29¢), and S;(f)(x) = ¢; * f(x). Then {S;} is an e-approximation to the identity
satisfying the double Lipschitz condition (2.6), and the following properties

limS; = I, the identity operator on L*(H")
j—roo

lim §; = 0O,
jr=oo

both in the strong operator topology on Z(L%(H")). Set Dj = S;;1 - Sj and denote D;(f)(x) = ¥; * f(x), where
Y0 = 2@z, 25¢) and Y(z, ) = P(z, t) - ¢1(z, ). Then we will apply Coifman’s decomposition of
the identity operator as follows.

fz, 0= lim $i()z 0= > DN 0=3_ % ¢ *w;*fz 0.

JEZ JEZ kEZ

For any large positive integer N, we write

flz, 0= > WP *flz, 0+ > d* g *flzb).
jok:|j-k|<N jok:|j—k|>N
To prove Theorem 1.2, we write f as follows:

fe = > iy *flz, 0+ Ry, 0,

jke|j—k|<N

where RY()(z, 1) = 3 i xsn Wi * ¥j * f(2, 0). For any j € Z, denote Y = 37y .y W)k We write

S Y rflz ) = Zv,bN*l/),*f(z H=> / PN (2, 6) - (w, ) ); * fw, s)dwds

j.k:|j-k|<N J mn

Z Z [ 90 w0y v, s)dwas
Hara i

Z Z Q) (2, 0 - (zq, o) MY; * f(zq, tq)

j
«(Q)= 2" N
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DD / WY (. ) (w, ) ID (W, 5)
] K(Q)SZ”’N ¢
—l,b}v((z, t) . (ZQ, tQ)_l)l/Jj *f(ZQ, tQ)]deS

= Tx(O(, 0+ RY(A(z, b),

where Q denotes dyadic cubes in the sense of Lemma 2.1,

Tn()(z, ) = Z Z |Q\¢}V((Z, t)'(ZQ;tQ)_l)lpj*f(ZQ,tQ):
JEZ “ar QZ—;—N
ROz - 3 > [0 v, 9w,
JjEZ Q
e(Q):z"'N

—l/J]N((Z, ) - (zq, tQ)_l)l/)j *fzq, to)l dwds,

and (zq, tq) stands for any fixed point in Q.
The key estimates are the following:

IN

27 llnegg .05 3D
C27 | llvep,rm 3.2

HRIIV(f)HM(ﬁ,’y,r)

IN

IRY)lves,,m)

for some § > 0,0 < B,y <€, r>0,and f € M(B, v, r). Assuming that these estimates hold for the moment,
we continue to finish the proof of Theorem 1.2. The estimates (3.1) and (3.2) imply that Ty = 375 (R} + R%)!
and hence Tj\,l maps the test functions in M(B, ~, r) to M(B, v, r) for 0 < B, v < €, and r > 0. Moreover,

TN PlIneg,on < CIFIvees,q-

Finally, we obtain

f(zr t) = TI_\T1 TN(f)(Z9 t)

1Y 2 QI (¢, ) - (zq, to) W * flzg, to) | (2, 0)
T (33)
2(Q 21N

-Z >l () o, t)™) (@ 0% * fza, to)-
E(Q)Z’”

Note that (-, )+ (zq, tg) ") € M(e, €, 27, zq, tg)and hence for 0 < €’ < €, Ty WY, ) (zg, tQ) Nz, t) €
M(e', €,27, zq, tg).
Denote 17)]-(2, t;zg, to) = T;,l(l,bf’((-, )+ (zg, tg) ))(z, 0. Then properties (i), (ii), and (iii) in Theorem 1.2
are fulfilled and
flz, 0= Z 1QI;(z, t;2q, tQ)P; * (2o, to),

jez
Q)= 2 N
which establishes the first equality in (1.1). The second equality in (1.1) can be obtained similarly, by inter-
changing the order of T3! and Ty in (3.3). We omit the details.
To finish the proof, it remains to prove (3.1) and (3.2).
Proof of (3.2). We write

R}z, t) = Z Z /1/)1 (z, 8) - (w,8) ); * f(w, s) dwds

JEZ
2(Q)= 2"‘” @
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S / WYz - (zq, ) W, * flzq. to) dws
)EZ K(Q)_QZ -j-N Q

= Ki()(z, O + K2(f)(z, 0),

where K; and K are linear operators with kernels

Ki(z, t;2, t)—z Z /1,[) (z,t) - (w, s)” 1)l,l)]((w s)- (2, DY dwds

JEZ
2(Q)= 2"‘” @

and

Kz, t;2,1) = Z Z /lpf’((z ) - (zg, tg)” 1)1/)]((ZQ,tQ) z, DY) dwds.

jEZL
] ‘NQ

By Theorem 2.7, it suffices to show that K; and K, are Calderén-Zygmund kernels satisfying the double dif-
ference condition (2.7), with constants of at most C 279N and that K 1 and K, are bounded on L? with bounds
of at most €27V for some & > 0. The latter can be shown by arguments similar to those given in [11, 17]. We
omit the details here.

Now we begin to show that K; and K, are Calderon-Zygmund Kkernels satisfying the double difference
condition (2.7), with constants of at most C27%N. We only work with K1, since K; can be handled in the same
way. Notice that l/)}v satisfies the same size, regularity, and double difference conditions as ; with the con-
stant C replaced by CN. It then follows from (2.1) and (2.2) that

K1z, :2, )
3 Z / (2, 0 - w, ) Dpy(w, ) - G D™ - (2. to) - &, B Y| dws

JEL

IN

@O

d((W, S)s (ZQ7 tQ)) €
N; Z / 27 +d((z, t) (w, 5)))Q+e (Z‘f +d((w,s), (z, f)))
©(Q= G

N

o€

‘@i v diow, o), & oo

A

-Ne 27¢ 5-je
N2~ Z/ 27 +d((z, 1), (w, 5)))2%€ (25 + d((w, 5), (2, D)) &+€ dwds

N

—N6 2J€
Z =~ (27 +d((z, 1), 2, D)) 2e
-N&§
< —2 _
~od((z, 1), (2, 1)
establishing the size condition of K;.

Next, let us verify the regularity conditions for K;. We only prove the regularity condition in the first
variable as K is a convolution kernel. We claim that, for d((z, t), (/, t')) < s, d((z, t), (2, D)) and any O < €’ <

forO<é<e,

- 2(12
€,
Z /[ll);v((Z, t) - (w, 5)—1) _ l,b]N((Z/, t/) - (w, S)_l)]l,b]'((w, s)- G, .f)_l) dwds
f(Q)SZ’i’N Q
d((z,0), (', 1)) \¢ e
- N< 27+d((z,0), 2, i)) 27 +d((z, 0), 2, D)2n+2re (3.4)
and

Z /[ll), (2, 6)- w, s) ) = (&, ) - (w, ) DIy((w, 9) - (2, D7) dwds

e O
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<y Ne 27¢ (3.5)
~ (27 +d((z, t), (2, F))2n+2+e” '

Assume that (3.4) and (3.5) hold for the moment. By interpolation it follows that for any 0 < €’ < € and
0<b<e-¢€,

\Kl(z, t2,D-Ki(Z, 0z, i)\

Ne( d((z, 0, (&, 1)) \¢ 277¢
R Z 2 (271' +d((z, ), (z, Z)) (7 +d((z, 1), (2, )
-Né N4 27¢
S E O ) GG 0,6 e
< ons d((z, ), (2, )

d((z, 0), 2, )2+’

which proves the regularity condition for K; .
Let us now prove (3.4) and (3.5). To show (3.5), using the cancellation condition of 1/)]’-\’ , we have

‘ > / W ((z, 0w, ) =, ) - (w, s) Dp((w, ) - (2, D7") dwds
Z(Q)Bz”"”o
Z /[\llifv((z, £)-(w, ) D+ [N, ) (w, )]
Q

«Q)=27" ?
x|h;((w, s) - (&, H Y- Yi((zq, to) - , D) dwds

IN

N

27¢ 27¢
LD / {(2‘i+d((z, 0, (w, s))z2ve (2‘1'+d((Z’,t’),(w,S)))Z’”Z”}
E(Q)SZ’j’N @

y d((w, s), (zg, tg)) \¢ 27J€
(z-f —d(w,9), &, ?))) @7 + d(w, s), @, D)yzzre TS

A

N’ 27J¢ 27J€
2 / [(z-ud((z, t),(w,s)))2n+2+e*(z—f+d((zf,tf),(w,s)))2n+2+e]

W
27€

@7 + d(w, ), &, D)yzrzee WIS

_Ne' 27j€ 27€
+2 / [(z-ud((z, t),(w,s)))2n+2+e+(z-f+d((z/,t/),(w,s)))2n+2+e}

w,
27¢ d
(27 + d((w, 5), (£, )))2n+2+e
= Il + 12,

wds

where

Wi =<(w,s) e H" : d(w,s), (,0) > %d((z, t), , ?))} ,

W, = {(w, s)e H" : d((w, s), (2, D) < %d((z, b, 2, f))} .

For I;, we have

< -N¢' 27¢
~ 7 +d((z, 1), 2, ))2n+2+e

L

27¢ 27¢
/ [(2*}' T d(@ 0, w, )t @I @, 0, o, s)))2n+2+e] dwds

W1



DE GRUYTER Construction of Frames =— 391

< 7N€/ Z_ie
2 - = .
~ (27 +d((z, 1), (z, D)))2n+2+e

As for I,, noticing that for (w, s) € W, and d((z, t), (z/, t)) < -1, d((z, t), (%, f)), we have

2(12

d(z, 0, (w,s) = (1/a)d((z, 0, D) -d(z7), (w,9)=(2/3a)d(z, 1),z D),
(@, t), w,s) = (1/a)d((z 0, w,s)-d(z 0, )= (1/6a*)d((z, 1), & D).

]

\

This implies

27Je 27Je

L < NN § : _ dwd
2~ 27 +d((z, b), &, D)2+ | (27 + d((w, s), G, B)))2n+2+e wds
W,
< —-N¢’ 27]'6
~ (27 +d((z, 1), (2, D)))2n+2+e’
establishing (3.5).

To prove (3.4), using the cancellation condition of 1/) x-9)- l,b (x' - +), we write

LHSof 34) = | / Yz - (w, ) = N, £) - (w, )]
H"

<Dy, )+ 2,07 - Py((z, 0 - & )] dws|
- | / WY 0 (w,9)™) - N, ) - (w, )]
Hn
Dy, ) (2, D7) - Py((z, 0 - & 7] dws|
+ / WYz, 0 (w,9)™) - N, ) - (w, )]
Hn
Dy, )+ (2, D7) - Py((z, 0 - &, 7] dws|

+ / WYz 0 (w,9)™) - N, ) - (w, )]
Hn

Dy, )+ (2, D7) - (2,0 - & 7] dws|
= I +1IL +1I5,

where
U - {z €H": d((z, 0, (7, ) < 422 Q7+ d((z, 0), 2, D) < %(24 +d((z 0, (w, s)))},
U, = {z e H" : d((z, 1), (Z, ') < %(z-f +d((z, t), W, s))) < 422 Q7 +d((z, 0, G, Z)))},
U; = {z eH":d((z,t), (Z,t)) > %(Z’j +d((z, 1), (w, s)))}.

For II;, using the estimates (2.1) and (2.2), we get

N / d((z, 0, (', 1) ) o 27¢

h 2 T+d((z,0),(w,s)/ (27 +d((z, 1), (w, s)))2n+2+e

A

2-je 2-je
' [(2‘1' +d((w, 5), (2, )))2n+2+e " (27 +d((z, 1), (2, D)))2n+2+e
N( d((z, 1), (&', ) )€ 27)e )
279 +d((z,0), D)/ (27 +d((z, 1), Z, ))2n+2te

} dwds

N
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27¢
J 27 + d((w, s), (2, F)))2n+2+e
+N( d((z, 1), (', ') )‘—' 2Je
29 +d((z, 0, (& D)/ 27 +d((z, 1), &, D))2n2+e
27¢
27 +d((z, t), (w, s)))2n+2+e
U1
< N( d((Z, t), (Z/, t/)) )6 2—j€
N 29 +d((z, 0,2, D)) 27 +d(z, ), (Z, D))2n+2+e’

Note that if (w, s) € Us, then d((z, t), (W, s)) < (1/2a)(27 + d((z, t), (2, D))). Using the estimate (2.2),

d((z, 1), (', ) \¢ 27J€
I3 N/ 27 +d((z, t), (w, s))) (27 +d((z, t), (w, 5)))2n+2+e

dwds

dwds

x( d((z, t), (w, s)) )€ 2Je

29 +d((z,0), (2,0)/ 27T+d(z, 1), Z,T))2n+2+e
( d((z, 1), (', 1) )9 27J€

~ 29 +d((z,0), (2, 0)/ 7+d(z, ), &, b))2n+2re’

To estimate II3, note that if (w, s) € Us, then d((z, t), (w, s)) < 2ad((z, t), (z/, t')). By (2.2) and (2.1),

dwds

2-Je 27J€
s 5 N [ [orea s, oy * G o o

Us

d((z, 1), (w,s)) \¢ >-je
) ( 27 +d((z, 1), (2, ?))) (27 +d((z, t), (3, D))2n+2+€ dwds

< N( d((z,t), (', V) )9 2-je

- 279 +d((z, 1), (2, D)/ 27 +d((z, 1), & ))2n2ve’

Putting together the estimates obtained above for II, II,, and II3 yields (3.4), and hence the regularity con-
dition of K;.
Finally, let us verify the double difference condition for K;. By Lemma 2.5, for any €’ < €; < €,
WY =iz 0- @D -9 (@ ) - & DT
9 iz, 0 - @ D ) (@ - @ D)) (3.6)
< ( d((z, 1), (', t')) )fl ( d(, D, &, 1) )el 2 ee)
~ N\ d((z, 0,6 D)) \27+d(z0,E D)) @ +d( 0, @ D)niee)

On the other hand, using the cancellation condition of 1;, we have for d((z, t), (z', t')) < (1/4a)d((z, ¥), (2, D)
and d((z, 1), (', 7)) < (1/4a)d((z, 1), (2, D)),

WY * iz, - & D - =i, ) & DT)
R N (G R O W R LR (N O M N S
< / WYz, £) - (w, $) D((w, 8) - 2, D7) - (20, to) - 2, D™H)]|dwds
HH

+/\l/)§v((2’,t’)-(w,S)‘l)[l/Jj((w, $)- (2, D7) - Pi((zq, to) - &, D V)]|dwds
+/\l,b§v((z, 8- (w, s) DY((w, s)- &, 1)) - 9((zq, t) - &', ) H]|dwds

+/\¢§V((Z’,t’)-(w,S)‘l)[ll);((w, $)- &, 1)) - Pj((zq. to) - (&', ¥) Nl|dwds.
Hn
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Since the estimates for these terms are similar, we just work with the last one. Note that for d((z, ), (z/, t')) <
(1/4a)d((z, t), 2, D) and d((2, D), &', 1)) < (1/4a)d((z, 1), (£, D), by the triangle inequality,

d(Z,t),#, 1) = (1/a>)d((z, 0, (2, 1) - d(z, 1), &, ) - d((z, D), &, T))
> (1/2a)d((z, v), (2, D).

Hence, forany 0 < €” < ¢,

/ () - (w, ) Di((w, s) - &, )) - 9j((zq, to) - &, F) ] |dwds
Hl’l

< N/ 2—j€ ( d((W’ S), (ZQ’ tQ)) )e
~ 7 +d((z, t), (w, s))2+2+e \ 277 + d((w, 5), 2/, 1))

]H[n

27 dwd
@+ d(w,s), @&, P

- 2Je 27Je
< Ne
~ 2 Hjﬂ[ (2_]' + d((Z/, t/), (W, s)))2n+2+e (2—]‘ + d((W, S), (2/’ Z/)))2n+2+e dwds
< -Ne"’ 27].6
~ (27 +d((z, 1), &, 1)))2n+2+e
< pNe” 27(e-e)

27 +d((z, ), (&, B)2rzrleen”

Similarly, we can manipulate the other terms and obtain the same bound. Therefore

WY iz, 0- & D -9 * 9y ) - & DT

A (CRI RN O I R R N (G AN S |
< 5-Ne” 2-jle-€1)
~ 27 +d((z, b, (2, D)2r2+leen)’

Let 0 = 5—1 € (0, 1). Interpolating this with (3.6) yields

|[I<1((Zs t)) (2) z)) - Kl((zli tl)’ (27 Z’))] - [I<1((Zs t)) (2,5 ’ZJ)) - I<1((Z,s t’)) (2/7 z/))”
< S 0 G DY - Y (s ) - G B
j

PPz 0- @D @ - @)

N (1-6) d((z,0, (&, t) \0er( d(@D,F,7) \o% 27
<2 ]é (2*1' +d((z, 1), (2, Z))) (2*1' +d((z, 1), (2, ?))) (27 +d((z, 1), (2, D)))2n+2+e-e
< ynera-pd(E 0, (2, O d(E,D, (7, )

d((z, t), (2, D))2n+2+2e’
This concludes the proof of (3.2).
Proof of (3.1). We write

RN((z,0,E D)= | > > ¥ea* il 0D

[II>N k

<S> W * il 0 - & DI

>Nk

By Lemma 2.3, we have
>-((e+DARe
@ @00+ d((z, 0), &z, D)2zve

Ri((z, 0,z D) < 3 > 27

|l|>N Kk
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< 27Na((z, ), (2, D) 22,

which gives the size condition.
To show the regularity condition, by Lemma 2.3, for d((z, t), (Z/, t')) < z—lad((z, t), (2, 1) we get

Wi * Yr(z, 0 - DD - Yra * Y, ) - &, D7) (3.7

<c2 o ( d((z, 0), (', t')) )6’ 2 ((DARe’
) 2@+ d((z, 0, & D)) @ @0 +d((z, 0, &, D)z

where 0 < €’ < eand § > 0. Thus, for d((z, t), (', t)) < £ d((z, 1), (£, 1)),

|R]1V(Z’ t; 2: ‘E) - R%/(Z/: tl;Z’ Z)‘

< SN W * Yilz 0 - & DT - P * i@ ) - B, D7)
>Nk
< ey d(z, 0, E)  \© 2-(knbe’
_ szwgz (5w a0, &5) @+ a0, & D
< C2MA((z, 0, (7, ) d((z, b), (3, ) @nr2re),

The proof of the smoothness condition in the second variable is the same. By Lemma 2.3, we obtain that
ford((z, 1), &, 7)) < d((z, 1), (2, D),

[Pt * Pil(z, O - (W, )™ = g * i@ 1) - (w, )71 (3.8)
ccre(_ AE@D.E0) e 26D
- 2-((k+DNK) 4 d((Z, t), (W, S)) (2—((k+l)/\k) + d((Z, t), (W, s)))2n+2+e’

where 0 < €’ < eand 6 > 0. Thus, for d((Z, 1), (', ¥)) < 5~ d((z, 1), (, D),

|R]1\[(Z’ t;21 i) - RIIV(Z’ t’219z/)‘

< SN W * Wiz 0 @D - Pr * iz 0 - &)Y
[l|>N k
< sl dED,E, ) ¢ 2-(knDe’
_ C%vzkzz (500 .0, 5D) v 0, G B
< 2Md(E D, @, 1) d(z, 0, @ §) )

To verify the double difference condition (2.7), by the geometric mean of the estimates in Lemma 2.5, (3.7)
and (3.8), we get that for d((z, 0), (z/, ') < 7;d((z, 0), (2, ), and d((Z, D), (Z', ) < 5;d((z, 1), 2, D)),

i * Yz, ) - & D) = Ypear * (@, 1) - 2, D7)

Wit * Pil(z 0 - E ) = e * i@, 1) - EL )]

< -|1|6 d((Z, t)’ (2/9 tl)) ¢ d((‘%’ i’)y (2,’ i’/)) ¢

<C2 (2—((’<+1)Ak) +d((z, 1), (2, f))) (2‘(("”)/\") +d((z, 1), (2, E))>
2—((k+l)/\k)(e—e')

X (2—((k+l)/\k) +d((z,0), (z, E)))2n+2+(e—e’) :

Thus, for d((z, t), (', t)) < £ d((z, 1), (2, 1), and d((Z, ), (Z', 1)) < £ d((z, 1), Z, D),

RN(z, ;2,0 -Ry(Z, t';2,) - Ri(z, t; 2, ¥) + Ry (2, '; 2, 7))
< SN ra * il 0 - @D = pe * Yi(Z, ) - B, D7)
>Nk
(i * iz, 0 - OV D - Y * i, &) - T
< co7lls( d((z, 0, (, t) )e' ( (2,9, (7, 7)) )e/
B 2-(+DAD 1 d((z, 1), (2, D) 2-(+DAR) 1 d((2, 1), (2, D)
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2-(UerDAR) =€)
X (2—((k+l)Ak) +d((z, 1), (2, Z)))2n+2+(e—e’)
<C2Ma((z, 0, (Z, ) d(z, D, &, T) d((z, 0), (3, H) @22,

This completes the proof of (3.1) and hence Theorem 1.2 follows.
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