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Abstract: Existence and global regularity results for boundary-value problems of Robin type for harmonic and
polyharmonic functions in n-dimensional half-spaces are offered. The Robin condition on the normal derivative
on the boundary of the half-space is prescribed by a nonlinear function N of the relevant harmonic or polyhar-
monic functions. General Orlicz-type growths for the function N are considered. For instance, functions N of
classical power type, their perturbations by logarithmic factors, and exponential functions are allowed. New
sharp boundedness properties in Orlicz spaces of some classical operators from harmonic analysis, of indepen-
dent interest, are critical for our approach.
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1 Introduction

We deal with the existence and global regularity of harmonic and polyharmonic functions in n-dimensional
half-spaces, subject to general nonlinear Robin-type boundary conditions.
The problems under consideration for harmonic functions have the form

Au = 0 ln ]R¢+1)

(1.1
OU _N@w+f ondRM™,

0Xnt1
Here N : R — R is a locally Lipschitz continuous function, f: R" — R is a locally integrable function, R"*!
denotes the half-space of those points in R"*! whose last component is positive, and n > 2.
If N = 0, then (1.1) is a classical Neumann boundary value problem treated in [3]. The case when f = 0 and
N is a power-type nonlinearity of the form
N(t) = [¢lP~'e (12)

has also been investigated for subcritical (p < ”T”) and critical (p = "T”) exponents, see [14, 20] and the ref-
erences therein. In general, even for N as in (1.2), the solvability of the problem (1.1) is very much dependent
on the inhomogeneous term f. Under suitable assumptions on the latter, results on the existence, uniqueness,
regularity, and qualitative properties of solutions are available in the literature [11, 12, 24].
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The punctum of the present contribution is that the function N need not have a polynomial growth. For
instance, the exponential-type behavior

N(t) ~ e near infinity (1.3)

for some a > 0 is included in our discussion, and was the original motivation for this work. Elliptic equations
with exponential Robin boundary conditions arise in diverse areas. In Riemannian geometry, the problem of
finding conformal metrics in the two-dimensional half-space (and, more generally, on manifolds with boundary)
with constant Gauss curvature and boundary geodesic curvature is related to the solvability of problems of
the type (1.1), with N(t) = Ae! for some A € R (see [4, 18, 25]). Certain models in mathematical physics also call
into play exponential Robin boundary conditions. They describe the corrosion and oxidation phenomena of
materials in electrochemistry [16, 22].
The problem (1.1), with
N(t) = A tet”,

for some A > 0, is prototypical and can help grasp the main features and difficulties of the general setting under
consideration. It is the Euler-Lagrange equation of the energy functional

Ey(u) = % J Vul? dx dxp,q — % J e —1dx. (14)

]RZH R"

This functional is well defined for n = 1, thanks to a borderline trace embedding, which ensures that the integral
over R? on the right-hand side of (1.4) converges for every u € WH2(RR?). As a consequence, variational methods
apply. However, this isnot guaranteed in higher dimensions, and classical direct methods of the calculus of varia-
tions fail. This drawback also surfaces when dealing with functions N with more general non-standard growths.

The approach to the problem (1.1) adopted in this paper has a non-variational nature and is based on a com-
bination of potential theoretic techniques, sharp non-standard results from the theory of Sobolev-type spaces,
and fixed-point arguments. Novel developments on these methods in the framework of Orlicz spaces are a
central step in our analysis.

Our existence result on the problem (1.1) ensures that it admits a solution u, provided that the datum f has
a sufficiently small norm in a suitable space modeled on the function N. The unconventional Sobolev-type space
for the solution also depends on N and is equipped with a norm which hinges on both the gradient of functions
in R™! and their trace on 8R™*!. Due to the generality of the admissible nonlinearities N, the ambient spaces
for f and u are naturally defined in terms of Orlicz norms.

Stronger integrability properties of f are shown to be reflected in a higher degree of integrability of the
gradient of u and of the trace of u on dR"*!. Their integrability is again described in terms of the finiteness of
Orlicz norms. This is the content of our second result about the problem (1.1).

Finally, we prove that weak differentiability of the datum f and its membership in an Orlicz—Sobolev
space on R" endowed with a sufficiently strong norm guarantee that u is, in fact, a classical — namely, in
COR™) n CLR™?) - solution to the problem (1.1). The latter result also requires that N be differentiable,
and the Orlicz-Sobolev space for f is also related to the growth of the derivative N’.

To give the flavor of the conclusions that can be deduced from these results, consider nonlinearities N with
an exponential growth near infinity as in (1.3). Since the ambient space R"*! has infinite measure, also the
behavior of N near zero is relevant. Assume, for instance, that N has a polynomial decay at zero, namely,

N(t) = [t]P 1t e, (15)

for some p > n’ and a > 0, where n’ = ;. As shown in Example 3.11, the problem (1.1) admits a weak solution
u, provided that
feLV(RY)nL"(log L)™'~ a(R")

and has a sufficiently small norm. Here, L"(log L)"'~a (R") denotes a Zygmund space. Under the stronger
Sobolev regularity assumption that

I
T

fe W' (R") n W'L"(log L) A (R™),
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for some S > 0, with a norm small enough, one has that u € C‘X’(IRﬁ“) n Cl(lRﬁr’“), and hence it is also a classical
solution. Observe that the intersection spaces for f agree, up to equivalent norms, with suitable Orlicz spaces
and Orlicz—-Sobolev spaces.

The existence and regularity results about the problem (1.1) outlined above admit analogs for parallel
problems for polyharmonic equations. These problems read:

A"u=0 in R"*1,
anky n+1
X =0, k=0,...,m-2, onodoR}"™, (1.6)
oA 1y
_1\ym — n+1
(-1) X N(u) +f on OR}™,

for 2m < n + 1, where A™ denotes the m-th order Laplace operator, obtained on iterating the Laplacian m times.
For power-type nonlinearities N as in (1.2), this problem can be regarded as the inhomogeneous counterpart of
the higher-order boundary conformally invariant Q-curvature problem [21]. In the range -—"-— < p < oo, and
for broad classes of boundary data f, the solvability of the problem (1.6) follows as a special case of results of
[23]. An analysis of the problem (1.6) for non-polynomial nonlinearities N seems to be missing in the literature
and is addressed in this paper.

Of course, the same kind of problems can be considered in sufficiently regular and bounded open sets
instead of half-spaces. Methods similar to those employed in this paper are likely to apply. However, new techni-
calissues have to be faced, since integral operators with more complicated kernels, appearing in representation
formulas for solutions in domains, have to be dealt with. On the other hand, dealing with sets of finite measure
entails simplifications in the function space setting. A close inspection of these questions does not fall in the
scope of our work.

The paper is structured as follows. The next section is devoted to notations and the background from the
theory of Young functions and Orlicz and Orlicz-Sobolev spaces. Our main results are stated in Section 3. The
subsequent Section 4 contains technical results about Sobolev conjugates of Young functions satisfying specific
assumptions. Boundedness properties of some classical operators from harmonic analysis, in Orlicz spaces, are
established in Section 5. They are central in view of our approach, which makes substantial use of representation
formulas via integral operators. The proofs of the main results about the problems (1.1) and (1.6) are collected
in Sections 6 and 7, respectively. Although the problem (1.1) is a special case of (1.6) (the condition on the second
line being absent in this case), we prefer to offer a self-contained treatment of the former. It involves simpler
notation, and readers who are just interested in second-order equations will find a proof that does not need
a detour through the higher-order case.

2 Functional background

2.1 Young functions

The class of Orlicz spaces extends that of Lebesgue spaces in that the role of powers in the definition of the
norm is played by more general Young functions. A function A : [0, co) — [0, co] is called a Young function if it
is convex (nontrivial), left-continuous and vanishes at 0. Any Young function takes the form

t
A(t) = J a(t)drt fort >0, 2.1
0

for some non-decreasing, left-continuous function a : [0, co) — [0, co] which is neither identically equal to 0
nor to infinity.
The function

A(t
¥ is non-decreasing. (2.2)
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One has that
A(t) < ta(t) < A(2t) fort > 0. (2.3)

Moreover,
AA(t) < A(At) forA>1andt>0. 2.4)

The Young conjugate A of A is defined by
A(t) = sup{rt —A(t) : T> 0} fort>0.

Note the representation formula
t

A = I al(r)dr fort=0, 25)
0
where a~! denotes the (generalized) left-continuous inverse of the function a appearing in (2.1). One can show
that
t<A YA Y(t)<2t fort>0, (2.6)

where A~! and A~! stand for the generalized right-continuous inverses of A and 4, respectively.
A Young function A is said to satisfy the A,-condition — briefly A € A; — globally if there exists a constant ¢
such that
A(2t) < cA(t) 2.7

fort > 0.
The function A is said to satisfy the V,-condition — briefly A € V; — globally if there exists a constant ¢ > 2
such that

A(2t) = cA(t) (2.8)
fort > 0.
One has that
A € A, globally if and only if there exists p > 1 such that sup i:((tt)) <p (2.9)
t>0
and ta(t)
A € V; globally if and only if there exists p > 1 such that 1tn(t)~ A > p. (2.10)
>

The A;-condition and the V;-condition are said to be satisfied near infinity or near 0 if there exists t; > 0 such
that (2.7) or (2.8) hold for t € (tp, co) or for ¢ € [0, ty), respectively. Characterizations analogous to (2.9) and (2.10)
hold, with sup,,, and inf;,( replaced by sup and inf over the corresponding interval of values of t.

Lemma 2.1. Let A be a Young function having the form (2.1) and let K > 1. Then:
(1) A e A; globally if and only if there exists a constant cq such that

a(t) > Clla(Kt) fort>0. (2.11)
(ii) A € V; globally if and only if there exists a constant ¢, such that

a(t) < %a(cz t) fort=>0. (2.12)
Proof. Part (i) is well known, and easily verified, thanks to equations (2.1) and (2.3). As for part (ii), one has that

A eV, if and only if A € A,. Thus, by the formula (2.5) and part (i), A € V; if and only if a~1(Kt) < cpa”(¢) for
some constant ¢, > 0. The latter condition is in turn equivalent to (2.12). O

A Young function A is said to dominate another Young function B globally if there exists a positive constant ¢
such that
B(t) < A(ct) (2.13)

for ¢t > 0. The function A is said to dominate B near infinity if there exists ty > 0 such that (2.13) holds for ¢ > ¢,.
If A and B dominate each other globally [near infinity], then they are called equivalent globally [near infinity].
Equivalence in this sense will be denoted by

A =B.
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This terminology and notation will also be adopted for merely nonnegative functions, which are not necessarily
Young functions.

The global upper and lower Matuszewska—-Orlicz indices I(A) and i(A) of a (non-necessarily Young) func-
tion A, which is strictly positive and finite-valued in (0, co), can be defined as

10g(Sup, 0 24 10g(Sup, 0 24
IA) = Im ——M——— i(A)= lim ——. 2.14
@ = im ——57 and i(4) = im ——-7 (214)
The indices Ip(A) and ip(A) near zero are given by
log(lim su _M‘LM) log(lim su _NLM
Io(4) = lim (lim SUp. o 4ty ) and ip(4) = lim (lim SUp. o “afy ) (2.15)
—00 —0*

log A log A

The optimal n-dimensional Sobolev conjugate Az, of order a € (0, n), of a Young function A has a central
role in our results. It was introduced in [6] (and in [5] in an equivalent form) for @ = 1 and in [10] for a € IN; its
role in embeddings for fractional Orlicz—Sobolev spaces for non-integer a was discovered in [2].

The function A is defined as follows. Assume that

t \ma

j (m) dt < oo, (2.16)
0

Let Hyn [0, 00) — [0, co) be the function given by

t n-a

Hy(8) = < | (ﬁ) dr)n for ¢ > 0. @17)

0

Then the Sobolev conjugate Az obeys
An(t) = A(H,', (t)) fort>0. (2.18)

In (2.16), and in similar integral conditions in what follows, we indicate just one endpoint in the integral, to
emphasize that the condition in question depends on the convergence or divergence of the integral at the
relevant endpoint, whereas it is independent of the choice of the other one in (0, c0).

Note that Hy, L and hence A 1, are finite-valued provided that

0 ¢ a
On the other hand, if
0 ¢ a
then
00 4 n-a
1 _ T >nfa n
Hyl,(0) = co fort> ( | (A—(T) dr) : @21)
0
whence
An(t) =00 (2.22)

for the same values of ¢.
Finally, we associate with a Young function A the Young function A : [0, co) — [0, co) given by

Ao(t) = A()'"  fort=0. 2.23)

The Young function A, arises in connection with the study of boundedness properties of the Poisson extension
operator, whose definition is recalled in Section 5 below.
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2.2 Function spaces

Let Q be a measurable set in R". The Orlicz space L4(Q), associated with a Young function 4, is the Banach
function space of those measurable functions u : @ — R which render the Luxemburg norm

lullza = inf {,1 50 IA('AK') dx < 1} 2.24)
Q

finite. In particular, L4(Q) = LP(Q) if A(t) = t? for some p € [1, 00), and LA(Q) = L>°(Q) if A(t) = 0 for ¢ € [0, 1]
and A(t) = oo fort > 1.

For some steps of our proofs, we shall need to consider the functional (2.24) associated with a non-decreasing
and left-continuous function A : [0, co) — [0, co) which is not necessarily convex. If A is a function of this kind,
then the functional |ul|4(g) is still positively homogeneous, although it need not be a norm. The set of func-
tions u for which |Jul|za(q) < co will be still denoted by LA(Q). In the rest of this section, unless otherwise stated,
capital letters A, B, etc. denote Young functions. It will be explicitly mentioned if they are allowed to be just
non-decreasing and left-continuous.

The Hoélder-type inequality

[ vl dx < 21t Wl 225)
Q
holds for every u € L4(Q) and v € LZ(Q).

More generally, if A, B are non-decreasing and left-continuous functions, and C is a Young function such

that
AV OB (t) < kC () fort>0, (2.26)

for some constant k, then
luvize) < 2kllullra@)liviize ) (2.27)

for every u € LA(Q) and v € LB(Q). If the inequality (2.26) only holds for 0 < t < t,, for some t; > 0, then the
inequality (2.27) holds under the additional assumption that [|ullre~q) < A71(ty) and |v] Lo(@) < B71(ty). The
inequality (2.27) is stated in [19] in the case when A, B and C are Young functions and (2.26) holds, with k = 1,
for every ¢ > 0. The variants appearing here can be verified via a close inspection of the proof of [19].

If A dominates B globally, then

lullrz) < cllullzacg) (2.28)

for every u € LA(Q), where c is the same constant as in (2.13).

Assume now that Q is an open set and let k € IN. We set

ck(Q) = {u € C(Q) : u has continuous bounded derivatives up to the order k}.

Classically, CX(Q) is a Banach space, endowed with the norm

k
lulleey = Y, ID™ulleco)-

m=0
Here, D™u denotes the vector of all partial derivatives of u of order m. When m = 1 we also use the simplified
notation Du for D'u. Also, D°u stands for u. The notation CX(Q) is adopted for the subspace of those functions
in CK(Q) which are compactly supported in Q.
The space CX(Q) consists of the restriction to Q of functions in CX(Q') for some open set Q' > Q. Accordingly,
CK(Q) denotes the set of functions in C¥(Q) whose support is bounded.
The Orlicz-Sobolev space W4 (Q) is defined as

WhA(Q) = {u € L4(Q) : u is weakly differentiable and |Du| € L4(Q)}, (2.29)
and is a Banach space endowed with the norm
lullwra)y = lullpa) + IDullza(g). (2.30)

Here, and in what follows, we use the notation ||[Du/; (o) as a shorthand for || [Du] [|14(g).
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The homogeneous Orlicz-Sobolev space V14(Q) is instead defined as
V34(Q) = {u : u is weakly differentiable and [Du| € L4(Q)}, (2.31)

and is equipped with the seminorm
lullyracey = IDullza(g)- (2.32)

Inthe case when L4(Q) = LP(Q) for some p € [1, 00), the definitions above reproduce the classical Sobolev space
W'P(Q) and its homogeneous counterpart V7 (Q).

An embedding theorem for the space VLA(RMY) reads as follows [5, 6]. Assume that A fulfills the condi-
tion (2.16) with @ =1 and let A, be defined by (2.18) with a = 1. Then there exists a constant ¢ = ¢(n) such
that

lullzan ey < clVullpare (2.33)

for every functionu € VLA(R") such that [{|u] > t}| < oo for everyt > 0.Here, | - | denotes the Lebesgue measure.
Hence, the inequality (2.33) holds for every u € W4 (R").
In particular, if A grows so fast near infinity for the condition (2.20) to be satisfied, then, owing to (2.22),

lullpeomrry < clIVullpamny (2.39)
for some constant ¢ = ¢(n, A) and every function u as in (2.33). Moreover,
u € C(R"). (2.35)

We also need to introduce Orlicz-Sobolev spaces of functions on ]Rﬁ}“, which decay near infinity, and whose
trace on @R"*! belongs to a given Orlicz space. To this purpose, we begin by setting

Io/l’A(]Rf'fl) = {1 : u belongs to the closure of C®(R™1) with respect to the seminorm in V24(R™1)}. (2.36)

In particular, the trace Tr u € Llloc(IR") over R" of every function u € V4 (R"*!) is well defined for every Young

function A. This is a consequence of the fact that u € V2AR™1) ¢ V21 (R™1) and Tr u is well defined as a func-

loc
tion in Llloc(]R") foranyu € Vllo’g(IR”“). Notice that, since

OR™! = R" x {0} = R",

here, and in what follows, dR"*! is identified with R".
Given two Young functions A and B, we define the space

Vl’(A’B)(]R:_Hl, ]Rn) — {u € VI,A (IR:—HI) “True LB(]RH)} (237)

endowed with the norm
"u”V1,(A,B)(]RQ+1,]Rn) = ||Vu||LA(]RT1) + | Tr ul| 5 (wn). (2.38)

Higher-order Orlicz—Sobolev spaces come into play to deal with polyharmonic problems. They require the
use of spaces defined in terms of k-th order gradients of a function u defined as

(2.39)

vk = Atu if k is even,
VAT u  if kis odd.

Notice that V¥u differs from D¥u, as defined above. In particular, V¥ku € R if k is even, whereas VKu € R" if k
is odd.
The homogeneous Orlicz-Sobolev space V54(Q) is defined as

Vo4(Q) = {u : V¥u exists in the weak sense and |V¥u| € LA(Q)}, (2.40)

and is equipped with the seminorm
lullyrag) = 1V ullzag)- (241)
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In analogy with (2.36), we set

ID/kJA(IRﬁ“) = {ugr1 : ubelongs to the closure of CZ°(R™*!) with respect to the seminorm in VAR (2.42)

Asimilar argument as in the first-order case shows that the trace Tru € Llloc(]R") of every function u € ykA (]Rﬂ”)
is well defined for every k € IN and every Young function A.
Furthermore, given two Young functions A and B, we define the space

k,(A,B 1 _ kA 1y . B
VEAB (R RY = (y e VRAMRY ) Tru e LB(RM)} (2.43)
endowed with the norm

Nl s et ey = IV¥Ula gy + 1 T o ey (2.44)

In what follows, when there is no ambiguity, the value of the trace Tr u of a function u defined in R**! at a point
x € R" will simply be denoted by u(x, 0).

3 Main results

Our main results admit a unified formulation for the problems (1.6) of arbitrary order m. Because of the impor-
tance of second-order problems and of the ease of the corresponding notation, we enucleate the pertaining
statements in Section 3.1. The higher-order case is discussed in the subsequent Section 3.2.

3.1 Harmonic functions

In order to formulate the assumptions in our main results we need to introduce some notation and definitions.
Let N : R — R be the function appearing in the problem (1.1). We assume that there exists a finite-valued

Young function A such that
IN(OI < A(t|Y) fort e R, k5

and

A(0™)  A(I6s]™)
+
|t] Is]
for some positive constants ¢ and 6. Here, and in similar occurrences in what follows, the function
is extended as 0 by continuity for ¢t = 0. For simplicity of notation, we denote this function by D. Namely,
D : [0,00) — [0, 00) is given by

IN(t) = N(s)| < c|t - sl( ) fort,s e R, (3.2)

A
t

o
D(t) = A(i L iteso, (33)
0 ift=0.
Next, define the finite-valued Young function E as
A7)
E(t) = J a(s)"ds fort =0, (3.4)

0

where a denotes the function from equation (2.1). The conditions (2.16) and (2.19) are fulfilled with @ = 1 and A
replaced with E. This is proved in Lemma 4.6, Section 4. In that lemma, the Sobolev conjugate E, of E, defined
as in (2.18) with a = 1, is also shown to obey

o

En(t) = J a(s)"ds fort>0. (3.5)
0
Finally, let E, be the Young function associated with E as in (2.23). Namely,

Eo(t) = E()"r fort>0. (3.6)
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The functions E, and E,, provide us with the appropriate Orlicz—Sobolev-trace ambient space for weak solutions
to the problem (1.1).

Definition 3.1 (Weak solutions to (1.1)). Assume that f € Llloc(lR") and the condition (3.1) is fulfilled for some

Young function A. Let E, E, and E,, be the functions given by (3.4), (3.5), and (3.6). We say that a function
u € VLEE)(R™! R") is a weak solution to the problem (1.1) if

J Vu -V dxdxps — J(N(u)(x, 0) + f(x)e(x,0)dx =0

]Rfrl R?
for every ¢ € C(R").
Our existence result for weak solutions to the problem (1.1) reads as follows.

Theorem 3.2 (Existence of weak solutions to (1.1)). Assume thatN satisfies the assumptions (3.1) and (3.2) for some
Young function A such that

la@a™'2t) < aA™ (1) < a(A7(ct)) fort >0, (3.7)

and for some constant ¢ > 0. Let E, E, and E, be the functions given by (3.4), (3.5), and (3.6). Then there exist
constants oy and ¢y such that if
IflzEwny < 00,

then the problem (1.1) admits a weak solution u € C®°(R"*1) n V1. Ee.E) (R RN fulfilling
||U||V1,(£<>,E,,)(]R2+1’Rn) < 00pCp. (38)
Assume, in addition, that N(t) > 0 for t > 0. If f > 0 a.e., then u > 0 as well.

The next theorem amounts to a Sobolev regularity result for the solution u to the problem (1.1) under a stronger
integrability assumption on the datum f. It tells us that the membership of f in an Orlicz space whose norm is
stronger, in a qualified sense, than LE(IR") is reflected into stronger integrability properties of the derivatives
of u.

The Orlicz ambient space for the datum f is described via a Young function F such that

1

J(%)Hdt<oo. (39)

The relevant Orlicz space is associated with the Young function E v F, given by
(E Vv F)(t) = max{E(t), F(t)} fort>0.

Note that

LEVER™) = LE(R™) n LF(R™).
The Sobolev conjugate F,, of F, defined as in (2.18) with a = 1, and the function F,, associated with F as in (2.23),
also play a role.

Theorem 3.3 (Sobolev regularity of solutions to (1.1)). Assume that A, E and oy are as in Theorem 3.2. Let F be
a Young function satisfying (3.9) and such that F € Ay 0V, globally. Assume that there exists a constant k such
that . o
F (0 < KE” (1)
F(t) ~ BN
Letf € LEVE(RM), There exists a constant oy € (0, gp) such that, if IfllLzwny < 071, then the solution u to the prob-
lem (1.1) provided by Theorem 3.2 satisfies

fort>0. (3.10)

uc Vl’(FO’F")(IRZH, R"). (3.11)

Remark 3.4. If F is a Young function whose Matuszewska—Orlicz index satisfies I(F) < n, then the inequal-
ity (3.10) holds whatever E is. This is a consequence of Lemma 4.1 from Section 4.
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Our last main result about the problem (1.1) proposes additional assumptions on the data N and f for the solution
discussed so far to be classical, namely, smooth in R"*! and continuously differentiable up to its boundary.

The function N is required to be differentiable, at least for small values of its argument, with a derivative
whose modulus of continuity satisfies an appropriate growth condition.

The function f is assumed to belong to an Orlicz—Soholev space defined by some Young function M which
agrees with E for small values of its argument, and is suitably modified for large values. The function M has to
be finite-valued and obeys

M(t) = E(t) near0,

® b (312)
J (—) dt < 00
M(t) '
Observe that the second condition in (3.12) implies that the Sobolev conjugate M, of M fulfils:
Mp(t) = oo forlarget. (3.13)

Theorem 3.5 (Smooth solutions to (1.1)). Let A be as in Theorem 3.2, let D be the function defined by (3.3), and let
M be a Young function satisfying (3.12). Assume that:
(i) The function D admits the lower bound

D(t) = p(t)(t) fort >0, (3.14)
for some non-decreasing continuous functions ¢, Y : (0, c0) — (0, co) such that
d(et) < coe’P(t) fore e (0,1)andt € (0, ty), (3.15)

for some positive constants y, ¢y and ty.
(ii) The function N is differentiable and

IN'(t) = N'(s)] < co(O]t — s)(W(O]t]) + Y(B|s])) for t and s near 0, (3.16)

for some positive constants 6 and c.
Then there exists a constant > 0 such that, if f € WM (R") and |f] wim(rny < 1, then the weak solution u to the
problem (1.1) provided by Theorem 3.2 is a classical solution, in the sense that

u e C°(RM) n CYR). (3.17)

Remark 3.6. Plainly, only the asymptotic behavior near zero of the functions ¢ and ¢ in Theorem 3.5is relevant.

Remark 3.7. The condition (3.15) can be equivalently formulated by requiring that the index iy(¢), defined as
in (2.15), satisfies
io(¢) > 0. (3.18)

Remark 3.8. In analogy with the inequality (3.2), one may be tempted to simplify the assumption (3.16) as

+
Itl Is|

However, the latter condition is informative only when 1@ is non-decreasing, a property which is not fulfilled
for various important choices of the function N. By contrast, the assumption (3.16) is sufficiently general for
Theorem 3.5 to be applied in most situations of interest.

In particulay; if @ is non-increasing, the condition (3.16) is typically satisfied with ¢(t) = D(¢) and ¥ (¢) = 1
in (3.14). Notice that the assumption (3.15) then holds with y = n’ — 1. Indeed, by the convexity of 4, if € € (0, 1),

then

(3.19)

n' A((L n'
D(®) - A7) < () ):D(E) for t > 0.
en’-1 gn’,é % £

Specific choices of the functions ¢ and ¢ in (3.14) are described in the examples below.
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Example 3.9. Assume that N € C!(R) and

[t|Po~1¢t for t near 0,
N(t) =
[t|Pr~1¢t for |t| near oo,

for some pg, p1 > n'. Then the conditions (3.1) and (3.2) are fulfilled with

P

tTg for t near 0,
A)=1q n

t~ for t near oo.

Hence, from equations (3.4) and (3.5) one infers that
t%  for t near 0,
Et)=1 .
t’1  for t near oo,

t? for tnearO0,

t”  for t near oo,

tpo-1)  for ¢t near 0,
En(t) = 1
t"P1=1  for ¢ near co.
Moreover, if py > 2, then the bound in (3.14) holds with
p(t)=t and (t)=tP~% for tnear0,
whereas, for py < 2, an admissible choice is
@(t)=tP1 and (t)=1 fortnearO.
Example 3.10. Assume that N € C'(R) and

1 \Po
m) for t near 0,

|t~ t(log |t))P*  for |¢| near oo,

t|Po1¢( 1o
oo 1 (108

for some pg, p1 > n’ and By, B1 € R. Then the conditions (3.1) and (3.2) are fulfilled with

Po 1 Bo
tn' <log ?) for t near 0,

A(t) =
158
t (log t)ﬁ1 for t near co.
Hence,
o 1\ Lo
£Po <log —) " for t near 0,
E(t) = 1 t
- npy
Lt (log t) n for ¢ near oo,
e Bo
Ltl 1 = (n+1)
th <log - ) . for t near 0,
Eo(t) = 1 t
ol B
t” (logt) ™D for ¢ near oo,
1 npo
{(Po=1) <log —) for t near 0,
En(t) = t

t"P1=V(log t)"®  for t near co.

— 783

(3:20)

(3.21)

(3.22)

(3.23)

(.24

(3.25)

(3.26)

327

(3.28)

(3.29)
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As for the condition (3.14), if either pg > 2, or po = 2 and Sy < 0, then it holds with

1\Po
p(t)=t and uY(t) = tp"*z(log ?> for t near 0,

whereas, if either py < 2, or pg = 2 and By > 0, then (3.14) is fulfilled with

1 1 Bo
B(t) = tP <log?) and ¥(t)=~1 fortnear0.

Example 3.11. Assume that
N(t) = [t)P et

for some p > n’ and a > 0. Then the conditions (3.1) and (3.2) are fulfilled with

2 tn
A(t) =t e " .

Therefore,
e’ for t near 0,
E(t) = n
t"(logt)" '~ for t near oo,
n+1
tv for t near 0,
Eo@ =1 () (L -1)
t"*(logt) o ~<’ for t near oo,

=D for ¢t near 0,
En(t) = (@
e for t near oo.
If p > 2, then the inequality (3.14) is satisfied with
p(t)=~t and y(t)=tP2 fortnearO;

if p < 2, it instead holds with
¢(t)=tPt and Y(t)=1 fortnear0.

3.2 Polyharmonic functions

DE GRUYTER

(3.30)

(3.3D)

(3.32)

(3.33)

(3.34)

The results from the previous subsection admit analogs for the polyharmonic problem (1.6) of arbitrary
order 2m, with m € N. Their statements make use of functions A, D and E, depending on m, and having

the same role as those introduced for m = 1.
Set
e=2m-1,

and let N : R — R be as in (1.6). We assume that there exists a finite-valued Young function A such that

IN(0)| < A([t]7e) fort e R,

and n n
A(|0t|=7)  A(|0s|)

+
|l N

IN(E) - N(s)] < clt - s|(

for some positive constants ¢ and 6 > 0. The function D is accordingly defined as

A7)
D(t) = t
0 ift=0,

ift >0,

and the Young function E : [0, co) — [0, 00) as

AN(t)
E(t) = J a(s)t ds fort>0,

) fort,s e R,

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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where a denotes the function appearing in (2.1). Lemma 4.6 ensures that the condition (2.16) is fulfilled with A
replaced with E, and its Sobolev conjugate Ex, defined as in (2.18), obeys

_n_
tn-¢

Es0= | aids fort>o0, (3.40)

The Young function E,, is defined via E as in (2.23). Namely,
Eo(t) = E()" fort>0. (3.41)

Definition 3.12 (Weak solutions to (1.6)). Let m > 2 and let £ be given by (3.35). Assume that f € LIOC(IR") and that
the condition (3.36) is satlsﬁed for some Young function A. Let E, Er I and E, be the functions given by (3.39), (3.40),
and (3.41). We say that u € yoEeEy) (IR'“r1 R™) is a weak solutlon to the problem (1.6) if

J V™'u - V™o dx dxnps — J(N(u)(x, 0) + f(xX)p(x,0)dx =0

IRT'I R"

for every ¢ € C°(R"*) such that (d,,,AKg)(-,0) =0 forallk =0,...,m - 2.
The existence result for solutions to the problem (1.6) is the subject of the following theorem.

Theorem 3.13 (Existence of weak solutions to (1.6)). Let m > 2 and let € be given by (3.35). Assume that the function
N satisfies the assumptions (3.36) and (3.37) for some Young function A fulfilling (3.7). Let E, Ex and E,, be the
functions given by (3.39), (3.40), and (3.41). Then there exist positive constants gy and ¢ such that, if

IflEwny < 00,

,(Eo.En)

then the problem (1.6) admits a weak solution u € C®(R™) n v (R, R") satisfying

< ggc. (3.42)

(lul E(Eo Eﬁ)( w1 Ry

Assume, in addition, that N(t) > 0 for t > 0. If f > 0 a.e., then u > 0 as well.

The Sobolev regularity of the solution to the problem (1.6) calls into play a Young function F such that

J ( F(tt)>"  dt < oo, (3.43)

its Sobolev conjugate Fx defined as in (2.18), and the Young function F,, associated with F as in (2.23).

Theorem 3.14 (Sobolev regularity of solutions to (1.6)). Let m > 2 and let ¢ be given by (3.35). Assume that A, E and
gy are as in Theorem 3.13. Let F be a Young function satisfying (3.43) and such that F € Ay NV globally. Assume
that there exists a constant k such that
(I ()
¢ <Kk—4t——
F-1(t) E-1(¢)
Let f € LEVF(R™). Then there exists a constant a1 € (0, o) such that, if || LER?) < 01, then the solution u to the
problem (1.6) provided by Theorem 3.13 satisfies

fort>0. (3.44)

[(FQFI[

uevV (R™1, RM). (3.45)

We conclude by focusing on the boundary regularity of solutions to the problem (1.6). To this purpose, consider
a Young function M as in (3.12). Notice that the convergence of the integral in (3.12) implies that

Sy ¢

I (ﬁ)ﬁdt < 0. (3.46)

Theorem 3.15 (Smooth solutions to (1.6)). Let m > 2 and let ¢ be given by (3.35). Let A be as in Theorem 3.13, and
let D be the function defined by (3.38). Assume that:

(i) The function D admits the lower bound (3.14), with ¢ fulfilling the condition (3.15).

(i) The function N is differentiable and satisfies the condition (3.16).
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Then there exists a constant > 0 such that, if f € WM (R") and |f] wim(rny < 1, then the weak solution u to the
problem (1.6) provided by Theorem 3.13 is a classical solution, in the sense that

u € COR™) n CERMY). (3.47)

4 Auxiliary results on Young functions and their conjugates
This section is devoted to some specific properties of Young functions in connection with their Sobolev conju-
gates, under the assumptions imposed in our main results. Throughout the section, we assume that a € (0, n).

Lemma 4.1. Let A be a finite-valued Young function fulfilling the condition (2.16) and let A be its Sobolev conju-
gate given by (2.18). Then

-1
- 1(0 <th fort>0. (C)
Av (D)
Assume, in addition, that n
I(A) < —. 4.2)
a
Then there exists a constant ¢ such that
A1 «
1(t) >ctn fort>0. 4.3
AW (D)
Proof. The property (2.2) implies that
t a na a t n-a
H qg-(j(L)”dT)n ><L)"<Idr>n _ fort>0 4.4)
Aa J\A@ “\am/ \J A" ' '

Hence,
t<A(DRHa () fort>0,

an equivalent form of (4.1).

Next, observe that the assumption (4.2) is equivalent to the fact that for every ¢ > 0 there exists a constant
¢ such that
ift>r 4.5)

A(t) - CA(T)
tae Ta €

Thereby,

t n-a t n-a

s =([(555)" o) -(J () ")

(4.6)
o " t
<c H<JT_1+M dT) =c—— fort>0,
A(t)n ) A(t)n
for suitable constants ¢ and ¢’. Consequently,
't 2 A(t)iHan(t) fort>0,
whence (4.3) follows. O

The statement of the next lemma involves the notion of quasi non-decreasing function. This means that the
relevant function fulfills the definition of non-decreasing monotonicity, up to a multiplicative constant.

Lemma 4.2. Let A be a finite-valued Young function fulfilling the condition (2.16).

(i) Assume that A € V, globally. Then there exists § > 0 such that the function
An(t)
tﬁi—é‘

is non-decreasing in (0, co). 4.7
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(i) Assume that A € V, near 0, and satisfies the condition (2.20). Then there exists § > 0 such that the function

An(t)
- = is quasi non-decreasing in (0, 00). 4.8)
tn-a
Proof. Part (i). Set
(o) t nqj "n;ﬂ
t0=<j<m> dt) € (0, 0o]. (4.9)
0

One has that Ag(t) < oo if t € [0, tp). Moreover, if ¢y < co, namely, if (2.20) is in force, then Ag(t) = oo for
t € (to, 00). Thus, it suffices to prove that, whatever ¢ is,
An(t)

. s is non-decreasing in (0, tp). (4.10)
tra

Since A € Vy, by the property (2.10) there exists € > 0 such that

ta(t)
a0 >1+¢ forte(0,tp), 4.11)

where a is the function appearing in the representation formula (2.1). Given § > 0, one has that

dAr©Oy o 0 412
E(tﬁﬁ)> OI‘tG(,to) ( )
if and only if
tA (t)
50 >t § fort e (0, tp). (4.13)
On the other hand,
tA) () ta(H,', (1))
LI @ for t € (0, to). (4.14)
Ar() ~ A(H, (0)H), . (Hy"W (D) ’
We have that

_a_

HA,%(s)a(s) _ n - o _q ‘ L n-a
AS)H) 1(5) gt TA9A) 0J(A(r)) dr

=i

= 4.15
dr (4.15)

[\

r"a(l &) RaA(s) I (
0

r
i)
2L(1+s) for s > 0,

n-a

where the first inequality holds thanks to equation (4.11), and the second one since, by (2.2),

N

% J(ﬁ)'ﬁadr > (ﬁ)nfﬂ for s > 0.

0

Owing to equation (4.14), an application of the inequality (4.15) with s = H/;’lg (t) yields (4.13), whence (4.12) and
(4.10) follow.

Part (ii). As noticed above, under the assumption (2.20), one has that ¢y < co. Since we are assuming that
A € Vy near 0, there exist constants € and t; such that

ta(t)
a0 >1+¢ forte(0,t1). (4.16)

Set t; = min{to, t1}. The argument offered in the proof of part (i) tells us that
An(t)
tﬁ+8

isincreasing in (0, ty).



788 —— A.Cianchi et al., Strongly nonlinear Robin problems DE GRUYTER

If t; = to, then (4.7), and hence (4.8), hold, inasmuch as Ar(t) =00 for t > ty. On the other hand, if ¢, = ¢4, then,
by the monotonicity of Az,

An(t s An(t
“( ) < (t—o)"’a+ ﬂ if t € (t1, tp).

tﬁﬂ? T\t 2o+8
ty
Altogether, the property (4.8) follows also in this case. O
Let H 4,1 1[0, 00) — [0, 00) be a variant of the function H A1, defined with ﬁ replaced with ﬁ, where a is
the function appearing in (2.1). Namely,
t 1 a %
Hya(t) = ( j (ﬁ) dT) for ¢ > 0. 4.17)
0
Moreover, let A 2 be the Young function given by
An(t)= A(H,'u (1)) fort=0. (4.18)

The latter function is equivalent to the original Sobolev conjugate A x. This is the content of the following lemma.

Lemma 4.3. Let A be a finite-valued Young function fulfilling the condition (2.16) and let Ax and A » be the func-
tions defined by (2.18) and (4.18). Then

Ay(3)<A20<3x0 forezo (4.19)

Proof. From the inequalities (2.3) one can deduce that
Han(t) < Han(t) <2Han(t) fort>0. (4.20)
Equation (4.19) follows from (4.20). O

We still need to introduce more functions associated with the Young function A. They are the function
Hy,» : (0,00) — [0, c0) given by

— t
HAyg(t) = — fort >0, 4.21)
Ha, (1)

and the Young function By, = defined as

ds fort>0. (4.22)

CA(H, 1 (5)
Bas(0) = | ==
0

Moreover, let E be the function from (3.39), with ¢ = a. Namely,
ANt
E(t) = J a(s)a ds fort>0. (4.23)

0
Then we denote by Bg,» the function obtained from E, via a process analogous to the one which produces

B,z from A. In particular, in (4.17), the function a(t) has to be replaced with (a(A71(1)) @71 the left-continuous
derivative of E. Namely,

— 1 n
HE’%(t) = < J a(A——l(z-)) dT) fort > 0, (4.24)

Hpn(0) = — for ¢ >0, (429
Hg 1 ()

' E ITI_lﬂ
J Ty,

Bgyg(t) = fort > 0. (4.26)
0
Also, we set

Ex(t) = E(Hy ' (1)) fort>0. (4.27)
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Lemma4.4. Let A be a finite-valued Young function satisfying (2.16) and let H. a,1 be the function defined by
equation (4.17). Then ﬁA)g is non-decreasing, Ba,» is a Young function and

A(ﬁjﬁg(%)) <Bax() < A(Hq s (0) fort>0. (4.28)

Proof. We start by showing that ﬁA,g is non-decreasing. To this end, it suffices to show that the function

n

tra
to <
Jo(@)w ds

is non-decreasing on (0, co). This is true, since the derivative of this function times (f(; 1/ (a(s))rf‘n ds)? equals

{ @ @
(e ()" - () )

0

and the last expression is nonnegative thanks to the facts that ;- > 1 incll a(t) is non-decreasing.

To show that BA% is a Young function we need to verify that A(H A’%(s))/s is non-decreasing on (0, co).
Since ﬁAyg is non-decreasing, it suffices to prove that A(t)/ﬁA,% (t) is non-decreasing. The latter function can
be rewritten as (A(t)/t)H AL (t), which is a non-decreasing function, inasmuch as both A(t)/t and H Al (t) enjoy
this property.

Equation (4.28) is an easy consequence of the increasing monotonicity of the function A(lTI:% (o)/t. O

Lemma 4.5. Let A be a finite-valued Young function satisfying the condition (3.7). Then the function E defined by
(4.23) is a Young function such that E € Ay NV, globally.

Proof. Achange of variables in the integral on the right-hand side of equation (4.23) yields the alternate formula
t

E(t) = J(a(A—l(r)))%—l dr fort>0. (4.29)
0

Since both a and A~! are non-decreasing functions, equation (4.29) ensures that E is a Young function. Further-
more, Lemma 2.1 applied with K = 2 tells us that E € A, and the same lemma applied with K = 2a~" tells us
that E € V. O

Lemma 4.6. Let A be a finite-valued Young function and let E be the function defined by (4.23). Then

J(%) dt < 0o (4.30)
and - )
j (ﬁ)i dt = oo. (431)

Moreover; the Sobolev conjugate Ex of E, defined as in (2.18), fulfills
tita
En(t) = J a(s)a ds fort>0. (4.32)
0
Proof. Equation (4.29) yields the formula

E'(t)=a(A Y (t)«? fort>0, (4.33)

for the left-continuous derivative of E. Therefore,

AT\

t . t
J(E,L(T)) dr:!%: J dr=A"\t) fort>0. (4.34)

The properties (4.30) and (4.31) follow from (4.34), via equation (2.3) applied to E.
Finally, equation (4.32) is a consequence of (4.33) and of Lemma 4.3, applied with A replaced with E. O
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Lemma 4.7. Assume that A is a finite-valued Young function and E is defined as in (4.23). Let B » be the function
associated with E by (4.25). Assume that F is a Young function satisfying (3.43) with € = a. If the inequality (3.44)

holds with ¢ = a, then there exists a constant ¢ such that
B;L (OF,'(t) < cF () fort>o.
Proof. An application of Lemma 4.4, with A replaced with E, tells us that

EY L ETND)
Hen(EY(0)  Eal(D)

Byl (t) < 2Hp n (E7\(t) = 2

From Lemma 4.3, applied with A replaced with E, we infer that
E‘?(t) > c’E?(t) fort > 0,
for some positive constant ¢’. Therefore, equation (4.36) implies that
2E7()
¢ E,\®)

n
a

B;L (1) < fort > 0.

Coupling equation (3.44) with (4.37) yields the inequality (4.35).

fort > 0.

(4.35)

(4.36)

4.37)

O

Lemma 4.8. Assume that A is a finite-valued Young function. Let D be defined as in (3.3), let E be defined as in (3.4),
let Hg,, be defined as in (4.25) with a = 1, and let M, be the Sobolev conjugate of a function M obeying (3.12). Then

Ma(D7X(1)) < E(Hypp(1)) near0

and
Ma(2D7X()) = E(Hyo(6))  nearo.

Proof. From equation (4.20) and the property (2.3), both applied with A replaced with E, one infers that

HE,ln(ﬁE,n(t)) <t fort=0

and
HE,ln(ZHE,n(t)) >t fort>0.

Since M(t) = E(t) near 0, we have
Mn(D™!(8)) = En(D™'(1)) = E(Hg,(D™(1))) near 0.
Equation (4.34) tells us that H En(t) = A’l(t)"Tf1 for t > 0. Therefore,

H@® _—
E’; = Hen(H;L (1) fort> 0.

D(t) =
Combining equations (4.42) and (4.43) yields
Mu(D™(8)) = E(H; (Hgn(Hpn(0)))) near .
Thanks to (4.40) we hence deduce that
Ma(D™X()) < E(Hpy()) mear0,
namely, (4.38). Similarly, from (4.41) one obtains that
Ma(2D™(0)) > E(H5Y,(2Hg n(Hg (1)) > E(Hp,, () near 0,

namely, (4.39).

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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5 Boundedness properties of integral operators in Orlicz spaces

In this section, we establish boundedness properties in Orlicz spaces of the integral operators involved in rep-
resentation formulas for the solutions to the problems (1.1) and (1.6). Some specific properties of Orlicz norms
built upon the Young functions introduced in the previous sections are also collected in the final part of the
section.

Let a € (0, n). We denote by T, the extension operator defined by

) J h(y)

Toh(X, Xps1) =
e I Jx -yl +x2,)"

_dy fora.e. (X,X1) € R™

for h e LY(R™, (1 + |x])" D dXx).
Furthermore, let H be the Poisson extension operator given by

HFOX, Xni1) = n’%F(g> j uafU)

> dy for (x, Xps1) € R™ 1,
Rn (x-yl*+ Xns1) T

for f € LY(R™, (1 + |x|)~™Ddx).
Also, recall that the classical Riesz potential I, is given by

r(%5%) J )

Iq
0= et (%) J x-ye

dy fora.e xeR",

for f € LY(R", (1 + |x])""""9dXx), and the Riesz transform R; is defined, for j = 1, .., n, via the principal value
as a singular integral operator, by

Rif(x) = jf(y) |n+1 dy fora.e xeR",

for f € LY(R™, (1 + |x])~"dx).

The following properties of the operator T, are proved in [23, Lemma 2.6]. In what follows, S(R") stands for
the Schwartz space of those smooth functions in R" which, together with their derivatives of any order, decay
near infinity faster than any power.

Lemma 5.1. Let ¢ be an odd integer such that 0 < € < n. Then there exist constants ¢, and c,, depending on n
and ¢, such that

(-1)7' dy,,,AT Toh = ¢y 3N,
(5.1

(-1)F 007 Toh = uRHh = HRh  forj=1,2,...,n,
for h € S(R™).

Thanks to thislemma, boundedness properties of any ¢-th order derivative of T, in Orlicz spaces can be deduced
from parallel properties of the Riesz transform and the Poisson extension operator. This is accomplished in the
next lemma.

Lemma 5.2. Assume that ¢ € (0, n) is an odd integer. Let A be a Young function fulfilling the condition (2.16), with
a = ¢, and such that A € Ay NV, globally. Then

Ty : LA(R") — VE@AoAno (R RY).
Namely, there exists a constant ¢ such that
IV Tehll a0 evty + I Tehll ne (gny < ClRllamny 52
for h e LA(RM).

The following Sobolev-type boundedness property of the Riesz potential comes into play in the proof of
Lemma 5.2.
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(5.3)

Proof. A proof of equation (5.3) makes use of [17, Theorem 7.2.1, item (ii)], whose proof is, in turn, related to
(5.4)
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Lemma 5.3. Let a € (0, n) and let A be a finite-valued Young function fulfilling the condition (2.16). Assume that
a general characterization of boundedness properties of Riesz potentials in Orlicz spaces from [8]. That theorem

either A € V, globally, or A € V, near 0 and the condition (2.20) holds. Then
I : LA(RY) — L% (R).

enables one to deduce equation (5.3) after verifying that
inf A(t)t™c >0
O<t<1
(5.5

P (et) fort >0,

n

G(s) ds <
S

and
J 51+T'-la
0
for some constant ¢ > 0, where P : (0, co) — [0, co) is the function given by
P(t) = sup A (s)s™" fort >0,

O<s<t

) fort > 0.

and G : (0, c0) — [0, 00) is the function defined as
tA(H, ' ()

G(t) = ( —
H a1 (t)

Equation (5.4) is a consequence of the fact that
lim A(f)t"@ = oo,
t—0

O

which follows from the assumption (2.16) and the property (2.2).
As far as the condition (5.5) is concerned, we observe that, owing to [6, Lemma 1], one has that G = Ag
Hence, the inequality (5.5) is equivalent to
t
An(s) P 1(ct
J f —ds< ,E ) fort >0, (5.6)
Sl+m tna
0
for some constant ¢ > 0.In order to prove (5.6), note that, by Lemma 4.2, there exists § > 0 such that the function
An(t) Jtiatb is quasi non-decreasing. Thus, there exists a constant ¢’ such that
t t t
An(s) An(s) An(t) ¢ An(t)
J‘;—ds:J « 55 lds < ' —=& J‘Hds:— < fortz0.
SHH sﬁﬂs i o) tia
0
Thanks to the latter chain, equation (5.6) will follow if we show that there exists a positive constant ¢ such that
An(t) < P~Y(ct), namely, A(H (1)) < P~Y(ct) or, equivalently,
cHpn(A7N(t) > P(t) fort>0. (5.7
(5.8

CHa (A1) 2 AN (0)t™7 fort 0.
fort>0.

n-a
AR

Since H A8 (A7Y(t)) is an increasing function, equation (5.7) will be established if we prove that
)

-(%%

t n;n
( I sia ds)
0

This inequality holds as a consequence of the chain
B

t
S ) n—a ) n
— S > -
A(s) A(t)n
The following lemma ensures that the operator T, is well-defined for functions in the Orlicz space LA(R"),

Hggo:(j(
0

provided that A fulfils the condition (2.16).
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Lemma 5.4. Let a € (0, n) and let A be a Young function fulfilling the condition (2.16). Then
LAMRMY) — LYRY, (1 + |x])" D dx). (5.9)
Proof. By the Holder inequality (2.25),
J [R()]

(1 + |x)n-a)
]Rn

dx < 20 hlagn (1 + XD ™" gy (5.10)

for h € LA(R™). Via the very definition of Luxemburg norm, one can verify that

At

A=

dt < co.

1@+ X1 ) s gy < 00 if and only if I
0

Equation (5.9) thus follows, since the convergence of the last integral is equivalent to the condition (2.16) — see
[9, Lemma 2.3]. O

Proof of Lemma 5.2. To begin with, observe that, given a function h : R" — R, the restriction of T¢h to R"
agrees with a dimensional multiple of the Riesz potential I,h on R". Thus, owing to equation (5.3), there exists
a constant ¢ such that

ITehl g g < Clhloee) .11

n

for h € LA(RM).
A parallel bound for the first norm on the left-hand side of the inequality (5.2) relies upon an interpolation
argument. Recall that the Poisson extension operator has the following boundedness properties:

3 LYRY) — L% °@®R™) and 3 : LO(RY) — LO(R™), (5.12)
see e.g. [13]. From [7, Theorem], one can hence deduce that
H: LAR"Y) — LA (RMY), (5.13)

provided that there exists a constant ¢ such that

t

A A\

J ﬁl(s) dssc(ﬁ) for ¢t > 0.
sT+l t

0

The latter inequality reads

t n+1 n+l
A(s) n A(t)\

J (,2 ds < c(ﬁ) for t > 0. (5.14)
g+l t

A
tl+e

Since A € V,, the property (2.10) ensures that the function
equation (5.14) follows from the following chain:

is non-decreasing for some ¢ > 0. Therefore,

t n+1 t n+l a1 n+1
A(s) m A(s) m A(t) 1/A(t)\
J (mz ds:J (m? sg’ldss%Js“lds:—(ﬁ> for ¢ > 0.
ST+1 sih TE tw e & t
The assumption A € Ay NV, classically ensures that
Rj: LAR") — LARMY), (5.15)
see e.g. [15]. From Lemma 5.1 and equations (5.13) and (5.15) one deduces that
n
||V€T€h||LAo(1Rﬁ+1) < C( Z ||f]'f3th||LA<>(]R2+l) + | Hhl a0 (]Rz‘rl)) <c ~llza ey (5.16)

j=1

for some constants ¢ and ¢’, and for every h € $(R") N LA(RM).
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It remains to show that the same inequality continues to hold for any h € LA(IR"). To this end, observe that,
given L > 0, the kernel K, associated with the operator T, satisfies the bounds
c

IVRKe(X -y, Xps1))| € ——
(Ix-yP2+L%)7T

for x,y € R" and x,41 > L 5.17)
and

c
(Ix - yI2 + L2)*5*
for m € N U {0}, and some constant ¢ = c¢(n, £, m, L). Hence, by Lemma 5.4, if h € LA(R"), then, fixing x,,1 > 0,

0% Ke(X =y, Xps1)| <

Xn+1

for x,y € R" and xp41 > L, (5.18)

h(Y)V"Ke(X = Y, Xns1) € L' (BR(0) x R") (5.19)

form e NuU {0} and R > 0, where B(0) denotes the ballin R" centered at 0, with radius R, and (x, y) € Bg(0) x R™.
From this piece of information and Fubini’s theorem, one deduces that, for every x,,1; > 0, the function
Teh(-, xn+1) admits weak derivatives of any order m, and

V™ Teh(X, Xns1) = J V"Ke(x -y, Xps1)h(y) dy fora.e. x € R". (5.20)
R
Now, let {hy} be a sequence in §(R"™) N LA(R™) such that hxy — hin L4(R"). Such a sequence exists since A € Aj.
We already know that
IV Tehllpao gmrsty < llilla ey (5.21)

for some constant c. A generalization of a classical result for Lebesgue spaces ensures that there exists a sub-
sequence, still denoted by {hx}, and a nonnegative function he LA(R"), such that hy — h a.e. and |hx| < hae.
in R™. As a consequence, thanks to (5.17) and the dominated convergence theorem, V¢ Tohy — VET,ha.e.in IRﬁ”.
Since Orlicz norms enjoy the Fatou property, we have

IVETeRll a6 ety < Himinf [V Tehill a0 o).
On the other hand,
l}ggo lhillzarny = Illparn)-
From (5.21) we hence deduce that
IV Tehllpao vty < cllhllLagge)- (5.22)
The inequality (5.2) follows from (5.11) and (5.22). O

The regularity properties of the Neumann potential operator T; stated in the next lemma will be of use in our
proof of Theorem 3.5.

Lemma 5.5. Let M be a Young function as in (3.12), and let My, be its Sobolev conjugate. If f ¢ WHM(R™), then
Tif € CHR™) n WLMn(RM). Moreover, there exists a constant ¢ such that

I T1ﬂ|cl(@) + 1 T flwrmn mey < Cllfllwmrn (5.23)
for f € WEM(RM),

Proof. The definition of the function M guarantees that the assumptions of Lemma 5.3 are fulfilled with A
replaced with M. Also, thanks to (3.13), LMn(RMY) — L°°(RM). Hence,

WHM(RY) — LMy(R") — LO(RM). (5.24)

Let f € WLM(R"). Thanks to the bounds (5.17) and (5.18), with ¢ = 1, for the kernel of the operator T1, an analo-
gous argument as in the proof of Lemma 5.2 tells us that T1f is weakly differentiable and

VT1f(X, Xpt1) = (Vx J K@y, xn:1)f(x - y) dy, J ax,mK(X - ¥, Xn+)fY) dy>

R R (5.25)

= ( j K(x -y, xns1)VAy) dy, j 0xp KX =y, Xne1)f(Y) dy)

R" R"
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for a.e. (x, xp41) € IRL’“. Hence, the following chain holds:
||VT1ﬂ|Loo(1R1'r+1) = [|Vx T1ﬂ|L00(1R$+1) +10x,4 TlﬂlLOO(lRﬁ'r“)
< (I (VD llzeo@rny + 1F Sl oo gty
< ' (IVAlLu ey + Iflzeo@mny) < € Il wrmnrey,

for suitable constants c, ¢, ¢”, and for f € WYM(IR™). Here, we used the right-most side of the chain (5.25) in the
first inequality, and Lemma 5.3, the second embedding in (5.24) and equation (5.12) in the second inequality.

Moreover,
IT1fl oo ety < IT1lAllLeomry = Malflleomry < Clfllmmny < clifwemrny,
for a suitable constant ¢, and for f € W-M(IR™). On the other hand, by (5.24),

IT1flwrsin mny = I Tafllpsn mey + IV Tafllpin ey < ClIafllpom gy + I (VAL ey < € Il wrs gy,

for some constants ¢ and ¢’, and for f € WHM(R).
We have thus shown that

IVT1fll oo (mrety + I T1fllwtsm ey < Cllflwrmrey,

for some constant ¢ and for f € WHM(R™).

Finally, our assumptions on M ensure, via the property (2.35), that f € C(IR"). Hence, a classical result from

potential theory tells us that T;f € C®°(R™1) n CY(R"™).

O

Lemma 5.6. Let a € (0, n) and assume that A is a Young function satisfying (2.16). Let A= be its Sobolev conjugate

of order a given by (2.18), and let B4,» be the Young function defined by (4.22). Then

luvlizagme < 8lull 4y o IV 208 oy

foru e LA% (R") and v € LB % (RM).
Proof. Passing to inverse functions in equation (4.28) yields
Hyn (A7) < B, (1) < 2Hy n(ATN(t)) fort>0.

Consequently, by the first inequality in (4.19),
1
2
The inequality (5.26) hence follows as a special case of the inequality (2.27).

AL (OB (1) < A, (0B (1) < 245 () Ha, 1 (A7(0)) = 247'(t)  for t > 0.

Lemma 5.7. Under the same assumptions as in Lemma 4.7, there exists a constant ¢ such that

vl ey < el 7y g V055 gy

Fn
L & (e
forue L (RM) and v € LP2% (RM).

Proof. Thanks to (4.35), the inequality (5.27) is a special instance of the inequality (2.27).

(5.26)

(5.27)

O

Lemma 5.8. Assume that a € (0,n) and A is a finite-valued Young function. Let D be the function defined as
in (3.38), with ¢ replaced with a, let E be given by (3.39), and let Ex be the Sobolev conjugate of E defined as in

(2.18). Let B,z be the function defined by (4.25). Assume that 6 > 0. Then

lim sup  [IDOlul)|l 5, n =0.
£—0* Nul En <e L ®a (R")
L @ (RM)

Proof. Equation (4.43) tells us that
Hyx(D(D) = Hy, (t) fort>0.
Thus, thanks to Lemma 4.4, applied with A replaced with E, one has that

B, n(D(1)) < E(ﬁ;% (D(1) = E(H ', (1)) = Ex(t) fort>0.

(5.28)

(5.29)
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Now, choose € > 0 such that 2e6 < 1. By (2.4), (5.29), and equation (4.19) with A replaced with E,

[ e 2O Y [ gy (AT ) 530)
L

(2e0)wa I Qe (2€) 7 |ul
()
(2¢)7a B [ul
< BE’E(T)“—JBE%(D@»”
RN{|u|>0} 2e R"
< J E5<M>dx < J EE(M)dXS 1.
«\ 2e “\ g
R" R"
This tells us that, if u is such that ||u||LE% &) < g, then
IDOIUDI 5 ) < (260)75. 53D
Hence, the inequality (5.31) follows. O

6 Proofs of Theorems 3.2, 3.3, and 3.5: Harmonic functions

Our results about the second-order problem (1.1) are established in this section. As explained in Section 1,
although they are a special case of those concerning (1.6), a separate proof is offered for the readers’ conve-
nience.

Proof of Theorem 3.2. Set, for simplicity of notation,
X = VEEoE) R+ RI).
Given a function f € LE(R"), we define the operator .# by
ZLu=Ti(N(u)+f) 6.1)

for u: IRQ+1 — R. We claim that, if u € X is a fixed point for .Z, then it is a weak solution to the problem (1.1).
Namely, u fulfills Definition 3.1. To verify this claim, we begin by observing that N(u) € LE(R"). This inclusion
follows from equation (6.5) below. Also, recall that E satisfies (4.30) with a = 1. Thus, the argument from the
proof of Lemma 5.5 ensures that one can differentiate under the integral in the expression for T1(N(u) + f).
Hence, given ¢ € C°(R"*!), owing to Fubini’s theorem and an integration by parts the following chain holds:

J Vu -V dxdxps = J VTi(N(u) + ) - Vo dx dXp41
IRTJ IR:l-+1

- j (jv1<1(x—y,xn+1>(N<u)(y,0>+f(y)>dy)-wo(x,xml)dxdxnﬂ

IR:(_+1 R"

= J ( J VK1(X =y, Xn41) - VO(X, Xp41) dX an+1)(N(u)(y, 0) + fly)) dy

R" IRT—l
- J(N(u)(y, 0) + f)p(y, 0) dy.
R

Note that the last equality holds since, for each given y € R", the kernel K; is a distributional solution to the
problem
{AKl(X—y,xn+1) =0 in R,

Ox Ki(x=y,0) = 6y(x) onR",

where &, denotes the delta function centered at y.
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The assertion about the existence of a weak solution to the problem (1.1) will thus follow if we show that, if
I/l 2 (rn) is sufficiently small, then the operator . admits a fixed point in X.
Let € > 0 to be chosen later and let B’Z‘E be the closed ball in X, centered at the origin with radius 2¢. First,
we show that
% B}, — B}, (6.2)

provided that ¢ is small enough. To verify this fact, fix
u e BX. (6.3)

From Lemma 5.2 applied with A replaced with E, we obtain

I-Zullx = IV TaN(W) + Hll o ety + 1T NW) + Hllzen ey < AN Nzzwny + IflLEm@m) (6.4)

for some constant ¢ independent of u. Note that the assumptions of Lemma 5.2 are satisfied, with £ =1 and A
replaced with E, thanks to Lemmas 4.5 and 4.6. Let Bg , be the Young function introduced in (4.22), with a = 1.
From the assumption (3.1) and the inequality (5.26), applied with A replaced with E, we obtain that

IN@OIzzwey < ¢ ltellzen oy IDAUD I 52 ey (6.5)

for some constant ¢’ independent of u. Owing to the assumption (6.3) and Lemma 5.8, one can choose £ > 0 in
such a way that

”D('ul)"LBE,n(]Rn) < ﬁ
Therefore, if

€
AL Rny < = (6.6)
X

then equation (6.4) implies that .#'(u) € Bj;,, whence (6.2) follows.

As a next step, we show that € can be chosen so small that the operator . is also a contraction on Bj.. An
application of the assumption (3.2) instead of (3.1) and the same argument as above substantiate the following
chain:

I2u - 2vlx = IV Ti(N(W) = N gzo gty + 1T1(N(W) = NW) I £En mr)
< cIN@) = NW)lzzwn) 6.7)
< Clu — Vil ey (IDOIUD) 35 gy + IDOIVDI 21 eny)
for suitable constants ¢ and ¢, and for u, v € Bé‘g. Lemma 5.8 again ensures that € can be chosen so small that
1
1D 220 rry < 7
whenever |ullzz=wn) < 2€. Hence, equation (6.7) entails that

1 1
12U = Zvlx < llu - vize@e < 5lu-vix (6.8)

for u, v € BX(0).
Altogether, we have shown that if € is small enough, then the map (6.2) is a contraction. An application of
the Banach fixed point theorem tells us that it admits a unique fixed point u.
The additional piece of information that u € C®°(R™**') is a consequence of the fact that the kernel K; is
smooth in R**! and, given any L > 0 and k, m € N U {0}, satisfies the bound
c

10X VIKi(x -y, Xps1)| € ————
g T (x—yl 1)

Xn+1

for x,y € R" and xp41 > L, (6.9)

for some constant ¢ = c(n, k, m, L). One has to use a standard argument outlined in the proof of Lemma 5.2.
The inequality (3.8) is consequence of (6.6) and of the fact that u € B;‘E.
It remains to prove the assertion about the sign of u. Since the solution u is a fixed point of the operator .Z,
it agrees with the limit in X of the sequence {u;} defined by

up = Tvf,
uj,1 = T1(N(uj)) + ug  forj e N.

(6.10)
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If f is positive a.e. and N(¢) is positive for ¢ > 0, then obviously u; > 0. By induction, we have that u; > u; > 0
for j € IN. Hence, u > uy > 0, since the convergence in X implies a.e. convergence, up to subsequences. O

Proof of Theorem 3.3. Set, for brevity,
Z = VhEE) (R R, (6.11)

In order to prove that u € Z, it suffices to show that the sequence {u;}, defined by (6.10), is a Cauchy sequence
in Z. Since f € LEVF(R"), then f € LE(R") and f € LF(R"). Let € and ¢ be as in equation (6.6). An inspection
of the proof of Theorem 3.2 shows that the smallness of [|u;]|zzx (rr) is guaranteed if ||fl|zzwny < o for a suitable
o€ (0, %). In order to show that u; € Z for each j > 1, we argue by induction. We have that u; € Z, by Lemma 5.2,
applied with A replaced with F. Now assume thatj > 1. Then

lujllz < lurllz + ITaN(uj-))liz < llullz + N we)-

By (3.1), the definition of D, the assumption (3.10) and the inequality (5.27),
IN@Wj-Dllr ey < Nwjallzen @ ID(Uj—1 Dl Lzen wey < TW-alzID(Uj-1 DI 22R RR)-
Owing to Lemma 5.8,
1D U1 D50 ey < 00,
thanks to the smallness of [|u;_1 ||z rr). Altogether, we have that u; € Z.
Next, the following chain holds for j > 2:
lujr1 — wjllz = 1T IN(w;) = N(uj-1)1llz < clIN(u;) — N(uj-)llLr ey
< ¢l — w1l rey D OIU D 32 ey + IDONUj-1 D 35 ey
for suitable constants ¢ and ¢’. Here, we used Lemma 5.2, with A replaced with F, the assumption (3.2), and
Lemma 5.7.

We claim that 1
"D(e|uj|)”LBE,n(]Rn) < ac forj e N.

By Lemma 5.8, this claim follows since, as observed above, ||u;| 1z rry can be forced to be as small as we need
for j € N. We have thus proved that
1 1 .
lujr1 - ujllz < E”uj —UjqllpFnrry < E”uj ~Uj1llz forj>2.
Hence, {u;} is a Cauchy sequence in Z converging to some function in Z. This function must agree with u, whence
(3.11) follows. O
Proof of Theorem 3.5. The solution under consideration to the problem (1.1) is the limit in V1(Fe-En) (R R?)
of the sequence {u;} introduced in (6.10). Define the space
Y = {ue CLRM™) : Tru e WhHMe(RM)),
Then Y is a Banach space endowed with the norm
luly = ”u"Cl(W) + | T wfl wmn qrry -

Our goal is to show that {u;} is a Cauchy sequence in Y, provided that ||f]| v rn) is sufficiently small. It will then
follow that u € Y and that (3.17) holds.
Let ¢ and tp be as in the inequality (3.15). Owing to our assumptions on M, there exists a constant ¢; such
that
IVILoorn) + IVVILoomny < C1llVly (6.12)

for v € Y. Fix 0 > 0. Let € > 0 be such that
£< —. (6.13)
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Assume that v is any function in Y such that
vily < €.

Let Q1, Q2 : [0, 00) — [0, 0co) be the functions defined as
Qu(t) = Mn(2¢7'(1)) and Q2= M(29~'(1)) fort=>0.
The function M (¢) is finite-valued for small ¢ and admits a classical inverse. Moreover,
0700 = 9310 )w(3M:'(0) < (M (D) fort e 0,10),

for a sufficiently small ¢; > 0.

—_ 799

(6.14)

By Lemma 4.8 and Lemma 4.4 applied with A replaced with M, the number ¢; can be chosen so small that

D(GM, (1) < Hyn(M™(0) < By} (1) fort € (0, 1),
where ITIM,,, is defined as in (4.25) and By, is defined as in (4.26) with E replaced with M. Hence,
10031 (D) < By ((t) fort e (0, 17).
Let

k> max{z “ }
to

where ¢ is the constant from (3.15). By (3.15) and (6.14),

]Rlol(f?f(wy) < [or(oge)) on- J (e (o())

R R

[ 2))ar= [ o(o(1))ox= [l =1

R" R" R"

IN
—
5
—
o |=
~—
u
=~
N
_

On the other hand,

Hence,
I¢(alvl/K)liLes rny < co(e0)” and [P (alvl/K)lLe:wny < 1.
Notice that u; € Y since
luilly = IT1flly < clfilwrmrr

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

for some constant ¢, where the inequality is a consequence of Lemma 5.5. This entails the smallness of [us |y
when |[fllwimrny is small enough. We next prove by induction that the same smallness property is enjoyed

by llujlly, uniformly in j € IN. Assume that
lujlly < €

for some j € IN.
By Lemma 5.5 again,
lujally = IT1N(W))) + Tiflly < cIN(upllwrgny + clifllwiv ey

for some constant c. Moreover,
INW) lwrarrey = IN@H s ey + 1IN (W) Vil rey-

Assume, in addition, that & is such that

M (t1)

2C1 '
Therefore,
I
IN@p) Iy < cllujllpmn @ IDAu; ) o gy < €™ Hiuglly,

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)

for some constants ¢ and ¢’ independent of &. Here, the first inequality follows from (3.1) and (5.26) with A
replaced with M, whereas the second inequality is a consequence of the estimate (6.15) and of the first inequality
in (6.19) applied with ¢ = k and with ¢ replaced with D. Note that (6.19) holds with y = n’ — 1, ¢y = 1 and ty = co

in the present situation, since, thanks to (3.19), equation (3.15) holds with ¢ = D.
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Next, equation (3.2) implies that
IN'(t)] < cOD(Ot) forae.t>0, (6.25)
and for some constant c¢. Hence, an analogous chain as in (6.24), with (6.19) now applied with o = k6, yields
IN' () Vil L gy < €IV lLn ey IDOTU D v ey < c'e" Mujly, (6.26)
for some constants ¢ and ¢’ independent of &. From (6.21), (6.24), and (6.26) we deduce that
lujeally < &, (6.27)

provided that ¢ is sufficiently small, and |/f]lw.m(rn) < 5=, where c is the constant appearing in (6.21). As a con-
sequence, since the inequalities in (6.19) follow from (6.20), they hold for everyj € IN.

The next step consists of a bound for [luj,1 — ujlly for j € N. We begin with an estimate for the norm
luj+1 — ujllLvm (mry. An application of Lemma 5.3, with A replaced with M, yields, via the same steps as in (6.24),

lwjsa = wjllpwm ey = ITa N (W) = N(uj-1)) v rey
= Il (N (up) = N(uj—1))llpmn (mr)
< ¢ IN() = N(j-n)llw ey (6.28)
< ¢ luj = Wil ey (DO} DI s ey + 1DOIi-1 Dl v ey
< """l - wjogllpm (ny

n

for sufficiently small £ and for suitable constants c, ¢’, ¢”, ¢’"". The smallness of £ hence ensures that

1
1 — wjllpmm ey < z"uj = Wj—1 ]l (mry

for j € N, whence
||u]'+1 - u]'”LMn (Rn) < 27, (6.29)

An application of Lemma 5.5 tells us that

lujr = ujlly < ClIN(uy) = N(uj-)llwrmrey

_ _ (6.30)
= C[IN(u;) = N(uj—)llzmwey + clIVIN(w;) = N(uj-1))llpm wn),
for some constant ¢. From the estimates (6.28) and (6.29) one infers that
IN(uj) = N(wjo1)ll ey < 27 (6.31)
for j € N if ¢ is small enough. Furthermore,
IVON(uj) = N(ujca) lpvewey < 1V = uj-)N' (@))llpmrey + 1Vi-g N (1) = N (wj-0)) v wey- (6.32)
Thanks to (6.25) and to analogous steps as above,
IV (w5 = wjie)N' ()l pmwey < €lIV(Wj = uj—1) D61l L ey
< " IV(uj = wj-a) |y e IDO1U D 2w )
(6.33)

i
< c"e" Muj - ujally
< Liwy-wal
< —=luj - ujaly
27 ] ] )

for some constants ¢, ¢’, ¢”, provided that ¢ is sufficiently small. Here, ¢ denotes the constant from (6.30).
Finally, the same arguments that yield (6.19), with £ = 27/ and a suitable choice of g, and (6.29) imply that

Ip(Blu; — uj1l)llger mry < €277, (6.34)
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for some constant c. From the assumption (3.16), the inequality (6.16), the inequality (2.27) in the version under
L*-bounds for trial functions, as well as (6.34) and (6.19), we deduce that

Va1 N (u) = N (W)l ey < NVl ey IN' (47) = N (-1l v ey
< w1y (19 (01 — wia DY O Dl swn ()

+ 1061y — -1 YOI 1)l 2en ) (635)
< c"ell¢(6luj — uj—1Dllger ey 1Y O1U; DIl oz mry + 19 (O1Uj—1 Dl o2 (rry)
<c"e2 Y,

n

for suitable constants ¢, ¢’, ¢”’, ¢""’. Altogether, we conclude that

1 »
1 = wjlly < Sl = Ujally +c277,
for some constant ¢ and for j € IN. Iterating this inequality yields
1 2 ) ) .
lwjr =l < o s = willy + e27 ) 2070 < ! @7 4 27, (6.36)

i=0

for some constants c, ¢’. Since y > 0, it follows that {u;} is a Cauchy sequence in Y. The proof is complete. [

7 Proofs of Theorems 3.13-3.15: Polyharmonic functions

Our approach to the higher-order problem (1.6) is similar to that exposed in the previous section. In the proofs
offered below, we shall thus mainly focus on the steps requiring major variants.

Proof of Theorem 3.13. Consider the operator . defined as

ZLu=Te(N(u) +f) (7.1)
for u: R™! - R. A fixed point u € V**FY
this assertion, we need to show that

(R™1!, R") for this map is a solution to the problem (1.6). To verify

J V™'u -V dx dxpyq = J(N(u)(x, 0) + f)p(x, 0) dx (7.2)

IRZH R"

for every ¢ € C‘g"(]Rﬁ“) such that axMAk(p( -,0)=0for k=0,...,m- 2. Fixing y € R", the kernel K, of the
operator T, is a distributional solution to the problem

A™Ke(X Y, Xns1) = 0 in R™*,
axmAng(x -y,00=0 onR", fork=0,1,...,m-2,
(1), A" Ke(x ~ ,0) = 8y(x) onR"
Hence, if ¢ is as above, then
[ Kelr-3.000,,8™ 906, 0) - (1" 906,08, () dx + | Kelx =, x0:a)a" 906 K1) dx Ao =0 (13
R? ]Rrrrl
An iterated integration by parts and the use of the conditions dy,,,AK¢(-,0) =0for k =0,...,m - 2 yield
j Ke(X =y, Xns1)A™ 0 (X, Xp41) dX dXpsr = (D)™ J V™ Ke(X =y, Xn+1) - V' Q(X, Xn41) @X dXni1
]Rﬁ+1 IR$+1

- J Ke(x = y,0)0y,,, (A™ 1 9)(x, 0) dx.
RI[

(7.4)
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Coupling (7.3) with (7.4) produces
J V™ Ke(x - ¥, Xn+1) - Vm(P(X: Xn+1) dX dXxpi1 = @(y,0).
]RT'l
As a consequence, thanks to equation (5.20), the following chain holds:
J V'u-v"e dx dxp = J VUT,(N() + f) - V" dx dxps1
IR2+1 ]R2+1
3| ( [ VK- y ) OV, 0) + ) dy) VMO, Xne1) AX AXnsy

]RTI R?

=j j v’"Ke<x—y,xn+1)-vmqo(x,xml)dxdxml)m(u)(y,m+f(y))dy

]R" IRT—I
_ J N@W)(y, 0) + fy)o(y, 0) dy,
]Rh

namely, (7.2).
Our aim is now to show that the integral equation (7.1) admits a unique fixed point u, provided that the
norm ||f]lzz e is sufficiently small. Let us set, for simplicity of notation,

€,(E<>,E%

X=V (R, RY).

To prove that
% :BX — BX (7.5)

2e

for sufficiently small €, one can argue as in the proof of Theorem 3.2, and obtain that

12l < c(hul ey o IDAUDI 2 o+ W), (76)

for some constant ¢ and for u € X. Thanks to Lemma 5.8, there exists € > 0 such that

ID(lubll

5w = 2¢
whenever |Jullx < 2¢. Thus, if [|fll.z@wr) < €/c, then equation (7.6) ensures that |2 (u)|x < 2&. Hence, (7.5) follows.

As for the contraction property of the operator .#, one similarly finds that

_ < — n n n
12~ 2V < cllu=vl 2y DD 5y )+ IDOVD] 5y ),

for some constant ¢ and for u, v € X. By Lemma 5.8 again, there exists € > 0 such that

1
IID(9|uI)IILBE,g @t IID(9IV|)I|LBE,g & S 7¢
provided that [u| ex < 2eand ||| En < 2¢. Hence,
L ¢ (RY) L ¢ (RY)
LU - Zvlix < Slu-vl ey < Su-vl
_ < Mu-vl 22 < —llu-
=3 LE®n) T 2 X

foru,v e B%‘S. An application of the Banach fixed point theorem yields the existence of a unique fixed point for
the map (7.5).
Since the kernel K, is smooth in R**! and, given any L > 0 and k, m € N u {0},

c

10X VIKe(x -y, Xpp1)| € ————
(Ix-yP?+L?)7

Xn+1

for x,y € R" and x,41 > L, (7.7)

for some constant ¢ = c(n, ¢, k, m, L), the argument sketched in the proof of Lemma 5.2 ensures that u €
CoO(REM).
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Being the fixed point of the map (7.5), the function u is the limit in X of the sequence {u;} defined as

ui = Tef,
Ujr1 = Te(N(uj)) +uy  forj e N.

(7.8)

If f > 0 is positive a.e. and N(t) > 0 is positive for ¢ > 0, then u; > 0 and, by induction, u; > u; > 0 for j € N.
Thus, u > u; > 0, since the convergence in X implies the convergence a.e. of a subsequence of {u;}. O

Proof of Theorem 3.14. The proof is analogous to that of Theorem 3.3. One has just to define the space Z as

£,(Fo,Fn)

Z=V (R™1, RM),

to replace the first-order gradient V with the operator V¢, and the functions F,, and B n with Fu and Bg,n.
Of course, the sequence {u;} is now defined as in (7.8). We skip the details for brevity. O

Proof of Theorem 3.15. Set w = A™'u. Then w solves the second-order problem

Aw =0 in R"*1,
{(—1)maxmlw =N@)+f onadR", 79
If N(u) has the same regularity as f, namely, if
N(u) e WH(R), (7.10)

then, by Lemma 5.5, w € C}(R"*!). Consequently, equation (3.47) holds by the classical elliptic regularity
theory [1]. It thus suffices to establish equation (7.10).
Consider the sequence {u;} of functions u; : R" — R defined as

uy = If,
Uj1 = Ie(N(uj)) + uy  forj e N.

(7.11)

We shall prove that {u;} is a Cauchy sequence in the Orlicz-Sobolev space whME (R™), provided that the norm
[l wrm(rey is small enough.
Thanks to (3.46), there exists a constant c; such that

o (Rn) < A
IVl < c2llvil sy oo (7.12)

forv e LM? (R").Fix 0 > 0. Let € > 0 be such that € < % Let ver': (R™) be any function such that

vl <e

L ff(]R’l

Define the functions Q1, Q3 : [0, 00) — [0, 00) as Q1(t) = M= (2¢‘1(t)) and Q,(t) = M%(2¢-1(t)) for t > 0.
Then
01" (003" (1) = DM (1)) for¢=0,

Moreover, by Lemma 4.8 and Lemma 4.4 applied with A replaced with M, there exists t; such that
D(3M7 () < Hy,n (M7 (8)) < By o (1) fort € (0, 1), (7.13)
3 3
where ITIM,% is defined as in (4.25) and By, = is defined as in (4.26) with E replaced with M. Therefore,
Q11 (0Q (1) < Byl (t) fort e (0,t). (7.14)
3
Let c
k> max{z, =2 },
to
where ¢ is the constant appearing in (3.15). Analogous chains as in (6.17) and (6.18) tell us that

Jo (%)

where ¢ is the constant from (3.15).

< co(e0)  and ”;a(""") <1, (7.15)

LO1(R") LO2(R")
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In particular, if ¢ = D and ¢ = 1, then the inequality (3.15) holds with y = ﬁ. Hence, if
My (tr)
e

€<
2¢y

bl

then equation (7.15) combined with (7.13) implies that
HD( olvi )“ < conree, (7.16)
M3 ()

From Lemma 5.3, applied with A replaced with M, we deduce that u; € whMi (R™). Moreover, ||uq || w""% ®Y < €
provided that ||f]l w1 gny is small enough.
Next, assume that

<E, (7.17)

10,5

~Is

for some j € IN.
We have that

lgeall oy < AN lwsearny + sy

2 ()

(7.18)
= CINU ey + CIN' W)Vl ey + lifllwnsnray,

for some constant c¢. Through an appropriate choice of ¢ in (7.16), an analogous chain as in (6.24) tells us that
there exists a constant ¢ such that

e
IN(uj) v wey < cen=e| u]‘"WI,M% @’ (7.19)

Also, similarly to (6.26),

L
IN' (W) Vujllpm ey < ce7e |lu [ i3 Rey’ (7.20)

for some constant c. Therefore, an induction argument ensures that ||fll (g can be chosen small enough for
equation (7.17) to hold for every j € IN. Via a suitable choice of ¢ in (7.16), the same steps as in equation (6.28)
yield

< cIN(uj) = N(wj—)llpmwey < et luj — uj- 1|| My (7.21)

luj1 - uj”LM% 3 Ry’

(R™)
for suitable constants c, ¢/, provided that ¢ is sufficiently small. Consequently, if € is properly chosen, one
deduces that

1
il v < Sy :
lujsa u]”LM? ®Y = 2"“] Uj- 1||L % (Rn) (7.22)
forj € N, whence

. -J
lujs — u]”L % (r7) <27, (7.23)

Now, observe that there exists a constant c3 such that

Nwjer = wjll oy < €3INy) = N(uj-)lwran ey (7.29)

€ (RM)
< €3lIN(w)) = N(uj—)llipwwey + c3IVIN(W)) = N(uj-1)) iz ey -
Equations (7.21) and (7.23) imply that
IN) = N@j-1)lpmrny < 27, (7.25)
provided that ¢ is sufficiently small. On the other hand,
IVON(j) = N(@j-a))lpwey < IN' (@) V(W) = -0l mey + 1V8-1 (N () = N'(@-1)) 2w gen)- (7.26)

The same steps as in (6.33) enable one to deduce that

1
!
IN*(u)V (W = uj-1)llpmwey < Elluj = Ujell oy ey (7.27)

for sufficiently small €, where c3 denotes the constant from (7.24).
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It remains to estimate the second addend on the right-hand side of (7.26). Thanks to (7.15), applied with
V = uj — uj_1, and (7.23) one has that

19Ol — wj-1D)llzer gy < €277, (7.28)
for some constant c. From (3.16), (7.15) and (7.28) we infer, analogously to (6.35), that
V1 (N () = N’ (1))l ey < c277. (7.29)

Combining equations (7.24), (7.25), (7.27) and (7.29) ensures that

1 )
o s — 11 -Jy
lluj1 u]||W1,M < 5 luj — uj4]] e & +c2777,

& (R
for some constant c. Iterating this inequality, we obtain, as in (6.36),

[ Ujs1 — u]-||W1,M% &) <c@27+27), (7.30)
for some constant ¢ and for j € IN. Since y > 0, it follows that {u;} is a Cauchy sequence in whMe (R™), whose

limit u € W"™# (R"). Moreover, from (7.25), (7.26), (7.27), (7.29), and (7.30) one also deduces that
INje1) = Ny < €27 +277), (7.31)

for some constant ¢ and for j € IN. Hence, {N(u;)} is a Cauchy sequence in WLM(RM), whose limit N(u) ful-
fills (7.10). O
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