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Abstract: We study the continuous CM-regularity of torsion-free coherent sheaves on polarized irregular smooth
projective varieties (X, Ox(1)), and its relation with the theory of generic vanishing. This continuous variant
of the Castelnuovo—-Mumford regularity was introduced by Mustopa, and he raised the question whether a
continuously 1-regular such sheaf F is GV.

Here we answer the question in the affirmative for many pairs (X, Ox(1)) which includes the case of any
polarized abelian variety. Moreover, for these pairs, we show that if ¥ is continuously k-regular for some positive
integer k < dim X, then F is a GV_¢_1) sheaf. Further, we extend the notion of continuous CM-regularity to a
real valued function on the Q-twisted bundles on polarized abelian varieties (X, Ox(1)), and we show that this
function can be extended to a continuous function on N'(X)r. We also provide syzygetic consequences of our
results for Op(e)(1) on IP(€) associated to a 0-regular bundle € on polarized abelian varieties.

In particular, we show that Op(e)(1) satisfies the N), property if the base-point freeness threshold of the
class of Ox(1) in N1(X) is less than 1/(p + 2). This result is obtained using a theorem in the Appendix A written
by Atsushi Ito.
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1 Introduction

Given a smooth projective variety X < P", it is well-known that the geometry of the embedding is reflected
by the coherent sheaves on X with suitable positivity properties. One of the most fundamental notion of such
properties that governs the complexity of a sheaf F is given by its Castelnuovo—-Mumford (CM) regularity with
respect to the pair (X, Ox(1)).

In this article we study a variant of CM-regularity that was introduced by Mustopa in [29] for polarized ir-
regular varieties (X, Ox(1)). Itis defined as follows: JF is continuously k-regular if the cohomological support loci
Vi(F(k - i)) are not empty for i > 1 (strictly speaking, this definition is slightly more general than that in [29] as
we are not assuming global generation of Ox(1)). The structures of these cohomological support loci are of great
importance in the study of the geometry of irregular varieties. An important notion in this topic is the notion
of generic vanishing (GV for short) introduced by Green and Lazarsfeld in the pioneering works [9] and [10].
Fundamental contributions from Hacon [15] and Pareschi-Popa [34], [35], [36] through the derived category
approach and Fourier—-Mukai functors led to subsequent developments of the theory of generic vanishing.

Turning to details, a coherent sheaf J on X is said to be GV if codim V() > i for all i. This property is
intimately related to the positivity of F; in particular, a GV sheaf on an abelian variety is nef. In [29], Mustopa
asked the following question.
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Question 1.1 ([29, Question (x)]). Let X be a smooth projective variety of dimension d > 1 and let Ox(1) be an
ample and globally generated line bundle on X. Let F be a torsion-free coherent sheaf on X. If F is continuously
1-regular for (X, Ox(1)), is & a GV sheaf?

The question above was motivated by Beauville’s construction in [5] of rank 2 Ulrich bundles on abelian
surfaces (X, Ox(1)). It turns out that for these bundles &, £(-1) is indeed GV. It is easy to see that the answer
to Question 1.1 is affirmative for polarized curves. It was shown in [29] that the answer to the question is also
affirmative for

« alarge class of polarized surfaces that includes the case of any polarized abelian surface (loc. cit., Theorem B
and Corollary C),

« certain polarizations on Cartesian and symmetric products of curves (loc. cit., Propositions 3.1 and 3.2),
« some scrollar embeddings of ruled threefolds over a curve (loc. cit., Proposition 4.1).

Continuous CM-regularity for semihomogeneous bundles on abelian varieties has been studied by Kiironya
and Mustopa [21] and later by Grieve [14]. In particular, Kiironya and Mustopa [21] show the following: if € is a
semihomogeneous bundle on abelian variety (X, Ox(1)) of dimension g as in the set-up of Question 1.1, and if
moreover c¢1(€) is a rational multiple of ¢1(Ox(1)), then even more is true, namely £(1 — g) is GV. In [14], Grieve
established a description of continuous CM-regularity of semihomogeneous bundles on abelian varieties. This
description was in terms of a normalized polynomial function studied in [13], and obtained via the Wedderburn
decomposition of the endomorphism algebra of the abelian variety. A further study of the index and generic
vanishing theory of simple semihomogeneous bundles was also carried out in [14], building on and refining
[12] and [11].

Besides the notion of GV sheaves, a related notion in the generic vanishing theory is that of M-regularity
of coherent sheaves. A coherent sheaf F on X is said to be M-regular if codim Vi(F) > i for all i > 0. In this
direction, Mustopa asked whether a continuous 0-regular torsion-free coherent sheaf on a polarized smooth
projective variety (X, Ox(1)) with Ox(1) globally generated is M-regular; see [29, Remark 1.6].

Following this train of thought, it is natural to propose the more general question: given a continuously
k-regular torsion-free coherent sheaf on a smooth polarized variety (X, Ox(1)) with Ox(1) globally generated
and 1 < k < dimX, is it true that codimV(¥) > i — k + 1 for all i? Here we remark that the notion of generic
vanishing was generalized in [36] where Pareschi—Popa define a sheaf F to be GV_i for an integer k > 0, if
codim(Vi(F)) > i — k for all i. In view of this, here we devote ourselves to answering the question below, which
is more general than [29, Question (*) and Remark 1.6].

Question 1.2. Let X be a smooth projective variety of dimension d > 1 and let Ox(1) be an ample and globally
generated line bundle on X. Let J be a torsion-free coherent sheaf on X. Assume that F is continuously k-regular
for (X, Ox(1)) for some integer k with 0 < k < d.
(1) If1 <k <d, isJ aGV_(x_1) sheaf?
(2) Ifk =0, is F an M-regular sheaf?
The following is the main result of this article that answers the above question in the affirmative for many

pairs (X, Ox(1)). We also note that the result below does not require the hypothesis that the polarization Ox(1)
is globally generated.

Theorem A. Let (X, H) be a polarized smooth projective variety. Assume that there exist a globally generated line
bundle Hy on X and an ample line bundle H; on Alb(X) such that H = H; + albyH,, where alby : X — Alb(X) is
the Albanese map. Let F be a torsion-free coherent sheaf on X that is continuously k-regular for (X, H) for some
integer k with 0 < k < dim X. Then the following statements hold.

D) ViF)=0forizk+1

(2) Ifk # 0, then codim(V¥(9)) > 1.

In particular, the answer to Question 1.2 is affirmative for the pair (X, H).
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Note that the above result answers Question 1.2 in the affirmative for any polarized abelian variety. More-
over, it also shows that the question has an affirmative answer in many cases that include for example the
case (a): X = Y x A where Y is a regular smooth projective variety, A is an abelian variety, and Ox(1) is ample
and globally generated; and the case (b): X is a projective bundle IP(€) on an abelian variety A associated to an
ample and globally generated vector bundle &, and Ox(1) = T + F where T is the tautological bundle, and F is
the pull-back of any ample line bundle on A. Observe also that the above theorem proves a stronger statement
than what is asked for in Question 1.2 (2) when (X, H) satisfies the hypotheses of Theorem A: it shows that con-
tinuously 0-regular sheaves are in fact IT; (see Definition 3.3 and Corollary 5.4). We will give other variants of
Theorem A in Subsection 3.3.

The proof of Theorem A is homological in nature and relies on an inductive argument, but the crucial
ingredient of the proof is a relative set-up of continuous CM-regularity that we develop in this article.

Inspired by the recent development of the cohomological rank function by Jiang—Pareschi [20], we further
extend the notion of continuous CM-regularity to define a real-valued regularity Q-reg;((n)) for Q-twisted
bundles £(n) where [is an ample class in N 1(X) on an abelian variety X and ne N1 (X)q;. For these, we prove
the following

Theorem B. Let X be an abelian variety of dimension g, and let & be a vector bundle on X. If | € N'(X) is a
polarization, then the function Q-reg;(E(-)) : N 1(X)q — Rsendingn € N'(X)q to Q-reg(E(n)) can be extended
to a continuous function lR-regl(€<—)) N'X)r - R

We now mention the immediate consequences of Theorem A for continuously k-regular torsion-free coher-
ent sheaves F on polarized abelian varieties (X, Ox(1)). It follows immediately that

« (Corollary 5.1) if k = 1, then y(F) > 0 with equality if and only if V°() is a divisor,
« (Corollary 5.4) if k = 1 then F is nef, and if k = 0 then it is ample.

Let us denote the (usual) CM-regularity by rege (1)(-). In Corollary 5.6 we establish the sub-additivity of
CM-regularity for polarized abelian varieties. To be more precise, for any torsion-free coherent sheaves € and
F on a polarized abelian variety (X, Ox(1)) such that at least one of € and ¥ is locally free, we show that the
following inequality holds:

rego, (€ @ F) <regy, 1)(€) +rego, 1)(F). 1.1

We remark that it was shown earlier by Totaro [40, Theorem 3.4] that (1.1) holds for arbitrary polarized smooth
projective varieties when Ox(1) is very ample and satisfies a certain Koszul hypothesis, see also [8, Theorem 1.1]
for the case X = PY.

We also deduce syzygetic consequences from Theorem A for projective bundles on abelian varieties. Before
stating our result, we spend a few words on linear series on abelian varieties to set the context.

It was a conjecture of Lazarsfeld that on a polarized abelian variety (X, H), tH satisfies the N, property if
t > p+3. Lazarsfeld’s conjecture was proven by Pareschi [32]. The result was further extended by Pareschi-Popa
[35] where it was shown that tH satisfies the N, property if ¢ > p + 2 and |H| contains no base-divisor. Further,
denote the ideal sheaf at the origin of X by J; and define

r(H) = inf {c € Q | there exists an effective Q-divisor D = cH such that J(X, D) = Jo}

where J(X, D) is the multiplier ideal. Lazarsfeld—Pareschi-Popa proved in [24] that if r(H) < 1/(p + 2) then H
satisfies the N, property. Very recently, Jiang—Pareschi defined in [20] the base-point freeness threshold p(h)
with 0 < B(h) < 1 for a polarization h € N'(X) on an abelian variety X; it can be characterized as follows:
B(h) < x = IJp(xh) is ITy for x € Q. It was shown by Caucci [6] that f(h) < r(H), and further the above
results are unified to shown that H satisfies the N, property if f(h) < 1/(p + 2). The study of a more general
property Ny, via base-point freeness threshold was carried out by Ito [17]. Sharp results on projective normality
and higher syzygies of general polarized abelian varieties were also established by Ito [18] and [19].

The following is our result on syzygies of projective bundles associated to continuously 0-regular vector
bundles on polarized abelian varieties (X, H), which is an immediate consequence of Theorem A and Theo-
rem A.1 in the Appendix A due to Atsushi Ito.
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Corollary C. Let (X, H) be a polarized abelian variety, and let & be a continuously 0-regular vector bundle for
(X, H). Then Op(e)(1) satisfies the Ny property if B(h) < 1/(p + 2) where h is the class of H in NL(X).

Organization of the paper. In Section 2, we recall preliminaries of (continuous) CM-regularity. In Section 3 we
first discuss the theory of generic vanishing, and then we proceed to prove Theorem A; at the end of this section,
we prove a few variants of Theorem A. We define the Q CM-regularity in Section 4 and prove Theorem B. Finally,
Section 5 is devoted to the proofs of Corollaries 5.1, 5.4, 5.6 and Corollary C.

Conventions. We work over the field of complex numbers C. We tacitly assume that the varieties are irregu-
lar and the morphisms are non-constant. We use the additive and multiplicative notation interchangeably for
tensor products of line bundles, and the sign “=” is used for numerical equivalence. The rest of the notation is
standard in algebraic geometry.
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2 Continuous CM-regularity of coherent sheaves

2.1 Definition and first properties. This subsection is devoted to the definitions and basic properties of (con-
tinuous) CM-regularity. We start with the definition of a partial variant of the usual CM-regularity; cf. [22, Defi-
nition 1.8.4] and [40, Lemma 3.2].

Definition 2.1 (CM-regularity). Let X be a smooth projective variety and let H be a line bundle on X. Also, let g, k
be integers with q > 0. A coherent sheaf I on X is called Cg x for (X, H) if HT(F((k - i)H)) = 0 for all integers
i > 1. When H is ample, we say that F is k-regular for (X, H) for k € Z if it is Co x for (X, H).

The following important result in the study of partial regularity was proven by Totaro [40], and is well-
known in the set-up of the usual (i.e., non-partial) Castelnuovo—Mumford regularity.

Lemma 2.2 ([40, Lemma 3.2]). Let (X, H) be a smooth projective variety with H globally generated. Let F be a
coherent sheaf on X, and q, k be integers with q > 0. If J is Cq x for (X, H) then it is Cqx+m for (X, H) for any
integer m > 0.

When H is ample and globally generated, define the regularity of F as
regy(F) :=min{m € Z | Fis m-regular for (X, H)}.

We now recall the definition of the cohomological support loci, cf. [33, Definition 1.2], that are of fundamen-
tal importance in the study of irregular varieties.

Definition 2.3 (Cohomological support loci). Let X be a smooth projective variety and let a : X — A be a mor-
phism to an abelian variety A. Let J be a coherent sheaf on X. The i-th cohomological support locus V. (F) with
respect to a for i € N is defined as

Vi) := { € Pic’(4) | hi(F @ a*() + 0}.
We simply write Vi(¥F) for Vglbx(i}‘ ) where alby : X — Alb(X) is the Albanese morphism of X.
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As we discussed earlier, continuous CM-regularity is a slightly coarser measure of positivity than CM-
regularity, and was introduced by Mustopa [29]. For our purpose, we need to generalize the definition of
continuous CM-regularity, cf. [29, Definition 1.1], to a relative and partial set-up that we describe next.

Definition 2.4 (Continuous CM-regularity). Let X be a smooth projective variety and let H be a line bundle on X.
Further, let a : X — A be a morphism to an abelian variety A. Let J be a coherent sheaf on X and let g, k be
q+i

integers with g > 0. The sheaf F is called C(’Z‘fk for (X, H) if V{"'(F((k — )H)) # Pic’(A) for all integers i > 1.

When H is ample, we say that J is continuously k-regular for (X, H) if it is C(')‘f‘,l{h" for (X, H).

When H is ample and globally generated, we define the continuous regularity of F as
regs™(F) := min{m € Z | Vi > 0 : V(T ((m - ) H)) # Pic’(Alb(X)) = Pic’(X)}.

In general, we have the inequality regé®™(5) < regy (). However, strict inequalities are possible:

Example 2.5. Let H be an ample and globally generated line bundle on an abelian variety X of dimension g.
Then g = regi?™(Ox) < regy(0x) = g + 1.

We will use the following fact without any further reference.

Remark 2.6. Let a : X — A be a morphism from a smooth projective variety X to an abelian variety A. Let &
be a coherent sheaf and H be a line bundle on X. It is a consequence of Definition 2.1 (respectively 2.4) that if F
is Cq x (respectively C;‘fk) for (X, H) for integers ¢, k > 0, then it is also Cy.x0 (respectively C:ﬁk,o)-

We will see that in practice, it is often useful to work with relative continuous CM-regularity rather than
CM-regularity. The following observation (where we use semicontinuity to see that the first three equivalent
conditions imply the fourth) highlights this and shows that the former property is stable under perturbations
by elements of a* PicO(A).

Observation 2.7 (See also [29, Lemma 1.2]). Let X be a smooth projective variety and let H be a line bundle on X.
Leta: X — A be amorphism to an abelian variety A, and let F be a coherent sheaf on X. Also, let q, k be integers
with q > 0. The following conditions are equivalent:

1 Fis C;f‘kfor (X, H),

2) Feoa*(is C;‘fk for (X, H) for some (equivalently, for all) { € Pic’(A),

3) Fis C;‘fk for (X, H + a* () for some (equivalently, for all) { € PicO(A),

(4) T a*(is Cqyx for (X, H) for some (equivalently, for general) ¢ € Pic’(A).

Thus, the (partial) continuous CM-regularity is determined by the class of the line bundle H in the Néron-
Severi group Pic(X)/ Pic’(X).

2.2 Behavior of continuous CM-regularity. In this subsection, we study the behavior of continuous CM-
regularity of torsion-free coherent sheaves with respect to restriction and pull-back. We introduce the property
(Pg) that is crucial for us since it allows us to produce smooth sections in the appropriate linear series hy
Bertini’s theorem.

Definition 2.8 (Property (P;)). We say that a polarized smooth projective variety (X, H) satisfies (P,) where a :
X — A is a morphism to an abelian variety if for all { € Pic’(A), H + a*{ is globally generated.

The above property is desirable for various geometric reasons aside from the one we stated before; we
point out another such reason here. A useful notion for sheaves on irregular varieties is their continuous global
generation property that we will define in Definition 3.6. It follows from [7, Proposition 3.1] that if H satisfies
Property (Pam, ), then H is continuously globally generated.

We now make the following
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Observation 2.9. Let (X, H) be a polarized smooth projective variety and let a : X — A be a morphism to an
abelian variety. Assume that (X, H) satisfies (P,). Then for any { € PicO(A) and any smooth and irreducible mem-
berY € |H + a* (|, the pair (Y, H|y) satisfies (Pq,) Where aly : Y — A is the restriction of a.

It is important for us to note that continuous CM-regularity satisfies better restriction properties than or-
dinary CM-regularity. We highlight this by means of an example which shows that in general, if £ k-regular for
(X, H), &y need not be k-regular for (Y, H|y) if Y € |H + £| where £ is non-trivial in Pic®(X).

Example 2.10. Let X be an abelian surface, and let H be an ample and globally generated line bundle. Fix a line
bundle 0 # & € Pic’(X) and observe that H + £ is globally generated (this fact has been pointed out to me by the
referee, whom I thank). Indeed, consider the isogeny ¢y : X — X = Pic’(X) that sends x € X to t:H ® H®!
where t, : X — X is translation by x. Since ¢ is an isogeny, in particular surjective, there exists x € X such
that H + ¢ = t; H whence the global generation of H + ¢ follows. Thus, H + ¢ is ample and globally generated, and
consequently there exists a smooth curve Y € |H + §|. It is evident that 2H + ¢ is 0-regular for (X, H). However,
we claim that (2H + &)|y is not 0-regular for (Y, H|y). To see this, observe that (H + £)|y = Ky by adjunction,
whence h'((H + )|y) # 0 by Serre duality.

However, for the continuous variant of CM-regularity, we have

Lemma 2.11. Let (X, H) be a polarized smooth projective variety and let a : X — A be a morphism to an abelian
variety A. Assume that (X, H) satisfies (P,). Let F be a torsion-free coherent sheaf that is C;‘fk for (X, H) where

q, k are integers with q > 0. Then for any { € Pic’(A) and any smooth and irreducible member Y € |H + a*{],
there exists {' € Pic’(A) such that F ® a*{'|y is Cq.x for (Y, Hly).

Proof. It is safe to assume that k = 0. Consider the following part of the long exact sequence
HT(F(-iH) ® a*{') —» H(F(-iH)ly® a*{') — H" YT (~(i + VH - a* { + a*{"))
obtained from twisting the restriction sequence by general {’ € Pic’(4) and passing to cohomology. The state-
ment now follows from semicontinuity. O
We now recall the definition of a strongly generating morphism as presented in the introduction of [3].

Definition 2.12 (Strongly generating morphisms). Let a : X — A be a morphism from a smooth projective vari-
ety X to an abelian variety A. We call the morphism a strongly generating if the induced map a* : A = Pic’(4) —
Pico(X) is injective.

Inspired by [31], given a morphism a : X — A as above, we will work with the covering trick, i.e. we will
consider the following base-change diagram

2.1

a

X u
|

5 u
A ——

D

where u : A — A is an isogeny of abelian varieties. It turns out that if a is strongly generating, then X is
smooth and irreducible; see the proof of [2, Lemma 2.3]. This is precisely the reason why we consider strongly
generating morphisms.

Most of the time throughout the article, we will only consider the case when A = A and u = ny is the
multiplication by n isogeny for an integer n > 1, and in this case we denote X by X,, @ by ay, and ji by ti.
Moreover, in this case, if a is strongly generating then so is a,.

We show that continuous CM-regularity behaves well with respect to the above covering trick.

Lemma 2.13. Let X be a smooth projective variety and let H be a line bundle on X. Also, leta : X — A be a
morphism to an abelian variety A that is strongly generating. Let F be a coherent sheaf on X that is C{fk for (X, H).
Let u : A — A be an isogeny and consider the base-change diagram (2.1). Then ji* ¥ is C{fk for (X, H := i*H).
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Proof. Without loss of generality, we may assume k = 0. For { € A, we have by the projection formula
HU(@* (F(-iH + a* () = H(T(-iH + a*0) o @D H(T(-iH + a’¢ +a* {i)

where d := deg(u), 40z = 0a @ @gj (xand {x € Afor1 < k < d - 1. The conclusion now follows from
semicontinuity and the commutativity of the diagram (2.1). O

3 Continuous CM-regularity and generic vanishing

3.1 The theory of generic vanishing. Throughout this subsection, for an abelian variety A, we denote by A the
dual abelian variety identified with Pic’(A).

3.1.1 Let X be a smooth projective variety and let alby : X — A := Alb(X) be the Albanese map. Consider
A = Pic®(4) = Pic’(X) and let P be a Poincaré line bundle on A x A. Let P := (alby x id;)*®. Let D(X) and
D(A) be the bounded derived categories of Coh(X) and Coh(A). In this situation, we have the following two
Fourier—-Mukai transform functors

R®p : D(X) — D(4), R®p(-):=Rp;,(px(-)®P),

R¥p : D(A) - D(X), R¥p(-) = Rpx,(p;(-)®P).

A reference for the following definitions can be found for example in [37, Proposition/Definition 2.1 and Propo-
sition/Definition 2.7].

Definition 3.1 (Generic vanishing and M-regularity). Let X be a smooth projective variety and let ¥ be a coherent
sheaf on X.

o Fis called generic vanishing, abbreviated as GV, if codim(Vi(F)) > i for all integers i > 0. More generally,
for an integer k > 0, & is called GV_y if codim(Vi(F)) > i — k for all integers i.

o Fis called Mukai regular, abbreviated as M-regular, if codim(Vi(¥)) > iforalli > 0.
Evidently, GV = GVj. The following fundamental theorem is due to Hacon [15] and Pareschi and Popa [37].

Theorem 3.2 ([36, Theorem 3.7 and Corollary 3.11]). Let X be a smooth projective variety with dim Alb(X) = g.
Let F be a coherent sheaf on X, and let k > 0 be an integer. Then the following are equivalent:

1) FisGV_y,
(2) codim Supp(R'®pT) > i - k for all integers i,
(3) for any sufficiently positive ample line bundle L on A, H(F ® R¥p(gL®1) = 0 for all integers i > k.

3.1.2 Let X be an abelian variety of dimension g. We recall the notions of M-regularity and Index Theorems
with prescribed indices; cf. [34, the end of Section 1 on p. 5].

Definition 3.3 (IT sheaves). Let X be an abelian variety and let F be a coherent sheaf on X. The sheaf F is said
to satisfy the Index Theorem with index k for some k € Z, abbreviated as ITy, if Vi(F)=0foralli+ k.

It is clear that on an abelian variety X, a coherent sheaf F satisfies [Ty = & is M-regular = JF is GV.
Also, note that an ample line bundle on an abelian variety X satisfies ITy. In the abelian case, we denote the
Fourier-Mukai transform functors by

RS:D(X) - D(X), RS:DX) — D(X).

A fundamental result of Mukai, see [27, Theorem 2.2], shows that RS : D(X) — D(X)is an equivalence of derived
categories, and we have the following inversion formulae:

RSoRS = (-1);[-g] and RS-RS=(-1)i[-g (3.1)

where (-1)3 and (-1)x are multiplications by (-1) on X and X, respectively.
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It turns out that if F on X is ITx for some k € Z, then R§F = RK§F [-k] and Rk§F is a locally free sheaf. In
particular, if L is an ample line bundle on X, then RSL®~! = RESLE[-g].

3.1.3 Aresult of Pareschi-Popa on preservation of vanishing says that on an abelian variety, a tensor product
of a GV sheaf ¥ and an IT, sheaf G is IT if one of ¥ and G is locally free; see [37, Proposition 3.1]. A variation of
their proof yields the following statement, which is more suited for our purposes.

Proposition 3.4. Let X be an abelian variety of dimension g. Let & and G be coherent sheaves on X with one of
them locally free. Assume that G is ITy and m > 0 is an integer. If one of the following holds:

(1) either Vi(F) = 0 for all integers i > m + 1, or
(2) FisGV_p,

then Vi(F ® G) = 0 for all integers i > m + 1.

Proof. The proof is identical to that of [37, Proposition 3.1]. Let { € Pic’(X); we aim to show that the group
H(F oS ) =0foralli>m+1.As §® ( is also ITy, we have that RS(S ®() = R°S(9 ® () =: N¢ islocally free.
By Mukai’s inversion formulae (3.1), we have §® { = RS((—l);f{N()[g]. Thus, we deduce that H(X, F® G ® () is
isomorphic to

H'(X, F @ RS((-1)}Np)[g]) = H'(X, RSFe(-1);N¢[g]) = HE (X, R8Fe(-1);N¢) 3.2)

where the first isomorphism in (3.2) is obtained by an exchange formula of Pareschi-Popa; see [36, Lemma 2.1].
To this end, consider the following spectral sequence

E) = WX, R*8T © (-1);Np) = HI*M(X,R8Ta(-1)iNy).

Observe that the Eék term above vanishesifj+k > g+m+1. Indeed, if (1) holds, then RK§F = 0ifk > m+1, and if
(2) holds, then dim Supp(R87) < g—k+m. Thus, E. = 0if j+k > g+ m+1, whence H/*K(X, RSF@(-1);N¢) = 0
in the same range. O

We include a consequence of the above proposition which we will not use anywhere in the sequel.

Corollary 3.5. Let & and G be coherent sheaves on an abelian variety X with one of them locally free. If F is GV_g
and G is GV for some integer k > 0, then ¥ ® G is GV_.

Proof. This is identical to [37, Theorem 3.2]. Let L be a sufficiently positive ample line bundle on X. Since G is
GV, G ® RSL® ! is ITy by Theorem 3.2. Thus, by Proposition 3.4, H(F¥ ® G ® RESL®1) = 0 for i > k + 1 whence
the assertion follows from Theorem 3.2. O

3.1.4 One of the most essential and useful tools in the study of irregular varieties is the notion of continuous
global generation that we define next; cf. [37, Definition 5.2].

Definition 3.6 (Continuous global generation). Let X be an irregular variety. A sheaf F on X is continuously glob-
ally generated if for any non-empty open subset U ¢ Pic(X), the following sum of evaluation maps is surjective:

PHFedel -7
{eU
It was shown by Pareschi—Popa [37, Corollary 5.3] that an M-regular sheaf is continuously globally gener-
ated. Another result of them asserts that if ¥ is a continuously globally generated sheaf and L is a continuously
globally generated line bundle on X, then ¥ ® L is globally generated; see [34, Proposition 2.12]. Thus, if H; and
H, are two ample line bundles on an abelian variety X, then H; + H; is globally generated. It has been pointed
out by the referee that alternatively, one could also use [4, Theorem 1.1] to get the above statement.

3.2 Proof of Theorem A. We now prove Theorem A stated in the introduction.

Proposition 3.7. Let (X, H) be a polarized smooth projective variety and let a : X — A be a morphism to an
abelian variety A. Assume that (X, H) satisfies (P,) and let F be a torsion-free coherent sheaf on X that is C;“_LO
for (X, H) for some positive integer q < dim X. Then V.(F) = 0 for all integers i > q.
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Proof. The proofis based on induction on dim X =: n and we divide the proof into two steps. The following first
step verifies the base case which is when n = 1:
Step 1. Here we prove the statement for i = n. By hypothesis, we know that H*(F(-(n-q+1)H)®a*{) = 0 for

some { € PicO(A). Since (X, H) satisfies (P,), for any given ' € PicO(A) we can choose a smooth and irreducible
member Y € (n - q+ 1)H + a*({’ - {). Consider the restriction exact sequence

0-F(-n-q+DH)ea*)) - Fea*{' > Fea*{'ly — 0.

Passing to cohomology, we obtain the desired vanishing H*(F ® a*{') = 0.
Step 2. Now we prove the statement by induction and thanks to the previous step, we assume n > 2. Also,

because of Step 1, we assume that 1 < g<i<n-1.Let( € PicO(A). We want to show that H(F ® a*{) = 0. Our
proof is inspired by the proof of [26, Lemma 3.3]. By Observation 2.7 there exists {’ € Pic’(A) such that F& a*(’
is C¢-1,0 for (X, H). Observe that by Lemma 2.2, H{(F®a*{ ®(—jH)) = 0 for all integers j < i — q + 1. To this end,
consider the restriction exact sequence

0-JFea'({->FH+a*'{)>FeH+a* )y —»0 (3.3)

where Y € [H+a*{' —a*{] is a smooth and irreducible member (which exists by Bertini thanks to (P,)). Passing
to the cohomology of (3.3), we deduce that it is enough to prove that the restriction map

H ' FeH+a* (") > H ' (FeH+a*{)y)

surjects since H {(Fe (H + a*")) = 0. On the other hand, choose a general smooth and irreducible member
Z € |H+a*{-a*{'| such that F| is torsion-free (such a section exists thanks again to the fact that (X, H) satisfies
property (Pg4)). Then we know that HYFeH+a* (")) » HYFH+a*Nlysz) surjects by Lemma 2.2 as
H{(F ® a*{'(-H)) = 0. Consequently, it is enough to show that the map

HN(F o (H+a (lysz) » H(Fo (H+a {ly)
surjects. Consider the following commutative diagram with exact rows and exact left column

0

|

0 — O0x(-Y-2) —— Ox —— Oysz — 0

l |

H
0 —— Ox(-Y) > Ox > Oy > 0

—

0z(-Y)

o —

which by the snake lemma yields the following short exact sequence:
0— 0z(-Y) —» Oyyz — Oy — 0.

Twisting the above by F ® (H + a*{’) and passing to cohomology, we deduce that it is enough to prove the
following vanishing: H(¥ ® (H + a*{') ® (~(H + a*{' — a*{))|z) = H(F ® a*{]z) = 0. But F|; is torsion-free
and C;“_'i() for (Z, H|z) by Lemma 2.11, and (Z, H|z) satisfies (Pq,) by Observation 2.9. Thus we are done by the
induction hypothesis. a

Theorem 3.8. Let (X, H) be a polarized smooth projective variety and let a : X — A be a morphism to an abelian
variety A. Assume that (X, H) satisfies (P,). Let F be a torsion-free coherent sheaf on X that is C;“_LO for (X, H)

or some positive integer q < dim X. Then Vg+i(3"(—tH)) =@ for allintegersi, t with0 <t <i<dimX -gq.
p ger q 8 q
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Proof. Clearly the statement holds by Proposition 3.7 if t = 0, in particular it holds if dim X =: n = 1. Consider
the restriction sequence

0->F(-tH+a" ) > F(-t-1DH+a") > F(-(t-1)H+a*ly) >0

where Y € |H| is a general smooth and irreducible member such that J|y is torsion-free. The cohomology
sequence of the above, and an easy induction on n and ¢ finishes the proof (thanks to Lemma 2.11 and Obser-
vation 2.9). O

Corollary 3.9. Let (X, H) be a polarized smooth projective variety and let a : X — A be a morphism to an abelian
variety A. Assume that one of the following two conditions holds:

(1) (X, H) satisfies property (Pg), or
(2) the morphism a is strongly generating, and there exists an isogeny u : A — A such that (X, i* H) satisfies
(Pz), where X, @ and ji are as in (2.1).

Let F be a torsion-free coherent sheaf on X that is C[’)‘fk for some integer k with 0 < k < dim X. Then
(A) Vi(F) =0 for all integers i > k + 1,
(B) ifk # 0, then codim(VK(9)) > 1.

Proof. The assertion follows immediately from Theorem 3.8 if (1) holds. Now assume that (2) holds. The asser-
tion (B) is obvious, so it is enough to show (A), that is Vi(F)=0fori>k+1. By Lemma 2.13, we know that ji*F
is C(’)‘:lk for (X, i* H). Also, ji* 7 is torsion-free and coherent. Since (X, ji* H) satisfies (Pz), using Theorem 3.8 we
conclude that Vi (ii*F) = 0 for i > k + 1. It follows from the projection formula that u* Vi(F) ¢ Vi(i*9) for all
i where u* : PicO(A) — Pic® (A) is the induced map, whence the assertion follows. O

We are now ready to provide the

Proof of Theorem A. This is an immediate consequence of Corollary 3.9 (2). Indeed, set a := alby, A := Alb(X),
and let ny : A — A be the multiplication by n isogeny. Then a is strongly generating. Observe that y,H =
unHi + aj;(njHy), and consequently (X, uy, H) satisfies (Pq,) for n > 2. O

3.3 Afew variants. In this subsection, we prove several variants of Theorem A.

3.3.1 We use the following corollary to show that the moduli space of Gieseker-stable sheaves on abelian sur-
faces answers Question 1.2 in the affirmative.

Corollary 3.10. Let X be a smooth projective variety, and let alby : X — A := Alb(X) be the Albanese map of X.
Assume that there is an isogeny u : A — A such that the following two conditions hold:

(1) X xamen A = Y x A for a regular smooth projective variety Y, and
(2) the induced map X xamx) A — A is the projection pr; under the identification in (1).

Let Ox(1) is an ample and globally generated line bundle on X. Let F be a torsion-free coherent sheaf on X that is
continuously k-regular for (X, Ox(1)) where 0 < k < dim X. Then

(A) ViF)=0fori>k+1.
(B) Ifk # 0, then codim(V¥(F)) > 1.
In particular, Question 1.2 has an affirmative answer for X.
Proof. Since (B) is obvious, we only need to show (A). We have the following base-change diagram
X=vxA L x
<'1=pr;;l la::albx
A—E 44
Set H = Ox(1). Note that since Y is regular, a is also the Albanese map of X. It is easy to verify that it is enough
to show that V'(i1*(9)) = @ for i > k + 1. To this end, we apply Lemma 2.13 to deduce that i*(J) is a torsion-free
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coherent sheaf that is continuously k-regular. Now, ji* (H) = H; ® H, where H1 and H, are ample and globally
generated line bundles on Y and A respectively. Consequently the assertion follows from Theorem A. O

Example 3.11. Let A be an abelian surface and let v € H*Y(A, Z) be a primitive Mukai vector satisfying v > 0
and (v, v) > 6 (see [41] for details). Let L be a very general ample divisor on A, and let My, (v) be the moduli
space of Gieseker-stable sheaves on A with respect to L with Mukai vector v. By the results of loc. cit., we know
that My (v) is a smooth projective variety, and Alb(M(v)) = A x A. Moreover, if we set n(v) = %(v, v) and
a := alby, (), then we have the base-change diagram (see loc. cit. (4.10), (4.11))

Ki(v)x Ax A 298 My (v)

an(v)\L \La

“ n(V) gxi ~
AxA — AxA

where K, (v) is a regular smooth projective variety (it is a hyperkahler manifold deformation equivalent to a

generalized Kummer variety), and an() = pr,, is the projection. Thus Question 1.2 has an affirmative answer

for X = My (v) by the previous corollary.

We have the following example when the polarization is a sufficiently positive adjoint linear series:

Example 3.12. Let X be a smooth projective variety and let H = Kx + sL where s > dim X + 1 and L is an ample
and globally generated line bundle on X. By Corollary 3.9 (1), the answer to Question 1.2 is affirmative for the
pair (X, H) whenever H is ample.

3.3.2 The following result is a variant of Theorem A where we assume that H; = Kx + Q for a nef line bundle
Q, but require that alby : X — Alb(X) is finite onto its image.

Theorem 3.13. Let (X, H) be a polarized smooth projective variety. Assume that the Albanese map alby : X —
Alb(X) is finite onto its image. Further assume that there exist a nef line bundle Q on X and an ample line bundle
Hy on Alb(X) such that H = Kx + Q + albyH». Let F be a torsion-free coherent sheaf on X that is continuously
k-regular for (X, H) for some integer k with 0 < k < dim X. Then the following statements hold.

(1) ViF)=0fori=k+1.
(2) Ifk # 0, then codim(V¥(F)) > 1.

In particular, the answer to Question 1.2 is affirmative for the pair (X, H).

Proof. This is also an immediate consequence of Corollary 3.9 (2). Indeed, set a := alby and A := Alb(X), and
note that u; H = Ky, + u};(Q) + a;(nHy) satisfies (P, ) for n > 0. O

3.3.3 Let (X, H) be a polarized smooth projective variety, and let ¥ be a torsion-free coherent sheaf on X that
is continuously k-regular as in the statements of Theorems A, 3.13 and Corollary 3.9. Then in particular we have
shown that & is GV_(x-1) whence by Theorem 3.2 H (Fe R‘I’p[g]L®‘1) = 0foralli > k and for any sufficiently
positive ample line bundle L on A. We now show that in some cases the vanishing in fact holds for any ample
line bundle L on A. First we need the following result.

Corollary 3.14. Let a : X — A be a morphism from a smooth projective variety X to an abelian variety A that is
finite onto its image. Let H be an ample line bundle on X that satisfies one of the following:

(1) (X, H) satisfies property (Pg); or
(2) a s strongly generating, and moreover H := Hy + a* Hy where H1 is a line bundle on X and H; is an ample
line bundle on A satisfying one of the following:
(1) Hj is globally generated; or
(ii) H1 = Kx + Q for a nef'line bundle Q.
Let F be a torsion-free coherent sheaf on X that is C(’fk for (X, H) for some positive integer k < dim X. Then
H'(F®a*L) =0 for any ample line bundle L on A and for any integer i > k.
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Proof. It follows from the proofs of Theorems A, 3.13 and Corollary 3.9 that F is GV_(x_1) with respect to a (this
means that codimV.(F) > i — k + 1 for all i). Consequently, the vanishing H(¥ ® a*L) = 0 for i > k and any
ample line bundle L on A follows from the projection formula and Proposition 3.4. O

The above vanishing gives the following

Corollary 3.15. Let X be a smooth projective variety and let a := albxy : X — A := Alb(X) be its Albanese
morphism. Assume that a is finite onto its image and let H be an ample line bundle on X such that (X, H) satisfies
(Pg). Let F be a torsion-free coherent sheaf on X that is Cé‘fk for (X, H) for some positive integer k < dim X. Then
H(T® RWpqL®1) = 0 for all i > k and for any ample line bundle L on A where g = q(X).

Proof. Fix an ample line bundle L on A. We recall from the proof of [36, Theorem B] that R'Pp[g]L®‘1 =
alby(R°SL)*. Denoting translations by an element y € A by ty : A — A, we obtain an isogeny ¢, : A — A by
sending y € A to tyL® L®~1, To this end, consider the following base-change diagram:

X -5 X
ﬁl J/albx (3'4)
A

On the other hand, [27, Proposition 3.11] shows that ¢; (R°SL)* = H%(L) ® L. Consequently, we deduce using
the projection formula that there is an injection

H'(F @ RPpg)L®) = H'(F @ alby(R°SL)*) — H'(9*(F ®@ alby(RSL)*) = HY(L) ® H'((9*F) ® " L).

But ¢*JF is a torsion-free coherent sheaf that is Cg‘:‘k for (X, * H) by Lemma 2.13. Observe that ¢* H satisfies (Py),
as the induced map PicO(A) — PicO(A) is also an isogeny. Consequently, H i((@*&") ® a*L) = 0 for all integers
i > k by Corollary 3.14, and the assertion follows. O

4 Continuous Q CM-regularity on abelian varieties

Throughout this section, X is an abelian variety of dimension g and € is a vector bundle on X.

4.1 Continuous Q CM-regularity for vector bundles. In view of the recent development of the cohomological
rank function by Jiang—Pareschi [20] that was motivated by the continuous rank function introduced and studied
in [1] and [3], it is natural to extend the notion of continuous CM-regularity to an R-valued regularity function
on Q-twisted vector bundles.

Definition 4.1 (Cohomological rank function). Define héen(a) for i € N as the dimension of H{(€ ® {) for general
{ € Pic’(X). Given a polarization I € N'(X) and x = a/b € Qwith a,b € Z and b > 0, following [20, Defi-
nition 2.1] we define the cohomological rank function h’é(xl) =b% héen(b}*(ﬁ ® L®) where L is a line bundle
representing .

We note that if L is an ample line bundle, then € being continuously k-regular for (X,L) for k € Z is
equivalent to the condition hg ((k=1i)l) = 0 for all integers i > 1.

Let [ € N'(X) be a polarization. Assume, for some y = a/b € Qwitha, b € Z and b > 0, that hig((y - =0
for all integers i > 1. This means that hje,(b5€ ® L)) = 0 for all integers i > 1. This is equivalent to
the condition that b€ ® L® s continuously 0-regular for (X, L"), We claim that hig((g + 4 - D) = 0for
all integers i > 1 and ¢, d > 0. To see this, we need to show that hie,((bd)y€ ® L2@dbe-ibdbdy = ¢ for i > 1,
which is equivalent to (bd)} € ® L®@4+9bd heing continuously 0-regular for (X, L#?9"), But the given condition
implies that (bd) ;€ ® L%¢" is continuously O-regular for (X, L#?®*), and consequently the required continuous
regularity follows by Corollary 3.14. Thus we define the following

Q-regl(S) =infly e Q| hfg((y —)l) = 0 for all integers i > 1}.
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Example 4.2 (Continuous Q CM-reqularity for Verlinde bundles). We compute an example of Q-reg;(¢) where
X := J(C) is the Jacobian of a smooth projective curve C of genus g > 1, [ = s6 is the class of s© where 6 is a
symmetric theta-divisor on X, s > 2 is an integer, and € := E, x is a Verlinde bundle. We recall the definition
of these bundles. For a pair of positive integers (r, k), let Uc(r, 0) be the moduli space of semistable bundles of
rank r and degree 0 on C, and let det : U, := U¢(r,0) — X = X be the determinant map. The Verlinde bundle
associated to (r, k) is by definition E, x := det, Oy, (k@) where 8 is the generalized theta-characteristic of C.
For details about these bundles, we refer to [39] and [30].

Kironya and Mustopa showed in [21, Proposition 3.2] that regfg);‘(‘s@)(lEr,k) =[g- r—"s] if 2 4 ged(r, k). We
claim that Q-reggy(Eyx) = g - £ if 2 } ged(r, k).

We show thisiby following their proof. First of all, by the proof of [21, Proposition 3.2] one can write E, x =
PWypeifor;e X where a = r/ ged(r, k), b = k/ ged(r, k) and W p is semihomogeneous, i.e. for any x € X
there exists € X such that tiWap = Wy p®&. We also know that rank(W ) = a8 and det(Wq p) = O x(a81ho).
Observe that we have the following equality:

Q-regyp(Er k) =infly e Q| Vi>1:h ((y-1)s0) =0} =infly e Q| Vix>1:hy, , ((y-1i)sd) =0}
!
= inf {% € Q| s’ >0and (s")yWqp ® (s©)®"'S" is continuously 0-regular for (X, s’zs@)}.

Now (s") 5 Wq,5®(s0)®" 's" is semihomogeneous and ¢ (s’ )xWap®(sO)*" 's") e N1(X) is Q-proportional to s'2s6.
Thus, by [21, Proposition 2.8], Q-regq(E; k) < g—: ifand only if (") y W, ® @@’"s's(—gs’ 250) is nef, which in turn
holds if and only if a8~1(s"2b + a(r's’s — gs'%s)) > 0 by [21, Proposition 2.7]. A simple computation shows that
at 1 (s”b +a(r's's — gs's) > 0 = g—f >g- kK

4.2 Continuous Q CM-regularity for Q-twisted bundles. Given a class n € Pic(X)/ PicO(X) = NY(X), following
[23, Chapter 6] we define the Q-twisted bundle £(xn) for x € Q as the equivalence class of pairs (&, xn) with
respect to the equivalence relation generated by declaring (£ ® M®¢, yn) ~ (£, em + xn) where M € Pic(X),

m is its class in N'(X), e € Z and y € Q. Now, given a polarization [ € N'(X), we define the continuous Q
CM-regularity of €(xn) as follows:

Q-reg(&(xn)) := Qregy: (b5 € ® N°*)

where x = a/b,a,b € Zand b > 0.1Itis a formal verification that this quantity is well-defined. We only show that
it does not depend on the representation of the Q-twist. The fact that it does not depend on its representation
as a Q-twisted bundle under the equivalence described above can also be easily checked.

Let 4ny = $ny € N'(X)q witha, b, ¢, d € Z, b, d > 0.Set n’ := adny = bcny € N'(X). Then we have

h;* eayen (715 = DY) =0Viz1 e R ((bs)z€ & NBS ' g [BU-I9P'S) _ 0y > 1 e
X 1
hien((bsd)y€ © N§TS' @ LETIV'ES) 0> 1 = Rl ((bsd)ze ® N'®% @ L2U-0°ds) — gy > 1,

Similar computations as above show that hfi* 8@)}\]‘M,I((r/s —1)d?l) = 0 forall i > 1 is equivalent to
X 2

hion((sd)3€ ® N5 U L2T99s) 20V i>1 e= Rl (bsd)j€ @ N§¥'s"ed @ L2-IVd's) — gy > 1
which is equivalent to the condition hle,((bsd)}E ® N'®bds® g [e(r-is)b*d’sy — ( for all i > 1.

4.3 Genericvanishing for Q-twisted bundles. We mention an immediate corollary of Theorem A. In [20], Jiang
and Pareschi extended the definitions of GV, M-regular and IT; sheaves to the Q-twisted cases. In particular,
according to their definitions, for an ample class [ € N1(X), a Q-twisted vector bundle &(xl) for x = % with
b > 0 is GV, M-regular, or IT if so is b€ ® L2,

Corollary 4.3. Let X be an abelian variety. Let I, I' € N'(X) be ample classes and let & be a vector bundle on X.
If Q-regl(é(xﬂ)) < 1then &(xI') is ITy, and if(Q-regl(E(xl_’)) =1then &(xI') is GV.
Proof. Letx = ¢ with s > 0. First, if Q-regl(a(xl_’)) < 1, then we can find a, b € Z with b > 0 such that we have

Q-reg;(E(xI')) < ¢ < 1. This means that hi*smmab((% —i)s?l) = 0 for all i > 1. But this means that the bundle
- X
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(bs)yE® L'®b'rs g [®abs” jg continuously 0-regular for (X, LeV'sy, Consequently, by Theorem A we deduce that
(bs):E®L'®)""S @ ((abs? - b2s2)L) is GV, whence by preservation of vanishing we conclude that (bs)};& ® L/®""s
is ITg. Thus s3& ® L'®" is ITy, and the conclusion follows. Finally, if Q-reg;(€(x!')) = 1, then similarly we see
that sy ® L'®"S is GV, and the conclusion follows. B m|

4.4 Proof of Theorem B. The proof of Theorem B is based on the following two results.

Lemma 4.4. Let X be an abelian variety of dimension g and let € be a vector bundleon X. Let a, b € Z with b > 0,
andsetx = a/b € Q.Ifn,l € NL(X) with lample, and § = c/d € Qwithc,d € Z, d > 0, then

Q-reg;(E(xn + 61)) = Qreg(E(xn)) - 6.
Proof. Letr,s € Z with s > 0. It is enough to show the following equivalence:

n! (r/s—DP*d* ) =0Viz21 e hl.. oo ((r/s+c/d-DP*)=0Vi=1. (41
X

(bd)}€®N®“bdz ®Leb%cd

But the left hand side of (4.1) is equivalent to the following condition:
hien((bds)€ ® NBWDES" @ o07cds” g [o-i9bds) — gy > 1, (4.2)

And the right hand side of (4.1) is equivalent to héen((bds)}ﬁ ® Noabd's' g pe(rdres-ids)b*dsy — ( for all i > 1,
which under simplification boils down to (4.2). The proof is now complete. O

Proposition 4.5. Let X be an abelian variety of dimension g and let & be a vector bundle on X. Let ', n € N*(X)
with I, I ample. Further; let x = a/b,y = ¢/d € Qwitha,b,c,d € Z, b, c,d > 0. Then

Qreg;(&(xn +yl')) < Qreg(E(xn)).

Proof. Let B = B1/B2 € Qwith 1,8, € Z and B, > 0.1t is enough to show that if Q-reg;(E(xn)) < B then
Q-reg;(E(xn + yl')) < B. As before, Q-reg;(E(xn)) < B implies that h2*£®N®ab((ﬁ - 0)b*l) = 0foralli > 1,
- = X

which is equivalent to (bB2)% € & N®F: @ [#Fi1P20" being continuously O-regular for (X, L®?F2)"), This in turn is
equivalent to § := (bdBs)% & ® N®@F; g [#F1F:0*T heing continuously 0-regular for (X, L2(bdk2)"),
We aim to show that Q-reg;(€(xn + yl'y) < B which is equivalent to showing the vanishing condition

héb ay; e et gpertcd (B = i)b%d%l) = 0 for all i > 1, which in turn is equivalent to showing that § & L'eb*cdh;
X

is continuously 0-regular for (X, L"), But this follows from Corollary 3.14. O

Proof of Theorem B. We adapt an argument of Ito in the proof of [16, Proposition 2.9]. First we show that
Q-reg;(E(-)) : Nl(X)Q — R s continuous. Let {&;};cv be a sequence in Nl(X)Q converging to ¢ € Nl(X)Q. For
any rational number § > 0 there exists Ny € N such that for all i > Ny, &; — &+ 81 and & + 81 - &; are both ample.
Thus, by Proposition 4.5 we deduce that for all i > Ny we have the following inequality:

Qreg;(E(E + 6D) < Qregi(E(&i)) < Qregy(E(E - SI)).

Now by Lemma 4.4, we deduce that |Q-reg;(E(&;)) — Qreg;(E(E))| < 6 for all i > Ny, and that proves the
claim. To finish the proof, we need to show that given a sequénce {&}ien In N1 (X)q converging to & € N (X),
the sequence {Q-regl(a(fi))}ieN converges to a real number. As before, for any rational § > 0 there exists
Ny € N such that for j, k = Ny, &; — & + 8l and & + 81 - & are both ample. Using Proposition 4.5, we deduce that
Q-reg;(E(j+S1) < Qreg;(E(&k — 81)) which by Lemma 4.4 implies that for all j, k > No we have the inequality
Q-reg;(8(&))) - § < Qreg,(E(&k)) + & Thus we obtain

Jim Qureg,(¢(5)) - 8 < lim Qreg(€(£) + .

k—o00

Now, by letting § — 0, we see that {Q-regl(FJ(fi))}iE]N converges to a real number. a
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5 Applications for sheaves on abelian varieties

5.1 Three immediate consequences. We list three consequences of our generic vanishing theorems.

Corollary 5.1. Let (X, H) be a polarized smooth projective variety. Assume that there exist a globally generated
line bundle Hy on X and an ample line bundle H, on Alb(X) such that H = Hy + albyHo, where alby : X — Alb(X)
is the Albanese map. Let F be a torsion-free coherent sheaf on X that is continuously 1-regular for (X, H). Then
x(F) = 0 with equality if and only if either V°(F) = @ or any component V*(¥) is of codimension 1.

Proof. We know that J is GV from Theorem A, and moreover Vi(F) = ¢ for i > 2. It follows from the generic
vanishing theory that () > 0 with equality if and only if codim(V°(F)) > 1. Now, by [36, Proposition 3.15] and
[33, Lemma 1.8], we know that a codimension q component of V() is also a component of V4(F), whence the
conclusion follows. O

Remark 5.2. For a coherent sheaf F on a smooth projective variety X of dimension d, one defines RAF :=
RHom(F, Kx). If F is GV, then RPp(RAF) is a sheaf concentrated in degree d, i.e. RPp(RAF) = Ripp(RAF)[-d].
The generic vanishing theory tells us that for a GV sheaf &, (&) is the rank of RAF and the support of RAT is
—-V9(F) where RAT = Ripp(RATF). Thus, if X, H, F are as in Corollary 5.1, then () > 0 with equality if and
only if any (non-empty) component of the support of RAF is of codimension one.

It is worth mentioning that for a GV sheaf J on an abelian variety, V°(F) # 0 by [33, Lemma 1.12].

Remark 5.3. The conclusion of Corollary 5.1 also applies in the set-up of Corollaries 3.9, 3.10 and Theorem 3.13,
all with k = 1.

Corollary 5.4. Let (X, H) be a polarized abelian variety and let F be torsion-free coherent sheaf on X. Assume that
F is continuously k-regular for (X, H) for some k € IN. Then the following statements hold.

(1) If 1 < k< dimX, then J is a GV_(x-1) sheaf. In particular;, if k = 1, then F is nef.
(2) If k =0, then F is an IT, sheaf, in particular F is ample.

Proof. This follows immediately from Theorem A combined with the facts that GV sheaves on abelian varieties
are nef, see [37, Theorem 4.1], and IT, sheaves are ample, see [7, Corollary 3.2]. O

Remark 5.5. Let (X, H) be a polarized abelian variety and let € be a vector bundle of rank r that is continuously
O-regular for (X, H). Then for any subvariety Z ¢ X of dimension k, we have

c1(&)-Z = (c1(e(-H)) + rH)* - Z > rkH*Z

as &(—H) is nef by the above corollary. In particular, ¢1(£)" > r"H" where n := dim X, and for any x € X we have
the Seshadri constant e(det(&), x) > re(H, x). This refines the bound of [25, Theorem 7.2] for abelian varieties.

Corollary 5.6. Let (X, H) be a polarized abelian variety. Let F1 and F, be torsion-free coherent sheaves on X with
one of them locally free. Assume that F, is continuously ky-regular and F, is continuously ky-regular for (X, H).
Then 1 ® Fy is Co,ky+k, for (X, H).

Proof. Without loss of generality, we may assume that ky = k; = 0. For any positive integer i < dim X we
have H'(F1 ® F5(-iH)) = H'((F1(~iH)) ® F;). By Theorem A, we know that F;(~iH) is GV_(;_1) and Fo(~H)
is GV. By the preservation of vanishing, &, is IT, whence by Proposition 3.4 we obtain the required vanishing
H{(F; ® Fr(~iH)) = 0. O

Remark 5.7. We remark that the proof of the above corollary also shows the following: let (X, H) be a polarized
abelian variety and let ¥, ¥, be torsion-free coherent sheaves on X with one of them locally free. If F; is
continuously 0-regular for (X, H) and &, is ITy, then F; ® &, is 0-regular for (X, H). This can also be thought of
as a generalization of a result of Murty and Sastry, see [28, Proposition 5.4.1].

5.2 Syzygies of tautological bundles of zero-regular bundles. We start with some background on syzygies.
Let X be a smooth projective variety and let L be a very ample line bundle on X. Consider the embedding
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X < P’ given by the complete linear series |L| where r = h%(L) - 1. One has a minimal graded free resolution of

RX,L):=6p HO(gL) as an S := Sym*(H(L)) module as follows:
q=0

0 — Era = P S-ar1)) - Er =P S(-arj) = -+ - E1 = P S(-as,j) - Eo = P S(-aoj) — R(X, L) — 0.
) J ) j

For a reference for the following definition, see for example [22, Definition 1.8.50].

Definition 5.8 (Projective normality and the N, property). Suppose we are in the situation as above.

» The embedding given by the complete linear series |L| is called projectively normal if Ey = S.
- We say that L satisfies the N, property if the embedding by |L| is projectively normal, and a;; = i + 1 for all
iwithl<i<p.

In practice, to calculate the syzygies of a projective variety one needs to calculate cohomology groups in-
volving the syzygy bundles that we define next; see for example [38, Section 3].

Definition 5.9 (Syzygy bundle). Let X be a smooth projective variety and let £ be a globally generated vector
bundle on X. The syzygy bundle M is the kernel of the map H%(€) ® Ox — &, i.e. we have the exact sequence

0— Mg - H(E)®@0x — & — 0. (5.1)
The following proposition of Park will be used in the proof of Theorem A.1 and we include it here.

Proposition 5.10 ([38, Proposition 3.2]). Let X be a smooth projective variety and let & be an ample and globally

i .
generated bundle on X. Then Op(e)(1) on P(E) satisfies the Ny, property ifHk(/\ Mg ® €®1) =0for0<i<p+1
andj, k> 1.

We now prove Corollary C that is obtained by an immediate application of our result combined with the
theorem of Ito below (Theorem A.1).

Proof of Corollary C. Note that for any x € Q with x < 1 we have Q-reg;(€(-xh)) < 1 by Lemma 4.4, whence
&(—xh) is ITy by Corollary 4.3. Since B(h) < 1/(p + 2), we have (p + 2)B(h) < 1. Thus for 0 < € <« 1 we have
x=1-¢€ > (p+2)B(h), whence the assertion follows immediately by Theorem A.1. O

A On Syzygies of projective bundles on abelian varieties
Appendix by Atsushi Ito

In this appendix, we follow the notation in the previous sections. In particular, we work over the field C of
complex numbers.

Let (X, L) be a polarized abelian variety and let [ € N(X) be the class of L. In [20], Jiang and Pareschi define
the basepoint-freeness threshold (1) € (0, 1]. This invariant is quite useful to study syzygies of polarized abelian
varieties, since [20] and Caucci [6] show that L satisfies the N, property if 5(I) < 1/(p + 2).

The purpose of this appendix is to prove the following theorem:

Theorem AA. Let (X, L) be a polarized abelian variety and let & be a vector bundle on X. Let p > 0 be an integer.
Assume that there exists a rational number x > (p + 2) (D) such that &{-xl) is M-regular. Then Op(s)(1) satisfies
the Ny property.

Remark A.2. In the case where & = L, L{-x1) is M-regular if and only if x < 1; cf. [17, Example 2.1]. Hence the
existence of a rational number x as in Theorem A.1 is equivalent to () < 1/(p + 2) in this case.

To prove this theorem, we use the following lemma.

Lemma A.3. Let (X, L) be a polarized abelian variety and let & be a vector bundle on X. Assume that there exists
a rational number x > B(1) such that &{-xl) is M-regular. Then
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(1) & isITy and globally generated.

(2) Let Mg be the syzygy bundle of & defined by (5.1). For a rational numbery > 0, Mg (yl) is ITy if % +1c L

1
y = B
Proof. (1) Since &(—x1) is M-regular and x > B(l) > 0, the bundle & is ITy. The global generation of & follows
from [17, Theorem 1.2 (1)].

(2) Write y = a/b with integers a, b > 0. Then

Ms(yl) = Mg(4l) isITy e DbyMs®L®® isITo
—  by.(byMs ® L®*®) = Mg ® by, (L®%) isITy,
where the first equivalence follows from the definition and the second one holds since the property ITy is pre-

served by the pushforward by isogenies; cf. [17, (2.4)].
Consider the exact sequence

0> Me® bX*(L®ab) N HO(@@) ® bX*(Lmb) Lée bX*(L®ab) -0

obtained by tensoring by, (L®%) with (5.1). Since L®?? is ITy, so is the pushforward by, (L®). Since & is IT; as
well by (1), both H*(&) ® b, (L®%) and & ® by, (L®??) are ITq. Thus H{(M ¢ ® by, (L®™) ® {) = 0 for any i > 2
and ( € PicO(X), and hence M ® by, (L®) is ITy if and only if

H'(Ms ® by, (L)@ () = 0
for any ¢ e Pic’(X), which is equivalent to the surjectivity of
HY(&) @ H(bx, (L) ® {) —» H*(& ® bx . (L®™) ® (). (A1)
In conclusion, (2) follows from the surjectivity of (A.1) for any { € Pico(X). Set .# = by, (L®%) ® (. Recall
thaty = a/b. Since
P
B

< | =
+

ol o

< | =

+

<=

by assumption, it suffices to show that
9] (&) ® 9] B(-D3Z)((3 + 2)D)

is M-regular by [17, Proposition 4.4], where ¢; : X — X = Pic’(X) is the isogeny induced by the polarization
1, ® = RY : D(X) — D(X) is the Fourier-Mukai functor associated to the Poincaré line bundle on X x X, and
(-1)x is the multiplication map by (-1) on X. We note that ¢(¢&’) and ¢((-1)%.#) are locally free sheaves since
& and (-1)y.# are ITj.

The rest s to check the M-regularity of ¢; &(&)® @] ®((-1)3.%) (()1( + %)D, which can be shown by modifying
the argument in the proof of [17, Proposition 4.4 (1)] as follows: The pullback of a Q-twisted sheaf ¢ (tl) by the
multiplication map ny on X for n > 1is defined as

N (tD) := njg(t nyl) = ny% (n*tl).
Since M-regularity is preserved by such pullbacks, cf. [17, (2.2)], it suffices to show the M-regularity of
ax (07 2(&) ® o} B(-D3Z)(L + D)D) = ax (9] 2(&) ® 9] B(-D3.7) ) (& + ab)D). (A2)

Recall that .7 = by, (L®%) ® { = bx, (L% ® b}{). We take {’ € Pic’(X) such that {"®*® = b} and set L' =
(-1¥(L ® {'). Then we have

(157 = (-D)ibx. (L ® {)®P) = by, (-1)3(L ® {')®%) = by, (L'®)
and hence

a;}q)z¢((_1);y) — a;(ﬂf¢(bx*(ll,®ab)) — a;(ﬂ;b;¢(l/’®ab) — (p;b!(p(LI@ab) — HO(LI®ab) ®L’®_ab.
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In fact, the second equality follows from [27, (3.4)]. The third one follows from bz o ¢; > ax = @qp;. The last one
follows from [27, Proposition 3.11 (1)] since the numerical class of L'®% is abl by L' = (-1)}(L ® ') = L. Hence
it holds that

a; (0] 2(&) ® 9; B(-D3.7)) (% + ab)l) = a9 D(&) ® H'(L'*P) & L'*"((% + ab)1)

azo; &(&) & HO(L'®P) (L ])
= L) 0 ay (9] 2(E)(1D),

where the second equality follows from L’ = L. Since & (-x1) is M-regular, ¢; &(£)( % 1) is M-regular as well by

[17, Proposition 4.1]. Thus so is the pullback ay(¢; cb(éa)(% 1)) and hence we obtain the M-regularity of (A.2),
which implies (2). B O

Proof of Theorem A.1. Since x > (p + 2)B(1) > B(1), the bundle & is globally generated by Lemma A.3 (1).

To prove the N, property for Op(«s)(1), it suffices to show that Hk(Mgf ®&%) =0for0<i<p+1,j,k>1
by Proposition 5.10 since we work over C, whose characteristic is zero. Hence this theorem holds if M? ® &%
isIToforO<i<p+1,j>1.

If i = 0, then M% ® &% = &% is ITy for j > 1 since so is & by Lemma A.3 (1). If i > 1, M% ® &%/ is written as

M & 6% = (Mg (XD)™ © &(-xl) 6971, (A3)
ie.asa Q-twisted sheaf. For1<i<p+1, Mg’()—i( 1) is ITp by Lemma A.3 (2) since it holds that

<p+2 1

i
XSTx B0

< | =

by assumption. Furthermore, & (—x1) is M-regular by assumption and & is ITy. Thus their tensor product (A.3)
is ITy by [6, Proposition 3.4]. m]

Funding: A.I. was supported by JSPS KAKENHI Grant Numbers 17K14162, 21K03201.
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