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1 Introduction

In this paper, we prove energy estimates for weak solutions to parabolic multi-phase problems of type

ut − div(|∇u|p−2∇u + a(z)|∇u|q−2∇u + b(z)|∇u|s−2∇u) = − div(|F|p−2F + a(z)|F|q−2F + b(z)|F|s−2F) in ΩT ,

where ΩT := Ω × (0, T) represents a space-time cylinder with a bounded open set Ω ⊂ ℝn for n ≥ 2, 2 ≤ p < q <
s < ∞ and the modulating coefficients a( ⋅ ) and b( ⋅ ) are nonnegative and Hölder continuous.

Energy estimates are very important for proving the existence and regularity results for partial differen-
tial equations. We prove the energy estimates using the Lipschitz truncation method for parabolic multi-phase
problems. Here, the Lipschitz truncation is a method of redefining a given function so that it keeps its values on
a specific “good set”, while redefining it in “bad sets” using a partition of unity related to a Whitney covering
argument. Acerbi and Fusco [1, 2] have introduced the Lipschitz truncation for elliptic problems. Furthermore,
Kinnunen and Lewis [30] and Kim, Kinnunen and Särkiö [28] have studied related methods for the parabolic
p-Laplace system and for the parabolic double phase systems, respectively.

In this paper, we deal with a parabolic multi-phase system

ut − divA(z, u, ∇u) = − divB(z, F) in ΩT , (1.1)

where Carathéodory vector fields A : ΩT × ℝN × ℝNn → ℝNn and B : ΩT × ℝNn → ℝNn satisfy the following
growth conditions: for any z ∈ ΩT , v ∈ ℝN and ξ ∈ ℝNn , there exist two constants 0 < ν ≤ L < ∞ such that

νH(z, |ξ|) ≤ A(z, v, ξ) ⋅ ξ, |A(z, v, ξ)||ξ| ≤ LH(z, |ξ|) (1.2)
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and
|B(z, ξ)||ξ| ≤ LH(z, |ξ|), (1.3)

where the function H : ΩT × ℝ+ → ℝ+ is defined by

H(z, κ) = κp + a(z)κq + b(z)κs

for z ∈ ΩT and κ ∈ ℝ+. Furthermore, the source term F : ΩT → ℝNn satisfies

∬
ΩT

H(z, |F|) dz < +∞. (1.4)

We assume that the modulating coefficients a : ΩT → ℝ+ and b : ΩT → ℝ+ satisfy

q ≤ p + 2α
n + 2

, 0 ≤ a ∈ Cα,
α
2 (ΩT ) for some α ∈ (0, 1], (1.5)

and
s ≤ p + 2β

n + 2
, 0 ≤ b ∈ Cβ,

β
2 (ΩT ) for some β ∈ (0, 1]. (1.6)

Here, a ∈ Cα, α2 (ΩT )means that a ∈ L∞(ΩT ) and there exists a Hölder constant [a]α := [a]α, α2 ;ΩT > 0 such that

|a(x1 , t1) − a(x2 , t2)| ≤ [a]α(|x1 − x2| + √|t1 − t2|)α

for all x1 , x2 ∈ Ω and t1 , t2 ∈ (0, T).

Definition 1.1. A function u : Ω × (0, T) → ℝN satisfying

u ∈ C(0, T; L2(Ω,ℝN)) ∩ L1(0, T;W1,1(Ω,ℝN))

and
∬
ΩT

[H(z, |u|) + H(z, |∇u|)] dz < ∞

is a weak solution to (1.1) if

∬
ΩT

[−u ⋅ φt +A(z, u, ∇u) ⋅ ∇φ] dz = ∬
ΩT

[B(z, F) ⋅ ∇φ] dz

for every φ ∈ C∞0 (ΩT ,ℝN).

The parabolic multi-phase problems derive from elliptic double phase problems. The elliptic double phase
problems of type

− div(|∇u|p−2∇u + a(x)|∇u|q−2∇u) = − div(|F|p−2F + a(x)|F|q−2F)

was first introduced in [35–38]. These problems originate from the Lavrentiev phenomenon and the homoge-
nization of strongly anisotropic materials. According to [13, 21], the conditions

a( ⋅ ) ∈ Cα(Ω), α ∈ (0, 1] and q
p
≤ 1 + α

n
(1.7)

and
u ∈ L∞(Ω), a( ⋅ ) ∈ Cα(Ω), α ∈ (0, 1] and q ≤ p + α (1.8)

are sharp for obtaining regularity results of weak solutions. In fact, when (1.7) or (1.8) holds, the gradient of a
weak solution u is Hölder continuous, see [6, 13, 14, 19]. Moreover, the Calderón–Zygmund estimates have been
discussed in [3, 15, 17]. Also, Baroni, Colombo and Mingione [5] have investigated the Harnack’s inequality. In
addition, other regularity results for elliptic double phase problems have been discussed in [8–11, 22, 23, 25, 31,
32]. The regularity results for elliptic multi-phase problems given by

− div(|∇u|p−2∇u +
m
∑
i=1
ai(x)|∇u|pi−2∇u) = − div(|F|p−2F +

m
∑
i=1
ai(x)|F|pi−2F) in Ω,

with 1 < p < p1 ≤ ⋅ ⋅ ⋅ ≤ pm and 0 ≤ ai( ⋅ ) ∈ C0,αi (Ω̄), αi ∈ (0, 1], have also been discussed in [4, 16, 18, 20].
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On the other hand, the regularity for parabolic double phase problems

ut − div(|∇u|p−2∇u + a(z)|∇u|q−2∇u) = − div(|F|p−2F + a(z)|F|q−2F) in ΩT

with 2 ≤ p < q has been studied recently. If (1.5) holds, the existence ofweak solutions has been discussed in [12],
see also [28, 34]. The gradient higher integrability and the Calderón–Zygmund-type estimate have been studied
in [26, 27]. Moreover, the gradient higher integrability results for degenerate and singular parabolic multi-phase
problems have also been studied in [24] and [33], respectively.

In this paper, our goal is to prove the energy estimates of the weak solution to (1.1). For this, we denote
parabolic cylinders Ur,τ(z0) and Qr(z0) by

Ur,τ(z0) := Br(x0) × ℓτ(t0) and Qr(z0) := Br(x0) × Ir(t0) (1.9)

with
ℓτ(t0) := (t0 − τ, t0 + τ) and Ir(t0) := (t0 − r2 , t0 + r2). (1.10)

Our main theorem of this paper is as follows.

Theorem 1.2. Let u be a weak solution to (1.1). Then, for UR2 ,S2 (z0) ⊂ ΩT , R1 ∈ [
R2
2 , R2) and S1 ∈ [

S2
22 , S2), there

exists a constant c depending on n, p, q, s, ν and L such that the following inequality holds:

sup
t∈(t0−S1 ,t0+S1)

−∫
BR1 (x0)

|u − (u)UR1 ,S1 (z0)|
2

S1
dx + −−∬

UR1 ,S1 (z0)

H(z, |∇u|) dz

≤ c −−∬
UR2 ,S2 (z0)

H(z,
|u − (u)UR2 ,S2 (z0)|

R2 − R1
) dz + c −−∬

UR2 ,S2 (z0)

|u − (u)UR2 ,S2 (z0)|
2

S2 − S1
dz + c −−∬

UR2 ,S2 (z0)

H(z, |F|) dz.

Remark 1.3. In [24], the energy estimate presented in their Lemma 3.1 is derived under the assumption that
|∇u| ∈ Ls(ΩT ). Consequently, the gradient higher integrability result [24, Theorem 1.2] also relies on this assump-
tion. However, in light of the energy estimate above, [24, Theorem 1.2] can be established under the weaker
assumption specified in Definition 1.1.

Remark 1.4. Wewould like to mention that the existence and uniqueness results for (1.1) with Dirichlet bound-
ary condition can be obtained by closely following the proofs of [28, Theorem 2.6 and Theorem 2.7]. Therefore,
we choose not to pursue such aspects in this paper.

To prove Theorem 1.2, we will construct the Whitney decomposition by dividing into p-, (p, q)-, (p, s)- and
(p, q, s)-phases in Section 2. Furthermore, in this section, we prove the Vitali covering argument by dividing
it into a total of sixteen cases as in [24] and establish the related properties, which we summarize in Lemma
2.18. In Section 3, we define the Lipschitz truncation and establish the related properties. We then prove the
energy estimates in Section 4.

2 Whitney decomposition and covering lemmas

In this section, we construct a family of Whitney decomposition and show that the family covers the bad set
E(Λ)c via a Vitali covering argument. The construction of such a decomposition is heavily used in the subsequent
sections.

2.1 Auxiliary definitions

Let z0 = (x0 , t0) ∈ ℝn+1 and ϱ > 0. Parabolic cylinders with quadratic scaling in time are denoted as

Qϱ(z0) = Bϱ × Iϱ(t0),

where Bϱ = Bϱ(x0) = {y ∈ ℝn : |x0 − y| < ϱ} and Iϱ(t0) = (t0 − ϱ2 , t0 + ϱ2).
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Let us define the strong maximal function for f ∈ L1loc(ℝ
n+1) as

Mf(z) = sup
z∈Q
−−∬
Q

|f| dw, (2.1)

where the supremum is taken over cubes Q ⊂ ℝn+1. As in [28], using the Hardy–Littlewood–Wiener maximal
function theorem with respect to space and time, we obtain the following lemma.

Lemma 2.1. For 1 < σ < ∞ and f ∈ Lσ(ℝn+1), there exists a constant c = c(n, σ) such that

∬
ℝn+1

|Mf|σ dz ≤ c ∬
ℝn+1

|f|σ dz.

Without loss of generality we can assume that the modulating coefficient functions a( ⋅ ) and b( ⋅ ) are defined
in ℝn+1 satisfying a( ⋅ ) ∈ Cα, α2 (ℝn+1) and b( ⋅ ) ∈ Cβ,

β
2 (ℝn+1), see for instance [28] and [29, Theorem 2.7]. Let

f ∈ Lp(ℝn+1), f ≥ 0, be such that
∬
ℝn+1

(f p + af q + bf s) dz < ∞,

and let d = s−1+p
2 . By Lemma 2.1, there exists Λ0 > 1 + ‖a‖L∞(ℝn+1) + ‖b‖L∞(ℝn+1) such that

∬
ℝn+1

(M(f d + (af q)
d
p + (bf s)

d
p )(z))

p
d dz ≤ c(n, p, s) ∬

ℝn+1

(f p + af q + bf s) dz ≤ Λ0 .

Let Λ > Λ0 and we define the set

E(Λ) = {z ∈ ℝn+1 : M(f d + (af q)
d
p + (bf s)

d
p )(z) ≤ Λ

d
p }. (2.2)

Chebyshev’s inequality implies that

lim
Λ→∞

Λ|E(Λ)c| ≤ lim
Λ→∞
∬
E(Λ)c
(M(f d + (af q)

d
p + (bf s)

d
p )(z))

p
d dz = 0. (2.3)

Now, we write K ≥ 2 as

K := 2 + 800[a]α(
1
|B1|
∬
ℝn+1

(M(f d + (af q)
d
p + (bf s)

d
p ))

p
d (z) dz)

α
n+2

+ 800[b]β(
1
|B1|
∬
ℝn+1

(M(f d + (af q)
d
p + (bf s)

d
p ))

p
d (z) dz)

β
n+2

. (2.4)

Note that for each z ∈ E(Λ)c , there exists a unique λz > 1 such that Λ = λ
p
z + a(z)λ

q
z + b(z)λsz . We then consider

a family of metrics {dz( ⋅ , ⋅ )}z∈E(Λ)c given by

dz(z1 , z2) =

{{{{{{{{{{
{{{{{{{{{{
{

max{|x1 − x2|,√λ
p−2
z |t1 − t2|} if K2λpz ≥ a(z)λ

q
z and K2λpz ≥ b(z)λsz ,

max{|x1 − x2|,√gq(z, λz)λ−2z |t1 − t2|} if K2λpz < a(z)λ
q
z and K2λpz ≥ b(z)λsz ,

max{|x1 − x2|,√gs(z, λz)λ−2z |t1 − t2|} if K2λpz ≥ a(z)λ
q
z and K2λpz < b(z)λsz ,

max{|x1 − x2|,√gq,s(z, λz)λ−2z |t1 − t2|} if K2λpz < a(z)λ
q
z and K2λpz < b(z)λsz

for z1 = (x1 , t1), z2 = (x2 , t2) ∈ ℝn+1, where the functions gq , gs , and gq,s , which are q, s, and (q, s)-growth
functions, respectively, defined as

gq(z, κ) := κp + a(z)κq , (2.5)
gs(z, κ) := κp + b(z)κs , (2.6)
gq,s(z, κ) := κp + a(z)κq + b(z)κs (2.7)

for z ∈ ΩT and κ ∈ ℝ+. For every z ∈ E(Λ)c , we define a distance function z to E(Λ) as

4rz = dz(z, E(Λ)) = inf
w∈E(Λ)

dz(z, w). (2.8)
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Using this distance, we construct a family of open subsets {UΛ
z }z∈E(Λ)c defined as

UΛ
z =

{{{{{{
{{{{{{
{

Qrz ,λz if K2λpz ≥ a(z)λ
q
z and K2λpz ≥ b(z)λsz ,

Qqrz ,λz if K2λpz < a(z)λ
q
z and K2λpz ≥ b(z)λsz ,

Qsrz ,λz if K2λpz ≥ a(z)λ
q
z and K2λpz < b(z)λsz ,

Qq,srz ,λz if K2λpz < a(z)λ
q
z and K2λpz < b(z)λsz .

Here, the intrinsic cylinders denoted as follows:

Qrz ,λz (z) := Brz (x) × Irz ,λz (t),
Qqrz ,λz (z) := Brz (x) × I

q
rz ,λz (t),

Qsrz ,λz (z) := Brz (x) × I
s
rz ,λz (t),

Qq,srz ,λz (z) := Brz (x) × I
q,s
rz ,λz (t)

for any z = (x, t) ∈ ℝn × (0, T), rz > 0, λz ≥ 1, where

Irz ,λz (t) := (t − λ
2−p
z r2z , t + λ

2−p
z r2z),

Iqrz ,λz (t) := (t −
λ2z

gq(z, λz)
r2z , t +

λ2z
gq(z, λz)

r2z),

Isrz ,λz (t) := (t −
λ2z

gs(z, λz)
r2z , t +

λ2z
gs(z, λz)

r2z),

Iq,srz ,λz (t) := (t −
λ2z

gq,s(z, λz)
r2z , t +

λ2z
gq,s(z, λz)

r2z).

Let f ∈ L1(ΩT ) be a function, and let Q ⊂ ΩT be a measurable set with finite positive measure. We define
the integral average of f over Q by

(f)Q := −−∬
Q

f dz.

If Q is one of the four intrinsic cylinders defined above, we denote it as follows:

(f)z0;ρ,λ := −−∬
Qρ,λ(z0)

f dz,

(f)(q)z0;ρ,λ := −−∬
Qqρ,λ(z0)

f dz,

(f)(s)z0;ρ,λ := −−∬
Qsρ,λ(z0)

f dz,

(f)(q,s)z0;ρ,λ := −−∬
Qq,sρ,λ(z0)

f dz.

The integral average on a ball Bρ(x0) ⊂ Ω is denoted by

(f)x0;ρ(t) := −∫
Bρ(x0)

f(x, t) dx, t ∈ (0, T).

We intend to use a Vitali-type argument to find a countable collection of points zi ∈ E(Λ)c such that the corre-
sponding subfamily satisfies some properties. From now on, we denote

λi = λzi , di( ⋅ , ⋅ ) = dzi ( ⋅ , ⋅ )
Qi = Qrzi ,λzi , Qqi = Q

q
rzi ,λzi

, Qsi = Q
s
rzi ,λzi

, Qq,si = Q
q,s
rzi ,λzi
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and

Ui = Bi × Ii =

{{{{{{
{{{{{{
{

Qi if K2λpi ≥ a(zi)λ
q
i and K

2λpi ≥ b(zi)λ
s
i ,

Qqi if K2λpi < a(zi)λ
q
i and K

2λpi ≥ b(zi)λ
s
i ,

Qsi if K2λpi ≥ a(zi)λ
q
i and K

2λpi < b(zi)λ
s
i ,

Qq,si if K2λpi < a(zi)λ
q
i and K

2λpi < b(zi)λ
s
i .

(2.9)

Moreover, we denote

di(Ui , E(Λ)) = inf
z∈Ui ,w∈E(Λ)

di(z, w), I = {j ∈ ℕ : 2
K
Ui ∩

2
K
Uj ̸= 0},

Ki = 200K3 for Ui = Qi , Q
q
i or Q

s
i and Ki = 200 for Ui = Q

q,s
i .

(2.10)

2.2 Some preliminary estimates

We start with some basic estimates.

Lemma 2.2. Let z ∈ E(Λ)c . Assume K2λpz < a(z)λ
q
z and K2λpz < b(z)λsz . Then

a(z)
2 ≤ a(z̃) ≤ 2a(z) and

b(z)
2 ≤ b(z̃) ≤

2b(z) for any z̃ ∈ 200KQrz (z).

Proof. We claim that 2[a]α(200Krz)α < a(z) and 2[b]β(200Krz)β < b(z). We will only prove the second state-
ment, and the proof of the first statement is similar. On the contrary, let us assume b(z) ≤ 2[b]β(200Krz)β . Since
Qq,srz ,λz (z) ⊂ E(Λ)

c and a(z)λqz + b(z)λsz < Λ, we get

a(z)λqz + b(z)λsz < −−∬
Qq,srz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw.

Now using Λ = λpz + a(z)λ
q
z + b(z)λsz < 2[a(z)λ

q
z + b(z)λsz], we obtain

a(z)λqz + b(z)λsz < −−∬
Qq,srz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw

=
Λλ−2z

2|B1|rn+2z
∬

Qq,srz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw

<
(a(z)λqz + b(z)λsz)λ−2z
|B1|rn+2z

∬

Qq,srz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw.

Raising the power to β
n+2 in both of sides to the above expression, we have

rβz λ
2β
n+2
z < (

1
|B1|
∬

Qq,srz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw)

β
n+2

≤
K

800[b]β
.

Now using K2λpz < b(z)λsz , s ≤ p +
2β
n+2 and the counter-assumption, we get

K2λpz < b(z)λsz ≤ 2[b]β(200Krz)βλ
p
z λ

2β
n+2
z ≤

1
2
K2λpz ,

which is a contradiction. This completes the proof of 2[b]β(200Krz)β < b(z). Now using the Hölder continuity
of b(z), we get

2[b]β(200Krz)β < b(z) ≤ inf
z̃∈200KQrz (z)

b(z̃) + [b]β(200Krz)β ,

and hence
[b]β(200Krz)β ≤ inf

z̃∈200KQrz (z)
b(z̃).

It follows that
sup

z̃∈200KQrz (z)
b(z̃) ≤ inf

z̃∈200KQrz (z)
b(z̃) + [b]β(200Krz)β < 2 inf

z̃∈200KQrz (z)
b(z̃)

and this proves b(z)
2 ≤ b(z̃) ≤ 2b(z) for any z̃ ∈ 200KQrz (z). The statement for a( ⋅ ) can be proved similarly.
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Lemma 2.3. Let z ∈ E(Λ)c . Assume K2λpz ≥ a(z)λ
q
z and K2λpz < b(z)λsz . Then we have

b(z)
2 ≤ b(z̃) ≤ 2b(z) for any

z̃ ∈ 200KQrz (z). Moreover, we have
[a]α(800Krz)αλ

q
z ≤ (K2 − 1)λpz . (2.11)

Proof. First, we note that Qsrz ,λz (z) ⊂ E(Λ)
c , and therefore

gs(z, λz) < −−∬
Qsrz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw

=
gs(z, λz)λ−2z
2|B1|rn+2z

∬

Qsrz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw.

Raising power α
n+2 in the above expression, we have

rαz λ
2α
n+2
z < (

1
|B1|
∬

Qsrz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw)

α
n+2 ≤

K − 1
800[a]α

.

Using q ≤ p + 2α
n+2 , we get

[a]α(800Krz)αλ
q
z ≤ [a]α800Krαz λ

p
z λ

2α
n+2
z ≤ [a]α800Kλ

p
z
K − 1
800[a]α

≤ (K2 − 1)λpz .

Moreover, the proof of the first statement follows from the previous lemma. This completes the proof.

Lemma 2.4. Let z ∈ E(Λ)c . Assume K2λpz < a(z)λ
q
z and K2λpz ≥ b(z)λsz . Then we have

a(z)
2 ≤ a(z̃) ≤ 2a(z) for any

z̃ ∈ 200KQrz (z). Furthermore, we have

[b]β(800Krz)βλsz ≤ (K2 − 1)λpz . (2.12)

Proof. Since Qqrz ,λz ⊂ E(Λ)
c , we have

gq(z, λz) < −−∬
Qsrz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw

=
gq(z, λz)λ−2z
2|B1|rn+2z

∬

Qsrz ,λz (z)

(M(f d + (af q)
d
p + (bf s)

d
p )(w))

p
d dw.

Moreover, following the previous lemma, we get

[b]β(800Krz)βλsz ≤ (K2 − 1)λpz .

Also, the first statement follows from Lemma 2.2. This completes the proof.

Lemma 2.5. Let z, z̃ ∈ E(Λ)c . Assume K2λpz ≥ a(z)λ
q
z and K2λpz < b(z)λsz , and z̃ ∈ 200KQrz (z). Then we have

K−
2
p λz̃ ≤ λz ≤ K

2
p λz̃ .

Proof. From Lemma 2.2, we get
b(z)
2
≤ b(z̃) ≤ 2b(z). (2.13)

Now, note that it is enough to prove K−
2
p λz̃ ≤ λz . On contrary, let us assume λz < K−

2
p λz̃ . Then using (2.11), (2.13)

and the counter assumption, we obtain

Λ = λpz + a(z)λ
q
z + b(z)λsz

≤ λpz + [a]α(200Krz)αλ
q
z + a(z̃)λ

q
z + b(z)λsz

< λpz + (K2 − 1)λpz + a(z̃)K
− 2qp λqz̃ + 2b(z̃)K

− 2sp λsz̃

≤ K2λpz + a(z̃)K
− 2qp λqz̃ + b(z̃)K

1− 2sp λsz̃
< λpz̃ + a(z̃)λ

q
z̃ + b(z̃)λ

s
z̃ = Λ,

which is a contradiction.
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Lemma 2.6. Let z, z̃ ∈ E(Λ)c . Assume K2λpz < a(z)λ
q
z and K2λpz ≥ b(z)λsz , and z̃ ∈ 200KQrz (z). Then we have

K−
2
p λz̃ ≤ λz ≤ K

2
p λz̃ .

Proof. From Lemma 2.4, we have
a(z)
2
≤ a(z̃) ≤ a(z) (2.14)

for any z̃ ∈ 200KQrz (z).Wewill show K−
2
p ≤ λz̃ . On contrary, let us assume K−

2
p > λz̃ . Then using (2.12) and (2.14),

we get
Λ = λpz + a(z)λ

q
z + b(z)λsz

≤ λpz + a(z)λ
q
z + [b]β(200Krz)βλsz + b(z̃)λsz

< λpz + (K2 − 1)λpz + 2a(z̃)K
− 2qp λqz̃ + b(z̃)K

− 2sp λsz̃

≤ K2λpz + a(z̃)K
1− 2qp λqz̃ + b(z̃)K

− 2sp λsz̃
≤ λpz̃ + a(z̃)λ

q
z̃ + b(z̃)λ

s
z̃ = Λ,

which gives a contradiction. This completes the proof.

Lemma 2.7. Let z, z̃ ∈ E(Λ)c . Assume a(z)
2 ≤ a(z̃)2a(z) and

b(z)
2 ≤ b(z̃) ≤ 2b(z). Then we have 2−

1
p λz̃ ≤ λz ≤ 2

1
p λz̃ .

Moreover, the above inequality holds provided that K2λpz < a(z)λ
q
z and K2λpz < b(z)λsz , and z̃ ∈ 200KQrz (z).

Proof. It is enough to prove the first statement. The second statement of the lemma follows from Lemma 2.2.
We claim λz ≤ 2

1
p λz̃ . In contrast, assume λz > 2

1
p λz̃ . Using the hypothesis and the counter assumption, we get

Λ = λpz + a(z)λ
q
z + b(z)λsz > 2λ

p
z̃ + 2

q
p −1a(z̃)λqz̃ + 2

s
p −1b(z̃)λsz̃

≥ λpz̃ + a(z̃)λ
q
z̃ + b(z̃)λ

s
z̃ = Λ,

which is a contradiction.

Lemma 2.8. Let z ∈ E(Λ)c . Assume that K2λpz ≥ a(z)λ
q
z and K2λpz ≥ b(z)λsz . Then [a]α(50Krz)αλ

q
z ≤ (K2 − 1)λpz

and [b]β(50Krz)βλsz ≤ (K2 − 1)λpz .

Proof. The proof can be completed analogously to the argument presented in the proof of Lemma 2.2.

Lemma 2.9. Let z ∈ E(Λ)c . Assume that K2λpz ≥ a(z)λ
q
z and K2λpz ≥ b(z)λsz . If z̃ ∈ 50KQrz (z), then λz ≤ K

2
p λz̃ .

Proof. The proof can be completed from Lemma 2.5 and Lemma 2.6.

2.3 Vitali covering and their properties

In this subsection, we want to choose a countable collection of intrinsic cylinders from {UΛ
z }z∈E(Λ)c such that

E(Λ)c ⊂ ⋃
z∈E(Λ)c

1
K
Uλ
z and 1

6K6 U
Λ
z1 ∩

1
6K6 U

Λ
z2 = 0 for any z1 , z2 ∈ E(Λ)c .

First, we claim that {rz : z ∈ E(Λ)c} is uniformly bounded. Indeed, since, by (2.3), 0 < |E(Λ)c| < ∞ and Λ > 1 +
‖a‖L∞(ℝn+1) + ‖b‖L∞(ℝn+1), there exist λ > 1 and R > 0, which are in particular independent of z ∈ E(Λ)c , such that

λp + ‖a‖L∞(ℝn+1)λq + ‖b‖L∞(ℝn+1)λs = Λ (2.15)

and |BR × (−λ2Λ−1R2 , λ2Λ−1R2)| = |E(Λ)c|. It clear that λ ≤ λz ≤ Λ for any z ∈ E(Λ)c . Hence, if rz > R for some
z ∈ E(Λ)c , then

|E(Λ)c| = |BR × (−λ2Λ−1R2 , λ2Λ−1R2)| < |UΛ
z | ≤ |E(Λ)c|.

This is a contradiction, and we conclude rz ≤ R for any z ∈ E(Λ)c .
Let F = { 16K6 UΛ

z }z∈E(Λ)c and, for each j ∈ ℕ,

Fj = {
1
6K6 U

Λ
z ∈ F : R

2j
< rz ≤

R
2j−1
}.
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Since rz ≤ R for any z ∈ E(Λ)c , we obtain
F = ⋃

j∈ℕ
Fj .

Then, in the same way as [28, Subsection 3.3], we have a countable subcollection G of pairwise disjoint cylinders
inF. From now on, we show that the 6K5-times the cylinders in G covers E(Λ)c . Fix 1

6K6 UΛ
z̃ ∈ F. Then there exists

i ∈ ℕ such that 1
6K6 UΛ

z̃ ∈ Fi and by the construction of G in [28] there exists a cylinder
1

6K6 UΛ
z ∈ ⋃

i
j=1 Gj such that

1
6K6 U

Λ
z̃ ∩

1
6K6 U

Λ
z ̸= 0. (2.16)

Since 1
6K6 UΛ

z̃ ∈ Fi and
1

6K6 UΛ
z ∈ Fj for some j ∈ {1, . . . , i}, we obtain

rz̃ ≤ 2rz . (2.17)

We claim that
1
6K6 U

Λ
z̃ ⊂

1
K
UΛ
z . (2.18)

Let z = (x, t) and z̃ = (x̃, ̃t). By (2.16), (2.17) and the proof of the standard Vitali covering lemma, we obtain

1
6K6 Br ̃z (y) ⊂

1
K
Brz (x).

Moreover, by (2.17) and the standard Vitali covering argument, we obtain that Qr ̃z (z̃) ⊂ 5Qrz (z) and hence, we
conclude

z̃ ∈ 5Qrz (z) ⊂ 200KQrz (z). (2.19)

Now, we prove the inclusion in (2.18) in the time direction, by considering the sixteen cases depicted in Table 1.

UΛ
̃z U

Λ
z Qrz ,λz (z) Qq

rz ,λz
(z) Qs

rz ,λz
(z) Qq,s

rz ,λz
(z)

Qr ̃z ,λ ̃z ( ̃z) (1-1) (1-2) (1-3) (1-4)

Qq
r ̃z ,λ ̃z
( ̃z) (2-1) (2-2) (2-3) (2-4)

Qs
r ̃z ,λ ̃z
( ̃z) (3-1) (3-2) (3-3) (3-4)

Qq,s
r ̃z ,λ ̃z
( ̃z) (4-1) (4-2) (4-3) (4-4)

Table 1: The combinations of UΛ̃z and U
Λ
z .

Case (1-1). By (2.16) and (2.17), for τ ∈ 1
6K6 Ir ̃z ,λ ̃z ( ̃t), we obtain

|τ − t| ≤ |τ − ̃t| + | ̃t − t|

≤ 2λ2−pz̃ (
rz̃
6K6 )

2
+ λ2−pz (

rz
6K6 )

2

≤ (8λ2−pz̃ + λ
2−p
z )(

rz
6K6 )

2
.

Lemma 2.9 and (2.19) imply

|τ − t| ≤ (8K
2(p−2)
p + 1)λ2−pz (

rz
6K6 )

2

≤ (9K2)λ2−pz (
rz
6K6 )

2

≤ λ2−pz (
rz
K
)
2
,

and hence τ ∈ 1
K Irz ,λz (t).

Cases (2-1), (3-1) and (4-1). Since Qqr ̃z ,λ ̃z
(z̃) ⊂ Qr ̃z ,λ ̃z (z̃), Qsr ̃z ,λ ̃z

(z̃) ⊂ Qr ̃z ,λ ̃z (z̃) and Q
q,s
r ̃z ,λ ̃z
(z̃) ⊂ Qr ̃z ,λ ̃z (z̃), by the pre-

vious argument, we obtain the conclusion.
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Case (1-2). By (2.16) and (2.17), for τ ∈ 1
6K6 Ir ̃z ,λ ̃z ( ̃t), we obtain

|τ − t| ≤ |τ − ̃t| + | ̃t − t|

≤ 2λ2−pz̃ (
rz̃
6K6 )

2
+

λ2z
gq(z, λz)

(
rz
6K6 )

2

≤ (8λ2−pz̃ +
λ2z

gq(z, λz)
)(

rz
6K6 )

2
.

From a(z̃)λqz̃ ≤ K
2λpz̃ , we have

λ2−pz̃ = 2
λ2z̃

λpz̃ + λ
p
z̃
≤ 2K2 λ2z̃

gq(z̃, λz̃)
.

Since (1.5) implies q
p ≤ 2, we obtain from Lemma 2.4, Lemma 2.6, (1.5) and (2.19) that

λ2z̃
gq(z̃, λz̃)

≤
K6λ2z

λpz + a(z̃)λ
q
z
≤ 2K6 λ2z

g(z, λz)
. (2.20)

Thus, we conclude

|τ − t| ≤ (32K8 + 1) λ2z
gq(z, λz)

(
rz
6K6 )

2
≤

λ2z
gq(z, λz)

(
rz
K
)
2

and hence τ ∈ 1
K I

q
rz ,λz (t).

Cases (1-3), (1-4), (2-3), (3-2), (2-4) and (3-4). By Lemmas 2.4, 2.3, 2.5, 2.6 and 2.7, we obtain from the above
argument the conclusion.

Case (2-2). By (2.16) and (2.17), for τ ∈ 1
6K6 , we obtain

|τ − t| ≤ |τ − ̃t| + | ̃t − t|

≤ 2
λ2z̃

gq(z̃, λz̃)
(
rz̃
6K6 )

2
+

λ2z
gq(z, λz)

(
rz
6K6 )

2

≤ (
8λ2z̃

gq(z̃, λz̃)
+

λ2z
gq(z, λz)

)(
rz
6K6 )

2
.

Then (2.20) implies

|τ − t| ≤ (16K8 + 1) λ2z
gq(z, λz)

(
rz
6K6 )

2
≤

λ2z
gq(z, λz)

(
rz
K
)
2

and hence τ ∈ 1
K I

q
rz ,λz (t).

Cases (3-3) and (4-4). In the same way as the above case, we easily obtain the conclusion.

Cases (4-2) and (4-3). We obtain the conclusion for Cases (2-2) and (2-3) in the same way for Cases (2-1), (3-1)
and (4-1).

Thus, we have established a countable covering family { 1K Ui}i∈ℕ of intrinsic cylinders defined as in (2.9) and
with pairwise disjoint 1

6K6 Ui . Now, we prove some properties of the collection {Ui}i∈ℕ that will be summarized
in Lemma 2.18 at the end.

Lemma 2.10. We have 3ri ≤ di(Ui , E(Λ)) ≤ 4ri for every i ∈ ℕ.

Proof. Since, by the definition of ri in (2.8),

di(Ui , E(Λ)) ≤ di(zi , E(Λ)) = 4ri ,

the second inequality is satisfied. Moreover, from the triangle inequality we obtain that, for any z ∈ Ui ,

di(z, E(Λ)) ≥ di(zi , E(Λ)) − di(z, zi) ≥ 4ri − ri = 3ri .

Since z ∈ Ui is arbitrary, we have di(Ui , E(Λ)) ≥ 3ri .
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Next, we prove the property (v) in Lemma 2.18.

Lemma 2.11. We have (12K2)−1rj ≤ ri ≤ 12K2rj for every i ∈ ℕ and j ∈ I. Moreover, if Uj = Q
q,s
j , then ri ≤ 12rj

Proof. It is enough to prove that
ri ≤ 12K2rj

for j ∈ ℕ. If ri < rj , then clearly the conclusion is satisfied. Thus, we assume rj ≤ ri . Then

zj ∈ 4Qri (zi). (2.21)

Let w ∈ 2
K Ui ∩

2
K Uj . Since di(zi , w) ≤

2
K ri ≤ 2ri and dj(zj , w) ≤

2
K rj ≤ 2rj , using Lemma 2.10 and the triangle

inequality as in [28, Lemma 3.8], we get

ri ≤ di(w, E(Λ)) and dj(w, E(Λ)) ≤ 6rj . (2.22)

To complete the proof, we consider 16 cases in Table 1 with z = zi and z̃ = zj .

Case (1-1), (2-1), (3-1), (4-1), (1-2), (1-3) and (1-4). Using Lemma 2.5, Lemma 2.6 and Lemma 2.7 and following
the proof of Case 1, Case 2 and Case 3 in [28, Lemma 3.8], we have the conclusion.

Case (2-2). We obtain from Lemma 2.6 and K2λpj ≥ b(zj)λ
s
j that

gq(zi , λi)λ−2i ≤ gq,s(zi , λi)λ
−2
i

≤ K
4
p gq,s(zj , λj)λ−2j

≤ 2K2+ 4p gq(zj , λj)λ−2j
≤ 4K4gq(zj , λj)λ−2j ,

where the last inequality follows from 1
p ≤

1
2 . Therefore, we obtain

di(z, w) ≤ 2K2dj(z, w) for any z ∈ E(Λ),

and hence, by (2.22), we have the conclusion.

Case (2-3), (2-4), (3-3), (3-2) and (3-4). Proceed similarly to the proof above.

Case (4-4). Using Lemma 2.7 and following the proof of [28, Case 3 in Lemma 3.8], we have ri ≤ 12rj .

Case (4-2) and (4-3). Note that, by Lemma 2.7,

gq(zi , λi)λ−2i ≤ gq,s(zi , λi)λ
−2
i

= gq,s(zj , λj)λ−2i
≤ 2

2
p gq,s(zj , λj)λ−2j

and, similarly,
gs(zi , λi)λ−2i ≤ 2

2
p gq,s(zi , λi)λ−2j .

Thus, we obtain di(z, w) ≤ 2dj(z, w) and, therefore, conclude ri ≤ 12rj .

By this lemma, we get
2
K
Qrj (zj) ⊂ 200KQri (zi) (2.23)

for all j ∈ I. Using this, we summarize Lemma 2.5, Lemma 2.6, Lemma 2.7 and Lemma 2.9.

Lemma 2.12. For any i ∈ ℕ and j ∈ I, we have K−
2
p λj ≤ λi ≤ K

2
p λj . Moreover, if Ui = Q

q,s
i , then 2−

1
p λj ≤ λi ≤ 2

1
p λj .

We show from the previous two lemmas that the measures of the neighboring cylinders are comparable.

Lemma 2.13. There exists c depending on n and K such that

sup
i∈ℕ
j∈I

|Ui|
|Uj|
≤ c.
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Proof. We divide it into sixteen cases as in Lemma 2.11.

Case (1-1), (1-2), (1-3) and (1-4). We obtain from Ii ⊂ Iri ,λi , Lemma 2.11 and Lemma 2.12 that

|Ui|
|Uj|
≤
|Qi|
|Qj|
=
2|B1|rn+2i λ2−pi

2|B1|rn+2j λ2−pj

≤
(12K2)n+2rn+2j K

2(p−2)
p λ2−pj

rn+2j λ2−pj

≤ (12K2)n+3

for all i ∈ ℕ and j ∈ I.

Case (2-2), (2-4), (3-3), (3-4) and (4-4). We conclude in a similar way from Lemma 2.11 and Lemma 2.12.

Case (2-1). We get from a(zi)λ
q
i ≤ K

2λpi , b(zi)λ
s
i ≤ K

2λpi , Lemma 2.11 and Lemma 2.12 that

|Ui|
|Uj|
=
|Qi|
|Qqj |
=
2|B1|rn+2i λ2i gq(zj , λj)

2|B1|rn+2j λ2j λ
p
i
=
rn+2i λ2i gq(zj , λj)

rn+2j λ2j λ
p
i

≤
(12K2)n+2K

4
p λ2j r

n+2
j gq(zj , λj)

λ2j r
n+2
j λpi

=
3(12K2)n+3gq(zj , λj)

λpi + λ
p
i + λ

p
i

≤
2(12K2)n+3K2Λ

λpi + a(zi)λ
q
i + b(zi)λ

s
i
≤ c(n, K)

for all i ∈ ℕ and j ∈ I.

Case (3-1), (4-1), (3-2), (2-3), (4-2), (4-3). Similarly, we obtain the conclusion.

Now, we establish the inclusion property of Ui and Uj for any i ∈ ℕ and j ∈ I.

Lemma 2.14. Let i ∈ ℕ be such that Ui = Qi . We have 2
K Uj ⊂ 50K

2Qi for every j ∈ I.

Proof. Since 2
K Bi ∩

2
K Bj ̸= 0 and rj ≤ 12K

2ri , we clearly obtain 2
K Bj ⊂ 50KBi . It remains to prove the inclusion

in the time direction. As Ij ⊂ Irj ,λj (tj), for τ ∈ 2
K Ij , we have from Lemma 2.11 and Lemma 2.12 that

|τ − ti| ≤ |τ − tj| + |tj − ti| ≤ 2λ
2−p
j (

2
K
rj)

2
+ λ2−pi (

2
K
ri)

2

≤ 2(K−
2
p λi)2−p(24Kri)2 + λ

2−p
i (2ri)

2 ≤ λ2−pi (50K
2ri)2

and hence 2
K Uj ⊂ 50K

2Qi .

Lemma 2.15. Let i ∈ ℕ be such that either Ui = Q
q
i or Ui = Q

s
i holds. Then

2
K Uj ⊂ 100K

3Ui for every j ∈ I.

Proof. We may assume that Ui = Q
q
i . Since

2
K Bi ∩

2
K Bj ̸= 0 and rj ≤ 12K

2ri , clearly, we obtain 2
K Bj ⊂ 50KBi . It

remains to prove the inclusion in the time direction. Since Ij ⊂ Irj ,λj (tj), it is enough to check only when Uj = Qj .
For τ ∈ 2

K Irj ,λj (tj), we have

|τ − ti| ≤ |τ − tj| + |tj − ti| ≤ 2λ
2−p
j (

2
K
rj)

2
+

λ2i
gq(zi , λi)

(
2
K
ri)

2
.

Since K2λpj ≥ a(zj)λ
q
j , K

2λpj ≥ b(zj)λ
s
j and Lemma 2.11 and Lemma 2.12 give rj ≤ 12K

2ri and λj ≤ K
2
p λi , we obtain

λ2−pj (
2
K
rj)

2
= 3

λ2j
λpj + λ

p
j + λ

p
j
(
2
K
rj)

2
≤ 12

λ2j
λpj + a(zj)λ

q
j + b(zj)λ

s
j
r2j

≤ 12
K

4
p λ2i

λpi + a(zi)λ
q
i + b(zi)λ

s
i
(12K2ri)2 ≤

λ2i
gq(zi , λi)

(48K3ri)2 .

Thus, we have

|τ − ti| ≤ 2
λ2i

gq(zi , λi)
(48K3ri)2 +

λ2i
gq(zi , λi)

(2ri)2 ≤
λ2i

gq(zi , λi)
(100K3ri)2 ,

and hence 2
K Uj ⊂ 100K

3Ui .
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Lemma 2.16. Let i ∈ ℕ be such that Ui = Q
q,s
i . Then we have 2

K Uj ⊂ 200Ui for each j ∈ I.

Proof. The proof can be obtained by using rj ≤ 12ri and 2−
1
p λj ≤ λi ≤ 2

1
p λj instead of (12K2)−1rj ≤ ri ≤ 12K2rj

and K−
2
p λj ≤ λi ≤ K

2
p λj in the proof of the above lemma.

Through the above three lemmas, we obtain the condition

2
K
Uj ⊂ KiUi for all i ∈ ℕ and j ∈ I, (2.24)

where Ki is defined in (2.10). Finally, we prove that the cardinality of I is uniformly bounded.

Lemma 2.17. There exists a constant c depending only on n and K such that |I| ≤ c for every i ∈ ℕ.

Proof. Since the cylinders { 16K6 Uj}j∈ℕ are disjoint, we get (2.24) and Lemma 2.13 that

|200K4Ui| ≥
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
⋃
j∈I

1
6K6 Uj
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= ∑
j∈I

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1
6K6 Uj
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≥ ∑
j∈I
c(n, K)|Ui| = c(n, K)|I||Ui|,

and hence |I| ≤ c(n, K).

We summarize the above results below.

Lemma 2.18. Let K be as in (2.4) and E(Λ) as in (2.2). There exists a collection { 1K Ui}i∈ℕ of cylinders defined as
in (2.9) satisfying the following properties:
(i) E(Λ)c ⊂ ⋃i∈ℕ 1

K Ui .
(ii) 1

6K6 Ui ∩ 1
6K6 Uj = 0 for every i, j ∈ ℕ with i ̸= j.

(iii) 3ri ≤ di(Ui , E(Λ)) ≤ 4ri for every i ∈ ℕ.
(iv) 4Ui ⊂ E(Λ)c and 5Ui ∩ E(Λ) ̸= 0 for every i ∈ ℕ.
(v) (12K2)−1rj ≤ ri ≤ 12K2rj for every i ∈ ℕ, j ∈ I.
(vi) K−

2
p λj ≤ λi ≤ K

2
p λj for every j ∈ I.

(vii) There exists a constant c = c(n, K) such that |Ui| ≤ c|Uj| for every i ∈ ℕ and j ∈ I.
(viii) 2

K Uj ⊂ KiUi for every i ∈ ℕ, j ∈ I.
(ix) If Ui = Qi , then there exists a constant c = c([a]α , α, K) such that rαi λ

q
i ≤ cλ

p
i and r

β
i λ

s
i ≤ cλ

p
i .

(x) If Ui = Q
q
i , then

a(zi)
2 ≤ a(z) ≤ 2a(zi) for every z ∈ 200KQri (zi). If Ui = Q

s
i , then

b(zi)
2 ≤ b(z) ≤ 2b(zi) for

every z ∈ 200KQri (zi) and if Ui = Q
q,s
i , then a(zi)

2 ≤ a(z) ≤ 2a(zi) and
b(zi)
2 ≤ b(z) ≤ 2b(zi) for every z ∈

200KQri (zi).
(xi) For any i ∈ ℕ, the cardinality of I, denoted by |I|, is finite. Moreover, there exists a constant c = c(n, K) such

that |I| ≤ c.

2.4 Partition of unity

The following lemma demonstrates the construction of a partition of unity subordinate to Whitney decompo-
sition { 2K Ui}i∈ℕ.

Lemma 2.19. There exists a partition of unity {ωi}i∈ℕ subordinate to the Whitney decomposition { 2K Ui}i∈ℕ with
the following properties:
(i) 0 ≤ ωi ≤ 1, ωi ∈ C∞0 (

2
K Ui) for every i ∈ ℕ and ∑i∈ℕ ωi = 1 on E(Λ)

c .
(ii) There exists a constant c = c(n, K) such that ‖∇ωj‖∞ ≤ cr−1i for every i ∈ ℕ and j ∈ I.
(iii) There exists a constant c = c(n, K) such that

‖∂tωj‖∞ ≤

{{{{{{
{{{{{{
{

cr−2i λ
p−2
i if Ui = Qi ,

cr−2i gq(zi , λi)λ
−2
i if Ui = Q

q
i ,

cr−2i gs(zi , λi)λ
−2
i if Ui = Qsi ,

cr−2i Λλ−2i if Ui = Q
q,s
i

for any i ∈ ℕ and j ∈ I.
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Proof. In the previous subsection, we obtain the Whitney decomposition { 2K Ui}i∈ℕ. Then, for each i ∈ ℕ, we
choose ψi ∈ C∞0 (

2
K Ui) satisfying

0 ≤ ψi ≤ 1, ψi ≡ 1 in Ui , ‖∇ψi‖∞ ≤
2
K
r−1i

and

‖∂tψi‖∞ ≤

{{{{{{{{{{{
{{{{{{{{{{{
{

2
K
r−2i λ

p−2
i if Ui = Qi ,

2
K
r−2i gq(zi , λi)λ

−2
i if Ui = Q

q
i ,

2
K
r−2i gs(zi , λi)λ

−2
i if Ui = Qsi ,

2
K
r−2i Λλ−2i if Ui = Q

q,s
i .

Since E(Λ)c ⊂ ⋃i∈ℕ 2
K Ui and |I| is finite for each i ∈ ℕ, the function

ωi(z) =
ψi(z)
∑j∈ℕ ψj(z)

=
ψi(z)
∑j∈I ψj(z)

is well-defined and satisfies

ωi ∈ C∞0 (
2
K
Ui), 0 ≤ ωi ≤ 1 in

2
K
Ui , ∑

i∈ℕ
ωi(z) = 1.

Thus, the collection {ωi}i∈ℕ is a partition of unity subordinate to { 2K Ui}i∈ℕ. By Lemmas 2.11, 2.12 and 2.17, we
have

‖∇ωj‖∞ ≤ cr−1i and ‖∂tωj‖∞ ≤

{{{{{{
{{{{{{
{

cr−2i λ
p−2
i if Ui = Qi ,

cr−2i gq(zi , λi)λ
−2
i if Ui = Q

q
i ,

cr−2i gs(zi , λi)λ
−2
i if Ui = Qsi ,

cr−2i Λλ−2i if Ui = Q
q,s
i

for any i ∈ ℕ and j ∈ I.

3 Construction of test function via Lipschitz truncation

The main goal of this section is to construct a Lipschitz function vΛh which can be used as a test function in
the proof of energy estimate Theorem 1.2. We begin by defining vh and vΛh , establishing a crucial Poincaré-type
inequality for vh . By combining this result with the properties of the Whitney decomposition, we conclude the
Lipschitz regularity of vΛh .

3.1 Definition of test function

Take f = χUR2 ,S2 (z0)(|∇u| + |u − u0| + |F|) ∈ L
p(ℝn+1) and u0 = (u)UR2 ,S2 (z0), where χ is the characteristic function

and u, F are extended to zero outside UR2 ,S2 (z0).
Let 0 < h0 < S2−S1

4 be a sufficiently small number, and let η ∈ C∞0 (BR2 (x0)) and ζ ∈ C
∞
0 (ℓS2−h0 (t0)) be stan-

dard cutoff functions satisfying 0 ≤ η ≤ 1, 0 ≤ ζ ≤ 1, η ≡ 1 in BR1 (x0), ζ ≡ 1 in ℓS1 (t0) and

‖∇η‖∞ ≤
3

R2 − R1
, ‖∂tζ‖∞ ≤

3
S2 − S1

. (3.1)

Now for 0 < h < h0, we define the truncated solution

vh(z) = [u(z) − u0]hη(x)ζ(t), z = (x, t) ∈ ℝn+1 , (3.2)
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as a suitable candidate for test function to be used to prove energy estimates. For z ∈ ℝn+1, we define the
Lipschitz truncation of vh as

vΛh (z) = vh(z) − ∑
i∈ℕ
(vh(z) − vih)ωi(z), (3.3)

where

vih =
{{{{
{{{{
{

−−∬
2
K Ui

vh(z) dz if 2
K
Ui ⊂ UR2 ,S2 (z0),

0 elsewhere.

Similarly, we define

v(z) = (u(z) − u0)η(x)ζ(t) and vΛ(z) = v(z) − ∑
i∈ℕ
(v(z) − vi)ωi(z), (3.4)

where

vi =
{{{{
{{{{
{

−−∬
2
K Ui

v(z) dz if 2
K
Ui ⊂ UR2 ,S2 (z0),

0 elsewhere.

3.2 Preliminary lemmas

In this subsection, we discuss some preparatory machinery to prove Lemma 3.5. We denote a family of param-
eters as

data ≡ data(n, N, p, q, s, α, β, ν, L, ‖a‖L∞ , ‖b‖L∞ , [a]α , [b]β , R1 , R2 , S1 , S2 , K).

First, we recall the following lemma from [7, Lemma 8.1].

Lemma 3.1. Let f ∈ L1(ΩT ) and h > 0. Then there exists a constant c = c(n) such that

−−∬
Ur1 ,r2 (z0)

[f]h dz ≤ c −−∬
[Ur1 ,r2 (z0)]h

f dz,

where [Ur1 ,r2 (z0)]h = Ur1 ,r2+h(z0).

Lemma 3.2. Let 1 ≤ γ ≤ d. Then for any cylinder Q ⊂ ℝn+1 such that Q ∩ E(Λ) ̸= 0, we have

−−∬
Q

f γ dz ≤ Λ
γ
p . (3.5)

Moreover, there exists a constant c = c(data) such that

−−∬
4KiUi

f γ dz ≤ cλγi , (3.6)

where KiUi is defined in (2.9)-(2.10).

Proof. Let w ∈ Q ∩ E(Λ). Then by (2.1) and (2.2), we have

−−∬
Q

f γ dz ≤ (−−∬
Q

f d dz)
γ
d

≤ (M(f d)(w))
γ
d ≤ (M(f d + (af q)

d
p + (bf s)

d
p )(w))

γ
d ≤ Λ

γ
p

and that proves (3.5). By Lemma 2.18 (iv), we have 4KiUi ∩ E(Λ) ̸= 0 and it follows that

−−∬
4KiUi

f γ dz ≤ Λ
γ
p .
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Case I: Ui = Qi . In this case, we have K2λpi ≥ a(zi)λ
q
i and K

2λpi ≥ b(zi)λ
s
i . Using this, we have

Λ = λpi + a(zi)λ
q
i + b(zi)λ

s
i ≤ (2K

2 + 1)λpi .

Hence, we get
−−∬
4KiUi

f γ dz ≤ Λ
γ
p ≤ (2K2 + 1)

γ
p λγi = cλ

γ
i

and this proves (3.6) for this case.

Case II: Ui = Q
q
i . In this case, we have K2λpi < a(zi)λ

q
i and K

2λpi ≥ b(zi)λ
s
i . By Lemma 2.18 (x), we also have

a(zi)
2 ≤ a(z) ≤ 2a(zi) for every z ∈ 200KQri (zi). Then we have

(a(zi))
d
p −−∬
4KiUi

(f q)
d
p dz = −−∬

4KiUi

(a(zi)f q)
d
p dz ≤ 2

d
p −−∬
4KiUi

(a(z)f q)
d
p dz. (3.7)

By Lemma 2.18 (iv), there exists a w ∈ 4KiUi ∩ E(Λ) and we obtain

−−∬
4KiUi

(a(z)f q)
d
p dz ≤ M((af q)

d
p )(w) ≤ (M(f d + (af q)

d
p + (bf s)

d
p )(w)) ≤ Λ

d
p .

Hence, from (3.7), we have

a(zi)
d
p −−∬
4KiUi

(f q)
d
p dz ≤ cΛ

d
p = c(λpi + a(zi)λ

q
i + b(zi)λ

s
i )

d
p

≤ c(2a(zi)λ
q
i + K

2λpi )
d
p ≤ (3c)

d
p (a(zi)λ

q
i )

d
p .

Since a(zi) > 0, we get

−−∬
4KiUi

(f q)
d
p dz ≤ cλ

qd
p
i

and finally, we have

−−∬
4KiUi

f γ dz ≤ ( −−∬
4KiUi

f
qd
p dz)

γp
qd

≤ cλγi ,

which proves (3.6) for this case.

Case III: Ui = Qs
i . In this case, we have K2λpi ≥ a(zi)λ

q
i and K

2λpi < b(zi)λ
s
i . By Lemma 2.18 (x), we also have

b(zi)
2 ≤ b(z) ≤ 2b(zi) for every z ∈ 200KQri (zi). Then we have

(b(zi))
d
p −−∬
4KiUi

(f s)
d
p dz = −−∬

4KiUi

(b(zi)f s)
d
p dz ≤ 2

d
p −−∬
4KiUi

(b(z)f s)
d
p dz. (3.8)

By Lemma 2.18 (iv), there exists a w ∈ 4KiUi ∩ E(Λ) and we obtain

−−∬
4KiUi

(b(z)f s)
d
p dz ≤ M((bf s)

d
p )(w) ≤ (M(f d + (af q)

d
p + (bf s)

d
p )(w)) ≤ Λ

d
p .

Hence, from (3.8), we have

b(zi)
d
p −−∬
4KiUi

(f q)
d
p dz ≤ cΛ

d
p = c(λpi + a(zi)λ

q
i + b(zi)λ

s
i )

d
p

≤ c(2b(zi)λ
q
i + K

2λpi )
d
p ≤ (3c)

d
p (b(zi)λ

q
i )

d
p .

Since b(zi) > 0, we get

−−∬
4KiUi

(f s)
d
p dz ≤ cλ

sd
p
i
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and finally, we have

−−∬
4KiUi

f γ dz ≤ ( −−∬
4KiUi

f
sd
p dz)

γp
sd

≤ cλγi ,

which proves (3.6) for this case.

Case IV: Ui = Q
q,s
i . In this case, we have K2λpi < a(zi)λ

q
i and K

2λpi < b(zi)λ
s
i . By Lemma 2.18 (x), we also have

a(zi)
2 ≤ a(z) ≤ 2a(zi) and

b(zi)
2 ≤ b(z) ≤ 2b(zi) for every z ∈ 200KQri (zi). Now we consider two cases: either

a(zi)λ
q
i ≤ b(zi)λ

s
i or a(zi)λ

q
i ≥ b(zi)λ

s
i . The first case corresponds to case III and the second case corresponds to

case II and we arrive at the same conclusion.

Now we prove a parabolic Poincaré-type result.

Lemma 3.3. Let U = Br1 × ℓr2 be any cylinder defined in (1.9) and (1.10) satisfying Br1 ⊂ BR2 (x0). The the following
estimates hold:
(i) There exists a constant c = c(data) such that

−−∬
U

|vh − (vh)U | dz ≤ c
r2
r1
−−∬
[U]h

(f p−1 + a(z)f q−1 + b(z)f s−1) dz + c(r1 + r2) −−∬
[U]h

f dz. (3.9)

(ii) If in addition ℓr2 ∩ ℓS2 (t0)c ̸= 0, then there exists a constant c = c(data) such that

−−∬
U

|vh| dz ≤ c
r2
r1
−−∬
[U]h

(f p−1 + a(z)f q−1 + b(z)f s−1) dz + c(r1 + r2) −−∬
[U]h

f dz. (3.10)

In addition, the above estimates hold with vh and [U]h replaced by v and U.

Proof. For t1 , t2 ∈ ℓr2 , t1 ≤ t2, let ζδ ∈ W
1,∞
0 (ℓr2 ) be a piecewise linear cut-off function defined by

ζδ(t) =

{{{{{{{{{{{{
{{{{{{{{{{{{
{

0, t ∈ (−∞, t1 − δ),

1 + t − t1
δ

, t ∈ [t1 − δ, t1],

1, t ∈ (t1 , t2),

1 − t − t2
δ

, t ∈ [t2 , t2 + δ],

0, t ∈ (t2 + δ,∞).

Furthermore, let φ ∈ C∞0 (Br1 ) be a nonnegative function satisfying

−∫
Br1

φ dx = 1, ‖∇φ‖∞ ≤
c(n)
r1

, ‖φ‖∞ ≤ c(n).

By taking a test function ψ = φηζζδ ∈ W1,∞
0 (U ∩ UR2 ,S2−h(z0)) in the Steklov averagedweak formulation of (1.1),

where standard cutoff functions η and ζ are defined in Section 3.1, we obtain

∬
U

−[u − u0]h ⋅ φη∂t(ζζδ) dz = ∬
U

[−A( ⋅ , ∇u) +B( ⋅ , F)]h ⋅ ∇ψ dz.

By the definition of f , (1.2) and (1.3), we have

I =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∬
U

−[u − u0]h ⋅ φηζ∂tζδ dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∬
U

[f]h ⋅ ηφζδ∂tζ dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+ c(L)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∬
U

[f p−1 + a( ⋅ )f q−1 + b( ⋅ )f s−1]h ⋅ ∇ψ dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= II + III.

First, we get from Lemma 3.1 that

II ≤ ∬
U

[f]h|∂tζ|‖φ‖∞ dz ≤ c(n, S1 , S2)rn1 r2 −−∬
[U]h

f dz
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and
III ≤ c(L)∬

U

[f p−1 + a( ⋅ )f q−1 + b( ⋅ )f s−1]h|∇ψ| dz

≤ c(L)∬
U

[f p−1 + a( ⋅ )f q−1 + b( ⋅ )f s−1]h|φ∇η + η∇φ| dz

≤ c(L)∬
U

[f p−1 + a( ⋅ )f q−1 + b( ⋅ )f s−1]h(φ + η)|∇η + ∇φ| dz

≤ c(n, L)rn1 r2(
1

R2 − R1
+

1
r1
) −−∬
[U]h

(f p−1 + a(z)f q−1 + b(z)f s−1) dz.

Note that r1 ≤ R2, and hence
1

R2 − R1
+

1
r1
≤ 2max{

R2
R2 − R1

, 1}
1
r1
.

Therefore, we have
III ≤ c(n, L, R1 , R2)rn−11 r2 −−∬

[U]h

(f p−1 + a(z)f q−1 + b(z)f s−1) dz.

Next, we obtain from the one-dimensional Lebesgue differentiation theorem that

lim
δ→0+

I =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
lim
δ→0+
∬
U

[u − u0]h ⋅ φηζ∂tζδ dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫

Br1×{t1}

vhφ dz − ∫
Br1×{t2}

vhφ dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

= |B1|r1n|(vhφ)Br1 (t1) − (vhφ)Br1 (t2)|.

Combining the above inequalities, we conclude that

ess sup
t1 ,t2∈ℓr2
|(vhφ)Br1 (t1) − (vhφ)Br1 (t2)| ≤ cr2 −−∬

[U]h

f dz + cr−11 r2 −−∬
[U]h

(f p−1 + a(z)f q−1 + b(z)f s−1) dz, (3.11)

where c depends only on n, L, S1 , S2 , R1 and R2.
Now, we estimate the left-hand sides of (3.9) and (3.10). First, we prove (3.9). By the standard Poincaré

inequality, we have

−−∬
U

|vh − (vh)U | dz ≤ −−∬
U

|vh − (vh)Br1 | dz + −−∬
U

|(vh)Br1 − (vh)U | dz

≤ c(n)r1 −−∬
U

|∇vh| dz + −−∬
U

|(vh)Br1 − (vh)U | dz.
(3.12)

It follows from the definition of f , Lemma 3.1 and (3.1) that

−−∬
U

|∇vh| dz = −−∬
U

|[∇u]hηζ + [u − u0]h∇ηζ| dz ≤ c(n, R1 , R2) −−∬
[U]h

f dz. (3.13)

Moreover, we obtain

−−∬
U

|(vh)Br1 (τ) − (vh)U | dz = −∫
ℓr2

|(vh)Br1 (τ) − (vh)U | dτ

= −∫
ℓr2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
−∫
ℓr2

(vh)Br1 (τ) − (vh)Br2 (σ) dσ
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dτ

≤ 2 −∫
ℓr2

|(vh)Br1 (τ) − (vhφ)Br1 (τ)| dτ + ess supt1 ,t2∈ℓr2
|(vhφ)Br1 (t1) − (vhφ)Br1 (t2)|.

(3.14)
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To estimate the first term, we use the fact that (φ)Br1 = 1, the standard Poincaré inequality and (3.13) to obtain

−∫
ℓr2

|(vh)Br1 (τ) − (vhφ)Br1 (τ)| dτ = −∫
ℓr2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
(vh)Br1 (τ) −∫

Br1

φ dx − −∫
Br1×{τ}

vhφ dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dτ

= −∫
ℓr2

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
−∫

Br1×{τ}

φ(vh − (vh)Br1 ) dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dτ

≤ c(n)‖φ‖∞r1 −−∬
U

|∇vh| dz

≤ c(n, R1 , R2)r1 −−∬
[U]h

f dz.

(3.15)

Combining (3.11), (3.12), (3.13), (3.14) and (3.15), we have the conclusion.
Finally, we prove (3.10). As in (3.12), we obtain

−−∬
U

|vh| dz ≤ −−∬
U

|vh − (vh)Br1 | dz + −∫
ℓr2

|(vh)Br1 | dτ ≤ cr1 −−∬
U

|∇vh| dz + −∫
ℓr2

|(vh)Br1 | dτ. (3.16)

Then we have
−∫
ℓr2

|(vh)Br1 | dτ ≤ −∫
ℓr2

|(vh)Br1 − (vhφ)Br1 | dt + −∫
ℓr2

|(vhφ)Br1 | dt. (3.17)

Since ℓr2 ∩ ℓS2 (t0)c ̸= 0, there exists t2 ∈ ℓr2 such that t2 ∈ ℓS2 (t0)c . Since ζ ≡ 0 in ℓS2 (t0), we have

−∫
ℓr2

|(vhφ)Br1 | dt ≤ ess supt∈ℓr2
|(vhφ)Br1 (t)| ≤ ess supt1 ,t2∈ℓr2

|(vhφ)Br1 (t1) − (vhφ)Br1 (t2)|. (3.18)

Thus, combining (3.11), (3.13), (3.15), (3.16), (3.17) and (3.18), we have the conclusion.

Next, we recall the boundary version of the Poincaré inequality from [29, Theorem 6.22].

Lemma 3.4. Let Bρ(x0) ⊂ ℝn and Br ⊂ ℝn be balls that satisfy Br ∩ Bρ(x0)c ̸= 0. Assume that v ∈ W
1,η
0 (Bρ(x0))

with 1 < η < ∞. Moreover, let 1 ≤ σ ≤ nη
n−η for 1 < η < n and 1 ≤ σ < ∞ for n ≤ η < ∞. Then there exists a con-

stant c = c(n, η, σ) such that

( −∫
B4r

|v|σ dx)
1
σ

≤ cr( −∫
B4r

|∇v|η dx)
1
η

.

3.3 Poincaré-type inequality for the test function

In this subsection, we prove the Poincaré-type inequality for vh .

Lemma 3.5. Let KiUi be defined in (2.10). Then the following estimates hold:
(i) If KiUi ⊂ UR2 ,S2 (z0), then there exists a constant c such that

−−∬
KiUi

|vh − (vh)KiUi | dz ≤ c(data, Λ)ri , (3.19)

−−∬
KiUi

|v − (v)KiUi | dz ≤ c(data)λiri . (3.20)

(ii) If KiUi ̸⊂ UR2 ,S2 (z0), then there exists a constant c such that

−−∬
KiUi

|vh| dz ≤ c(data, Λ)ri , (3.21)

−−∬
KiUi

|v| dz ≤ c(data)λiri . (3.22)
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Proof. We start by proving (3.20). Note that we assume KiUi ⊂ UR2 ,S2 (z0), and hence we can apply Lemma 3.3
with Q = KiUi . We consider the following cases.

Case I: Ui = Qi . Using Lemma 3.3, we get

−−∬
KiUi

|v − (v)KiUi | dz ≤ cλ
2−p
i ri −−∬

KiUi

(f p−1 + a(z)f q−1 + b(z)f s−1) dz + c(ri + λ
2−p
i r2i ) −−∬

KiUi

f dz.

Since ri ≤ R2 and p ≥ 2, we have

c(ri + λ
2−p
i r2i ) −−∬

KiUi

f dz ≤ c(R2)ri −−∬
KiUi

f dz. (3.23)

Plugging (3.23) in the above estimate, we get

−−∬
KiUi

|v − (v)KiUi | dz ≤ cλ
2−p
i ri −−∬

KiUi

(f p−1 + a(z)f q−1 + b(z)f s−1) dz + cri −−∬
KiUi

f dz. (3.24)

Since Ui = Qi , using K2λpi ≥ a(zi)λ
q
i and K

2λpi ≥ b(zi)λ
s
i , we estimate

−−∬
KiUi

a(z)f q−1 + b(z)f s−1 dz ≤ −−∬
KiUi

|a(z) − a(zi)|f q−1 dz + a(zi) −−∬
KiUi

f q−1 dz

+ −−∬
KiUi

|b(z) − b(zi)|f s−1 dz + b(zi) −−∬
KiUi

f s−1 dz

≤ [a]α(Kiri)α −−∬
KiUi

f q−1 dz + K2λp−qi −−∬
KiUi

f q−1 dz

+ [b]β(Kiri)β −−∬
KiUi

f s−1 dz + K2λp−si −−∬
KiUi

f s−1 dz.

Using Hölder’s inequality and applying (3.6), we further estimate

−−∬
KiUi

a(z)f q−1 + b(z)f s−1 dz ≤ [a]α(Kiri)α( −−∬
KiUi

f s−1 dz)
q−1
s−1

+ K2λp−qi ( −−∬
KiUi

f s−1 dz)
q−1
s−1

+ [b]β(Kiri)βλs−1i + K
2λp−si λs−1i

≤ [a]α(Kiri)αλ
q−1
i + [b]β(Kiri)

βλs−1i + 2K
2λp−1i

≤ cλp−1i ,

where the last inequality follows from Lemma 2.18 (ix). Plugging the above estimate in (3.24), we obtain

−−∬
KiUi

|v − (v)KiUi | dz ≤ c(data)λiri .

Case II: Ui = Q
q
i . Note that, in this case we have K

2λpi < a(zi)λ
q
i and K

2λpi ≥ b(zi)λ
s
i . Using Lemma 3.3, we get

−−∬
KiUi

|v − (v)KiUi | dz ≤ c
λ2i ri

gq(zi , λi)
−−∬
KiUi

(f p−1 + a(z)f q−1 + b(z)f s−1) dz
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

J1

+ c(ri +
λ2i r

2
i

gq(zi , λi)
) −−∬
KiUi

f dz
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

J2

.

Note that J2 can be estimated as previous since gq(zi , λi) > λ
p
i . Now we estimate J1. First we note that, from

Lemma 2.4 we have a(zi)
2 ≤ a(z) ≤ 2a(zi) and [b]β(50Kri)

βλsi ≤ (K
2 − 1)λpi . Hence we have

J1 ≤
λ2i ri
λpi
−−∬
KiUi

f p−1 dz +
λ2i ri

a(zi)λ
q
i
−−∬
KiUi

a(z)f q−1 dz +
λ2i ri
λpi
−−∬
KiUi

b(z)f s−1 dz

≤ cλiri +
2λ2i ri
λqi
−−∬
KiUi

f q−1 dz +
λ2i ri
λpi
([b]β(Kiri)β −−∬

KiUi

f s−1 dz + K2λp−si −−∬
KiUi

f s−1 dz) ≤ cλiri .

The last part of the above calculation follows from Case I.
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Case III: Ui = Qs
i . Note that, in this case we have K

2λpi ≥ a(zi)λ
q
i and K

2λpi < b(zi)λ
s
i . Using Lemma 3.3, we get

−−∬
KiUi

|v − (v)KiUi | dz ≤ c
λ2i ri

gs(zi , λi)
−−∬
KiUi

(f p−1 + a(z)f q−1 + b(z)f s−1) dz
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

J3

+ c(ri +
λ2i r

2
i

gs(zi , λi)
) −−∬
KiUi

f dz
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

J4

.

The estimates of J3 and J4 are similar to Case II. We use the Hölder regularity of a(z) and bounds on b(z), i.e.,
b(zi)
2 ≤ b(z) ≤ 2b(zi), and we can arrive at the same conclusion.

Case IV: Ui = Q
q,s
i . In this case, we have K2λpi < a(zi)λ

q
i and K

2λpi < b(zi)λ
s
i . and again using Lemma 3.3, we get

−−∬
KiUi

|v − (v)KiUi | dz ≤ c
λ2i ri

gq,s(zi , λi)
−−∬
KiUi

(f p−1 + a(z)f q−1 + b(z)f s−1) dz
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

J5

+ c(ri +
λ2i r

2
i

gq,s(zi , λi)
) −−∬
KiUi

f dz
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

J6

.

From Lemma 2.18 (x), we have a(zi)
2 ≤ a(z) ≤ 2a(zi) and

b(zi)
2 ≤ b(z) ≤ 2b(zi) for every z ∈ 200KQri (zi). The esti-

mate of J6 is same as previous as λ
p
i + a(zi)λ

q
i + b(zi)λ

s
i > λ

p
i . Next, we estimate J5. Then we have

J5 ≤
λ2i ri
λpi
−−∬
KiUi

f p−1 dz +
λ2i ri

a(zi)λ
q
i
−−∬
KiUi

a(z)f q−1 dz +
λ2i ri

b(zi)λsi
−−∬
KiUi

b(z)f s−1 dz

≤
λ2i ri
λpi
−−∬
KiUi

f p−1 dz +
2λ2i ri
λqi
−−∬
KiUi

f q−1 dz +
2λ2i ri
λsi
−−∬
KiUi

f s−1 dz

≤ cλiri ,

where the last inequality follows from (3.6). This completes the proof of (3.20).
Nowweprove (3.22). If KiUi ̸⊂ UR2 ,S2 (z0), then either KiBi ⊂ BR2 (x0) and Ki Ii ∩ lcS2 (t0) ̸= 0, or KiBi ∩ B

c
R2 ̸= 0.

In the first case, we may apply (3.10) of Lemma 3.3. Note that, since the right-hand side of (3.9) and (3.10) are the
same, the proof follows from the previous case. In the second case, we apply Lemma 3.4 with σ = 1 and η = d
since v( ⋅ , t) ∈ W1,d

0 (BR2 (x0),ℝN). Indeed, we have

−−∬
KiUi

|v| dz ≤ cri( −−∬
4KiUi

|∇v|d dz)
1
d

and using |∇v| ≤ cf , and (3.6) we obtain

( −−∬
4KiUi

|∇v|d dz)
1
d

≤ c( −−∬
4KiUi

f d dz)
1
d

≤ cλi ,

which completes the proof of (3.22).
Next, we focus on the estimates involving Steklov averages, i.e., (3.19) and (3.21). If KiUi ⊂ UR2 ,S2 (z0), then

from Lemma 3.3, we get

−−∬
KiUi

|vh − (vh)KiUi | dz ≤ c
|Ii|
ri
−−∬
[KiUi]h

(f p−1 + a(z)f q−1 + b(z)f s−1) dz + c(|Ii| + ri) −−∬
[KiUi]h

f dz.

We note that |Ii| ≤ r2i ≤ riR2 and a(z) ≤ ‖a‖∞ , b(z) ≤ ‖b‖∞. Moreover, we observe that for small h > 0, [KiUi]h
may intersect E(Λ), i.e., [KiUi]h ∩ E(Λ) ̸= 0. Using these observations and applying (3.5), we obtain

−−∬
KiUi

|vh − (vh)KiUi | dz ≤ cri −−∬
[KiUi]h

f p−1 dz + cri‖a‖∞ −−∬
[KiUi]h

f q−1 dz + cri‖b‖∞ −−∬
[KiUi]h

f s−1 dz

≤ criΛ
p−1
p + cri‖a‖∞( −−∬

[KiUi]h

f s−1 dz)
q−1
s−1

+ cri‖b‖∞Λ
s−1
p

≤ cri(Λ
p−1
p + ‖a‖∞Λ

q−1
p + ‖b‖∞Λ

s−1
p ) = c(data, Λ)ri .
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This completes the proof of (3.19). To prove (3.21) in the case KiBi ⊂ BR2 (x0) and Ki Ii ∩ lcS2 ̸= 0, we need to
estimate (3.10) which is the same as estimating (3.9). When KiBi ∩ BR2 ̸= 0, we may apply Lemma 3.4 to get

−−∬
KiUi

|vh| dz ≤ cri( −−∬
4KiUi

|∇vh|d dz)
1
d

.

Now using Lemma 3.1 and (3.5), we estimate the right-hand side of the above expression as

( −−∬
4KiUi

|∇vh|d dz)
1
d

≤ c( −−∬
[4KiUi]h

|∇v|ddz)
1
d

≤ c( −−∬
[4KiUi]h

f d dz)
1
d

≤ cΛ
1
p ,

which gives the proof of (3.21).

Corollary 3.6. We have the following estimates on vih , v
j
h and v

i , vj for every i ∈ ℕ and j ∈ I :
(i)

−−∬
2
K Ui

|v − vi| dz ≤ c(data)λiri , (3.25)

(ii)
−−∬
2
K Ui

|vh − vih| dz ≤ c(data, Λ)ri , (3.26)

(iii)
|vih − v

j
h| ≤ c(data, Λ)ri , (3.27)

(iv)
|vi − vj| ≤ c(data)λiri . (3.28)

Proof. We start by proving (i). Indeed, we obtain

−−∬
2
K Ui

|v − vi| dz ≤ −−∬
2
K Ui

|v − (v)KiUi | dz + −−∬
2
K Ui

|(v)KiUi − (v) 2K Ui | dz

≤ c −−∬
KiUi

|v − (v)KiUi | dz.

If KiUi ⊂ UR2 ,S2 (z0), then from (3.20) we get

−−∬
2
K Ui

|v − vi| dz ≤ c −−∬
KiUi

|v − (v)KiUi | dz ≤ c(data)λiri .

If KiUi ̸⊂ UR2 ,S2 (z0), from (3.22) we have

−−∬
2
K Ui

|v − vi| dz ≤ 2 −−∬
2
K Ui

|v| dz ≤ c −−∬
KiUi

|v| dz ≤ cλiri .

The proof of (ii) follows from (3.19) and (3.21) as above. Now, let us prove (iv) and the proof of (iii) is similar. First,
we assume KiUi , KjUj ⊂ UR2 ,S2 (z0). Using Lemma 2.18 (vii) and (viii), we estimate

|vi − vj| ≤ |vi − (v)KiUi | + |vj − (v)KiUi |

=
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
−−∬
2
K Ui

v − (v)KiUi dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
+
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
−−∬
2
K Uj

v − (v)KiUi dz
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

≤ c −−∬
KiUi

|v − (v)KiUi | dz ≤ cλiri ,
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where the last inequality follows from (3.20). On the other hand, let KiUi ̸⊂ UR2 ,S2 (z0). In this case, again using
Lemma 2.18 (vii) and (viii), we obtain

|vi − vj| ≤ −−∬
2
K Ui

|v| dz + −−∬
2
K Uj

|v| dz ≤ c −−∬
KiUi

|v| dz ≤ cλiri .

The other case KjUj ̸⊂ UR2 ,S2 (z0) follows from the fact that ri , rj and λi , λj are comparable.

3.4 Bounds on Lipschitz truncation and its derivatives

In this subsection, we show that vΛh , v
Λ and their gradients are bounded.

Lemma 3.7. We have |vΛh (z)| ≤ c(data, Λ) and |v
Λ(z)| ≤ c(data)λi for every z ∈ Ui .

Proof. Fix z ∈ Ui . Then, for each j ∈ I, we obtain from Lemma 2.18 (viii), Lemma 3.2 and the definition of vj that

|vj| ≤ −−∬
2
K Uj

|v| dz ≤ c −−∬
KiUi

f dz ≤ cλi .

Moreover, we have from Lemma 2.19 that

vΛ(z) = ∑
j∈ℕ

vjωj(z) = ∑
j∈I
vjωj(z). (3.29)

Therefore, we conclude from Lemma 2.18 (xi) and Lemma 2.19 that

|vΛ(z)| ≤ ∑
j∈I
|vj||ωj(z)| ≤ ∑

j∈I
|vj| ≤ cλi .

On the other hand, for each j ∈ I, we get from Lemma 3.1 and Lemma 3.2 that

|vih| ≤ −−∬
2
K Ui

|vh(z)| dz ≤ c −−∬
2
K [Ui]h

f dz ≤ c(data, Λ).

As in (3.29), we have
vΛh (z) = ∑

j∈I
vjhωj(z), (3.30)

and hence we have the conclusion.

Lemma 3.8. For any z ∈ Ui , we have

|∇vΛh (z)| ≤ c(data, Λ) and |∇vΛ(z)| ≤ c(data)λi . (3.31)

Furthermore, we have
|∂tvΛh (z)| ≤ c(data, Λ)r

−1
i (3.32)

and

|∂tvΛ(z)| ≤

{{{{{{
{{{{{{
{

c(data)r−1i λ
p−1
i if Ui = Qi ,

c(data)r−1i gq(zi , λi)λ
−1
i if Ui = Q

q
i ,

c(data)r−1i gs(zi , λi)λ
−1
i if Ui = Qsi ,

c(data)r−1i Λλ−1i if Ui = Q
q,s
i .

(3.33)

Proof. Fix z ∈ Ui . Then, by (3.29) and (3.30), we get

∇vΛh (z) = ∇(∑
j∈I
vjhωj(z)) = ∑

j∈I
vjh∇ωj(z)

and
∇vΛ(z) = ∑

j∈I
vj∇ωj(z).
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Note that Lemma 2.19 implies

0 = ∇( ∑
j∈ℕ

ωj(z)) = ∇(∑
j∈I
ωj(z)) = ∑

j∈I
∇ωj(z).

Thus, we get from Lemma 2.18 (xi), Lemma 2.19 and Corollary 3.6 that

|∇vΛh (z)| =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∑
j∈I
(vjh − v

i
h)∇ωj(z)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ ∑
j∈I
|vjh − v

i
h||∇ωj| ≤ c(data, Λ)

and
|∇vΛ(z)| ≤ ∑

j∈I
|vj − vi||∇ωj| ≤ c(data)λi .

Next, by the above arguments, we get

∂tvΛh (z) = ∑
j∈I
vjh∂tωj(z) = ∑

j∈I
(vjh − v

i
h)∂tωj(z)

and
∂tvΛ(z) = ∑

j∈I
vj∂tωj(z) = ∑

j∈I
(vj − vi)∂tωj(z).

Therefore, by Lemma 2.18 (xi), Lemma 2.19 and Corollary 3.6, we have the conclusion.

Lemma 3.9. Let E(Λ) be defined as in (2.2). Then vΛh , v
Λ , the Lipschitz truncation defined in (3.3)–(3.4), satisfies

the following estimates:
(i)

∬
E(Λ)c

|vh − vΛh ||∂tv
Λ
h | dz ≤ c(data, Λ)|E(Λ)

c|,

(ii)
∬
E(Λ)c

|v − vΛ||∂tvΛ| dz ≤ c(data)Λ|E(Λ)c|,

(iii)
H(z, |vΛ|) + H(z, |∇vΛ|) ≤ c(data)Λ

for almost every z ∈ ℝn+1.

Proof. We start with proving (i):

∬
E(Λ)c

|vh − vΛh ||∂tv
Λ
h | dz ≤ ∬

E(Λ)c
∑
i∈ℕ
|vh − vih||ωi||∂tv

Λ
h | dz (3.34)

≤ ∑
i∈ℕ
∬
2
K Ui

|vh − vih||ωi||∂tv
Λ
h | dz

≤ ∑
i∈ℕ
‖∂tvΛh‖L∞( 2K Ui)∬

2
K Ui

|vh − vih| dz. (3.35)

Now using Corollary 3.6 (ii) and (3.32), we can estimate the last term of the above inequality to obtain

∬
E(Λ)c

|vh − vΛh ||∂tv
Λ
h | dz ≤ c ∑

i∈ℕ
|Ui| = c ∑

i∈ℕ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1
6K6 Ui
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= c(data, Λ)|E(Λ)c|.

The proof of (ii) can be obtained similarly. To prove (iii), first let z ∈ E(Λ). In this case,

|vΛ(z)|p + a(z)|vΛ(z)|q + b(z)|vΛ(z)|s + |∇vΛ(z)|p + a(z)|∇vΛ(z)|q + b(z)|∇vΛ(z)|s

= |v(z)|p + a(z)|v(z)|q + b(z)|v(z)|s + |∇v(z)|p + a(z)|∇v(z)|q + b(z)|∇v(z)|s

≤ (f p + a(z)f q + b(z)f s) ≤ cΛ.
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Now let us consider z ∈ E(Λ)c . Then z ∈ Ui for some i ∈ ℕ. Using Lemma 3.7 and Lemma 3.8, we get

|vΛ(z)|p + a(z)|vΛ(z)|q + b(z)|vΛ(z)|s + |∇vΛ(z)|p + a(z)|∇vΛ(z)|q + b(z)|∇vΛ(z)|s

≤ c(λpi + a(z)λ
q
i + b(z)λ

s
i ).

Case I: Ui = Qi . Using the Hölder regularity of a(z) and b(z), and Lemma 2.18, (ix) we obtain

λpi + a(z)λ
q
i + b(z)λ

s
i ≤ λ

p
i + a(zi)λ

q
i + [a]αr

α
i λ

q
i + b(zi)λ

s
i + [b]βr

β
i λ

s
i

≤ c(λpi + a(zi)λ
q
i + b(zi)λ

s
i ) = cΛ.

Case II: Ui = Q
q
i . In this case, we use Lemma 2.4 to get

λpi + a(z)λ
q
i + b(z)λ

s
i ≤ λ

p
i + 2a(zi)λ

q
i + b(zi)λ

s
i + [b]βr

β
i λ

s
i

≤ c(λpi + a(zi)λ
q
i + b(zi)λ

s
i ) = cΛ.

Case III: Ui = Qs
i . In this case, we use Lemma 2.3 to get

λpi + a(z)λ
q
i + b(z)λ

s
i ≤ λ

p
i + a(zi)λ

q
i + 2b(zi)λ

s
i + [a]αr

α
i λ

q
i

≤ c(λpi + a(zi)λ
q
i + b(zi)λ

s
i ) = cΛ.

Case IV: Ui = Q
q,s
i . In this case we use Lemma 2.2 and obtain

λpi + a(z)λ
q
i + b(z)λ

s
i ≤ λ

p
i + 2a(zi)λ

q
i + 2b(zi)λ

s
i ≤ 2Λ.

This completes the proof.

3.5 Lipschitz regularity of vΛh
In this subsection, we show that vΛh is Lipschitz continuous with respect to the metric

dλp (z, w) = max{|x − y|,√λp−2|t − s|},

where z, w ∈ UR2 ,S2 (z0) with z = (x, t) and w = (y, s) and λ is chosen such that Λ = λp + ‖a‖∞λq + ‖b‖∞λs . Let
us recall the definition of Ql,λ(w), that is,

Ql,λ(w) := Bl(y) × (s − λ2−p l2 , s + λ2−p l2).

Lemma 3.10 (Campanato characterization). Assume that f ∈ L1loc(ℝ
n+1). Then there exist a constant c = c(n) and

a set E ⊂ ℝn+1 with |E| = 0 such that

|f(z) − f(w)| ≤ c(n) dλp (z, w) sup
l>0
−−∬

Ql,λ(w)

|f(w̃) − (f)Ql,λ(w)|
l

dw̃ + c(n) dλp (z, w) sup
l>0
−−∬

Ql,λ(z)

|f(z̃) − (f)Ql,λ(z)|
l

dz̃

for every z, w ∈ ℝn+1 \ E.

Proof. Since Qdλp (z,w),λ(z) ⊂ Q2dλp (z,w),λ(w), by replacing B(x, r)with Ql,λ(z) and |x − y|with dλp (z, w), and tak-
ing β = 1 in the proof of [29, Lemma 4.13], we obtain that

|f(z) − f(w)| ≤ c(n) dλp (z, w) sup
0<l<4dλp (z,w)

−−∬
Ql,λ(w)

|f(w̃) − (f)Ql,λ(w)|
l

dw̃

+ c(n) dλp (z, w) sup
0<l<4dλp (z,w)

−−∬
Ql,λ(z)

|f(z̃) − (f)Ql,λ(z)|
l

dz̃

≤ c(n) dλp (z, w) sup
l>0
−−∬

Ql,λ(w)

|f(w̃) − (f)Ql,λ(w)|
l

dw̃

+ c(n) dλp (z, w) sup
l>0
−−∬

Ql,λ(z)

|f(z̃) − (f)Ql,λ(z)|
l

dz̃.

This completes the proof.
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We remark that the above conclusion holds for every z, w ∈ ℝn+1 by [29, Remark 4.14]. Now we are ready to
prove the Lipschitz regularity of vΛh .

Lemma 3.11. There exists a constant cΛ = c(data, Λ) such that

|vΛh (z) − v
Λ
h (w)| ≤ cΛdλp (z, w)

for every z, w ∈ ℝn+1.

Proof. We first note that, since λi ≥ λ from the definition of d, we have

dλp (z, w) ≤ di(z, w) for all i ∈ ℕ. (3.36)

Applying Lemma 3.10, we get

|vΛh (z) − v
Λ
h (w)| ≤ c(n)dλp (z, w) sup

l>0
−−∬

Ql,λ(w)

|vΛh (w̃) − (v
Λ
h )Ql,λ(w)|

l
dw̃

+ c(n)dλp (z, w) sup
l>0
−−∬

Ql,λ(z)

|vΛh (z̃) − (v
Λ
h )Ql,λ(z)|

l
dz̃.

(3.37)

Note that vΛh ∈ L
1
loc(ℝ

n+1). Therefore from (3.37), it is enough to show that there exists a constant cΛ = cΛ(data, Λ)
such that

−−∬
Ql,λ(w)

|vΛh (w̃) − (v
Λ
h )Ql,λ(w)|

l
dw̃ ≤ cΛ for all Ql,λ(w) ⊂ ℝn+1 . (3.38)

We fix the cube Ql,λ(w) and prove the above estimate (3.38) when 2Ql,λ(w) completely lies on the bad set E(Λ)c ,
or Ql,λ(w) lies inside the bad set E(Λ)c , but 2Ql,λ(w)meets the good set E(Λ) or both Ql,λ(w) and 2Ql,λ(w)meets
the good set E(Λ).

Case 1: 2Ql,λ(ω) ⊂ E(Λ)c . Let z ∈ Ql,λ(ω). Then, by Lemma 2.18 (i) there exists i ∈ ℕ such that z ∈ Ui . Using (3.36),
we have

l ≤ dλp (z, E(Λ)) ≤ dλp (z, zi) + dλp (zi , E(Λ)) ≤ di(z, zi) + di(zi , E(Λ)).

Here, zi is the center of Ui . Since Ui is a ball of radius ri with respect to the metric di( ⋅ , ⋅ ), we get from Lem-
ma 2.18 (iv) that

l ≤ di(z, zi) + di(zi , E(Λ)) ≤ ri + 5ri = 6ri .

Lemma 3.8 implies the uniform estimate

|∂tvΛh (z)| ≤ c(data, Λ)r
−1
i ≤ c(data, Λ)l

−1 (3.39)

for all z ∈ Ql,λ(w).
To prove (3.38), let z1 , z2 ∈ Ql,λ(w) with z1 = (x1 , t1) and z2 = (x2 , t2). Since vΛh ∈ C

∞(E(Λ)c ,ℝN) and
Ql,λ(w) ⊂ E(Λ)c , by the intermediate value theorem, (3.31) and (3.39), we have

|vΛh (z1) − v
Λ
h (z2)| ≤ |v

Λ
h (x1 , t1) − v

Λ
h (x2 , t1)| + |v

Λ
h (x2 , t1) − v

Λ
h (x2 , t2)|

≤ cl sup
z∈Ql,λ(ω)
|∇vΛh (z)| + cλ

2−p l2 sup
z∈Ql,λ(ω)
|∂tvΛh (z)| ≤ c(data, Λ)l.

Thus, we conclude

−−∬
Ql,λ(w)

|vΛh − (v
Λ
h )Ql,λ(w)|
l

dw̃ ≤ −−∬
Ql,λ(w)

−−∬
Ql,λ(w)

|vΛh (z1) − v
Λ
h (z2)|

l
dz2 dz1 ≤ cΛ(data, Λ).

Case 2: 2Ql,λ(w) ∩ E(Λ) ̸= 0 and Ql,λ(w) ∩ E(Λ)c = 0. In this case vΛh = vh and hence

−−∬
Ql,λ(ω)

|vΛh − (v
Λ
h )Ql,λ(w)|
l

dw̃ = −−∬
Ql,λ(ω)

|vh − (vh)Ql,λ(w)|
l

dw̃.
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We denote w = (y, s). If Bl(y) ⊂ BR2 (x0), then l ≤ R2 is satisfied and Lemma 3.2 and Lemma 3.3 imply that

−−∬
Ql,λ(w)

|vh − (vh)Ql,λ(w)|
l

dw̃ ≤ c(data, Λ)(λ2−p + λ2−p l + 1) ≤ c(data, Λ).

On the other hand, if Bl(y) ̸⊂ BR2 (x0), we apply Lemma 3.4 with σ = 1 and η = d to get

−−∬
Ql,λ(w)

|vh − (vh)Ql,λ(w)|
l

dw̃ ≤ 2 −−∬
Ql,λ(w)

|vh|
l
dw̃ ≤ c −−∬

4Ql,λ(w)

|∇vh| dw̃.

Recalling that in this case 2Ql,λ(w) ∩ E(Λ) ̸= 0, we conclude with Lemma 3.2 that

−−∬
4Ql,λ(w)

|∇vh| dw̃ ≤ c −−∬
[4Ql,λ(w)]h

f dw̃ ≤ c(data, Λ).

Case 3: 2Ql,λ(w) ∩ E(Λ) ̸= 0 and Ql,λ ∩ E(Λ) ̸= 0. We define the index set

P = {i ∈ ℕ : Ql,λ(w) ∩
2
K
Ui ̸= 0}.

Wewant to show that the radii ri are bounded uniformly by lwith respect to i ∈ P. Let i ∈ P,w1 ∈ Ql,λ(w) ∩ 2
K Ui

and w2 ∈ 2Ql,λ(w) ∩ E(Λ) with w1 = (y1 , s1) and w2 = (y2 , s2). By Lemma 2.18 (iii) and w1 ∈ 2
K Ui , we obtain

3r1 ≤ di(Ui , E(Λ)) ≤ di(zi , w2) ≤ di(zi , w1) + di(w1 , w2) ≤ 2ri + di(w1 , w2),

and hence ri ≤ di(w1 , w2). Moreover, since λ ≤ λi and w1 , w2 ∈ 2Ql,λ(w), we get

di(w1 , w2) ≤ max{|y1 − y2|,√Λλ−2i |s1 − s2|}

≤ Λ
1
2 max{|y1 − y2|,√λp−2|s1 − s2|}

= Λ
1
2 dλp (w1 , w2) ≤ 4Λ

1
2 l.

Thus, we have ri ≤ c(Λ)l.
Note that

−−∬
Ql,λ(w)

|vΛh − (v
Λ
h )Ql,λ(w)|
l

dw̃ ≤ 2 −−∬
Ql,λ(w)

|vΛh − (vh)Ql,λ(w)|
l

dw̃

≤ 2 −−∬
Ql,λ(w)

|vΛh − vh|
l

dw̃ + 2 −−∬
Ql,λ(w)

|vh − (vh)Ql,λ(w)|
l

dw̃.

As in Case 2, we can estimate the second term on the right-hand side. To estimate the first term, we obtain from
the definition of vΛh and the fact that wi is supported in 2

K Ui that

−−∬
Ql,λ(w)

|vΛh − vh|
l

dw̃ = −−∬
Ql,λ(w)

| ∑i∈P(vh − vih)wi|
l

dw̃

≤ −−∬
Ql,λ(w)

∑
i∈P

|vh − vih|wi

l
dw̃

=
1
|Ql,λ(w)|

∑
i∈P
∬

Qi,λ(w)∩ 2K Ui

|vh − vih|wi

l
dw̃.

Since wi ≤ 1 and ri ≤ c(Λ)l, we have

1
|Ql,λ(w)|

∑
i∈P
∬

Qi,λ(w)∩ 2K Ui

|vh − vih|wi

l
dw̃ ≤ c(Λ)
|Ql,λ(w)|

∑
i∈P
∬
2
K Ui

|vh − vih|
ri

dw̃.
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Combining the previous inequalities with (3.25), we obtain

−−∬
Ql,λ(w)

|vΛh − vh|
l

dw̃ ≤ c(data, Λ)
|Ql,λ(w)|

∑
i∈P
|Ui|.

Since ri ≤ c(Λ)l, we get Ui ⊂ c(data, Λ)Qi,Λ(w) for every i ∈ P. By Lemma 2.18 (ii), we have that

−−∬
Ql,λ(w)

|vΛh − vh|
l

dw̃ ≤ c(data, Λ)
|Ql,λ(w)|

∑
i∈P

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1
6K6 Ui
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤ c(data, Λ).

Thus, the proof is completed.

Corollary 3.12. Let E(Λ) be defined in (2.2). Then vh satisfies the estimate

H(z, |vΛh (z)|) + H(z, |∇v
Λ
h (z)|) ≤ c(data, Λ) for a.e. z ∈ ℝn+1 .

Proof. Since vΛh (z) = 0 in UR2 ,S2 (z0)c and vΛh is Lipschitz continuous for almost every z ∈ ℝn+1, we get that
|vΛh (z)| ≤ c(data, Λ) and |∇v

Λ
h (z)| ≤ c(data, Λ) for almost every z ∈ ℝ

n+1. Then we have

|vΛh (z)|
p + a(z)|vΛh (z)|

q + b(z)|vΛh (z)|
s + |∇vΛh (z)|

p + a(z)|∇vΛh (z)|
q + b(z)|∇vΛh (z)|

s

≤ c(data, Λ)(1 + ‖a‖∞ + ‖b‖∞).

This completes the proof.

3.6 Some more properties of Lipschitz truncation

In the following proposition, we collect some more properties of Lipschitz truncation.

Proposition 3.13. Let E(Λ) be as in (2.2), and let η, ζ be the cut-off functions. Then {vΛh }h>0 and a function v
Λ satisfy

the following properties:
(i) vΛh ∈ W

1,2
0 (supp(ζ); L2(supp(η),ℝN)) ∩ L∞(supp(ζ);W

1,∞
0 (supp(η),ℝN)).

(ii) vΛ ∈ L∞(supp(ζ) + h0;W1,∞
0 (supp(η),ℝN)).

(iii) vΛh = vh , v
Λ = v, ∇vΛh = ∇vh , ∇v

Λ = ∇v a.e. in E(Λ).
(iv) vΛh → vΛ in L∞(Ω,ℝN) as h → 0+, taking a subsequence if necessary.
(v) ∇vΛh → ∇v

Λ and ∂tvΛh → ∂tvΛ a.e. in E(Λ)c as h → 0+.

Proof. To show (i), we first note from Definition 1.1 and the definition of Steklov averages that

vh ∈ W1,2
0 (supp(ζ); L

2(supp(η),ℝN)).

Moreover, the definition of vΛh in (3.3) only matters for finite sum since |I| ≤ c. Therefore, together with
Lemma 3.11, we complete the proof of (i).

The proof of (ii) is obvious from Lemma 3.9 (iii). Indeed, we have |vΛ(z)| ≤ cΛ
1
p and |∇vΛ(z)| ≤ cΛ

1
p for

all z ∈ ℝn+1.
The proof of (iii) follows from the definitions (3.3) and (3.4). In fact, since ωi(z) = 0 for z ∈ E(Λ), we have

the proof.
Since vΛh (z) = 0 for z ∈ U

c
R2 ,S2 (z0), using Lemma 3.11 we see that {v

Λ
h }h>0 is equicontinuous and uniformly

bounded. By the properties of Steklov averages, we already have vΛh → vΛ as h → 0+. Hence, by Arzela–Ascoli
theorem, we get vΛh → vΛ in L∞(Ω,ℝN). This proves (iv).

The proof of (v) follows from vih → vi as h → 0 and the expressions computed in Lemma 3.8.

4 Proof of energy estimate

In this section, we prove the energy estimate in Theorem 1.2 using the Lipschitz truncation vΛh .
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4.1 Proof of Theorem 1.2

We closely follow the proof of [28, Subsection 5.1]. For τ ∈ ℓS2−h(t0) and sufficiently small δ > 0, let

ζδ(t) =
{{{{
{{{{
{

1, t ∈ (−∞, τ − δ),

1 − t − τ + δ
δ

, t ∈ [τ − δ, τ],

0, t ∈ (τ, t0 + S2 − h).

Note that, by Proposition 3.13 (i), vΛhη
sζζδ( ⋅ , t) ∈ W1,∞

0 (BR2 (x0),ℝN) for every t ∈ ℓS2−h(t0). Using this function
as the test function of the Steklov averaged weak formulation in (1.1), we obtain

I + II = ∬
UR2 ,S2 (z0)

∂t[u − u0]h ⋅ vΛhη
sζζδ dz + ∬

UR2 ,S2 (z0)

[A(z, ∇u)]h ⋅ ∇(vΛhη
sζζδ) dz

= ∬
UR2 ,S2 (z0)

[B(z, F)]h ⋅ ∇(vΛhη
sζζδ) dz = III.

Now we estimate the each term above by dividing the integral domain into E(Λ) and E(Λ)c .

Estimate of I. By integration by parts and the product rule, we obtain

I = ∬
UR2 ,S2 (z0)

(−vh ⋅ vΛhη
s−1∂tζδ − vh ⋅ ∂tvΛhη

s−1ζδ) dz + ∬
UR2 ,S2 (z0)

−[u − u0]h ⋅ vΛhη
sζδ∂tζ dz = I1 + I2 .

First, we consider I1. Then we have

I1 = ∬
UR2 ,S2 (z0)

−|vh|2ηs−1∂tζδ dz + ∬
UR2 ,S2 (z0)

vh ⋅ (vh − vΛh )η
s−1∂tζδ dz

− ∬
UR2 ,S2 (z0)

(vh − vΛh ) ⋅ ∂tv
Λ
hη

s−1ζδ dz − ∬
UR2 ,S2 (z0)

vΛh ⋅ ∂tv
Λ
hη

s−1ζδ dz.

Note that integration by parts implies

∬
UR2 ,S2 (z0)

vΛh ⋅ ∂tv
Λ
hη

s−1ζδ dz = −
1
2
∬

UR2 ,S2 (z0)

|vΛh |
2ηs−1∂tζδ dz.

Since vΛh = vh a.e. in E(Λ) and vh = v
Λ
h = 0 in UR2 ,S2 (z0)

c , we obtain

I1 = ∬
UR2 ,S2 (z0)

−(|vh|2 −
1
2
|vΛh |

2)ηs−1∂tζδ dz + ∬
E(Λ)c

vh ⋅ (vh − vΛh )η
s−1∂tζδ dz − ∬

E(Λ)c

(vh − vΛh ) ⋅ ∂tv
Λ
hη

s−1ζδ dz.

Letting h → 0+, we obtain from the properties of Steklov averages, Proposition 3.13 (iv) and Lemma 3.9 (i) that

lim
h→0+

I1 = ∬
UR2 ,S2 (z0)

−(|v|2 − 1
2
|vΛ|2)ηs−1∂tζδ dz + ∬

E(Λ)c

v ⋅ (v − vΛ)ηs−1∂tζδ dz − ∬
E(Λ)c

(v − vΛ) ⋅ ∂tvΛηs−1ζδ dz

= I11 + I12 + I13 .

Since the Lipschitz truncation is done only in the bad set E(Λ)c , we get

I11 = ∬
E(Λ)

−
1
2
|v|2ηs−1∂tζδ dz − ∬

E(Λ)c
(|v|2 − 1

2
|vΛ|c)ηs−1∂tζδ dz

Since v ∈ L2(UR2 ,S2 (z0),ℝN), we obtain from the absolute continuity, Lemma 3.9 (iii) and (2.3) that

lim
Λ→∞

I11 = ∬
UR2 ,S2 (z0)

−
1
2
|v|2ηs−1∂tζδ dz.
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For the same reason, we also have limΛ→∞ I12 = 0. Finally, Lemma 3.9 (ii) and (2.3) imply that limΛ→∞ I13 = 0.
Thus, we have

lim
Λ→∞

lim
h→0+

I1 = ∬
UR2 ,S2 (z0)

−
1
2
|v|2ηs−1∂tζδ dz.

Now, we estimate I2. By the properties of Steklov averages and Proposition 3.13 (iv) and by dividing into the
good and bad sets, we get

lim
h→0

I2 = − ∬
UR2 ,S2 (z0)

(u − u0) ⋅ vΛηsζδ∂tζ dz

≥ − ∬
UR2 ,S2 (z0)∩E(Λ)

|u − u0|2|∂tζ| dz − ∬
E(Λ)c

|u − u0||vΛ||∂tζ| dz.

Then Hölder’s inequality implies

∬
E(Λ)c

|u − u0||vΛ||∂tζ| dz ≤ ( ∬
UR2 ,S2 (z0)∩E(Λ)c

|u − u0|2|∂tζ|2 dz)
1
2

( ∬
E(Λ)c

|vΛ|2 dz)
1
2

.

Since |u| ∈ L2(ΩT ), the first integral vanishes as Λ →∞. By Lemma 3.9 (iii) and (2.3), we get

lim
Λ→∞
∬
E(Λ)c

|vΛ|2 dz ≤ lim
Λ→∞

cΛ
2
p |E(Λ)c| ≤ lim

Λ→∞
cΛ|E(Λ)c| = 0.

Thus, we get
lim
Λ→∞

lim
h→0+

I2 ≥ − ∬
UR2 ,S2 (z0)

|u − u0|2|∂tζ| dz,

and hence we conclude

lim
Λ→∞

lim
h→0+

I ≥ ∬
UR2 ,S2 (z0)

−
1
2
|v|2ηs−1∂tζδ dz − ∬

UR2 ,S2 (z0)

|u − u0|2|∂tζ| dz.

Estimate of II. As in [28], we obtain

lim
h→0+

II = ∬
UR2 ,S2 (z0)∩E(Λ)

A(z, ∇u) ⋅ ∇((u − u0)ηs+1ζ2ζδ) dz + ∬
UR2 ,S2 (z0)∩E(Λ)c

A(z, ∇u) ⋅ ∇(vΛηsζζδ) dz = II1 + II2 .

Since the integral within the good set does not contain Λ, letting Λ →∞, we see from (1.2) and (3.1) that

lim
Λ→∞

lim
h→0+

II1 = ∬
UR2 ,S2 (z0)

(A(z, ∇u) ⋅ ∇u)ηs+1ζ2ζδ dz + ∬
UR2 ,S2 (z0)

A(z, ∇u) ⋅ (u − u0)∇(ηs+1)ζ2ζδ dz

≥ c ∬
UR2 ,S2 (z0)

(|∇u|p + a(z)|∇u|q + b(z)|∇u|s)ηs+1ζ2ζδ dz

− c ∬
UR2 ,S2 (z0)

(|∇u|p−1 + a(z)|∇u|q−1 + b(z)|∇u|s−1) |u − u0|
R2 − R1

ηsζ2ζδ dz,

where c = c(s, ν, L). Then, Young’s inequality with conjugate ( pp−1 , p), (
q
q−1 , q) and (

s
s−1 , s), respectively, gives

c ∬
UR2 ,S2 (z0)

(|∇u|p−1 + a(z)|∇u|q−1 + b(z)|∇u|s−1) |u − u0|
R2 − R1

ηsζ2ζδ dz

≤
ν
2
∬

UR2 ,S2 (z0)

(|∇u|p + a(z)|∇u|q + b(z)|∇u|s)ηs+1ζ2ζδ dz

+ c ∬
UR2 ,S2 (z0)

(
|u − u0|p

(R2 − R1)p
+ a(z) |u − u0|

q

(R2 − R1)q
+ b(z) |u − u0|

s

(R2 − R1)s
) dz,
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where c depends only on p, q, s, ν and L. Hence we have

lim
Λ→∞

lim
h→0+

II1 ≥
ν
2
∬

UR2 ,S2 (z0)

(|∇u|p + a(z)|∇u|q + b(z)|∇u|s)ηs+1ζ2ζδ dz

− c ∬
UR2 ,S2 (z0)

(
|u − u0|p

(R2 − R1)p
+ a(z) |u − u0|

q

(R2 − R1)q
+ b(z) |u − u0|

s

(R2 − R1)s
) dz.

Moreover, it is easy to show limΛ→∞ limh→0+ II2 = 0 by using (1.2), Young’s inequality, Lemma 3.9 (iii) and (2.3).
For detailed calculations, refer to [28]. Thus, we conclude

lim
Λ→∞

lim
h→0+

II ≥ ν
2
∬

UR2 ,S2 (z0)

H(z, |∇u|)ηs+1ζ2ζδ dz − c ∬
UR2 ,S2 (z0)

H(
|u − u0|
R2 − R1

) dz.

Estimate of III. The estimate for III follows a process similar to that for II. Again, we divide into the good and
bad parts to obtain

lim
h→0+

III = ∬
UR2 ,S2 (z0)∩E(Λ)

B(z, F) ⋅ ∇((u − u0)ηs+1ζ2ζδ) dz + ∬
UR2 ,S2 (z0)∩E(Λ)c

B(z, F) ⋅ ∇(vΛhη
sζζδ) dz = III1 + III2 .

Applying (1.3) and Young’s inequality, we get

lim
Λ→∞

lim
h→0+

III1 ≤ c ∬
UR2 ,S2 (z0)

(H(z,
|u − u0|
R2 − R1

) + H(z, |F|)) dz +
ν
4
∬

UR2 ,S2 (z0)

H(z, |∇u|)ηs+1ζ2ζδ) dz

for some c = c(p, q, s, ν, L). In the same reason as II2, we get limΛ→∞ limh→0+ III2 = 0. Thus, we conclude that

lim
Λ→∞

lim
h→0+

III ≤ c ∬
UR2 ,S2 (z0)

(H(z,
|u − u0|
R2 − R1

) + H(z, |F|)) dz + ν
4
∬

UR2 ,S2 (z0)

H(z, |∇u|)ηs+1ζ2ζδ) dz.

Combining all the estimates for I, II and III, we obtain

∬
UR2 ,S2 (z0)

−
1
2
|v|2ηs−1∂tζδ dz +

ν
4
∬

UR2 ,S2 (z0)

H(z, |∇u|)ηs+1ζ2ζδ) dz

≤ c ∬
UR2 ,S2 (z0)

(H(z,
|u − u0|
R2 − R1

) + |u − u0|2|∂tζ| + H(z, |F|)) dz.

Finally, we complete the proof by letting δ → 0, recalling that τ ∈ ℓS1 (t0) is arbitrary, and replacing u0 with
(u)UR1 ,S1 (z0).
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