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Abstract: In this paper we prove an integral representation formula for a general class of energies defined on
the space of generalized special functions of bounded deformation (GSBDP) in arbitrary space dimensions.
Functionals of this type naturally arise in the modeling of linear elastic solids with surface discontinuities
including phenomena as fracture, damage, surface tension between different elastic phases, or material
voids. Our approach is based on the global method for relaxation devised in [G. Bouchitté, I. Fonseca and
L. Mascarenhas, A global method for relaxation, Arch. Ration. Mech. Anal. 145 (1998), no. 1, 51-98] and
arecent Korn-type inequality in GSBDP, cf. [F. Cagnetti, A. Chambolle and L. Scardia, Korn and Poincaré—Korn
inequalities for functions with a small jump set, preprint (2020)]. Our general strategy also allows to gener-
alize integral representation results in SBDP, obtained in dimension two [S. Conti, M. Focardi and F. Iurlano,
Integral representation for functionals defined on SBD? in dimension two, Arch. Ration. Mech. Anal. 223
(2017), no. 3, 1337-1374], to higher dimensions, and to revisit results in the framework of generalized spe-
cial functions of bounded variation (GSBV?).
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1 Introduction

Integral representation results are a fundamental tool in the abstract theory of variational limits by I'-conver-
gence or in relaxation problems (see [32]). The topic has attracted widespread attention in the mathematical
community over the last decades, with applications in various contexts, such as homogenization, dimension
reduction, or atomistic-to-continuum approximations. In this paper we contribute to this topic by proving an
integral representation result for a general class of energies arising in the modeling of linear elastic solids
with surface discontinuities.

Integral representation theorems have been provided with increasing generality, ranging from function-
als defined on Sobolev spaces [1, 17-19, 33, 49] to those defined on spaces of functions of bounded variation
[12, 14,22, 30], in particular on the subspace SBV of special functions of bounded variation [13, 15, 16] and
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on piecewise constant functions [2]. In recent years, this analysis has been further improved to deal with func-
tionals and variational limits on GSBV? (generalized special functions of bounded variation with p-integrable
bulk density), which is the natural energy space for the variational description of many problems with free
discontinuities, see among others [6-9, 21, 37, 41]. A very general method for dealing with all the abovemen-
tioned classes of functionals, the so-called global method for relaxation, has been developed by Bouchitté,
Fonseca, Leoni, and Mascarenhas in [13, 14]. It essentially consists in comparing asymptotic Dirichlet prob-
lems on small balls with different boundary data depending on the local properties of the functions and
allows to characterize energy densities in terms of cell formulas.

When coming to the variational description of rupture phenomena in general linearly elastic materials,
however, the functional setting to be considered becomes weaker. Indeed, problems need to be formulated
in suitable subspaces of functions of bounded deformation (BD functions) for which the distributional sym-
metrized gradient is a bounded Radon measure.

In the mathematical description of linear elasticity, the elastic properties are determined by the elastic
strain. For a solid in a (bounded) reference configuration Q c R?, whose displacement field with respect to
the equilibrium is u: Q — RY, the elastic strain is given by the symmetrized gradient e(u) = %(Vu +(Vu)h.
In standard models, the corresponding linear elastic energy is a suitable quadratic form of e(u), possibly
depending on the material point, see, e.g., [38, Section 2.1]. However, this is often generalized to the case
of p-growth for a power p > 1, see [46, Sections 10—11]. The presence of surface discontinuities is related to
several dissipative phenomena, such as cracks, surface tension between different elastic phases, or internal
cavities. In the energetic description, this is represented by a term concentrated on the jump set J,,. This set is
characterized by the property that for x € J,,, when blowing up around x, the jump set approximates a hyper-
plane with normal v, (x) € $9-1 and the displacement field is close to two suitable values u*(x), u=(x) € R4
on the two sides of the material with respect to this hyperplane.

Prototypical examples of functionals described above are energies which are controlled from above and
below by suitable multiples of

j le@)l? dx + j (1 + [[u]]) d3c?1, (1)
Q JunQ

where [u](x) = u*(x) — u”(x) denotes the jump opening, or which are controlled by multiples of Griffith’s
energy [45]

J le(w)P dx + 3(41(J, N Q). @)
Q

Whereas in case (1) the energy space is be given by SBD?, a subspace of BD, problems with control of type (2)
are naturally formulated on generalized special functions of bounded deformation GSBDP, introduced by
Dal Maso [31]. (We refer to Section 3.1 for more details.) The only available integral representation result
in this context is due to Conti, Focardi, and Iurlano [28] who considered variational functionals controlled
locally in terms of (1) in dimension d = 2. Let us mention that the behavior is quite different if linear growth
on the symmetrized gradient is assumed (corresponding to p = 1), as suited for the description of plasticity.
In that case, representation results in the framework of BD have been obtained, for instance, in [10, 36]
and [23] (see also [35, 48], containing essential tools for the proof).

The goal of the present article is twofold: we generalize the results of [28] for energies with control of
type (1) to arbitrary space dimensions and, more importantly, we extend the theory to encompass also prob-
lems of the form (2), which are most relevant from an applicative viewpoint. Indeed, already in dimension
two, the extension of [28] to the case where only a control of type (2) is available is no straightforward task.
This is a fundamental difference with respect to the BV-theory where problems for generalized functions of
bounded variation can be reconducted to SBV by a perturbation trick (see for instance [21]): one considers
a small perturbation of the functional, depending on the jump opening, to represent functionals on SBV?.
Then, by letting the perturbation parameter vanish and by truncating functions suitably, the representation
can be extended to GSBV?. Unfortunately, the trick of reducing problem (2) to (1) is not expedient in the lin-
early elastic context and does not allow to deduce an integral representation result in GSBD? from the one
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in SBD”. This is mainly due to the fact that, given a control only on the symmetrized gradient, it is in principle
not possible to use smooth truncations to decrease the energy up to a small error.

Let us also remark that, while in the majority of integral representation results in BV and BD the
L'-topology was considered, this is not the right choice when only a lower bound of the form (2) is at
hand. Indeed, in this case, the available compactness results [25, 31] have been established with respect
to the topology of the convergence in measure. This latter is also the topology where recently an integral
representation result for the subspace PR(Q) of piecewise rigid functions has been proved in [44].

In our main result (Theorem 2.1), we prove an integral representation for variational functionals

F: GSBDP(Q) x B(Q) — [0, +00)

(B(Q) denoting the Borel subsets of Q) that satisfy the standard abstract conditions to be Borel measures in
the second argument, lower semicontinuous with respect to convergence in measure, and local in the first
argument. Moreover, we require control of type (2), localized to any B € B(Q).

Let us comment on the proof strategy. We follow the general approach of the global method for relaxation
provided in [13, 14] for variational functionals in BV. The proof strategy recovers the integral bulk and surface
densities as blow-up limits of cell minimization formulas. The steps to be performed are the following:

« one first shows that, for fixed u € GSBD?(Q), the set function F(u, - ) is asymptotically equivalent to its
minimum mg(u, - ) over competitors attaining the same boundary conditions as u on the boundaries of
small balls centered in x¢ € Q with vanishing radii. With this we mean that the two quantities have the
same Radon—Nikodym derivative with respect to u := £4[q+H9!|;,nq (Lemma 4.1),

» onethen proves that the Radon—Nikodym derivative dm'g—‘(]"') only depends on xg, the value u(xp), and the
(approximate) gradient Vu(xo) at a Lebesgue point xo, while at a jump point xg it is uniquely determined
by the one-sided traces u*(xgp), u™(xo) and the normal vector v, (xo) to J,, in xo (Lemmas 4.2 and 4.3).

When dealing with all of the abovementioned issues, a key ingredient is given by a Korn-type inequality for

special functions of bounded deformation, established recently by Cagnetti, Chambolle, and Scardia [20],

which generalizes a two-dimensional result in [28] (see also [39]) to arbitrary dimension. It provides a control

of the full gradient in terms of the symmetrized gradient, up to an exceptional set whose perimeter has a sur-
face measure comparable to that of the discontinuity set. In particular, this estimate is used to approximate
the function u with functions u., which have Sobolev regularity in a ball (around a Lebesgue point), or in
half-balls oriented by the jump normal (around a jump point), and which converge to the purely elastic com-
petitor u(xp) + Vu(xo)(- — xo), or the two-valued function with values u~(xo) and u*(xo), respectively. This is
done in Lemmas 5.1 and 6.1, respectively, and is used for proving Lemmas 4.2 and 4.3. Let us mention that
this application of the Korn-type inequality is similar to the one in dimension two [28] (with the topology of

convergence in measure in place of L), and constitutes the counterpart of the SBV-Poincaré inequality [34]

used in the SBV-case [13]. We also point out that our construction for approximating two-valued functions in

Lemma 4.3 slightly differs from the ones in [13, 28] in order to fix a possible flaw contained in these proofs,

see Remark 6.2 for details.

In contrast to [28], the Korn inequality is also used in the proof of Lemma 4.1: at this point, one needs to
show that functions of the form

V6 = z V?XBf

approximate u in the topology of the convergence in measure, where B? is a fine cover of a given set with
disjoint balls of radius smaller than § and vf denote minimizers for m(u, Bf). In [28], the lower bound in
(1) allows to control the distributional symmetrized gradient Eu which along with a scaling argument and the
classical Korn-Poincaré inequality in BD (see [50, Theorem 2.2]) shows that vf is close to u on each Bf. (In
[13], the SBV-Poincaré inequality is used.) Our weaker lower bound of the form (2), however, calls for novel
arguments and we use the Korn-type inequality to show that vf are close to u in L? up to exceptional sets cul’.j
whose volumes scale like 6(F(u, B?) + y(B?)).

We also point out that, if instead a control of the type (1) is assumed, the arguments leading to Theo-
rem 2.1 can be successfully adapted to extend the result for functionals on SBD? (see [28]) to arbitrary space
dimensions, see Theorem 7.1. This is done by exploiting the stronger blow-up properties of SBD functions.
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We note that, in principle, this result could be also obtained by adapting the arguments in [28] to higher
dimension by employing the Korn inequality [20]. We however preferred to give a self-contained proof of
Theorem 7.1, which requires only slight modifications of the arguments used for Theorem 2.1 and nicely
illustrates the differences between SBDP and its generalized space.

For a related purpose, in Section 8 we discuss how our arguments can also provide a direct proof for
integral representation results on GSBV?, if a local control on the full deformation gradient of the form

J [VulP dx + K< 1(J, N Q)
Q

is given, see Theorem 8.1. In particular, no perturbation or truncation arguments are needed in the proof.
Therefore, we believe that this provides a new perspective and a slightly simpler approach to integral repre-
sentation results in GSBV? without necessity of the perturbation trick discussed before, relying on the SBV
result. Let us, however, mention that in [21] a more general growth condition from above is considered:
dealing with such a condition would instead require a truncation method in the proof.

We close the introduction by mentioning that in a subsequent work [42] we use the present result to
obtain integral representation of I'-limits for sequences of energies in linear elasticity with surface discontinu-
ities. There, we additionally characterize the bulk and surface densities as blow-up limits of cell minimization
formulas where the minimization is not performed on GSBD? but more specifically on Sobolev functions (bulk
density) and piecewise rigid functions [44] (surface density). The latter characterization particularly allows
to identify integrands of relaxed functionals and to treat homogenization problems.

The paper is organized as follows. In Section 2 we present our main integral representation result
in GSBD”. Section 3 is devoted to some preliminaries about the function space. In particular, we present
the Korn-type inequality established in [20] and prove a fundamental estimate. Section 4 contains the gen-
eral strategy and the proof of Lemma 4.1. The identifications of the bulk and surface density (Lemmas 4.2
and 4.3) are postponed to Sections 5 and 6, respectively. In Section 7 we describe the modifications necessary
to obtain the SBDP-case. Finally, in Section 8 we explain how our method can be used to establish an integral
representation result in GSBV?.

2 The integral representation result

In this section we present our main result. We start with some basic notation. Let Q ¢ R¢ be open, bounded
with Lipschitz boundary. Let A(Q) be the family of open subsets of Q, and denote by B(Q) the family of Borel
sets contained in Q. For every x € R4 and € > 0 we indicate by B:(x) R4 the open ball with center x and
radius €. For x, y € R?, we use the notation x - y for the scalar product and |x| for the Euclidean norm. More-
over, we let $4-1 := {x ¢ R? : |x| = 1} and we denote by M%< the set of d x d matrices. The m-dimensional
Lebesgue measure of the unit ball in R™ is indicated by y,, for every m € N. We denote by £¢ and H* the
d-dimensional Lebesgue measure and the k-dimensional Hausdorff measure, respectively.

For definition and properties of the space GSBD? (Q), 1 < p < oo, werefer thereader to [31]. Some relevant
properties are collected in Section 3 below. In particular, the approximate gradient is denoted by Vu (it is well
defined, see Lemma 3.5) and the (approximate) jump set is denoted by J,, with corresponding normal v, and
one-sided limits u* and u~. We also define e(u) = (Vu + (Vu)").

We consider functionals F: GSBD?(Q) x B(Q) — [0, +oo) with the following general assumptions:

(H1) F(u,-)is a Borel measure for any u € GSBD?(Q),

(H2) J(-,A) islower semicontinuous with respect to convergence in measure on Q for any A € A(Q),

(H3) J(-,A) is local for any A € A(Q), in the sense that if u, v € GSBD?(Q) satisfy u = v a.e. in A, then
F(u, A) = F(v, A),

(H4) there exist 0 < a < B such that for any u € GSBD”(Q) and B € B(Q) we have

a( j le()l? dx + H41(J, B)) < Fu, B) < B( J(1 T le()P) dx + 41 (T, 0 B)).

B B
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We now formulate the main result of this article addressing integral representation of functionals F satisfying
(H1)—(H4). To this end, we introduce some further notation: for every u € GSBDP(Q) and A € A(Q) we define

mg(u,A)= inf {F(v,A) : v = uin a neighborhood of 0A}. (2.1)
veGSBDP(Q)

For xo € Q, up € RY, and ¢ € M?¥? we introduce the functions €y, y,,¢: R? —» R? by
Exo,u0,£(X) = Uo + &§(x = X0)- (2.2)

Moreovet, for xo € Q, a, b € R%, and v € $971 we introduce uy, 4,p,v: R? — RY by

a if(x-xg9)-v>0,
Uxy,a,b,v(X) = . 0 (2.3)
b if(x-xg)-v<O.
In this paper, we will prove the following result.
Theorem 2.1 (Integral representation in GSBD?). Let Q c R4 be open, bounded with Lipschitz boundary and
suppose that F: GSBDP (Q) x B(Q) — [0, +00) satisfies (H1)-(H4). Then

F(u, B) = If(x, u(x), Vu(x)) dx + J g0 ut (), U (x), v (x)) dH L (x)
B JunB

for all u € GSBDP(Q) and B € B(Q), where f is given by

m?(exo,uo,fy B¢(x0))

f(xo, uo, &) = limsup - (2.4)
=0 Yd€
forall xo € Q, up € RY, & € M%4, and g is given by
m ,B
g(xo, a, b, v) = limsup 7 (Uxo,ab,v> Be(x0)) (2.5)

a1
-0 )’d—lg
forallxg € Q,a,b e R, andv € $9-1,

Remark 2.2. We proceed with some remarks on the result.

(i) Ingeneral, if f is not convex in ¢, in spite of the growth conditions (H4), the functional may fully depend
on Vu and not just on the symmetric part e(u). We refer to [28, Remark 4.14] for an example in this
direction.

(i) As F is lower semicontinuous on WP with respect to weak convergence, the integrand f is quasi-
convex [47]. Since ¥ is lower semicontinuous on piecewise rigid functions, the integrand g is BD-elliptic
[43] (at least if one can ensure, for instance, that g has a continuous dependence in x). A fortiori, g is
BV-elliptic [3].

(iii) If the functional F additionally satisfies F(u + a, A) = F(u, A) for all affine functions a: R? — R with
e(a) = 0, then there are two functions f: Q x M%4 — [0, +c0) and g: Q x RY x $9-1 — [0, +00) such
that

T, B) = [ fox, ey dx+ | g0c 0, vi() 3¢ o),
B JunB
where [u](x) := u*(x) - u(x).

(iv) A variant of the proof shows that, in the minimization problems (2.4)-(2.5), one may replace balls B, (xg)
by cubes QY(xo) with sidelength €, centered at xo, and two faces orthogonal to v = v, (xo).

(v) An analogous result holds on the space GSBV? (Q; R™) for m € IN. We refer to Section 8 for details.

We will additionally discuss the minor modifications needed in order to deal with functionals
F: SBDP(Q) x B(Q) — [0, +00)

satisfying (H1)-(H3) and

(H4’) there exist O < a < B such that for any u € SBDP(Q) and B € B(Q) we have

a(JIe(u)lpdx+ J (1+|[u]|)d9{d‘1) sS"(u,B)sﬁ( J(1+|e(u)|p)dx+ J (1+|[u]|)dﬂ-fd‘1>.

B J.NB B JuNB
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In this case, SBDP(Q) (see Section 3.1) is the natural energy space for F. Furthermore, sequences of com-
petitors with bounded energy, which are converging in measure, are additionally L'-convergent if we
assume (H4’), due to the classical Korn—Poincaré inequality in BD (see [50, Theorem II.2.2]). Hence, in
this latter case, (H2) is equivalent to requiring lower semicontinuity with respect to the L'-convergence.
The statement of the result in this setting, as well as of the changes needed in the proofs, will be given in
Section 7.

3 Preliminaries

We start this preliminary section by introducing some further notation. For E ¢ R%, & > 0, and xo € R? we set
E¢ x, := X0 + €(E - Xo). (3.1)

The diameter of E is indicated by diam(E). Given two sets E1, E; C R4, we denote their symmetric difference
by E1 A E,. We write yg for the characteristic function of any E c R?, which is 1 on E and 0 otherwise. If E is
a set of finite perimeter, we denote its essential boundary by 0*E, see [5, Definition 3.60]. We denote the set

of symmetric and skew-symmetric matrices by Mgf;rg and Msdkxe‘fN, respectively.

3.1 BD and GBD functions

Let U c R? be open. A function v € L1(U; RY) belongs to the space of functions of bounded deformation,
denoted by BD(U), if the distribution Ev := %(Dv + (Dv)T) is a bounded ngxr{‘f-valued Radon measure on U,
where Dv = (D1v, ..., Dgv) is the distributional differential. It is well known (see [4, 50]) that for v € BD(U)
the jump set J, is countably % 1-rectifiable (in the sense of [5, Definition 2.57]), and that

Ev = E% + ESv + v,

where E?v is absolutely continuous with respect to £4, E°v is singular with respect to £4 and such that
|E€v|(B) = 0if H4"1(B) < oo, while E/v is concentrated on J,. The density of E%v with respect to £¢ is denoted
by e(v).

The space SBD(U) is the subspace of all functions v € BD(U) such that E°v = 0. For p € (1, co), we define
SBD?(U) := {v € SBD(U) : e(v) € LP(U; MZxd), H?~1(J,) < co}. For a complete treatment of BD and SBD func-
tions, we refer to to [4, 11, 50].

The spaces GBD(U) of generalized functions of bounded deformation and GSBD(U) ¢ GBD(U) of general-
ized special functions of bounded deformation have been introduced in [31] (cf. [31, Definitions 4.1 and 4.2]),
and are defined as follows.

Definition 3.1. Let U ¢ RY be a bounded open set, and let v: U — RY be measurable. We introduce the
notation
I :={yeR?:y-&=0}, Bf; i={teR:y+té e B}foranyy ¢ R? and B c RY

for fixed ¢ € $7°1, and for every t ¢ B;’j we let
V() i= vy + 18, Tt = Vi) - &,
Then v € GBD(U) if there exists A, € Mj(U) such that ij € BV10C(U,“: ) for 9 1-a.e.y € II¢, and for every Borel
setBc U,
| (DFIBE VT2 + 300BS 0 ) A ) < M), T o= (€ Ty IFIICO = 1),

vy
¢

Moreover, the function v belongs to GSBD(U) if v € GBD(U) and 17]‘; € SBV10C(U§ ) for every ¢ € $4°1 and for
He1ae.y I8,
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We recall that every v € GBD(U) has an approximate symmetric gradient e(v) € L*(U; M;i;rg) and an approxi-
mate jump set J, which is still countably H? !-rectifiable (cf. [31, Theorem 9.1, Theorem 6.2]).

The notation for e(v) and J,, which is the same as that one in the SBD case, is consistent: in fact, if v lies
in SBD(U), the objects coincide (up to negligible sets of points with respect to £¢ and H?" 1, respectively). For

x € J, there exist v*(x), v_(x) € R? and v, (x) € $¢°! such that
lim ££%({y € Be(x) : +(y = x) - vy(0) > O} {lv = v*()| > @} = 0 (.2)
£—

for every p > 0, and the function [v] :=v* -v™: ], — R4 is measurable. For 1 < p < oo, the space GSBD?(U)
is given by
GSBDP? () := {v € GSBD(U) : e(v) € LP(U; M&xd), 3471 (J,) < co}.

Any function v € GSBD(U) with [v] integrable belongs to SBD(U), as follows from [27, Theorem 2.9] for
Av = Ev (see [27, Remark 2.5]). This corresponds to the following proposition.

Proposition 3.2. Ifv € GSBD?(U) is such that [v] € L*(J,; R?), then v € SBD? (U).

If U has Lipschitz boundary, for each v € GBD(U) the traces on oU are well defined (see [31, Theorem 5.5]),
in the sense that for 7% 1-a.e. x € oU there exists tr(v)(x) € R? such that

lim e L4 UNB(x)N{lv-tr(V)(x)| >p}) =0  forallp > 0. (3.3)

3.2 Korn’s inequality and fundamental estimate

In this subsection we discuss two important tools which will be instrumental for the proof of Theorem 2.1.
We start by the following Korn and Korn-Poincaré inequalities in GSBD for functions with small jump sets,
see [20, Theorem 1.1, Theorem 1.2]. In the following, we say that a: RY - R¥isan infinitesimal rigid motion
if a is affine with e(a) = 1(Va + (Va)T) = 0.

Theorem 3.3 (Korn inequality for functions with small jump set). Let Q c RY be a bounded Lipschitz domain
and let 1 < p < +00. Then there exists a constant ¢ = c(Q, p) > 0 such that for all u € GSBDP(Q) there is a set
of finite perimeter w c Q with

HEL0 W) < cHI(Y),  £w) < ()T (3.4)
and an infinitesimal rigid motion a such that
lu - alr@w) + IVu = Valrw) < clle()llre ). (3.5)
Moreover, there exists v e WHP(Q; R?) such that v = u on Q \ w and
leW)llzr ) < clle()lrr ().

Note that the result is indeed only relevant for functions with sufficiently small jump set, as otherwise one
can choose w = Q, and (3.5) trivially holds. Note that, in [20], £4(w) < C(fHd‘l(]u))Tfl has not been shown,
but it readily follows from H941(0* w) < cH4 1(J,) by the isoperimetric inequality.

Remark 3.4 (Almost Sobolev regularity, constants, and scaling invariance). (i) More precisely, in [20] it is
proved that there exists v € WP(Q; R?) such that v =u on Q \ w and leWlirrq) < clle(w)lrr(q), whence by
Korn’s and Poincaré’s inequality in Wh?(Q; RY) we get

lv—alr @)+ IVv = Valrrq) < clle(u)llzr(q)

for an infinitesimal rigid motion a. This directly implies (3.5), see [20, Theorem 4.1, Theorem 4.4].

(ii) Given a collection of bounded Lipschitz domains (Q)x which are related through bi-Lipschitzian
homeomorphisms with Lipschitz constants of both the homeomorphism itself and its inverse bounded uni-
formly in k, in Theorem 3.3 we can choose a constant ¢ uniformly for all Q, see [20, Remark 4.2].
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(iii) Recall definition (3.1). Consider a bounded Lipschitz domain Q, € > 0, and xo € R¥. Then for each
u € GSBD?(Qq,x,) we find w ¢ Q¢ x, and a rigid motion a such that

HELO*w) < CHIJ),  £9(w) < CEI1 ()T
and
e u - aller Q. \w) + IVU = Valr,  \w) < Cle@llzr . )
where C = C(Q, p) > 0 is independent of €. This follows by a standard rescaling argument.

From Theorem 3.3, one can also deduce that for u € GSBD?(Q) the approximate gradient Vu exists £9-a.e.
in Q, see [20, Corollary 5.2].

Lemma 3.5 (Approximate gradient). Let Q c R? be open, bounded with Lipschitz boundary, let 1 < p < +co,
and u € GSBDP(Q). Then for L%-a.e. xo € Q there exists a matrix in M?*4, denoted by Vu(x), such that

[u(x) — u(xo) — Vu(xo)(x — xo)|
|x = Xol

lim £‘d5d({x € B:(x0) :

-0

g}) =0 forallp > 0.

We point out that the result in Lemma 3.5 has already been obtained in [40] for p = 2, as a consequence of
the embedding GSBD?(Q) ¢ (GBV(Q))4, see [40, Theorem 2.9].

To control the affine mappings appearing in Theorem 3.3, we will make use of the following elemen-
tary lemma on affine mappings, see, e.g., [44, Lemma 3.4] or [29, Lemmas 4.3] for similar statements. (It is
obtained by the equivalence of norms in finite dimensions and by standard rescaling arguments.)

Lemma 3.6. Let1 < p < +00, let xo € RY, andletR, 6 > 0. Let a: R? — R be affine, defined by a(x) = Ax + b
forx € R4, andlet E ¢ Br(xo) c R4 with L4(E) > L(Br(xo)). Then there exists a constant co > 0 only depend-
ing on p and 6 such that

1 g d
4 —1-4
lallLeBrxo)) < Vg RP lallLeo(Brixo)) < Collallieey, 1Al < coR™ 7 llallLyk)-
We now proceed with another consequence of Theorem 3.3.

Corollary 3.7. Let Q c RY be a bounded Lipschitz domain and let 1 < p < +co. Then there exists a constant
C = C(Q, p) > 0 such that for all u € GSBD?(Q) with trace tr(u) = 0 on 0Q (see (3.3)) there is a set of finite
perimeter w ¢ R? with

110 w) < CHELGY),  L4w) < O g) T (3.6)

such that
lullze@\wy + IVUllr(@\w) < Clle()llzr)- (3.7

Proof. We start by choosing a bounded Lipschitz domain Q' ¢ R? with Q cc Q'. Each u € GSBD?(Q) with
tr(u) = 0 on 0Q can be extended to a function &t € GSBD?(Q') by &t = 0 on Q' \ Q such that J; = J,,. We first
note that it is not restrictive to assume that

dco! a1
GO N 69

d-1
) < (S5

where ¢ = ¢(Q/, p) > 0 is the constant of Theorem 3.3. In fact, otherwise we could take w = Q and the state-
ment would be trivially satisfied since (3.7) is clearly trivial and for (3.6) we use that

(Ld(g'\g))% £4(Q"\ Q)
2c 2c

#410*Q) < C , Ld)<c

for a sufficiently large constant C > 0 depending only on Q and Q'.
Now, consider a function u satisfying (3.8). We apply Theorem 3.3 on & € GSBD?(Q)) and obtain a set
w c Q' c R satisfying (3.4) as well as an infinitesimal rigid motion a such that

& - allzr@n\w) + IV = Vallranw) < clle(@lirr@ry = clle@llzy (o). (3.9)
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In particular, t = 0 on Q' \ Q implies
lallzr @ uwy < clle)lir). (3.10)
By (3.4) and (3.8) we get £4(w) < 3£4(Q \ Q). In view of (3.10), we apply Lemma 3.6 on E = Q' \ (Q U w)
with R = diam(Q') and 6 = 3£4(Q" \ Q)/y4R? to get
lallzr @ < cllallir i uwy) < clle@llir ),
and, in a similar fashion, |Val < c|le(u)|r(q), where ¢ > 0 depends on Q, Q', and p. Then (3.7) follows

from (3.9), the triangle inequality, and the fact that u = it on Q. O

We conclude this subsection with another important tool in the proof of the integral representation, namely
a fundamental estimate in GSBDP.

Lemma 3.8 (Fundamental estimate in GSBDP). Let Q c R? be open, bounded with Lipschitz boundary, and let
1<p<+oo. Let >0 andlet A,A’, A" € A(Q) with A’ cc A. For every functional F satisfying (H1), (H3),
and (H4) and for every u € GSBD?(A), v € GSBD?(A") there exists a function ¢ € C*(R%; [0, 1]) such that
w = pu + (1 - @)v € GSBDP(A’ u A") satisfies
D FwA"UA") <1+ )T, A) + T, A")) + Mlu = VT, gy anoan + 1L AT UAT, (.11)
(i) w=u ond and w=v onA"\A,
where M = M(A, A’, A", p, n) > 0 depends only on A, A’, A", p, n, but is independent of u and v. Moreover, if
for e > 0 and xo € R? we have Ag x,, Al 1, ALy, € Q, then

M(AE,XOs A’ Ag’xoapy rl) = g_pM(A5A’5A”’ps rl)’ (312)

£,Xq?
where we used the notation introduced in (3.1).
The same statement holds if T satisfies (H4"), u € SBDP(A), and v € SBDP(A").

In the statement above, we intend that Ju — vllfp((A\A,mA,,) =+ooifu—-ve¢LP(A\A)NA").

Proof. The proof follows the lines of [16, Proposition 3.1]. Choose k € IN such that

kzmax{%,g}. (3.13)

Let A1, ..., A+ be open subsets of RY with
A cc Ay cc - cc Apyq CC A.

Fori=1,...,kletp; € C5°(Ais1; [0, 1]) with ¢; = 1 in a neighborhood V; of A;.

Consider u € GSBD”(A) and v € GSBD?(A""). We can clearly assume that u —v ¢ LP((A\A")nA") as
otherwise the result is trivial. We define the function w; = @;u + (1 - @;)v € GSBD’(A’ U A""), where u and v
are extended arbitrarily outside A and A", respectively. Letting T; = A" n (Ai+1 \ A;) we get by (H1) and (H3)

Fwi, A'UA") < F(u, (A" uA")n V) + F(v, A" \ supp(@y)) + F(w;, T;)
<Fu, A +FW, A" + F(w;, T;). (3.14)

For the last term, we compute using (H4) (© denotes the symmetrized vector product)

Fwi, T)) < B j(l +le(wp)lP) dx + BHI1(T,, 0 Ty)
T;
<B j(l +lpie(w) + (1 - pie() + Vo; 0 (U~ V)IP) + BHEL(J, UT) N Ty)
T;

< BLA(T) +3P71B j(|e(u)|f’ +1eW)P + Vil [u - vIP) + BHEE(J, 0 Ty) + BHAL(J, N T))
T;

< 3771 Ba N (F(u, T) + F(v, T)) + 377 BIVillollu = VI, 7,y + BLAT).
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Notice that we can obtain the same estimate also if J satisfies (H4’), u € SBD?(A), and v € SBDP(A"). (We
refer to [16, proof of Proposition 3.1] for details.) Consequently, recalling (3.13) and using (H1), we find
ip € {1,...,k}such that

+nL9((A\A"nA"),

k
FWiy» Tip) < 7 ) Fwi, Ti) < n(F(u, A) + F(v, A") + Mlu - i},
i=1

(A\A")NA')

==

where M := 3P~18k ! max;_1,.. IIV(p,-IIﬁo. This along with (3.14) concludes the proof of (3.11) by setting
w = w;,. To see the scaling property (3.12), it suffices to use the cut-off functions <p;?" € C((Air1)e x5 [0, 1]),
i=1,...,k defined by ¢ (x) = @i(xo + %(x - Xo)) for x € (Ai+1)e,x,- This concludes the proof. O

4 The global method

This section is devoted to the proof of Theorem 2.1 which is based on three ingredients. First, we show that &
is equivalent to my (see (2.1)) in the sense that the two quantities have the same Radon—Nikodym derivative
with respect to p := L4 g+ 1|}, nq.

Lemma 4.1. Suppose that F satisfies (H1)—(H4). Let u € GSBD?(Q) and u = £ q+H41|j,nq. Then for p-a.e.

Xo € Q we have
F(u, Be(x0)) _ i my (U, Be(xo))

=0 M(Be(X0)) ~ e=0 u(Be(xo))
We prove this lemma in the final part of this section. The second ingredient is that, asymptotically as € — 0,
the minimization problems my(u, B¢(xo)) and m (a2, B, (xo)) coincide for £4-a.e. xo € Q, where we write
UK 1= £y (o), vu(xo) fOT brevity, see (2.2).

Lemma 4.2. Suppose that F satisfies (H1) and (H3)-(H4) and let u € GSBDP(Q). Then for L%-a.e. xo € Q we
have

m ﬂbulk’B X
lim mq(u, B¢(xo)) _ fimsup g (g, s Be( 0))‘

1
£50 yaed £50 yaed (4.1)

We defer the proof of Lemma 4.2 to Section 5. The third ingredient is that, asymptotically as € — 0, the
minimization problems m+(u, B.(xo)) and m;(ﬁi‘grf, B, (xo)) coincide for H? 1-a.e. xo € J,, where we write
IS 2= Uy (x0) 1 (xo),va(x0) TOT DIEVLY, SEE (2.3).

Lemma 4.3. Suppose that F satisfies (H1) and (H3)—(H4) and let u € GSBDP(Q). Then for K4 1-a.e. xo € J, we

have

. mg(u, Be(xo)) .. my (i, Be(xo))
lim =limsup ————

A mEMR 4.2
e=0  yg €9t £-0 Ya-1£9-1 (4.2)

We defer the proof of Lemma 4.3 to Section 6, and now proceed to prove Theorem 2.1.

Proof of Theorem 2.1. In view of (H4) on J and of the Besicovitch derivation theorem (cf. [5, Theorem 2.22]),
we need to show that for £9-a.e. xo € Q one has

dF(u,-)

qod o) = f(xo, uxo), Vu(xo)), (4.3)

where f was defined in (2.4), and that for H(%!-a.e. xo € J, one has

dJ(u,-)

m(){o) = g(xo, u™ (x0), u” (x0), Vu(x0)), (4.4)

where g was defined in (2.5).
By Lemma 4.1 and the fact that lim,_,o(yq4e?) " u(Be(x0)) = 1 for £L%-a.e. xo € Q we deduce

dF(u, ) . FW, Be(xo)) . mg(u, Be(xo)) . mg(U, Be(Xo))
acd ST B o) AT aBio) e yeed
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for £%-a.e. xo € Q. Then (4.3) follows from (2.4) and Lemma 4.2. By Lemma 4.1 and the fact that
lim (ya-1297) ™ u(Be(xo)) = 1

for H41-a.e. xo € J, we deduce

dF(u, ) AFW, 1) 3 lim JF(u, Be(xo)) — lim my(u, B:(x0)) —1lim my(u, B:(Xo))
ddé-11;, . e=0 MU(Be(xo))  e=0  u(Be(xo)) £>0  ygq&d-1
for 7% 1-a.e. xo € J,. Now, (4.4) follows from (2.5) and Lemma 4.3. O

In the remaining part of the section we prove Lemma 4.1. We basically follow the lines of [13, 14, 28], with
the difference that the required compactness results are more delicate due to the weaker growth condition
from below (see (H4)) compared to [13, 14, 28]. We start with some notation. For § > 0 and A € A(Q), we
define

m (u, A) = inf{z my(u, B;) : B; ¢ A pairwise disjoint balls, diam(B;) < &, y(A \UJ B,-) = 0},

i=1 i=1

where, as before, y = £ +3%1|;,nq. As m%(u, A) is decreasing in §, we can also introduce
mj(u, 4) = lim m (u, A). (4.5)

In the following lemma, we prove that 3 and m; coincide under our assumptions.

Lemma 4.4. Suppose that F satisfies (H1)—-(H4) and let u € GSBD?(Q). Then for all A € A(Q) there holds
T(u, A) =m%(u, A).

Proof. We follow the lines of the proof of [28, Lemma 4.1] focusing on the necessary adaptions due to the
weaker growth condition from below (see (H4)) compared to [28]. For each ball B ¢ A, mg(u, B) < F(u, B) by
definition. By (H1) we get mg(u, A) < F(u, A) for all § > 0. This shows mJ;(u, A) < F(u, A), cf. (4.5).
We now address the reverse inequality. We fix A € A(Q) and § > 0. Let (Bf)i be balls as in the definition
of m®(u, A) such that .
Z my(u, BY) <mf(u, A) + 6. (4.6)
i=1
By the definition of m4, we find vf € GSBD? (Bf) such that vf = u in a neighborhood of an and

F(v8, BY) < my(u, BY) + 6£(BY). (4.7)

We define
n
= z V6X35 + UX o forn e N, z ViXge + UXN3 (4.8)
i=1
where NJ™ := Q\ UL, B? and N§ := Q \ U, B?. By construction, we have that each v%" lies i in GSBD?(Q)
and that sup,,E]N(lle(v‘S n)"LP(Q + H41(J 5m)) < +00 by (4.6)—(4.7) and (H4). Moreover, v®" — v8 pointwise
a.e.in Q. Then [25, Theorem 1.1] yields v® € GSBD?(Q).

8

FO,A) =Y T, BY) + F(u,Nin A)

i=1

8

< Y (mg(u, BY) + 6£9(BY))
i=1

<m’(u, A) + 8(1 + £4A)), (4.9)

where we also used the fact that y(Ng NA)=3u, Ng N A) = 0 by the definition of (Bf ); and (H4). For later
purpose, we also note by (H4) that this implies

le)IEy 4 + HEUye N A) < @ (m(u, A) + 8(1 + LU(A))). (4.10)
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We now claim that v® — uin measure on A. To this end, we apply Remark 3.4 (iii) and Corollary 3.7 on each B?
for the function u - vf and we get sets of finite perimeter wf C B? such that

) Ju-v (4.11)

{(i) (4 @?)@ < cHTY((J, uv®) nBY),
)

o) < C8” (eI, o) + eI}

Lr(B\w®) = Lp(B?)

for a constant C > 0 only depending on p. Here, we used that dlam(B‘s) < &and (u-v9)| B e GSBD? (B‘S) with
trace zero on 6B5 We define i : [0, +00) — [0, +00) by Y(t) = min{t?, 1} and observe that v® — u in measure
on A is equlvalent to IA P(lu - v|)dx — 0as 6 — 0. In view of (4.8), we compute

o= vipax= 3 [ouvipaxs 3 Q= viE, o)+ 240D, (4.12)

A ile.E

i

By (4.11) (ii) and the fact that the balls (Bf)i are pairwise disjoint we get
Z 4 = VP17, oy < COP 1O + 1€V 4)- (4.13)
As w? c Bg and diam(Bf) < 8, we further get by (4.11) (i)
NS pdp 6y od e Nopdy, S 1/d d-1
Y L)) <yg8 Y (LUwd) T <y CEHTN((u U i) N A). (4.14)

i=1 i=1

Now, combining (4.12)-(4.14) and using (4.10), we find IA Y(lu - v%|)dx — 0 as § — 0. With this, using
(H2), (4.5), and (4.9) we get the required inequality m’;(u, A) > F(u, A) in the limit as § — 0. This concludes
the proof. O

Proof of Lemma 4.1. The statement follows by repeating exactly the arguments in [28, proofs of Lemma 4.2
and Lemma 4.3]. We report a sketch for the reader’s convenience.
The definition of my gives readily that for every x¢ € Q,

i my (U, B¢(xo)) F(u, Be(x0))
imsup ————= < limsup

e—0  M(Be(x0)) e—0  M(Be(xo))
The converse inequality follows by proving that, for every t > 0, the set

F(u, Be(x)) - ms (i, Be(x))
U(B:(0)) 1]

satisfies u(E¢) = 0. To this end, we fix t > 0. We introduce the family of balls (depending on t)

E; = {x € O : liminf
e—0

X% := {Bg(x) : € < 8, Be(x) € Q, u(3Be(x)) = 0, F(u, B¢(x)) > m(u, Bs(x)) + tu(B:(x))},

and we show that
= ﬂ{x € Q:B:(x) € X0 for some € > 0}
6>0
satisfies
E;cU*, u(U*)=0. (4.15)

Then u(E;) = 0 indeed holds true and the proof is concluded.

We now confirm (4.15). The inclusion E; ¢ U* follows from the definition of E; which permits to find,
for any x € E¢, € < § such that F(u, B¢(x)) > mg(u, B¢(x)) + tu(Be(x)). Note that, due to the left continuity of
& — myg(u, B:(x)) (cf. [28, Lemma 4.2]) one can also ensure the additional property u(dB:(x)) = 0 by slightly
varying €. In order to prove that u(U*) = 0, one fixes a compact set K c U*, two positive numbers § < 1,
and defines

Ut .= U{Bg(x) :Be(x) € X1}, Y% := (B.(x): &< 8,B:(x) c U\ K, u(dB¢(x)) = 0}.
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By recalling also the definition of U*, we see that X and Y? are fine covers of K and U™ \ K, respectively.
Thus there exists countable many pairwise disjoint B; € X?, B,- € Y%, and a set N with u(N) = 0 such that
Ut =J;Biul; Bj U N. In view of assumptions (H1), the definitions of X%, Y9 (in particular the balls have
radii smaller than §) give that

T, UM > Y my(u, B) + Y mo(u, By + tu(| Bi) = m(u, UM) + tu(K).
i j i

Passing to the limit in &, (4.5) and Lemma 4.4 imply
F(u, UM > m%(u, U) + tu(K) = F(u, UT) + tu(K),
so that u(K) = 0. Then u(U*) = 0 by the regularity of u. O

To conclude the proof of Theorem 2.1, it remains to prove Lemmas 4.2 and 4.3. This is the subject of the
following two sections.

5 The bulk density

This section is devoted to the proof of Lemma 4.2. We start by analyzing the blow-up at points with approxi-
mate gradient. The latter exists for £%-a.e. point in Q by Lemma 3.5.

Lemma 5.1 (Blow-up at points with approximate gradient). Letu € GSBD?(Q). Let 8 € (0, 1). Then for L%-a.e.
Xo € Q there exists a family u. € GSBDP (B¢(xo)) such that

(i)  ue = uin aneighborhood of 0B(xo), ling) 8‘(‘”1)Ld({u5 +u}) =0,
£

(i) lim g~ (@) j |ue(x) - u(xo) - Vu(xo)(x - xo)IP dx = 0,

) B(1-0)¢ (x0) (5.1)
(i)  lim e j le(ue)(x) - e(u)(xo) P dx = 0,
E—
Be(x0)
(iv)  lim e 14 1(J,,) = 0.
E—

Proof. Let xo € Q be such that

(@) lime j le(u)(x) - e(w)(xo)[P dx = 0,
Be(xo)
{ (i) 1in% e 439 1(J, n B.(x0)) = 0, (5.2)

[u(x) — u(xo) — Vu(xo)(x - xo)|
|x = xol

(i) lim &~ ({x € B, (xo) :

—0

>Q})=0forallg>0.

These properties hold for £4-a.e. xg € Q by Lemma 3.5 and the facts that |e(u)|? € L1(Q) and ], is countably

H4--rectifiable. We use again the notation 2" = £, ., vu(xo) = U(Xo) + Vu(xo)(+ — xo) for brevity, see (2.2).

Fix 6 > 0. We apply Theorem 3.3 and Remark 3.4 (i) for the function u — 2% on the set B(1_g)e(xo) to
obtain a set of finite perimeter w, ¢ B(1-g)e(Xo), a function v, € WP(B(1_g)e(x0); RY) with v = u — aE(‘)ﬂk in

B1-6)e(x0) \ we, and an infinitesimal rigid motion a, such that

(i) HO we) < cHIu N Be(xo),  £%(we) < c(H(y 0 Be(xo)) T,

() Ive — @elloBigetion < CEle@ = T2 10 (B, (x0)) (5.3)

(i) Ne(ve)llzeBy peton < cle = T, o

where ¢ > 0 depends only on p, cf. also Remark 3.4 (iii). We directly note by (5.2) (ii) and (5.3) (i) that

42 d
1irr(1) e @1 L% we) = 0. (5.4)
E—
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We define u, € GSBDP(B.(xg)) as

= bulk
Ue 1= UXB.(xo)\Bi-oe(x0) + (Ve + Tyy IXBugre(x0)> (5.5)

and proceed by confirming the properties stated in (5.1). Notice that, by construction, u, = u in B¢(xo) \ we.
First, (5.1) (i) follows directly from the fact that w, ¢ B1_g):(x0), as well as (5.4)—(5.5). Moreover, (5.3) (i)
and (5.2) (ii) imply (5.1) (iv). As for (5.1) (iii), we notice that by (5.3) (iii) and (5.2) (i) we have

lin(l) e J le(ve)(x)|P dx = 0.
E—
B(1-g)e(x0)

Since, by a direct computation, e(ug)(x) — e(u)(xo) = e(ve)(x) for x € B1-ge(X0), see (5.5), in combination
with (5.2) (i) we obtain (5.1) (iii). It therefore remains to prove (5.1) (ii).
To this end, fix ¢ > 0 and define @, := {x € B¢(xo) : [u(x) — a2 (x)| > pe}. In view of (5.2) (iii) and (5.4),
we can choose gy > 0 sufficiently small such that for all 0 < € < £y we have
R 1
£4we U @e) < 5L (Ba-p)e(x0))- (5.6)
bulk

By the definition of w. and the fact that v, = u — 4™ in B(1-9):(X0) \ we, we have |v¢(x)| < pe for all
X € B(1-9e(x0) \ (we U @¢). Hence, (5.3) (ii) and the tnangle inequality give

"asuLP(B(l e (X0)\(WeUWD) ) S < CePlle(u - —bulk)"LP B.(xo) T CLd(Bs(XO))ngp’

where C > 0 depends only on p. By (5.6) and Lemma 3.6 we get
laelDn g, oy < CE N = TR 5, )y + CL4(Be(x0))0PE? .

Therefore, by using also (5.2) (i), we derive lim sup,_,, s‘(d+p)||a5||€,,(3(l_ pelxo) < Cva@P. As @ > 0 was arbi-
trary, we get
lim g~(d+P) J lag|P dx = 0. (5.7)

£—0
B(1-0)¢ (x0)

Now, (5.2) (i) and (5.3) (ii) give that
: —(d+p) P —d -b 1k _
ll_l}‘(l)s Pve - agan(B(l—G)s(XO)) <cefe(u -~y <)||Lp(Be(X0 =0.

As ug — #2"K = v in B(1_g)¢(Xo), this shows (5.1) (ii) by (5.7). O
We are now in a position to prove Lemma 4.2.

Proof of Lemma 4.2. It suffices to prove (4.1) for points xo € Q where the statement of Lemma 5.1 holds and
we have lim¢_,0 £ (B¢ (x0)) = yq. This holds true for £9-a.e. xo € Q. Then also limg_o £~ 4mg (u, Be(xo)) € R
exists, see Lemma 4.1. As before, we write 5% = u(xo) + Vu(xo)(- - xo) for shorthand.

Step 1 (Inequality “<” in (4.1)). We fix n > 0 and 6 > 0. Choose z, € GSBD (B(1-36)¢(X0)) With z¢ = #2"¥ in
a neighborhood of 0B(1-39):(x0) and

F(ze, Ba-30)¢(x0)) < mz (@™, B(1-39)¢(x0)) + €7+ (5.8)

We extend z, to a function in GSBD? (B¢ (xo)) by setting z, = ul% outside B(1-36)¢(xo). Let (u¢)¢ be the family

given by Lemma 5.1. We apply Lemma 3.8 on z, (in place of u) and U, (in place of v) for n as above and the sets
A" =B159(x0), A=Bi_g(xo), A" =B1i(x0)\Bi_46(x0). (5.9)

By (3.11)-(3.12) there exist functions w, € GSBDP(B¢(xo)) such that we = u, on Be(xo) \ B(1-6)s(x0) and

F(We, Be(x0)) < (1 +0)(F(ze, Ac x,) + Flue, AL ) t > ”Zs uell?, ((AA)er) T L4(Be(xo))n, (5.10)
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where M > 0 depends on 6 and 1, but is independent of €. Here and in the following, we use notation (3.1).
In particular, we have w, = u, = u in a neighborhood of 0B.(xo) by (5.1) (i). By (5.1) (ii), (5.9), and the fact
that z, = ub%* outside B(1-39)e(xo0) we find

. (d+p) : —(d+p) bulk _
lll%g "ZS u£||Lp( A\A’)g 0 - l%g ”us ”Lp(B<1 0)e (XO)) - O- (5-11)

This along with (5.10) shows that there exists a sequence (p¢): € (0, +00) with p, — 0 such that

F(We, Be(X0)) < (1 +N)(F(Ze, Aexy) + Fltte, AL ) + €%pc + yaen. (5.12)
On the one hand, by using that z, = 2% on B¢(xo) \ B(1-36)e(x0) € AL, (H1), (H4), and (5.8) we compute
li F(ze, Aa,xo) . F(ze, B(1—36)8(X0)) . ?(ublﬂk A‘,slxo)
imsup ————== < lim sup 7 + lim sup —d
£—0 & £—0 & £—0 £
bulk
mg (i, By X
< timsup T2 a2 Bus0e0) g1y (1 40y + fetw)xo)P)
-0 &

buk B,
<(1-36)%1limsup ms ity e (x0))

0 @ +Byall - (1= 40)1(1 + le@(xo)"),  (5.13)

where in the last step we substituted (1 — 30)e by £'. On the other hand, by (H4) and (5.9) we also find
Fue, AL ) < B I (1 +le(ug)P) + BHIL(Jy, N NAY,,)
Ay
< yag?Bl1 - (1= 46)7)(1 + 2P M ew)(x0)P) + 277" Blle(ue) — e (X0 (g, (xgy + BH ™ Uu)-

By (5.1) (iii)—(iv) this implies

lim sup < Byall - (1 - 40)41(1 + 2P~ |e(u) (x0)IP). (5.14)

£—0
Recall that w, = u in a neighborhood of 0B, (x(). This along with (5.12)—(5.14) and p, — O yields

lim mg(u, B(xo)) < lim sup F(we, B:(x0))
£—0 yaed £—0 yaed

?(ug, A‘,g,xo)
ed

my @k B, (x
< (1+n)(1-36)lim sup 7 (i, y =(x0))
£—0 Yd€

+2(1+ BIL - (1 - 40)71(1 + 2P e(w)(xo)IP) + 7.
Passing to n, 6 — 0, we obtain inequality “<” in (4.1).

Step 2 (Inequality “>” in (4.1)). We fixn, 6 > 0 and let (u.). be again the family from Lemma 5.1. By (5.1) (i)
and Fubini’s Theorem, for each € > 0 we can find s, € (1 — 40, 1 — 30)e such that

i) lim e 9K ({u # ue} N OBs, (x0)) = 0
e—0 (515)
(ii) J{d‘l((]u UJu,) N 0Bs,(x0)) =0 foralle > 0.
We consider z; € GSBDP(Bs, (o)) such that z; = u in a neighborhood of 0Bs, (xo), and
F(ze, Bs, (X0)) < my(u, Bs, (x0)) + £*1. (5.16)
We extend z, to a function in GSBD? (B¢ (xy)) by setting
Ze = Ug in Be(Xo) \ Bs, (Xo). (5.17)

We apply Lemma 3.8 on z; (in place of u) and ﬂE})ﬂk (in place of v) for the sets indicated in equation (5.9). By
(3.11)—(3.12) there exist functions w, € GSBDP (B¢(xo)) such that w, = #2"% on B¢(xo) \ B(1-g)(xo) and

M _
F(We, Be(x0)) < (14 M(F(Ze, Aexo) + TS, AL ) + 5 l12e = T NI v, . ) + 4 Be(xo)n-
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By (5.17) and the choice of s, we get that z, = u, outside B(1-3¢)c(X0). Thus, similar to Step 1, cf. (5.11)
and (5.12), we find a sequence (p;): < (0, +00) with p, — 0 such that

F(We, Be(x0)) < (1 +1)(F(ze, Agyxo) + F@E, AL ) + €%pe + yaen. (5.18)
Let us now estimate the terms in (5.18). We get by (H1), (H4), (5.16)—(5.17), and the choice of s, that
F(ze, Ae,xo) < Mz (U, Bs, (x0)) + €M + BHTH(({u # ueh UJy UJy,) N OBs, (x0)) + Flug, AL,).  (5.19)

Therefore, by (5.14), (5.15), and the fact that s, < (1 — 360)e we derive

F(ze, A d ,B
lim sup M < (s_g) lim sup m&r(u—dSE(XO)) +Byall — (1 - 40)4](1 + 2P~ He(u)(xo)[P)
£50 € € £-0 Sg

my(u, B¢(xo))

<(1- 36)d lim sup 7
£

e—0

+Byall - (1-40)41(1 + 2P L e(u)(xo)IP).  (5.20)

Estimating F(@2"¥, A7, ) as in (5.13), with (5.18)-(5.20) and p — 0, we then obtain

&,Xo
F(wWe, B:(x0))
gd

< (1+)(1 = 36) lim sup T W Bex0))

lim sup L "
E—

£—0
+2(1 + n)Byall - (1 - 40)41(1 + 2P Y e(w)(xo)IP) + yan.

Passing to 1, 6 — 0 and recalling that we = 2" in a neighborhood of 9B, (xo), we derive

m'f(fl?(‘,‘lk, Be(x0)) < u F(we, Be(x0))

lim sup 7 lim sup i
£—0 Ya€ £—0 Yd€
B , B
< lim sup my (U, Be(Xo)) _ (. my(, Be(xo))
£—0 yaed £-0 yaed
This shows inequality “>” in (4.1) and concludes the proof. O

6 The surface density

This section is devoted to the proof of Lemma 4.3. We start by analyzing the blow-up at jump points. In the
following, for any xq € J,, we adopt the notation a,sgolff for the function ux,,u+(x),u-(xo),vu(xo)> S€€ (2.3), With
Vu(xo) € $%1 and u*(xo) € R? being the approximate normal to J,, and the traces on both sides of J, at xo,
respectively. Recall also notation (3.1).

Lemma 6.1 (Blow-up at jump points). Let u € GSBD?(Q) and let 6 € (0, 1). For K4 '-a.e. xo € J,, there exists
a family u, € GSBDP (B¢(xg)) such that

((i)  u. = uin a neighborhood of 0B, (xg), liIT(l) e 909 u, + u}) =0,
E—

() lme @[ (o - aP de-o,
B(1-6)¢(x0)

) (6.1)
(iii) ling) e @Dy, NE, ) =H TN E)  for all Borel sets E ¢ B1(xo),
E—

(iv) lime @D J le(ug)(X)P dx = 0,

£—0
Bz(XO)

where Il denotes the hyperplane passing through xo with normal v, (xo).

Proof. We start by using the fact that J,, is countably ¢ !-rectifiable and the blow-up properties of GSBD?
functions. Arguing as in, e.g., [24, proof of Theorem 2], [26, proof of Theorem 1.1], [28, Lemma 3.4], we infer
that for 19 1-a.e. xo € J, there exist € > 0, v, (xo) € $971, u*(xo) € R?, and a hypersurface I' which is a graph
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of a function h defined on Iy, being C! and Lipschitz, such that xo € T, Iy is tangent to T in xg, I' N B¢(xo)
separates B¢(xp) in two open connected components Bg’t(Xo) foreach e < €, and

@ lim e @ V341((J, AT) N Be(x0)) = 0,

lim e @ DHIYT N E x,) = HE (Mg N E)  for all Borel sets E ¢ By(xo),

-0
|6 lim e @D J lew)P dx =0, (6.2)
E—
Be(x0)

(i) lim e™04({x € Be(xo) ¢ Ju - a2
E—

| >p})=0 forallp > 0.

In particular, (ii) follows from the fact that |e(u)|? € L*(Q) and (iii) from (3.2). Then, since Il is tangent to T
in xo, I' N B¢(xo) is the graph of a Lipschitz function h. defined on a subset of I1y, with Lipschitz constant L,
such that lim,_,¢ L, = 0. Therefore, it holds that

lim e7404(By* (x0) A BE(xo)) = 0, (6.3)
£—

where BE(xo) := {y € Be(X0) : (¥ — Xo) - Vu(xXo) > O}. By this and Fubini’s Theorem, for each £ > 0 we can find
see(1-6,1- g)e such that

lim £7@D £4((BE* (x0) A BE(x0)) N dBs, (x0)) = 0. (6.4)
£

For any € > 0, we apply Theorem 3.3 and Remark 3.4 (i) on u in the two connected components Bg;i(xo) for
€ < €. This gives two functions v¥ € wtp (Bgf(xo); RY), two sets of finite perimeter wE ¢ Bgf(xo), and two
infinitesimal rigid motions af such that

() vi=u inByE(x)\ Wk,

i d-1/N%, * d-1 L+ de, + d-1 L+ L

(i)  HT(0Twg) < cHT (Ju N B (x0)), LN (wg) < c(HT " (Ju N B (X0))) 71, ©65)

(iii) ||V§ - a§||Lp(BSF§(X0)) < C‘g"e(u)”Lp(Bgvi(xo))a

(V) IVVE =Vl grs oy < Cle@llppgreiyg))»

where ¢ > 0 isindependent of . (See Remark 3.4 (ii)—(iii) and recall that the Lipschitz constant of h. vanishes
as & — 0.) By the Sobolev extension theorem we extend v} to vt € WP (Bs,(x0); RY), and (6.5) (iii)-(iv) along
with the linearity of the extension operator yield

e MNVE - afllr s, (o)) + IVVE = Vat o, xo)) < clle@)ll s gr(xy )y (6.6)
where, as before, the constant is independent of €. (Here, we used again the properties of the functions h,
recalled below (6.2).) We define u, € GSBDP (B.(x)) as

V;  in B¢ (xo0),

Ue := 1V, in Bg (xo), (6.7)

u  in Bg(xo) \ Bs,(x0),
where Bg (Xo) is defined below (6.3). We now prove the properties in (6.1). First, by definition we have
that u, = u in a neighborhood of 0B.(x). By B(rifg)g(xo) nT =0, (6.2)(3), (6.3), and (6.5) (i)—(ii) we obtain

limg_ £ 9£9({ug # u}) = 0. This concludes (6.1) (i). Moreover, (6.2) (i) and (6.6) imply (6.1) (iv). By the def-
inition of u, and (6.5) (i) it holds that

Ju, < (o N By, (x0)) U Ju N (Be(x0) \ By, (x0))) U 9" wf U 9wy U ((Be™ (x0) A BE(x0)) N 9Bs, (Xo)).

We now show (6.1) (iii). Concerning the ”<” inequality, for a fixed Borel set E ¢ B1(xo) we have to estimate
the measure of the intersection with E ,, and any of the five sets in the right-hand side above: it holds that

HI"Y(M N Bs, (X0) N Ee,x,) = €134 (Tlg N Bs, je(x0) N E)
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for any € > 0 by rescaling, that
lim le= @ D341 (], 0 (Eg,xy \ Bs, (X0))) = HEH(ITg N (E \ Bs, je(x0)))| = 0

by (6.2) (i), while the last three terms are estimated by (6.5) (ii) and (6.4). To see the converse, we first apply
[25, Theorem 1.1] to the functions u.(xg + &), which converge in measure to ﬁi‘;rf in B1(0) by (6.2), (6.3),
and (6.5) (ii). Then we scale back to B.(x(). Hence, (6.1) (iii) holds.

It remains to prove (6.1) (ii). We notice that this easily follows from

lim ¢ (@-117) J la - @S P dx = 0. (6.8)
Bg, (xo0)
In fact, (6.2) (ii) and (6.6) give that
liII(l) g=(d-1+p) J |V —alP dx = 0. (6.9)
E—
Bg, (xo0)

Then (6.8), (6.9), the triangle inequality, s, > (1 — 6)¢, and (6.7) imply (6.1) (ii).

Therefore, let us now confirm (6.8). We only address the “+” case, for the case is analogous. We
first observe that by (6.2) (iii), (6.3), and a diagonal argument, we may find a sequence (g¢). € (0, +00) with
lim,_,g g = 0 such that the sets

“_»

@F = {x € Be(Xo) : [u(x) - u* (x0)| > ¢} N Bg," (xo)
satisfy
lim e dcd(@f) = o. (6.10)
In view of (6.5) (i), (iii), we have that
I = ag Ny gn eonan) S CENEDIp 5o () - (6.11)

Then, by (6.11), the definition of @}, and the triangle inequality we get that
1
lu*(xo) - a+||L,,(BF+ o\ (@} u@t)) S C‘g”e(u)"LP(B”(xo nt ydgpgg (6.12)
By (6.2) (i), (6.3), (6.5) (ii), and (6 10) we obtain £L4(w} U @}) < Ld(Bss (x0)) for € sufficiently small. Then,
by Lemma 3.6, we have that ydsp lu*(xo0) — af (B, (xo)) is less or equal than the right-hand side of (6.12), up
to multiplication with a constant. This along with (6.2) (ii), p > 1, and the fact that p. — 0 implies

lim lu™(x0) = afllze(B.(xo)) = O- (6.13)

Let us consider A} € Mglfe‘f,v and b} € R4 such that at(x) = A} (x - xo) + b}. Then (6.8) follows by
li_r}r(l) elAZIP =0, (6.14a)
lim e 7 b — u*(xo)| = 0. (6.14b)

So we are left to prove (6.14) which corresponds to [28, equations (3.18)—(3.19)]. The proof goes in the same
way with slight modifications that we indicate below. For fixed § > 0 small, by (6.2) (ii) there exists € > 0,
depending on §, such that

g™ I lew)P dx < 87 foralle < &. (6.15)
Be(x0)
For & < € < € weset g := min{2X&, £} and adopt the notation k in place of & in the subscripts. We then obtain
-1 _d p-1
lag = @z, (on < €¥4" & N - aLﬂ'Lv(BE;k oN@Luwt, ) S €& - (6.16)

In fact, the first inequality follows from (6.5) (ii) and Lemma 3.6, and the second one from (6.11), (6.15),
and the triangle inequality. Similarly, employing (6.5) (i), (iv) in place of (6.11), and recalling Vaf, = A},

we obtain )

A} - A}, | < cbg,”. (6.17)
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At this stage, (6.14) follow exactly as in [28]: for k being the first index such that €7 = g, recalling & = g9 and

summing (6.17) gives
k-1
EIAIP < E(AL| + kzo A} = A, )P < c6P + cE|AZPP.

The right-hand side vanishes as &€ — 0 and § — 0, and this proves (6.14a). Moreover, summing (6.16) (and
since |by - by, | < llay - a;”lle(B;k(Xo))), we obtain
-1
b} - bl < cbe'T
for all O < & < €. By passing to the limit as & — 0 together with (6.13), we get
e%plu+(x0) -b}l<cé
for € < € = £(8). Thus, (6.14b) follows by the arbitrariness of § > 0, concluding the proof. O
Remark 6.2 (Construction of u.). We point out that our definition of u. in (6.7) differs from the corresponding
constructions in [13, Lemma 3] and [28, Lemma 3.4] in order to fix a possible flaw contained in these proofs.
Roughly speaking, in our notation, in [13, 28], u, on B, (xo) is defined as
v in BN (xo),
ue=1° (6.18)
vy inBg (xo).

Then, instead of (6.8), one needs to check

lim ¢ (4-117) j jat - G P dx = 0.

B (Xo)
This, however, is in general false if lim inf,_o £~@-1+) £4(BL* (x0) A BZ(xo)) > O (which is clearly possible).
Let us also remark that, in contrast to our construction, (6.18) allows to prove an estimate of the form

lim e @ Vg1, \J,) =0, (6.19)

see [13, equation (24)] and [28, Lemma 3.4 (i)]. It is not clear to us if it is possible that for u, satisfying the
fundamental blow-up property (6.1) (ii) one may still have an estimate of the form (6.19). The latter, however,
is not needed for our proofs.

We now proceed with the proof of Lemma 4.3.

Proof of Lemma 4.3. The proof follows the same strategy of the proof of Lemma 4.2. We fix x¢ € J,, such that
the statement of Lemma 6.1 holds at xo and lim,_,o e~@ U(B:(x0)) = ya-1. This is possible for K1 a.e.
Xo € Ju. Then also limg_o €@ Vmg(u, B¢ (x0)) € R exists, see Lemma 4.1. We prove (4.2) for x, of this type.

Step 1 (Inequality “<” in (4.2)). We fix n, 8 > 0, and consider z. € GSBDP(B(1-3p)c(X0)) With z, = aig‘f in
a neighborhood of 0B(1-3¢):(x0) and

F(ze, Ba-30)e(x0)) < mz (@™, B1-39)e(x0)) + 7. (6.20)

We extend z. to a function in GSBD? (B.(x¢)) by setting z, = ﬂ,s(g“f outside B(1-36)s(Xo). Let (ug), be the family

given by Lemma 6.1. As in the proof of Lemma 4.2, we apply Lemma 3.8 on z; (in place of u) and u, (in place
of v) for n fixed above and the sets

A’ = B1_59(x0), A =Bi_s(x0), A" =Bi(x0)\Bi-49(x0).

Recalling notation (3.1) and (3.11)-(3.12), we find a function w, € GSBD?(B.(x)) such that w, = u, on
Be(x0) \ B(1-g)e(x0) and

M
F(We, Be(x0)) < (1 + (T (Ze, Aeyxy) + F(Ue, Agy)) + Pl uellfp((A\A,)mo) + LB (xo)n, (6.21)

where M > 0 depends on 6 and 7, but is independent of €. In particular, we have w, = u, = u in a neighbor-
hood of dB.(xp) by (6.1) (i). By (6.1) (ii) and the fact that z, = ﬂ’j{grf outside B(1-30)c(xo) we find

~surf "p 0

_ 1 —(d-1+p) _ _
)= lime e = Wy o By g0 =

. —(d-1+p) _ I4
lim ¢ Ize = uellpparan,
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Inserting this in (6.21), we find that, for a suitable sequence (p¢)e < (0, +00) with p — 0,

F(We, Be(x0)) < (1 +)(F(ze, Aeyxo) + Flue, AL, ) + €47 pe + yaen. (6.22)

We evaluate the first terms on the right-hand side of (6.22): since z, = 2"

by (H1), (H4), and (6.20) we have

on B¢(x0) \ B(1-30)¢(x0) C A}

£,X0?

F(ze, As,xo)
gd-1

F(2e, B30 (X0)) .. Faset, ALy,
+limsup —————=-
ed-1 £s0 ed-1

lim sup
£—0

< limsup
=0

my (5", B(1-39)¢(X0))
ed1

my (i, Be(x0))

ed-1

< limsup + BHEL(A" n1p)

-0

<(1-30)%"limsup +Bya-1(1 - (1 — 40)471), (6.23)

£—0

where, as in Lemma 6.1, we denote by Il the hyperplane passing through xo with normal v, (xg). By (H4)
and (6.1) (iii), (iv) we get

limsup 0 Abx) _ a1+ lewe)?) dx o 0w 0 AL
——F < limsu imsup ——— &7%07
=ya1(1-(1-40)%1), (6.24)

Collecting (6.22), (6.23), (6.24), and recalling p. — 0, as well as the fact that w, = u in a neighborhood
of 0B:(xg), we obtain

iy ML Be60) e, B (x0)
e—0 Vd-1 gd-1 £—0 )/d_led_l

usurf’B X
< (1 + (1 - 36 lim sup MW Pelx0)

0 Jaged1  TAempa-a- 46)41).
E— 1

Passing to the limit as 1, 8 — 0, we conclude inequality “<” in (4.2).

)
>

Step 2 (Inequality “>” in (4.2)). We fixn, 0 > 0 and let, as in Step 1, (u), be the family given by Lemma 6.1.
By (6.1) (i) and Fubini’s Theorem, for each € > O we can find s, € (1 — 46, 1 — 36)¢e such that

() lime @ VHI (U £ u} N Bs, (x0)) = 0
-0 (6.25)
(ii) ﬂ{d‘l((]u UJy,) N 0Bs,(x0)) =0 foralle > 0.
We consider z, € GSBD?(Bs, (x¢)) such that z, = u in a neighborhood of 9B, (xo), and
F(2e, Bs, (x0)) < mg(u, B, (x0)) + €. (6.26)
We extend z. to a function in GSBD? (B.(x()) by setting
ze = Ug  in Be(xp) \ Bs,(xo). (6.27)

We apply Lemma 3.8 for z; (in place of u), uSurf (in place of v), and for the sets A, A’, B as in Step 1, in corre-
spondence to €. By (3.11)—(3.12), there exists w, € GSBD?(B.(x()) such that w, = ﬂi‘;rf on B.(x0) \ B(1-6)s(X0),
and

F(We, Be(X0)) < (1 + 0)(F(Ze, Ae,xo) + F(I3" A;’X0)>+ o lze =B I aan, ) + £ B0

Xo ?

We observe that z, = u, outside B(1-36):(Xo0), by (6.27) and the choice of s,. Then, as done in Step 1, we may
employ (6.1) (ii). This gives us a sequence (p,). € (0, +0o) with p. — 0 as € — 0 such that

F(We, Be(x0)) < (1 +)(F(ze, Ag,xo) + F@S™, AL ) + €% pe + yaen. (6.28)
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We estimate the first terms in (6.28). We get by (H1), (H4), (6.26)—(6.27), and the choice of s, that
F(ze, Ae,x,) < Mz (U, B, (x0)) + €% + BH({u # ueh UJu U Ju,) N 9Bs, (x0)) + F(ue, AL ) (6.29)

By (6.24), (6.25), and the fact that s, < (1 — 30)e we thus deduce that

F(ze, Ae,xo)
gd-1

mg(u, Bs,(Xo))

gd-1 +Bya(1 - (1-40)T1)

Eigé%ﬂﬁﬁ+ﬁwﬂﬂ1_u—4m“5, (6.30)

< limsup
£—0

lim sup
£—0

<(1- 39)"’_1 lim sup
-0

and, similarly to (6.23),
F ﬂsurf,AH
lim sup Flxy > Ae ) < Bya1(1-(1-46)T1), (6.31)
e0 gd-1
Collecting (6.28), (6.30), (6.31) and using p. — 0, we derive
F(We, Be(x0))
gd-1

lim sup —mg(u,dBlg(xo)) +2Byq1(1-(1 - 49)d‘1)).
prE

=0

<1+ n)((l -36) " limsup

=0

Finally, recalling that w, = ﬁi‘grf in a neighborhood of 0B.(xp), and using the arbitrariness of 5, 8 > 0, we
obtain

m (@3 B, (x B +(u. B B
Jim sup g (Uix, ds( 0)) < lim sup F(we, Z(XO)) < lim sup mg(u, ;(Xo)) iy Mo, ;(XO))
€0 Ya-1€91 €0 Ya-1€91 €0 Ya-1€41 >0 yg1ed-1
This shows “>” in (4.2) and concludes the proof. O

7 The SBD” case

This section is devoted to the analysis of the integral representation result for F: SBDP(Q) x B(Q) — [0, +c0)
satisfying (H1)-(H3) and (H4’). This case has been addressed, for d = 2, in [28]. On the one hand, the argu-
ments there could be now generalized to general dimension by virtue of Theorem 3.3. On the other hand,
as we are going to show, the result can also be obtained with minor changes of our more general strategy.

We start by pointing out that, under (H4’), only competitors in SBDP may have finite energy. In fact, in
view of Proposition 3.2, in the present setting definition (2.1) reads as

mg(u,A) = inf {F(v,A):v =uinaneighborhood of 0A}. (7.1)
veSBDP(Q)

Then the following integral representation result holds.
Theorem 7.1 (Integral representation in SBD?). Let Q c R? be open, bounded with Lipschitz boundary and
suppose that F: SBD?(Q) x B(Q) — [0, +o0) satisfies (H1)-(H3) and (H4’). Then
F(u,B) = jf(x, u(x), Vu(x)) dx + j 806 Ut (%), U™ (%), vu(x)) dFH4 (%)
B JuNB

for all u € SBDP(Q) and B € B(Q), where f is given by

mg(€ , Be(x
f(XO, u0’§) _ limsup ?( xo,uo,fd s( O))
£—0 Yd€

forallxo € Q, up € RY, & e M%™4, and ¢y, ,, ¢ as in (2.2), and g is given by

o My (Uxy,a,b,v> Be(X0))
g(xo, a, b, v) = limsup i
£—0 Ya-1€971

forallxo € Q,a,b e R%, v e ST, and uy, q.p,y asin (2.3).
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The remainder of this section is devoted to the proof of Theorem 7.1 which follows along the lines of the proof
of Theorem 2.1 devised in Section 4. First, the analogue of Lemma 4.1 holds essentially with the same proof.

Lemma 7.2. Suppose that J satisfies (H1)-(H3) and (H4’). Let u € SBDP(Q) andlet u = £ q+H9 |}, nq. Then

for u-a.e. xo € Q we have
F(u, Be(x0)) _ . myg(u, B(xo))

e=0 U(Be(xo))  e—0  u(Be(xo))
Proof. One can follow the same argument used to prove Lemma 4.1 through Lemma 4.4.

First, we remark that [28, Lemmas 4.2 and 4.3] is proved under the assumptions (H4’) and u € SBD?(Q),
hence it can be used to derive (4.15).

Concerning Lemma 4.4, as the lower bound of (H4’) is stronger than the one of (H4), the GSBD compact-
ness result [25, Theorem 1.1] is still applicable. First, this shows v® € GSBD?(Q). Additionally, (4.9), (H4’),
and Proposition 3.2 imply that the function v® belongs indeed to SBD”(Q). The rest of the proof remains
unchanged, upon noticing that, under assumption (H4’), (4.10) still holds. O

We now address the adaptions necessary for the bulk density. When u € SBD?(Q), we show that the approx-
imating sequence constructed in Lemma 5.1 satisfies some additional properties.

Lemma 7.3. Let u € SBDP(Q). Let 8 € (0, 1). For L9-a.e. xo € Q there exists a family ue € SBD? (B¢(xo)) such
that (5.1) holds, and additionally

()  lime @D J lug — uldx =0,

-0
B.
(o) (7.2)
(i) lim e J I[ue]ldHEt = 0.
£
]ng
Proof. Since u € SBD(Q), for £%-a.e. xo it holds that
lim £~ J I[u]ld3cd-t = o, (7.3)
JuNBe(xo)
and (see [4, Theorem 7.4]) that
2% g~(d+D) J lu — ﬂE(‘)‘lkl dx =0, (7.4)

BS(XO)

where for brevity we againlet #2" = £, (x),vu(x,)- Hence, with Fubini’s Theorem we can fix s¢ € (1-6, 1-9)e

so that H(41(J, N 9Bs,(xo)) = 0 and

lim £~ J lu - a2 d3t = 0. (7.5)

0Bs, (xo0)

We can now perform the same construction as in (5.5) with s, in place of (1 - 8)¢. Notice that in this case
us € SBDP(B.(x0)). By arguing exactly as in the proof of Lemma 5.1, we derive (5.1) (i), (iii), (iv) while (ii)
holds in Bg, (xo) and a fortiori in B(1_g)(xo). In particular, this in combination with Holder’s inequality, (7.4),
and u = u, in B¢(xo) \ Bs, (xo) yields (7.2) (i).

To see (7.2) (ii), observe that, since % is bounded from above and from below, (5.1) (i), (iii), the fact that
Ue| By, (x0) € WP (B, (x0); R?) (see (5.5)), and Korn’s inequality imply that

Ue(Xo + Se+) — 2K (xg + s¢+)

. — 0 in WYP(B1(0); RY).
&

Hence, by the trace inequality and by scaling back to Bs_(x(), we obtain

s o—(d-1) 1 —bulk d-1 _
lgr})ss J glu,;—ux0 | dHY = 0.

0Bs, (xo0)
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With this, (7.5), and the fact that % is bounded from below we then have

lim ¢4 J lug — u|dH4 ! = 0.
£—0
0Bs, (xo)

Hence, we get by the construction of u, and (7.3) that
liII(l) g J I[ue]| dHt = lir% e j I[u]| dH41 =0,
E— E—
Jue JuN(Be(x0)\Bs, (x0))
which concludes the proof. O

With the above lemma at our disposal, we can deduce the asymptotic equivalence of the minimization prob-

lems (7.1) for u and a2 = £y y(xo), vu(xo)-

Lemma 7.4. Suppose that F satisfies (H1), (H3), and (H4’). Let u € SBDP(Q). Then for £L%-a.e. xo € Q we have

_ bulk
mq (U , Be(x
lim my(u, B:(x0))  limsup g (U & ( o)).

7.6
£-0 yaed £—0 yae? 7o

Proof. We argue as in the proof of Lemma 4.2.

For the ”<” inequality, take u. satisfying (5.1) and (7.2), and perform the same construction as in
Lemma 4.2. (Observe that the fundamental estimate also holds in this case, see Lemma 3.8.) Notice that, in
this case, we have by (H4’) and (5.9) that

F(ue, ALy,) < B J(1+|e(us)|")dX+B j (1 + |[ue])) d3c1,

" "
AE,XO ]lls nAE,XO

Thus, using (5.1) (iii), (iv) and (7.2) (ii), we still get (5.14), and may deduce inequality “<” in (7.6).

For the “>” inequality, we start by observing that, if u, also satisfies (7.2), in addition to (5.15) we may
require that

lim 2 J ut - up|d3 = o, (7.7)

’ 0Bs, (xo0)
where u, and u* indicate the inner and outer traces at d0Bs, (xo), respectively. We also have that (5.14) holds,
as seen in the previous step. We then perform the same construction as in Lemma 4.2. In this case, inequal-
ity (5.19) is replaced by

F(ze, Ag,xo) < M (U, B, (x0)) + €¥1 + BHT(({u # ug} UJy U Jy,) N 0Bs, (x0))

B J lut -z dHE 4 Fug, A7),
0B, (o)

so that, using (5.14), (5.15), (7.7), and the fact that s, < (1 - 36)&, we are still in a position to deduce (5.20).
The rest of the argument remains unchanged and we obtain inequality “>” in (7.6). O

Similar changes have to be performed also for the surface density. We first deduce the analogue of Lemma 6.1.
We again set @5 = ux,,u* (xo),u-(xo),va(xo) fOI brevity, see (2.3). We also recall the notation in (3.1).

Lemma 7.5. Letu € SBDP(Q)and 8 € (0, 1). For K4 '-a.e. xo € J, there exists a family u; € SBDP (B¢ (xo)) such
that (6.1) holds, and additionally

@) lim ¢4 J |ug —uldx =0,

e—0
Be(x0)
0 (7.8)
(i) lim g @D J el dFT = |[@ )39 (Tlo N E)  for all Borel sets E ¢ B1(xo),
E—
]MgnEE,XO

where Il denotes the hyperplane passing through xo with normal v, (x).
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Proof. Since u € SBD(Q), for H4 1-a.e. xo € J it holds that

lim ¢4 J’ lu - ai;“f| dx=0. (7.9)
e—0
Be(xo)

Hence, by Fubini’s Theorem we find s, € (1-6,1 — g)s such that (6.4) holds, we have
F41(Ju N 9Bs, (x0)) = 0

and
lim e~V j lu - | dHd = 0. (7.10)

=0
0B, (xo)

We can now perform the same construction as in (6.7) and derive (6.1). In particular, this in combination
with Holder’s inequality, p > 1, (7.9), and u = u, in B.(xo) \ Bs, (xo) vields (7.8) (i).

To see (7.8) (ii), observe that, since % is bounded from above and from below, (6.1) (ii), (iv), p > 1, the
fact that u.| BE (x0) € Wl’p(Bi (x0); RY) (see (6.7)), and Korn’s inequality imply that

lug(xo + sey) — WP dy + J IVyue(xo + sey)|P dy — 0.
sz 1 (B, (x0)—X0) sz 1 (B, (X0)—Xo0)

Hence, by the trace inequality and by scaling back to B, (xo), we obtain

lin(l) sg (@D J lue — u=(xo)| dHE ! = 0.
E—
0Bs, (Xo)

Since sf is bounded from below, we then get that

lim e~@-V j lug — u(x0)| dHE ! = 0. (7.11)

-0
0B;, (xo0)

Given a Borel set E ¢ B1(xg), we define E¢ = En Bse (xo0) for every € > 0. Then by (6.7) and (7.11) we get

-0

1im(s-<d-1> J el = — (@] 94 (1T nEf)) =0. (7.12)

]HenEg,Xo
By (7.10) and (7.11) we also have
lim gD I lu; —ut|dHdt =0,
E—
0Bs, (xo0)

where u; and u* indicate the inner and outer traces at 0Bs,(xo), respectively. Hence, by construction of u,
in (6.7) and since u € SBD(Q), we obtain

lim (s<d1> j el dFHE — [ [@52)] 34 (o N (E Ef)))
E—
Jue N(E\E®)zx,

= m(a‘“ j |[u1|d9fd-1—|[ai‘;ff1|ﬂfd-1<non(E\Ef)))=o.
JuN(E\E® )¢, xo

By combining with (7.12), this concludes the proof of (7.8) (ii). O
With this lemma at hand, we can address the equivalence of minimization problems for the surface scaling.

Lemma 7.6. Suppose that 7 satisfies (H1), (H3), and (H4’). Let u € SBDP(Q). Then for H9 1-a.e. xo € J, we

have ;
mg (39" B (x
lim my(u, B¢(x0))  fim sup g(Uy", Be(x0))

.1
=0 yd_led‘l £—0 )/d_led_l (7 3)
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Proof. We argue as in the proof of Lemma 4.3.

For the “<” inequality, take u. satisfying (6.1) and (7.8), and perform the same construction as in
Lemma 4.3. Estimates (6.22) and (6.23) continue to hold, provided one replaces  with the larger constant
B+ I[ﬂi‘grf]l). Then, with (H4"), (6.1) (iii), (iv), and (7.8) (ii) we get

T (ue, Af ,)

—— 2 < B+ [ Dya-1 (1 - (1 - 46)T), (7.14)

lim sup
gd-1

-0

which is the analogue of (6.24). This is enough to derive inequality “<” in (7.13).

For the reverse one, take again u, satisfying (6.1) and (7.8). Then, by (7.8) (i), in addition to (6.25) we
may also require that

lim ¢~ I -zl dgedt = o, (7.15)
0Bs, (xo0)
where u; and u* indicate the inner and outer traces at 0Bs, (xo), respectively. We perform the same construc-
tion as in Lemma 4.3. In this case, inequality (6.29) is replaced by
F(Ze, Aex,) < My (U, Bs, (X0)) + ¥ + BH({u # ue UJu UJu,) N 0Bs, (x0))

+p I lut - ug | dHT + Fue, AL ),
0Bs, (xo0)
so that, using (6.25), (7.14), (7.15), and the fact that s, < (1 — 30)c we deduce that

F(ze, As,xo)
gd-1

< (1-30)" timsup IO L gy 4y (1 - 1 - 40,

£—0

lim sup
£—0

Then one concludes exactly in the same way, upon replacing B in equation (6.31) with the larger constant
B+ 1[5, -

Proof of Theorem 7.1. The result follows from Lemmas 7.2, 7.4, and 7.6, arguing exactly as in the proof of
Theorem 2.1. O

8 The GSBV” case

In this section we briefly remark that the strategy devised in this paper allows also to establish an integral
representation result in the space GSBV? (Q; R™) for m € IN. We consider functionals

F: GSBVP(Q; R™) x B(Q) — [0, +00)

with the following general assumptions:

(H1) F(u,-)is a Borel measure for any u € GSBV?(Q; R™),

(H2) (-, A)islower semicontinuous with respect to convergence in measure on Q for any A € A(Q),

(H3) (-, A)islocal for any A € A(Q), in the sense that if u, v € GSBVP(Q; R™) satisfy u = v a.e. in A, then
F(u, A) =F(v, A),

(H4) there exist 0 < a < 8 such that for any u € GSBV?(Q; R™) and B € B(Q) we have

a( J IVl dx + 5417, B)) < F(u, B) < B( j(1 +1VulP) dx + 341 (T, B)).

B B

In this setting, we replace definition (2.1) by

myg(u, A) = inf {F(v, A) : v = u in a neighborhood of 0A}.
veGSBVP (Q;R™)
Moreover, as in (2.2)—-(2.3), we define the functions &y, y,,s(x) = Ug + &(x — Xo) and uy,,q,5,v(X) = a on the set
{(x —x0) - v > 0} and uy,,q,p,v(X) = b on the set {(x — x¢) - v < 0} for xo € Q, up € R™, & ¢ M™4 g beR™,
and v € $9-1,
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Theorem 8.1 (Integral representation in GSBV?). Let Q c R? be open, bounded with Lipschitz boundary, let
m € N, and suppose that F: GSBVP (Q; R™) x B(Q) — [0, +co) satisfies (IH1)-(IH4). Then

F(u, B) = Jf(x, u(x), Vu(x)) dx + J glx, ut(x), u™(x), vy(x)) ded‘l(x)
B JuNB

for all u € GSBVP(Q; R™) and B € B(Q), where f is given by

my(€ , Be(x
f(XOyUO,f) — lim sup CF( xo,uo,fd 5( 0))
-0 Yd€

forallxg € Q,up e R™, & € mmxd, and g is given by

m?(uxo,a,b,w B¢(x0))
ed1

g(xo, a, b, v) = limsup
£—0 Vd-1

forallxo € Q,a,b e R™, andv € $%1,

We point out that integral representation results in GSBV? have been used in several contributions, see, e.g.,
[6-9, 21, 37]. They all rely on [13] along with a perturbation and truncation argument as follows: first, one
considers the regularization

Fo(u) == F(u) + oj I[u]| dFE1,
Ju

restricted to u € SBVP(Q; R™). Then the assumptions of the integral representation result in SBV? [13] are
satisfied and one obtains a representation of F,. In a second step, this representation is extended to GSBV?
by a truncation argument which allows to approximate GSBV? functions by SBV? functions. Eventually,
by sending ¢ — 0, an integral representation result for the original functional can be obtained. We refer
to[21, Theorem 4.3, Theorem 5.1] for details on this procedure. (We notice that in [21] a more general growth
condition from above is allowed in the surface energy density, cf. [21, assumption (1.4)], analogous to the
one in (H4’).) With our result at hand, this method can be considerably simplified since no perturbation and
truncation arguments are needed.

For the proof of the theorem we need the following Poincaré-type inequality, which can be directly
deduced from Theorem 3.3.

Theorem 8.2 (Poincaré inequality for functions with small jump set). Assume Q c R9 is a bounded Lipschitz
domainandlet 1 < p < +oo. Then there exists a constant ¢ = c(Q, p, m) > 0 such that for allu € GSBV?(Q; R™)
there is a set of finite perimeter w c Q with

H10"w) < cHIN(Y),  L4W) < ()T
andv € WHP(Q; R™) such that v =u on Q \ w and
IVViLr (@) < clVullLe (). (8.1)
In particular, for all u € GSBVP (Q; R™) there is a constant b € R™ such that

lu - bllr\w) < cllVullrr ).

Proof. It suffices to consider the case m = 1 and to prove (8.1). This can be obtained for instance by applying
Theorem 3.3 to the function t: Q — RY defined as @ := (u, O, ..., 0) and using the Sobolev—Korn inequality
to get Vv on the left-hand side. O

Proof of Theorem 8.1. We follow the proof of Theorem 2.1 and only indicate briefly the necessary adaptions.
First, we observe that a version of the fundamental estimate in Lemma 3.8 holds true in GSBV?(Q; R™) by
repeating the proof with (IH4) in place of (H4). (We refer also to [16, Proposition 3.1].) Recall that the result
follows by combining Lemmas 4.1, 4.2, and 4.3.
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Lemma 4.1: The result is proved via (4.15) and Lemma 4.4. Notice indeed that the derivation of (4.15), as
well as the argument ensuing therefrom are the same, up to using the growth condition (IH4) instead of (H4).
(We also refer to [13, Lemma 6] for the corresponding argument in SBV?.) In the proof of Lemma 4.4, due to
the (stronger) lower bound in (H4) and Ambrosio’s compactness theorem in GSBV? (see [5, Theorem 4.36]),
one can ensure that the function v% defined in (4.8) now belongs to GSBV?(Q; R™). Then the result follows
with the same argument, up to using Theorem 8.2 in place of Theorem 3.3.

Lemma 4.2: With the fundamental estimate in GSBV? at hand, we can follow the proof of Lemma 4.2 for
each u € GSBVP(Q; R™) with (H4) instead of (H4). The family (u.), is defined as in Lemma 5.1 (see (5.5))
using Theorem 8.2 in place of Theorem 3.3. First, u, € GSBV?(B.(x0); R™) since u € GSBV?(Q; R™), and
Ue| B g (x0) € WHP (B1-g)e(x0); R™). Observing that

lil’I(l) g4 J [Vu(x) = Vu(xg)|P dx =0 (8.2)
E—
Be(xo)

for £9-a.e. xo € Q (as Vu € LP(Q; M™?)) and using (8.1), we further get

1iII(1) g4 J |Vue(x) = Vu(xo)lP dx = 0.
E—

B(1-6)e(x0)

With (5.5), and using again (8.2), we deduce that (5.1) (iii) can be improved to

lim £ j Vs (x) — Vu(xo)[P dx = 0.
E—
B (xo)

This adaption is enough to redo the proof of Lemma 4.2 in the present situation.

Lemma 4.3: Here, we can follow the proof of Lemma 4.3 for each u € GSBVP(Q; R™) with (IH4) instead of
(H4), and Theorem 8.2 in place of Theorem 3.3. The family (u.). defined in Lemma 6.1 needs to satisfy
ug € GSBVP(B.(x0); R™) and (6.1) (iv) needs to be improved to

lirr(l) g @D J [VuelP dx = 0. (8.3)
E—
BS(XO)

First, we use (6.7) to see that u, € GSBV? (B.(xo); R™). Arguing as in the proof of (6.1) (iv), with Theorem 8.2
at hand, we obtain
lir% g @1 J |Vue|? dx = 0.
E—
Bg, (o)

This along with lim,_,q (@1 jB (xyy [VuIP dx = O for H41.a.e.xo € J, and (6.7) concludes the proof of equa-
tion (8.3). O
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