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Abstract: In this article the authors study complex interpolation of Sobolev-Morrey spaces and their gener-
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1 Introduction and Main Results
One of the most popular formulas in interpolation theory is given by

[Lpo(R?), Ly, RD]g = Lp(RY), (1.1)

1-6
Po
interpolation method or just the complex method. Morrey spaces M}, (RY) are generalizations of the Lebesgue

spaces in view of Jv[g RY) = Ly (R9). Within the larger family of Morrey spaces the formula (1.1) is a singular
point. Essentially as a result of Lemarié-Rieusset [32], [33] it is known that

[V (RY), M4 (RD)]g # ME(RY),

where 1 < pg < p1 € 00,0 < O < 1and 1% = + le. Here [Xo, X1]¢ denotes Calderdn’s first complex

except the trivial cases given by either ug = po, u; = p1, i.e., the Lebesgue case, or ug = U, po = p1. In [63]
and [20] different explicit descriptions of the spaces [M}) (RY), Mp! (R9)]g can be found. The characteriza-
tion given in [20] is the preferable one. When switching from Lebesgue spaces to Morrey spaces we add two
phenomena, one local and one global, see Definition 2.1 below. Hence, when turning to spaces defined on
bounded domains, the situation is becoming more easy, because the global condition plays no role anymore.
Based on this observation, in [63] one can find the formula

[V ([0, 1]%), M4 ([0, 1]%)]e = ME([0, 119, (1.2)
if
l<po<up<oo, 1<pj<uj<es, po<p;, 0<O<1

and
Poll1 = P1lUo , 1.1-6,6 1_1-6,0
p Po p1 u Uo u;
For a domain Q c R? the space J\O/[;,‘(Q) is defined as the closure of the smooth functions with respect to the
norm of the space My (Q). The aim of this paper will consist in an extension of (1.2) to smoothness spaces built
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on Morrey spaces, namely Lizorkin-Triebel-Morrey spaces &} p, 4(Q), where Q C R4 is a bounded Lipschitz
domain. For doing that we will only investigate cases where the Lemarié-Rieusset condition pou; = piug is
satisfied. Our main result reads as follows.

Theorem 1.1. Let Q C RY be either a bounded Lipschitz domain if d > 2 or a bounded interval if d = 1. Under
the following conditions on the parameters

(@) 1<po<p1<oo,posup<oo,py sy <oo;

(b) 1<qo,q1 <o, min(qo, q1) < oo;

(c) pous = p1uo;

(d) so,Ss1 = 0; eithersg < sy 0r0<sg=syandqy < qo;

1..1-6,6 1._160_06 1._1-0_ 60 ¢._(1_ .
(e)0<(9<1,p. 5 F oo w = e Y g g tao St (1-0)sg + Osq;
it holds

[53%,1;0,(10(9), Eill,pl,ql(Q)]O = Ei,p,q(Q) . (13)

Lizorkin-Triebel-Morrey spaces €3, p,q(.()) are generalizations of Lizorkin-Triebel spaces F: f,, q(_Q), more ex-
actly, if u = p we have F} 4(Q) = &} p,4(Q). Hence we get back the well-known formula

[F$2 00(@), 3t 4. (o = F5 4(Q) = F5 4(Q), (14)

but under the extra condition (d). The Lemarié-Rieusset condition (c) disappears in this case. There is a cer-
tain list of references for (1.4). Let us mention at least Triebel [55, Thm. 2.4.2.1] (Q = R9 or a bounded C*
domain), Frazier, Jawerth [14] (Q = R9), Kalton, Mayboroda, Mitrea [28] (Q = R?) and Triebel [57] (bounded
Lipschitz domains). There is an interesting special case, given by the Sobolev-Morrey spaces, see Section 2.2
and Lemma 2.9.

Corollary 1.2. Let0 < O < 1, mg € No, m; € N, and either mg < m; or0 < mg < my. Let 1 < pg < py < oo,
Po < Ug < o0, Py < Uy < oo and po Uy = p1 Ug. We define

s:=(1-0)mg+060my, 1. 1-6. 86 and L .= 1_@+9.
p Dbo D1 u Uo u,
Let Q c R4 be either a bounded Lipschitz domain if d > 2 or a bounded interval if d = 1. Then we have
[WMoko (), WMMEL(Q)] , = €5,,,(Q). (1.5)
In particular, if s = m € N, then
[W""’M}ig (Q), W'"lMZ}(_Q)] 0= I7V"’M;(Q) (1.6)

follows.
There is another situation in which one can calculate [€32 . 4,(2), €3 5, 4,(Q)]6 -

Theorem 1.3. Let QO C R? be as in Theorem 1.1. Let the parameters satisfy the conditions (a), (b), (c) and (e).
In addition we require

@) S0,S1 € R and So—£>51—£-
Ug 258

Then (1.3) holds as well.

Clearly, in Theorem 1.3 we always have sy > 5. So there is no overlap with Theorem 1.1. For convenience
of the reader we add the consequences for the interpolation of Sobolev-Morrey spaces.

Corollary 1.4. Let 0 < © < 1,1 < pg < p1 < o0, pg < Uy < o0, p1 < Uy < oo and pou; = pi Ug. Let

mo € N, m; € N andmo—% >my - %. We define

s:=(1-0)mg+6my;, =:= + and = :=

1._1-6_ 6 1_1-6_ 6
p Po D1 u up  up’
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Let Q c R? be either a bounded Lipschitz domain if d > 2 or a bounded interval if d = 1. Then (1.5) holds. In
particular, if s = m € N, then also (1.6) is true.

The formula (1.3) does not hold in general. There are many counterexamples.

Proposition 1.5. Let Q c RY be a domain. We assume that

(a) 1<pg<p1<oo,po<Up<oo,py<lUp<oo;
(b) 15‘10,q15°°;
(c) pou1 = pi uo.

If0 < sg < d/ug and if

1 1
S1 =so—d(———)>0,

Up U

. 1..1-6,6 1._.1-06,6 1._.1-60, 6
thenwzth0<@<1,5.——p0 t Y T T U i a0 and

s:=(1-0)sg + Os; it holds X
[SZ%,po,qo(-Q), gill,pl,ql (-Q)]@ CZ E:Z,p,q(-o) .

Finally, we add a few comments concerning the situation on R¢.

¢ The conditions sg, s1 € R, 1 < qg, g1 < oo together with (a),(c) and (e) from Theorem 1.1 guarantee the
continuous embedding
(€32 pogoRY), €3 pyan RD]g — &5 p g(RY).

We refer to Yang, Yuan and Zhuo, see [60].
1-0

. Ifl<psu<oo,1<q0<q1s<>o,seR,0<@<1and%:=W+q—@1,then

[€3p.00 R, E8p.gs ®D]g = &5 p.g(RY)
holds. We refer to Sawano and Tanaka, see [46].

We supplement these assertions by one negative and one positive result.

Proposition 1.6. (i) Let sq and sq be positive real numbers. Let the conditions (a), (b), (c) and (e) from Theorem
1.1 be satisfied. Then
8i,p,q(Rd) (Z [Ezslg,po,qo(Rd), Ezll,pl,ql(Rd)]Q .

(ii) Under the same restrictions as in Theorem 1.3 we have
[SZ%,po,qo(Rd)» Ezll,pl,ql(Rd)]@ — Ei,p,q(Rd) .

This supplements the knowledge about Morrey spaces since it holds
MERY) @ [V (RY, M (RY]g — MaRY),

if1 < pg < p1 <oo,pg < Uy < oo, p1 < Uy <ooand pyuy = p1 Up, see [63, Cor. 2.38]. So all in all the general
picture concerning complex interpolation of Lizorkin-Triebel-Morrey spaces seems to be more complicated
than expected. Below we have tried to make the situation on domains a bit more transparent, see Fig.1. We
shall plot an (1/u, s) diagram. The influence of the parameters po, qo, P1, q1 is ignored. First we fix a point
(1/ug, so). Then we have indicated for which regions in the plane we may apply either Theorem 1.1 or Theorem
1.3 or Proposition 1.5.

The point ¢t is given by the Sobolev-type embedding as t := sg — d/ug. In the open rectangle
{(1/u1,s1) : up < uy, S1 > So} we can apply Theorem 1.1. In the open triangle with corner points
(0, 1), (1/uo, so), (0, so) we do not know [£32 1, . (Q), €3 5, 4,(Q)]e. Below of the line connecting (0, t) and
(1/ug, sp) we may apply Theorem 1.3. On this critical line Proposition 1.5 applies.

This article is organized as follows. In Section 2 we recall the definitions of Morrey spaces and Lizorkin-Triebel-
Morrey spaces on the Euclidean space R4 as well as on domains. In addition we introduce the diamond
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Figure 1: Complex Interpolation of Eﬁyp’q(_())

spaces. Moreover, a few basic properties of these classes are recalled as well. Section 3 is the most impor-
tant one within this paper. We investigate the spaces éﬁ,p,q(Rd) in detail. In the Lemmas 3.12 and 3.13 we
characterize this space via differences, which is very important for us. We use this characterization to prove
an embedding property on the intersection of Lizorkin-Triebel-Morrey spaces in Lemma 3.17 below. Section
4 is devoted to the existence of an universal bounded linear extension operator which maps &j, , 4(Q) into
e, p,q(Rd). Here we employ Rychkov’s method and construction. Interpolation will be the main topic in Sec-
tion 5. Our treatment of the complex interpolation of Lizorkin-Triebel-Morrey spaces will be reduced to the
calculation of a closure of some intersections by means of a formula due to Shestakov [47], [48]. For conve-
nience of the reader, in Section 6 we will give a short overview about interpolation of smoothness Morrey
spaces. Finally, in Section 7 a number of open problems is collected. But at first we want to fix some notation.

Notation
For any x € R? and r € (0, oo) we use B(x, r) to denote the ball in R centered at x with radius r, namely,
B(x,r) := {yeRd s x-yl<rt fa=(as,...,aq9) € Ngandf: Q — C, then we put
olalf
Df(x) = —————(x), xen.
f ox§! ...xgd( )

For a domain Q c R? we define D(Q) as the set of all functions f having derivatives up to any order and ful-
fill supp f c Q. D’(Q) is the dual space of D(Q). The symbol £(X — Y) denotes the set of all linear bounded
operators from X to Y. By C*° (R?) we denote the collection of all complex-valued infinitely differentiable func-
tions on RY, by C5°(R?) the subset consisting of those elements having compact support. Let S(RY) denote
the Schwartz space of all complex-valued, rapidly decreasing and infinitely differentiable functions on R4,
By 8/(R?) we denote the collection of all tempered distributions on RY, i.e., the topological dual of S(R?),
equipped with the weak-* topology. The symbol F refers to the Fourier transform, F! to its inverse transfor-
mation, both defined on 8’ (R%). All function spaces which we consider in this paper are subspaces of 8'(R9),
i.e. spaces of equivalence classes w.r.t. almost everywhere equality. However, if such an equivalence class
contains a continuous representative, then usually we work with this representative and call also the equiva-
lence class a continuous function. The symbols C, C1, c, c; . .. denote positive constants that depend only on
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the fixed parameters d, s, u, p, g and probably on auxiliary functions. Unless otherwise stated their values
may vary from line to line. Sometimes we also use the symbol < instead of <. The meaning of A < B is given
by: there exists a positive constant C such that A < C B. Mainly in Section 4 we will use the abbreviation (with
modification if g = oo)

53 M@ = || (X127 A0))
j=0

M;;(Rd)H.

2 Smoothness Morrey spaces

In this section we recall the definitions of the function spaces under consideration.

2.1 Morrey spaces

Morrey spaces can be understood as a replacement (or a generalization) of the Lebesgue spaces Ly (R9). This
is immediate in view of their definition.

Definition 2.1. Let 1 < p < u < oo. Then the Morrey space M}‘,(Rd) is defined as the collection of all locally
Lebesgue-integrable functions f on R? such that

(ST

11

VGRS = sup Bl 7 | [P dx| <o,
B

where the supremum is taken over all balls B in RY.

Clearly, there is a big difference between the cases |B| > 1 and |B| < 1. We have a strong local condition
combined with a weak global condition. Later we shall need some knowledge about certain subspaces of
Morrey spaces. Therefore we give the following definition.

Definition 2.2. Let X be a Banach space of distributions or functions.

(i) By X we denote the closurein X of the set of all infinitely often differentiable functions f that fulfill D“f € X
forall a € N4.

(ii) Let CB"(]Rd) — X. Then by)O( we denote the closure of CB"(R"’) in X.

The next lemma gives explicit descriptions of M;‘, (R9) and Jﬁ; (R9), very much in the spirit of the original
definition of Morrey spaces, see [63, Lemma 2.33].

Lemma?2.3. Letl<p<u<oo.
(1) 3\0/[5 (RY) is equal to the collection of all f € My (R9) having the following properties:

1

tim B0, 715 | [ If6oPdx| -o, 1)

B(y,r)

==

lim |B(y, r)|+ > /|f(x)\pdx -0,
r—oo

B(y,r)
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both uniformly iny € R%, and

lim [B(y, [+~ / FOOP dx| =0
ly|—oo
B(y,r)

uniformly inr € (0, o).
(ii) Mz(Rd) is equal to the collection of all f € M}, (R?) such that (2.1) holds true uniformly iny € RY.

2.2 Lizorkin-Triebel-Morrey spaces on R?
In what follows we will define the Lizorkin-Triebel-Morrey spaces €3, p,q(Rd). For that purpose we need some

additional notation. Let g € C‘(’)"(Rd) be a non-negative function such that ¢o(x) = 1if |x| < 1 and @o(x) =0
if |x| = 3/2. For k € N we define

(0 = 0027 - po 27 1), x e RY,
Because of -
Yo =1, xeR?,
k=0
and

supp gy C {x e RY: 2K < x| 3.2}, keN,

we call the system (¢)cn, @ smooth dyadic decomposition of unity on R4, Clearly, by the Paley-Wiener-
Schwarz theorem, ¥~ [¢, Ff] is a smooth function for all f € 8’ (RY).

Definition 2.4. Let1 < p < u < 00,1 < g < coands € R. Let (¢y)ken, be the above system. Then the
Lizorkin-Triebel-Morrey space Sﬁ,p,q(Rd) is the collection of all tempered distributions f € 8'(R%) such that
MERY)

< oo

1£1€5p.a@lgo = H (> 2417 uafl 1)
k=0

(with usual modification if q = oo).

Remark 2.5. The spaces Eﬁ,p,q(]Rd) are Banach spaces. They do not depend on the chosen generator ¢ of
the smooth dyadic decomposition of unity in the sense of equivalent norms. We refer, e.g., to [62] or [59]. For
this reason we will drop the dependence on ¢ in the notation and simply write || - |€, p,q(Rd) II.

Now we want to collect some basic properties of the spaces €3, p,q(Rd). Most of them will be used later.
At first we recall a characterization of €3, p,q(Rd ), due to Tang and Xu [54], in terms of lower order derivatives.

Lemma2.6. letmc N,scR,1<p<u<ocoandl < q < oo. Then we have f ¢ 8Z,p,q(Rd) if, and only if, the
tempered distribution f and its distributional derivatives 3%{, j=1,...,d, belong to 8§jl§'fq(Rd). Furthermore,
]

the norms || f |€5, ,q(RY)|| and

d
17185 @+ 3 | S e @)
=1

are equivalent.

The classical forerunner of Lemma 2.6 can be found in [56, Thm. 2.3.8].
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Lemma2.7. Letsc R, 1<p<u<ooandlsqs<oo Iff € &, ,(RY), then DOf € SZTI','f‘L‘](Rd)for all a € N¢.
Furthermore, there exists a constant cn such that

| D 1IN RD | < ca || £1E5.p.g RD]
holds for all f € €5 4(RY).

In case u = p this can be found in [56, Thm. 2.3.8]. The generalization to p # u can be done in the same way
as the proof of Lemma 2.6.
Lizorkin-Triebel-Morrey spaces are generalizations of Sobolev-Morrey spaces.

Definition 2.8. Let m € Nand 1 < p < u < oo. Then the Sobolev-Morrey space WmMg(Rd) is the collection of
all functions f € M}‘,(Rd) such that all distributional derivatives D*f of order |a| < m belong to M}‘,(Rd). We put

LF WMD) = > (| DS MR .

lajsm
It will be convenient to use WOM;‘,(R”I) = M;‘,(Rd).
Lemma2.9. Let1<p <u < ocoandm € Ny. Then EMm’p,z(Rd) = W’"MZ(]R"I) in the sense of equivalent norms.

Proof. Mazzucato has obtained the Littlewood-Paley characterization of Morrey spaces in [37], i.e., she proved
that &9 " Z(Rd) = Mg(Rd) with 1 < p < u < oo holds in the sense of equivalent norms. Combined with Lemma
2.6 this finishes the proof of Lemma 2.9. O

Remark 2.10. The spaces &} wp, 2(Rd) with 1 < p < u < oo and s € R are investigated in Adams [1], see also
Adams, Xiao [2] and Triebel [59, Rem. 3.68].

For the next result we refer to [62, Prop. 2.6].

Lemma?2.1l. LletseR,1<p<u<ooandl < q < . Then
€ p.q(RY) — BLIHRY)

Remark 2.12. (i) It is well known that BS4*(R9) < Leo(R?) holds if s > d/u.
(ii) Also in case of the Sobolev-Morrey spaces one knows that W"’M'{(Rd) < Leo(RY) if m > d/u, see [13].

An important inequality

Later on we shall need the following lemma, see [45, Thm. 2.4]. For v € R let H;(Rd) denote the Bessel-
potential space, defined as the collection of all f € 8'(R?) with

IFIHS@RD] = (1 +] - P)2EFA)IL2RY] < oo

Lemma 2.13. Let1 < q < oo, 1<p<u<ooandv>ﬂ Let(R) 20 C [1,00). Suppose(h) 0CHE(]R"Z)and

(f])]:O C M”(Rd) such that supp Ff; C B(0, R;). Then there is a constant c > 0, independent of (R,-);-’jo, (hj);’jo
and (f]-)]?jo, such that

H( |f‘hfm()\) SR

< c (sup [mRESED]) (31517 [pesca|
jE€No P

holds.

Remark 2.14. Those vector-valued Fourier multiplier assertions are standard tools in the theory of function
spaces, see [56, 1.6.3] for the classical case p = u.
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2.3 Spaces on domains

In our article spaces on domains are defined by restrictions. For us this is the most convenient way. Here, for
all domains Q c R? and g € 8'(R%) by 8|, we denote the restriction of g to Q.

Definition 2.15. Let X(R?) be a normed space of tempered distributions such that X(RY) — 8'(R9). Let Q
denote an open, nontrivial subset of R%. Then X(Q) is defined as the collection of all f € D'(Q) such that there
exists a distribution g € X(RY) satisfying

flp)=glp)  forall ¢ c D).

Here ¢ € D(Q) is extended by zero on R? \ Q. We put
|£IX(@)] i=inf {| g X®RD] = g, = f}.

Clearly, in the case of Morrey spaces this means the following.
Let1 < p < u < ooand Q c R? be bounded. Then the Morrey space M} (Q) is the collection of all f € LL"C(Q)
such that

1

p

I £ IME@)]| = sup sup [BGx, )N QJ+F / FOIP dy| <oo.
x€Q re(0,00)
B(x,r)NQ

In this paper we will concentrate on Lipschitz domains Q c R<. We follow Stein, see [53, VI.3.2].

Definition 2.16. By a Lipschitz domain, we mean either a special or a bounded Lipschitz domain.
(i) A special Lipschitz domain is an open set Q c R< lying above the graph of a Lipschitz function w : R%*1 —
R, namely

Q:={(X,x0) e R : x4> wx)},

where w satisfies that for all x', y' € R%1,
lw(X) - w(y)| < AlX - y|

with a positive constant A independent of X' and y’.

(ii) A bounded Lipschitz domain is a bounded domain Q c R? whose boundary 0 can be covered by a finite
number of open balls By such that for each k € N after a suitable rotation 0Q N By is a part of the graph of a
Lipschitz function.

For notational simplicity we shall use the convention that a bounded Lipschitz domain in R is just a
bounded interval.

3 The diamond space associated to Sz,p, q(Rd)

In this section we will investigate the properties of the spaces éﬁ,p,q(Rd), see Definition 2.2. This is very im-
portant in order to prove our main results. First, we recall two results from [63], see Lemmas 2.25 and 2.26.

Lemma3.l. Lets € R,1<p<u<ocoandl<qsoo. Then &S, ((RY) = €5, ,(RY) if and only if u = p.
Even more important is the following.

Lemma3.2. LetscR,1<sps<u<ooandl < q < oo. Then

éi,p,q(Rd) = Sﬁ,p,q(]Rd) if and only if u=p and q € [1, o).
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Remark 3.3. In particular this implies F$ ,(RY) = 5 ,(R9) = F§ ,(R?) if 1 < p, g < co.

Now we turn to some further descriptions of the diamond spaces. The diamond spaces are defined as a
closure. So it is most natural to look for characterizations in form of approximations. A first characterization
is using the Littlewood-Paley decomposition.

3.1 Acharacterization using the Littlewood-Paley decomposition

Let (¢;);Z, be a smooth dyadic decomposition of unity. Then we put

N
$'f0) =3 5 [¢;7fI),  NeNo.
j=0

Of course, by the Paley-Wiener-Schwarz Theorem, S f are smooth functions.

Lemma3.4. Letlspsu<oco,l<gsocoandscR. Letf € &, ,(RY). Then the sequence (SNf)%_, has the
following properties:

(i) SNf e &G, (RY) forallo e R.

(ii) Foralla € Ng we have D*(SNf) € Eﬁ,p,q(]Rd).
(iii) Forall a € Ng we have D*(SVf) € Loo(RY).
(iv) The following identity holds

SV = T o VFfI),  xeRY, NeN,.
(v) There exists a constant c, independent on f, such that

sup || SNFIESp.qRDI < ¢ || f1E5,p.q R - €5)
NeNp

Proof. Part (i) is a consequence of the estimate

N+1 1
ISNFIES p.g R < € H(Z 204157 g, A1)
j=0

|

with some c independent of f and N € Ny, see Lemma 2.13. From (i) we derive that SVf ¢ SZ’,'[,'fq(Rd) with
m € Np. Next we use Lemma 2.6 obtaining D*(S¥f) e Sﬁ,p,q(Rd) for |a| = m. To show (iii) it is enough to
apply Lemma 2.11. The next part (iv) is an elementary conclusion of the definition of the functions ¢; with
je{1,2,...,N}. Finally, (v) follows from the generalized Minkowski inequality combined with a standard
convolution inequality:
ISVF €% p.a®D] = 11T oo™ 1|3, g RY)
<15 0o LRI | £ €3, p,g R -

The proof is complete. O

Associated to the definition of éﬁ,p,q(Rd) we need a further abbreviation.

Definition 3.5. Let 1 < p < u < oo,1 < q < coand s = 0. The set Eﬂ,p,q(Rd) is the collection of all functions
f € &5 p.q(RY) such that D°f € &3 4(R?) for all a € N¢.

As an immediate consequence we get

®Y

———- &, S
E p RA) &5 pa(RY).

Moreover, by Lemma 3.4, for any f € &5, ,(R?) we have SVf € E5 ,, ;(R?). This will be of some use later on.
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Proposition3.6. Letl1 <p<u<oo,1<g<ocoands € R. Then éﬁ,p,q(Rd) is the collection of all f € SZ,p,q(Rd)
such that

li - SNF1Es . RY) = 0. 2
Jim (1 - SF €554 R G2)
Proof. Clearly, if (3.2) holds, then f € éﬁ,p,q(Rd) follows.
Now, let us suppose that f € &5 , ,(RY). By (f,), we denote a sequence in E5 , ;(R?) such that

li —fo |5 p.qRY) = 0.

el)n:o Hf fe ‘Eu,p,q( )H 0
Without loss of generality we may assume

1
If = fel€ip.a®DI <7, LeN.

Let 0 € R with o > s. We use a standard Fourier multiplier assertion from Lemma 2.13. Then we obtain

1= SMfe €8pa®DI= || D2 T L03F()
j=N+1

<o (L2 tgrracne)

j=N

&5.p.a®)

)

<C 2N(S_G)

(Y25 lpsf )

< 2V 1,188 L JRY).

|

This shows that
Jim | £, -SNf 185 pgRD =0 forany (e N.
m

Hence, for ¢ € N there exists some N(¢) such that

1fe = SYO 165, .o R < .
This yields
1f = SYOF 1E8p.aRDI < 1S = Fi 1€, ®DI + 11 e = SNOfe 15,5, RN + 11 SYOf = SYOF €5, g Y|
< 2 ISYOG, - )15, .g R

2+cC
S ’
l

where c is the constant from (3.1). Hence, we have the convergence of an appropriate subsequence (SVOf )72
It remains to switch from a subsequence to the whole sequence. Therefore we assume that our sequence
(N(0)), satisfies

N(¢+1)-N@) >5 forall’.

Furthermore we will use the following identity

N-1
Eira®)] - H( > 2T o I

m=M+1

N
(DIER
j=M

+ 2M59 5 o (@ar + @arer) FFIC)|4
+ 2M 5 ) 0 FF()|9
+ 25 gy (pn-1 + @n) FFI()|?

>

%
R T P 1 )|q> ‘Mz(Rd)
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valid for all natural numbers M and N such that 2 < M + 1 < N — 1. This follows from

Pm if M <m<N;
Pm-19PM if m=M-1;
N
. N =) Pu (M + Qpsr) if m=M;
Pm (§¢1) on (@n-1 +@y) if m=N;
PN+1 PN if m=N+1;
0 otherwise .

DE GRUYTER

A standard convolution inequality combined with the generalized Minkowski inequality yields

15 s @0 FFC) MR < | T Ly RD | T pe FFIC-) IMHERY]|

Applying a homogeneity argument we find

15 ) ILLRY)|| = || T @1 ILiRY)],

Alltogether this shows
N-1 A .
(X 295 tom TGN @D < | S 510 71
m=M+1 M

N+1

<o (3 2T gm I

m=M-1

with some constant c3 independent on M, N and f. Let

jeN.

1<NW)sM-3<N-3<N+2<N(F{+1).

Then (3.3) implies

N
1 SVf = SMF 5. g @) = || S5 ey 511
j=M

N+1

ses| (Y0 2mar
m=M-1
N(¢+1)

ss| Y Mgy

j=N(£)+1

€p.a®)|

on7f17)

=c3 || SNEVF_gNOF s (R

Repeating the argument we conclude that

| SVf = SMUf [€5p,g RN < ¢4 || YD = STV |G g RY)

€5p.a®Y)|

€pa®Y)|

MY (Rd)H (.3)

for all M, N such that N(¢) <« M < N < N(¢ + 1) with ¢, independent of ¢. Consequently (S¥ f)¥-o is a Cauchy

sequence in &5, , 4(R?). This proves the claim.

O

Remark 3.7. Proposition 3.6 is not new, we refer to Hakim, Nogayama and Sawano [24, Thm. 1.1]. However,
our proof is slightly different and covers the cases p = 1 < u < oo. In fact, it extends without any change to

O<psuc<oo

Later on we shall need the following consequence of Proposition 3.6.

Proposition3.8. Let 1 <p <u<oo,1<qp,qq <ooand Sy, S, € Rwith s, < sg. Then we have the continuous

embedding
Si?p,qo(]Rd) = Edlp.ar ®RY.
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Proof. Letf € €p g0 (RY). Lemma 2.13 yields

oo 1
IF = 8"F letpan Bl < co | (2715 gyl ) ™ ey
=N

< ¢y 2 SomsN H sup 250157 ;51| ‘M;(Rd)H
j2

with constants ¢, ¢, independent of f and N. Because of €32, 4, RY) — Sf,‘fp,w(Rd), for N — oo this implies
(3.2) and therefore f ¢ éfl{p,ql (RY). O

3.2 A characterization using mollifiers

It is possible to describe the spaces éi,p,q(Rd) by using mollifiers. In this section we will briefly collect the
main ideas concerning that topic. For that purpose we need some more notation. Therefore let p € D(R?) be
a function satisfying

/p(x) dx =1 and suppp C B(0,1).
Rd

We put p;j(x) := 2/9p(2/x) with x € R% and j € N. For a Banach space X that is continuously embedded into
8’ (R?) we define X!°° as the collection of all f € 8'(R9) such that the pointwise product fulfills Y - f e Xfor
all € D(RY). Convergence of a sequence {fj}j21 with limit f in X!°¢ is defined as

lim |[fy-fip|X|=0 forall e DRY).
j—roo

Lemma3.9. Letl<ps<u<oo,l<qg<ooands>0.Letf € 8Z,p,q(Rd). Then the sequence {f * p;};°; has the
following properties:

(i) Foralla Ng and all j € N we have D*(f * p;) € Sf,,p,q(Rd), ie,f*p;e Eﬁ,p,q(]Rid).

(ii) Foralla € Ng and all j € N we have D*(f * p;) € Lo(RY).
(iii) Forallj € Nwehavef *p; € C=(RY).
(iv) Forallj € Nwehavef *p; € 83,p,q(Rd)for allo € R.

(v) There exists a constant c, independent on f, such that

sup | *p; €50, R < ¢ || f1E5,p,q R
NS

Essentially all of Lemma 3.9 is known. So we skip the proof. There is a counterpart of Proposition 3.6 that
reads as follows.

Proposition3.10. Let 1 <p<u<oco,1<g<ocoands > 0.Letf € Sﬁ,p,q(Rd). Then the following assertions
are equivalent.

() f € & pqRY;
(i) limj o ||f* pj — f 1E5,p,q(RD)| = O.

We will not use Proposition 3.10 in what follows. Therefore we will drop the proof.

3.3 A characterization in terms of differences

It is possible to describe the spaces &}, , ;(R?) and also the spaces §f,,p,q(Rd) in terms of differences. For that
purpose we need some additional notation. Let f : R — C be a function. Then for x, h € R? we define the
difference of the first order by A,l1 f(x) := f(x + h) - f(x). Let N € N with N > 1. Then we define the difference
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of the order N by ANf(x) := (A1(AN"1f))(x). Now at first we recall the following characterization of &, 4(RY).
We refer to [26] and [62, 4.3.1].

Proposition3.11. Let1<p <u<oo,1<qg<ocoands > 0.Let N € Nsuchthats < N. Then Sﬁ,p,q(Rd) is the

collection of all f € M;‘,(]Rd) such that
1
([ess(c® [ mtroran)s)’ ]Mp (&)
0 B(0,0)

is finite (with equivalent norms). In the case q = oo the usual modifications have to be made.

If IMRD| +

Next we turn to the space éﬁ,p,q(Rd). Very much in the spirit of Lemma 2.3 is the following observation.

Lemma3.12. Letl<p<u<oo,1<qg<ooands>0.LetN € Nsuchthats < N. Then éi,p,q(Rd) is contained
inthe setof all f Ef,,p,q(Rd) such that

lim |B(y, Nl ( / F)P dx)‘% - (34)

B(y,r)

and

1 p 1
lim \B(y,r)ﬁ-%[ / (/t-sq(t-d / \Aﬁ'f(x)|dh)q$>qur -0, (3.5)
0

B(y,r) B(0,¢t)
both uniformly iny € R,

Proof. Step 1. In a first step we deal with functions f belonging to Eﬁ,p,q(Rd). Clearly, those functions are
uniformly Lipschitz continuous on R?, see the proof of Lemma 3.4. To see (3.4) in this situation we argue as
follows. Obviously we have
. 1 1
(] 1007 ax)” < 1F 1L B .
B(y,n)

Multiplying this inequality by | B(y, r)|*/*~Y/? it follows for u < oo that the right-hand side tends to O (uniformly
in y)if r | 0. The argument for deriving (3.5) is quite similar. Recall that for a smooth function we have with

NeN

IANF(O)] < 1 (max sup | Df(y) I) N,  x,heR?,
|a|sNyeRd

with a constant c; independent of f, x and h. Hence

1 1 1

sq (o adt\ - dt\q
(/t sq(t d / \Aﬁf(x)|dh) T) scz(/t SqthT)q <c3<o00
0 0

B(0,t)

for some c3 independent of x. This implies

1 1
oo | [ (fess(et [ areoran)' ) dx]psca By, Dl
0

B(y,r) B(0,t)
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and therefore the claim follows.
<>
Step 2. Now we turn to the general case. Let f € Sﬁ,p,q(Rd) and let £ > 0 be given. Then with M € N it follows

1 P 1
|B(y,r)|%—%[/ (/t-sq(t-d / |Aﬁf(x)\dh)q#>"dxr
0 B(0,1)

B(y.r) 0,t
1 r 1
1_1 _ _ adt\ ¢ p
<1 =S"F E5pg R+ 80 91| [ ([er(cd [ abs pwran) ) x|
B(y,r) O B(0,t)

The second term on the righ-hand side becomes smaller than € > 0 if r < ro(¢) since SYf € Eﬁ,p,q(]Rd) and
therefore we may use Step 1. The first term on the right-hand side will be smaller than £ > 0 if M > My(e)
thanks to Proposition 3.6. Both statements hold uniformly in y. This proves (3.5). The convergence in (3.4) can
be proved in a similar way. O

Now we turn to the converse.

Lemma3.13. [etl < p<u<oo,1<qg<ooands > 0.Let N € Nsuchthats < N. Letf ¢ SZ,p,q(Rd) be a
function with compact support and such that (3.4), (3.5) hold uniformly iny € R%. Thenf ésu,p,q(]Rd).

Proof. Because of Proposition 3.6 it is enough to prove
li - sMfiEs , R = 0.
Jim 1f - SMF1€5p. R
Using Proposition 3.11 this can be reduced to show
lim [If - SYfMGERY] = 0 (36)
M—oo

and

1 1
g ([ [ st an)' )’ | o
0

B(0,)
Step 1. We shall show (3.6). Let f € Eﬁ,p,q(Rd). Let M € Nand O < ¢ < s. Then we find

1£-S"F DR = | Y 15 I s
j=M+1

- 215 g1 PR
j=M+1
2™ f1e9 , 1 RY),
c227M | £ 15 5, R

IN

C12_MU

IN

IN

We used Definition 2.4. Here ¢, is independent of f and M € N. So since f € 8f,,p,q(]Rd) if M tends to infinity
(3.6) follows.
Step 2. Next we prove (3.7). Let B stand for every ball in R9. Since f satisfies (3.5), for every & > 0, we find some

6 > 0 such that
1 p 1
sup [B|i 7 [/ (/t'sq(t'd / |Aﬁ'f(x)\dh)qg>qur <e.
|B|<6 ] t

B B(0,t)

The generalized Minkowski inequality and a standard convolution inequality yield

1 ) 1 1 ] 1
59 (e [ 1aNSMFo)| dh qﬂ)ad ] [ ( 59 (e 4 [ |aNFo)| dh qﬂ)qd }
Ut [ ) e sal [ ([, ] o)) e



282 — C(.Zhuoetal. DE GRUYTER

with c¢3 independent of B and f. Consequently we get

1
([eso(et [ e -snoran) @) o) G8)
0 B(0,t)
1 )4 1
<Ccue+ ‘531‘15; \B|%"z% {/ (O/ _Sq B(O/t) |AI,\,’(f SMf)(x)|dh) )qu} '

Since f € &3, p,q(Rd), the supremum on the right-hand side is finite. By the definition of the supremum there
exists a sequence of balls B; := B(yj, rj) withj € Nand \B(y]-, r,~)| > § such that

o [(feo( | wio-stpma4)'a]
B 0

B(0,t)
s%+|3j|%-.% U(/ 54 / aX(f - 5" dn)” )der
B,‘ B(0,t)
1 l
s71,+|3j|%7% U(/t (- / AN (f - SMf)(x)|dh>th> dx}
R4 0 B(0,t)
< 5+ es 85 I - VIR g(RY). (3.9)

Here in the last step we used Proposition 3.11 for the original Lizorkin-Triebel spaces Fzyq(Rd), i.e., in case
p = u, see also [56, 2.5.11].

Substep 2.1. We claim that a function f ¢ 8§,p,q(Rd) with compact support belongs to Ff,,q(Rd) as well. We
may assume supp f C B(0, R) for some R > 1. Based on Proposition 3.11 we observe that

1
s ([ eso(ct [ iatrean)" ) Ly
0 B(0,t)
1
- LB, R+ | ([ eso(ct [ iatrey an)’4)?
0 B(0,0)
1
< B, R+ IR + 180, R W5 ([ eo0(e [ iy an)” %) g
0 B(0,)
< 6 R+ N)'G|[f (€5, .o R (310)

Hence f ¢ Ff,,q(Rd).
Substep 2.2. Next we shall use Lemma 3.2 and Proposition 3.6. Since f € F 4(RY) = &5 , 4(R?) = éf,,p,q(]Rd)

and 1 < p, q < oo we get
JimIf - SMfIFS ,RY) = 0. (3.11)
oo

Finally, we collect (3.8)-(3.11) together and find for fixed € and associated 6§

1
q 1
([eso(c? [ 1ahe-s"noran) 80 e < coe s T+ cs 8% If - IR @) < cre v
0 B(0,t)
if M is chosen large enough. So if j tends to infinity this proves (3.7). The proof is complete. O

To continue we have to deal with the following subspaces of &3, p,q(Rd).
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Definition 3.14. Let 1 < p < u < oo, 1< g < coand s > 0. Let B be a ball in R%. Then &, , ,(R%; B) is the
collection of all f € Si,p,q(]Rd) satisfying supp f C B.

Putting together Lemmas 3.12 and 3.13 we obtain the following theorem which will be our main tool for
what follows.

Theorem3.15. Let 1 <p <u<oo,1<q<oo,s>0andletBbeaballinRe. Thenf Sﬁ,p,q(]Rd;B) belongs
to éﬁ,p,q(Rd) if and only if (3.4) and (3.5) hold uniformly iny € R9.

3.4 On the intersection of Lizorkin-Triebel-Morrey spaces

Intersections of Lizorkin-Triebel-Morrey spaces will play a role in the description of the interpolation spaces,
see Section 5. In particular we are interested in properties of £, ; RY) N ES , - (RYD).

Lemma 3.16. Let © € (0,1),s; € R, p; € [1,0), g; € [1,00] and u; € [p;, o) withi € {0, 1} such that
s=(1-0)sp+ Os;,
1-6 1 1-06 06 1 1-06

1 C] C]
— = + =, == +— and == + —.
p Po b1 q do q1 u Up u

Then we have
8154%,170,110 (Rd) n Eillypl,lh (]Rd) — EISJ,P,q(Rd) .

Proof. Because of our assumptions and Holder’s inequality we have
i oo i oo 1-6 j =) (]
12 a)iZoltqll < I 27 a)Zollao " 11 (2 ap)iZolbq, || -

This will be applied with a; := ?‘1[(p]~?f] and j € Np. We continue by a further application of Holder’s
inequality and find

<

112" aioltall |L(BOy, 1)

2% @)5Zoltaol ™ 1 2% @)fZolas 1° [Lo(BLy, 1)

. 1-6 . ]
1@ afoltasl [Lpo B )| || 1@ afolta, |l |Los (B, M|

<

which proves the claim. O

We need to improve Lemma 3.16. Therefore we have to accept stronger restrictions.

Lemma3.17. Let © € (0,1),0 <59 < 51,1 <pg < p1 <oo,15qo,q1 < oo, min(qo, g1) < o0, Po < U, P1 < Uy
and ug < uq, such that s = (1 - @)sqg + Os4,

1 1-0 © 1 1-6 © 1 1-0
= t+t—, == +— and ==
q1 u Uo

P po P14 4qo

[C]
+—.
251
In addition we assume either so < s1 0r 0 < so = s1 and ¢ < qo. Let B be a ball in R?. Then we have
Elsz%,po,qo(Rd?B) n Eflll;pl’QI(Rd;B) < €5 p.g(RY).
Proof. By Lemma 3.16 we already know that

Siz,po,qo(Rd) n Elsill,pl,ql(]Rd) = Ei,p,q(Rd)-
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Now we want to employ Theorem 3.15. This is possible because we have s > 0 and ¢ < oo. Let f €

€5 pogo R4 B)NES o (R B). Using po < p < p; and Holder’s inequality we find

B(y, |+ /\f(x)lpdx < |B(y, D) /\f(x)lpldx

B(y,r) B(y,r)
1

p1
1_1 1 _ 1 p
= By, n)[¥ 5 [Bly, r)| 7 / FOOP dx
B(.y,r)
< [Bly, N w || f MU (RD)], (3.12)

which tends to zero if r — 0 due to ug < u < u;. Now we proceed similarly with the term I(f, y, r, s, u, p, q)
given by

1 ) 1
1.y, 75,0, ) = |B(y,r)|%‘%[ / ( [es(et [ IAin(X)\dh)th)qur
0

t

B(y,r) B(0,1)

with N > s. Using pg < p < p1 we observe by the Holder inequality
1 1
([eso(c® [ miroran)s)’

1_1
If,y,r,s,u,p,q) < |Bly,n)|* m Ly, (B(y, 1))

0 B(0,t)
1 1
11 —sq (.- adt\
<18y 0% | ([ e (cd [ atroran) ) ey
0 B(0,t)

1_1 s d
<c1|By, N " || f1€u,pr,g R
1_1
< o[BG, D | FIES oo R, (3.13)

where we used Proposition 3.11 and the elementary embedding &3} P1.d1 (RY) — &, pl,q(Rd), see Proposition
2.1in [62]. As in (3.12) it is obvious that the right-hand side tends to zero for r — O uniformly in y. Hence, by
Theorem 3.15, (3.12) and (3.13) we finally proved f € Sﬁ,p,q(]Rd). O

3.5 Some test functions

In this subsection we shall investigate some families of test functions. There are two reasons for doing that.
On the one hand it allows to get a feeling for the spaces under consideration. On the other hand these families
will be used in the proofs of the Propositions 1.5 and 1.6. It is well-known that the function f(x) := |x|4/%,
x € R\ {0}, is an extremal function for M} (R9). Here we shall deal with a few modifications of this extremal
function. Within this subsection we shall work with a smooth cut-off function ¢ supported around the origin.
More exactly, P € Cg"(Rd), radial-symmetric, real-valued, O < (x) < 1forall x, (x) = 1if |x| < LTand (x) = 0
if |x| = 3/2.

Lemma3.18. Letl1<p<u<ocoandl < q < oo,
(i) Then the function
_d
hu(x) == (1 = () x| ¥, xeRY,
belongs to I7V’”M§ (RY) for allm € N.
(ii) For all s € R we have hy € éﬁ,p,q(Rd).
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Proof. We notice that (i) is a byproduct of the proof of (ii). Therefore in what follows at first we will prove (ii)
and come back to (i) at the end of the proof. Temporarily we assume s > 0. Clearly, hy, is a C=*(R?) function.
Let « € N¢ be a multi-index. Then we claim that D%h, belongs to &5 , ,(R?) for all a, i.e., we claim that
hy € Eﬁ,p,q(Rd) C éﬁ,p,q(Rd), see Definition 3.5. We shall work with Proposition 3.11. Therefore we have to
deal with

| D*hy [ MR (3.14)

H(/l = / |AND“hu()\dh)th> ’M”(Rd)
0 (0,t)

with N > s. Let us start with (3.14). Since hy, is smooth, estimates with respect to small balls are no problem.
By means of the radial symmetry and hy € C*°(R?) elementary calculations show that it will be sufficient to
estimate

and

(3.15)

1
I = sup B, P [ D pax)”
r>2

2<|x|<r
By induction one can prove for any a the existence of a constant C4 such that
IDYx| 74| < Ca|x[ 5718, x|>0. (3.16)

Hence )
Il < Cp sup rg_g( / —*—Ialptd 1dt) p

r>2
2<t<r

Therefore (3.14) is finite.
Now we turn to (3.15). Because of h, is radial symmetric, hy, € C*°(R?) and supp hy N B(0, 1) = () again some
elementary calculations show that it will be sufficient to estimate

1 p
q q i
I, = sup rH( / (/t5q<td / |A2’D“\x|’5\dh) ﬂ) dx)".
r>2+N t
2+N<|x|<r O B(0,t)

Therefore we can apply a consequence of the Mean Value Theorem consisting in

d
\AND“|X|"|<C,,,N|h\ max sup |DD%z| u|
[7I=N |x-z|<N|h|

for some constant C, y independent of x with |x| > 2 + N and h with |h| < 1. Using this and s < N we obtain

2 1
g2 1
I, <cy sup r%*% / (/ 59N max sup |[DV|z[ |q$) dx)p

r>2+N [¥I=N |x-z|<N
2+N<|x|<r
1 dt L 1
d_d _ q =
<c3 sup ru ,,( / max sup \z| el p‘“l(/ t S‘”Nq—) dx)p
r>2+N [¥I=N |x-z|<N t
2+N<|x|<r 0
d_d dp 1
<c, sup ru- E( sup |z|’7’pN’p‘“‘dx)p.
r>2+N |x-z|<N

2+N<|x|<r

For 2 + N < |x| < r we define z’ := "‘llx"Nx. Then because of

|z'| = |x|-N and |z - x| =
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we obtain

_dp_pN- _d N
sup |z| v PN-Plal _ = (x| = N)~w PN-plal

‘ x| - NX‘—dT"—pN—pIaI
|x-z|<N |X|

Now we insert this in our estimate and use |a| = M € Ny to find

1
d_d _dp_ o 5
I, <c, sup re p( / (x| - Ny« PN pde)p
r>2+N
2+N<|x|<r

1

a_a _dp N ’
< C4 SUpTH P( / |x|"w PN pde)p
r>2
2<|x|<r

1
. 1
< C5 sup r%—%( / t'Tp'pN‘thd‘ldt)p .

r>2
2<t<r

But this term is almost the same as in the estimate of I;. So like before we find I, < oo. This proves the claim
with s > 0. In the case s < 0 we may use the continuous embedding éﬁ‘jp,q(Rd) s éf},p,q(Rd) with s1 < sg.
This completes the proof of (ii).

Observe that (i) follows from the fact that (3.14) is finite, see Definition 2.8 and Definition 2.2. Moreover for
p > 1 the result (i) is a special case of (ii) anyway, see Lemma 2.9. O

Next we consider the function
fa(X) == X) |x|7%, x € R%\ {0}, a>0. (3.17)
Already in [63], page 1849, one can find that in case 1 < p < u < oo we have fy € My (RY) if and only if a < %.
Moreover we have f;/, ¢ Jfftg (RY).
As a consequence of Lemma 2.3 one obtains a characterization of I/i/'"M;‘, (RY).

Lemma3.19. Let1<p <u<ocoand m € N. Then MO/mM}‘,(Rd) is equal to the collection of all f € W'"M;‘,(]Rd)
such that, for any B € N& with || < m,

ST

rIIl B L xX)|” dx 0
B(y,r)

uniformly iny € R4,
Now it is easy to check the regularity of f, with respect to the scale ﬁV’"MS RY).

Lemma3.20. Let1<p<u<oo,me Nandm< 4. Then
(i) fa € W™ME(RY) if and only if m + a < 4;
(ii) fa & WMERY) if m+ = .

Proof. Step 1. Proof of (i). Let B € Ng with || < m. It follows from the Leibniz rule, (3.16) and the smoothness

of i that

Do) < Cap 70, < 2,

with an appropriate constant C, g. Hence with m + a < g we find DAf, € M};(Rd) and therefore f; €
WmME(RY).

Conversely, let fs € W™M} (RY). We fix B :=(m,0,...,0). We need to distinguish m even and m odd. If
m = 2m’, then

’

DPfax) = DP(x[™) = o x| <1,

Ci |X|a+2m’+2i ’
i=0
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where {cl-}lfﬁé) are appropriate constants independent of x. If m = 2m’ + 1, then

’

2i+1

DPfal) = DP(x| ) = 3 o —

‘X|a+2m +1+2i°
i=0

i
where {d; }"’O are appropriate constants independent of x. Observe that the terms ——-1— are ordered, i.e.,

| ‘a+2m +

x '+ x1)!

|X|a+2m’+j+2 - ‘X|a+2m’+j *

Now we choose a subset A of R and a constant ¢ > 0 by

A:z {XGRd: |X|<1, |X1‘2maX(‘X2|’C.'.,|Xd|)}.
Let E denote the minimum of those constants cq, ... , Cy/, do, ... , dym, Which are positive. Then ¢ > 1 is
chosen in such a way that

2 2m’
Z l 2 E X" | xeA
|X|a+2m +2i| 7 2 ‘X‘a+4m’ ’ ’
if m=2m’ and
m’ 2i+1 2m'+1
d. |x1] E |xq| A
‘Z "X|a+2m’+2i+1 D) |x|ocrdm’+1 2 xesa,
=0

if m = 2m’ + 1. Then for r € (0, 1) and B as above we have

1.1 o |P 1
fu W MERY)| > |B(O, )| ( / ‘DB(|X| a) dx) ’
B(0,r)NA
1
> Eq ‘B(O, T)|%_% ( / |X|—(tx+m)p dX) P
B(0,)NA
> E2 ru —(a+m)

for appropriate positive constants E1, E, independent of r. On the one hand this yields necessity of a + m < g
in (i), on the other hand we get f4_, ¢ I7VmM}‘, (RY), see Lemma 3.19. O

Now we turn to the case of fractional smoothness. This will be a little bit more technical than the previous
proof.

Lemma3.21. Lets >0,1<p <u<ooandl < q < oo. Then we have

() fa € §ﬁ,p,q(Rd) ifandonlyifa + s < d/u.
(i) fa & E3pgRY ifa+s=d/u.

Proof. Step 1. Proof of (i). We will use Proposition 3.11.
Substep 1.1. Sufficiency. By means of the elementary embedding &}, p,q(Rd) — Sﬁ,p,m(Rd) we may restrict us
to the case g < oo. The membership of f in Morrey spaces already has been investigated. It remains to deal

with
H( e /|A’,¥fa )\ dn) ‘“7“) \M ®Y|,
0

where we assume a +s < d/uand N > s. Because of the compact support it will be enough to deal with small
balls in the Morrey norm. Furthermore, because of the radial symmetry, it will be sufficient to study the balls
B(0, r) with O < r < 1. So we are interested in

sup rd(%-%>(/ (/ / AN |x \‘“\dh ) dx)P. (3.18)
0<r<1

|x|<r B(0,t)
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We split the integral with respect to h into three parts, namely

(a) [h] < |x|/(2N),

(b) |x|/(2N) < |h| < 2|x| and

(c) |h| = 2|x|.

Case (a). Here for 1 < I < N we have |x + lh| = |x| - N|h| = |x|/2. Moreover the Mean Value Theorem yields

Ny, - N - N |, -a-N
Ay |x|™] < Ca,nlh|" max sup |D7[y[™*| < cq |h[" x|
[7|=N |x-y|<N|h|

Consequently we find

x| x|
q
/ t‘“”’)q( / AN \x|“"|dh) ? < ¢y x| 7@ N4 / {WN-s) % < c3x| @),
0 [hj<t, 0
|R|<|x|/(2N)

In the case 0 < |x| < t < 1 we use the trivial estimate

AN x| < 2V max |x + h|™ < C|x|™*
h Os<IsN

and obtain
1 1
/t‘sq (t‘d / |AN x| dh)qg <y x| /t’sqg < cg x|+,
|x| |h|<t, Ix|
[h|<|x]/(2N)

Combining both estimates in Case (a) we get

1
_ B _ adt _
/ 54 (t d / 1Y x| "‘\dh) & s e e, (3.19)
0 Ihi<t,
k] <[x]/2N)

Case (c). Next we look at the case 2|x| < |h| < t < 1. Here we observe

1
-sq [ 4~d N, —-a qﬂ
/t (t / 14N x| |dh) .
0 2|x|<|h|<t
1
< ¢y /t"sq(t"d / (|x|"“+\x+Nh|"“)dh>q$
2|x| 2|x|<|h|<t
1

<cs [/t’sq(t’d / X + NR| @ dh)

2|x| 2|x|<|h|<t

adt

—(a+s)q
— + .
-+ Ix }

Now since |x + Nh| = N|h| — |x| = cg|h| we obtain

1 1
q
/ 54 (t‘d / |AN |x|""\dh) ? < C10 [\XF“‘I / t’sqg + \x|‘(‘”s)‘1] < cqq |x|7@)a, (3.20)
0

2[x|<[hl<t 2ix]

Case (b). It remains to deal with |x|/(2N) < |h| < 2|x|. Temporarily we assume 2|x| < 1. In analogy to Case (c)
we find

1 1

-sq [ 4-d N, -a qg -sq [ —d -a -a qg
/t (t / 14N x| \dh) - <ci / t (t / (x| + |x + Nh| )dh) -3
0

|hj<t, x|/ (2N) |h]<t,
x|/ (2N)<|h|<2|x| x|/ (2N)s|h|<2|x|
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It is not difficult to see that

(¢ / x| dh) Al ¢ eyy |y ar)a,

[x|/(2N) [h|<t,
|x|/2N)<|h|<2|x]|
On the other hand we observe
1
q
/ %4 (t‘d / |x + Nh|™© dh) %

|x|/(2N) |h|<t,
Ix|/2N)s|h] <2|x|

1

< / t"sq(t"d / |y|"”‘dy)q%

|x]/(2N) |y|<min(|x|+Nt,(2N+1)|x|)
1
<Cy / 59t % (min(|x| + Nt, 2N + 1)|x)) x4 dtt
|x|/(2N)
2x| 1
=c1y / £59¢799(|x| + Np)a+da ? +C14 / 59 99((2N + 1)|x[) "+ De ‘it
[x|/(2N) 2|x|
=cu(ly + 1),
where we used a < d. Since
I < cq5 x| 7704 and I < ¢y x| 704
it follows also for the case |x|/(2N) < |h| < 2|x| that
1
Jee(er [ adn) g s e e G21)

0 |h|<t,
[x|/(2N)<|h|<2|x|

The needed modifications for the case |x| < 1 < 2|x| are obvious. Now we are well prepared to deal with (3.18).
When we combine (3.19) - (3.21) we obtain

1 P 1
an ([ (e | a2
0<r<1 t

Xler 0 B0,0

1 r 1
p p
< C1g Sup rd(i’;)< / |x|(“*s)pdx> < C19 SUP rd(i’;)</t(“+s)ptd1dt>
0O<r<1 O<r<1 >

|x|<r

Since a + s < d/u < d/p this integral exists and we find

1 1
sup 4D ([es(er [ abiran)' ) d")
0<r<1 .

Ix|<r O B(0,0
< Cyp Sup G5y (ass)y C20 SUp PiaS ¢ oo,
0<r<1 0O<r<1

This proves f, € EZ,p,q(]R{d) inthecase a +s < d/u.
Substep 1.2. Necessity. Let a + s > d/u. By means of the elementary embedding Sﬁ,p,q(]Rid) — SZ,I,,OQ(]R{d) it
will be enough to consider the case g = co. We claim that

p 1
sup riG- P)< / (sup 54 / |A2’\x\’“|dh) dx)p =00,
0<r<1 J \o<ta

|x|<r B(0,t)
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Write x = (xq1, X2, ... ,Xd) S R? and h = (hy, hy, ..., hd) S Rd.We put

_Q(t):={he]Rd: lh| < t, smkinhk}, t>0.

t
2Vd
Then for all O < t < 1 it follows the existence of a positive constant ¢, such that

1Q(6)] = ca1 4. (3.22)

Let 2771 < |x| < 277 for some j € N and min, x; > 0. Moreover we assume 2~ < t < 27*1 for some i € N with
1<i<j-L' where L e N will be chosen later. Now let h € Q(27). Then for k € {1,2,...,d}, because of
j—1i> L', weobserve

27 2 r 1
2xihy 2 xk—d > xi 2oL

——— 22Xy 2" —.
va g

Let L € Nsuch that 2 L > 2, Hence (x; + hy)? = 21x2 and therefore

S

L
|x +h|¥ = 2% |x]*.

The restrictions xy, hy = O forall k € {1, 2, ..., d} also imply

|x + ¢h|* = 2“%|x|“ and  |x| %2 2“%|x+éh|’“
forall ¢ € {1,...,N}. Now we are able to find an appropriate estimate of |A2’ fa|- Under the constraints
collected above we obtain
N1y ,
ANfa = X = (3 ( e) e+ (N = OR™) 2 (1 - 2%,
£=0

Now we choose L € N as small as possible such that 1 — 2N-2L/2 > 1/2 is fulfilled. Then L only depends on N
and a and we get

1, -
47 fab0)] = 5 [x7°

Choose L’ € N as the smallest number that fulfills 2%’ ﬁ > 2L, Then with 277! < |x| < 27 < 272°L" and
ming x; = 0 we obtain

sup t574 / |AN X% dh = sup 21+ / AN x| dh
0<t<1 ieN
B(0,t) B(0,271)

> sup 2is+d) / |AN X% dh
ic{1,2,..., j—L’-1
ief j ¥ 002

2Cy) 2(]'—L’—1)s ‘X‘_a

for some positive c,, (independent of x) by taking into account (3.22). Next since 271 ¢ |x| < 27 this can be
rewritten as

sup 574 / AN X7 dh = ca3 x| @9, (3.23)
O<t<1
B(0,t)

In what follows we need the notation

B := (B(o,Z‘f)\B(o, 2‘1"1)) ﬂ{xe]Rd: X, = 0 forall k = 1,2,...,d}, jeN.
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By the construction and (3.23) it follows

PoN\p
sup fd(H)(/ (Sup £ / IAQ'IXI'“\‘”’) dx)
O<r<1 O<t<1
B(0,))

|x|<r

oo 1

1_1 _ r

> cp3 sup riGy) Z x| WS)de)
0<r<1 .

J=L"+2p(0, By

min(r,27'-2)

1

p

> Cyy SUP rd(%’r%)< / t’(“*s)ptd’ldt) .
0<r<1

Now there are two possibilities. Either this integral is infinite or it is finite. In the first case our claim follows.
In the second case, when we have —(a + s) + d/p > 0, we conclude

p o1
sup rd(%‘z’l’)</ <sup s / |A2’\x\"”‘\dh) dx)p (3.24)
0<r<1 0<t<1

|x|<r B(0,0)
1_1 . I/ —9\— d d_n_
> co5 sup G P min(r, 271 7))@ s 00 sup  ru %S,
0<r<1 O<r<2-1'-2

Because of a + s > d/u the right-hand side is not finite and therefore fz ¢ £} 4(R?).

Step 2. Proof of (ii). We fix a := ¢ — s > 0. By means of the elementary embedding Eﬁ,p,q(Rd) — éﬁ,p,w(Rd) it

d _
will be enough to concentrate on g = oo. Here we can apply Step 1.2, in particular (3.24). It follows

b\
limrd(%’%)< / < sup ¢+ / AR X dh) dX) > o6 lim 157975 = 56 > 0
rl0 0<t<1 rl0

|x|<r B(0,0)

and hence, by Lemma 3.12 we find fg s & éi,p,q(Rd). The proof is complete. O

Remark 3.22. (i) The regularity of the functions f, defined in (3.17) attracted some attention in the litera-
ture. Membership in Ez,p,q(Rd) = Ff,,q(]Rd) has been investigated in [42, Lemma 2.3.1]. However, there a
totally different method has been applied. In [42, p. 97] additional references are given.

(i) Lemma 3.21and its proof show how the characterization in terms of differences for the spaces &} p,, q(Rd)
and éﬁ, p,q(Rd) can be used to investigate whether a test function belongs to those spaces or not. Although
at the first moment the proof seems to be long and technical, it is not too difficult. So every substep of
it is easy to understand. Maybe there exist alternative proofs for Lemma 3.21 using wavelets or atoms.
For the spaces Ei,p,q(Rd) characterizations in terms of atoms (see [45]) and wavelets (see [44], chapter
4.2 in [62] and Theorem 3.26. in [59]) are already known. On the other hand for both methods a suitable
characterization of éﬁ,p,q(Rd) must be proved first.

4 Extension operators for the spaces &; , ()

The main subject of this section will be Rychkov’s extension operator, see [43]. To adopt our approach to
what has been done in [43], we mention the following generalization of our Definition 2.4. First we need
some further notation. For any function h, we use L, € Ny to denote the maximal number such that h has
vanishing moments up to order Ly, namely,

/ x*h(x)dx =0 for all multi-indices a with |a| < Ly,
R4

If either no or all moments vanish, then we put L, = -1 or L, = oo, respectively. For a given function A we
define A;(x) := 24 A(2/x) with x € R and j € N.
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Lemma4.l. Letl<ps<u<oo,1<qg<ocoands e R.LetAy € S(RY) be a function such that

/Ao(x) dx #0, (4.2)
R

Ly=[s], where A():=Ao(-)-2"%2o(-/2). (4.2)

Then the Lizorkin-Triebel-Morrey space &3, p,q(]Rd) is the collection of all tempered distributions f € &' (RY) such
that

< oo

ME(RY)

IF i8ra®, = (24 5 o)’
k=0

in the sense of equivalent norms (with usual modification if q = o).

Proof. In principle the proof follows the same lines as in case p = u, see [7], [8] and [43, Prop. 1.2]. So we skip
the details. O

For a special Lipschitz domain Q one can find a narrow vertically directed cone K with vertex at origin
that its shifts x + K are in Q for every x € Q. For example, we may take

K:={(x,xg) € RY . IX'| < A x4},

where A denotes the Lipschitz constant of w. Let -K := {-x : x € K} be the "reflected” cone. Then for every
test function v € D(-K) and f € D’(Q), the convolution v * f(x) = (f, y(x - -)) is well defined in Q since
suppy(x-+) c Qforx € Q.

Proposition 4.2. Let Q c R? be a special Lipschitz domain and let K be one associated cone as above. Let
©o € D(-K) have nonzero integral and let ¢(-) := @o(-) — 2-%po(-/2). Then for any given L € N, there exist
functions o, P € D(-K) such that Ly, > L and

f=2¢j*(ﬂj*f (4.3)

forallf € D'(Q).

Proposition 4.2 was established by Rychkov in [43]. In the following, for any f : Q — C, denote by fj, its
extension from Q to all of R? by zero. In addition, if g : R? — C, then 8|, denotes the restriction of g to Q.
This notation will be also used for distributions.

Theorem 4.3. Let QO C R9 be a special Lipschitz domain and K its associated cone. Let s € R, g € [1, o] and
1<p<u<oo Let pg € D(-K) satisfy (4.1) and (4.2). Let g, P € D(-K) be given by Proposition 4.2 such that
Ly > d/ min(p, q). Then the map E defined by

LS}

Ef =3 ;*(@;*Pa,  feD(Q),

j=0

induces a linear and bounded extension operator from &3, p 4(Q) into the space Eﬁ,p,q(]Rd). Moreover, for any
f € D'(Q) we have E(f)|O =f.

Proof. We follow Rychkov [43]. Only a few modifications have to be made. The parameters s, p, u, q, d are
considered to be fixed in what follows.
Step 1. Let X be the space of all sequences {g;};en, of locally integrable functions on R4 such that

30 X1 = [ (3 1267 [pes | < e,
j=0
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where G(g;) denotes the Peetre maximal function of g;, namely,

G(gj)(x) := sup 5,0 x e R4,

yera (L+2[x - yV’

The natural number N will be chosen so that
d

m<NSL¢.

We claim that, for any {g;}~, € X, the series Z;jo ; * g; converges in 8’ (R) and

IS ves
j=0

By [43, (2.14)] we know that, if Ly > [s] and Ly, > N, then there exists some o € (0, o), such that

€5.p.a®Y)|| S 11 {81} 0 X1

2510, ; * ;00| S 271519255 6(g)) ()

(4.4)

(4.5)

(4.6)

with the implicit constant independent of x € R%, 1,j € No and {8j};20- By Lemma 4.1 we may assume that

e, p,q(]R{d) is equipped with the norm generated by ¢,. Thus, for any j € Ny, we have

1
q

MERY||.

195 * gjl€%ma®DI < H (ZZ Sl Pl )]q>

From this we conclude that, for any j € No,
19 * &5 €5 G R S 27711 27 Glgp MpRY)|
<277 {68} MG (G R -
This implies that, for any kq, k, € N, ky < k, we find

HZ% g|Ekna®) H > 2 (Gl MR £ 27
j=k1 Jj=k1

Hence, Z;’O ; * g; converges in Eﬁjgﬂl(Rd) and therefore in 8'(R9), since Eﬁjﬁﬁl(Rd) < 8'(RY). Now we turn

to the norm estimate. By (4.6) we also have for any | € No and any x € R9,

(le] g]) Zz li-jloyis G )(X)

Taking the Mj(¢4)-norm on both sides it is easy to see that (4.5) holds true.
Step 2. Now we aim to prove that f € &} , ,(Q) implies

Ef) €& pg®RY)  and  [[E()[ENp,qRD SIS €54 -
By definition, for any £ € (0, o0), there exists g € Ei,p,q(Rd) such thatg|, = fin D'(Q) and
18 1€%p.a @ < 1f 1€5p.q (@] + &
Let gj := (@; * f)q with j € No. We will show that
1{(p; * NatiZo IXIl S 1l €3, R -
Again we apply an inequality due to Rychkov [43, p. 248]. We have
o O3 x ¢ Q;

(9 * Do) _ | yely 2T
yerd (L+2[x—yN ~ sup (1@1\7{(@;)” if x¢Q.

(4.7)

(4.8)
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Here X := (X', 2w(x’) - x,4) € Q is the point symmetric to x ¢ Q with respect to 0. Since the convolution of
@; with f in Q is only using values in Q we obtain

P;*fx)=j*gx)  foranyx e Q.

Hence
sup | @1*NaWI _ [ Glp;*g)) if x e 0;
yere (1+27x—yDN ™~ ] Glp;*g)x) if x¢ Q.

Obviously, for any ball B(z, r) C R4, we know that

= e @t Doy
(" s - )

(327 6o
j=0

(i ‘21'3 Glo; *g)(f)‘q)%
=0

|B(z, )|v

LP(B(z, )|

< |Bz, D7 IP(B(z, ) N Q)H

+[B(z, N|i 7 LP(B(z, 1) mﬁc)H

=:I+1I.

Clearly,
1< {G(; * 820 M RY)]|

Concerning II we argue as follows. Let x € B(z,r) N ﬁc. Independent on the situation (z € Q or z ¢ Q) we
associate to z the vector z := (2/, 2w(z’) - z,4). Here w refers to the function occuring in the definition of a
special Lipschitz domain, see Definition 2.16. It follows that

Z-X? <l -X?P+QA\|Z -X|+|z; - x4)? < max(24, 1)* 1,
d~Xa

i.e., x € B(z, max(2A4, 1)r). By Rademacher’s Theorem w is differentiable almost everywhere in R4, Using
this we observe that the transformation T(x) = X with x € R? has the Jacobi determinant |detJr(x)| = 1
almost everywhere. Thus, it follows from a change of variable formula, see, e.g., [17], [6], that

/ (]2 6o, * mxrco)|') " ax < / (> oty ") ax.
Bt B@max24,1)n) 1=

Applying this inequality we derive

< |Bz, 1) ( / (i ‘zfs G(o; *g)@’q)% d}> '

B(z,max(2A4,1)r) j=0

oo » 1
< |B(Z, max(24, 1)r)|%-%( / (Z ‘z}s Glo; * g)(})‘q) ‘ d}) ’
B(z,max(24,1)r) j=0
S H{G(g; * )50 IMB(E R -
From this, combined with the characterization of &} , ,(R?) via the Peetre maximal function with N >
d/ min(p, q) (see, for example, [34, Subsection 11.2]), we further deduce that II < || g|83,p,q(Rd)|\. Thus, (4.8)
is proved. By Step 1, (4.7), and (4.8) we conclude that

IEDIEp,a RN S 1@ * Na}2o MG GRS 1f1€%p,q(@Q)| + e

Letting € — 0, we find that E is a bounded linear operator from &, 4(Q) into £ , ;(R?).
Step 3. Let p € D(Q). Then

supp / Yilx-)px)dx C Q,

Rd
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where we used the fact that the supports of iy and ¢ are lying in —K. Hence

[ ([ wite=nptaax) ;= natdy - [ ([ witx=yiptodx) to; * ).

R4 R Rd Rd

Finally, from Proposition 4.2 we conclude that

E(f), =Y i*e;*f=f inD'Q).

j=0
This finishes the proof of Theorem 4.3. O

We remark that the extension operator E in Theorem 4.3 depends on p, g and s. More precisely, we need

to have d
[s]<Ly and min(p, q) > T (4.9)

]

However, Rychkov [43] has shown how to overcome these restrictions. He constructed an universal extension
operator, i.e., an extension operator, which works for all admissible parameter constellations simultaneously.
In view of (4.9), one is tempted to take Ly = Ly, = oo, which is certainly impossible for compactly supported
functions, as is seen from the Fourier transform but can be achieved with ¢, 1 rapidly decreasing at infinity.
Let Q and K be as above. By 8'(Q) we denote the subset of D’(Q) consisting of all distributions having
finite order and at most polynomial growth at infinity. More precisely, f € 8'(Q) if and only if the estimate

o) <c sup  [D%()|(1 + [x)M, forall ~ ¢ D(Q),
X€Q,|a|<M

is true with some constants ¢ and M € Ny depending on f.

Remark 4.4. By [43, p.250] we find that f € 8/(Q) if and only if there exists a g € 8'(R?) such that g,=fIn
particular, &3, , 4(Q) is a subset of 8'(Q).

The following lemma is just [43, Theorem 4.1].

Lemma 4.5. Let Q C RY be a special Lipschitz domain and K its associated cone. There exist four functions
®0, ©, Yo, ¥ € S(RY) supported in -K such that Ly = Ly = oo and (4.3) holds in D'(Q) for any f € 8'(Q).

Theorem 4.6. Let ¢g, @, Po, P € S(RY) be as in Lemma 4.5. Then the map E defined by

S}

Ef =) $;*(9;*fa,  fes'(@), (4.10)

j=0

yields a linear and bounded extension operator from €3, ,, 4(Q) into Eﬁ,p,q(Rd) for all admissible values of p, q, u
and s.

Proof. The proof is based on that of Theorem 4.3 and similar to that of [43, Theorem 4.1(b)]. Let f € €3 p,4(Q).
Then f € 8'(Q) follows, see Remark 4.4. By Lemma 4.5 we have

S}

dYwirei*f=f in D).

j=0

Moreover, since the supports of Yo and i lie in -K, it follows that

EF), =S i 9;*f = 1.

j=0
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It remains to prove that the series in (4.10) converges in 8'(R?) and

IEP) €50 RDI S 11 F1€5p,0(@Q)]] - (4.11)

Observe that forany /, j € Ngand x € R9 we have

o1 W (95 * Pa)| < / 101 * %;(2)I|(9; * alx - 2)| dz
Rd
< G((9; * )x) / 01 ()| + 22D dz,
Rd

where N is chosen as in (4.4). By [7, Lemma 2.1], see also [43, (4.8)], we know that for any M € N and any
I, j € No,

[ 1o w0+ 2z dz < 271,

]Rd
Thus, there is a 0 > 0 such that

25|@r i * (@ * Na()| < 27119256 (9 * o)), x e RY.

Now by an argument similar to that used in the proof of Theorem 4.3 above, we conclude that the series in
(4.10) converges in 8'(R9) and that (4.11) holds. O

Since multiplication by smooth functions in D(Q) preserves Ef,,p,q(Rd) (see [62, Theorem 6.1]), a stan-
dard procedure (see [53] or [43, p. 244]) allows to reduce the case of a bounded Lipschitz domain to a special
Lipschitz domain. Now we are in position to formulate the final result of this subsection.

Corollary 4.7. Let Q c R< be either a bounded Lipschitz domain if d > 2 or a bounded interval if d = 1. Then
there exists a linear and bounded extension operator E such that

Eq € L(Eﬁ,p,q(f)) - 8fl,p,q(]Rd))

simultaneously for all admissible values of p, q, u and s. In addition, for any f € 8'(Q) we have E, (), =fin
D'(Q).

Remark 4.8. A different extension operator for smoothness Morrey spaces has been investigated in Moura,
Neves, Schneider [39], but restricted to a smaller class of domains.

Let @ ¢ R? be a bounded domain. We shall call 2 an extension domain for &5, 4(R) if there exists a
linear and continuous extension operator E € £(€3,p,4(Q) — EZ,I,,q(Rd)).

5 Interpolation of Lizorkin-Triebel-Morrey spaces

In this section we will prove our main results. For that purpose we have to deal with complex interpolation.
Let (Xo, X1) be an interpolation couple of Banach spaces. By [Xo, X1]¢ we denote the result of the complex
interpolation of these spaces. We refer to Calderdn [12], Bergh, Lofstrom [4], Krein, Petunin, Semenov [31],
Lunardi [36] and Triebel [55] for the basics. All our investigations will be based on the following essentially
known formulas.

Proposition 5.1. Let © € (0,1),s; € R, p; € [1,0), q; € [1,00] and u; € [p;, o) withi € {0, 1}. Let
poui =piugands =(1- 0O)sg+ Osy as well as

1 1-0 © 1 1-0
= + — =

(C] C]
, +— and == +—.
p Do D1 q 4o q1 u Uo u
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(i) Then we have

- 1€

wpa R

[83%,170,%(]1%‘1), 8311;1’1;‘11 (]Rd)} o 8151%,170,(10(Rd) n 8311,191,41(Rd) (5'1)

(i) Let Q c R? be either a bounded Lipschitz domain if d > 2 or a bounded interval if d = 1. Then

- 1€5 5,4l

[8311%,170,610 (‘Q)’ Eflll,Plyfh (‘Q)} ] = EZ(()),POJZO(‘Q) n 8151114’1,111(‘9)

holds.

Proof. Essentially (5.1) is proved in [63]. However, the last step, i.e., writing down the explicit formula, has
not been done there. For convenience of the reader we will sketch a proof.

Step 1. Proof of (i). We need to switch to the associated sequence spaces €32 ,, 4, (R9) based on appropriate
wavelet isomorphisms. We refer to Rosenthal [40], Sawano [44] and Triebel [59] for more details and proofs.
The advantage of these sequence spaces ej), p,q(]Rd) compared with the function spaces &3, p,q(Rd) is that they
are Banach lattices. Calderén products X3 ~© X9 are well-defined for Banach lattices, see Calderén [12]. Shes-
takov [47, 48] has proved the following useful identity. Let (Xo, X1) be an interpolation couple of Banach
lattices and © < (0, 1). Then

L 1x1-6 y6
[Xo, X1lo =XoﬁX1|| Xl

Because of
dy1-6 d\6 d
€.p0,q0 R €34 py,qy R = ey p g(RY),

see Yang, Yuan and Zhuo [60], we find under the same restrictions as in Proposition 5.1

Il le;

s pa R

[efl%,po,qo(Rd)’ eiﬁ,pl,ql(Rd)]@ = €4y, po,qo R N €4 p, 4, (RY)
Complex interpolation spaces are invariant under isomorphisms. Again based on appropriate wavelet iso-
morphisms we can turn back to the spaces &3, p,q(Rd). This proves (i).
Step 2. Proof of (ii). We employ a standard method, see e.g., [4, Thm. 6.4.2], [55, Thm. 1.2.4] or [57]. Sup-
pose that E is our universal extension operator with respect to Q that was constructed in Corollary 4.7.
Then we have E € L(E 5, 4,(Q) — EZg,po,qo(Rd)) and E € L(E} p,.q,(Q) — Sf,llypl,ql(]Rd)) as well as
E € L(E3,p,q(Q) — Sf,,p,q(]Rd)). It follows that E is a coretraction to the restriction R with respect to Q. It
is R o E = I. Here I denotes the identity on the space defined on the domain. At the same time E is a linear
and continuous extension operator in £(X — Y) where

- 1€5,p, @Il

X = 8154%,170,110(9) N Eflll,pl,th(‘Q)

and

1€

wpa R

Y= Si%,Po,QO(Rd) n 8i11,p1,111(Rd)
Furthermore, the restriction R applied to Y leads to X. Hence, Theorem 1.2.4 in [55] together with Step 1 yield
(ii). O

Remark 5.2. (i) The formula (5.1) itself is explicitely stated in Hakim, Nogayama, Sawano [24, Thm. 1.5], but
under slightly more restrictive conditions. Whereas Hakim et al. [24] reduced (5.1) to results on the second
complex interpolation method of Calderén and an abstract result of Bergh [3], we employed Calderén prod-
ucts and an abstract result of Shestakov [47, 48].

(ii) The interesting formula (5.1) has several forerunners. It has been used before in Lu, Yang, Yuan [35] (re-
stricted to Morrey spaces), in Sickel, Skrzypczak, Vybiral [51, 4.3] (restricted to the classical situation p = u)
and in Yuan, Sickel, Yang [63, 2.4.3] (general case).
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5.1 Proof of Theorem 1.1

To prove Theorem 1.1 we need the counterpart of Definition 3.5 for domains. Let s > 0, 1 < p < u < oo and
1 < g < co. We put

Ejp,q(Q) := {fe D'(Q): 3ge Eupq(Rd) suchthat f=g on Q}
It is not difficult to see that we also can write
ES,.4(Q) = {f € 5 p.q(Q): DY € €5, 4(Q) forall ac Ng} .

But we know even more. There is the following counterpart of Proposition 4.21 in [58] with almost identical
proof.

Lemma5.3. Let Q C R? be either a bounded Lipschitz domainif d > 2 or a bounded intervalifd = 1. Let s > 0,
l<p<u<ocoandl < q < oo, Then the set Ej, , 4(Q) is independent of the parameters s, u, p and q. Indeed, it
holds

ES,.4(Q) = {f € C™(Q): D°f € Loo(Q) forall ae Ng} .

Let us continue with the proof of the main Theorem 1.1.

Proof. Step 1. Based on Proposition 5.1 we have to calculate

1€3 gDl
Ei(t)) Po, QO(Q) n Eill D1, ql(-Q)” P .

Lemma 5.3 yields
Elsl P q(‘Q) Euo Po, QO(‘Q) Eul »P1,q1 (‘Q)’

and hence
Elslsp,q(Q) = Ei%,poy%(g) n Eill,pbfh Q).

Therefore just by the definition of the space éﬁ, »,q(Q), Definition 3.5 and the trivial embeddings Ej; ). ;,(2) —
& pig (@) with i € {0, 1} we find

=7l €@l

I 1€5 5.4l
83 p.q(Q) = E§  4(Q) = Exy.poao (@) N EY p,, ql(Q)l R

Step 2. Recall, we assume that either 0 < sg < s or 0 < sg = s1 and g1 < qo, i.e., the conditions of Lemma 3.17
are satisfied. We claim that
Ssu‘g,po,qo(()) N Sﬁll,pl,ql([)) — Eup.g(Q). (5.2)

Let E denote the common extension operator. Let f € £} Po,q0 Q) N & p1,0: Q). Then Ef ¢ &w. Posdo RN
&n DL (RY). Let Y be a function in D(RY) such that ¥(x) = 1 on Q. Then the operator h — 1 - h be-
longs to L(E%,,, L(RY) — €9 " L(R9) for all admissible tuples (o, X, y, z). Hence g := Y - Ef € €2 po, qo(Rd) N

& pa (RY). Obviously (1 - Ef), =fin D’(Q). Let B be a ball such that Q ¢ supp ) C B. Hence

<
geey  w®EBNED o (RYGB) < &5, 4(RY),

see Lemma 3.17. Obviously this means f ¢ Eu p,q(©) and this proves (5.2). Step 1 and Step 2 combined with
Theorem 4.6 prove Theorem 1.1. O

Proof of Corollary 1.2. The corollary is a direct consequence of Theorem 1.1 and Lemma 2.9. O
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5.2 Proof of Theorem 1.3

First we recall some well-known embedding relations. The new restriction (d’) guarantees the continuous
embedding

1 1
glslg,PonO(Rd) - 8511,131,!11 (]Rd) — 8211,1?1,111(Rd) ’ t:=5o~ d (FO - ?1) ’

we refer to [62, Cor. 2.2] and [25]. In addition we get

1 1
o B €l B < Epg®D, to=so-d (o)
since po < p < p1, Ug < U < Uy, Ugp = po u and
d d d d d
sl—u—l<s—a—(1—@)<so—u—0)+6(sl—u—1> <so—u—o.

Because of tg > s we may apply Proposition 3.8 and obtain
8,51%,1,0,40([@‘1) = 836,174 RY) < 83,p,q(Rd)-
Consequently we have
1
Eiz,Po,QO(Rd) n Sillyp1,41(Rd) = gig,pO,QO(Rd) — EZ’P’q(Rd) .

Hence

I+ 1554 ®DII

€ voe RN NESL 0 (RD) o &5 4R, (5.3)

Employing the universal extension operator E from Corollary 4.7 we conclude

- 1€50p,@Il

ei%ypo,%('g) n Eilhplyql(g) — EISI’P’IJ(‘Q) N

To prove the reverse embedding we argue as before. By Lemma 5.3 we have

EISJ’P"](‘Q) = EZ%:POJIO(‘Q) n Eillypl,(h(‘g) - EZ%,IJOJIO(“Q) n 815111,171,511 (‘Q)’

which yields

Si,p,q(Q) — [EZ%,po,qo(Q)’ 8ftll,p1,q1(-Q)]8 .
The proof is complete. O
Proof of Corollary 1.4. The corollary is a direct consequence of Theorem 1.3 and Lemma 2.9. O

5.3 Proof of Proposition 1.5

For the complex method it is well-known that Xy N X is a dense subset of [X, X1]g, see, e.g., [4, Thm. 4.2.2]
or [55, Thm. 1.9.3]. Let the restrictions of Proposition 1.5 with respect to pg, p1, Uo, U1, go, 41, So, S1 and O be
satisfied. The parameters p, u, g and s are then fixed as well. Without loss of generality we may assume that
Q contains the ball B(0, 2). Now we employ Lemma 3.21. The results immediately carry over to the spaces
defined on domains. Therefore we choose « := u% - So. By assumption a > Oand a = &£ —s; = 4 - 5. Thus
Lemma 3.21 implies

fa € 83%,170»40(9) N 8311,171,111(9) and fa ¢ Ez’p’q(g).

This proves the claim. O
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5.4 Proof of Proposition 1.6

Step 1. Proof of (i). It will be enough to show that there exists a function h € éﬁ,p,q(Rd) such that h ¢
(€52 po.g0 D, E3L 1 4 (RD)]g. Therefore we will work with the family of test functions h, we investigated
in Lemma 3.18. Let 0 > 0,1 < y < x < oo and 1 < z < oo, Then there is the embedding Eg,y,z(Rd) — Mﬁ(Rd).
Hence we find

SZ(()) Po,qo (Rd) n gul »P1,91 (Rd) - Mgg(Rd) n MZ;(Rd) *

Moreover we observe

- 1€5,,4®D] Il -1€5 5., @Dl
€ porao RD N ER 5, g, RD" 7 C Mo (RD) N MG (RD)
 Mm@ED nag e I
Lemma 3.18 yields h, € Eu b, q(Rd). But we have
[l - 1vERY|
huy ¢ MR (RO N MELHRD) 7

This has been proved in [63], see the proof of Corollary 2.38, Step 3, page 1891.
Step 2. Proof of (ii). This has been proved in (5.3). O

6 A few comments to related results

In this section we will collect some more material concerning interpolation of Morrey spaces, smoothness
Morrey spaces and their relatives. Let us start with two papers of Lemarié-Rieusset [32, 33]. Based on earlier
work, see Ruiz, Vega [41] and Blasco, Ruiz, Vega [5], he was able to show the importance of the restriction
u0p1 = uy po. Under the restrictions 1 < pg < ugp < o0, 1 <py U3 <00,0< @ <1, 1 := L8+ Fand ] :=
—0 i 9 he proved that there exists an interpolation functor F of exponent  such that F (M"g (RY), M”i (Rd)) =
Mp(Rd) if and only if ugp1 = u; po. In the meanwhile two interpolation functors are known which have
this property, namely the + method of Gustavsson and Peetre [15, 16] and the second complex interpolation
method introduced by Calderdn . We refer to Lu, Yang, Yuan [35] and Lemarié-Rieusset [33], respectively.
Concerning the + method, denoted by (-, -, @), Yuan, Sickel, Yang, [63] have shown that

(€3.p0.00 B, €2 pra R, ©) = ELp g (RY)

holds subject to the restrictions

(@) 0<po < p1<oo,posip<oo,pysu<oo;
(b) 0<qo,q <oo;

(¢) poui = piuo;

(d) so,s1 €R;

1._1-0 6 1._1-0 e 1._1-6 -
(e)O<@<1,E.—p70+pfl,a.—w+a,§.— q0 +ES (1 @)SO+651

Concerning the second complex interpolation method, denoted by [ -, -]°

[24] proved

, Hakim, Nogayama and Sawano

(€50 poao®D), E5L 5 0 (RD]O = &5, ,(RY),

provided that (a)-(e) are satisfied and in addition pg, p1, 9o, g1 € (1, o).

Let us come back to the first complex interpolation method. Together with the real interpolation method of
Lions-Peetre it is the most important interpolation method. Therefore it is of interest for its own to under-
stand the spaces [£52 , . (RY), &5 , . (RY)]e. In case of the Morrey spaces different characterizations of
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(M50 (RY), Mp! (R9)]g can be found in Yuan, Sickel, Yang [63] and Hakim, Nakamura, Sawano [23]. There is
a certain number of publications dealing with the interpolation of subspaces of either Morrey or of Lizorkin-
Triebel-Morrey spaces. In particular the behavior of the following expressions already has been investigated:

* (B BD, 500 (R, ©), (8 pn.ao B, £, (R, ©);
o L€ po.ao R, €34 p1a B, €35 50,00 RD, E3 pyqs R
[8,,0 porao (R, Eipn, n B, [ED 0 (R, E o (RN,

. [8% porzo D), eul poa RN

o €50 oo R, ESL 0 (R .

We refer to [35], [60], [63] and [24] for results and further explanations. Similar investigations also have be
done for Morrey spaces and certain subspaces of Morrey spaces. Here we want to mention [19], [20], [23], [18],
[21] and [22]. Probably it is of certain interest to notice that the diamond spaces on domains form a scale under
complex interpolation, i.e.,

[Efl%,po,qo(g) gul ,P1,q1 (Q)]Q = 8Z,p,q(Q) s

at least under the restrictions in Theorem 1.1 or in Theorem 1.3. This follows from

Ep,g(Q) = Ev po.go(Q) NV Ed p g, (Q) C [E3) py,q0(Q)s €3 py g (Do = Eup,g(Q),
see Lemma 5.3,

el 1€, @ o | R L (O)]]

ei,p,q(o) = Eﬁ,p,q(o) and 8154 D, q(-Q) = 8Z,p,q(g) .

Let us add a few references to the real method as well. First results on real interpolation of Besov-Morrey
spaces can be found in Kozono, Yamazaki [30]. Mazzucato [38] was the first who had dealt with the real
interpolation of Sobolev-Morrey spaces W™Mjy (RY) and their generalizations to the classes Ef,,p,z(Rd) with
1 < p < u < oo, Her result is contained in

Ny N7 q(Rd) = (& ,P»qo (Rd) & ,D» ql(Rd»@,q

ifsg,s1 €ER, S0 <S1,0<p<u<oo,0<qp,q1,q <ocand0 < O < 1, see [50]. Recently Burenkov, Ghor-
banalizadeh, Sawano [11] described the K-functional for the pair (My(a, b), W"’M}‘,(a, b)). Here W"’.’M}‘,(a, b)
refers to the homogeneous Sobolev space. In [9], [10] Burenkov et al. studied the real interpolation of slightly
modified spaces, so-called local Morrey spaces. They behave much better under real interpolation than the
original Morrey spaces.

Finally, we mention that the interpolation property has been investigated, e.g., in Adams, Xiao [2], Adams
[1] and Yuan, Sickel, Yang, [63], where also further references can be found.

7 Some open problems

At the end of our paper we would like to address a few open problems which could be of certain interest.

1. A general question is about the role of the Lemarié-Rieusset condition ug p1 = po u1. How do the interpo-
lation spaces look like if this condition is violated? There are special cases which one should investigate
first like the following. Let po = p1 and ug < u;. How do the interpolation spaces

(WO MGs (Q), W™ My ()]

look like in the case mg < my ?

2. What happens if sg — d(ul—0 - ul—l) < §1 < Sgand ug p1 = po U1 ? These cases are not treated in the Theorems
1.1 and 1.3. We refer to the picture at the end of the Introduction.

3. Find a characterization of [£5) , , (RY), €51 , . (RY)]g for all admissible constellations of the parame-
ters. The answer could become technical.
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4. We always had to exclude the case qg = q1 = oo. Under necessary additional restrictions it is known that
(€50, p0.0oRD: €51 1 oo RN = [Fy, (R, F3, (R = Fii o(RY)

see [51, 52] and [63]. So the question is about the characterization of [£39 ,, -(Q), 3L p, e(@)]6 -

5. In contrast to the classical case there are two Besov counterparts of the Lizorkin-Triebel-Morrey spaces,
namely By, 5(2) and Nj, p 4(Q), respectively. In case of the so-called Besov-Morrey spaces N}, , 4(2) one
knows the counterpart of Theorem 1.1, see Theorem 2.45 and Corollary 2.65 in [63]. Let @ c RY be a
bounded interval if d = 1 or a bounded Lipschitz domain if d = 2. Assume that 0 < p; < u; < oo,
S0, S1 € Rand g; € (0,00),i € {0,1}. Lets := (1 - 0)sg + O 51, 1% = 1;—09 +le and% = 1;—09 + q—e’l.lf
Uop1 = U1po, then X

[Ni%,po,qo(ﬂ), Nill,pl,ql (Q)]@ = Ni,p,q(-())

holds true for all ® € (0, 1). There is a surprising difference to the case of the Lizorkin-Triebel-Morrey
spaces. We do not have an influence of the relation between sy and s;. The main reason for this more
simple behavior can be found in

NS p.gRY) = N3, o(RY)  ifandonlyif g € (0, o).

The behavior of the Besov-type spaces By, (2) under complex interpolation seems to be widely open.

6. Let us turn to Corollary 1.2. Obviously the case py = 1 has been left out. What happens if po =1 ?

7. Probably even more difficult is the question around the use of the extension property of our function
spaces on domains. Is there a wider class of domains than bounded Lipschitz domains allowing the va-
lidity of Theorem 1.1 ?

8. We concentrated on Banach spaces in our paper. There is a well developed theory of the function spaces
also for values u, p, q € (0, 1), see [62], [49, 50] and [59]. Extensions of the complex method to quasi-
Banach spaces are known as well, we refer to [27], [29], [28] and [61].
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