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Abstract: The aim of this paper is to prove the weak type vector-valued inequality for the modified Hardy-
Littlewood maximal operator for general Radon measure on R". Earlier, the strong type vector-valued in-
equality for the same operator and the weak type vector-valued inequality for the dyadic maximal operator
were obtained. This paper will supplement these existing results by proving a weak type counterpart.
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1 Introduction

The conclusion of this paper is that we can readily transplant the boundedness of the dyadic maximal op-
erator to modified uncentered maximal operators. As a typical case, we prove the following vector-valued
inequality to supplement results in [2, 5]. Here and below, by a Radon measure, we mean a measure that is
finite on all compact sets, outer regular on all Borel sets, and inner regular on open sets. Here and below we
use the symbol Q to denote the set of all cubes whose edges are parallel to coordinate axes. The symbol Q(u)
stands for the subset which consists of all cubes Q € Q with u(Q) > 0.

Theorem 1.1. Let 1 < k, q < oo and u be a Radon measure such that u(B) > 0 for any open ball B in R" with
positive radius. For a Borel measurable function f, define the modified uncentered maximal operator My, by
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where kQ, which is concentric to Q, is the k-times expansion of a cube Q. Then there exists a constant C > 0

which depends only on k and q such that
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for any sequence of Borel measurable functions {f;};Z; and any A > 0.

The assumption on y is not so strong. It is postulated so that we can justify }’f&(g) in the above. What is impor-

tant here is that the constant C does not depend on . In this sense, Theorem 1.1 is a universal estimate.
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The operator M., is called the uncentered maximal operator and it is essentially different from the cen-
tered maximal operator when u is a general Radon measure. Theorem 2.1 will complement what is known for
M Ko First of all, the usual boundedness of M ko is known in [7, p. 129]. In fact, Tolsa proved the following
estimate:

Proposition 1.2. Let 1 < k,p < oo and y be a Radon measure. Then there exist constants C, = C,(k), Cp =
Cp(k) > O such that

p{xeR" s My f00> 4 < [ 1flduto @ >0 (1)
Rn

and
My, uf 2o oy < Collfll o (1.2)

for any Borel measurable function f.
In [5, Theorem 1.7], the present author passed (1.2) to the vector-valued case:

Proposition 1.3. Let1 < k, p, q < oo and y be a Radon measure. Then there exists a constant Cp,q = Cp,q(k) > 0
such that

p

[ Mot due < g [ {31500 | auco.
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S

for any sequence of Borel measurable functions {f;}7;.

Notice that a counterpart of Proposition 1.3 with g = < is already included in (1.2). An important idea shared
strongly by many recent researchers is that the dyadic maximal operators are much easier to handle than the
usual maximal operator. Here we recall some notions. For j € Z and k = (k1, kz, ..., kn) € Z" define Qj; € Q

by )
kg +1 kn kn+1 k, k1+1
Qik:[f’ > ){ ; > IH[ ;

A dyadic cube is a set of the form Qj for some j € Z, k = (ki, kz,...,kn) € Z". For each j € Z, D;(R")
stands for the set of all dyadic cubes with volume 27", Finally, D(R") stands for the set of all dyadic cubes.
The dyadid maximal operator M ,33 is given by

ME00 - sup XQ(ED) / FO)|du).

As for the dyadic maximal operator My, we have the following estimates:

Theorem 1.4. Let1 < p,q < oo.

1. For all Borel measurable functions {f;};>;,

1
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Here Cp,q is a constant that is independent of {f;}32;.
2. For all Borel measurable functions {f;};>; and A > 0,

pixer s [ Y mPwe | >ap<he Zm(x)w e
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Here C1,q s a constant that is independent of {f;};Z; and A > 0.
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Theorem 1.4(2) is contained in [2, A.2], while we can argue as in [5, Theorem 1.7] for the proof of Theorem 1.4(1)
by using the estimate

/ M2 (P 800 du(x) < p'2? / FOOPMP () du(o), 13)
R Rn

which is valid for all Borel measurable functions f and g, where p’ denotes the conjugate index. If we go
through a similar argument to [5, Corollary 2.2], then we obtain (1.3).

See [8] for more about the analysis on Euclidean space with a general Radon measure.

Thus, we can say that among these estimates, Theorem 1.1 is essentially new in this paper. The main tool
to prove Theorem 1.11is to reduce the matters to maximal operators generated by a more general family © than
the family of dyadic cubes. When we are given such a family ©, we define

MEF00 = sup X0 [ ) iau).
Q
To describe the property of © we desire, we set up notation. Let Q be a (right-open) cube. A (dyadic) child of a

cube Q is any of the 2" (right-open) cubes obtained by partitioning Q by the hyperplanes parallel to the faces
of Q and dividing each edge into 2 equal parts. Define inductively

Do(Q) = {Q}, D1(Q) ={R : Risadyadicchildof @}, Di(Q = [J Di1(R).
ReD1(Q)

We also set -
D(Q) = | Dr(Q@).
k=1

We will be interested in families ® which enjoy the following properties:

Z Xo=1

QeD,|Q|=am2i"

1. There exists a > 0 such that

foranyj € Z.
2. Forany Q € D, D(Q) C D.

This generalized dyadic grid includes the notion of dyadic grids in [4]. We will call such ® satisfying 1. and 2.
a generalized dyadic grid in this paper. To prove Thoerem 1.1, we will construct a family of generalized dyadic
grids that is adapted to M, , which will be done in Definition 2.5.

As an application, we obtain the weak vector-valued maximal inequality for the Morrrey space Mfl’(k, n)
fork >1and1 < g < p < oo. Define the Morrey space M} (k, u) by ME (k, p) = {f eLl (u): IF e ey < oo} ,
where )

q

Wl = sup ulk Qi ( / If(Z)quu(Z)) : (14)
Q

An important observation made in [6, Proposition 1.1] is that MZ(k, u) and M’,}(Z, u) are isomorphic as long
as k > 1. We have the following vector-valued maximal inequality for the modified maximal operator.

Corollary 1.5. Ifk,k>1,1<g<p <ooandl <r < oo, then

1

0o T
gn,p,q,r,x,k (Z |f}|r)
j=1

r

SUp A || X(1,00] (ZMK,ufj')
A>0 =1

M (k1) ME (k,u)

for all sequences {f;};2; C LO().
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Let
= 4x(k+7)

T GBk+DkK-1)°
The proof of Corollary 1.5 is analogous to [6, Theorem 2.4], where we showed

1

(Z MK,ufj’) Snp.girxok (Z Ifil )
j=1 j=1
MI’( 4K )

Mg (k/’l‘) 310H

under the additional assumption g > 1. If we modify the proof of [6, Theorem 2.4] suitably, then thanks to

Theorem 1.1, we obtain
1
anqrxk (Zlf] )

Since Mg(k, ) and J\/[Z(k’, ) are isomorphic, we obtain the desired result.
The remaining part of this paper is devoted to the proof of Theorem 1.1.

1
SUP A {|X(1,0] (Z wa/)
A>0 =1

Mgk’ ,p) M (k)

2 Proof of Theorem 1.1

The proof of Theorem 1.1 hinges on the following result in [2] as well as a construction of generalized dyadic
grids.

Lemma 2.1. Let ® be a generalized dyadic grid and let 1 < q < oc. Then, for all Borel measurable functions
{fi}iZ1 and A > 0,

j=1

o 7 v a
C
ui{xeR": (ZM,?fj(x)q) >A SX/ <Z|fj(x)|q) du(x),
Rn j:1
where C depends only on q.

Proof. Aswe mentioned, when® = D, this is Theorem 1.4, which was proved in [2, A.2]. By a slight adaptation
of the proof there, we still have the same result for the case where

D=D(a,b):={Q : {ay+b : yc Q} € D}

for somea > 0and b € R".
For the proof of Lemma 2.1 in the general case, we let

Dp={QeD:|Q <R"}.

Since ® is a generalized dyadic grid, thanks to the properties of 1. and 2. of generalized dyadic cubes there
exists a > 0 and b € R" such that

D =D, b)n{QeD :|Q|<R"}.

Thus, we can reduce the matters to the maximal operator generated by D(a, b); there exists C > 0 independent
of R such that

u{xeR": (ZM}?‘RE(X)q) > A s%/ (Z |f]'(X)q> du(x).
j=1 Rn j=1

Letting R — oo, we obtain the desired result. O
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We will move on to the construction of generalized dyadic grids.

Definition 2.2. Let N € N be an odd integer.

1. Letj € Z. Set
Dj®) = {27m,m+1) : me Nz}

and
DIR") ={Q1xQax-+-xQn : Q1,Qa,...,Qn € DJ(R)}.
2. Set D'(R") = | D(RM).
JEL
3. Set D'(BYRM) ={Q : {bly : yecQ} e D'(RY}forb > 1.

We write
QY = N"Y[my, my + N) x N "2 [my, my + N) x - - - x N"\[my, mpn + N)

form e Z"and N € N.

Lemma 2.3. Forany m = (my,my,...,mp) € Z", any odd integer N > 0 and j € N, there uniquely exists
R € D'(R") such that Q¥ ¢ D;(R).

Proof. We will consider the case n = 1; a passage to higher dimensions can be achieved by means of the
product. We write Q% = [N m, N"(m + N)) with m € Z.

We will induct on j. We start with the base case j = 1. If m is even, then R = [N"'m, N"'(m + 2N)) is the
only cube in D'(R) that contains Q" and satisfies |R| = 2|Q{"|. If mis odd, then R = [N"}(m-N), N"}(m+N))
is the only cube in D'(R).

We will move on to the general case. Let j = 2. So far, by the induction assumption, we know that there
uniquely exists S € D(R) such that anN) € ﬂ)i,l(S). As we have shown, there exists a cube R such that
S € D1(R). Thus, Qg}” € Dj(R). Let us discuss the uniqueness. If R’ is another cube such that Qg,l:’) € Dj(R.
Let T € D;j 1 (R) be such that QX € D;(T), and let T € D; 1 (R) be such that QY € D, (T"). Since we have
already proved the assertion for the case where j = 1, we have T’ = T. Thus, T € Dj_l(R) al @H(R’ ). By the
induction assumption, R = R’, proving the uniqueness of R. O

Remark 2.4. Forany m = (my, my,...,mp) € Z", N >0andj € N, one has

2. > =l

mem+NZ" R:QE;I.V)E'DI‘(R)

In fact, a simple induction argument reduces matters to the case where j = 1. In that case, one can reexamine
the argument above to have the desired equality.

Using the cube
QS,I:’) = N1my,m; + N)x N"{[my, my + N) x -+ x N"{[myn, mn + N)

above, we define the set D, as follows:
Definition 2.5. Let N be an odd integer and m = (my, mp, ..., my) € {0,1,2,...,N - 1}". Then define

@)= |J D@Mu |J {ReD'®M: QY e D®).

mem+NZ" mem+NZ"

See [1, 3] for the prototype results. In particular, when N = 3, our grid goes back to [3, Theorem 1.7].

Theorem 2.6. Let N be an odd integer.
1. Foreachm = (my,my,...,mp) € {0,1,2,...,N-1}",if Q € Dm(R"), then D(Q) C Dm(R").
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2. We have

Z XQ=1.

QEDn(RM),£(Q)=27
3. We have a partition of D'(R"):
DI(R") = U Dm(R™).
m=(mi,my,...,mp)€{0,1,2,...,N-1}n
Proof.

1. If Q € Dn(R™), then there exists i1 € m+NZ" such that Q @(Qg:’)) or that Q%\’) € D(Q).IfQ ¢ D(Qg:’)),
then D(Q) C D(Q%V)) and hence D(Q) C Dm(RM). If Q%V) € D(Q), then for any cube R ¢ D(Q) there
exists m" € m + NZ" = i1 + NZ" such that Qg:{) C RorthatR C QSIV,), or equivalently Qsp € D(R) or that
R € D(QW). Thus, R € Dn(R"). Since R is arbitrary, it follows that D(Q) C Dm(R").

2. We will use the backward induction on j because (2) is true for j = 0 and this also shows that (2) is also
true for j > 0. Suppose that (2) is true for j = jo < 0. We will prove

> Xo=1.

QEDR(E®MHND] _ (R")

Since for any cube R € D»(R™)N @}0 (R™), there uniquely exists Q € Dm(R") such that R € D1(Q) thanks

to Lemma 2.7, we have
1= > Xs Y. Xe
RED,(R)ND] (R") QEDWRMND] , (R")

It thus remains to show that

Z Xo<1.

QEDRRMHND] _ (R")

If two cubes Q1, Q2 € Dm(R™ N D}O,l(R") meet at a point x, then there uniquely exists a cube R €
Dm(R™) N ‘D}TO(R") such that x € R by the induction assumption. Since D1(Q1) U D1(Q2) C Dm(R™) N
D}O (R and x € RN Q1N Q,, it follows from Remark 2.4 that R € D1(Q1) U D1(Q5). Thus, by Lemma 2.3,
Q1 = Qa.

3. Let Q € D'(RM). If |Q| < 1, then there uniquely exists i1 € Z" such that Q € @(Q%")). If |Q| = 1, then
there uniquely exists i1 € Z" such that lev) € D(Q). In any case, if we choose m = (m{, my, ..., my) €
{0,1,2,...,N-1}"sothat m € m + NZ", then Q € D},(R™).

O

Lemma 2.7. Suppose that we have positive parameters k, a > 1 and an odd integer N € N such that

al+N1<1, N’1<%a'2, aq/kzl. 2.1

For each cube Q and k > 1, such that a2 < £(Q) < a! there exists R € D'(R") such that Q c R C kQ.

Proof. It suffices to consider the case where n = 1; a passage to higher dimensions can be achieved by the
tensor product. Choose a cube R € D} (R) so that -N! < infR —inf Q < 0. Since /(Q) < a! < 1-N71,it
follows that Q C R.
Meanwhile, since sup Q = #(Q) + inf Q > a? +inf Q,
supR-supQ=infR-supQ+1<infR-infQ+1-a2<1-a>.

Since kQ is obtained by adding two intervals of length %K(Q) to both sides of Q, it follows that R ¢ kQ. O
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Note that we can choose a > 1 and N € N so that (2.1) holds and that (log, a)™! € N. In fact, we choose

ac<,/ % slightly greater than 1 so that S = (log, a)! € N.If we choose N >> 1, then the first two conditions

in (2.1) are also satisfied.
Here and below we fix a > 1 and N € N so that (2.1) are also satisfied and that S = (log, a) ™! € N.
By a scaling, we transform Lemma 2.7 to the form which we use.

Corollary 2.8. For each cube Q and k > 1, there exists | = 0,1,...,S-1andR € @*(Zé)(R") such that
Q C R CckqQ.

Proof. Since there exists [ = 0,1,...,S-1andj € Z such that a2 < 27"3¢(R) < a”!, we can find R ¢
D(25)(R™) such that Q R c kQ from Lemma 2.7 O

We conclude the proof of Theorem 1.1. To prove Theorem 1.1, we observe

5-1 |
M9 <> MY
-1

L
thanks to Corollary 2.8. This means that we can reduce the matters to M }? (s ), which is a consequence of
Lemma 2.1.
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