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1 Introduction
The theory of wavelet analysis has played an important role in many di�erent branches of science and tech-
nology; see, for instance, [1, 2, 7, 8, 11] and the references therein. Wavelet analysis provides a simpler and
more e�cient way to analyze functions and distributions that have been studied through Fourier series and
integrals. R. CoifmanandG.Weiss invented the atoms andmolecules (cf. [6, 21])which formed the basic build-
ing blocks of various function spaces. The atom decomposition can be obtained by using a discrete version of
a well-known identity, due to A. Calderón ([3]), in whichwavelets were implicitly involved. The wavelet series
decompositions are nowadays e�ective expansion by unconditional bases in various function spaces arising
from the theory of harmonic analysis.

Let us now recall the frame constructed by Frazier and Jawerth in [12] using the Fourier transform. Let
ψ ∈ S(Rn) with

(i) supp φ̂ ⊂ {1/2 ≤ |ξ | ≤ 2},
(ii)

∑
j∈Z |φ̂(2−jξ )|2 = 1, for all ξ ≠ 0.

Then
f (x) =

∑
j∈Z

∑
Q:`(Q)=2−j

2−jnφj(x − xQ)φ′
j * f (xQ), ∀f ∈ L2(Rn),

where Q represents a dyadic cube with `(Q) = 2−j, xQ represents the lower-left corner of Q, φj(x) = 2jnφ(2jx),
φ′
j(x) = 2jnφ(−2jx), and the series converges in L2(Rn).

Note that the Frazier-Jawarth approach relies on the Fourier transform on Euclidean spaces. However,
there are many non-Euclidean situations (for instance, the Ahlfors-type spaces and Carnot-Carathédory-type
spaces) inwhich the Fourier transform is not available. In [4], we presented a newapproach for constructing a

Der-Chen Chang: Department of Mathematics and Statistics, Georgetown University, Washington DC, USA; and Graduate Insti-
tute of Business Administration, Fu Jen Catholic University, New Taipei City, Taiwan, E-mail: chang@georgetown.edu
Yongsheng Han: Department of Mathematics and Statistics, Auburn University, Auburn, USA, E-mail: hanyong@auburn.edu
*Corresponding Author: XinfengWu: Department of Mathematics, China University of Mining & Technology, Beijing, China,
E-mail: wuxf@cumtb.edu.cn

https://doi.org/10.1515/agms-2020-0118


Construction of Frames | 383

frame without using the Fourier transform onRn. The purpose of this article is to adapt that idea to construct
a frame on the Heisenberg groupHn .

Let us �rst recall the classical Calderón reproducing formula established by Geller and Mayeli [13] on the
Heisenberg group via the Fourier transform.

Theorem A. (Corollary 1 of [13]) There is ψ ∈ C∞
(
Hn) satisfying

either ψ ∈ S
(
Hn) and all moments of ψ vanish,

or ψ ∈ C∞c
(
Hn) and all arbitrarily large moments of ψ vanish,

such that the following Calderón reproducing formula holds:

f =
∞∫

0

ψ∨
s * ψs * f

ds
s , f ∈ L2 (Hn) ,

where * is the Heisenberg convolution, ψ∨ (ζ ) = ψ
(
ζ −1
)
, and ψs (z, t) = s−2n−2ψ

( z
s ,

u
s2

)
for s > 0.

Based on this Calderón reproducing formula, Han-Lu-Sawyer [16] established a discrete and wavelet-like
Calderón reproducing formula.

Here we use another approach, beginning with an approximation to the identity.

De�nition 1.1 (Test function space). A function f de�ned onHn is said to be a test function if there exist β, γ,
and r with 0 < β ≤ 1, and γ, r > 0 and (z0, t0) ∈ Hn such that

(i) |f (z, t)| ≤ C rγ
(r+d((z,t),(z0 ,t0)))2n+2+γ ,

(ii) |f (z, t) − f (z′, t′)| ≤ C
(

d((z,t),(z′ ,t′))
r+d((z,t),(z0 ,t0))

)β rγ
(r+d((z,t),(z0 ,t0)))2n+2+γ for d((z, t), (z′, t′)) ≤ (1/2a)(r +

d((z, t), (z0, t0))),
(iii)

∫
Hn f (z, t)dzdt = 0,

where a is the constant in the quasi-triangle inequality (see Section 2 below).
If f is a test function as above, we denote f ∈ M(β, γ, r, z0, t0) and the norm of f ∈ M(β, γ, r, z0, t0) is

de�ned to be the smallest constant C given in (i) and (ii) above.

Denote M(β, γ, r) = M(β, γ, r, 0, 0) and M(β, γ) = M(β, γ, 1). It is easy to see that M(β, γ, r, z0, t0) =
M(β, γ) with equivalent norms for all (z0, t0) ∈ Hn and r > 0. Furthermore, it is also easy to check that
M(β, γ) is a Banach space with respect to the norm in M(β, γ). We refer the reader to [11, 17, 18] for more
details.

The following is our main result, whose proof is based on the Calderón-Zygmund operator theory.

Theorem 1.2. Suppose that ϕ(z, t) is a function satisfying the above conditions (i) and (ii) with∫
Hn ϕ(z, t)dzdt = 1. Set ψ(z, t) = ϕ(z, t) −ϕ1(z, t) where fj(z, t) = 2j(2n+2)f (2jz, 22j t). Then there exist families

of functions ψ̃j(z, t;w, s) and ψ̃*j (z, t;w, s) such that for all f ∈ L2(Hn),

f (z, t) =
∑
j∈Z

∑
Q

`(Q)=2−j−N

|Q|ψ̃j(z, t, zQ , tQ)ψj * f (zQ , tQ)

=
∑
j∈Z

∑
Q

`(Q)=2−j−N

|Q|ψj((z, t) · (zQ , tQ)−1)ψ̃*j (f )(zQ , tQ),
(1.1)

where Q represents a dyadic cube on Hn of side length `(Q) = 2−j−N with N being a large �xed positive integer,
(zQ , tQ) is any �xed point in Q,

ψ̃*j (f )(zQ , tQ) =
∫
Hn

ψ̃*j (zQ , tQ , w, s)f (w, s)dwds,
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and ψ̃j(z, t, zQ , tQ) and ψ̃*j (zQ , tQ , z, t) satisfy the similar smoothness and cancellation conditions as ψj((z, t) ·
(zQ , tQ)−1).

For clari�cation purposes,we point out that the numberNmust be su�ciently large, depending onϕ and
the dimension. As mentioned before, the key tool used in the proof for Frazier-Jawerth’s result is the Fourier
transform. In contrast, Theorem 1.2 is proven through the Calderón-Zygmund operator theory.

Throughout the article, let X . Y mean that there is a constant c > 0 such that X ≤ cY.
This article is organized as follows. In Section 2, we present preliminaries and some lemmas. The main

result, Theorem 1.2 is proven in Section 3.

2 Preliminaries and some lemmas
The n-dimensional Heisenberg group Hn consists of the set Cn × R = {(z, t) : z ∈ Cn , t ∈ R} with the
multiplication law

(z, t) · (w, s) = (z + w, t + s + 2 Im(zw̄)).

The Haar measure onHn is just the Lebesgue measure dzdt. The convolution onHn is de�ned by

f * g(z, t) =
∫
Hn

f (w, s)g((w, s)−1 · (z, t)) dwds

=
∫
Hn

f ((z, t) · (w, s)−1)g(w, s) dwds.

The nonisotropic dilation onHn is de�ned by δ◦(z, t) = (δz, δ2t), ∀ δ > 0. These dilations are automorphisms
ofHn:

δ ◦ ((z, t) · (w, s)) = (δ ◦ (z, t)) · (δ ◦ (w, s)).

A homogeneous norm onHn is given by ρ((z, t)) = (|z|4 + t2) 1
4 . The quasi-distance d onHn, induced by ρ, is

de�ned by
d((z, t), (w, s)) = ρ((w, s)−1 · (z, t)),

which satis�es the quasi-triangle inequality

d((z, t), (z′, t′)) ≤ a[d((z, t), (w, s)) + d((w, s), (z′, t′))].

We de�ne balls B((z, t), δ) inHn by

B((z, t), δ) = {(w, s) ∈ Hn : d((w, s), (z, t)) < δ}.

These balls are left-invariant under the action of Hn . We refer the reader to Stein [20] for more background
about the Heisenberg groups. Notice that (Hn , ρ, dzdt) is a space of homogeneous type in the sense of Coif-
man and Weiss [9].

Christ [5] provided a dyadic grid in a space of homogeneous type.

Lemma 2.1. Let X be a space of homogeneous type. Then there exists a collection {Ikα ⊂ X : k ∈ Z, α ∈ Ik} of
open subsets, where Ik is some index set, and C1, C2 > 0, such that

(i) µ(X\ ∪α Ikα) = 0 for each �xed k and Ikα ∩ Ikβ = ∅, if α = β;
(ii) for any α, β, k, l with l ≥ k, either I lβ ⊂ I

k
α or I lβ ∩ I

k
α = ∅;

(iii) for each (k, α) and each l ≤ k, there is a unique β such that Ikα ⊂ I lβ;
(iv) diam(Ikα) ≤ C12−k;
(v) each Ikα contains some ball B(zkα , C22−k), where zkα ∈ X.
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Wemay think of Ikα as being a dyadic cube with side-length `(Ikα) = 2−k centered at zkα.
The following is the de�nition of generalized approximations to the identity of the Heisenberg group,

whose kernels have only Lipschitz smoothness.

De�nition 2.2. Let 0 < ϵ ≤ 1. A sequence {Sk}k∈Z of operators is said to be an ϵ-approximation to the iden-
tity (or simply an approximation to the identity) if there exists 0 < C < ∞ such that for all (z, t), (w, s) ∈
Hn , Sk(z, t;w, s), the kernel of Sk , are functions fromHn ×Hn into C satisfying

|Sk(z, t;w, s)| ≤ C 2−kϵ
(2−k + d((z, t), (w, s)))2n+2+ϵ ; (2.1)

|Sk(z, t;w, s) − Sk(z′, t′;w, s)| .
( d((z, t), (z′, t′))

2−k + d((z, t), (w, s))

)ϵ 2−kϵ
(2−k + d((z, t), (w, s)))2n+2+ϵ (2.2)

for d((z, t), (z′, t′)) ≤ 1
2a (2−k + d((z, t), (w, s)));

|Sk(z, t;w, s) − Sk(z, t;w′, s′)| ≤ C
( d((w, s), (w′, s′))

2−k + d((z, t), (w, s))

)ϵ 2−kϵ
(2−k + d((z, t), (w, s)))2n+2+ϵ (2.3)

for d((w, s), (w′, s′)) ≤ 1
2a (2−k + d((z, t), (w, s)));∫

Hn

Sk(z, t;w, s)dwds = 1 (2.4)

for all (z, t) ∈ Hn; ∫
Hn

Sk(z, t;w, s)dzdt = 1 (2.5)

for all (w, s) ∈ Hn .

Note that if ϕ(z, t) is a function satisfying the above conditions (i) and (ii) with
∫
Hn ϕ(z, t)dzdt = 1, then

ϕk((z, t) · (w, s)−1) is an ϵ-approximation to the identity. Let Dk = Sk − Sk−1 and Dk(x, y) be the kernel for
k ∈ Z. Then Dk(·, y) ∈ M(ϵ, ϵ, 2−k) for any �xed y = (w, s) and k, and similarly, Dk(x, ·) ∈ M(ϵ, ϵ, 2−k) for
any �xed x = (z, t) and k.

The following result follows from a more general one in [11, Lemmas 3.7 and 3.11].

Lemma 2.3. Let 0 < ϵ ≤ 1. Suppose that {ϕk}k∈Z is an ϵ-approximation to the identity. Set ψk = ϕk − ϕk−1 for
all k ∈ Z. Then for 0 < ϵ′ < ϵ, there exists a constant C which depends on ϵ′ and ϵ, but not on k, l such that

|ψk * ψl((z, t) · (w, s)−1)| ≤ C2−|k−l|ϵ
′ 2−(k∧l)ϵ

(2−(k∧l) + d((z, t), (w, s)))2n+2+ϵ ;

for k ≥ l and d((z, t), (z′, t′)) ≤ 1
2a (2−l + d((z, t), (w, s)))

|ψk * ψl((z, t) · (w, s)−1) − ψk * ψl((z′, t′) · (w, s)−1)| ≤ C
( d((z, t), (z′, t′))

2−l + d((z, t), (w, s))

)ϵ 2−lϵ
(2−l + d((z, t), (w, s)))2n+2+ϵ ;

for k ≤ l and d((z, t), (z′, t′)) ≤ 1
2a (2−k + d((z, t), (w, s)))

|ψk * ψl((z, t) · (w, s)−1) − ψk * ψl((z′, t′) · (w, s)−1)| ≤ C
( d((z, t), (z′, t′))

2−k + d((z, t), (w, s))

)ϵ′ 2−k(ϵ−ϵ′)

(2−k + d((z, t), (w, s)))2n+2+ϵ−ϵ′ ;

for k ≤ l and d((w, s), (w′, s′)) ≤ 1
2a (2−k + d((z, t), (w, s)))

|ψk * ψl((z, t) · (w, s)−1) − ψk * ψl((z, t) · (w′, s′)−1)| ≤ C
( d((w, s), (w′, s′))

2−k + d((z, t), (w, s))

)ϵ 2−kϵ
(2−k + d((z, t), (w, s)))2n+2+ϵ ;

for l ≤ k and d((w, s), (w′, s′)) ≤ 1
2a (2−l + d((z, t), (w, s)))

|ψk * ψl((z, t) · (w, s)−1) − ψk * ψl((z, t) · (w′, s′)−1)| ≤ C
( d((w, s), (w′, s′))

2−l + d((z, t), (w, s))

)ϵ′ 2−l(ϵ−ϵ
′)

(2−l + d((z, t), (w, s)))2n+2+ϵ−ϵ′ .
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De�nition 2.4. An approximation to the identity {Sk}k∈Z is said to satisfy the double Lipschitz condition if

|Sk(z, t;w, s) − Sk(z′, t′;w, s) − Sk(z, t;w′, s′) + Sk(z′, t′;w′, s′)|

.
( d((z, t), (z′, t′))

2−k + d((z, t), (w, s))

)ϵ( d((w, s), (w′, s′))
2−k + d((z, t), (w, s))

)ϵ 2−kϵ
(2−k + d((z, t), (w, s)))2n+2+ϵ (2.6)

for d((z, t), (z′, t′)) ≤ 1
2a (2−k + d((z, t), (w, s))) and d((w, s), (w′, s′)) ≤ 1

2a (2−k + d((z, t), (w, s))).

Lemma 2.5. [11, Lemma 3.12] Suppose that {Sk}k∈Z is an approximation to the identity and Sk((z, t), (w, s)),
the kernels of Sk , satisfy the condition (2.6). Set Dk = Sk − Sk−1 for all k ∈ Z. Then for any 0 < ϵ′ < ϵ, there
exists a constant C which depends on ϵ′ and ϵ, but not on k or l, such that

|ψk * ψl((z, t) · (w, s)−1) − ψk * ψl((z′, t′) · (w, s)−1) − ψk * ψl((z, t) · (w′, s′)−1) + ψk * ψl((z′, t′) · (w′, s′)−1)|

≤ C
( d((z, t), (z′, t′))

2−(k∧l) + d((z, t), (w, s))

)ϵ′( d((w, s), (w′, s′))
2−(k∧l) + d((z, t), (w, s))

)ϵ′ 2−(k∧l)(ϵ−ϵ′)

(2−(k∧l) + d((z, t), (w, s)))2n+2+ϵ−ϵ′

for d((z, t), (z′, t′)) ≤ 1
2a (2−(k∧l) + d((z, t), (w, s))) and d((w, s), (w′, s′)) ≤ 1

2a (2−(k∧l) + d((z, t), (w, s))).

De�nition 2.6. LetD(Rn) be the space of smooth functions onHn with compact support, and letD′(Hn) denote
its dual space. An operator T is said to be a Calderón-Zygmund singular integral operator with the kernel K if
T : D(Hn)→ D′(Hn) with

〈Tf , g〉 =
∫
Hn

∫
Hn

K(z, t;w, s)f (w, s)g(z, t) dzdt dwds,

for f , g ∈ D(Hn) with supp f ∩ supp g = ∅, where the kernel K(z, t;w, s) is a complex-valued continuous
function onHn ×Hn\{(z, t) = (w, s)} and satis�es the following estimates: For some 0 < ϵ ≤ 1 and some c > 1,

(i) |K(z, t;w, s)| ≤ C
d((z,t),(w,s))2n+2 for (z, t) ≠ (w, s),

(ii) |K(z, t;w, s) − K(z′, t′;w, s)| ≤ C d((z,t),(z′ ,t′))ϵ
d((z,t),(w,s))2n+2+ϵ

for d((z, t), (z′, t′)) ≤ (1/2c)d((z, t), (w, s)),
(iii) |K(z, t;w, s) − K(z, t;w′, s′)| ≤ C d((w,s),(w′ ,s′))ϵ

d((z,t),(w,s))2n+2+ϵ

for d((w, s), (w′, s′)) ≤ (1/2c)d((z, t), (w, s)).

The main tool we will use to show Theorem 1.2 is the following result.

Theorem 2.7. [15] Suppose that T is a Calderón-Zygmund singular integral operator and extends to be a
bounded operator on L2(Hn). Furthermore, if T(1) = T*(1) = 0 and the kernel K(z, t;w, s) satis�es the following
double di�erence condition:∣∣[K(z, t;w, s) − K(z′, t′;w, s)] − [K(z, t;w′, s′) − K(z′, t′;w′, s′)]

∣∣ . d((z, t), (z′, t′))ϵd((w, s), (w′, s′))ϵ
d((z, t), (w, s))2n+2+2ϵ (2.7)

for d((z, t), (z′, t′)) ≤ 1
4a d((z, t), (w, s)) and d((w, s), (w′, s′)) ≤ 1

4a d((z, t), (w, s)), then T maps M(β, γ, r) to
M(β, γ, r) for 0 < β, γ < ϵ, and all γ > 0. Moreover, there exists a constant C such that

‖Tf‖M(β,γ,r) ≤ C‖T‖ · ‖f‖M(β,γ,r),

where ‖T‖ = ‖T‖L2→L2 + ‖T‖CZ , the ‖T‖CZ being the smallest constants in the de�nition of Calderón-Zygmund
kernels and (2.7).

Wewould also like tomention a result of Meyer. To study the property of the Besov space Ḃ0,1
1 (Rn), Meyer

introduced the following de�nition of smooth atoms.

De�nition 2.8. [19] A function f (x) is said to be a smooth atom if there exist 0 < β ≤ 1, γ, r > 0, and a constant
C such that
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(i) |f (x)| ≤ C rγ
(r+|x|)n+γ ,

(ii) |f (x) − f (x′)| ≤ C
(
|x−x′|
r

)β [ rγ
(r+|x|)n+γ + rγ

(r+|x′)n+γ

]
,

(iii)
∫
Rn f (x)dx = 0.

If f is a smooth atom as above, then the norm of f is de�ned by the smallest constant C given in (i) and (ii) above
and is denoted by ‖f‖M(β,γ,r).

We would like to point out that if f ∈ M(β, γ, r), then f ∈ M(β, γ, r). Meyer in [19] proved the following
theorem. The extension of this result to spaces of homogeneous type can be found in [11].

Theorem2.9. [19] If T is a Calderón-Zygmund singular integral operator and extends to be a bounded operator
on L2(Rn) and T(1) = T*(1) = 0, then there exists a constant C such that

‖Tf‖M(β′ ,γ′ ,r) ≤ C‖f‖M(β,γ,r)

for 0 < β′ < β < ϵ, 0 < γ′ < γ < ϵ, and all r > 0.

3 Proof of Theorem 1.2
Let ϕj(z, t) = 2j(2n+2)ϕ(2jz, 22j t), and Sj(f )(x) = ϕj * f (x). Then {Sj} is an ϵ-approximation to the identity
satisfying the double Lipschitz condition (2.6), and the following properties

lim
j→∞

Sj = I, the identity operator on L2(Hn)

lim
j→−∞

Sj = 0,

both in the strong operator topology on B(L2(Hn)). Set Dj = Sj+1 − Sj and denote Dj(f )(x) = ψj * f (x), where
ψj(x) = 2j(2n+2)ψ(2jz, 22j t) and ψ(z, t) = ϕ(z, t) − ϕ1(z, t). Then we will apply Coifman’s decomposition of
the identity operator as follows.

f (z, t) = lim
j→∞

Sj(f )(z, t) =
∑
j∈Z

Dj(f )(z, t) =
∑
j∈Z

∑
k∈Z

ψk * ψj * f (z, t).

For any large positive integer N, we write

f (z, t) =
∑

j,k:|j−k|≤N

ψk * ψj * f (z, t) +
∑

j,k:|j−k|>N

ψk * ψj * f (z, t).

To prove Theorem 1.2, we write f as follows:

f (z, t) =
∑

j,k:|j−k|≤N

ψk * ψj * f (z, t) + R1
N(f )(z, t),

where R1
N(f )(z, t) =

∑
j,k:|j−k|>N ψk * ψj * f (z, t). For any j ∈ Z, denote ψNj =

∑
k:|k|≤N ψj+k . We write

∑
j,k:|j−k|≤N

ψk * ψj * f (z, t) =
∑
j
ψNj * ψj * f (z, t) =

∑
j

∫
Hn

ψNj ((z, t) · (w, t)−1)ψj * f (w, s)dwds

=
∑
j

∑
Q

`(Q)=2−j−N

∫
Q

ψNj ((z, t) · (w, t)−1)ψj * f (w, s)dwds

=
∑
j

∑
Q

`(Q)=2−j−N

|Q|ψNj ((z, t) · (zQ , tQ)−1)ψj * f (zQ , tQ)
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+
∑
j

∑
Q

`(Q)=2−j−N

∫
Q

[ψNj ((z, t) · (w, s)−1)Dk(f )(w, s)

−ψNj ((z, t) · (zQ , tQ)−1)ψj * f (zQ , tQ)]dwds
= TN(f )(z, t) + R2

N(f )(z, t),

where Q denotes dyadic cubes in the sense of Lemma 2.1,

TN(f )(z, t) =
∑
j∈Z

∑
Q

`(Q)=2−j−N

|Q|ψNj ((z, t) · (zQ , tQ)−1)ψj * f (zQ , tQ),

R2
N(f )(z, t) =

∑
j∈Z

∑
Q

`(Q)=2−j−N

∫
Q

[ψNj ((z, t) · (w, s)−1)ψj * f (w, s)

−ψNj ((z, t) · (zQ , tQ)−1)ψj * f (zQ , tQ)] dwds,

and (zQ , tQ) stands for any �xed point in Q.
The key estimates are the following:

‖R1
N(f )‖M(β,γ,r) ≤ C2−Nδ‖f‖M(β,γ,r), (3.1)

‖R2
N(f )‖M(β,γ,r) ≤ C2−Nδ‖f‖M(β,γ,r) (3.2)

for some δ > 0, 0 < β, γ < ϵ, r > 0, and f ∈ M(β, γ, r). Assuming that these estimates hold for the moment,
we continue to �nish the proof of Theorem 1.2. The estimates (3.1) and (3.2) imply that T−1

N =
∑∞

l=0(R1
N + R2

N)l

and hence T−1
N maps the test functions inM(β, γ, r) toM(β, γ, r) for 0 < β, γ < ϵ, and r > 0. Moreover,

‖T−1
N (f )‖M(β,γ,r) ≤ C‖f‖M(β,γ,r).

Finally, we obtain

f (z, t) = T−1
N TN(f )(z, t)

= T−1
N

∑
j

∑
Q

`(Q)=2−j−N

|Q|ψNj ((·, ·) · (zQ , tQ)−1)ψj * f (zQ , tQ)

 (z, t)

=
∑
j

∑
Q

`(Q)=2−j−N

|Q|T−1
N

(
ψNj ((·, ·) · (zQ , tQ)−1)

)
(z, t)ψj * f (zQ , tQ).

(3.3)

Note that ψNj ((·, ·) · (zQ , tQ)−1) ∈M(ϵ, ϵ, 2−j , zQ , tQ) and hence for 0 < ϵ′ < ϵ, T−1
N (ψNj ((·, ·) · (zQ , tQ)−1))(z, t) ∈

M(ϵ′, ϵ′, 2−j , zQ , tQ).
Denote ψ̃j(z, t; zQ , tQ) = T−1

N (ψNj ((·, ·) · (zQ , tQ)−1))(z, t). Then properties (i), (ii), and (iii) in Theorem 1.2
are ful�lled and

f (z, t) =
∑
j∈Z

∑
Q

`(Q)=2−j−N

|Q|ψ̃j(z, t; zQ , tQ)ψj * f (zQ , tQ),

which establishes the �rst equality in (1.1). The second equality in (1.1) can be obtained similarly, by inter-
changing the order of T−1

N and TN in (3.3). We omit the details.
To �nish the proof, it remains to prove (3.1) and (3.2).

Proof of (3.2).We write

R2
N(f )(z, t) =

∑
j∈Z

∑
Q

`(Q)=2−j−N

∫
Q

ψNj ((z, t) · (w, s)−1)ψj * f (w, s) dwds
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−
∑
j∈Z

∑
Q

`(Q)=2−j−N

∫
Q

ψNj ((z, t) · (zQ , tQ)−1)ψj * f (zQ , tQ) dwds

=: K1(f )(z, t) + K2(f )(z, t),

where K1 and K2 are linear operators with kernels

K1(z, t; z̃, t̃) =
∑
j∈Z

∑
Q

`(Q)=2−j−N

∫
Q

ψNj ((z, t) · (w, s)−1)ψj((w, s) · (z̃, t̃)−1) dwds

and
K2(z, t; z̃, t̃) =

∑
j∈Z

∑
Q

`(Q)=2−j−N

∫
Q

ψNj ((z, t) · (zQ , tQ)−1)ψj((zQ , tQ) · (z̃, t̃)−1) dwds.

By Theorem 2.7, it su�ces to show that K1 and K2 are Calderón-Zygmund kernels satisfying the double dif-
ference condition (2.7), with constants of at most C2−δN , and that K1 and K2 are bounded on L2 with bounds
of at most C2−δN for some δ > 0. The latter can be shown by arguments similar to those given in [11, 17]. We
omit the details here.

Now we begin to show that K1 and K2 are Calderón-Zygmund kernels satisfying the double di�erence
condition (2.7), with constants of at most C2−δN . We only work with K1, since K2 can be handled in the same
way. Notice that ψNj satis�es the same size, regularity, and double di�erence conditions as ψj with the con-
stant C replaced by CN. It then follows from (2.1) and (2.2) that

|K1(z, t; z̃, t̃)|

≤
∑
j∈Z

∑
Q

`(Q)=2−j−N

∫
Q

|ψNj ((z, t) · (w, s)−1)||ψj((w, s) · (z̃, t̃)−1) − ψj((zQ , tQ) · (z̃, t̃)−1)| dwds

. N
∑
j∈Z

∑
Q

`(Q)=2−j−N

∫
Q

2−jϵ
(2−j + d((z, t), (w, s)))Q+ϵ

(
d((w, s), (zQ , tQ))

2−j + d((w, s), (z̃, t̃))

)ϵ

× 2−jϵ

(2−j + d((w, s), (z̃, t̃)))Q+ϵ dwds

. N2−Nϵ
∑
j∈Z

∫
Q

2−jϵ
(2−j + d((z, t), (w, s)))Q+ϵ

2−jϵ

(2−j + d((w, s), (z̃, t̃)))Q+ϵ dwds

. 2−Nδ
∑
j∈Z

2−jϵ

(2−j + d((z, t), (z̃, t̃)))Q+ϵ

.
2−Nδ

d((z, t), (z̃, t̃))Q
for 0 < δ < ϵ,

establishing the size condition of K1.
Next, let us verify the regularity conditions for K1. We only prove the regularity condition in the �rst

variable as K1 is a convolution kernel. We claim that, for d((z, t), (z′, t′)) ≤ 1
2a2 d((z, t), (z̃, t̃)) and any 0 < ϵ′ <

ϵ, ∣∣∣ ∑
Q

`(Q)=2−j−N

∫
Q

[ψNj ((z, t) · (w, s)−1) − ψNj ((z′, t′) · (w, s)−1)]ψj((w, s) · (z̃, t̃)−1) dwds
∣∣∣

. N
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃)

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃))2n+2+ϵ (3.4)

and ∣∣∣ ∑
Q

`(Q)=2−j−N

∫
Q

[ψNj ((z, t) · (w, s)−1) − ψNj ((z′, t′) · (w, s)−1)]ψj((w, s) · (z̃, t̃)−1) dwds
∣∣∣
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. 2−Nϵ
′ 2−jϵ

(2−j + d((z, t), (z̃, t̃))2n+2+ϵ . (3.5)

Assume that (3.4) and (3.5) hold for the moment. By interpolation it follows that for any 0 < ϵ′ < ϵ and
0 < δ < ϵ − ϵ′, ∣∣∣K1(z, t; z̃, t̃) − K1(z′, t′; z̃, t̃)

∣∣∣
.

∑
j

2−Nδ
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃)

)ϵ′ 2−jϵ

(2−j + d((z, t), (z̃, t̃))Q+ϵ

. 2−Nδd((z, t), (z′, t′))ϵ
′ ∑

j

2−jϵ

(2−j + d((z, t), (z̃, t̃)))Q+ϵ+ϵ′

. 2−Nδ d((z, t), (z′, t′))ϵ
′

d((z, t), (z̃, t̃)))Q+ϵ′ ,

which proves the regularity condition for K1.
Let us now prove (3.4) and (3.5). To show (3.5), using the cancellation condition of ψNj , we have∣∣∣ ∑

Q
`(Q)=2−j−N

∫
Q

[ψNj ((z, t) · (w, s)−1) − ψNj ((z′, t′) · (w, s)−1)]ψj((w, s) · (z̃, t̃)−1) dwds
∣∣∣

≤
∑
Q

`(Q)=2−j−N

∫
Q

[|ψNj ((z, t) · (w, s)−1)| + |ψNj ((z′, t′) · (w, s)−1)|]

×|ψj((w, s) · (z̃, t̃)−1) − ψj((zQ , tQ) · (z̃, t̃)−1)| dwds

. N
∑
Q

`(Q)=2−j−N

∫
Q

[
2−jϵ

(2−j + d((z, t), (w, s)))2n+2+ϵ + 2−jϵ
(2−j + d((z′, t′), (w, s)))2n+2+ϵ

]

×
(

d((w, s), (zQ , tQ))
2−j + d((w, s), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((w, s), (z̃, t̃)))2n+2+ϵ dwds

. 2−Nϵ
′
∫
W1

[
2−jϵ

(2−j + d((z, t), (w, s)))2n+2+ϵ + 2−jϵ
(2−j + d((z′, t′), (w, s)))2n+2+ϵ

]
2−jϵ

(2−j + d((w, s), (z̃, t̃)))2n+2+ϵ dwds

+2−Nϵ
′
∫
W2

[
2−jϵ

(2−j + d((z, t), (w, s)))2n+2+ϵ + 2−jϵ
(2−j + d((z′, t′), (w, s)))2n+2+ϵ

]
2−jϵ

(2−j + d((w, s), (z̃, t̃)))2n+2+ϵ dwds

= I1 + I2,

where

W1 =
{

(w, s) ∈ Hn : d((w, s), (z̃, t̃)) > 1
3a d((z, t), (z̃, t̃))

}
,

W2 =
{

(w, s) ∈ Hn : d((w, s), (z̃, t̃)) ≤ 1
3a d((z, t), (z̃, t̃))

}
.

For I1, we have

I1 . 2−Nϵ
′ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ∫
W1

[
2−jϵ

(2−j + d((z, t), (w, s)))2n+2+ϵ + 2−jϵ
(2−j + d((z′, t′), (w, s)))2n+2+ϵ

]
dwds
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. 2−Nϵ
′ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ .

As for I2, noticing that for (w, s) ∈ W2 and d((z, t), (z′, t′)) ≤ 1
2a2 d((z, t), (z̃, t̃)), we have

d((z, t), (w, s)) ≥ (1/a)d((z, t), (z̃, t̃)) − d((z̃, t̃), (w, s)) ≥ (2/3a)d((z, t), (z̃, t̃)),
d((z′, t′), (w, s)) ≥ (1/a)d((z, t), (w, s)) − d((z, t), (z′, t′)) ≥ (1/6a2)d((z, t), (z̃, t̃)).

This implies

I2 . N2−Nϵ
′ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ

∫
W2

2−jϵ

(2−j + d((w, s), (z̃, t̃)))2n+2+ϵ dwds

. 2−Nϵ
′ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ ,

establishing (3.5).
To prove (3.4), using the cancellation condition of ψNj (x − ·) − ψNj (x′ − ·), we write

LHS of (3.4) =
∣∣∣ ∫
Hn

[ψNj ((z, t) · (w, s)−1) − ψNj ((z′, t′) · (w, s)−1)]

×[ψj((w, s) · (z̃, t̃)−1) − ψj((z, t) · (z̃, t̃)−1)] dwds
∣∣∣

=
∣∣∣ ∫
Hn

[ψNj ((z, t) · (w, s)−1) − ψNj ((z′, t′) · (w, s)−1)]

×[ψj((w, s) · (z̃, t̃)−1) − ψj((z, t) · (z̃, t̃)−1)] dwds
∣∣∣

+
∣∣∣ ∫
Hn

[ψNj ((z, t) · (w, s)−1) − ψNj ((z′, t′) · (w, s)−1)]

×[ψj((w, s) · (z̃, t̃)−1) − ψj((z, t) · (z̃, t̃)−1)] dwds
∣∣∣

+
∣∣∣ ∫
Hn

[ψNj ((z, t) · (w, s)−1) − ψNj ((z′, t′) · (w, s)−1)]

×[ψj((w, s) · (z̃, t̃)−1) − ψj((z, t) · (z̃, t̃)−1)] dwds
∣∣∣

=: II1 + II2 + II3,

where

U1 =
{
z ∈ Hn : d((z, t), (z′, t′)) ≤ 1

4a2 (2−j + d((z, t), (z̃, t̃))) ≤ 1
2a (2−j + d((z, t), (w, s)))

}
,

U2 =
{
z ∈ Hn : d((z, t), (z′, t′)) ≤ 1

2a (2−j + d((z, t), (w, s))) ≤ 1
4a2 (2−j + d((z, t), (z̃, t̃)))

}
,

U3 =
{
z ∈ Hn : d((z, t), (z′, t′)) > 1

2a (2−j + d((z, t), (w, s)))
}
.

For II1, using the estimates (2.1) and (2.2), we get

II1 . N
∫
U1

( d((z, t), (z′, t′))
2−j + d((z, t), (w, s))

)ϵ 2−jϵ
(2−j + d((z, t), (w, s)))2n+2+ϵ

·
[ 2−jϵ

(2−j + d((w, s), (z̃, t̃)))2n+2+ϵ + 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ

]
dwds

. N
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ
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·
∫
U1

2−jϵ

(2−j + d((w, s), (z̃, t̃)))2n+2+ϵ dwds

+N
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ

·
∫
U1

2−jϵ
(2−j + d((z, t), (w, s)))2n+2+ϵ dwds

. N
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ .

Note that if (w, s) ∈ U2, then d((z, t), (w, s)) ≤ (1/2a)(2−j + d((z, t), (z̃, t̃))). Using the estimate (2.2),

II2 . N
∫
U2

( d((z, t), (z′, t′))
2−j + d((z, t), (w, s))

)ϵ 2−jϵ
(2−j + d((z, t), (w, s)))2n+2+ϵ

×
( d((z, t), (w, s))

2−j + d((z, t), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ dwds

. N
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ .

To estimate II3, note that if (w, s) ∈ U3, then d((z, t), (w, s)) ≤ 2ad((z, t), (z′, t′)). By (2.2) and (2.1),

II3 . N
∫
U3

[ 2−jϵ
(2−j + d((z, t), (w, s)))2n+2+ϵ + 2−jϵ

(2−j + d((z′, t′), (w, s)))2n+2+ϵ

]

×
( d((z, t), (w, s))

2−j + d((z, t), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ dwds

. N
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃))

)ϵ 2−jϵ

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ .

Putting together the estimates obtained above for II1, II2, and II3 yields (3.4), and hence the regularity con-
dition of K1.

Finally, let us verify the double di�erence condition for K1. By Lemma 2.5, for any ϵ′ < ϵ1 < ϵ,

|ψNj * ψj((z, t) · (z̃, t̃)−1) − ψNj * ψj((z′, t′) · (z̃, t̃)−1)

− ψNj * ψj((z, t) · (z̃′, t̃′)−1) + ψNj * ψj((z′, t′) · (z̃′, t̃′)−1)|

. N
( d((z, t), (z′, t′))

2−j + d((z, t), (z̃, t̃))

)ϵ1( d((z̃, t̃), (z̃′, t̃′))
2−j + d((z, t), (z̃, t̃))

)ϵ1 2−j(ϵ−ϵ1)

(2−j + d((z, t), (z̃, t̃)))2n+2+(ϵ−ϵ1) .

(3.6)

On the other hand, using the cancellation condition of ψj, we have for d((z, t), (z′, t′)) < (1/4a)d((z, t), (z̃, t̃))
and d((z̃, t̃), (z̃′, t̃′)) < (1/4a)d((z, t), (z̃, t̃)),

|ψNj * ψj((z, t) · (z̃, t̃)−1) − ψNj * ψj((z′, t′) · (z̃, t̃)−1)

− ψNj * ψj((z, t) · (z̃′, t̃′)−1) + ψNj * ψj((z′, t′) · (z̃′, t̃′)−1)|

≤
∫
Hn

|ψNj ((z, t) · (w, s)−1)[ψj((w, s) · (z̃, t̃)−1) − ψj((zQ , tQ) · (z̃, t̃)−1)]|dwds

+
∫
Hn

|ψNj ((z′, t′) · (w, s)−1)[ψj((w, s) · (z̃, t̃)−1) − ψj((zQ , tQ) · (z̃, t̃)−1)]|dwds

+
∫
Hn

|ψNj ((z, t) · (w, s)−1)[ψj((w, s) · (z̃′, t̃′)−1) − ψj((zQ , tQ) · (z̃′, t̃′)−1)]|dwds

+
∫
Hn

|ψNj ((z′, t′) · (w, s)−1)[ψj((w, s) · (z̃′, t̃′)−1) − ψj((zQ , tQ) · (z̃′, t̃′)−1)]|dwds.
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Since the estimates for these terms are similar, we just work with the last one. Note that for d((z, t), (z′, t′)) <
(1/4a)d((z, t), (z̃, t̃)) and d((z̃, t̃), (z̃′, t̃′)) < (1/4a)d((z, t), (z̃, t̃)), by the triangle inequality,

d((z′, t′), (z̃′, t̃′)) ≥ (1/a2)d((z, t), (z̃, t̃)) − d((z, t), (z′, t′)) − d((z̃, t̃), (z̃′, t̃′))
≥ (1/2a2)d((z, t), (z̃, t̃)).

Hence, for any 0 < ϵ′′ < ϵ,∫
Hn

|ψNj ((z′, t′) · (w, s)−1)[ψj((w, s) · (z̃′, t̃′)−1) − ψj((zQ , tQ) · (z̃′, t̃′)−1)]|dwds

. N
∫
Hn

2−jϵ
(2−j + d((z′, t′), (w, s)))2n+2+ϵ

(
d((w, s), (zQ , tQ))

2−j + d((w, s), (z̃′, t̃′))

)ϵ

× 2−jϵ

(2−j + d((w, s), (z̃′, t̃′)))2n+2+ϵ dwds

. 2−Nϵ
′′
∫
Hn

2−jϵ
(2−j + d((z′, t′), (w, s)))2n+2+ϵ

2−jϵ

(2−j + d((w, s), (z̃′, t̃′)))2n+2+ϵ dwds

. 2−Nϵ
′′ 2−jϵ

(2−j + d((z′, t′), (z̃′, t̃′)))2n+2+ϵ

. 2−Nϵ
′′ 2−j(ϵ−ϵ1)

(2−j + d((z, t), (z̃, t̃)))2n+2+(ϵ−ϵ1) .

Similarly, we can manipulate the other terms and obtain the same bound. Therefore

|ψNj * ψj((z, t) · (z̃, t̃)−1) − ψNj * ψj((z′, t′) · (z̃, t̃)−1)

− ψNj * ψj((z, t) · (z̃′, t̃′)−1) + ψNj * ψj((z′, t′) · (z̃′, t̃′)−1)|

. 2−Nϵ
′′ 2−j(ϵ−ϵ1)

(2−j + d((z, t), (z̃, t̃)))2n+2+(ϵ−ϵ1) .

Let θ = ϵ′
ϵ1
∈ (0, 1). Interpolating this with (3.6) yields∣∣[K1((z, t), (z̃, t̃)) − K1((z′, t′), (z̃, t̃))] − [K1((z, t), (z̃′, t̃′)) − K1((z′, t′), (z̃′, t̃′))]

∣∣
.

∑
j
|ψNj * ψj((z, t) · (z̃, t̃)−1) − ψNj * ψj((z′, t′) · (z̃, t̃)−1)

−ψNj * ψj((z, t) · (z̃′, t̃′)−1) + ψNj * ψj((z′, t′) · (z̃′, t̃′)−1)|

. 2−Nϵ
′′(1−θ)∑

j∈Z

( d((z, t), (z′, t′))
2−j + d((z, t), (z̃, t̃))

)θϵ1( d((z̃, t̃), (z̃′, t̃′))
2−j + d((z, t), (z̃, t̃))

)θϵ1 2−j(ϵ−ϵ1)

(2−j + d((z, t), (z̃, t̃)))2n+2+ϵ−ϵ1

. 2−Nϵ
′′(1−θ) d((z, t), (z′, t′))ϵ

′
d((z̃, t̃), (z̃′, t̃′))ϵ

′

d((z, t), (z̃, t̃))2n+2+2ϵ′ .

This concludes the proof of (3.2).
Proof of (3.1). We write

|R1
N((z, t), (z̃, t̃))| =

∣∣∣∣ ∑
|l|>N

∑
k

ψk+l * ψk((z, t) · (z̃, t̃)−1)
∣∣∣∣ ≤∑

|l|>N

∑
k

|ψk+l * ψk((z, t) · (z̃, t̃)−1)|.

By Lemma 2.3, we have

|R1
N((z, t), (z̃, t̃))| .

∑
|l|>N

∑
k

2−|l|ϵ
′ 2−((k+l)∧k)ϵ

(2−((k+l)∧k) + d((z, t), (z̃, t̃)))2n+2+ϵ
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. 2−Nϵ
′
d((z, t), (z̃, t̃))−2n−2,

which gives the size condition.
To show the regularity condition, by Lemma 2.3, for d((z, t), (z′, t′)) ≤ 1

2a d((z, t), (z̃, t̃)) we get

|ψk+l * ψk((z, t) · (z̃, t̃)−1) − ψk+l * ψk((z′, t′) · (z̃, t̃)−1)| (3.7)

≤ C2−|l|δ
( d((z, t), (z′, t′))

2−((k+l)∧k) + d((z, t), (z̃, t̃))

)ϵ′ 2−((k+l)∧k)ϵ′

(2−((k+l)∧k) + d((z, t), (z̃, t̃)))2n+2+ϵ′

where 0 < ϵ′ < ϵ and δ > 0. Thus, for d((z, t), (z′, t′)) ≤ 1
2a d((z, t), (z̃, t̃)),

|R1
N(z, t; z̃, t̃) − R1

N(z′, t′; z̃, t̃)|
≤

∑
|l|>N

∑
k

|ψk+l * ψk((z, t) · (z̃, t̃)−1) − ψk+l * ψk((z′, t′) · (z̃, t̃)−1)|

≤ C
∑
|l|>N

∑
k

2−|l|δ
( d((z, t), (z′, t′))

2−(k∧l) + d((z, t), (z̃, t̃))

)ϵ′ 2−(k∧l)ϵ′

(2−(k∧l) + d((z, t), (z̃, t̃)))2n+2+ϵ′

≤ C2−Nδd((z, t), (z′, t′))ϵ
′
d((z, t), (z̃, t̃))−(2n+2+ϵ′).

The proof of the smoothness condition in the second variable is the same. By Lemma 2.3, we obtain that
for d((z̃, t̃), (z̃′, t̃′)) ≤ 1

2a d((z, t), (z̃, t̃)),

|ψk+l * ψk((z, t) · (w, s)−1) − ψk+l * ψk((z′, t′) · (w, s)−1)| (3.8)

≤ C2−|l|δ
( d((z, t), (z′, t′))

2−((k+l)∧k) + d((z, t), (w, s))

)ϵ′ 2−((k+l)∧k)ϵ′

(2−((k+l)∧k) + d((z, t), (w, s)))2n+2+ϵ′

where 0 < ϵ′ < ϵ and δ > 0. Thus, for d((z̃, t̃), (z̃′, t̃′)) ≤ 1
2a d((z, t), (z̃, t̃)),

|R1
N(z, t; z̃, t̃) − R1

N(z, t; z̃′, t̃′)|
≤

∑
|l|>N

∑
k

|ψk+l * ψk((z, t) · (z̃, t̃)−1) − ψk+l * ψk((z, t) · (z̃′, t̃′)−1)|

≤ C
∑
|l|>N

∑
k

2−|l|δ
( d((z̃, t̃), (z̃′, t̃′))

2−(k∧l) + d((z, t), (z̃, t̃))

)ϵ′ 2−(k∧l)ϵ′

(2−(k∧l) + d((z, t), (z̃, t̃)))2n+2+ϵ′

≤ C2−Nδd((z̃, t̃), (z̃′, t̃′))ϵ
′
d((z, t), (z̃, t̃))−(2n+2+ϵ′).

To verify the double di�erence condition (2.7), by the geometric mean of the estimates in Lemma 2.5, (3.7)
and (3.8), we get that for d((z, t), (z′, t′)) ≤ 1

2a d((z, t), (z̃, t̃)), and d((z̃, t̃), (z̃′, t̃′)) ≤ 1
2a d((z, t), (z̃, t̃)),

|[ψk+l * ψk((z, t) · (z̃, t̃)−1) − ψk+l * ψk((z′, t′) · (z̃, t̃)−1)]
−[ψk+l * ψk((z, t) · (z̃′, t̃′)−1) − ψk+l * ψk((z′, t′) · (z̃′, t̃′)−1)]|

≤ C2−|l|δ
( d((z, t), (z′, t′))

2−((k+l)∧k) + d((z, t), (z̃, t̃))

)ϵ′( d((z̃, t̃), (z̃′, t̃′))
2−((k+l)∧k) + d((z, t), (z̃, t̃))

)ϵ′
× 2−((k+l)∧k)(ϵ−ϵ′)

(2−((k+l)∧k) + d((z, t), (z̃, t̃)))2n+2+(ϵ−ϵ′) .

Thus, for d((z, t), (z′, t′)) ≤ 1
2a d((z, t), (z̃, t̃)), and d((z̃, t̃), (z̃′, t̃′)) ≤ 1

2a d((z, t), (z̃, t̃)),

|R1
N(z, t; z̃, t̃) − R1

N(z′, t′; z̃, t̃) − R1
N(z, t; z̃′, t̃′) + R1

N(z′, t′; z̃′, t̃′)|
≤
∑
|l|>N

∑
k

||[ψk+l * ψk((z, t) · (z̃, t̃)−1) − ψk+l * ψk((z′, t′) · (z̃, t̃)−1)]

−[ψk+l * ψk((z, t) · (z̃′, t̃′)−1) − ψk+l * ψk((z′, t′) · (z̃′, t̃′)−1)]|

≤ C2−|l|δ
( d((z, t), (z′, t′))

2−((k+l)∧k) + d((z, t), (z̃, t̃))

)ϵ′( d((z̃, t̃), (z̃′, t̃′))
2−((k+l)∧k) + d((z, t), (z̃, t̃))

)ϵ′
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× 2−((k+l)∧k)(ϵ−ϵ′)

(2−((k+l)∧k) + d((z, t), (z̃, t̃)))2n+2+(ϵ−ϵ′)

≤ C2−Nδd((z, t), (z′, t′))ϵ
′
d((z̃, t̃), (z̃′, t̃′))ϵ

′
d((z, t), (z̃, t̃))−(2n+2+2ϵ′).

This completes the proof of (3.1) and hence Theorem 1.2 follows.
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