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1 Introduction

The class of p-admissible weights for Sobolev spaces and differential equations on R" was introduced in [12].
The definition was initially based on four conditions, but Theorem 2 in [10] and Theorem 5.2 in [13] reduce
them to the following two conditions, see also [12, 2nd ed., Section 20].

Definition 1.1. A measure y on R" is p-admissible, 1 < p < oo, if it is doubling and supports a (1, p)-Poincaré
inequality. If du = w dx, we also say that the weight w is p-admissible.

Here u supports a (g, p)-Poincaré inequality, 1 < g < o0, 1 < p < oo, if there is a constant C > 0 such that
1/q 1/p

flumupl?dn | zcr| f vura
B(x,r) B(x,r)

for every u € C}(R™), every x € R" and all 7 > 0.

In [12, Section 15], it was shown that Muckenhoupt A,-weights are p-admissible, but the converse is not
true in R", n > 2, see also [6]. Surprisingly, on the real line R, any p-admissible measure is actually given
by an Ap-weight, see [7]. Very recently, it was also shown in [5] that a measure on R is locally p-admissible
if and only if it is given by a local Ap-weight. Moreover, on R", p-admissible measures can be characterized
by a stronger version of the Poincaré inequality, the (g, p)-Poincaré inequality with g > p. Under doubling,
the (1, p)-Poincaré inequality improves to a (g, p)-Poincaré inequality with ¢ > p by [10] and any measure
satisfying (g, p)-Poincaré inequality with g > p is a doubling measure, see [1] and [17].

In the recent years, analysis on regular trees has been under development, see [3, 18-21]. Given a K-
regular tree X (a rooted K-ary tree), K > 1, we introduce a metric structure on X by considering each edge of
X to be an isometric copy of the unit interval. Then the distance between two vertices is the number of edges
needed to connect them and there is a unique geodesic that minimizes this number. Let us denote the root
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by 0. If x is a vertex, we define |x| to be the distance between 0 and x. Since each edge is an isometric copy of
the unit interval, we may extend this distance naturally to any x belonging to an edge.

Write d|x| for the length element on X and let u : [0, c0) — (0, o) be a locally integrable function. We
abuse notation and refer also to the measure generated via du(x) = u(|x|)d|x| by u. Further, let A : [0, o0) —
(0, o) be locally integrable and define a distance via ds(x) = A(|x|)d|x| by setting d(z, y) = f[z’y] ds(x) when-
ever z,y € X and [z, y] is the unique geodesic between z and y. We abuse the notation and let u(x) and A(x)
denote u(|x|) and A(]x|), respectively, for any x € X, if there is no danger of confusion. Throughout this paper,
we assume additionally that the diameter of X is infinity.

Our space (X, d, p) is a metric measure space and hence one may define a Newtonian Sobolev space
NVP(X) := NVP(X, d, u) based on upper gradients [14] and [22]. It is then natural to ask if we can characterize
the p-admissibility of a given u, see Section 2.2 for the definitions. To do so, we introduce the following Ap-
conditions on regular trees.

Before continuing, we first introduce some notations. For any x € X and r > 0, we denote by X" the point
in [0, x] with d(X", x) = min{r, d(0, x)} and denote by x, a point in X such that x € [0, x,] with d(x,, x) = r.
Hence X" is an ancestor of x and x, is a descendant of x, see Section 2.1 for more relations between points on
regular trees. Also let

Fix,r)={yeX:xel0,yl,dx,y) <r}

be the downward directed “half ball". It is perhaps worth to mention that the notations X" and F(x, r) coincide
with the notation “z" and F(x, r) in [3, Lemma 3.2], respectively.
Given 1 < p < oo, we set

p-1

1
_uEW,20) (1 [ (KT |
Ap(x, 1) = s P Aw ds(w) (1.1)
[x,x,]
and we define (F&, 27) Aw)
_ MFQE,2r) w
Ai(x, 1) = =5, eSS SUPyeixy] 710(“/)_].()()“ W) (1.2)

where j(w) and j(x) are the smallest integers such that j(w) = |w| and j(x) = |x|, respectively. Notice that
Ap(x, r) is independent of the choice of x, among the points y with x € [0, y] and d(y, x) = r.

Definition 1.2. Let 1 < p < oo and X be a K-regular tree with distance d and metric u. We say that y satisfies
the Ap-condition if
sup {Ap(x, 1) : x € X,7 >0} < oo, (1.3)

We say that u satisfies the Ap-condition far from 0 if
sup {Ap(x, 1) : x € X,0<r=<8d(0,x)} < oo. (1.4)

If K = 1and A = 1, then the 1-regular tree (X, d, p) is isometric to the half line (R*, dx, u dx) and our Ap-
condition (1.3) is equivalent to u being a Muckenhoupt A,-weight, see [5-7, 12] for more information about
Muckenhoupt Ap-weights. Above, we call (1.4) “Ap-condition far from 0” since 0 < r < 8 d(0, x) is equivalent
to d(0, x) = r/8 > 0, which means that x has to be “far” away from the root 0 in terms of r.

The main result of this paper is the following characterization of p-admissibility on regular trees.

Theorem 1.3. Let 1 < p < oo and X be a K-regular tree with distance d and measure p. Then we have:
1. For K = 1, u is p-admissible if and only if u satisfies the Ap-condition far from 0.
2. For K = 2, pis p-admissible if and only if u satisfies the Ap-condition.

The characterizations for K = 1 and K > 2 are different. For K > 2, a K-regular tree has a kind of symmetry
property with respect to the root 0, since the root has more than one branch. But for K = 1, the root 0 behaves
like an end point.
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Readers who are familiar with the results on the real line R may regard our K-regular tree with K > 2 as a
generalized model of the real line R. As a byproduct, a slightly modified proof of Theorem 1.3 for K = 2 gives
a new proof of [7, Theorem 2]. On the other hand, for K = 1, one may connect the result on 1-regular trees
with the result on bounded intervals (see [5, Theorem 4.6] for bounded intervals). Hence Theorem 1.3 is new
and interesting even when K = 1 and A = 1, since it gives a full characterization of p-admissibility on the
half line R*.

In [5, Example 4.7], one can find a weight w on the interval [0, 1] which is 1-admissible but not a Muck-
enhoupt A;-weight on (0, 1). By a suitable constant extension of w on (1, oc), we obtain a weight w’ which is
1-admissible but not a Muckenhoupt A;-weight on R*. As evidence towards Theorem 1.3 for K = 1, it is easy
to check that the extended weight w’ on R* satisfies the A;-condition far from 0, i.e., condition (1.4) holds.
We refer to [5] and [8] for more details.

Let us close this introduction by pointing out that the constant “8” in Ap-condition far from 0 (1.4) is not
necessary. Actually replacing 8 by any constant oo > ¢ > 1, Theorem 1.3 for K = 1 holds. Here the requirement
of ¢ > 1is sharp in the sense that there exists an example (R, dx, u dx) such that (1.4) holds for any positive
constant ¢’ < 1 replacing 8, but u is not even doubling, see Remark 4.5 and Example 4.6.

The paper is organized as follows. In section 2, we introduce regular trees, p-admissibility and Newtonian
spaces on our tree. We give the proof of Theorem 1.3 for K = 2 in Section 3 and the proof of Theorem 1.3 for
K = 1is given in Section 4.

2 Preliminaries

Throughout this paper, the letter C (sometimes with a subscript) will denote positive constants; if C depends
ona,b,...,wewrite C=C(a, b, ...).

2.1 Regular trees and their boundaries

A graph G is a pair (V, E), where V is a set of vertices and E is a set of edges. We call a pair of vertices x,y € V
neighbors if x is connected to y by an edge. The degree of a vertex is the number of its neighbors. The graph
structure gives rise to a natural connectivity structure. A tree is a connected graph without cycles. A graph
(or tree) is made into a metric graph by considering each edge as a geodesic of length one.

We call a tree X a rooted tree if it has a distinguished vertex called the root, which we will denote by 0.
The neighbors of a vertex x € X are of two types: the neighbors that are closer to the root are called parents of
x and all other neighbors are called children of x. Each vertex has a unique parent, except for the root itself
that has none.

A K-ary tree is a rooted tree such that each vertex has exactly K children. Then all vertices except the root
of a K-ary tree have degree K + 1, and the root has degree K. In this paper we say that a tree is regular if it is a
K-ary tree for some K = 1.

For x € X, let |x| be the distance from the root O to x, that is, the length of the geodesic from O to x,
where the length of every edge is 1 and we consider each edge to be an isometric copy of the unit interval.
The geodesic connecting two points x, y € V is denoted by [x, y], and its length is denoted |x - y|. If |x| < |y|
and x lies on the geodesic connecting O to y, we write x < y and call y a descendant of the point x. More
generally, we write x < y if the geodesic from 0 to y passes through x, and in this case [x - y| = |y| - |x|.

On our K-regular tree X, we define the metric ds and measure du by setting

dp = u(Ix)) dix|, ds(x) = A(x]) d|x],

where A, u : [0,00) — (0,00) with A,y € Llloc([o, o0)). Here d |x| is the measure which gives each edge
Lebesgue measure 1, as we consider each edge to be an isometric copy of the unit interval and the vertices
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are the end points of this interval. Hence for any two points z, y € X, the distance between them is

dz,y) = / ds(x) = //1(|x|)d|x|,
[z,y] [z,y]

where [z, y] is the unique geodesic from z to y in X.
We abuse the notation and let u(x) and A(x) denote u(]x|) and A(]x|), respectively, for any x € X, if there
is no danger of confusion.
Throughout the paper, we let
Bx,r)={yeX:dx,y)<r}

denote the (open) ball in X with center x and radius r, and let 0B(x, r) = B(x, or). Also
Fix,r)={yeX:xecl0,yl,dx,y) <r}

is the downward directed half ball. For any x € X and r > 0, we denote by X" the point in [0, x] with d(X", x) =
min{r, d(0, x)} and denote by x, a point in X such that x € [0, x,] with d(x,, x) = r. Hence x" is the ancestor
of any point y € B(x, r). Usually, the choice of x, is not unique, but we will not specify it since the results and
proofs in this paper are independent of the choice of x,.

2.2 Admissibility
Let u € L] .(X). We say that a Borel function g : X — [0, oo] is an upper gradient of u if

lu(z) - u(y)| < /gds 2.1)

~

whenever z,y € X and ~ is the geodesic from z to y. In the setting of a tree any rectifiable curve with end
points z and y contains the geodesic connecting z and y, and therefore the upper gradient defined above is
equivalent to the definition which requires that inequality (2.1) holds for all rectifiable curves with end points
zand y. In [9, 15], the notion of a p-weak upper gradient is given. A Borel function g : X — [0, o] is called a
p-weak upper gradient of u if (2.1) holds on p-a.e. curve. Here we say that a property holds for p-a.e. curve if it
fails only for a rectifiable curve family I" with zero p-modulus, i.e., there is Borel function 0 < p € L?(X) such
that fv p ds = oo for every curve v € I'. We refer to [9, 15] for more information about p-weak upper gradients.

The notion of upper gradients is due to Heinonen and Koskela [14]; we refer interested readers to [2, 9,
15, 22] for a more detailed discussion on upper gradients.

The Newtonian space N LP(X), for1 < p < oo, is defined as the collection of the functions for which the

given norm
1/p

Iulsoge = | [ 1ulPdu+inf [ 1gPdy
X X

is finite, where the infimum is taken over all p-weak upper gradients g of u.
A measure y is doubling if there exists a positive constant C,; such that for all balls B(x, r) with x € X and
r>0,
U(B(x, 2r)) < Cau(B(x, 1)), 2.2)

where the constant C, is called the doubling constant.
(X, d, p) supports a (1, p)-Poincaré inequality if there exist positive constants Cp > 0 and o = 1 such that
for all balls B(x, r) with x € X and r > 0, every integrable function u on oB(x, r) and all upper gradients g,

1/p

f |u = up | dp < Cpr ][ gPdu (2.3)
B(x,r) oB(x,r)
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where ug :=fgudu = ﬁ Jp udu. We say that y is p-admissible if u is a doubling measure and (X, d, u)
supports a (1, p)-Poincaré inequality.

The doubling property (2.2) and (1, p)-Poincaré inequality (2.3) can be defined on general metric measure
spaces. In particular, on R", in view of [16, Theorem 2] or [15, Theorem 8.4.2], the (1, p)-Poincaré inequality
(2.3) is equivalent to the (1, p)-Poincaré inequality given in the Introduction. It perhaps worth to point out
that, since our K-regular trees are geodesic spaces, if y is p-admissible, the dilation constant ¢ in (2.3) can be
taken to 1, see [10] and [11].

3 Proof of Theorem 1.3 for K > 2

In this section, we give the proof of Theorem 1.3 for K = 2. To do so, we establish the following lemmas.

Lemma 3.1. Let 1 < p < oo and X be a K-regular tree with distance d and measure p where K = 1. Assume that
U satisfies the Ap-condition. Then u is p-admissible.

Proof. For1 < p < oo, let
Ca :=sup {Ap(x,r): x € X,r>0}.

Since u satisfies the Ap-condition, 0 < C4 < oo.
Case p = 1: We first show that y is a doubling measure. Let x € X and r > 0 be arbitrary. Notice that
Aq(x, 2r) < C4. Then it follows from (1.2) that

Alw) . 4rCy
VR0 y(w) = p(F(R?", 41)°

€sS SUPye[y, x,,

Hence
) . ~ K}'(W)—]'(X)y(w) Alw)
r _[ /] “ _[ /] ( Alw) ) (Kj(w)_j(x)ﬂ(w)) st
) K050 () 4rCy
) / e astw) (m) ‘ .
x,x,]

Notice that i(W)=j(x)

F(w)-j(x

/ KTw)H(W)dS(W) = u(EC, 1) < u(Bx, 1)
[x,x,]

and that

U(F(x*", 4r)) > u(B(x, 21)).

It follows from estimate (3.1) that
K(B(x, 1)
u(B(x, 21))’
which proves that y is a doubling measure with doubling constant 4C, since r > 0 and the pair (x, r) is
arbitrary.

Next we prove that (X, d, u) supports a (1, 1)-Poincaré inequality. Consider an arbitrary ball B(x, r) with
x € X and r > 0. By the triangle inequality, we obtain that

r<4Cyr

f 1t~ gy pldpt < 2 f ) - u®)| ) (3.2)

B(x,r) B(x,r)
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for the left-hand side of our Poincaré inequality. By the definition of upper gradients and the Fubini theorem,
for any upper gradient g, of u, the right-hand side of (3.2) rewrites as

2 f u(y) - u®)|dp(y) < 2 ][ / u(wW)dsw)du(y)
B(x,r) B(x,n)[x",y]

=2 ][ gu(W)A(W) / X W) du(y) | du(w)

B(x,r) (x,1)
=2 ][ gu(w) Agw)y({y € B(x,r): w < [0, y]du(w). (3.3)
B(x,r)

Here the last equality holds since X[)-(,,y](w) is not zero only if w € [0, y].
Since the measure u satisfies the A;-condition, A;(X", 2r) < C,. It follows from (1.2) that

U, 47)) Alw)

ar * eSS Supwe[)-(r X, m C

Combining with the fact that K®") < KF®), we obtain that

i(y)-j(w)
Aﬁw)u({y € BO,n) i we [0,)1)) = % / %y)“(”ds(y)
{y€lw,w,InB(x,n}
Aw)KI) / KTu0) 4
T RK) A Y
A(w) U(FEG, 4r)) < 4Cy1 (34)

= (W) KT

for any w € B(x, r). Combining (3.2)-(3.4), yields

][ ‘u - uB(x,r)‘dy < 8Cyr ][ Su dﬂ
B(x,7) B(x,r)

for all balls B(x, r).
Case p > 1: Let us first prove that y is a doubling measure. Let B(x, r) be an arbitrary ball in X. Since u
satisfies the Ap-condition, we have Ap(x, 2r) < C4, and hence

p-1

F(x?", 4 1 KIW)-ik) P
H (X4r 2. 2r / Alw )}I(W) ds(w) < Cy. (3.5)
[x,x,]
A simple calculation using the Holder inequality shows that
. 1/p coN -1/p
J(w)-j(x) (w)-j(x)
o [ (R ) R0 )
Alw) Alw)
[x,x,]
1p . &
g I(j(w)"i(x)y(w) [ KW }(X)y(w) r
[ e taw) | [ (S
x,x,] [x,x,]
p-1
p

2r Alw)

[x,x,,]

- W)-j00) =
< u(F(x, P25 l/ Kl}ll(W)) ds(w)
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Inserting (3.5) into the above estimate yields

(o5 o [HEGT 47 _  ypoes ( uFGGn) )P
r<nF y(F(x r))lp{W} =C,lP2 r<m> . (3.6)

Note that u(F(x, r)) < u(B(x, r)) and u(F(x*", 4r)) > u(B(x, 2r)). Then the estimate (3.6) implies that

oy ((RBOG) )P
reCah2 r(y(B(x,Zr))> ’

which gives that u is a doubling measure with doubling constant C,2P*!, since r > 0 and B(x, r) is arbitrary.
Next we show that (X, d, u) supports a (1, p)-Poincaré inequality. Suppose B(x, r) is an arbitrary ball with
center x € X and radius r > 0. Since the measure y satisfies the A,-condition, then Ay (X", 2r) < Cy4. It follows

from (1.1) that
p-1

1
HFET, 41) | 1 KT w) \ 7
|3 AW ds(w) < Cy. 3.7)
[x7,x,]
Recall that the left-hand side of our Poincaré inequality can be estimated by (3.3). A simple calculation
shows that

/\(w)

i(y)-j(w)
Ly € Boen) s we 0,1 - ) / K777 10D s y)

Alw
uw) Ay)

{y€lw,w,INB(x,n}

< A(w) KT ()
~ u(w)Kiw-iGn) / Q) ds(y)
(x",x,]

= uwyrime H
for any point w € B(x, r). Inserting the estimate (3.8) into (3.3) yields that

Alw) _
f lu-upldnz2 | f B0y U | PG, 20,
B(x,r) B(x,r)

Applying the Holder inequality for the right-hand side of the above inequality, it follows that

p-1
1/p N2

A p- _r
f sz | f sran f(w),ﬁ%) duw)|  uE,20). (39)

i
|

B(x,r) B(x,r) B(x,r)

By using the estimate (3.7), we obtain that

0 );ld | wirtw, 2 <HEE20) w3yl
K-60) pwl | X, 21)) < =] K6) W)
B(/f ) u(w) u(B(x, 1)) F(X[Z ) u(w)
U(F(",2r) o o1 | 1 K™ ’(")IJ(W)>ll
s—=————=(2 n% | —_— ds(w)
u(B(x, r)) . Zr[iy[] ( Alw) s(w
HF,20) (5 o {H(F(Xy 4r))rl
“u(B )T 4rCy
=C 1/p2p+1 H(F()_(r’ Zr)) (3.10)

u(Bx, N)'7 u(FE, 4r)1ip

p-1
P
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Note that F(x", 2r)) C B(x, 4r) and that B(x,r) c F(x’", 4r). Since u is a doubling measure with doubling
constant C42P*!, we have that
uFX', 2r) . M(B(x, 4r)

71 < < (C 2p+1)2-
u(Bx, )7 u(FE, 4yt KB 1) A

Inserting the above estimate into the estimate (3.10), we have

p-1
p

p
A(W) ”t 2+1 +2(p+1)
][ (KJ(W)_I(X)}I(VV)) du(w) u(F(x',2n) < Cy 22% (.11)
B(x,r)

Thanks to the estimates (3.9) and (3.11), we obtain

11
f U = up(y,pldp < Ca*' 920"y ][ g’ du
B(x,7) B(x,1)

for all balls B(x, r). O

Lemma3.2. Let 1 < p < oo and X be a K-regular tree with distance d and measure u where K = 2. Suppose
that p is p-admissible. Then u satisfies the Ap-condition.

Proof. Let x € X and r > 0 be arbitrary. Let € be an arbitrary positive number. Let x; € X be a closest vertex
of x with |x1| > |x|. Then we define

v i={yeX:x1 €[0,y]} and Ty :=[x,x1]U Ty,

Since u is p-admissible, we may assume that u satisfies the doubling condition (2.2) and the (1, p)-Poincaré
inequality (2.3).
Case p = 1: Let
Ki(w)_j(x)p(w)
= inf, L
m ess 1n. WE[X,K%] A(W)

In order to test the (1, 1)-Poincaré inequality (2.3), we define

0 lfy S X\ Tl’
U = { froy XE.(Wds(w) ify € F(x,7/2) N Ty,
a otherwise

KW-ik) u(w)

where E; := {W €F(x,1): o)

by the definition of m and that

<m+ 8} and a = f[x x,]XEs(W) ds(w). Note that E; is a non-empty set
-2

r>a-= / Xe.(wW)ds(w) > 0.

[x,xr]
2

By the definition of u, we obtain that gy := xg, is an upper gradient of u. Hence the right-hand side of the
(1, 1)-Poincaré inequality (2.3) is

Cpr ][ gudp = Cpr ][ Xe. (W)du(w)

oB(x,r) 0B(x,r)
Cpr /
= w)du(w
]J(O'B(X, )’)) XES( ) ’1( )
F(x,r/2)

(](W) —j(x) H(W)

Cpr
" HoBG ), / N



100 — Khanh Ngoc Nguyen and Zhuang Wang, Admissibility versus Ap-Conditions on Regular Trees DE GRUYTER

Here the second equality holds since yg,(w) is non-zero only if w € F(x, r/2). Note that u(oB(x,r)) =
U(B(x, ). Then it follows from the definition of E that

Cpr ][ gudu < (B( ))(m +¢)a. (3.12)
oB(x,r)
Let
E{:=B(x,r)\T; and E, := Ty N F(x,r)\ F(x, r/2). (3.13)

Note that u = O on E; and u = a on E,. Hence, at least one of the following holds:
a
[u—upypl 2 on E; or |u-upynlzs 5 on E,. (3.14)

Since K = 2, then E; and E, are not empty. Notice that Ku(E,) = y(F(x, r) \ F(x, r/2)). Furthermore, the
doubling property of u gives

Ku(Ez) = u(F(x, 1)\ F(x, 7/2)) 2 u(B(xs:, 1/#)) = Ca~*u(B(xz, 47)) 2 Cg~*u(B(x, 1)

and
U(E1) 2 u(B(z, 1/2)) = C4 > u(B(z, 41) = C4 > u(B(x, 1),

for some z ¢ T with d(x, z) = r/2. Consequently,
min{u(Eq), u(E,)} = Ca K u(B(x, 1)). (3.15)

Then it follows from (3.14) and (3.15) that the left-hand side of the (1, 1)-Poincaré inequality (2.3) is

][ ‘u uB(Xr)|dy y(B(x ))max{/u uB(xr)|dy /|u uB(xr)|d.u}

B(x,r)
a

> w. (3.16)

Combining the estimates (3.12) and (3.16), we obtain that

a Cp

2C, i © u(B(x, ))(m +ela.

Since a > 0 and u(F(x2, ) < u(B(x, 2r)) < Cau(B(x, r)), it follows that

0< M <2C,5CpK - (m +¢).

Since ¢ and the pair (x, r) are arbitrary, letting € — 0, the A;-condition holds.
Case p > 1: We define

U0 = 9 fio () 7 ds(w) ify € FOer/2) 0 Ty,
b ortherwise
where )
K50 w) \ 7
boxr]

I
2

By the definition of u, we obtain that

)00 =
gu(y) := (KA()F(Y)> XrFo,r/2)Y) (3.17)
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is an upper gradient of u. Note that u = O on E; and u = b on E, where E; and E, are defined as for p = 1.
Therefore, by an argument similar to the one in p = 1 case, the left-hand side of the (1, p)-Poincaré inequality
(2.3) can be estimated as

b
u-u du > . 3.18
][ | B |dH 207K (3.18)
B(x,r)
For the right-hand side, we have that
1/p r s 1/p
Cor KW-ix) u@y) p
C P q S, J i — / R 3 208 I
| f ] e ( 10) K
oB(x,r) \F(x,7/2)
r ) 1/p
C KO-t p
_ pr / H(Y) ds(y)
u(oB(x, n)i/r Aly)
[X,KL]
L 2
_ Cpr bl/p
u(oB(x, r)i/p
Since u(oB(x, 1)) = u(B(x, 1)), it follows that
1/p
Cpr
C Pa PR L— SV 3.1
7 ][ S uBk, e G19)
o0B(x,r)
Combining (3.18) and (3.19), we obtain that
b < Cpr b]_/p
2C4 K~ u(B(x, n)1/p
Notice that u(F' (x2,7)) < u(B(x, 2r)) < C4u(B(x, ). Hence we have
-r 1/p 1-
0 < HEFG:, )P Zr’ e 20,7 CoKb 7 .
Recalling the definition of b, the above estimate can be rewritten as
1-p

F(F()_(% , 1)) P 4p+lp, pD 1 Kj(W)_i(X)H(W) ﬁ
0< = 2PCPTCPPK = AW ds(w)
[x,z%]

Since the pair (x, r) is arbitrary, the above estimate implies that u satisfies the Ap-condition.

Proof of Theorem 1.3 for K > 2. The proof follows from Lemma 3.1 and Lemma 3.2.

4 Proof of Theorem1.3forK = 1

Lemma 4.1. Let 1 < p < oo and X be a 1-regular tree with distance d and measure pu. Suppose that u is p-
admissible. Then p satisfies the Ap-condition far from 0, i.e.,

sup {Ap(x,r): x € X,0 <1 <8d(0,X)} < eo.

Proof. Let (x, r) be an arbitrary pair with d(0, x) = r/16 > 0. Since K = 1, we may let T; := F(x,00) = {y €
X : |y| = |x|} and repeat the proof of Lemma 3.2. The only danger is whether (3.15) holds, since, for K = 1,
E; could be empty. But here we required that d(0, x) > r/16 > 0, which gives a version of (3.15). Then the
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proof of Lemma 3.2 gives that Ap(x, %) < C(p, K, C4, Cp), where C(p, K, C4, Cp) is a constant only depending
on p, K, C,; and Cp. Since the pair (x, r) is arbitrary with d(0, x) = r/16 > 0, we obtain that

sup {Ap (x, g) :xeX,0< % < 8d(0,x)} < oo,
which gives the result. O
Lemma 4.2. Let 1 < p < oo and X be a 1-regular tree with distance d and measure yu. Assume that y satisfies

the Ap-condition far from 0. Then we have:

1. The measure y is doubling.
2. There exists a positive constant C, > 0 such that for all balls B(x, r) withx € X and 0 < r < 2d(0, x), every
integrable function u on B(x, r) and all upper gradients g of u,

1/p

]Z U= upy | du < Cpr ][ gP du . (4.1)
B(x,r) B(x,r)

Proof. Claim 1: Recall the proof of Lemma 3.1. It actually shows that for any pair (x, ) with Ap(x, 27) < C4,
we have
U(B(x, 27)) = C(Co)u(B(x, 1)),

where C(C,) is a constant only depending on C,. In this lemma, since u only satisfies the Ap-condition far
from O, i.e.,
My :=sup {Ap(x,r) : x € X,0 <r<8d(0,x)} < oo,

we obtain that there is a positive constant C := C(My) only depending on M, such that
u(B(x, 1) < Cu(B(x, r/2)) (4.2)

for all balls B(x, r) with d(0, x) = r/8 > 0.

To get that y is a doubling measure, it is sufficient to show that (4.2) holds for all balls B(x, r) with
d(0, x) < r/8. Note that d(O,Q%) = & > max{4r/8, 2r/8, r/8}. Applying (4.2) for B(Q% , 4r), B(Q%, 2r) and
B(0 I r) in turns, we obtain that

u(B(O; , 47) < Cu(B(O, , 21) < C*u(B(O;, 1)) < C*u(B(O;, 1/2)).

Hence
H(B(0;, 41) < Cu(B(0;, 7/2)). (4.3)

From B(Q%, r/2) c B(0, r)and B(0, 2r) C B(Q%, 4r), we have
u(B(0, 2r)) < u(B(0;, 41)), u(B(0y,r/2)) < u(B(0,1)
for all r > 0. Combining with (4.3), we get that
H(B(0, 21)) < C’u(B(0, 1)

forall r > 0. In particular,
u(B(0, 21) < C°u(B(0, r/4)) (4.4)

forall r > 0. Let B(x, r) be an arbitrary ball with d(0, x) < r/8. By B(x, r) C B(0, 2r) and B(0, r/4) C B(x, r/2),
it follows from (4.4) that

u(B(x, 1) < u(B(0, 2r)) < C’u(B(0, r/4)) < C’u(B(x, r/2))

for all balls B(x, r) with d(0, x) < r/8. Combining with (4.2), we conclude that y is a doubling measure.
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Claim 2: Recall the proof of Lemma 3.1. It actually shows that for any pair (x, r) with Ap(X', 2r) < Cy,
there exists a constant C,(C,) such that for every integrable function u on B(x, r) and all upper gradients g
of u, the (1, p)-Poincaré inequality (4.1) holds for B(x, r), where C,(C,) is a constant only depending on Cj,.
In this lemma, u only satisfies the Ap-condition far from 0, i.e.,

M, :=sup {Ap(x,7) : x € X,0 <r<8d(0,x)} < eo.
Since
0<2r<8d(0,x") «— d0,Xx)=2r/4>0 < d(0,x)=5r/4>0,
we obtain that there is a positive constant Cp := C(M,) only depending on M4 such that the Claim 2 holds. [

We say (X, d, u) supports a (1, p)-Poincaré inequality at 0, 1 < p < oo, if there are positive constants Cy, 0¢ = 1
such that for any r > 0, every integrable function u on ¢oB(0, r) and all upper gradients g of u,

1/p

f |u —up,nldu < Cor f gPdu . (4.5)
B(0,r) 00B(0,1)

Proposition 4.3. Let 1 < p < oo and (X, d, u) be as in Lemma 4.2. Assume additionally that (X, d, u) supports
a (1, p)-Poincaré inequality at 0. Then u is p-admissible.

Proof. It follows from Claim 2 of Lemma 4.2 that it suffices to check the (1, p)-Poincaré inequality (2.3) for
balls B(x, r) with d(0, x) < 5r/4.

Fix an arbitrary ball B(x, r) with d(0, x) < 5r/4. By the triangle inequality, the left-hand side of a (1, p)-
Poincaré inequality (2.3) can be estimated as

]Z U~ upy pldp <2 ][ [u — upo,4n)|du. (4.6)
B(x,r) B(x,n)

It follows from Claim 1 of Lemma 4.2 that y is a doubling measure. Without loss of generality, we may assume
that the doubling constant is C,. Since d(0, x) < 5r/4, then B(0, 4r) C B(x, 8r). Hence by doubling property,

uBKx, 1) = Cd_3y(B(x, 8r)) = Cd_By(B(O, 4r)).

Combining with (4.5), the estimate (4.6) can be rewritten as

][ ‘u_uB(x,r)|dySzcd3 ][ |u_uB(O,4r)|d.u

B(x,r) B(0,47)
1/p
< 8C,°Cor ][ gPdu . 4.7)
00B(0,47)
An easy verification shows that
]/ g% dusCy’ ]/ g” dp, (4.8)

00B(0,4r) 0oB(x,8r)

since 0oB(0, 4r) C 0oB(x, 8r) and u(0ooB(x, 81)) < Cz2u(ooB(x, 21r)) < C42u(ooB(0, 47)) by doubling. Com-
bining (4.7) and (4.8), we deduce that

1/p
][ [u = upy pldu < 8C, 2P Cor f gPdu . (4.9)
B(x,r) 800B(x,r)

Since B(x, r) is an arbitrary ball with d(0, x) < 5r/4, combining (4.9) with Claim 1 and 2 of Lemma 4.2, it
shows that y is p-admissible. O
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The following lemma shows that the assumption in Lemma 4.2 is sufficient to obtain a (1, p)-Poincaré in-
equality at 0, which means that the additional assumption in Proposition 4.3 is redundant. The core idea of
the proof comes from the proof of [10, Theorem 1].

Lemma4.4. Let 1 < p < oo and (X, d, u) be as in Lemma 4.2. Then (X, d, u) supports a (1, p)-Poincaré in-
equality at 0.

Proof. 1t follows from Lemma 4.2 that y is doubling and (X, d, p) supports the (1, p)-Poincaré inequality (4.1).
For any R > 0, since X is a 1-regular tree, we have B(0, R) = [0, xg), where xp € X with |xg| = R. By using
the geometry of the 1-regular tree, we are able to modify the proof of [10, Theorem 1] by using a better chain
condition {B(x;, r;)};cyy Which requires additionally that r; < 2d(x;, 0) (since (4.1) only works for balls B(x, r)
with r < gd(x, 0)). Hence it follows from the proof of [10, Theorem 1] that there is a constant C independent
of R such that

][ |u - up,p) du < CR ][ g’ dp

B(0,R) B(0,R)
for all integrable functions u and all upper gradients g of u. O
Proof of Theorem 1.3 for K = 1. The claim follows from Lemma 4.2, Proposition 4.3 and Lemma 4.4. O

Remark 4.5. Fix any oo > ¢ > 1, if we change the Ap-condition far from 0, i.e., the condition (1.4) to
sup {Ap(x, 1) : x € X,0<r<cd(0,x)} < oo, (4.10)

repeating the proof Theorem 1.3 and related lemmas, it follows that the condition (4.10) is also equivalent to
U being p-admissible.

Example 4.6. The following example from [1, Example 4] or [4, Example 6.2] gives a 1-regular tree with a non-
doubling measure which satisfies (4.10) for any 0 < ¢ < 1. Let X = (R, dx, u du) with p(x) = min{1, x"1}.
Then it follows from [4] and [1] that p is not a doubling measure, hence y is not p-admissible forany 1 < p < oo.
It remains to show that (4.10) holds forany 0 < c < 1and 1 < p < oo.

FixO<c<1.LetR = %_C To show (4.10) holds, it suffices to show that

sup {Ap(t,Bt) : 0 < B<c,t € (R,00)} < oo, (4.11)

since
sup {Ap(t,ft) : 0<B<c,t € [0,R]} < oo

is given by the fact that (R+ cR)™! < u(x) < 1 forany x € F(I‘Bt, 2Bt)witht < Rand0 < B < c.Forany0< B <c,
since F(#, 2Bt) = [t - Bt, t+ Bt]and ¢t — Bt > 1 for any ¢ > R, we have that

(1+B)t
-Bt 1. 1+8 l1+c
u(E(t™, 2p1)) < / X dx—log<—1_ﬁ> slog(l_c) .
(1-p)t
On the other hand, we have that forp > 1,
t+Bt p-1 p-1
p/(p-1) _
l% / Xﬁ dX =t<(1+ﬁ)ﬁ1> SC(C,p)t,

t

where C(c, p) is a constant only depending on c and p, and that
ess SUPyerr,pgX = (1 + )< (1 + o)t

Hence condition (4.11) holds.



DE GRUYTER Khanh Ngoc Nguyen and Zhuang Wang, Admissibility versus A,-Conditions on Regular Trees = 105

Acknowledgement: The authors thank their advisor Professor Pekka Koskela for helpful discussions.
Authors have been supported by the Academy of Finland via Centre of Excellence in Analysis and Dy-
namics Research (project No. 307333).

References

[1] R.Alvarado and P. Hajtasz, A note on metric-measure spaces supporting Poincaré inequalities, Rend. Lincei Mat. Appl. 31
(2020), 15-23.

[2] A.Bjorn and ). Bjorn, Nonlinear potential theory on metric measure space, EMS Tracts Math 17, European Math. Soc,
Ziirich 2011. xii+403 pp.

[3] A.Bjorn, ). Bjorn, ). T. Gilland N. Shanmugalingam, Geometric analysis on Cantor sets and trees, J. Reine Angew. Math.
725 (2017), 63-114.

[4] A.Bjorn, ). Bjorn and ). Lehrbdck, The annular decay property and capacity estimates for thin annuli, Collect. Math. 68
(2017), no. 2, 229-241.

[5] A.Bjorn,).Bj6érn and N. Shanmugalingam, Locally p-admissible measures on R, |. Funct. Anal. 278 (2020), no. 4, 108344,

17 pp.

[6] ). Bjorn, Poincaré inequalities for powers and products of admissible weights, Ann. Acad. Sci. Fenn. Math. 26 (2001), no. 1,
175-188.

[71 J.Bjorn, S. Buckley and S. Keith, Admissible measures in one dimension, Proc. Amer. Math. Soc. 134 (2006), no. 3, 703-
705.

[8] S-K.Chuaand R. L. Wheeden, Sharp conditions for weighted 1-dimensional Poincaré inequalities, Indiana Univ. Math. ).
49 (2000), no. 1, 143-175.

[9] P.Hajtasz, Sobolev spaces on metric-measure spaces, in: Heat kernels and analysis on manifolds, graphs and metric
spaces (Paris 2002), Contemp. Math. 338, American Mathematical Society, Providence (2003), 173-218.

[10] P.Hajtasz and P. Koskela, Sobolev meets Poincaré, C. R. Acad. Sci. Paris, p. 1211-1215, 1995.

[11] P.Hajtasz and P. Koskela, Sobolev met Poincaré, Mem. Amer. Math. Soc. 145 (2000), no. 688, x+101 pp.

[12] ). Heinonen, T. Kilpeldinen and Martio O., Nonlinear potential theory of degenerate elliptic equations, Courier Corporation,
2012.

[13] ). Heinonen and P. Koskela, Weighted Sobolev and Poincaré inequalities and quasiregular mappings of polynomial type,
Math. Scand. 77 (1995), no. 2, 251-271.

[14] ). Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta Math. 181 (1998), 1-61.

[15] J. Heinonen, P. Koskela, N. Shanmugalingam and J. Tyson, Sobolev Spaces on Metric Measure Spaces: An Approach Based
on Upper Gradients, New Mathematical Monographs series. Cambridge University Press, Cambridge 2015.

[16] S. Keith, Modulus and the Poincaré inequality on metric measure spaces, Math. Z. 245 (2003), no. 2, 255-292.

[17] L. Korobenko, D. Maldonado and C. Rios, From Sobolev inequality to doubling, Proc. Amer. Math. Soc. 143 (2015), no. 9,
4017-4028.

[18] P. Koskela, K. N. Nguyen and Z. Wang, Trace and density results on regular trees, arXiv:1911.00533.

[19] P.Koskela and Z. Wang, Dyadic norm Besov-type spaces as trace spaces on regular trees, to appear in Potential Anal.
arXiv:1908.06937.

[20] K. N. Nguyen, Classification criteria for regular trees, in preparation.

[21] K. N. Nguyen and Z. Wang, Trace operators on regular trees, in preparation.

[22] N. Shanmugalingam, Newtonian spaces: An extension of Sobolev spaces to metric measure spaces, Rev. Mat. Iberoam. 16
(2000), 243-279.



	Admissibility versus Ap-Conditions on Regular Trees
	1 Introduction
	2 Preliminaries
	2.1 Regular trees and their boundaries
	2.2 Admissibility

	3 Proof of Theorem ?? for K2
	4 Proof of Theorem ?? for K=1


