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1 Introduction

In this paper we study the metric geometry of differentiability spaces in the sense of Cheeger [10, 14, 27].
We develop the infinitesimal geometry of Lipschitz curves and Lipschitz functions, generalizing and refining
earlier work on spaces satisfying Poincaré inequalities and differentiability spaces; using this we formulate
and establish metric differentiation for differentiability spaces. We then give several applications of these
results. They include a new proof that the minimal generalized upper gradient of a Lipschitz function is its
pointwise upper Lipschitz constant, which is one of the main results of [14], an alternate proof that the Lip-lip
constant of any differentiability space is equal to 1 [42], and new nonembeddability results.

In order to motivate the theory and place it in context, we begin with some background. We will make
some additional historical comments at the conclusion of the introduction, after stating our results.

Metric differentiation for R"

The first instance of metric differentiation was for Lipschitz maps F : R" — Z, where Z is an arbitrary metric
space; this is due to Ambrosio in the n = 1 case and Kirchheim for general n [4, 29]. Although Rademacher’s
differentiability theorem for Lipschitz maps R" — R™ does not apply in this situation, and in fact the usual
notion of differentiability does not even make sense since Z has no linear structure, Ambrosio and Kirch-
heim introduced a new kind of differentiation —metric differentiation— and proved that it always holds.
Metric differentiation associates to the map F a measurable Finsler metric, i.e. a measurable assignment
xo + || - |lr(xo0) of a seminorm (here we identify the tangent space Tyx,R" with R" itself), which captures
the geometry of the pullback distance function

or(x1, x2) = dz(F(x1), F(x2)) 1.1)
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in the sense that for almost every xo € R", the pseudodistance gr satisfies
0r(x, x0) = [|x = Xo|[p (x0) + 0 (/[x = Xo||ew) - (1.2)

A slightly different (and stronger) way to express metric differentiation is in terms of the family of pseudodis-
tances {g}(xo) : R"xR™ — [0, 00)} ) (0,0) Obtained by rescaling gr centered at xo:

0} (x0)(x1, X2) = A+ 0p(xo + A7 (x1), X0 + A1 (x2)) . (1.3)

For almost every xg, as A — oo the pseudodistance Q}(xo) converges uniformly on compact subsets of R" x R™
to the pseudodistance associated with the seminorm || - || r(xo). An additional aspect of metric differentiation
is that for a Lipschitz curve v : I — R", the length of the path F o v : I — Z is given by integrating the speed
of v with respect to the Finsler metric | - ||F,

length(F o ) = / I OIG©) de, (14)
I

provided that for a.e. t € I, the norm || - || is defined at ~(t), and (1.2) holds with x = ~(t). Such curves ~ exist
in abundance by Fubini’s theorem.

Like Rademacher’s theorem for Lipschitz maps R" — R™, metric differentiation for maps R" — Z as
above can be proved by reducing to the n = 1 case. Likewise, one ingredient in our approach to metric differ-
entiation for differentiability spaces is a specific form of the 1-dimensional case of metric differentiation due
to Ambrosio-Kirchheim, [8].

The R" version of metric differentiation has been applied to the theory of rectifiable sets and currents
in metric spaces [7, 8, 29], to the theory of Sobolev spaces with metric space targets [34], and in geometric
group theory [31, 45, 46]. As an historical note, we mention that metric differentiation was discovered inde-
pendently in conversations between Korevaar-Schoen and the second author in 1992-93, who were unaware
of Kirchheim’s work at the time [34].

Metric differentiation for Carnot groups

A generalization of metric differentiation to Carnot groups was established by Pauls [37]. If F : G — Zisa
Lipschitz map from a Carnot group G equipped with a Carnot-Caratheodory metric to a metric space Z, then
for any xo € G one can apply the canonical rescaling of G to the pseudodistance g to produce a family of
rescaled pseudodistances

{o}(x0) : Gx G — [0, )} 1e(0,00)

analogous to (1.3). Pauls showed that there is a measurable assignment xo + || - ||(xo) of seminorms to the
horizontal subbundle of G, such that for almost every xo € G with respect to Haar measure, as A — oo, the
rescalings Q}(xo) converge on compact subsets of GxG to the Carnot-Caratheodory pseudodistance associated
with || - || r(x0); however, this convergence is only asserted to hold on the subset of pairs (x1, x3) € GxG lying
on horizontal geodesics. This restriction to special pairs is necessary even in the case of the Heisenberg group,
as was shown in [30]. Pauls used his metric differentiation theorem to prove that nonabelian Carnot groups
cannot be bilipschitz embedded in Alexandrov spaces, generalizing an earlier result of Semmes [21] (which
was based on Pansu’s version of Rademacher’s theorem for mappings between Carnot groups). Another ap-
plication was a second proof [18] of the fact that the Heisenberg group cannot be biLipschitz embedded in L,
(originally proved in [17]).

Differentiability spaces

The main goal in this paper is to generalize metric differentiation to a large class of metric measure spaces,
namely differentiability spaces. These were first introduced and studied in [14] without being given a name;



106 —— Jeff Cheeger, Bruce Kleiner, and Andrea Schioppa DE GRUYTER OPEN

see in particular, Theorem 4.38, Definition 4.42 and the surrounding discussion. There it was shown that PI
spaces —metric measure spaces that are doubling and satisfy a Poincaré inequality in the sense of Heinonen-
Koskela [24]— are differentiability spaces. Differentiability spaces were further studied in [10, 27] (under
slightly different hypotheses), where they were called spaces with a strong measurable differentiable struc-
ture, and Lipschitz differentiability spaces, respectively. Examples of differentiability spaces include PI spaces
such as Carnot groups with Carnot-Caratheodory metrics, and more generally Borel subsets of PI spaces, with
the restricted measures. We recall (see Section 2) that a differentiability space (X, u) has a countable collec-
tion {(U;, @;)} of charts, where U; U; has full measure in X. Also, there are canonically defined measurable
tangent and cotangent bundles TX, T*X, and for any Lipschitz function u : X — R, there is a well-defined
differential du, which is a measurable section of T"X.

Remark 1.5. We emphasize that the cotangent and tangent bundles are not on the same footing: the existence
of the cotangent bundle follows quite directly from definition of differentiability space, whereas the tangent
bundle is defined as the dual of the cotangent bundle i.e. TX = (TX")". It was observed in [16] that for PI
spaces, given a Lipschitz curve v, for certain parameter values, one can define a velocity vector v'(t) € T, S0X
and that such velocity vectors span the tangent space almost everywhere; in [15] “span” was upgraded to
“are dense”. As will be seen below, this new geometric characterization of tangent vectors was crucial to
subsequent developments including the papers [15], [11] and the main results of the present paper, a first
example being Theorem 1.7.

Remark 1.6. It is interesting to contrast the paper [6], which proves some of the results in [14] in greater gen-
erality, with some of the results proven here. While the contexts are quite different, since [6] is concerned
with Sobolev spaces whereas we consider differentibility spaces, generalizations of the norm of the gradient
play a role both papers. Also, in both papers, some notion of curve —rectifiable curves in [6] and curve frag-
ments here— as well as related notions of “directional derivative” appear. Of course the actual statements
and techniques are of necessity different in spirit. This is illustrated by the example of a totally disconnected
subset S C [0, 1]" with positive Lebesgue measure. In this case the metric measure space (S, £ L S) has com-
pletely degenerate Sobolev spaces (the Sobolev norm reduces to the L?-norm, and the notions of gradient
they consider are all identically zero) whereas the norms considered here are simply the restrictions of the
usual norms on R".

For a Carnot group G with a Carnot-Caratheodory metric, the horizontal bundle can be canonically iden-
tified with the tangent bundle TG of G viewed as a PI space. This example indicates that in order to formulate
a version of metric differentiation for a differentiability space (X, u), one needs to identify a measurable semi-
norm on the tangent bundle TX and a family of geodesics that will play the role of the family of horizontal
geodesics. We first discuss these in the case of the identity map X — X, initially focussing on the measurable
seminorm on TX; the treatment in this special case may be viewed as part of the intrinsic structure theory of
X itself.

For the remainder of the introduction (X, u) will denote a differentiability space.

The canonical norm on TX

We now consider several ways of defining a seminorm on the tangent bundle TX; as indicated above, these
will be used in the formulation of metric differentiation in the special case of the identity map X — X. In the
first, we choose a countable dense set {x;} C X, and let u; : X — R be distance function u;(x) = d(x, x;).
For every i, since the differential du; is a measurable section of the cotangent bundle, by duality it defines
a measurable family of linear functions on the tangent spaces, and therefore |du;(-)| defines a measurable
family of seminorms on TX; taking supremum we may define

[vll1 = sup [du;(v)].
1

As a variations on this, we may define || - ||, and || ||3 by replacing the collection of distance functions {u; } with
the collections of all distance functions and all 1-Lipschitz functions, respectively; note that this requires a



DE GRUYTER OPEN Infinitesimal Structure of Differentiability Spaces, and Metric Differentiation = 107

little care since these collections are uncountable, see Lemma 2.33. Finally, it was observed in [14] that the
pointwise upper Lipschitz constant induces a canonical measurable norm on the cotangent bundle T*X, and
by duality this yields a norm || - ||4 on TX.

Theorem 1.7 (See Section 6). The seminorms described above agree almost everywhere; more precisely, any
two instances of any one of the four constructions above agree almost everywhere. In particular, they are all
norms, and || - ||1 is independent of the choice of the countable dense subset.

We will henceforth use || - || denote the norms || - ||;, 1 < i < 4 on the full measure set where they are
well-defined and agree.

Generic curves and pairs

We now discuss the role of curves in differentiability spaces. For this we fix a particular choice of charts
{(U;, i)} as above. If y : I — X is a Lipschitz curve, then one would like to make sense, for almost every
t € I, of the velocity +/(t) and its norm ||v/(¢)||, where || - || is the norm from Theorem 1.7 (compare (1.4)).
Clearly this is impossible for an arbitrary curve ~, since it could lie entirely in the complement of the set
where the tangent bundle TX and the norm are well-defined. To address this, we work with generic curves,
and generic pairs. Roughly speaking (see Section 3 for the precise definition) if v : I — X is Lipschitz curve
and t ¢ I, then the pair (v, t) is generic if for some chart (U;, ¢;) of the differentiable structure, the time ¢ is:

e A Lebesgue density point of the inverse image ~~1(U;).
¢ An approximate continuity point of the measurable function (¢; o v)’ : I — R™.
e Adensity point of y"}(Y), where Y ¢ Xisa full measure subset of U;U; where the norm ||-|| is well-defined.

The curve + is generic if the pair (v, t) is generic for almost every t € I. It follows readily from the defini-
tions that for any generic pair (v, t), both the velocity vector +/(t) € TX and its norm ||7/(t)|| are well-defined.
More generally, we may use essentially the same notions when + is a curve fragment rather than a curve, i.e.
a Lipschitz map v : C — X, where C C R is closed subset; this additional generality is essential because a
differentiability space might have no nonconstant Lipschitz curves. Also, if ¥ and € are countable collections
of Lipschitz functions and bounded Borel functions respectively, we may impose the additional requirement
that ¢ is an approximate continuity point of (f o v) and u o v forall f € F, u € C.

Metric differentiation along curves

Using the notions of genericity above, we can formulate one aspect of metric differentiation, which is a state-
ment about curve fragments. This uses the concept of the length of a curve fragment, which is straightforward
extension of the length of a curve.

Theorem 1.8. Suppose v : C — X is a curve fragment.

(1) If(y, t)is a generic pair, then t is a point of metric differentiability of v in the sense that (1.3) holds with F = ~,
Xo = t, and for pairs of points x1, X, where the right-hand side is defined, and moreover ||+ (t)|| = || % [I5 (0.
(2) If v is generic, then the length of  is given by

length(y) = [ ||5/()||dC,
/

where || - || is the norm of Theorem 1.7.
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Theorem 1.8 is essentially just an application of Theorem 1.7, and the method of proof of the 1-
dimensional version of metric differentiation given in [8], which exploits a countable collection of distance
functions as in the definition of || - ||1; See (2.5) and Theorem 4.3.

Remark 1.9. We point out that unlike in the Carnot group case (and in particular R"), in a differentiability
space (for instance the Laakso spaces [35]) one can have, for a full measure set of points x € X, two generic
pairs (v1, t1), (2, t2) such that ~;(t;) = x, the velocity vectors ~4 (t1), v4(t>) coincide, but the curves are not
tangent to first order in the sense that lim sup;_, M > 0. Thus it somewhat surprising that the
tangent vector alone controls the speed of the curve.

The density of generic velocities in TX, and consequences

While the definition of genericity is convenient for stating results about individual curve fragments, in order
to use it in statements about (X, u) that hold at almost every point, such as Theorem 1.8, it is crucial to know
that generic curve fragments exist in abundance. This is not at all obvious because the definition of a dif-
ferentiability space is based on the behavior of Lipschitz functions and does not involve curves explicitly; in
particular it is not even clear why X should contain any curve fragments with positive length. To deduce the
needed abundance, we invoke Bate’s fundamental work on differentiability spaces and Alberti representa-
tions (see Section 2.3 for the definition). Bate’s work shows that one can characterize differentiability spaces
by means of differentiability of Lipschitz functions along curve fragments. The main consequence that we
will use here is that for p-a.e. p € X, the set of generic velocity vectors is dense in Tp X (see Theorem 5.3). Here
a generic velocity vector is the velocity vector v/(t) € T, X of a generic pair (v, ).
Theorem 1.7 and the density of velocity vectors leads directly to the following:

Corollary 1.10. Ifu : X — R is a Lipschitz function, then for p-a.e. p € X, the pointwise upper Lipschitz
constant Lip u(p) is the supremal normalized directional derivative of u over generic pairs (v, t) with v(t) = p:

(o) () _ (wor)(t)
@I 12150

Lipu(p) = sup{ | (v, t) generic, ~(t) = p, v'(ty= O} .

Corollary 1.10 has two further consequences. The first is a new proof of the characterization of the minimal
generalized upper gradient in PI spaces as the pointwise Lipschitz constant (see Section 6.3); this was one
of the main results in [14]. The second is a new proof of the following recent result of the third author (see
Section 6.2).

Theorem 1.11 ([42]). If (X, ) is a differentiability space, and u : X — R is a Lipschitz function, then for u-a.e.
p € X we have Lip u(p) = lip u(p). Here lip u(p) is the pointwise lower Lipschitz constant (Definition 2.25).

We recall that [27] introduced the Lip-lip-condition for a metric measure space, which says that for some
C € R, and every Lipschitz function u : X — R, the upper and lower pointwise Lipschitz constants sat-
isfy Lipu < Clip u almost everywhere. Keith showed that under mild assumptions on the measure, a metric
measure space satisfying a Lip-lip-condition is a differentiability space. Combining this with Theorem 1.11, it
follows that one may always take C = 1. We note that when (X, u) is PI space, or more generally a Borel sub-
set of a PI space with the restricted measure, it followed from the earlier work [14] that Lip u = lip u almost
everywhere. These results indicate a strong similarity between PI spaces and differentiability spaces.

For more discussion of these results we refer the reader to the corresponding Sections.

The structure of blow-ups

For a general differentiability space, there is no natural rescaling as in the Carnot group case, so to formulate
an analog of the convergence of the rescaled pseudodistances (1.3), we consider sequences of rescalings of X
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with the measure u suitably renormalized, and take pointed Gromov-Hausdorff limits of the metric measure
spaces, as well as the chart functions and Alberti representations. We give a brief and informal account of
this here, and refer the reader to Section 7 for more discussion. For simplicity, in the following statement we
assume in addition that X is a doubling metric space.

Theorem 1.12. For p-a.e. x € X, if {A;} is any sequence of scale factors with A; — oo, and x € Uj, then there is
a sequence {A;} such that the sequence

(X, A, %) 25 (GR™, 9,(0))}

of pointed rescalings of the chart @; : X — R™ subconverges in the pointed measured Gromov-Hausdor(f sense
to a pointed blow-up map
(i)i . (X’ ﬁ) *) — (TxX, 0) ’

where (X, j1) is a doubling metric measure space. Moreover:

(1) When TxX is equipped with the norm || - || of Theorem 1.7, then the map {; : X — TxX becomes a metric
submersion (see Definition 1.13 below).

(2) Forevery unit vector v in the normed space (TxX, || - ||), there is an Alberti representation of jt whose support
is contained in the collection of unit speed geodesics v : R — X with the property that p; o v : R — TyX
has constant velocity v; furthermore, the measure associated to each such v is just arclength. This Alberti
representation is obtained by blowing-up suitable Alberti representations in X.

Definition 1.13. Amap f : Y — Z between metric spaces is a metric submersion if it is a 1-Lipschitz surjec-
tion, and for every y; € Y, z, € Z, thereisay, € f 1(z,) such that d(y1,y,) = d(f(y1), z2). Equivalently,
given any two fibers f1(z1), f~(z2) C Y, the distance function from the fiber f1(z;) is constant and equal
to d(z1, z») on the other fiber f~1(z,).

To aid the reader’s intuition, it might be helpful to look at the example (R?, £2), where on R? we consider
the I*-norm; as this norm is not strictly convex, one can obtain an Alberti representation of £? by using
unit-speed geodesics in £? with corners, i.e. geodesics which do not lie in straight lines. Blowing-up such
representations at a generic point, one obtains an Alberti representation of £? whose transverse measure is
concentrated on the set of straight lines in R?.

There are precursors to Theorem 1.12 in [14] in the case of PI spaces. In that case the blow-ups (tangent
cones) are also PI spaces, the coordinate functions blow-up to generalized linear functions, and [14] proved
the surjectivity of the canonical map Y — TxX. Distinguished geodesics of a different sort were discussed in
[14], namely the gradient lines of generalized linear functions; however, unlike the curves in the support of
the Alberti representations of Theorem 1.12 (2), these need not be affine with respect to the blow-up chart §;.

Remark 1.14. The third author [42] and David [22] also have results related to Theorem 1.12(1). They show
that certain blow-up maps are Lipschitz quotient maps, which is a weaker version of the metric submersion
property. The paper [42] is concerned with the relationship between Weaver derivations [44] and Alberti rep-
resentations without the assumption that one has a differentiability space, so the setup there is much more
general than the one considered here. We point out that our results in Section 7 have natural counterparts in
that general context, under the assumption that y is asymptotically doubling. We note that one of the main
ingredients in Theorem 1.12 is a procedure for blowing-up Alberti representations, which has other applica-
tions. In particular, it allows one to blow-up Weaver derivations under the assumption that the background
measure is asymptotically doubling. We point out that, as the metric measure space X does not need to pos-
sess a group of dilations, it is not trivial to find a correct way to rescale derivations and pass to a limit; however,
by taking advantage of the representation of Weaver derivations in terms of Alberti representations proven
in [42], one can use Theorem 7.18 to blow-up a derivation at a generic point. Moreover, as the blown-up Al-
berti representation is concentrated on the set of geodesic lines, the blown-up derivation corresponds to a
1-normal current (in the sense of Lang) without boundary. We refer the reader to Section 7 (in particular
Theorem 7.22 and Remark 7.2) for more details.
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Theorem 1.12 implies that the blow-up of any Lipschitz function at a generic point is harmonic, in the
following sense.

Definition 1.15. Suppose (W, {) is proper metric measure space, where { is a locally finite Borel measure.
Then a Lipschitz function u : W — R is p-Lip-harmonic if for every ball B(x,r) c W, and every Lipschitz
function v : W — R that agrees with u outside B(x, r), we have

/ (Lipv)? dji > / (Lipu)? dji .

B(x,r) B(x,r)

Theorem 1.12 yields:

Corollary 1.16. Suppose u : X — R is a Lipschitz function. Then for p a.e. x € X, for any blow-up sequence as
in Theorem 1.12 there is a blow-up limit it : Y — R such that:

(1) uis p-Lip-harmonic forall p > 1.
(2) Foranyy € Y, r € [0, o) we have var(u, y, r) = r - Lip(u)(x), where var(u, y, r) is the variation of it over
B(y, r):
var(u, y, r) = sup{|u(z) - u(y)| | z € B(y, )} .

In particular, Lip(i1)(y) = lip(it)(y) = Lip(u)(x) for all y € Y, and Lip(u)(x) is also the global Lipschitz
constant of ui.

We remark that in the terminology of [27, Sec. 6], part (2) of the corollary says that blow-ups are 1-
quasilinear; this refines [27, Sec. 6], where it was shown that blow-ups are K-quasilinear for some K.

It is an open question whether a blow-up of a differentiability space must be a PI space, or even a dif-
ferentiability space. Corollary 1.16 may be compared with the result from [14], which asserts that blow-ups
of Lipschitz functions are generalized linear functions —p-harmonic functions with constant norm gradient.
The proof in [14] is quite different however —it is based on asymptotic harmonicity and breaks down in dif-
ferentiability spaces.

The results above all speak to the broader topic of the infinitesimal structure of differentiability spaces.
There are a number of open questions here. The present state of knowledge makes it difficult to formulate
compelling conjectures or questions in a precise form, but one may ask the following:

Question 1.17. If (X, p) is a differentiability space, is there a countable collection {U;} of Borel subsets of X,
such that u(X \ u; U;) = 0 and every U; admits a measure-preserving isometric embedding in a PI space?

If the answer is yes, then blow-ups of differentiability spaces at generic points will also be PI spaces, so one
may approach this question by trying to verify that blow-ups have various properties of PI spaces, such as
quasiconvexity, a differentiable structure, etc. It is of independent interest to gain a better understanding of
the structure of blow-ups in the PI space case. Known examples suggest that the blown-up Alberti represen-
tations may have accessibility properties similar to the accessibility one has in Carnot groups.

Remark 1.18. Since the preprint version of this paper was posted, there has been significant progress on these
issues. It was shown in [43] that at almost every point, any blow-up of a differentiability space is again a dif-
ferentiability space. It was shown in [12] that at almost every point, every blow-up of an RNP differentiabil-
ity space —a metric measure space satisfying a variant of the differentiability space condition for Lipschitz
functions taking values in Banach spaces with the Radon-Nikodym Property— satisfies a non-homogeneous
Poincaré inequality, and consequently is a quasiconvex RNP differentiability space; it was also shown [12]
that RNP differentiability spaces may be characterized by quantitative connectedness properties of universal
Alberti representations, and by asymptotic non-homogeneous Poincaré inqualities.
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The infinitesimal geometry of Lipschitz maps

We now return to the general case of metric differentiation. Consider a Lipschitz map F : X — Z, where Z is
any metric space, and let g = gp be the pullback distance function (1.1). Our results in this case parallel what
has been discussed above for the special case of the identity map idy : X — X, so we will be brief and focus
on the novel features; see Section 8 for the details.

The map F gives rise to a distinguished subset of the Lipschitz functions on X, namely the set of pullbacks
u o F, where u : Z — R is Lipschitz, or equivalently, the set of functions v : X — R that are Lipschitz with
respect to the pseudodistance p.

Theorem 1.19 (Theorem 8.6). There is a canonical subbundle W, C T"X such that the differential of any g-
Lipschitz function v : X — R belongs to W, p-almost everywhere. Moreover, for any countable dense subset
Dy C X, the set of differentials of the corresponding p-distance functions span Wo.

One may construct several seminorms on TX analogous to the seminorms || - ||;, 1 < j < 4, of Theorem 1.7.
For instance, given a countable dense subset Dx C X, we may define a seminorm by

|+ 1l1,0 = sup{ldpx| | x € Dx},

where py is the p-distance from x; analogs of the other three seminorms are defined similarly, using the pseu-
dodistance p instead of the distance function dy.

Theorem 1.20 (Theorem 8.24). The seminorms agree almost everywhere, giving rise to a canonical seminorm
|+ lloon TX.

Unlike in the case of the identity map, when g = dy, the canonical seminorm need not be a norm. Instead
it induces a norm on the quotient bundle TX/ Wj and a dual norm || - HZ, on the canonical subbundle W, C
T"X; here Wy C TX is the annihilator of the W, ¢ T'X, .

There are two different ways to formulate metric differentiation in terms of blow-ups. In the first, we
refine Theorem 1.12 by bringing in the sequence of rescaled pseudodistances {A;o} as well. After passing to
a subsequence, these will Gromov-Hausdorff converge (in a natural sense) to a limiting pseudodistance g on
Y. Then in addition to conclusions (1) and (2) of Theorem 1.12, we have:

(3) When Y and TpX are equipped with the pseudodistance  and the seminorm || - ||p of Theorem 1.20 re-
spectively, the map §; : Y — TpX is a metric submersion.

(4) For every unit vector v in the normed space (TpX, || - ||), there is an Alberti representation of ji whose
support is contained in the collection of curves v : R — Y with the property that $; o v : R — T, X has
constant velocity v, v is a unit speed dy-geodesic, and a constant ||v||,-speed p-geodesic.

A second way to formulate the blow-up assertion is to take an ultralimit of the map F : X — Z. We refer
the reader to Section 8.3 for the statements.

One consequence of (4) is that the blown-up Alberti representations appearing in Theorem 1.12 (2) may
be viewed as invariants of the differentiability space structure, in the following way. The definitions readily
imply that if (X, ) is a differentiability space, (Z, v) is a metric measure space, and F : (X,u) — (Z,v)isa
bilipschitz homeomorphism that is also measure class preserving in the sense that pushforward measure Fxu
and v are mutually absolutely continuous, then (Z, v) is also a differentiability space. When X is doubling,
for almost every p € X, we can then take a Gromov-Hausdorff limit of the the sequence of rescalings of F as
in Theorem 1.12, to obtain a bilipschitz homeomorphism

F:(X,p) — (Z,F®)).
This blow-up map F will preserve the blow-up measures up to scale, and will preserve the blow-up Alberti

representations from Theorem 1.12(2) up to a change of speed that depends only on the choice of tangent
vector v.
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Applications to embedding

In Section 9 we apply metric differentiation to Lipschitz maps between Carnot groups, Alexandrov spaces
with curvature bounded above or below, and the inverse limit spaces in [20], showing that such maps are
strongly constrained on an infinitesimal level.

Further discussion

We now make some remarks about the evolution of some of the main ideas in this paper —generic velocities,
the proof of abundance, the structure of blow-ups, and their distinguished geodesics.

While [14] clarified many points at the foundation of PI spaces, the role of curves remained somewhat
mysterious, and in particular velocity vectors to curves were not considered there. In fact, although Lips-
chitz curves were used in the original definition of a PI space by Heinonen-Koskela (which is based on upper
gradients) there is an equivalent definition in which curves do not appear at all [26].

The first appearance of tangent vectors to curves in the context of PI spaces was in [16]. There a notion
similar to generic velocity vectors was introduced, and it was shown that they span the tangent space at a
typical point; in addition, there was a new characterization of the minimal generalized upper gradient, which
may be viewed as a precursor to Corollary 1.10. Metric differentiation for PI spaces was announced in [16,
p-1020]. This was work of the first two authors, which led to an unpublished account of metric differentiation
[15] that was similar in several respects to the present paper. For instance, it used a notion of generic velocity
vectors, and contained a blown-up statement like Theorem 1.12 involving a distinguished family of geodesics
with constant velocity in the blown-up chart; however, it did not use Alberti representations. We mention that
is easy to see that the collection of nongeneric Lipschitz curves ~ : I — X has zero p-modulus, for every p. This
yields a weak form of abundance of generic curves in the PI space case. A key ingredient in [15] was a proof
of the density of the directions of generic velocity vectors based on a much deeper argument that borrowed
ideas —a renorming argument and the equality Lip u and the minimal generalized upper gradient— from [14].

Bate’s beautiful work on Alberti representations [10, 11] greatly strengthened the connection between
curves and differentiability, providing several different alternate characterizations of differentiability spaces
in terms of Alberti representations. His approach was partly motivated by the work of Alberti-Csornyei-Preiss
on differentiability for subsets of R", and an observation of Preiss that the characterization of the minimal
generalized upper gradient in [16] implied the existence of Alberti representations for PI spaces [11, Sec. 10].

When [10] appeared, the third author used it to give a proof of Lip = lip based on a renorming construc-
tion, without being aware of the contents of [15]. Independently, the first two authors recognized that [10]
could be used to give a stronger and more general treatment of metric differentiation, and proposed writing
the present paper.

2 Preliminaries

2.1 Standing assumptions and review of differentiability spaces

Throughout this paper, the pair (X, u) will denote a differentiability space; this means that (X, dy) is a com-
plete, separable metric space, u is a Radon measure, and the pair (X, u) admits a measurable differentiable
structure as recalled below, cf. [14, 27].

We briefly highlight the main features of a differentiability space, see below for more discussion:

(1) There is a countable collection of charts {(Uqx, ¢a)}a, Where Uy C X is measurable and ¢ is Lipschitz,
such that X\ (UqUq) is u-null, and each real-valued Lipschitz function f admits a first order Taylor expan-
sion with respect to the components of g4 : X — RN« at generic points of Uy, i.e. there exist a.e. unique
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measurable functions a‘?p’i on U, such that:
Ny

f(X)=f(Xo)+Za(Zi (x0) (9a00) - Pixo)) +0 (dx(x,x0)) (forpae.xo € Ua).  (21)
i=1 a

(2) There are measurable cotangent and tangent bundles T"X and TX (see also subsection 2.5). The fibres
of T"X are generated by the differentials of Lipschitz functions, and the tangent bundle of TX is defined
formally by duality: part of the motivation of the present work is to give a concrete description of TX by
using velocity vectors of Lipschitz curves.

(3) Natural dual norms ||-||ip and ||- ||£ip on T"X and TX respectively. The norm |- ||Lip is induced by the point-
wise upper Lipschitz constant, i.e. for any real-valued Lipschitz functions f we have ||df||1;, = Lip f(x)
for y-a.e. x € X.

We recall that Lip f(x) denotes the (upper) pointwise Lipschitz constant of f at x, that is:

F) - )|
r

Lip f(x) = lim sup sup 1 dx(x,y) < r} . 2.2)
r™N\O0

We now give a brief review of some definitions from [14, 27]; an exposition can be found in [33]. Let (Z, v)
be a metric measure space. Let U be a (countable) collection of Lipschitz functions on Z. Then U is dependent
at x € Z if some finite nontrivial linear combination v of elements of U is constant to first order at x, i.e.
[v(y) - v(x)| = o(dx(x, y))). Alternatively, one can say that the pointwise upper Lipschitz constant Lip v of v
vanishes at x. The dimension of U at x is the supremal cardinality of a subset that is linearly independent
at x; the dimension function dimy; : Z — N U {eo} is Borel whenever U is a countable collection. Suppose
that U C Z is a Borel set with positive v-measure, and that ¢ : U — R" is Lipschitz. The pair (U, ¢) is a
differentiability chart (or simply chart) if the component functions ¢4, ..., @x of ¢ are independent at v-
a.e. x € U, and if for each real-valued Lipschitz function f, the (n + 1)-tuple (@1, ..., @n, f) is dependent at
v-a.e. x € U. In particular, there are, unique up to v-null sets, Borel functions aaT}; : U — R such that the
Taylor expansion (2.1) holds for v-a.e. xo € U; in this case we also say that f is differentiable at x, with
respect to the {¢;};.

A metric measure space (Z, v) admits a measurable differentiable structure if there exists an countable
collection of charts {(Ua, @)}, such that Z \ (UaUs) is v-null. Without loss of generality, we will always
assume that for each pair (a, 8), at each point of Uy N Ug the functions ¢ are differentiable with respect to
the functions @g.

One says that a metric measure space (Z, v) is (almost everywhere) finite dimensional if for any count-
able collection U of Lipschitz functions, the dimension dimy, is finite almost everywhere. It follows from a
selection argument [14, 27] that when v is o-finite, then (Z, v) admits a measurable differentiable structure if
and only if it is finite dimensional. Thus, apart from being a standard condition on a measure, o-finiteness is
anatural assumption in the present topic. As the measure v only enters through its sets of measure zero, one
really only cares about the measure class of v; hence if v is o-finite, then without loss of generality one may
take v to be finite.

We finally give a brief justification of why we assume X to be complete in the definition of a differen-
tiability space, which was also a working assumption in [10, 13]. Suppose (Z, v) is a metric measure space,
where Z is not necessarily complete. Denote by Z its completion, and let ¥ be the pushforward of v under the
inclusion Z — Z. Then any Lipschitz function u € Lip(Z) extends uniquely to Z, and since Z is dense in Z,
the notions of dependence and dimension for a collection U C Lip(Z) at any x € Z agree with the notions for
the corresponding collection U ¢ Lip(Z). Hence (Z, v) has a measurable differentiable structure if and only if
(Z, ¥) has a measurable differentiable structure.
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2.2 The metric derivative for 1-rectifiable sets

Let Z be a separable metric space and denote by d; the metric on Z. We say that a pseudometric g on Z is
Lipschitz compatible if there is a nonnegative constant C such that:

0 < Cdy; (2.3)
we say that a function f : Z — W is p-Lipschitz if there is a nonnegative C such that:

dw(f(z1), f(z2)) < Co(z1,22) (Vz1,z € Z). (2.4)

Note that p-Lipschitz functions are necessarily dz-Lipschitz; when referring to the background metric d; we
will simply use the term Lipschitz. We denote by .##! the 1-dimensional Hausdorff measure on Z and by Jfgl
the 1-dimensional Hausdorff measure associated to the pseudometric p.

We now recall metric differentiation results of [8, 9, 29] in the case of 1-rectifiable sets.

Let Y be a Lebesgue measurable subset of R and let v : Y — Z be a Lipschitz map. We fix a countable
dense subset {z;} of Z, and let u; be the pullback of the pseudodistance function g,(:) = (-, z;) by the map
~. Then ~ has a p-metric differential p-md~ : Y — [0, o), which is uniquely determined for £! a.e. t € Y,
and which has the following properties:

(MD1) Rescalings of the pullback pseudometric ~"p at t converge uniformly on compact sets to p-md~(t) dg,
that is, the Euclidean distance scaled by the factor p-md~(t).
(MD2) Consider a point t ¢ Y such that:

(1) The point ¢t is a Lebesgue density point of Y;

(2) The derivatives of the functions {u;}; exist at t;

(3) The derivatives {ug}i are approximately continuous at ¢;
(4) The function sup; |u{| is approximately continuous at ¢.

Then the g-metric differential exists at t and is given by:
o-mdh(6) = sup |ui(®)] - 2.5)
(MD3) One has an area formula [29, Thm. 7]:
/ Bt YD) =2} dAd () = / o-mdn () dL(0). 26)
z

Y

In the case in which the metric differential refers to the metric d; we will use the symbol md ~ instead of
d Z-md’y.

2.3 Alberti representations

Alberti representations were introduced in [1] to prove the so-called rank-one property for BV functions; they
were later applied to study the differentiability properties of Lipschitz functions f : RNV — R [2, 3] and have
recently been used to obtain a description of measures in differentiability spaces [10]. We first give an informal
definition.

An Alberti representation of a Radon measure u is a generalized Lebesgue decomposition of u in terms
of 1-rectifiable measures: i.e. one writes y as an integral:

Y= / vy dP(y), @7)

where {v, } is a family of 1-rectifiable measures. The standard example is offered by Fubini’s Theorem; given
x € RN-1 denote by y(x) the parametrized line in RY given by (x)(t) = x+tey; then an Alberti representation
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of the Lebesgue measure £V is given by:
LN = / Koy AN (X). (2.8)
RN-1
To make the previous account more precise we introduce more terminology. For more details we refer the
reader to [10] and [42, Sec. 2.1]; note however, that we slightly diverge from the treatments in [10, 42] because
we discuss also unbounded 1-rectifiable sets: the need to do so becomes apparent in Section 7.

Definition 2.9. A fragment in X is a Lipschitz map v : C — X, where C C R is closed. The set of fragments
in X will be denoted by Frag(X).

We need to topologize Frag(X); let F(R x X) denote the set of closed subsets of R x X with the Fell topology
[25, (12.7)]; we recall that a basis of the Fell topology consists those sets of the form:

{FEFRxX):FNK=0,FNUy=0fori=1,...,n}, (2.10)

where K is a compact subset of R x X, and {U;}-, is a finite collection of open subsets of R x X. Note that the
empty set () is included in F(R x X) and that, if X is locally compact, the topological space F(R x X) is compact.
We now consider the set Fc(R x X) = F(R x X) \ {0} which is, if X is locally compact, a Ky, i.e. a countable
union of compact sets. Each fragment ~ can be identified with an element of F-(R x X) and thus Frag(X) will
be topologized as a subset of F¢(R x X). We will use fragments to parametrize 1-rectifiable subsets of X.

We now briefly discuss the topology on Radon measures that allows to make sense of an integral like
(2.7). Let Cc(X) denote the set of continuous function defined on X with compact support; recall that the set
Cc(X) is a Fréchet space. We denote by Rad(X) the set of (nonnegative) Radon measures on X; as Rad(X) can
be identified with a subset of the dual of C.(X), we will topologize it with the restriction of the weak* topology.
In particular, when we assert that a map ¥ : Z — Rad(X) is Borel, we mean that for each g € C¢(X), the map:

2o / g0 d (Y(2) () @11)
X

is Borel.

Definition 2.12. An Alberti representation of the measure y is a pair (P, v) such that:

(Alb1) PisaRadon measure on Frag(X);

(Alb2) The map v : Frag(X) — Rad(X) is Borel and, for each € Frag(X), we have v, < 7!, where %1
denotes the 1-dimensional Hausdorff measure on the image of +;

(Alb3) The measure u can be represented as y = fFrag(x) v~ dP(v);

(Alb4) Foreach Borelset A C X and all real numbers b > a, the map v — v, (A N~y(Dom~ N [a, b])) is Borel.

We now recall some definitions regarding additional properties of Alberti representations.

Definition 2.13. An Alberti representation A = (P, v) is said to be C-Lipschitz (resp. (C, D)-biLipschitz) if
P-a.e. v is C-Lipschitz (resp. (C, D)-biLipschitz).

Definition 2.14. Let o : X — [0, oo) be Borel and f : X — R be Lipschitz. An Alberti representation A = (P, v)
is said to be have f-speed > o (resp. > 0) if for P-a.e. v € Frag(X) and £! L Dom~-a.e. t one has (f o 7)/(¢t) =
o(~(t)) md ~(t) (resp. (f o)’ (t) > o(y(t)) md ~v(1)).

Another property regards the direction, with respect to a finite tuple of Lipschitz functions, of the frag-
ments used in an Alberti representation. To measure the direction one can use the notion of Euclidean cone:

Definition 2.15. Let 6 € (0, 1/2), v € S*1; the open cone Cone(v, 8) ¢ R" with axis v and opening angle 6
is:
Cone(v, 6) = {u € R" : tan (v, u) > || ul|2}, (2.16)
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where ;- denotes the orthogonal projection on the orthogonal complement of the line Rv.

Definition 2.17. Given a Lipschitz function f : X — R", an Alberti representation A = (P, v) is said to be
in the f-direction of the open cone Cone(v, 6) if for P-a.e. v € Frag(X) and £ L Dom~-a.e. t one has
(f o v)'(t) € Cone(v, 0).

For the purpose of this paper it will be convenient to obtain Alberti representations with biLipschitz con-
stants close to 1. We will thus use the following result [42, Thm. 2.64]:

Theorem 2.18. Let X be a complete separable metric space and u a Radon measure on X. Then the following
are equivalent:

(1) The measure u admits an Alberti representation A in the f-direction of Cone(v, 6) with g-speed > 0;
(2) Foreach € > 0 the measure yu admits a (1, 1 + €)-biLipschitz Alberti representation A in the f-direction of
Cone(v, 8) with g-speed > 0.

Moreover, one can always assume that the Alberti representation is of the form A = (P, v), where P is a finite
Radon measure concentrated on the set of fragments with compact domain. Additionally, one can assume that
v = h¥ where h is a nonnegative Borel function of X and:

¥, =, (Ll L Dom 7) , (2.19)
i.e. the push-forward of the restriction of the Lebesgue measure to the domain of .
Sometimes we will find it useful to restrict an Alberti representation A = (P, v) to a Borel set U C X by

letting A L U = (P, v L U). Other times one knows the existence of Alberti representations on subsets {Uq }«
and would like to glue them together. This is accomplished by the following gluing principle [42, Thm. 2.67]:

Theorem 2.20. Let {Uq}a be Borel subsets and suppose that for each a the measure u_ Uy admits a (C, D)-
biLipschitz Alberti representation in the f-direction of Cone(v, 6) with f-speed > ¢ (or > 0); then the measure
uL U, Ua also admits a (C, D)-biLipschitz Alberti representation in the f-direction of Cone(v, 0) with f-speed
> ¢ (or> o).

2.4 Results from Bate and Speight

We now recall some results [10, 13] on the structure of measures in differentiability spaces. The original The-
orems [14, 27] on the existence of differentiable structures required the measure u to be doubling. Bate and
Speight [13] found a partial converse of this:

Theorem 2.21. If (X, ) is a differentiability space, then:

e The measure y is asymptotically doubling, i.e. for u-a.e. x there are (Cx, rx) € (0, o0)? such that:
U (B(x, 21)) < Cxp (B(x, 1)) (Vr <71v). (2.22)

As a consequence, (X, u) is a Vitali space, i.e. the Vitali Covering Theorem holds in (X, p), and thus also
Lebesgue’s Differentiation Theorem holds for p.
e Every porous subset is u-null.

It was shown in [11, Lemma 8.3] that if if (X, u) is asymptotically doubling, there are countably many
Borel sets {Uq }« such that u(X \ | J, Ua) = 0 and such that each Uy is doubling as a metric space. Moreover,
the sets {Uq }« might be assumed to be closed or compact.

Remark 2.23. In particular, at generic points of each Uy, one can obtain blow-ups/tangent cones of (X, y)
by using Gromov’s Compactness Theorem (see Section 7). In fact, as porous sets are u-null, blowing-up
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(Ua, p L Ug) at a point p of Uy which is a Lebesgue density point for y, and is also a point at which Uy is
not porous in the ambient space X, will yield the same metric measure spaces as blowing-up (X, u).

Recently Bate [10] made a deep study of the structure of measures in differentiability spaces by using
Alberti representations; in particular, he was able to obtain several characterizations of these spaces. For the
sake of brevity we just summarize one characterization as follows:

Theorem 2.24. The metric measure space (X, ) is a differentiability space if and only if:

(1) The measure u is asymptotically doubling and porous sets are p-null;
(2) Thereis a Borel function T : X — (0, o) such that, for each real-valued Lipschitz function f, the measure
admits an Alberti representation with f-speed = T Lip f.

In [42] it was shown that one may take T = 1: in subsection 6.2 we provide a proof of this fact which is
independent of the results in [42]. To put this in perspective we recall the following definition:

Definition 2.25. Let f : X — R be Lipschitz. The lower pointwise Lipschitz constant of f at x is:

Ify) - f(x)|
r

lip f(x) = lign\iglf sup { 1 dx(x,y) < r} . (2.26)

In [27] it was shown that the existence of a measurable differentiable structure follows under the assump-
tion that (X, ) satisfies a Lip-lip inequality: this means that there is a K = 1 such that, for each real-valued
Lipschitz function f, one has:

Lipf(x) < Klipf(x) (for u-a.e. x). (2.27)

In particular, Theorem 2.24 implies that in a differentiability space the Lip-lip inequality holds by replacing
the constant K with the function 1; thus, showing that one can take 7 = 1 implies that the Lip-lip inequality
self-improves to an equality. For the case of PI-spaces, the Lip-lip equality was a main result of [14], which
followed from the more general result that, for p > 1, Lip f is a representative of the minimal generalized upper
gradient of f.

The result of [10] that we will mainly use is the existence of Alberti representations in the directions of
arbitrary cones:

Theorem 2.28. Let (U, y) be an N-dimensional differentiability chart for the differentiability space (X, u); then
foreachv € S¥1 and each 8 < (0, 71/2), the measure UL U admits an Alberti representation in the y-direction
of Cone(v, 6).

2.5 Measurable Vector Bundles

In this paper we will work with measurable subbundles of the tangent and cotangent bundles associated to a
differentiability space. Since we deal with different (measurable) seminorms on these subbundles, we need to
introduce a bit of terminology to make the treatment precise. Let (2, X) be a measure space; a >-measurable
vector bundle over Q is a quadruple V = (Iv, {Na}acry, > {Ua}acry > {8a,8} @ pcry, ) Such that:

(1) The index set Iy is countable and {Uq }4¢J,, is @ cover of Q consisting of Z-measurable sets;
(2) Each N is a nonnegative integer and if Uy N Up/= 0, then Na = Npg;
(3) The (possibly empty set) Iy~ consists of those pairs (a, B) € Iy x Iy such that Ux N Ug/= 0;
(4) Each g, g is a Z-measurable map g, g : Ua N Ug — GL (RN“).
(5) The collection {g, g} satisfies the cocycle condition, i.e. if Ua N Up N U/= 0, then ga,y = g, © 8a,p 2-a.€.
If N = sup, Nq < oo the bundle V is said to have finite dimension N.
A section ¢ of V is a collection {04}, of Z-measurable maps 0 : Us — RN« such that:

8a,p © Oa = Op. (2.29)
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A measurable subbundle of V is a measurable choice of a hyperplane in each fibre. More precisely, let
Gr (]RN , k) denote the Grassmanian of unoriented k-dimensional planes in RY; then a subbundle W of V is

apair {Ma}r,, {@a}r,) such that:

(1) Each nonnegative integer M satisfies Ma < Nq and if (a, B) € Iy n, then Ma = Mp;
(2) Each ¢ is a X-measurable map @q : Ug — Gr (RN“, Ma) ;
(3) For each pair (a, B) € Iy  the following compatibility condition holds:

8ap (Pa() = () (vx € Ua N Up). (2:30)

We now turn to the construction of seminorms on V (or on a subbundle).
We define a generalized seminorm on R" to be a function || - || : RY — R, U {eo} satisfying the obvious
variants of the usual homogeneity and subadditivity conditions:

* [of =0.
e Forall x € R, a € (0, o) we have ||ax| = al|x]|.
e Forall x,y € RN we have ||x + y|| < ||x|| + ||y|| whenever ||x|| and ||y| are both finite.

For every generalized seminorm | - || on R¥, we have the associated supergraph
SG(| - ) = {5, y) e RV xR |y > |[x||}.

The supergraph is a closed convex subset of R¥*! which determines the generalized seminorm uniquely. Note
that for any collection {|| - || }rco of generalized seminorms on RV, the pointwise supremum Sup;eq || - |Ir
defines a generalized seminorm, which we denote by || - ||5; if the family is bounded above in the sense that
there is a seminorm || - ||o such that || - |z < || - ||o for all T € T, then the supremum || - ||+ is a seminorm. The
supergraph SG(|| - || ) is the intersection of the supergraphs {SG(|| - ||r)}zco-

Let Sem(RY) and Sem..(R") denote the collections of seminorms and generalized seminorms on RV,
respectively. Taking supergraphs defines an injection ¢ from Sem.(RN) to the collection of closed subsets of
RN*1: we topologize Sem...(RN) with the topology induced by  from the pointed Hausdorff topology on the
collection of closed subsets of RN*1. Note that the subspace topology on Sem(RY) c Sem.o(RY) agrees with
the compact-open topology on Sem(RY).

A seminorm (resp. a generalized seminorm) || - || on V is a collection {|| - ||, }«c1,, Of Z-measurable maps
|1l : Uz — Sem (RN“) (resp. Sem. oo (RN“)) which satisfy, for each (a, B) € Iy, a.e. x € Ua N Ug, and

each v € RM«, the following compatibility condition:
IVllq 06) = [|ga,pW)][ 3 X)  (vx € Ua 1 Up). (2.31)

We will essentially work with measurable bundles where Q = X, a complete separable metric space, and
where X is the Borel o-algebra. However, in the case of a metric measure space (X, ), we implicitly identify
vector bundles, sections and seminorms which agree p-a.e. For example, consider two Borel vector bundles

V= (Iv, {N(X}aeIV’ {Uﬂl}aelv s {ga’ﬁ}(a,ﬁ)elv‘ﬁ) and '\7’ = (147, {Nz/x’}a’e% . {Uzlx’}a’elgﬂ {g;,ﬁ}(a,’ﬁ/)ewm) over
X; we identify them if:

(1) Whenever u(Uq N UJ,) > 0 one has Ng = Ni/;
(2) Whenever u(Uq N U,,) > O there are a u-full measure subset V, o+ C Ua N U,, and a Borel map Gy, o' :
Va,ar — GL (RNa), such that, if u(Ug N Ul’g,) > 0, one has:

Gp,p ©8a,p(X) = 8w pr © Gaar(x) (for p-ae. x € Vy oo NV /). (2.32)

To construct seminorms on measurable vector bundles we will use often the following lemma.

Lemma 2.33. Let V be a measurable vector bundle over X and let {||- HT}T o be a countable collection of
generalized seminorms on V.
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We may define a collection of measurable maps {|| - ||1,4 : Ua — Sem.oo(RV*)} 4 1, by taking the pointwise
supremum of seminorms:

I+ l7,a(x) = sup | - [l,a(x) = || - [|7,a(x). (2.34)
T€T
Then {H . HT,,X}a el defines a generalized seminorm || - | on V, which we call the supremum of the semi-
norms {| - ||}, If there is seminorm || - ||o on V such that
-l <1l-llo (2.35)
holds almost everywhere, then
-1l =1 llo (2.36)

almost everywhere, and || - || is a seminorm (almost everywhere).

Suppose now that i is a o-finite Borel measure on X and let {|| - ||, -}weqo be a collection of seminorms on
V which is allowed to be uncountable. Then there is a p-a.e. unique generalized seminorm || - ||, called the
essential supremum of the collection {|| - ||, - }wec» Which satisfies the following properties:

(Ess-supl) For each section o of V and each w € Q one has:
lolg 2 lloll, wae; (2:37)
(Ess-sup2) If| - ||'Q is another generalized seminorm satisfying (2.37), then one has:

Illgzl-lg  m-ae (2.38)

(Ess-sup3) There is a countable subcollection Q' C Q such that the countable supremum || - || o/ as defined
after (2.34) agrees with || - || .

Moreover, if there are a seminorm || - || on'V and a C = 0 such that:

<Cll-l (2.39)

(R

holds p-a.e. and uniformly in w, then || - ||, can be taken to be a seminorm satisfying:
[-lo=Cll-II  p-ae. (2.40)

Proof. The proof that || - ||; defines a generalized seminorm, which is also a norm under the additional as-
sumption (2.35), follows by unwinding the definition of a measurable vector bundle. To prove the second
part of Lemma 2.33 we use the approach of [23, Prop. 5.4.7].

We first observe that (Ess-sup1) and (Ess-sup2) are properties that hold up to y-null sets, and thus we
can construct || - ||, independently on each V|Ug,, where V|Uy denotes the union of the fibres of V over the
points x € Ujy. We can therefore assume that the cardinality of I, is one and identify V with the product
U x RN, Without loss of generality we can also assume that y is a probability measure on U. We take a norm
|- || onRY, and denote by S¥-! and .#*V~! the corresponding unit sphere and (N - 1)-dimensional Hausdorff
measure. We finally let 77 be the probability measure

u@ N SN N (gNL), (2.41)

Let {|| - [[5}cq Pe the collection of supremums of all finite subcollections of {|| - ||lw}weq, i-e. the collection
of all generalized seminorms of the form
I+ lle = sup{ll * llwis«vvs Il -l }
where {w;, ..., w;} ranges over all finite subsets of the collection {|| - ||w }yecq-
Then {|| - [lo},.q is upward-filtering, i.e. for all pairs (w, w') € Q? there is an w” € ( satisfying:

Nl = max {l - {ly s I+l } - (2.42)
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We now consider the increasing homeomorphism:

(:R—(0,1)
ol (2.43)
e el+1’
and observe that the random variables {¢ (|| - [l,)) } . ate all nonnegative and have 71-expectations satisfy-
ing:
E[(I-ll,)] = 1. Q.44)
Thus the supremum:
g=sup [E[S(I-1,)] ¢ 1l I, € 2} (245)

is finite, and welet T = {|| - ||, } denote a maximizing sequence:
lim E[¢ (]l 1ly,)] = q- (2.46)

The proof is completed by showing that the countable supremum || - || satisfies (Ess-sup1), (Ess-sup2), and
(Ess-sup3).

We first address (Ess-sup1): suppose that one has || - ||, > || - | on a set of positive measure. Then, con-
sidering the sequence of norms {max {||- ||, , |-l } } € Q one contradicts (2.46).

We now address (Ess-sup2) and take a norm || - |5, satisfying (2.37). Let A C U be a set of positive -
measure: we claim that one has:

nli_{{,loE [XAXRN( (H ) Ha},,)] = sup {E [XAXRN( (H : H(u)] RS Q} =E [XAx]RN( (H ) HT)] . 2.47)
In fact, if any of the equalities in (2.47) failed, using that { is positive and that the collection {|| - ||,, -}, cpis
upward-filtering, one would contradict (2.46). As { is increasing, we have
E [XAXRN( (H : ||22)] > E I:XAX]RN((H . Ha)n)] ) (2.48)
and from (2.47) it follows that:
E [xaxev$ (I-10)] 2 E [aen$ (I lI7)] » (2.49)

from which (2.38) follows.
Note that (Ess-sup3) holds, since | - || 7 is the countable supremum of the the seminorms || : ||,, each of
which is a finite supremum of seminorms from the collection {|| - ||w }weq- O

3 Generic points and generic velocities

In this Section we fix a complete separable metric space X and introduce a notion of genericity for pairs
(v, t) € Frag(X) x R; this notion of genericity will be specified in terms of a quadruple (F, €, 8, Dx) such
that: ¥ is a countable collection of real-valued Lipschitz functions defined on X, € is a countable collection of
real-valued bounded Borel functions defined on X, Dy is a countable dense subset of X, and § is a countable
collection of Lipschitz compatible pseudometrics on X which will always include the metric dy.

Definition 3.1. We say that the pair (v, t) is (F, €, 8, Dx)-generic if:

(Gen1) The point t is a Lebesgue density point of Dom(~);

(Gen2) For each f € J the derivative (f o v)’ exists and is approximately continuous at t;

(Gen3) For each u € € the function u o ~y is approximately continuous at t;

(Gen4) For each x € Dy and each p € 8 the derivative (ox o +)’ exists and is approximately continuous at t;
(Gen5) For each p € § the function sup,¢p, |(ox o~)'(t)| is approximately continuous at ¢.
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In the case in which 8 consists only of dy we will just write (F, C, Dx). Whenever a default choice of the
set Dy is assumed, we will omit Dy from the notation.

Remark 3.2. We remark that the proof of [9, Thm. 4.1.6] shows that at a point ¢t where (Gen1), (Gen4)
and (Genb5) hold, the p-metric derivative p-md~(t) exists and equals sup,cp, ](QX o) (t)]. Thus, if (v, t) is
(7, G, 8, Dx)-generic, for each g € 8 the g-metric derivative exists and is approximately continuous at ¢.

We point out that, in the case of a differentiability space (X, u), Definition 3.1 has a natural interpretation
in terms of the p-tangent bundle TX. Let {(Ua, <pa)} be an atlas for (X, u) and suppose that F contains the
components of all the coordinate functions {¢.}, and that C contains all the characteristic functions {xy, }.
Suppose now that (v, t) is (&, €, 8, Dx)-generic and that (t) € |J, Ua; then o/ (t) is a well-defined element of
TX. We are thus led to the following definition.

Definition 3.3. A (7, G, 8, Dx)-generic velocity vector is an element of TX of the form ~/(t), where:

e (v,t)is (7, C, 8, Dx)-generic;
* ~(t) € Ug Ug;
e For all a, J contains the components of ¢ and C contains xy, .

As above, in the case in which 8§ consists only of dx, we will just write (F, €, Dx), and we will omit Dy
from the notation if a default choice of the set Dy is assumed.

We now establish measurability for generic pairs.

Lemma 3.4. The set
G(F,€,8,Dx) = {(v, ) : (v, ) is (4, €, 8, Dx)-generic } (3.5)

is a Borel subset of Frag(X) x R.

Proof. We prove that G(&, €, 8, Dy) is Borel by showing that certain sets are Borel. Let DOM denote the set of
pairs (v, t) such that t € Dom~:

DOM = {(y, t) € Frag(X) xR : t € Dom~} ; (3.6)
then DOM is closed. Fix § > 0 and consider the set of pairs (v, t) where t becomes isolated below scale §:
ISOL(6) = {(v, t) € DOM : Dom~y N (t - 8, t + 6) contains only one point} ; (3.7)

then ISOL(6) is closed and ISOL = | P ISOL(6) is Borel and consists of the pairs (v, t) where t is an iso-
lated point of Dom ~. We can thus attempt to define, for a Lipschitz compatible pseudometric g, the gp-metric
derivative and, for f Lipschitz, the derivative of f at pairs in DOM \ ISOL. Consider the set:

MDIFF(p) = {(v,t) € DOM\ISOL : p-md~(t) exists}

=N U (v,t) € DOM\ISOL : Vsq, s, € (t - 8, t + §) N Dom -,

e€Qso (6,9)€Q>0XQ20 (3.8)

106(52), 7(52) - Bl - 52l < s - 52|};

this set is Borel as all the sets in the curly brackets are closed in DOM\ISOL. Modifying the definition of MDIFF
by constraining 6 to lie in a specified interval we also conclude that the map:
MDer(g) : MDIFF — [0, o)

(3.9)
(v, ) — p-md~(t)
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is Borel. Consider now a real-valued Lipschitz function f defined on X; the set DIFF(f) where (f o ~)/(¢) exists
is Borel because we can write it as:

DIFF(f)

{(y,t) e DOM\ISOL : f o~ is differentiable at ¢}

=N U (v, t) € DOM\ISOL : sy, s, € (t- 6, t + 6) N Dom,
£€Qs0 (8,0)€Q:0xQ

IF (1)~ f o(s2) - B(s1 - 52)] < elsy —s2|}

(3.10)

where the sets in curly brackets are closed in DOM \ ISOL. Constraining the 6 appearing in the definition of
DIFF(f) to lie in a given interval we conclude that the map:

Der(f) : DIFF(f) — R
(v, 8) = (F o) (8)

is Borel. Regarding condition (Gen5) we need also to take a sup of derivatives when they exist; so let Q be a
countable set of Lipschitz functions; then the set:

(3.11)

DIFF(Q) = ("] DIFF(f) (312)
feQ
and the map:
|Der(Q)| : DIFF(Q) — R
(7, t) — sup }(f o ’y)/(l’)’ (3.13)
fea
are Borel.

We now turn to questions pertaining to the approximate continuity of a function at a point in the domain
of a fragment. For L > 0 we will denote by SUB(L) the closed set of those fragments whose domain lies in
[-L, L]. Suppose now that we are given a Borel set B ¢ DOMand a Borelmap i : B — R.For (g, 8, L) € (Qs0)*
let:

¥(e,6,L,B, ) = {(% t,s) € Frag(X) xR? : s, t € [-L, L],

(3.14)
(3,0, (v,5) € B, |t ~ 5| < Sand [y, )~ (. 5)| < s};
the set ¥(¢, 8, L, B, 1) is Borel and [25, Thm. 17.25] shows that the map:
Leb(e, 6,L,B, ) : B— R
(3.15)

(o0 £ (e, 8,1, B, W), )

is Borel. It is then easy to prove that the sets of pairs (v, t) € B where some map is approximately continuous
at t is Borel; in fact, first define:

acont) = | () U NG eB:tel-L, 1]
LeQs0 £€Qs0 6€Q50 r€WQs0 (316)
and for each r < § one has Leb(e, r, L, B, Y)(~, t) = 2(1 - £)r},

which is a Borel set; then, for example, ACONT(MDer(dy)) consists of the pairs (v, t) where md v exists and
is approximately continuous at ¢. In order to handle the approximate continuity for a Borelmapu : X — R
we introduce the notation Ev(u) to denote the Borel map which evaluates u at v(t):

Ev(u) : DOM — R

(3.17)
(7, ) = w0 A(0).
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Letting i : DOM — R to be the function which trivially maps each pair (v, t) to 0, we see that ACONT(y) =
LEBDENS is the set of pairs (v, t) where t is a Lebesgue density point of Dom .

We finally conclude that G(F, €, 8, Dx) is Borel by observing that, when we use B = DOM to define ACONT
in (3.16), we have:

G(7,€,8,Dx) = () ACONT(MDer(g)) N (") ACONT(Der(f))
0€S feg
N () ACONT(Ev(w))n (] ACONT(Der(gx)) (318)
ucet x€Dy,0€8 )

N (") ACONT (|Der|({ox}xep,)) N LEBDENS.
0€ES

4 Metric differentials and seminorms on TX

In this section we discuss the first instance of metric differentiation, Theorem 4.3. The point is that in the
presence of a differentiable structure, the %1-measure of a fragment ~ can be recovered using a seminorm
(canonically associated to g) on the tangent bundle TX associated to the differentiable structure. Let (X, u)
be a differentiability space with atlas {(Ua, (pa)}, and fix a countable dense set Dy C X.

Definition 4.1. Let @ be a countable collection of Lipschitz functions on X; we say that a Borel subset V C

U, Ua is a @-differentiability set if:

(Diff1) The set V has full y-measure: u ({J, Ua \ V) = 0;

(Diff2) Foreach (x, f) € Vx @, if x € Uy, then f is differentiable at x with respect to the coordinate functions
Pa.

Let @p, , = {0x : x € Dx} and let V be a @p, ,-differentiability set. Using Lemma 2.33, we obtain a semi-
norm || - ||, , on TX by defining, fory € Vandv € Ty V:

IVlipy,o = Xséll? |dox ly (V)] . (4.2)
X

Theorem 4.3. Let (F, @, 8, Dx) be as in Section 3 and let V be a D, o-differentiability set. Assume that F
contains all the components of the coordinate functions @, that C contains the characteristic functions {yy, }aU
{xv},andthatp € 8.If¥'(t)isan (7, C, 8, Dx)-generic velocity vector and if y(t) € V, then the metric differential
o-md~(t) exists and equals ||/ (¢)|| Dy.o INparticular, if a fragment v lies in V, we have:

Ay (Im~) = / 1/ O, 4t- (4.4)

Dom ~

Proof. To fix the ideas suppose that v(t) € U,. Because of conditions (Gen4), (Gen5), the argument in [9,
Thm. 4.1.6] implies that
; (4.5)

o-md~(f) = sup |(ex o) (t)
xeDx

as y(t) € V, for each x € Dy the pseudodistance function gy is differentiable at v(t) with respect to the
coordinate functions @q; note also that ¢4 o ~ is differentiable at ¢ by condition (Gen2). Thus,

(exon) (=3 jj)’; GO (9 o7) 0 = dox Ly (' (0), (46)

which implies
sup |(gx o) (O)] = [|' (0|, , - (4.7)
XxEDy ’
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Formula (4.4) follows from the area formula (2.6) for the pseudometric g by observing that for a fragment ~
which lies in V, for £!-a.e. t € Dom ~, the velocity vector 7/ (¢) is (¥, C, S, Dx)-generic. O

In Section 8 (Theorem 8.24) we will show that for different choices Dy and Dy of the countable dense set, the
seminorms || - ||, ,and || [|5, p are the same. The proof uses the density of directions at generic points which
is discussed in the next Section. For the case in which p = dy this follows from Theorem 6.1.

5 Density of generic directions at generic points

In this Section we show that for u-a.e. x € X the set of vectors in TxX which can be represented by (¥, €, 8, Dx)-
generic velocity vectors contains a dense set of “directions” in TxX. We make this idea precise with the fol-
lowing definition:

Definition 5.1. If V is a finite-dimensional vector space, we say that a subset W C V contains a dense set
of directions if:

[0,00)W = {tw [t € [0,00), WE W} = V. (5.2)

We now fix an atlas {(Ua, @a)}a for the differentiability space (X, u) and let Nq denote the dimension
of the chart (Ua, @q). For each a let {Cone(v,, Oa,k)}keN denote a collection of open cones with {v, s} C
SMNe=1 dense in the unit sphere and lim;_, .. 0a,x = 0. Using Theorem 2.28, we find Alberti representations
Ax = (P, vi) of u such that, for each a, the restriction Ay L Uq is in the @4-direction of Cone(v, , 04 k).

Theorem 5.3. Let Iy C Frag(X) be a Borel set such that, for each k one has P; (Frag(X) \T o) = 0; and let
(7, €, 8, Dx) be as in Definition 3.3. Then there is a u-measurable subset Y C X with full uy-measure such that,
foreach x € Y, the set of velocity vectors

Gy = {v e TxX | v =+'(t) for v € I'y such that v/ (t) is (¥, €, 8, DX)-generic}, (5.4)

contains a dense set of directions in TxX.

Proof. Let Z;, C X x Frag(X) x R consist of those triples (x, v, t) satisfying:

(1) 4'(t)isan (7, G, 8, Dx)-generic velocity vector;
(2) ~(t) =xand vy € I'p;
() Ify(t) € Uq, then (pq 0 7)'(t) € Cone(vy i, O, 1)-

Using Lemma 3.4 we conclude that Z,, is Borel, and therefore its projection Y, c U on X is Suslin [25],
and hence p-measurable. Note that for each v € Iy, as v4(v) is absolutely continuous with respect to 32”71,
one has v (7)(X \ Y;) = 0, and therefore u(X \ ¥;) = 0. We conclude that Y = (N, Yy is a p-full measure u-
measurable subset of X. Let x € Y N Uy, and let v € TxX; then for each € > 0 we can find a k such that, for
each w € Cone(v, x, 04 k), thereis a ty € [0, oo) with:

lv - twwllp < €|lv]p; (5.5)

butas x € YN Uy, there are a fragment ; € I'p and a t; € R such that the vector ~;(t;) € TxXis (F, €, 8, Dx)-
generic and (@4 o 1)’ (ty) € Cone(v, k, 04 k); thus there is an sy € [0, oo) with

[V = si(@a o i) |2 < €l|V][2s (5.6)

which implies [0, 00)Gx = TxX. O
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6 Consequences of density of generic directions

In this section we prove the equality of various seminorms on TX (Theorem 1.7), the equality Lip u = lipu a.e.
(Theorem 1.11), and give a new proof that in PI spaces the minimal generalized upper gradient agrees with
the pointwise Lipschitz constant.

6.1 Equality of natural seminorms on TX
The main result in this subsection is the proof of Theorem 1.7, which is based on the following result.

Theorem 6.1. Let (X, u) be a differentiability space and Dy C X a countable dense set. Then the seminorm
| Ipy..a, O TX provided by (4.2) (taking g = dy) coincides with the norm || - ||£ip (see Section 2.1); in particular,
the norm || - ||, 4, does not depend on the choice of Dy.

Notation: After proving Theorem 1.7, we will change to the notation || - || rx, || * ||7*x or simply || - || to denote
the canonical norms on TX and T"X.

Theorem 6.1 can be regarded as an infinitesimal version of metric differentiation for the identity map
id : X — X; its proof uses the following lemma:
Lemma 6.2. Suppose that (V, || - ||) is a finite dimensional normed vector space, with dual space (V" || - ||").
Let W be a subset of the closed unit ball B(|| - ||) C V, such that:

(H1) Forevery w € W, thereis a linear functional ay, € V" with ||aw||" < 1, such that aw(w) = 1;
(H2) The set W contains a dense set of directions.

Then:

(1) Forallw € W one has |law|" = 1;
(2) The set W is a dense subset of the unit sphere S(|| - ||);
(3) The seminorm on V defined by sup,,cy |aw(-)| agrees with || - ||.

Proof. Note that by (H1) each ay has unit norm (which implies (1)) and that each vector w € W has unit norm,
which implies that W c S(|| - ||). Let v € S(|| - |)); by (H2), for each € > O there area we € Wand a t¢ € [0, o0):

lv—tewe] < &; (6.3)
let By a unit norm functional on V assuming the norm at v. Then (6.3) implies:
11— tefv(we)| < & (6.4)
as |Bv(we)| < 1, the previous equation implies t¢ > 1 — €. On the other hand, evaluating with a.,, (6.3) gives
|awe(v) - tg‘ <¢€; (6.5)
as the functional ay, has unit norm, t < 1 + €. We thus conclude that
lv—we| < ||v—tewe| + ||(1 - te)we| < 2¢, (6.6)
implying (2). Note that, as the functionals a,, have unit norm,

sup [law()|| < - . (6.7)
wew

On the other hand, for each v € V' \ {0} and each € > 0, choose we € W with

v

_ = < g; (6.8)
vl

We
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then
A, (H‘]:H) >1-¢, (6.9)
implying that:
sup [law()[| = (1= &) - |, (6.10)
wew
from which (3) follows. O

Proof of Theorem 6.1. Let V be a differentiability set for the countable collection of Lipschitz functions
{d x(-s %) : x € Dy } We let F contain the components of the coordinate functions, € contain the characteristic
functions of the charts, and 8§ = {dy}. Let Y be the set provided by Theorem 5.3; we will show that for each
p € YNV the norm || - |1, and the seminorm |- |, ;. coincide on the fibre TpX. Let /(t) € Gp(J, €, Dx)
with ~4/(ty = 0; then md ()= 0. Without loss of generality we assume that p belongs to the chart U, and we
consider a functional Zﬁ“l a; dol |pe T,X; then:

Ng ZI.\L,X a; (q)fx o 7)/ (t)‘
i ) \|_ ‘ i=1 .
‘ <Zl awdvele mdso > ’ ) md ~(6) ’ (6.11)

choose sy \, 0 such that t + s, € Dom ~ and note that

e[S (ko) € (oo )
3 a (o) 0] - :
i=1
o a (ko) @rso- (phon) O)] gy i)
Riives dx(y(t + $n), 7(0) ol sn
Nq
< Za,- doy |p md ~(t);
i=1 T X
(6.12)
we thus conclude that:
.- ARRA) o i
1 1
‘<Zaid(l’a |p,md7(t)>‘5 Zaid(l’a |p s (6.13)
i=1 i=1 Lip
which implies O € B(][ - |};, ()-
Let
w, =L YO ey=0and (0 € 6,7, €, Dy) L (6.14)
p md "}/(t) §4 s s ’

by Theorem 5.3 the set W), contains a dense set of directions in TpX. Theorem 4.3 implies then
14'©®)[ , 4, = md (D), (6.15)
and so we can find a sequence {Zijl a; i dok, Ip} C B (|| |luip) such that:
(1) We have:
Nq _
lim <Z i,k dpg Ip, vl(t)> = md~(8); (6.16)
i=1

k— o0

(2) For each k there is an x;, € Dx with:

Nq
d (dx(,x0) b= i do Ip - (6.17)

i=1
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By compactness we can find a subsequence of {Z?L‘ﬁ a; i d(pfl p } convergingto w.,) € B (|| . ||Lip). Now,
(6.16) implies that
w ﬁ =1: (6 18)
7O \mdy@0) 7 ‘
so for w € W), of the form m“é/ggt) let aw = w.,/(»; applying Lemma 6.2 we conclude that:

; (6.19)

I+ ILip®) = sup |aw(-)
weWy

but Lemma 6.2 implies also that Wy, is dense in S (|| - H;ip) and by (6.18) we conclude that for w' € Wp:

sup |aw(W)| =1 = [|w , (6.20)
st Ja)] =1= W,
from which we have || - ||;;,(P) = || - lIp,.a, ®)- O
Proof of Theorem 1.7. Let ||-||1—]| - ||3 be the seminorms as in Theorem 1.7, constructed using Lemma 2.33, and
let | - [|4 be the dual Lip norm || - || ;,. Clearly we have || - ||y < || - [l < || - ||3.
We claim that
[-lls <1+ llip H-a-e. (6.21)

To see this, recall that by Lemma 2.33 there is a countable collection {f;} of 1-Lipschitz functions such that
for p-a.e. p € X, the differentials dfi(p) € T, X are well-defined, and

|- 113() = sup |df;(p)| .

Recalling that for p a.e. p € X we have ||dfi(p)||Lip = Lip fi(p), we get that for y a.e. p € X, every i, and every
v e TpX,
\df;(V)| < |dfilluip * IVIILip = Lip fi(®) - IVIILip < [IVIILip

since f; is 1-Lipschitz. Taking supremum gives (6.21).
By Theorem 6.1 we have || - |1 = || - Hiip p-a.e., so Theorem 1.7 follows. O

6.2 A new proof of lip f = Lip f in differentiability spaces

In this subsection we provide a proof, independent of the one given in [42], of the following result:

Theorem 6.22. Let (X, u) be a differentiability space and f : X — R Lipschitz. The for all (¢, 0) € (0, 1)? there
is a (1, 1 + €)-biLipschitz Alberti representation of u with f-speed = o Lip f. In particular,

Lipf(x) =lipf(x) for u-a.e. x. (6.23)

The equality (6.23) generalizes one of the main results in [14, Thm. 6.1], which is a consequence of the fact
that, in a PI-space (X, u), the function Lip f is a representative of the minimal generalized upper gradient gf
of f. This last statement does not make sense in a general differentiability space as one might have g < Lip f
on a positive measure set, e.g. because X might not contain enough curves and one might then have g; = 0.
However, in a differentiability space the concept of the maximal slope of f along fragments passing at time
t = 0 through x and having 0 as a density point of their domain, remains useful and can be interpreted as
the size of the gradient of f. The result (6.23) is also proven in [42] in a conceptually different way, and there
it is also shown that in a differentiability space one has Lip f = |df|, where |df]| is the local norm of the form
df, which is the Weaver differential form associated to the function f. The proof of Theorem 6.22 relies on the
following lemma.
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Lemma 6.24. Let || - || . denote the standard 1>-norm on RY, and et | - ||" denote another norm on R¥ satisfying:
1 /
Sl <117 < Cl- D 6.25)
Then the diameter of the set Cone(v, 6) N S (| - I’ ), with respect to the norm || - ', is at most
4C*(1 - cos 0 + sin 6). (6.26)
Proof. Let vy, v, € Cone(v,8) NS (||-||'); then we can find uy, u € S (|| - ||;2) such that: v; = Hl’j—'n/, now
[lur — uz||p < 2(1 - cos 8 +sin 6) (6.27)

by using the definition of Euclidean cone. Observe also that (6.25) implies:

sl = lJuz|l’| < [Jug - uz||” < 2C(1 - cos 6 + sin 6); (6.28)
thus
uq u uj up up us '
7~ 7| = 7T 7t 7T 7
flusl™ lluzl udll” fluall” fual” fJuz]
[ug — s/ Jua ||’ / /
< Tt 7 7 |||u1H = |lua|] } (6.29)
flull luall” [luz||

< Cllug —ua|" + C|lluall - [Juz|
< 4C*(1 - cos 6 + sin 0).

O

Proof of Theorem 6.22. We fix an N-dimensional chart (U, ¢) and a countable dense set Dy C X. We will show
that, for each (g, 0) € (0, 1)%, the measure u L U admits a (1, 1 + £)-biLipschitz Alberti representation with
f-speed = g Lip f; the result about u will then follow by applying the gluing principle Theorem 2.20.

We first consider the special case in which f is of the form (vy, @) for some v, € RN \ {0}. For each
n € (0, 1) we can use Egorov and Lusin Theorems to find disjoint compact sets Cq € U, and dual norms || - ||,
and || - ||, on RN such that:

u (U \(J ca> =0; (6.30)

1
i+7 I lex<ll-llgs@+m)-|l;x (onthe fibres of TX| Cq);
n
1 (6.31)
T+n I Nrx sl llgs@+n)]|-|l;+x (onthefibresof T"X|Ca).
By Theorem 6.1 we can also assume that on the fibres of each TX | C one has:
I lzx = 1+ llpy,dy - (6.32)

Having fixed @, we will show that L Co admits a (1, 1 + £)-biLipschitz Alberti representation with (vg, ¢)-
speed > o |vo| 1y for each o € (0, 1); the result about y L U will follow again by using Theorem 2.20. As we

can rescale v;, we can assume that ||vg ||, = 1; we will denote by vo € S (|| - ||,) a vector where v, assumes
the norm. We let M denote a constant such that:

1
il lle = -l < M-l - (6.33)

We fix g9 € (0, 1) and 6 € (0, 7/2) and, using 2.28 and Theorem 2.18. we find a (1, 1 + £o)-biLipschitz Alberti

representation A of yuL C, in the ¢-direction of Cone (Hv‘gﬁ s 0) . Let ¥ contain the components of ¢ and {f},
1
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and let € contain yy. Using the Alberti representation A and (6.32) we conclude that for uL C4-a.e. p there is
an (7, €)-generic velocity vector ~'(t) € TpX such that:

md () = ||+/(6)|| z € [1, 1+ &0l;

(6.34)
(@ o) (t) € Cone ( 9) .
Ivollp’
In particular, (6.34) and (6.31) imply that:
1
WO, < { e 80)} (6.35)
We now use Lemma 6.24 to get
H (((p ° 7))((:)) —vol| <4M?*(1 - cos 8 +sin 6); (6.36)
(@@, |,
as
1
|1 - ||((p o,y)/(t)Ha} < max <1 T (1 +n)( +e&) - 1) , (6.37)
we obtain
1
( Y () -v s4M2(1—c059+sin9)+max(1——,(1+ )(1+£)—1)
(@ oy oll, 1+1 1 0 (6.38)

= a(rly €0, 9):

wherelim, . .0 a(1, €0, 6) = 0. Recall that t € Dom v is a Lebesgue density point, and assume that Vg, @)o
~, which is ML(g)(1 + £o)-Lipschitz because of (6.33), has been extended to a neighbourhood of t by using
MacShane’s Lemma:

t+h

Vo @) oa(t+ 1)~ o9 o0 = [ (05,9 07) (5)ds

t

> [ (59)97) ) ML)+ e0)t ([, ¢+ hl 1 Dom )

[, t+h]NDom ~y ol (6.39)
= / (Vo, Vo) ds + / Vo, (@ 0 7)(s) = vo) ds + o(h)
[t,t+h]NDom ~y [t,t+h]NDom
> LY([¢t, t+ h]nDom~) - h a(n, €9, 0) + o(h),
where in the last step we used the approximate continuity of (¢ o v)'(s) at t. Now (6.39) implies that
N , 1-a(n, &, 0) .k
(0 9) 09 (02 s md (O Lin(vo, 9)6(0) (640)
and it suffices to choose 1, £y, 6 small enough to guarantee
1-a(n, &, 0) s ot
(1+n)?(1+g) (6.41)
€ 2 &p.

We now consider the general case in which df is not constant. Welet V' C U be a full-measure Borel subset
where f is differentiable with respect to the chart functions ¢. On the set where df = 0 we have Lip f = 0, so
we can assume that df/= 0 on V. We fix n > 0 and use Lusin and Egorov Theorems to find disjoint compact
sets Co C Vand vy € RV \ {0} such that u (V \ U, Ca) = 0 and:

-],

n]|df(|x  (¥x € Ca). (6.42)
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We fix ¢’ € (0, 1) and, using the special case f = (vg, @), we obtain a (1, 1 + £)-biLipschitz Alberti represen-
tation Aq = (Pa, va) of u L Co With (vg, ¢)-speed > o | then for Py-a.e. v and 4 "v4-a.e. t we have:

*
va| "X

(F 02 (©) 2 (Vi 9) ©2) (O = nmd1(0) [ df |-
(o ||va ., ~nfllz-x ) md (o (643)
> (o' - (1+ 0 Lip f(0) md (0,

v

*
Va

and it suffices to choose 1 small enough and ¢’ close to 1 to guaratee that ¢’ — (1 + 0') = 0.

The proof of (6.23) is now immediate. Let F contain the components of the chart functions and f, and let
C contain the characteristic functions of the charts. Now, for each o € (0, 1), we conclude that for y-a.e. x € X
there is an (F, ©)-generic velocity vector v/(t) € TxX with

(f o) (t) = o Lip f(+()) md v(t); (6.44)
observing that
|(f o) (8)] < lip f(5(6)) md 4(2), (6.45)
we conclude that the Borel set
{x e X:lipf(x) = oLipf(x)} (6.46)
has full y-measure, and thenleto 1. O

6.3 A new proof of gr = Lip f in Pl-spaces

In this subsection we give a new proof of the characterization of the minimal generalized upper gradient
gy of a Lipschitz function f in a PI-space.

Before proceeding, we briefly recall some needed facts about PI spaces; see [14] for more detail.

We now assume that in addition to our standing assumptions from Subsection 2.1, our metric measure
space (X, ) is a PI space, i.e. u is a doubling measure, and (X, u) satisfies a Poincaré inequality in the sense
of Heinonen-Koskela. Then:

(i) Xis proper, i.e. closed balls are compact, since X is a complete and doubling metric space.
(ii) X is quasiconvex. This follows from the fact that X is complete, and a theorem of Semmes.
(iii) [14, Sec. 2] For every 1 < p < oo, and every Lipschitz function f : X — R, there is a canonical minimal

generalized p-upper gradient gy € Lll"O (X, n). Here a generalized p-upper gradient for f is a function

LP LP

g € LY (X, p) such that there exist sequences {f;}, {g;} € L} (X, p), such that f; = f, g; =5 g, and g;
is an upper gradient for f; for all i.

(iv) The Sobolev space H"P(X, i) from [14, Sec. 2], is reflexive provided (X, u) satisfies a (1, p)-Poincaré in-

equality.

We mention that [5] also gives a different proof that gf = Lip f in PI spaces. In the same paper they show
that the reflexivity of the Sobolev spaces, which plays an important role in our argument and in [14], is valid
assuming only a doubling condition on the metric. However, their proof that g = Lip f requires both the
doubling condition on the measure and the Poincaré inequality.

Our goal is to give a new proof of [14, Thm. 6.1]:

Theorem 6.47. If (X, u) is a PI-space with a (1, p)-Poincaré inequality, and if f € Lip(X), then Lipf is a repre-
sentative of the minimal generalized p-upper gradient of f (and hence the minimal generalized q-upper gradient
of f is independent of q forall q > p ).

We first give some remarks on how the new proof differs from the original one. The original proof con-
tained two steps:
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(S1) Proof of Theorem 6.47 under the additional assumption that (X, u) is a length space.
(S2) Removing the assumption that (X, u) is a length space.

The argument for (S1) was motivated by the observation that, whenever (X, ) is a length space and g is a
continuous upper gradient of f, then g > Lip f holds at each point. Therefore the strategy in [14] was to prove
an approximation result [14, Thm. 5.3] which states that for any f € Lip(X) N HY"?(X, u) there is a sequence
(fi» hi) € HYP(X, p) x LP(u) such that f; — f in HVP(X, p), the function h; is a continuous upper gradient of
fi> and hy — g5 in LP (u). This approximation result is probably the most technical part of Cheeger’s original
proof.

The first simplification of the new argument is that one does not need to handle first the case in which
(X, p) is a length space. The strategy of the proof is motivated by the observation (Lemma 6.48) that if g is a
bounded upper gradient of f, then g = Lip f holds p-a.e.: this is where Alberti representations are used. Had
the minimal generalized upper gradient been defined by minimizing the p-energy on bounded upper gradi-
ents, then Theorem 6.47 would have followed directly from Lemma 6.48. However, as an upper gradient in
LP(u) can be infinite on a null set, one needs, roughly speaking, to approximate f in Lip(X) n HVP(X, u) by
functions which have bounded upper gradients. Here we use an instance of the argument “modulus equals
capacity” [47] which appears also in the proof of [14, Thm. 5.3]: however, as we do not need to build approxi-
mations which use continuous upper gradients, there are fewer technical details to handle.

The following lemma relates bounded upper gradients and Alberti representations.

Lemma 6.48. If (X, u) is a PI-space, u : X — R is Lipschitz, and g is a bounded upper gradient of u, then

g=Lipu pu-ae. (6.49)

Proof. For each € > 0 we can find countably many disjoint compact sets { K} and nonnegative real num-
bers {A4} such that:

(1) For each x € K, one has g(x) € [Aq, Ax + £);
(2) The {Kq} cover X in measure: u (X \ |J, Ka) = 0.

By Theorem 6.22 for u L Kq-a.e. x thereis a (1, 1 + €)-biLipschitz fragment ~:

(1) The domain Dom + is a compact subset of [-1, o) and v(Dom v) C Kg;

(2) One has +(0) = x and:

LY (Dom~y N (-1, 7
fim & (Pom 0 0) (6.50)
™0 2r

(3) The point 0 is an approximate continuity point of (u o v)’ and

1
1+¢

(uov)(0) = Lip u(x). (6.51)

Let [c, d] be the minimal interval containing Dom ~ and let {(a;, b;)} denote the set of components of [c, d] \
Dom ~; we extend ~ on each interval (a;, b;) by choosing a C-quasigeodesic joining ~(a;) to v(b;): note that
this is possible because a PI-space is C-quasiconvex for some C [14, Sec. 17]%. Then:

r

/(uoy)’(s)ds - [u (4(r)) - u()| s/goymdfy(t)dt
0

J (6.52)
<Ag+8)A +&)r+o(r);
dividing by r and letting r \, O we get:
Lipu(x) < (1+¢)* (g(0) +¢), (6.53)
and the result follows letting € \, 0. O

1 This result is due to Semmes.
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Remark 6.54. Note that in Lemma 6.48 we had to work with bounded upper gradients to establish (6.52);
in fact, to apply the Fundamental Theorem of Calculus, one needs curves, and the Ky might only contain
fragments, and thus, filling-in the fragments in K, using that a PI-space is quasiconvex might produce curves
where g is unbounded or infinite on a set of positive length. Note also that in a PI-space one can use curves
instead of fragments in building Alberti representations; this follows from a general observation in [40] that if
u is a Radon measure on a quasiconvex metric space X, a Lipschitz Alberti representation of u can be replaced
by one which gives the same derivation and whose probability measure has support contained in the set of
curves in X.

To prove Theorem 6.47 we can just consider, as in [14], upper gradients which are lower semicontinuous.
In fact, the Vitali-Carathéodory Theorem [38, Thm. 2.25] states that for any h € L'(u) and any £ > O there
are functions u and v such that u < h < v, u is upper semicontinuous and bounded from above, v is lower
semicontinuous and bounded from below, and ||u - v||;1(, < €. Since we may assume y is a finite measure by
working in a ball, any upper gradient of f can be replaced, up to slightly increasing the LP(u)-norm, by one
which is lower semicontinous and bounded below by a small positive constant. We thus only need to prove:

Theorem 6.55. Suppose (X, u) is a PI-space, u is a real-valued Lipschitz function defined on X and g is a lower-
semicontinuous upper gradient of u. Then:

g=Lipu p-ae. (6.56)

To prove Theorem 6.55 we recall a consequence of the Poincaré inequality, which follows from the char-
acterization of the Poincaré inequality in terms of the maximal function associated to an upper gradient [24,
Lem. 5.15]. Suppose that g is an upper gradient for the function u and that g € L?(u); consider for N € (0, o)
the set:

A(g,N)={xeX:sup —/ gPdus<NP 5, (6.57)
0
” B(x,r)

then if x, y € A(g, N) are Lebesgue points of u, one has

]u(x) - u(y)‘ < CNd(x, y), (6.58)
where C is a universal constant that depends only on the PI-space (X, p).
Proof. Let N, M be natural numbers and S = A(g, N) N B(x, M); it suffices to show that (6.56) holds u L S-a.e.

Fixe>0and n € N, and let:

un(x) = inf / (gAn+eg) d%@l +u(y) : ~isa Lipschitz curve joining xtoy € S 3 . (6.59)

~

As (X, u) is C-quasiconvex for some C, the function uy is C(n + €)-Lipschitz. Note also that h, = g An + € is
an upper gradient of u,. We let Sy, be a finite %-dense setin S, which exists because X is proper. Since the hy
are lower-semicontinuous and uniformly bounded away from zero, it follows that for each m € N there is an
N, € N such that, for n > Np,, one has (compare [47, 3.3, 3.4] and [14, Lem. 5.18]):

un(s) = u(s) (Vs € Sm). (6.60)
To see this, assume by contradiction that for some s € Sy, and some subsequence {n;},
sup un,(s) <u(s)-n7.
k

Then we could find a sequence of 1-Lipschitz curves {~; : [0, L;] — X} with v,(0) = sand N(Wk(Lk))’rfw hn, <

0
u(s) - n. But now we obtain sup Lj < oo so by Arzela-Ascoli, after passing to a subsequence, we have LN Yoo
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for some curve v : [0, L] — X, and by the lower-semicontinuity of g we get that f%o (g+€) < u(s)-u(y(Lo)),
contradicting the assumption that g is an upper gradient of u.
Let vn be obtained by truncating un so that

’Vn(x)| < sup ‘un(Y) H (6.61)
y€E€B(x,M)
thus, for n > Ny, one has:
va(s) = u(s) (Vs € Sm). (6.62)

Note that hy is an upper gradient of vy and that (6.58) implies that for every m, the function vy, , when re-
stricted to the set S; of Lebesgue points of S, is C(N + €)-Lipschitz; therefore, (6.60) implies that vy, — u
uniformly on S; as m — oo. As the Banach space H*? (u L B(x, M)) is reflexive, by applying Mazur’s Lemma
we can find Lipschitz functions wy and integers Qn such that:

(1) The sequence {wy} converges to the function w in H*?(u_ B(x, M)) and w = u on S;
(2) Each function wy, is a convex combination of finitely many of the functions vy, ;
(3) The function g A Qn + € is an upper gradient for wy,.

We then recall that in a PI-space there is a constant C such that, for each Lipschitz function f, one has Cg; >
Lipf p-a.e [14, Prop. 4.26]. As wn — w in HVP(u L B(x, M)), one has that the generalized minimal upper
gradients {gw,-w} converge to O in LP(u L B(x, M)); by the locality property of generalized minimal upper
gradients [14, Cor. 2.25], as u = w on S, we have that {gw,-u} converges to 0 in L”(u L S); we thus conclude
that Lip(wn — u) — 0in LP(u L S). As | Lipwy — Lip u| < Lip(wn — u), we can then pass to a subquence such
that Lipwy, — Lipu ulL_S-a.e. Now, by Lemma 6.48 we have that g A Qn + & = Lip wy, holds uL_S-a.e., and thus
g =Lipuholds uL S-a.e. O

7 The geometry of blow-ups/tangent cones

In this section we show that, if (X, u) is a differentiability space, blowing-up the measure y at a generic
point yields measures which possess Alberti representations concentrated on distinguished geodesic lines
on which the blow-ups of the chart functions have constant derivatives, and are harmonic. This general-
izes and strengthens the fact that in PI-spaces the blow-ups are generalized linear functions [14, Secs. 3, 10].
Weaker versions of the results presented here, where the blow-up of the measure is not discussed, have been
obtained in [42], and [22]. The result in [42] is more general than [22] because it applies also in the context of
Weaver derivations: we point out that the results in this section, under the assumption that y is asymptoti-
cally doubling, have natural counterparts in that context. We first recall some notions of blow-ups of metric
measure spaces and Lipschitz functions. Note that we use the terminology blow-up to avoid a conflict with
the word tangent which is used for different objects in this paper; often, instances of what we call blow-ups
are called tangent cones / tangent spaces in the literature.

7.1 Blow-ups of metric measure spaces and Lipschitz maps

Definition 7.1. A blow-up of a metric space X at a point p is a (complete) pointed metric space (Y, q) which
is a pointed Gromov-Hausdorff limit of a sequence (%X , p) where rp, \, O: the notation %X means that the
metric on X is rescaled by 1/rn; the class of blow-ups of X at p is denoted by Bw-up(X, p).

Remark 7.2. In Subsection 8.3 we discuss blow-ups of metric spaces in a more general context which requires
the notion of ultralimits: under suitable assumptions on X, a sequence (%X , p) will always be precompact
and the two notions will agree. This is the case, for example, if X is a doubling metric space. However, in the
context of differentiability spaces we merely know (Theorem 2.21) that yu is asymptotically doubling, and that
porous sets are u-null. This implies that, for y-a.e. p € X, there is a compact set S, such that: Sp is metrically
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doubling, and for each € > 0, there is an ry > 0 such that, for each r < rg, the set S, N B(p, r) is er-dense in
B(p, r). This allows essentially to reduce the existence of blow-ups to the case in which X is doubling.

Recall that if the sequence (%X , p) converges to (Y, g) in the pointed Gromov-Hausdorff sense, there is a
pointed metric space (Z, z) such that there are isometric embeddings t;, : (%X, p) = (Z,z)and 1t : (Y, q) —
(Z, z), and, for each R > 0, one has:

lim sup  dist (ln (1X> ,{)’}) =0,
N e Bz, R)Nu(Y) 'n

lim sup dist (1 (Y), {y})=0.
"7 yeBz, RNt (LX)

(73)

In particular, each ¢ € Y can be approximated by a sequence pj, € %X such that t,(p}) — 1(¢g’) in Z. This
notion can be made independent of the embedding in Z and one can represent each point ¢’ € Y by some
sequence (p,) C X of points converging to p (compare the treatment with ultralimits in subsection 8.3).
Moreover, if (py,) represents ¢q’, and if (p},) represents §’, we have:
P
dy(q,, q/) - lim dx(pn, Pn) ) (74)
n—oo n
Definition 7.5. Let (X, u) be a metric measure space; a blow-up of (X, y) at p is a triple (Y, v, g) such that
one has (%X ,p) — (Y, q) € Bw-up(X, p), and, having chosen a pointed metric space (Z, z) and isometric
embeddings i : (%X, p) — (Z,z)and (: (Y, q) — (Z, z) such that (7.3) holds, one has:

(tn)y S N tyv. (convergence in the weak* topology). (7.6)

u (B(p, )
The set of blow-ups of (X, u) at p will be denoted by Bw-up(X, y, p).

Remark 7.7. Note that if u is asymptotically doubling and if porous sets are p-null, then for p-a.e. p € X one

has Bw-up(X, u, p)/= 0. In fact, at a generic point p, for each sequence of scaling factors r, \, 0, there is a

subsequence ry, such that (%X ,p) — (Y, q) € Bw-up(X, p), and there is a doubling measure v such that
e

(7.6) holds.

We finally discuss blow-ups of Lipschitz mappings which take values into Euclidean spaces.

Definition 7.8. Let (X, u) be a metric measure space and ) : X — RV a Lipschitz map; then a blow-up of
(X, u, ) at p is a tuple (Y, v, ¢, q) such that one has that (Y, v, g) € Bw-up(X, u, p), where the blow-up is
realized by considering scaling factors r, \, 0, and where ¢ : Y — RY is a Lipschitz function such that,
whenever (p),) C X represents q’, one has:

9(g) = lim %ﬂ(”) (79)

The set of blow-ups of (X, , ¥) at p will be denoted by Bw-up(X, y, ¥, p).

Remark 7.10. If u is asymptotically doubling and porous sets are p-null, then for y-a.e. p € X one has that
Bw-up(X, y, ¥, py= 0 by an application of Ascoli-Arzela.

Before proceeding to the main results about blowing-up Alberti representations, we first point out that
the fact that Lip = lip a.e. (from [42] and Theorem 6.22 from Subsection 6.2) already implies a weak form of
Theorem 1.12.

Suppose (U, ¥) is a chart for a differentiability space (X, u), and that (Y, v, ¢, q) € Bw-up(X, i, ¥, p) is
realized by choosing scales ry \, 0.

Let f : X — R be a Lipschitz function that differentiable at p with respect to the {:,b"}fllz

fO)-F®) = a0 - ') + o(d(x, p)).
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Then it follows readily from the definitions that the maps

f-f) : lX —-R (7.11)

I'n I'n

converge to the blow-up maijr : Y — R given by

N
o) =" aip' ). (712)

i=1

We now have:

Corollary 7.13. Assume that for all (a1, . .., ay) € QV, the point p is an approximate continuity point of both
L1p(Z a!) and lip(}=; a;y! ). Then for any Lipschitz function f : X — R which is differentiable w.r.t  at p, lf
f Y — R denotes the function as in (7.12), then for ally € Y, r € (0, o0), the global Lipschitz constant LIP(f)
satisfies:

LIP(T) - Lip()) = lip(Hy) = 1 var(F, v, 7). (714)

Proof. This follows from the fact that Lip = lip almost everywhere ([42] and Theorem 6.22 from Section 6) and
Lemmas 6.25, 6.26 from [27]. O
Under the assumptions of Corollary 7.13, the map ) ; aypl = f — f in (7.12) is injective by (7.14), so it yields a
linear isomorphism T, X ~ span{¢'}.

Definition 7.15. Under the assumptions of Corollary 713, if we identify T,X with span{¢p'} using the iso-
mophism above, the evaluation map yields a canonical map

E:Y — (TpX)" ~TpX

where
EOQ_aip) =) aip'(y). (7.16)
i i
A further consequence is:
Corollary 7.17. The map
E:Y — (TpX, |- lx = || - ILip)

is 1-Lipschitz.

Proof. Ify1,y, € Y, then by the definition of || - Hiip, there exist (aq, ..., ay) € RY, such that if f = > ail/)i,
then Lip(f)(p) = | df (p)||ip = LIP(f) = 1, and [|E(y2) - E(y1)li;, = F(E(y2) - E(y1)), and so

IE(y2) - E(y1)|ILip = FEEY) - E1)) = Fy2) - Fy1)
< LIP(F)d(y1,y2) = d(y1,y2) -

7.2 Blowing up Alberti representations
We can now state the main result of this Section.

Theorem 7.18. Let (U, i) be an N-dimensional differentiability chart for the differentiability space (X, u); then
for uL U-a.e. p, for each blow-up (Y, v, ¢,q) € Bw-up(X, u, Y, p) and for each unit vector vo € TpX, the
measure v admits an Alberti representation A = (Q, @) where:
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(1) Qs concentrated on the set Lines(¢, vo) of unit speed geodesic lines in Y with (¢ o v) = vo;
(2) For each~ € Lines(g, vo) the measure @- is given by:

Oy = . (7.19)

Suppose that X’ ¢ X and that the measures y’ and uL_X’ are in the same measure class. Then an applica-
tion of measure differentiation shows that for u L X’-a.e. p the sets Bw-up(X’, y’, p) and Bw-up(X, u, p) coin-
cide. Given (Y, v, @, q¢) € Bw-up(X, u, ¥, p) we will then obtain the Alberti representations of v by blowing-up
Alberti representations of measures p’ < p which admit Alberti representations of a special form.

Definition 7.20 (Simplified Alberti representations). We say that the Alberti representation A = (P, ¥) of the
measure i’ is simplified if there are (Cy, Do, 7o) € (0, 0)? such that:

(1) The measure P is finite and is supported on the set of (Cq, Dg)-biLipschitz fragments whose domain is a
subset of [0, To];
(2) Denoting by M(X) the set of finite Radon measures on X, ¥ is the Borel map:

¥ : Frag(X) — M(X)

v (Ll L Dom ’y) . (21

To prove Theorem 7.18 we will use the following technical result about blow-ups of a simplified Alberti
representation A.

Theorem 7.22. Suppose that the simplified Alberti representation A of the finite measure ' < u is in the -
direction of a cone € and that it has (vo, P)-speed = 0¢ ||vo||1-x. Then there is a Borel set U with full y’-measure
such that for each p € U, for each (Y, v, ¢, q) € Bw-up(X, u, ¥, p) and each Ry > O the measure v _ B(q, Ro)
admits an Alberti representation A, = (Qg,, @) such that:

(1) The finite Radon measure Qg has support contatined in a compact set Sp C Frag(Y) of geodesic segments;
0 0
(2) The total mass of Qg, is bounded by 2DT°0 (As(u, p)) log, Ro+1
constant of u at p, i.e.:

, where As(u, p) denotes the asymptotic doubling

1 1 (B, 2r))
As(p, p) = 111;11\5‘(1)119 m» (7.23)

(3) The set Sy, consists of those geodesic segments ~ which have domain contained in [O, %} , image con-

tained in B(q, 2Ro), which have both endpoints lying outside of B(q, %RO), which intersect B(q, Ry), which
have constant speed 6~ € [Cy, Dol, which satisfy:

sgn(s; —s1) (Vo, @ 0 ¥(52) = @ 0 (s1)) = 000+ (s2 — s1) Lip ((vo, ¥)) (p) (V51,52 € Domny),  (7.24)
and such that there is a w~, € C for which the following holds:
@ ov(s2) @ or(s1) =(s2-s1)wy (Vs1,s2 € Dom~); (7.25)
(4) Foreach~ € Sg, the measure @~ is given by:

1

=5

A} L B(g, o). (7.26)

We now introduce a bit of terminology to split the measure on fragments in a good and a bad patt.
Definition7.27. Let ¢ > 0 and S > O0; with parameters as in Theorem 722, we denote by
Reg(y, C, vo, 00, [Co, Dol, To, €, S) the set of pairs (v, p) € Frag(X) x X such that:

(Regl) The fragment v is [Cy, Do]-biLipschitz with domain contained in [0, To];
(Reg2) Thereisat € Dom~ with p = v(t) and for each rq, r, < S one has:

ot (Dom'y N[t-ry, t+ rz]) 2(1-8)(ry +r12); (7.28)
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(Reg3) Therearea 6 ¢ [Co, Dp] and w € Csuch thatif r < Sand s{, s, € [t -, t + r] " Dom ~ one has:

|d(+(s1), v(s2)) - 0]s1 - 52|
[ 0 y(s1) = P ov(s2) - wls1 - s2)| < €]s1 - 523

<glsy -8z (7:29)
(Reg4) Ifr<Sandsy,s; € [t—r,t+r]withs; <5, then:
(vo, Y o(s2) — P o y(s1)) = (90 - £)0Lip ((vo, @) (p)(s2 - 51). (7.30)

In the following we will usually fix a choice of (, €, vo, 00, [Co, Do, 7o) and vary (g, S) € (0, o0)?; we thus
introduce the shorter notation PAR(g, S) for (¥, C, vo, 09, [Co, Dol, To, €, S). We denote by Reg(PAR(e, S)) the
subset of those (v, p) € Reg(PAR(g, S)) such that:

(Reg5) Forall rq, r, < S one has:
ot (7*1 (li‘e?g(PAR(e, S))) At-r, t+ rz]) >(1-¢)(ry +12), (7.31)
v

where then notation (ﬁéJg(PAR(e, S))) denotes the ~-section of the set I@Jg(PAR(e, 9)).
v

Lemma 7.32. The set Reg(PAR(g, S)) is a Borel subset of Frag(X) x X.

Proof. We first show that the set ﬁéé(PAR(e, S)) is Borel. The set of fragments satisfying (Reg1) is closed in
Frag(X). Now consider the set

IMG = {(v, p) € Frag(X)x X : p € y(Dom~)}, (7.33)

which is closed in Frag(X) x X; let IMG(Co, Do, To) denote the closed subset of those (v, p) € IMG such that v
satisfies (Regl); then the map:
Inv: IMG(Co, Do, T()) —R

(v, p) =71 (p)

is continuous. Using an argument similar to that used to prove that the map defined at (3.15) is Borel, we see
that, for fixed r1, r, > 0, the map:

Yr,r, : FraglX) xR — R

(7.34)

(7.35)
(v, ) =+ L' (Dom~ N[t 1y, t+13])
is Borel; then the set of pairs (v, p) satisfying (Reg1)-(Reg2) is Borel since it can be written as:
N {6.p) €MG(Co, Do, 70) : P (7,77 (0)) = (L =)y +72) | (736)

r1,12€[0,51NQ

That the set of pairs satisfying (Reg3)-(Reg-4) is Borel follows by arguments similar to those used in the
proof of Lemma 3.4, compare (3.8), (3.10).
Consider the set:

TRIP = {(v, p, t) € Frag(X) x X xR : t € Dom~,v(t) = p}, (7.37)
which is closed in Frag(X) x X x R. We now fix r{, r, > 0 and define the Borel set:
Arr = { (.0, 0) € Reg(PAR(e, ) x RN TRIP: v (p) € [t =11, t+ 12l }5 (738)
using [25, Thm. 7.25] we get that the map:
Qrr, : Frag(X) xR x M(X) = R
vt W) = B (Arn),0)
is Borel. The proof that Reg(PAR(e, S)) is Borel is completed by observing that (Reg5) can be expressed as:
Qr,ny (% 7o), llf’(w)) 2(1-¢)(ry+12) (vr1,r2 €[0,5]NQ). (7.40)
O

(7.39)
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Consider the map ¥ defined in (7.21); we can decompose the measures ¥(v) as follows:

Yearee,5)(7) = P(Y) L (Reg(PAR(e, S)))7 ;

¢ (741)
Phare,s)(7) = P() L (Reg(PAR(e, 5))) -

Lemma 7.42. The maps ¥ppg(e,s) and ‘I’gAR(& s are Borel. Thus, given an Alberti representation A of the finite
measure u’ satisfying the assumptions of Theorem 7.22, we can define the finite Radon measures:

IlfaAR(e,s)= / Yparee,s) (1) dP(v)

Frag(X) (7.43)
HpAR(,S) = / Phare,s)(V) dP(),
Frag(X)
which satisfy:
/ c /
HpaR(e,s) T HPAR(e,s) = H > (7.44)
and:
lim [|upare, || = - (7:45)
Proof. By [25, Thm. 7.25] the map:
Q:FragX) x M(X) - R
(7.46)

(v, 1) = uL (Reg(PAR(s, S)))

is Borel, and thus Wpyg(c,s) is Borel as Wpyp(. 5(7) can be written as Q (v, ¥(7)); the proof for ¥g,p . o is
similar.

Now note that H IPISAR(S, s (v)|| ¢ 1o and that, for each ~, one has

Him | Phuage 0] = O, (747
as for £1-a.e. t € Dom~ there is an S(t) such that, for s < S(t), one has (v, 7(t)) € Reg(PAR(e, S)). Then (7.45)
follows by the Dominated Convergence Theorem. O
The next lemma follows from (7.45) and a standard argument in measure differentiation.
Lemma 7.48. Let {em} C (0, o) be a sequence with ", em < oo; then there are a Borel U C X and a sequence
of pairs {(sm, Sm)}m C (0, o0)? such that:

(1) Onehas u(X\U) <", em and, for each m, one also has sm < Sm;
(2) Foreach x € U and for each r < sy, one has:

Hi’i&R(sm,Sm) (B(x, 1)) < emp’ (B(x, 1)) . (7.49)

Proof of Theorem 7.22. We fix a sequence &n such that }~, em < oo: the set U is the intersection of the set
provided by Lemma 748 and the set of points p where the limit:

¥ (B(x, m))

™0 u (B(x, 1)) (7.50)

exists and is finite. Having fixed a point p € U, we let r, be a sequence converging to 0 such that the rescalings

Ly W Y-y
(m&y%Man’ 3 ’p> 750
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converge to (Y, v, ¢, q) in the measured Gromov-Hausdorff sense. We let X, = %X. As in the following we
consider simultaneously different metric spaces, we will use subscripts to denote objects which “live” in a
given metric space, e.g. Bx, (p, Ro) denotes the ball of radius R and center p in the metric space Xx.

By the theory of measured Gromov-Hausdorff convergence we can find a compact metric space Z, which
is a convex compact subset of some Banach space (e.g. £°°), which satisfies the following properties:

(Z1) There are isometric embeddings:

In: (an(p, 4RO)3p) - (Za ('IZ)

_ (752)
Jos : (By(q, 4R0), q) — (Z, q2);
in the following we will often implicitly identify balls like Bx (p, r) and By(g, r) with their images in Z;
(Z2) There are compact sets K,, K» C Z and a sequence 1, \, 0 such that:
Bx,(p, Ro) C Kn C By, (p, Ro + 11n)
By (p, 2Ro) C Kn c Bx (p, 2Ro + nn)
Xn(p 0 n Xn(p 0t 1n (753)

dz u(Kn, By(q, Ro)) < Nn
dZ,H(f(n, BY(q, 2Ry)) < Nn,
where dz (-, -) denotes the Hausdorff distance between subsets of Z;

(Z3) There is an L(y)-Lipschitz function ¥, : Z — R such that, denoting by Py, the restriction
Yz|Bx, (p, 2Ro) and by ¥y the restriction yz|By(g, 2Ry), one has:

YY)
ll)X,, ]n 'n (7.54)
YyoJo = @;

(Z4) Letting un and po denote, respectively, the measures

. M L By, (p, Ro)
" u (Bx(p, ) (7.55)
]MﬁVLBY(qa RO)a

J

W*
one has pin — Yoo

We chose Z convex to “fill-in” fragments to Lipschitz curves; specifically, let Curves(Z) denote the set of
Lipschitz maps v : K — Z, where K C Ris a (possibly degenerate) compact interval; we topologize Curves(Z)
with the Vietoris topology. Let

Fill : Frag(Z) — Curves(Z) (7.56)

be the map which extends a fragment ~ to a Lispchitz curve, with domain the minimal compact interval I(v)
containing Dom v, by extending ~ linearly on each component of I(~) \ Dom ~. The map Fill is continuous.

Let I'y, C Frag(X) denote the set of those [Co, DoJ-biLipschitz fragments which intersect Bx(p, 2Rorn);
note that I'y, is closed. We define maps:

Rep, : I'y, — Frag(2) (7.57)

by composing J» o (|7 (Bx(p, 2Ro))), where we naturally identify v with a fragment in X», with the unique
affine map 4, : R — R which has dilating factor % and which maps the point:

min {t .t € v H(By(p, ZRO))} (7.58)

to 0. Note that Rep,, is continuous.
We will now refer back to the map ¥ defined in (7.21), adding subscripts regarding the metric space. From
the definition of Rep,, we see that:

¥z (Rep,(7)) = Jny¥x,(v) L Bx, (0, 2Ro) (7.59)
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Let g € Cc(Z) so that:

lim [ gdyn = / 8 dueo; (7.60)
then
/ gdin - ——— / goJndy
n W (BX(p, rn))B L n
) B (7.61)
=— o Jn d(pg + gy )
W (Bx(p, rn)) / 8 0 Jn A\UppR(e,n,S,) T HPAR(Em,Sm)
Bx, (p,Ro)
Note that
1 c I"E\R(s Sm) (BX(p’ r”RO))
- oJnd < oo o ; (7.62)
W (Bx(p, ) / 8 © T dipav(en, s < 181 W (Bx(p, )

Bx, (p,Ro)

for n sufficiently large rnRo < sm so that by (7.49) and using that u’ is asymptotically doubling we conclude
that:

/ g O]n dy;’i\R(em,Sm) =0. (7.63)

lim —————
n—ee ! (Bx(p )
Bx, (p,Ro)

We also introduce some notation to deal with regularity in Z and X; so we let:
PARX(gy S) = (ll), e’ Vo, 0o, [CO; DO]’ To, €, S)

(764)
PARz(S, S) = (¢, G, Vo, 00, [Co, Do], %RO, g, S) 5
0

in particular, inspection of conditions (Reg1)—(Reg5) shows that:

1

I T oo dd
U (Bx(p,n)) / 8 © Jn AUpaRy(e,Sm)

Bx, (p,Ro)

m / dP(v) /ganBX (p,Ro) lePARZ(sm Sm/rn) (Repn(y)) (7.65)

Let fxn be the Borel subset of those v € I'x, such that:

XBy, (0.Ro) PPAR (e, S/r) (REPR(7))/= 05 (7.66)

then (7.66) implies that there is a p, = ~(t) € (Reg(PARx(em, Sm))),y N Bx(p, rnRo). Note that the set

By = 7 (Bx(p, 2rnRo)) has diameter at most “é%’"; let a, b~ be minimal such that the interval [t —
a~, ty+by] contains 41 (B, ). For n-sufficiently large one has a~, b-, < Sm so that by (Reg2) the em(a~ +b-)-
neighbhourhood of B, contains [ty - a, t, + by]. A similar conclusion holds for the smallest interval con-
taining y~* (By, (p, Ro)) from which we get:

Tn || paR, (e, S0 /rn) (REDR(Y)) L Bx, (0, Ro) — ¥z (FilloRep, (7)) L Bz(qz, Ro)||
2Ry

< Emrn Co (7.67)
Note also that:
5 (Dom'y N[ty - r;)RO , ty anliO]) C Bx(p, 2rnRy); (7.68)
as for n sufficiently large one has % < Sm, we have:
T YeaR, (.5, /r,) (FilloRep, (7)) (Bx, (@, 2raRo)) 2 2(1 - sm)r"RO (7.69)

0
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3rnRo
Co

For n sufficiently large we also have < Sm which implies:

£l (Domvﬁ [tv, ty + Br"ROD > (1 —em)&rn

C C
ks 55 @70
ol Dom~ynN |ty - Tn O,t,y >(1-¢em) 0rn;
Co Co
sowe can find sq - < t, < 55  with:
‘ty—sm]z(l—em)BrgRo (fori=1,2)
> (7.71)

3Ry _

dx(p. (51 = (1= em) 2

RO) rm (fori=1,2);
in particular, for m sufficiently large (7.71) implies that the maximum and minimum point in B.,,, are mapped
by ~ outside of Bx(p, 3 Rorn). Thus, the endpoints of Fill o Rep,(y) lie out of Bz(qz, 3 Ro).

We now obtain an upper estimate for P(I" x,) (note that we assume that n is sufficiently large depending
on m):

r

Ro .«
2(1-¢em) i 00 P(FX,,) <Tn / lI/PARZ(gm,Sm/rn) (Repn(’Y)) (BX(p: 2rnR0)) dP(v)

D
Frag(X) (7.72)
<y (BX(I?’ 2R0rn)) ;

in particular, using (7.67),

. 1
lim W Bxpim)) | / dP(v) / 8 TnX By, (p.Ro)d PPAR (e, S /) (REPR(Y))

Xn

- / dP(y) / 8 TnXB,(qz.Ro) AFPAR (e, S /r) (Fillo Rep, (7))

Iy (773)

n

. = 2R
< limsup |l gllee P(T'x,) TnEm 22

1
n—oo ],l/ (Bx(p, Tn)) Co
em Do W (Bx(p, 2raRo))
1-&m Co p' (Bx(p,mn))

< limsup ||l
n—oo

= O(Sm),

where in the last step we used that i’ is doubling. As n — oo we can send m — oo so that the left hand side
of (7.73) converges to O.

Let Qi C Curves(Z) denote the set of Do-Lipschitz curves such that there exists a 8, € [Co, Do] and a
w € C such that (note the constant C, will be specified later):

(Q1) Forall s, s, € Dom+ one has:
|dz(y(s1), ¥(s2)) = B4[51 = 52| < Ca&m; (7.74)

(Q2) The domain of ~ is a subset of {0, “C—}i"] ;
(Q3) The image of v is contained in the C,&em-neighbourhood of By, (p, 2Ro);
(Q4) Forall s1, s> € Dom+~ one has:

[z 0y(s1) =Pz 0y(s2) - W[s1 = 52| < Caem; (7.75)
(Q5) Forall s1,s> € Dom~ with s, > s; one has:

(vo, Yz 0(s2) =z 0 y(s1)) 2 (00 — £m)B~ Lip ((vo, @) (P)(s2 - 51) = Co&m. (7.76)
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Note that the set Qn, is compact. We also define Q.. by requiring in (23) that ~ lies in By(p, 2Ro) and
that the error term &y, is replaced by 0. In view of (Reg1)-(Reg5), for an appropriate choice of C, one has
Fill o Repn(f x,) C Qm for n = N(m). If we let P, denote the Radon measure on Curves(Z):

rn Fillo Rep,,(7),PL Ty, ; (7.77)

n

1
I’ll (BX(p ’ Tn))
we have that P, has support contained in Q, for n > N(m). By (7.72) the total mass of P, is bounded by:

Do ‘u/ (BX(p, 2R0rn))
2(1-em)Ro ' (Bx(p,mn))

(7.78)

Moreover, an application of Ascoli-Arzela shows that the set Q = | J,,, @m U Qs is compact; we can thus find a

subsequence ny = N(m) such that Py, w, Qg,- The previous discussion on the properties of the fragments
inl" x, implies that the support spt Qg, of Qg, is a subset of Sy, C Q.. and that point (2) in the statement of
this Theorem follows from (7.78). We now observe that:

1
— = [ 4P / r d¥, (Fillo Re
W (Bx(p,rn)),/ () | 8rnXb,tq,,8) 4%z (Fill o Repy, ()

Ik, (779)
= / dPn,,(v) / 8XBy(4z.R) A¥2(0);
Q

fixa ¢ € (0,1), and let i, be a continuous function, which takes values in [0, 1] and which equals 1 on
Bz(qz, Ro + &) and which vanishes out of B;(qz, Ro + 2¢); then:

[ 4Pua) [ & (ntaina~ ) @¥20)| < Pr @l 2 (780)
Q
as the map v — [ gy d'¥z(v) is continuous:
lim [ dPa, () [ g d¥2() = [ dr, () [ g d¥z(). (781)
oo favanin- [t f

Also,

/ dQg, () / e d¥() - / dQg, () / gd¥,(y)L By(q, Ro)| < QRO(Q)ugnmCio; (782)
Q Q

so we conclude that:

Jim [ gdun, = [ dox, [ d¥0)L Byla, Ro) (783)
SRy
in particular, if we let:
@, = ¥z(7) L By(q, Ro) = %%ﬁ, (7.84)

we get that (Qg,, @) gives an Alberti representation of vL. By(g, Ro). It might be worth noting that in (7.84) we
used that ~ is a geodesic with constant speed 6., and that the function v — 8 is continuous. O

Lemma 7.85. Under the hypotheses of Theorem 718, there is a Borel U C X with full u-measure such that, for
eachp € U, foreach (Y, v, ¢, q) € Bw-up(X, i, ¥, p), for each Ry > 0 and each v € S(|| - ||p,Lip*), the measure
vL B(g, Ro) admits an Alberti representation (Qg,, @) which satisfies the following conditions:

(1) The measure Qg, is a finite Radon measure with total mass at most

L

log, Ro+1
ore (Ast,p) =
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(2) The support of Qg, is contatined in a compact set Sg, C Frag(Y) which consists of the unit-speed geodesic
segments v whose domain lies in [0, 4R,], whose image lies in B(q, 2R,), which have both endpoints lying
outside of B(q, %Ro), which intersect B(q, Ro), and which satisfy:

@ or(s2)—pon(sy)=(s2-s1)vo (V51,52 € Dom~); (7.86)
(3) Foreach~ € 8g, the measure @~ is given by:

@, = s LB(q, Ro). (7.87)

Proof. By Theorem 6.22 we can choose Borel maps vy : X — TX ?with 1 < ||va|lrx <1+ % and such that:

(1) Foreach x € X the closure of the set {va(x)}n contains S(|| - ||, 1)

(2) For each n there is a measure uy, in the same measure class of u and there are countably many disjoint
compact sets { Kn,«} whose union has p-negligible complement and such that the function v, is constant
on each Kp,q;

(3) The measure uj L Kn,q« admits a simplified and (1, 1 + +)-biLipschitz Alberti representation An,q in the
i-direction of the cone C (vn L Kn,a/||[Vn L Kn,all2, /2n) With (vn L Kn,a, P)-speed = (1 - 1/n).

Let Uy be a Borel subset of | J,, Kn,« with full y-measure and such that, for each p € UnNKn,q, the conclusion of
Theorem 7.22 holds taking A = Ap,a.Let U = Unand fixp € Uand (Y, v, ¢, q) € Bw-up(X, y, ¥, p). Choose
a sequence ny such that vy, (p) — vo and let Qg, n,,» @n,, and Sg, »,, be the measures and sets of geodesics
provided by Theorem 7.22. By Ascoli-Arzela the set Q = Sg |J,, Sry,n,, iS @ compact subset of Frag(Y); as
the measures Qg, p,, are uniformly bounded and supported in 2, we can pass to a subsequence such that

Qro,n,y , Qg,- Note also that Qg, is supported in 8g,. For g € C,(Y) one proves that:

Jim [ a0, ) [gd@n), - [ don) [gae, (788)
Q Sko

by using an argument similar to the one used to derive the estimates (7.80) and (7.82). Thus the pair (Qg,, P)
provides the desired Alberti representation. O

To prove Theorem 7.18 we need to introduce a bit more of terminology. We can regard parametrized Lip-
schitz curves in Y, whose domain is a possibly infinite interval of R, as elements of F-(R x Y) by identifying
them with their graph. We denote by Geo(Y) the set of unit speed geodesic segments, half-lines or lines in Y;
note that Geo(Y) is a Ky. Moreover, if we let:

@ : Geo(Y) — Rad

Y AL, (7.89)
then, for each g € C.(Y), the map:
@g : Geo(Y) = R
v /gd% = /gov(t) dt (790)
R

is continuous.

Proof of Theorem 7.18. Let U be the p-full measure subset provided by Lemma 7.85 and consider p € U and
(Y,v, ¢, q) € Bw-up(X, u, Y, p). Fix a diverging sequence of radii {R»} with Rn > 2R,_1 and let Qg, and Sg,
be the corresponding measures and sets provided by Lemma 7.85. Note that Sg, can also be regarded as a
compact subset of F¢(R x Y); for i < n we define the sets:

Sn,i = {7 S ‘SRn : dlSt(fY’ CI) S (Ri—ly Rl]} ) (7-91)

2 A choice of the representative of TX is implied.
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where we take Ry = 0, and observe that the sets §,, ; are Borel. We also consider the following Borel subsets
of Fc(R x Y) x R:
Si,n = {('Y; t) ite Dom% Y€ Si,n) d (v(t)r Q) € (Ri—ly Rl]} H (7-92)

note that the sets S,-,,, have compact sections, i.e. for v € F¢, each section (S,-,,,)y is compact. By the Lusin-
Novikov Uniformization Theorem [25, Thm. 18.18], we can find Borel maps 7;, : 8;, — R such that
(v, Tin(y) € 8; . In particular, we can define a Borel map Tran, : Geo(Y) — Geo(Y) by requiring that
fory € Si,n the geodesic segment Trann () is the composition of v with the translation by 7, ;(v). Note that if
v E Si,,, the extremes of Dom ~ are at distance at least %Rn - R; from 7, ;() and so

R R
272

] C Dom Trann(y) C [-3Rn, 3Rn]. (793)

Let Qn = Trann;Qg, and denote by K(m, i) the set of geodesic segments v whose domain is contained in
[-3Rm, 3Rm], and which intersect B(q, R;) in a point p., = +(t,) where t, is at distance at most 2R; from 0.
The set K(oo, i) is defined similarly by requiring -y to be a geodesic line. Note that the sets:

K(@i) = K(oo, i) U U K(m, i) (7.94)

are compact and that Qy is concentrated on the set | J._, K(n, i). We now obtain an upper bound on Qx (K(i)) :

v (B(g, 2R)) - / A (B(g, 2RY) dQa(y) > / A (B(g, 2R)) dQu(3); (795)
Geo(Y) K(i)

if v € Trany (8,,;) and if I < i and n > i, one has %1 (B(g, 2Ry)) = % so from (7.95) we obtain:

v (B(q, ZRI))

R; . (7.96)

Qn (K@) <2
In particular, we can pass to a subsequence and find a Radon measure Q on Geo(Y) such that for each i one
has QL K(i) », QL K(i); in particular Qn w, Q. Moreovet, as Qn is concentrated on  J; K(n, i), the measure
Q has support contained in Lines(¢, vo). To show that (Q, @) gives an Alberti representation of v we take
g € Cc(Y) and choose i sufficiently large so that sptg C B(q, R;):

/ gdv= / d0n(-) / gdr! = / Bg() dQn (1), (797)
Y K(i) K(i)
and
fim [ @40)da6) - [ @stydan) - [ dae) [sd. (798)
K(i) K(i) Geo(Y)
O

We now discuss consequences of Theorem 7.18 in terms of the canonical maps from blow-ups of X to the fibres
of TX.

Retaining the assumptions of Theorem 7.18, suppose (Y, v, ¢, q) € (X, i, P, p) is realized by choosing
scales rn N\, 0.

Corollary 7.99 (cf. Theorem 1.12). Let p € U be a point where the conclusion of Theorem 7.18 holds. Then:

(1) The canonical map E : Y — T, X of Definition 7.15 is a metric submersion.
(2) Foreachq € Y,andvq € TpX thereis aline v € Lines(¢, vo) passing through it, and thereis a ¢y € R such
that:
E(v(t) =vo(t-c,) (VteR). (7100)
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Proof. (2). This follows immediately from Theorem 7.18 since the measure v has full support in Y, and we have
a blow-up Alberti representation of v that is supported on lines in the direction v,.

(1). The map E is 1-Lipschitz by Corollary 7.17. Given y; € Y, zo € TpX \ E(y1), let At = ||z2 - E(y1)||p,
and vg = ﬁ(ZZ — E(y1)). By (2) there is a unit speed geodesic v : R — Y such that E o v has velocity vq, and
~(t1) = y;1 for some t; € R. Then putting y, = v(t; + At), we have

d(yz, y1) = d(y(t2), ~(t1)) = At = ||z = E(y1)|lp
and
E(y2) = E(y(t1 + A1) = E(y(t1)) + Atvo = 2, .
O
Corollary 7.99 generalizes [14, Sec. 13] where the surjectivity of the map E was proven for the case in which

(X, p) is a PI-space. The surjectivity of the map E in the case in which (X, p) is a differentiability space has
already been proven in [22, 42].

7.3 Harmonicity of blow-up functions

In this subsection we prove Corollary 1.16.

Proof of Corollary 1.16. Let u : X — R be a Lipschitz function, and suppose that x € X a point of differentia-
bility of u where x is as in the statement of Theorem 1.12.
Note that (2) of Corollary 1.16 follows from Corollary 7.13.
Choose a unit vector & € (TxX, || - ||rx (X)) supporting du(x) € Ty X, i.e.
du()(§) = || du()|| 1 = |duC|| oy - 1€]I7x - (7101)

Since x is a point of differentiability, the blow-up i of u will be of the form &t = a o §; for some a € T, X. Now
consider an Alberti representation for ji as in Theorem 1.12 (2), which is supported on unit speed geodesics
with (¢; o )’ = &. Fix such a unit speed geodesic v : R — X. Note that forall t € R

(o) () =a((@ion) 1) =al) = |dut)|rx,
and by part (2) of the corollary we have
[du(||x = Lip(@)((#)) = (Lip(& o ))(8) .

Ifv : X - Ris Lipschitz and agrees with & outside a compact subset K c X, then for all t € R we have
Lip(v o v)(t) < Lip(v)(7(8)), and for £-a.e. t € R\ v~ 1(K) we have

Lip(voy) = |(v o) (8)] = |(& o 7)'(t)] = Lip(@ o 7)(¢) = Lip(u)(x) .
Therefore if v"*(K) C [a, b], then

/ [Lip()(1(6) 1P dt - / [Lip@)((0)]” dt 2 / Lipvo)()]? dt - / [Lip(@ 0 )(®)]" dt

1K) v~ 1K) 1K) 1K)
- [ Mo de ~ [ [Lintio)@)” de
[a,b] [a,b]
S / o) (OF dt - / (@ o) (O dt
[a,b] la,b]
>0

by Jensen’s inequality. Integrating this with respect to the measure on curves coming from the Alberti repre-
sentation, we get that
/ Lip)])? dji = / Lip(@)]” dit. (7102)
K K
O



146 —— Jeff Cheeger, Bruce Kleiner, and Andrea Schioppa DE GRUYTER OPEN

8 Lipschitz mappings f : X — Z and metric differentiation

8.1 The canonical subbundle determined by a pseudodistance

In this subsection we associate a canonical subbundle W, of T"X to a Lipschitz compatible pseudometric p;
we denote by C, the Lipschitz constant of g, that is, g < Cpdy.

Definition 8.1. Let @ be a countable set of p-Lipschitz functions and let V be a @-differentiability set; we
define a subbundle W, of T" X by letting, for x € V, the fibre W4(x) equal the linear span of {df x):fe CD}.

The collection Sub(p) of subbundles associated to countable sets of p-Lipschitz functions has a partial
order <: we say that Wy < Wy if for p-a.e. x € X one has We(x) € W (X).

Lemma 8.2. The poset (Sub(p), <) contains a maximal element W, which we call the canonical subbundle
associated to p.

Proof. Asthe constructions depend only on the measure class of y, we can assume that y is a probability mea-
sure. We basically follow the argument used in the proof of Lemma 2.33: to each W¢ € Sub(p) we associate a
“size”, which is the expectation of the random variable dim W:

Wl = / dim W (x) dpo); 83)

note that the finite dimensionality of T"X implies that

S= sup |[Wel <oe. (8.4)
‘We ESub(p)

Let Wg, be a maximizing sequence and let @oo = | J,, @n; then |[Wq_|| = S. Suppose, by contradiction, that
for some W¢ € Sub(p) one has Wqg % Wq_; then there is a positive measure set V such that, if x € V, one
has

Wo,. (x) € span (We(x) UWe_ (X)) ; (8.5)

but then we obtain the contradiction | Weyue_|| > S. O

Let Dy C X be a countable dense set and @p, , = {0x : x € Dx}; welet Wp_, = W%Xyg. We now show that
Wp,,o €quals Wy: this is a stronger result than [28, Thm. 2.7] because it applies to subbundles associated to
Lipschitz compatible pseudometrics, and does not require a Poincaré inequality.

Theorem 8.6. For any countable dense set Dy C X we have Wp, , = W,.

We offer two conceptually different proofs of Theorem 8.6.

Proof of Theorem 8.6 via a measurable Hahn-Banach. As Wp, , < ‘W, assume by contradiction that there is
a positive measure Borel set U such that, for each x € U one has:

Woy,o() © Wo(X). (87)
Without loss of generality we can assume that there are 1-Lipschitz functions {¢;}", such that (U, {¢;}V,)

is a differentiability chart. Let

N
U= {(x, a)c UxRV: Zaid(pi(x) eEWo()NS(||* |l +x %)), and

i=1

N
dist;. () (Z a;dp;(x), WDX’Q(X)> > %} (8.8)

i=1
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Note that the distances in the fibre Ty X are computed with respect to the norm || - || ;-5 (x). The set U is Borel
and by (8.7) for each x € U the section Uy is nonempty (compare [39, Lem. 4.22]) and compact. By the Lusin-
Novikov Uniformization Theorem [25, Thm. 18.10] we obtain a unit-norm Borel section w of W, | U satisfying:

dist). .. (000, Wp, o00) = 5 (¥x € D). (89)

Using Hahn-Banach in each fibre Ty X and an argument similar to the one above, we obtain a Borel section &
of TX | U such that:
1€ll7x <25

(8.10)
(wx), X)) =1 (VxeU),

and such that &(x) is annihilated by the functionals in Wp, ,(x). Up to shrinking U we can assume that there
are N < N, (1, p)-Lispchitz functions {lp,-}f‘i , and bounded Borel maps s; : U — R satisfying:

lIsill = Cs

N (8.11)
w :ZSidlpi'

i=1

Let F contain the ¢;, the i); and the components of the chart functions; let C contain yy, the s; and the
characteristic functions of the charts; let 8 contain dy and g; by Theorem 5.3 we obtain an y-measurable
subset V c U of full u-measure with Gx(7, €, 8, Dx) containing a dense set of directions in TxX for each
x € V. In particular, fix € > 0 and let 7/(t) € TxX be an (7, €, 8, Dx)-generic velocity vector such that:

66 =~ (O)]| 7 < & (8.12)
then
|(dox,+'(1))| < Coe + |{dox, E(X))| = Cpe; (8.13)
by Theorem 4.3 we conclude that:
o-md~(t) < Cpe. (8.14)
However, 'y’(t)HTX <2 +¢candso
(w,'(0) 2 % -&(2+¢); (8.15)
note also that i
N
(@, Y 0)] = | si (v(0) Wion) ()] < NC max (i 07)'(0)]; (8.16)
i=1
now choose sy \, 0 with t + s, € Dom ~; we have:
i 0 y(t + 5n) — P 0 y(B)] < 0((t + sn), ¥(1)) < 0(sn) + / o-md~(7) dt; (8.17)
[t,t+sy]NDom ~y
dividing by s, and letting n * oo we get:
(i 0 ) (t)| < o-mdA(t). (8.18)
Combining (8.14), (8.15), (8.16), and (8.18) we conclude that:
1 e(2+€)<NCCpe (8.19)

2

which yields a contradiction if € is sufficiently small. O



148 —— Jeff Cheeger, Bruce Kleiner, and Andrea Schioppa DE GRUYTER OPEN

Proof of Theorem 8.6 via Weaver derivations. We show that if K C X is compact and if f is p-Lipschitz, for
p-a.e. x € K one has df(x) € Wp, ,(x). Fix n € N and choose a finite susbset {x; }c;, C Dx such that each
x € K lies within dx-distance at most % from some xy. To fix the ideas, suppose that f is (C, p)-Lipschitz and
define f, : K — R by:

fn(x) = inf {f(x;) + Co(x, x;) : k € In} . (8.20)

The functions {f» }» are uniformly (C, p)-Lipschitz and hence uniformly (C C,, dx)-Lipschitz. By [42, Thm. 4.1]
the exterior derivative operator d associated to the diffentiable structure is weak* continuous. In particular,
let L?(uLK, T"X) denote the L2-space of sections of "X | K. Note that the dual of L?(u_K, T"X)is L>(u_K, TX)
and that these spaces are both reflexive by finite dimensionality of T*X. Then as the f,, — f pointwise in K, we
have that dfn — df weakly in Lz(y L K, T*X), and Mazur’s Lemma and a standard argument give tail convex
combinations g, of the functions f,, with dgn — df uL K-a.e. So the proof is completed if we show that each
dgn is a section of Wp, ,, which happens if each dfy is a section of Wp_ ,. But for each n there are closed
subsets {C;}icy, of K, such that fn | C; = f(x;) + Cox;, which gives dfy | C; = Cdpx;. O

We now associate to W, two a priori different norms on TX. Roughly speaking, we maximize the seminorms
induced by sections of W,. Recall that if f is p-Lipschitz we can define the “big Lip” with respect to p:

o-Lipf(x) = lim sup sup { M

:o(x,y) < r} , (8.21)
r\,0

and that the map x — p-Lipf(x) is Borel.

Let Secy (p) denote the set of those sections w of W, which are locally the differential of a (1, p)-Lipschitz
function; i.e. w € Secy(g) ifand only if there are countably many disjoint Borel sets { V3 } g and countably many
(1, o)-Lipschitz functions {f3} such that u (X \ U/g V/;) =0and w | Vg = dfp | V. To each w € Sec;(g) we
associate a seminorm p, on TX by letting:

pPov) = {w,V)]. (8.22)

We observe that pw < Cp || - ||7x and denote by | - ||, 1 ;p the essential supremum (Lemma 2.33) of the collection
e Ha)}weSecl(g)'

Another way of obtaining seminorms on TX is to use arbitrary sections of W, and rescale them by the
local p-Lipschitz constant; note, however, that if u, v are both p-Lipschitz, one can have du = dv and p-Lipy/=
o-Lipv on a set of positive measure. We are thus led to use a slightly more complicated framework. Let Sec«(p)
denote the set of countable pairs @ = {(Vl?’ f/;)} where the Vg are disjoint Borel sets with u (X \U s V/;) =0,
and the fp are p-Lipschitz functions. To each @ € Sec«(g) we associate a seminorm pg on TX by letting, for
x € Vgandv € TxX:

0 if o-Lipfp(x) = 0
palv) = |(dfa(0,v) | . (8.23)
o2 otherwise;
o-Lipfp(x)
we denote by | - ||, 1;p, the essential supremum (Lemma 2.33) of the collection {| - ||, } wesec.(o)-
Theorem 8.24. Let Dy C X be a countable dense set. Then one has:
I+ lIpy,o = I llg,Ltp = II* llg,Lip 3 (8.25)
in particular, if DfX C X is another countable dense set:
I Ipyo =l 150 (8.26)

in the sequel, we will denote the canonical norm (8.25) by || - ||,,.

Proof. Each pseudodistance function px gives rise to an element of Sec; (¢) and so | - || p,. o < |1 llp,Lips to each

w € Sec;(p) one can associate @ € Sec«(g) with py < pg and so || « lo,up < II'+ [l Lip- We thus just prove that:

H ' Hg,Lip s H : ”DX,Q . (8.27)
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It suffices to show that for any @ = {(V;, fg)} € Sec«(p) one has

P =" llpy,e- (8.28)

Let J contain the components of the chart functions and the functions {f}; let C contain the characteristic
functions of the charts and the characteristic functions {yv, }; let S contain dx and p. Let V be an {fg}s-
differentiability set and fix f3; let Vlli = V' N Vg; by Theorem 5.3 there is a full y-measure p-measurable subset
Wg C V/g such that, for each x € Wp the set of (5, C, 8, Dy)-generic velocity vectors contains a dense set
of directions. In particular, for each v € TxX and € > 0 we can find an (F, €, 8, Dy)-generic velocity vector
~'(t) € TxX with ||v -~'(t) rx < & Assume that o-Lipfg(x) > 0; note that the derivative (fg o ~)(¢) exists and
is approximately continuous at ¢t. Without loss of generality assume that (f3 o ~) (t)/= 0; then we can find
Sn \( O such that t + s, € Dom~ and g(y(t + sn), v(t)) = rn > 0. We now obtain the estimate:

[fs(y) - fg(x)]
I'n

|(F5 0 1)t + $0) - (f5 0 1)(®)| = sup { 00y, %) < rn} 0yt + s), (D)

(8.29)
<(elwfheo-0a/m) ([ emdr@drrotn);
[¢,t+sy]JNDom ~

dividing by s, and letting n * oo we get, by approximate continuity of p-md~ at ¢:

|(F5 7' (8)] < o-Lipf(x) 0-md (0). (8:30)

Now Theorem 4.3 implies that o-md~/(t) = ||/ (¢ and so:

)HDX,Q

[(dfg. ' (6))] = o-Lipfp() |4/ @], ,

. . (8.31)
< Q-Lipfy(x) [[Vllp, , + £Co 0-Lipf(x);
let L denote the global Lipschitz constant of fg; then:
[(dfg, v)| < -Lipfp(x) ||V]Ip, o + €Co 0-Lipfp(x) + €L |V|I1y ; (832
so (8.28) follows by letting € \, 0. O

8.2 Metric Differentiation for Lipschitz maps

We now reformulate the results of the previous subsection for a Lipschitz map F : X — Z; throughout this
subsection p will denote the pull-back pseudometric F* d. Putting together Theorems 8.6 and 8.24 we obtain:

Theorem 8.33. Associated to the map F there is a canonical subbundle Wy of T" X such that:

(1) Foreachg c F* (Lip(Z)) (i.e. g = h o F for some h € Lip(Z)) the section dg lies in Wg;
(2) For each countable dense set Dy C X the subbundle Wy coincides with the subbundle spanned by the
sections {dpx : x € Dx}.

Suppose now that F contains the components of the chart functions of (X, u), that C contains the characteristic
functions of the charts, and suppose also that 8 contains the pseudometric g. The subbundle Wy induces a
canonical seminorm || - || = || - |, on TX such that, for each (3, €, 8)-generic velocity vector v'(t) one has:

dz(F o~(t+5s), Fon(t)
Is| ’

/ N
|.=1 8.
@1l = tim, (839
Remark 8.35. In practice, it does not matter whether metric differentiation is formulated in terms of pseudo-
metrics or Lipschitz maps. In fact, consider a Lipschitz compatible pseudometric g on X and associate to it

the Lipschitz map:
F:X — I”(Dy)

(8.36)
y = {exW}ep, s

thenweget || [|,. = ||+ [ and Wy = WE.
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We now specialize the discussion to the case in which (Z, v) is a differentiability space; throughout the
remainder of this subsection we will fix choices of countable dense sets Dy ¢ X and D; C Z. The case
of interest is when the measure F;u is absolutely continuous with respect to v. Using the Radon-Nikodym
Theorem we can find a Borel subset Vo C Z such that FyuL Vp and v V are in the same measure class. The
case of interest is when v(Vy) > 0, which we will assume throughout the remainder of this subsection.

Let Uy = F1(V,) and suppose that g € Lip(Z) is differentiable at z with respect to the Lipschitz functions
{$'}M; suppose now that zo = F(xo) and that the functions {1’ o F}, are differentiable at x, with respect
to the functions {¢/}¥ j—1- We then obtain the chain rule:

M N
g o F(x) - g o F(xo) =ZZ

i=1 j=1

og (z0) 20 F) a(l/) o F) ((pj(x) _ (pi(Xo)> +0 (dx(x, x0)) - (8.37)

The following Corollary is a consequence of the chain rule (8.37):

Corollary 8.38. Let {(Ua, <pa)}a be an atlas for (X, u) and {(Vp, l/)ﬁ)}ﬁ an atlas for (Z, v). Then the subbundle
We | Uy is spanned by the sections {d(l/;;g ° F)}ﬁ
,1

Definition 8.39. As the measures Fyul_ Vo and vL V) are in the same measure class, we obtain a pull-back
map:
F:TZ|Vy— TX|U, (8.40)

which maps each section dg of T"Z | V, to the section F*dg = d(goF) of T"X | Uy. We define the push-forward
map:
Fe: TX| Uy — TZ | Vo (8.41)

by duality; that is, for x € Uy, v € TxX and g € Lip(Z) we let:
(Fe(v), dg lro) = (v, (F*dg)x> : (8.42)
We conclude this subsection by proving:

Theorem 8.43. Let Wﬁ denote the annihilator of We: i.e. the fibre WFL (x) consists of those vectors in TxX
which are annihilated by the functionals in Wr(x). The seminorm | - || induces a norm on the quotient bundle
TX/Wg which we will still denote by || - || z. Then F- induces an injective isometry:

Fu: (TX/WI% | Uo, || - HF) = (TZ | Vo, | llz2)- (8.44)
The proof of Theorem 8.43 uses the following generalization of Theorem 5.3, whose proof is omitted.

Lemma 8.45. Suppose that F contains the components of the {@a}a and of the {g o F} g; suppose that C con-
tains the {xy,}a, the {Xvﬁ }p and Xv, ; suppose that § contains g. Suppose also that F' contains the components
of the {Yg}p and that €’ contains the {Xv,} and xv,. Let

G« (7,0, 8;F,8) = {v € TuX : v =+(t), where 7/ (t) is (F, €, 8)-generic and (F o ~)'(t) is (¥, G')—generic};
(8.46)

then there is a full u-measure p-measurable subset U; C Uq such that, for each x € Uy, Gx(F,¢C, 8;F,8')
contains a dense set of directions.

Proof of Theorem 8.43. We apply Lemma 8.45 and show that for each x € U; and each v € TxX one has:

VIig = ||FW)| 15 (8.47)



DE GRUYTER OPEN Infinitesimal Structure of Differentiability Spaces, and Metric Differentiation = 151

by density of directions, we just need to show (8.47) for v = /(t) where 4/ (t) is (F, C, §)-generic and (F o v)'(t)
is (97, €’)-generic. By Theorem 4.3 applied in X to the pseudometric g we get:
/' ®]| = e-md~(8); (8.48)
note that by the definition of the p-metric differential we have:
o-md~(t) = md F o ~(t); (8.49)

finally, applying again Theorem 4.3 in Z to the metric d, we get:

Fer/(8)| 1, = ||F o) ()] 1, = md F o ~(8). (8.50)

8.3 Metric differentiation and blow-ups

In this subsection we generalize the results of Section 7 in the case in which one considers either a Lipschitz
compatible pseudometric p on X or a Lipschitzmap F : X — Z.

Definition 8.51. Let g be a Lipschitz compatible pseudometric on X and (U, ¥) be an N-dimensional differ-
entiability chart. A blow-up of (X, u, 1, p) at p along the scales r, \, O is a tuple (Y, v, ¢, 9, g) such that:
(1) The tuple (Y, v, ¢, q) is a blow-up of (X, u, ¥) at p, i.e. the tuples:

1 )2 Y -9Yp)
(rn X, i (B(p, Tn)) ’ I'n ’p> (8:52)

converge to (Y, v, ¢, g) in the measured Gromov-Hausdorff sense;
(2) §is a Lipschitz compatible pseudometric on Y and if the points y, y’ € Y are represented, respectively,
by the sequences [x], [x;] C X, then:

0(xn, Xn)

. (8.53)

8(y,y") = lim
We denote by Bw-up(X, u, i, g, p) the set of blow-ups of (X, u, ¥, p) at p.
Theorem 8.54. Let (U, y) be an N-dimensional differentiability chart for the differentiability space (X, u),
and let p be a Lipschitz compatible pseudometric. Then for yu L U-a.e. p, for each blow-up (Y, v, ¢,0,q) €

Bw-up(X, u, ¥, o, p), and for each unit vector vo € TpX, the measure v admits an Alberti representation A =
(Q, @) where:

(1) Q is concentrated on the set Lines(¢p, v, ) of unit speed geodesic lines in Y with:

(o) =vo;
| Weni=vo (8.55)
o(y(0),~(s)) = [[voll, It - sl;
(2) Foreach~ € Lines(¢, vo, p) the measure @~ is given by:
D, = ). (8.56)
Proof. The proof follows the method used to prove Theorem 7.18; we just:
(1) add in condition (Reg3) that:
0(y(s1),~(s2)) - HV'(QHQ |s1 = S2[| < €[s1 = s2; (8.57)
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(2) require in Lemma 748 that U consists of points at which the map x — ||« || 0 (x) is approximately contin-
uous.

O

We now discuss what happens in the case of a Lipschitz map F : X — Z. When we defined blow-ups of

the chart functions there was no issue with the target space because R" possesses a group of dilations. For a

general map F : X — Z we first need to use ultramits [32, Sec. 2.4] to blow-up Z; we recall here the relevant
constructions.

Definition 8.58. Let (Z, zo) denote a pointed metric space and let r, \, 0; we define a blow-up (W, w) of
(Z, zp) along the scales rn \, 0 as an ultralimit of the sequence of pointed metric spaces (%Z s zo). Specifi-

cally, we choose a nonprincipal ultrafilter w and consider the set W of those sequences [zn] C Z such that:

dz(zn, 20)

lim sup < oo, (8.59)
n—oo n
We define a pseudometric d, on W by:
/
d(za), [24]) = Tim 92 2n) (8.60)
w n

On W we consider the equivalence relation:

[zn] ~ [z1] <= dy([zn], [23]) = 0; (8.61)

then d;, induces a metric dy on the quotient space W = W/ ~, and the base point wy, is the equivalence class
of the constant sequence [zo]. We denote the set of blow-ups of Z at zo by Bw-up(Z, zo).

Consider now the case of a Lipschitz map F : X — Z; having fixed scales rn \, 0, we construct blow-ups
(Y, q) € Bw-up(X, p) and (W, wg) € Bw-up(Z, F(p)). We then obtain a Lipschitz map G : (Y, q) — (W, wp) by
blowing up the graph of F at (p, F(p)). Specifically, if [x,] C X represents the point y € Y, we let G(y) be the
equivalence class of the sequence [F(xn)]. In general, we say that a tuple (Y, v, ¢, g; G, W, wg) is a blow-up
of (X, u, Y; F,Z) at p if: (Y, v, @, q) € Bw-up(X, u, ¥, p), Wo, wo) € Bw-up(Z, F(p)), and G is obtained by
blowing up F : X — Z at p. We denote the set of blow-ups of (X, u, ; F, Z) at p by Bw-up(X, u, ¥, p; F, Z).

Applying Theorem 8.54 to the pseudometric F"d, we get:

Theorem 8.62. Let (U, ) be an N-dimensional differentiability chart for the differentiability space (X, ),
and let F : X — Z be a Lipschitz map. Then for y L U-a.e. p, for each blow-up (Y, v, ¢, q; G, W, wp) €
Bw-up(X, i, Y, p; F, Z), and for each unit vector vo € TpX, the measure v admits an Alberti representation
A =(Q, @) where:

(1) Qs concentrated on the set Lines(¢, v, G) of unit speed geodesic lines in Y with:

A
=1Vp;
(por) =vo (8.63)
dw (G o(t), G o~(s)) = |[vollg [t - sl;
(2) Foreach+ € Lines(¢, vo, G) the measure @-, is given by:
@, = %{/1, (8.64)

Remark 8.65. In [14, Sec. 10] it was shown that if (X, u) is a PI-space and if f is a real-valued Lipschitz map
defined on X, at p-a.e. p, blowing-up f at p always produces a generalized linear function g; in particular, the
corresponding space Y contains through each point a geodesic line v on which the blow-up F is affine, and
such that v behaves as an integral curve of the gradient of F. Applying Theorem 8.62 to the case in which
F = f, one gets, through each point of Y, many geodesic lines on which the blow-up G is affine, and these
geodesic lines can be used to obtain a Fubini-like decomposition of the measure v. Among these geodesic
lines, those where the slope of G is maximal correspond to the vector vo which is the derivative of f at p with
respect to the coordinate functions .
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9 Examples

In this section we provide examples that illustrate how metric differentiation can be used to constrain the
infinitesimal geometry of a Lipschitz map F : X — Y, where X is a differentiability space. We will use a
family of examples of differentiability spaces introduced in [20]: inverse limits of admissible inverse systems
of metric measure graphs. For these spaces we find that for some natural classes of target spaces, blow-ups
of arbitrary Lipschitz maps are quite degenerate.

In this section we will say that a map  : R — Z into a metric space Z is a geodesic with speed o if
d(n(s), n(t)) = o|s — t| for all s, t € R; here we allow geodesics with speed 0, i.e. constant maps.

Theorem 9.1. Let (Xoo, doo, Ueo) be the inverse limit of an admissible inverse system (see below). Let A C Xoo
be a measurable subset, and F : A — Z be a Lipschitz map.
Consider the following conditions:

(a) Zis CBB space, i.e. an Alexandrov space with curvature bounded below.

(b) Foreveryz ¢ Z and every blow-up W of Z at z (in the sense of ultralimits, see Definition 8.58), two constant
speed geodesics v,y : R — W which coincide on a nonempty openinterval (a, b) C R coincide everywhere.

(c) Zis an equiregular sub-Riemannian manifold.

(d) Z is an Alexandrov space with curvature bounded above, and X satisfies the monotone bigon condition
(Definition 9.18).

If Z satisfies one of the conditions (a)-(c), then for peo-a.e. p € Xoo, if G : Yoo — W is a blow-up of F at p,
then G factors as G = G o @ where @ : Yoo — R is 1-Lipschitz and G : R — W is a constant speed geodesic.

If Z satisfies (d), then for lss-a.e. p € Xoo, every blow-up G : Yoo — W of F at p factors as G o ¢ where
@ : Yoo — Z'is 1-Lipschitz, G : Z' — W an isometric embedding, and Z' is a metric cone over a finite set, i.e.
the union of finitely many geodesics rays leaving a basepoint.

In fact the argument gives slightly more precise control, see (9.19) and (9.20) below. Also, the argument
can be generalized somewhat further, see Remark 9.21.

Remark 9.2. Note that when the target Z is a Banach space with the Radon-Nikodym Property the same con-
clusion as in the cases (a)-(c) follows by differentiating F along the Alberti representations, compare the
discussion on RNP-differentiability in [16].

Theorem 9.1 has the following consequence:

Corollary 9.3. Under the assumptions of Theorem 9.1, if F : A — Z is a bi-Lipschitz embedding, then there is a
1-rectifiable subset Ay C A such that u(A\ A;) = 0.

The proof of the corollary is given after the proof of Theorem 9.1.

Definition 9.4 (Admissible inverse systems, [20]). We consider an inverse system of metric measure graphs:

ISR VLI GRS (9.5)

where the index i can range either over Z or over N U {0}: in the former case we will say that the inverse
system is signed, and in the latter case that it is unsigned. We denote the metric and measure on X; by d;
and u; respectively. Having fixed an integer m > 2 and parameters 4, C, 6 € (0, oo), we say that the inverse
system {X;, rr;} is admissible if it satisfies the following axioms:

(Ad1) Each metric space (X;, d;) is a nonempty connected graph with vertices of valence < A and such that
each edge of X; is isometric to an interval of length m~ with respect to the path metric d;;

(Ad2) Let X; denote the graph obtained by subdividing each edge of X; into m edges of length m~0*Y_ Then
n; induces amap 7; : (X1, div1) — (X}, d;) which is open, simplicial and an isometry on every edge;

(Ad3) For each x; € X| the inverse image 7; *(x;) C X;,1 has d;,;-diameter at most 6 m~ D,



154 —— |eff Cheeger, Bruce Kleiner, and Andrea Schioppa DE GRUYTER OPEN

(Ad4) Each graph X; is equipped with a measure y; which restricts to a multiple of arclength on each edge;
if e1, e, are two adjacent edges of X; we have:

Hi(El) c [C_l, C]; (9.6)
ui(e2)

(Ad5) The measures {y;} are compatible with the projections {71;}: iy pii1 = pis
(Ad6) Let St(x, G) denote the star of a vertex x in a graph G, i.e. the union of all the edges containing x. Then,
for each vertex v} € X} and each v;,; € m1; }(v}), the quantity:

Hi+1 (ﬂi_l(eé) N St(Vis1, Xi+1))

ui(el) ©.7)

is the same for all edges e} € St(v}, X});
(Ad7) If the inverse system {X;, m;} is unsigned we will assume that X, ~ [0, 1], uo = £ L [0, 1] and we will
denote by ¢; the map:
Qi =m0+ 0TM_q. (9.8)

If the inverse system {X;, r1;} is signed we require the existence of open surjective maps ¢; : X; — R

which are, regarding R as a graph of edges {[km’i, (k + 1)m™] }k . simplicical and restrict to isometries
(S

on every edge. Moreover, we require that the {¢;} are compatible with the {7;}:

@iomi= @i (Vi) (9.9)

An immediate consequence of the axioms (Ad1)-(Ad7) is that the metric measure spaces (X;, d;, i;) con-
verge in the measured Gromov-Hausdorff sense3 to a metric measure space (Xeo, des, Uoo) Which is called the
inverse limit of the admissible inverse system. If { X;, 7;} is unsigned, then (Xe, doo) is compact geodesic and
Uoo is @ doubling probability measure; if {X;, 71;} is signed, (Xeo, de) is proper geodesic and e is a doubling
measure. In both cases there are 1-Lipschitz maps 7., j : Xeo — X satisfying:

M1 © Moo k = Moo k-1

Moo, kyHoo = k-

(9.10)

For j > k we will use the short-hand notation 7;  to denote the map 7 o - o 71;_;. Moreover, the maps
@; : X; — Ror [0, 1] pass to the limit giving a 1-Lipschitz map @ : Xec — R or [0, 1] satisfying:

9oo(q) = 9i(M,i(q)) (Vq € Xeo, Vi € Zor NU {0}) (911)
We now define a special class of paths in X; or Xe..

Definition 9.12. Let I C R be connected and v : I — X; continuous, where we allow i = oo. We say that v
is a monotone geodesic if ¢; o v : I — R or [0, 1] is either a strictly increasing or decreasing affine map. In
particular, the axioms (Ad1)-(Ad7) imply that ~ is a constant speed geodesic in (X;, d;). Moreover, by axioms
(Ad2) and (Ad?), if j > i and if 4; : I — X; is a monotone geodesic, then for each g; € n}‘} (71-(1)), one can lift
7; to obtain a monotone geodesic v; : I — X; passing through g; and satisfying 7 ; o v; = ;.

We now summarize some important consequences of the axioms (Ad1)-(Ad7).

Theorem 9.13. Let {X;, r1;} be an admissible inverse system and let X.. denote the inverse limit; then:

(1) The metric measure space (Xeo, doo, foo) admits a (1, 1)-Poincaré inequality; in particular, it is a differen-
tiability space with a single differentiability chart (Xeo, Poo);

3 If {X;, m;} is signed we consider the convergence in the pointed sense by choosing basepoints {g; }icz satisfying m;(g;+1) = g;.
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(2) The (X;, u;)’s and (X, Uoo) admit distinguished Alberti representations whose support is precisely the set
of all monotone geodesics «y : I — Xoo Where oo 0 v = id;, and I = [0, 1] if {X;, m;} is unsigned, and I = R
if it is signed. These Alberti representations are compatible with projection.

The proof of Theorem 9.13 is contained in [20]; note, however, that in [20] only the case of what we call
unsigned inverse systems is discussed: the modifications for the case of signed inverse systems are straight-
forward. Alberti representations are not explicitly mentioned in [20], but part (2) in Theorem 9.13 follows from
the discussion in [20, Sec. 6].

Remark 9.14. In [41] it is shown that the collection of admissible inverse systems defined in [20] contains an
uncountable family of the form {{(X;, d;, ii o) }i}ac.a, such that inverse limits {(Xeo, doo, Hoo,a) }qc.4 —Which
are all PI spaces [20]— realize an uncountable family {pico,a }4c 4 Of mutually singular measures on the same
inverse limit metric space (Xeo, doo).

Theorem 9.15. Let X be the inverse limit of an admissible inverse system {X;, m;} and let Y = @oo; if the
system is unsigned assume also that p ¢ 1 ({0, 1}). Then each element of BW-up(Xeo, foo, U, p) is of the form
(0Yeo, C+ Voo, 0 + @, q) Where:

(1) The metric measure space (Yoo, deo, Voo) S the inverse limit of a signed admissible inverse system {Y;, m;},
and @ is the function Q.. corresponding to Yoo.
(2) The parameters o anc c satisfy:
oc(1,m]
1 (9.16)

Ve By, 1/0)

(3) The basepoint q satisfies p(q) = 0.
(4) Furthermore, up to renormalization, the blow-up of the distinguished Alberti representation of (Xeo, Moo) iS
the distinguished Alberti reprsentation on (Yeo, Voo).

We may now apply Theorem 8.62 to obtain the following:

Theorem 9.17. Let X.. be the inverse limit of an admissible inverse system {X;, m;}. Let A C X-. be a measur-
able subset, and F : Xeo D A — Z be Lipschitz.

Then there is a full u.-measure subset Sp C A such that, for each p € Sr and each (0Ye, C * Voo, O
©,q;G, W,wy) € BW-up(Xeo, Yoo, Y, p; F, Z), one has that G maps each unit-speed monotone geodesic line
7 : R = Yuo to a (possibly degenerate*) geodesic line in W with constant speed 0™ ||0y Ip|| .-

Definition 9.18. An admissible inverse system {(X;, 71;)} satisfies the monotone bigon condition if there
is a constant D such that for every i, if y1,y, € X project under m1; : Xoo — X; to the same point, there
are monotone geodesic segments 1,72 C Xoo Of length < Dm™ such that y; € ~;, and 1, 72 have the same
endpoints.

One may readily check that some standard examples of admissible systems, for instance Examples 1.2
and 1.4 from [19], satisfy the monotone bigon condition.

Proof of Theorem 9.1. We apply Theorem 9.17, and will show that under each of the assumptions (a)—(d), there
is a full measure subset of points p € A such thatif G : Yoo — W is as Theorem 9.17, then:

If one of (a)—(c) holds then G factors as

GLR - Sw (9.19)

4 This happens iff ||dy ||| . = 0, i.e. when G o ~ is constant.

I
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where G is a geodesic with constant speed 0o = 07" ||y, p || ¢~ Here we allow gy = 0, in which case Gand G
are constant maps.
If (d) holds, then G factors as G o %%, where 712, : Yoo — Y_oo is the projection map from the inverse limit to
the direct limit, and

G:Yoo = W (9.20)

is a map whose restriction of any monotone geodesic in Y_. is a geodesic in W with constant speed gy =
-1
o [0y Ip|5-

If 0p = 0O, then the restriction of G to any monotone geodesic is constant, and since any two points in
Y. may be joined by a piecewise monotone geodesic path, this implies that G is constant. Then the above
assertions are clear. Therefore we assume that g > 0.

We first assume that (b) holds. This also covers case (a) since (a) = (b).

Let I" be the set of monotone geodesics v : R — Yo such that ¢ 0 v = idg. We define an equivalence
relation on I' by saying that v; ~ ~, if there is a geodesic 7 : R — W with constant speed o such that
Gov;=no@eon;fori={1,2}.

Note that if the images of v1, 72 € I' intersect in an interval, then they are equivalent by assumption (b).
By concatenating rays to form monotone geodesics, it follows that if the images of v; and v, intersect even in
a single point, they are equivalent. Now suppose the images of 1, 72 € I' intersect even in a single point, i.e.
for some t1, t; € R, we have v;(t1) = 72(t2). Then t; = Qoo 0 11(t1) = Peo 0 12(t2) = to. Hence we may define a
monotone geodesic 3 € I' by letting ~3(t) = 1 () if t < t1, and 3(t) = v,(t) otherwise. Now ~3 is equivalent
to both ~; and ~,, since its image shares an interval with each of their images, due to the fact that gy > 0.
Now define an equivalence relation on Y.. by saying that y;, ¥y € Y are equivalent if some (or equivalently
every) v; € I passing through y; is equivalent to some (or every) geodesic v, € I passing through y,. The
cosets of this relation on Y.. are closed, and any path v that is a concatenation of finitely many segments from
monotone geodesics lies in a single coset. Therefore there is only one coset and G factors as claimed.

Suppose (c) holds. Since the conclusion is local, we may assume without loss of generality that there is
asmoothmap ¥ :Z — RX, where k is the dimension of the horizontal space, and the derivative DV restricts
to an isomorphism on every horizontal space. Hence by [36], for every z € Z, the blow-up of Z at z is a Carnot
group W, and the blow-up ¥ : W — R of ¥ at z yields the horizontal coordinate for W.

We now proceed as before, except that we take p to be a point of differentiability of the composition
Yo F : A — R, Passing to the blow-up G : Yoo — W, from differentiability we get that ¥ o G = a o @ Where
a : R — R¥is an affine map. It follows that for every monotone geodesic v € TI', the composition G o~ projects
under the horizontal coordinate ¥ : W — RX to the same constant speed geodesic a o oo o 7. This implies
that for every v € I', the composition G o v is an integral curve of the left invariant vector field determined by
a. In particular, if two such geodesics agree at a point, then they coincide.

Now consider the equivalence relation on I" defined as before. If v1, v, € I" agree at some t € R, then by
the above discussion G o y; = G o 73, i.e. v1 ~ 2. The rest of the argument is the same.

Now assume (d) holds. Again consider the map G : Yo — W obtained by applying metric differentiation
at a point p € Xe. As above, for every v € I', the composition G o v is a geodesic of constant speed gy. One
checks readily that Y. inherits the monotone bigon condition. Pick y1, ¥, € Y, and suppose that n]-(yl) =
mj(y2). By the monotone bigon condition, there exist ; € I' such that +; passes through y; and the maps
71,72 : R — Yo agree outside a a compact subset of R. Then G o v; and G o v, are constant speed geodesics
in a CAT(0) space, and they agree outside a compact subset of R. It follows that ; = v,, so in particular
G(y1) = G(y2). We have thus shown that G factors through a map G; : Y; — W which has the property that
its restriction to any monotone geodesic in Y; is a geodesic in W with speed 0. This implies that G factors as
G o m3,, where 1%, : Yoo — Y_o is the projection map to the direct limit Y_o. of the signed inverse system
{(Y;,m;))},and G : Y-oo — W is a map whose restriction to any monotone geodesic in Y_- is a geodesic in
W with constant speed 0. Finally note that as there is a uniform bound on the cardinality of the links of the
vertices of ¥ as j — —oo, then Y_w is a finite union of geodesic rays issuing from a basepoint. O
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Remark 9.21. Note that the previous argument for points (a)-(c) can be run more generally under the assump-
tions that G maps monotone geodesics to constant speed geodesics in W which cannot branch, i.e. two such
geodesics must coincide if they agree on an open interval. Note that it suffices to verify this non-branching
property for the geodesics that arise from blow-up; one may restrict these geodesics by exploiting differentia-
bility of auxiliary Lipschitz functions, such as the function ¥ appearing in case (c).

Proof of Corollary 9.3. Let F : A — Z be an L-bilipschitz embedding.

We first assume that we are in one of the cases (a)-(c). Therefore we know that there is a measurable
subset A; C A with u(A \ A1) = 0 such that for all x € A4, for every blow-up G : Yoo — W as in (the proof
of) Theorem 9.1, we have that G = 17 o @ Where  : R — W is a geodesic with constant speed lying in the
interval [L71, L]. Since G is also L-bilipschitz, we conclude that for every y1, y> € Yo, we have

d(Peo(y1), Peo(y2)) 2 L2d(y1, y2) - (9.22)

This implies that for all x € A4 there is an r(x) > O such that
A(Peo(X'), Poo(X)) > %L‘zd(x’, X) (9.23)

for all X' € B(x, r(x)); otherwise there would be a sequence xj — x violating (9.23), and by rescaling and
passing to a limit, we get a blow-up contradicting (9.22). Now put

Si={xeAilrx)>j"'}.

Then @ ’ ¢ Si—R is 2L2-bilipschitz on @-balls, and A; = U;S;. This shows that A, is rectifiable.
J
Now suppose we are in case (d).
Let
Ag = {x € A| mj(x) isnot a vertex forany j} C A.

Note that A \ Ag is p-null. Then there is a full measure subset A; C Ag such that for every x € A, every
blow-up G : Yoo — W of F at x has a factorization G = G o %%, as in the proof of Theorem 9.1, and reasoning
as above we get that

d(n%2(y1), 1%%6(y2)) = L2d(y1, y2) (9.24)

forally,,y; € Yoo
Now for x € A1, using (9.24) and a contradiction argument, we get that for every C thereis a j, such that for
allj = jx, the projection 71; : Xj,; — X; maps the ball B(7;, (x), cm™) ¢ Xj.1 bijectively onto B(r;(x), cm™) c
X;. Iterating this, it follows that for all k > j > jy, the projection rr]’.‘ : Xj — X; maps B(m(x), C m~*) bijectively
onto B(m;(x), C m%). Since mj(x) is not a vertex, for large enough k we conclude that B(m;(x), Cm™") has no
branch points, i.e. it is isometric to an interval. As C is arbitrary, this together with (9.24) implies that for every
blow-up G : Yoo — W of F at x, the direct limit Y_.. has no branch points. Hence we are in the same situation
as cases (a)-(c), and we may complete the proof as before.
O
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