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ABSTRACT

In this study the derivation of the most general
equilibrium and shear stress expressions for transversely
isotropic fiber composite bar were theoretically
investigated with the coordinate parameters of torsion
problem. Nonlinear governing equations were modified
in a linear system of differential equations by the
application of assumptions. Equilibrium equation was
separated into three different term-parts in terms of the
uncoupled forms of the stress and warping functions.
Derived resultant expressions have shown that the total
number of independent elastic constants are reduced
from twenty-one to five. Coordinate dependent
variances of two shear stresses were presented on the
transverse and lateral cross sections of fiber composite
cylindrical bar in terms of the five unknown elastic
constants.

Keywords: Torsion loading; shear modulus; fiber
composite; transversely isotropic, partial differential
equation

1. INTRODUCTION

Fiber reinforced structure of the layered composite
material can be defined as containing different material
properties in their each ply. In order to calculate the
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general elasticity matrix of such a complex structure; it
is necessary to apply the elasticity or stiffness matrix
component to each ply and finally to get the sum of
them. Selection of the material type and the way of
loading is important in the definition of stiffness matrix.
The shear modulus function G(x,y) is defined as the x
and y coordinates of the cross sectioned thin tubular
composite bar under torsion (Stokes /1-2/). The derived
expressions define the average shear modulii. Several
authors are reported the resultant equations and
experimental results about the stress distributions of
fiber composite bars under torsion (Ergiiven /3/,
Yoshihara /4/, Liu /5/, Kardomateas /6/, Ecsedi /7/, Ting
/8/). The distributions under tensile loading of fiber-
matrix structure are also studied by Akbarov /9/ and
Dong et al. /10/ previously.

The objective of this paper is to improve the
coordinate dependent shear stresses t.g(r.0,z) and
19,(r,0,2) by using the elliptical stress function ¢ (r,z)
and finally to show the shear modulus functions Gg,
and G.g in terms of 5 elastic constants C]4,C44‘, Cue
and C;4.Cqq . These constants define the shear stress
expressions. The torsion loaded composite material is
transversely isotropic bar which has a finite length. The
improvement of the coordinate dependent functions
1,9(r.0.z) and 1g,(r.0,z) that we performed in this
study requires a sequence of developing steps. These are
defined in the following sections of this paper.
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2. MATHEMATICAL MODEL FOR
TRANSVERSELY ISOTROPIC FIBER
COMPOSITE CYLINDRICAL BAR UNDER
TORSION

In improving the coordinate dependent tg(r,0,z)
and tq,(r,8,2) , we followed the main steps as below:

1. Applying the general Hooke’s law which is
expressed in terms of 21 independent elastic
constants (Appendix-(A1-A2));

2. Writing the nonlinear equilibrium equation in z-
direction (Appendix (A3-A6)); (we have assumed
nonzero displacement components in the radial
u(r,z), tangential v(r,z) and axial w(r,0)
directions in this equation);

3. Reducing the number of independent constants from
21 to 5 by using some assumptions;

4. Using ¢(r,z) stress and y(r,0) warping function
assumptions, the equilibrium equation is contracted
into two subgroups;

5. Defining the stress equations 1,9(r,0,z) and
192(r,0.z) in terms of partial differential equations
by using the two shear modulus functions. These
functions contain 5 independent elastic constants

(C14-C44.C46, C16,Ce6 )-

These procedures are explained in detail and sample
distributions of these two shear modulus functions are
provided in the later parts of the paper.

2.1 General Shear Modulus Formulation

Transversely isotropic fiber composite material is
organized by some layer arrangements which also
defines 5 independent elasticity constants settled in it
(Fig. 1)). These composite materials are widely used in
the industrial applications so that both the already
defined elastic constants and developing mathematical
models will be important in future material researches
and applications.

Displacement functions u,v are the components of
displacements in the radial and tangential directions
which are defined in terms of cosine hyperbolic function
(Ergiiven /3/). Displacement in z-direction is defined by
w which is declared with warping functiony . It is a
function of radius r and angle 6 /11/:
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u(r,z)=v(r,z)=¢(r,z)/cosh (kz) ’
w(r,0)=0q y(r,0) &

where Oy is a constant and named as initial angle of

twist per unit length.

In this study, we have used 21 independent constants
despite the wide spread use of 5 constants in the
literature survey (Appendix-(Al), (A2)). Under the
torsion load; the developing stresses on the longitudinal
surface ,and in the transversely sectioned part are
defined in terms of 11 constants. They are defined as
below:

oz = Ca(r,2) & + Cyy(r,2) €9 + C34(r,2) €,

+Cq(1,Z) Y49 +Cys(r,2) Yz + Cye(r,2) Yoo

@

7,9 = Ci(r,2) & + Cpe(r,2) €9 + C34(r,2) &,

3
+C46(r’ Z) Yz0 + C56(r’ z) Yrz t C66(r’ z) Yo ( )
The stress components O =Cg =0, =T, =0
vanish in torsion problem /12/. Therefore, the strain
expressions €, ,&;,Ep, Yrz also have zero value under
torsion. Tangential strain €g is accepted as zero related
to the rigid body rotation, but in our study the other
three strain values are accepted as different from zero
(£,,€r,Yrz)- These values are responsible for the
complex interaction between fibers and matrix and
cause additional displacements in deformation under
shear loading. As a consequence of the assumption
explained above, strain components
Er+€,.80.Yr0-Y26-Yrz (Appendix (A6)) are
substituted into previously defined two stress equations.
In this way these general stress expressions below are
brought out:

Ou 10v u
Tez=cl4(f,Z)E+C24(f,Z) e
=0

ow ov 10w
C34(T,Z)—é;+c44(r,z) -6—z+;% + (4)

=0 =0
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Ou Ow ov 10u v
C45(f,2)(‘a—Z*EJ+C46(r,Z) Ty e
Py

du ow
9 = C16(r,2)5; + C36(r, Z)gz— + C26(r,2)

1ov u 1 ow
——t — |+ Cyg (1, 2)| —+——
r 00 (2| 5 T30
—— ——
=0 =v .,
ow ov 1ou v

N3 O O VOVl =

CS"(r’Z)( z+6rJ+ 6| T+ 15 7| ©
b3

Equilibrium equations through r and © directions
are identically satisfied (Appendix (A3-AS)). After
substitution of Eqs. (4) and (5) into the z-directed
differential equation of equilibrium, Egs. (6-7) are
developed:

0t,9(r,z) 01g,(r,z) 271,4(r,2)
+ + =0

6

- Or oz T ©)
P 19Cy(rz) 10Cy(n2) Copn2))_ 1
Lr oz r or 2 Jcosh(kz)

(0Cus(r2)  3Cs(r2) 2Cs(r2) C u(r,z)] (-ktanh (kz))
{ 0z or r r cosh (kz)

(_ 10C4(rz) 19Ce(r,2) Ces(rz)) 1
r 0z r or r2 cosh (kz)

(0Cuy(r,2) , 3Cas(r,2) | Cap(r2) | (-k tanh (kz))

\ 0z or r cosh (kz)
i o8 b 2 iarb2rion _ g2
C45(r,z)(k tanh“(k2) - k )1'—:44(:',;)“‘ tanh”(kz) ~ k%) | |
cosh (kz) cosh (kz)

or oz or r r

1 + 0 C46(r, Z) + 0 C66 (r, Z) + C66(r, Z)
cosh (kz) oz or r

% (r,2) [(6Cl4(r, 2) , 9Cis(r,2) , 2Ci6(r2)  Coglr, z))

+‘(C]4(I’, Z)_ + CS(;(T, Z))M +

1
cosh (kz) cosh (kz)

(

2 Cy6(r,2), (~k tanh (kz)) .
t cosh (kz)
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(r,2) [(ac45(r,z) L 9Cs6(r,2) | 2Cs6(r,2) | c24<r,z)]

0z 0z or r r
1 , 0Cy4(r,2) g 0Cyg(r,2) . Cye(r,2) 1
cosh (kz) 0z or r cosh (kz)

(—2k tanh (kz)) (—2ktanh (kz))

e A+ Ty (1,2)) el
Cas(:2) cosh (kz) +Caa(r2)) cosh (kz) ¥
2*4(r,2) 1 2 Cye(r,2) 1

drdz (Ca(r,2)+ Cs4(r.2)) cosh (kz) +( r cosh (kz) *

39,9 Cie(1.2) , Cos(r,2) |, 5°40.2)[ Cas(nD) | Cas(r2) |,
ar¢ | cosh (kz) cosh (kz) 8z¢ |cosh (kz) cosh (kz)

o 2u(t,8)(3Css(2)  3Cs(r2) | 2Cs6(12))
0 ot oz or r

2
8o a—q’(:ﬁl(css(f,l))
or

dy (f,e)(lacu(f’z) 19C44(r,2) c4(,(r,z)]
8¢ o+ - -+ +

0 r 0z r or 2
2

0, T 0 (Cus(62))
aro6 | r )

™

Eqn. (8) which finally has 10 parentheses is obtained
by contracting Eqn. (7). All segments are defined by
Roman letters as (1), (IN), (I1D), (IV), (V) and
VD), (VID), (VIII), (IX), (X). Expanded forms of
parenthesis are given in Appendix-B in detail.

00(r,2) - . o(r, a%(r,
D 0+ D ot xm+ 2D vy

Po(1,2) \~  F0(2) 1 N(E0)
0z¢ W+ Oroz Vi or e d

®)

y(r,0)
or?

LTV o 0)
VM5 D+ 29 -0
As seen from the last contracted expression, the third
equilibrium equation can be seen in two groups of
uncoupled linear partial differential equations. While
the first one includes the stress ¢(r,z) function, the
second one has the warping function y(r,8) alone.

MATHEMATICA 4.0 program was
substitutions of all mathematical equations.

used in
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2.2 Basic Assumptions Used and Generation of
Stress Function

Wood, thermoplastic cables, bone, honey-comb are
the examples for transversely isotropic layered
structure. In order to- generate this type fiber composite
bar, it is assumed that thin rectangular strips can be used
throughout the transverse cross section. Layered
sections are defined by thin strip rectangular areas with
different material properties which are rotated 180° or
360° about its main central axis to form a cylindrical
layered composite structure (Figs. 1-3).

Layered surfaces and related displacement fields are
defined mathematically by suitable parameters. They
are considered in the generation of modified stress
function ¢(r,z). It is related to the structural formation.

In this study this function is chosen as:
6(r,2) =K (r? ~RD)+ Ky (2" - 1%) 9)

The related sample plot of this function is
represented in Fig. 4. In this figure r and z coordinates
are chosen between the ranges —2<r <2 and -3<z<3.
Total length (L) of bar should be defined along z-axis
and stress function distribution is shown through this
axis. So that, this formulation can be applicable on
every z cross-sectional area of the transversely isotropic
composite bar. It is assumed that the selected material
constants arc fix for the definite r=R at each cross
section and on the surface. For example wood has
continuous  parabolic/elliptical/  circular  layered
surfaces. The developed 3-D curved ply surface is based
on the arrangements of fibers and their accumulated
distributions in matrix section of fiber composite. So
that in the sclection step for stress function ¢(r,z),
description of the generation of these multiple layers
with the fiber arrangements and the necessity of the
satisfaction of boundary conditions are held on (Egs. (9)

and (10)).

r=xR 3
z=*L ;

$=0,¢=c
$=0,¢=c (10)

It is known that the stress function must be equal to
zero or a constant number on the transverse and
circumferential surfaces of the bar.
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2.3 Steps for Reduction of Partial Differential
Equations

Some steps are provided to simplify the complex
equations in our study /12-13/). One of them is to check
out the usability of the ¢(r,z)function. It depends on
obtaining an acceptability condition by the application
of the bi-harmonic equation (V’¢=-2G,q6p)
(Appendix-(A7)).

The second shows Eqn. (8) in three different linear
partial differential equations. This equation is divided

into three linear system of equations considering
¢(r,z) and y(r,z) and to their partial derivatives with

respect to r,0 and z. After this procedure, equations
are seen as in the uncoupled form. For example, the
f(r,0,2)=f,(r)+f{5(0) + f3(z) can be
reordered in more simplified forms: f(r);f,(8);f5(z)

function

and these forms can be used in the exact formulation of
¢(r,z) and y(r,0) functions.

The third one is related to the generation of the
geometrical view of the cross-sectional shape of the
transversely isotropic fiber composite bar. In the
elliptical section, the ¢(r,z) function is described as in
Eqn.(11) and this function can also be used for circular
sections by equating the minor/major axes of ellipse to
each other as. a=b. It is known that elasticity
formulations of circular cross-sectional isotropic bars
have zero warping function in the elasticity
formulations.

2 2

¢=c.<"—2¢{)2——n (11)
a

Substitution of ¢(r,z) into the bi-harmonic equation by

considering the equality of minor and major axes on the
circular sections as a = b gives constant ¢| as below:

2
¢) =-GME (9(,""7 (12)

Here, the stress function is defined at the circular cross

scction with constant average shear modulus G® .

Using polar coordinate transformations in Eqn. (11)

as below:
avg
#(r,2) =-——(* ~a%) (13)
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Fig. 1: 3-D development of transversely isotropic fiber composite cylinder
Fig. 2: Representation of transversely isotropic structure with cylindrical wood bars
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Fig. 3: Side views of transversely isotropic layered composite cylinder
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2

Fig. 4: Stress function ¢(r,z) distribution on r-z coordinate plane

Eqgs. (13) and (9) define the same problem. The first
part of the modified expression has K; =-G,9 8, on

the circular sectional surface and providing that
K, =-G,g0g valid on the cylindrical sectional surface.

They are used to complete the definition of torsion
problem for two different shear modulus data Gg,G,g .

Considering these, the modified stress function

¢™ (r,z) can be written as:

¢m(r,z)=—[G,9(r,z)(r2 —R2)+ G 5(1,2) (22 -LZ)] 0,

14)

In order to express the point-wise shear modulii data
Gg(r,z) and G,g(r,z) in terms of the overall average

one G2'8 | the stress function is defined as below:
K; =K, /G8y, K, =K, /G (15)
0™'(r,2) = K (r? ~R?) + K, (2% - L?) (16)

In Egns. (15) and (16), K=G*8 =G0, is used for
the average shear modulus. In the following steps
Ki,K; and ¢™ are written as K;,K, and ¢

respectively in order to simplify the notation in the
partial differential equations.
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Disregarding  warping  function by taking
w(r,z) =0, Eqn. (8) is reduced as:

6¢(r z) M+ P ¢(r z)

(1) + §(r, z)(I) + ———~

X2 vy +
Z

17

aWw) O*0(1,2) oy _
+ 5 V)+ 3102 (VI)=0

From this equation two new uncoupled differential
equations can be seen as:

3¢(r 2) . & ¢(r z)

D+ D+ ¢(r,z)(IN) =0 (18)

(1, 2) 8%0(r,2) L 0% (,2) i _
- (IV) + ™) (V)+ . (VD=0 (19)

The last term in Eqn.(19) is equal to zero for chosen
¢(r,z) . These two additional equations will be used to
calculate the unknown elastic constants in future work.
In order to plot the variances of the shear modulii
data, the third reduced equilibrium equation (Eqn. 17) is
used. Coordinate changes through r and z directions are
inserted into this equation in order to get two different
equations in terms of ¢(r,z). The first expression is
obtained at the tip of the bar where z = + L constant and
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r is a variable one. The second equation is obtained at
the surface of the bar where radii data have r = £R while
z is variable. The following two simplified equations
are obtained according to thesc coordinate changes.

(r* = RE)(I) + 2r(1) + 2(I) = K, (20)
(2% - LAY + 22(1V) + 2(V) = K (1)

All of the expressions in common parentheses show us
the coordinate dependent values of ¢(r,z), elastic
constants and their variances. It is interesting to note
that these two equations are also related to functions
G (1,2),G,g(r,2) in terms of K,, K,, or K;,K3 as
described in Eqn. (15). For test data, sample graphics
are presented in the following section.

The reduced form of the second differential equation

Science and Engineering of Composite Materials

from Eqn. (8), which includes the warping function,
comes to form the following equation with -
independent symmetrical distribution.

6\u(r 0) a‘w(r 0)

2 (VI + (VIII) =

) (22)

2y, e)[
w(r, e)[‘(vn) 2 i(VHI)): C(r)
or

C(r) is the r coordinate dependent functional constant.

The last three equations (namely Eqns. (20), (21) and
(22)) are the final appearance of the corrected Eqn. (8).

In the last step; shear stress equations (Eqn. (4) and
(5)) are rewritten by the substitution of Eqn. (1) which
includes stress function ¢(r,z).

_ 2Ky ) K (r? -R%)+K, (2% -
%26 = Cia cosh(kz)) *C2 [ rcosh(kz)
I , i
Caa (—I—(ZKZZ ~ Kk tanh(kz)(K, (r? - R2) + Ki2” - 12 ))) +la, a‘V(”e)J +
| \ cosh(kz) r 0 23)
[ 1 3w PN oy(r,0)
Cys m[ 2Kz -k tanh(kz)| K;(r? - R?)+ Ky(z? - 1 )ﬂ +0, 28 ]+
o | 2K, Ky (r? -R?)+ K, (22 - 12)
. cosh(kz) r cosh(kz)
[ 2K, ]+c (/Kl(rz ~R%)+ K, (22 -1?)
%1 cosh(kz) rcosh(kz)
2_p2 2 12y | i OW(r,0)
[ e 2K2z — k tanh(kz)(K:(r? =R )+ K, (22 - L ))]+ 6,22 ]+ -
oy(r,0)
[cosh(kz) 2Kzz ktanh(kz)[K](r ~R%)+K,(2* - )]]+en T}r
2K, K(r* -R)+Ky(* -1%)
f cosh(kz) r cosh(kz)
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This step is based on the cylindrically symmetric described in the preceding section. Transversely the
deformation case with the corresponding stress isotropic cylinder which is subjected to torsion has four
components o, =0,09 =0,6, =0,7,, =0 which simplified equations which still contain the unknown
simplify the system of differential equations as elastic constants ( C;; ).

/
ov ov v du u ow ou oOw
Cg: Coy| — [+Copy| ———=|=—|Cyrj—+CHy—+Cyr-——+ o e
6 24[ z) 26[ " rJ AR 23 zs(az* ot H
(25)
ov ov v du u w du Ow
P C34[—]+C36(—__—]=_ C3,—-+C32—+C33—-—+C3;(— +—J:|
z or r r z r
ov ov v 0 u ow ou oOw
T Cys| — |+Cs¢| =———— 1= Cis —+Crc—+Crc — + Csc| =——+—-—
2 45[6 ) s(,(ar r] ii 15 25 3s ss(az Py Jj|
By substitution of the displacement components in (Eqn. (1), Eqn. (9)), four expressions arise from Eqn.
terms of stress ¢(r,z) and warping w(r,0) functions (25) as written below:
K (r2-R?)+K (zz—Lz))
I 2_p2 2_12 21K, ( '( 2 _
Cra| ———| 2Kpz -k hk(K ~R2)+K, (22 - L )]+c - -
14[cosh(kz)[2 22~ ktanh(kz) '(r ) z(z ) J 16 cosh(kz) rcosh(kz)

oy 2K e (K'(rz_R2)+K2(22_L2))+C15[ I

" cosh(kz) - rcosh(icz) i 2K~ ktanh) (K (7 - R7)+ Ky 2 - LZ))D

(:24(;[2&2—1( lanh(kz)(K|(r2 > R2)+ K2(22 -12 ))]]+c25[ 2Ky _ (Kl(fz - R2)+ K2(22 -1 ))] -

cosh(kz) cosh(kz) rcosh(kz)
Jen e Pl ), -
B
T e s T o i
o b+ - sl - et L b
‘[C“’ coi;Tnlz) s k- Ir{;);(izz)(zz £, ‘Tss[cosh(kz) - kmoffa? - k7ol -1 mﬂ

(26)
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By comparing the coefficients of strain terms, elastic
constants are written in terms of each other as seen in
Eqn. (27). Then simplifications are applicable to them.

Cis =K3Cp =K 4Cay =K5Cys
Ci6 =KgCp¢ =K7C36 =KgCsq
Ci1=KoCy =K 9C3y =K;1Cys
Ci2 =K12C2 =K3C3p =K 4Cos
Ci3 =K 5C3 =K4C33 =K;9C3s
Cis =K;gCa5 = K19C35 =K Cs;s

27

Elastic constants in each set are multiplicities of others.
If we use the simplifying assumption such that each of
them has a constant value one, we can see the most
reduced system of equations as below. Otherwise, the
new eighteen unknowns will appear in the equations

(K3 -Kpy).

cosh(kz) r cosh(kz)

Tze(r,Z) - C]4

[ 2K) | K (P -RY)+Ky( - 1)

Science and Engineering of Composite Materials

Cia =C24 —C34 - Cys
Ci6 =Ca6 =C36 =Cs¢
Ci1=C31=C3=Css
C12=Cyn=C3=Cys
C13=Cp3=C33=C3;
Ci5=Cp5 =C35 =Css

(28)

The number of unknown constants is reduced from
twenty one to nine (C]4,C44,C46,C]6, C66’

C1,Ci2,C3,Cy5) in the general torsion problem

definition.  Using the first two  expressions
C]4 =C24 =C45 and C](J =C36 =C56 in Eqn (28),

the modified shear stress expressions are given as
below:

4

I: 2K,z -k tanh(kz)[ K, (2= R%)+K,(2% - LZ)II +0, Wérr,e)]

cosh(kz)
— 2_R2 2 _¢2 i oy(r,0)
Caa H cosh(kz) (2K22 -k tanh(kz)(K;(r“ - R )+ K,(z°-L ))]+ -3, 02 1+
2rK; - K](rZ D R2)+ K2(22 _ LZ)
46 cosh(kz) rcosh(kz)
(29)
L5 Y Ki(? -R%)+Kp(2? -1%) | |
(1,2)=C cosh(kz) rcosh(kz) )
T9(,2)=Lq
— 2_R2 2_y2 oy(r,0)
[cosh(kz) [ZKZZ = ta"h(kz)[Kl (r* =R+ Ky(z" -L )]] $8,=" = ]
1 2_p2 2 q2n ). Ls 6\u(r,9)]
Cas [( cosh(kz) (ZKZZ —ktanh(kz)(K,(r" - R )+ Ky(z"-L ))]+ —6,—— +
o | 2K K =R)+ K@ - 1)
| cosh(kz) rcosh(kz)
(30)

In conclusion; with the application of the reduction
method, we have found 5 independent unknown
constants instead of 11. In the shear stress equations, the

number of unknown independent constants is seen as

five.
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3. SHEAR MODULUS DISTRIBUTIONS ON
COMPOSITE CYLINDERS

Sample graphics for shear modulus functions
f(r)=G,g and f(z)=G,g are obtained and plotted in
Fig. 5, Fig. 6, Fig. 7, and Fig. 8 by using Egs. (20) and
(21). Using the suitable sample data for variable
coordinates r and z, equations are converted into
parabolic relationships. Through the r-axis of the
cylinder, parabolic equation 1P —44+2r+2=r"+2r-2
is representing the variance of shear modulus for the r-
interval R = -2 to R = 2 in which they are the end points
of the cylinder where z = £ L. The first example is given
as z2-9+2z+2=2"+2z-7 between the tip points of
the cylinder —1.5 <L <+1.5 and over the surface of the

Formation of Shear Stress Equations for Transversely
Isotropic Finite Length Bar under Torsion

cylinder where -R <r<+R or -2<r<+2 (Eqn. (21)).
All illustrations are shown with 2L total length and R
outer radius of the cylinders. The cartesian coordinate
system is attached to the central axis of the cylinder.

The second example has the parabolic variances
> +2r+1 and z2+2z-98 for shear modulii. The
selected dimensions are —1<r<+l and -10<L<+10
(Fig. 6). The third one is given by r2+2r+1 and
2% +22-1398. The studied field is defined by -I<r<+l
and -20 <L < +20 (Fig. 7). The fourth representation is
given by 3r2+4r+5 and 3z2+10z+11. The used
dimensions are -1<r<+l and -1<L <+l (Fig. 8).
Graphics are showing the distributions for the sample
test data according to the parenthesis (1)=2,
(Ih=4,(IH=3,(1V)=5, (V)="7(Egn. (20), (21)).

o
f(r)
4
2
I
1 2

S 778 7
72
‘»1\'\\\({/
D

Z
\2

\E

N7

f(z)

v

Fig. 5: Graphical representations of shear modulus functions f(r)=G g = r2+2r-2 and f(z) = G,p = 22 +22-0.25

for the transversely isotropic cylinder
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f(r)

Fig. 6: 3D and 2D illustrations of shear modulus functions f(r)=G g = r2 42041 ,

fiber composite cylinder

4. CONCLUSIONS

An elasticity shear stress (T,4(r.z), 1,9(r.z))
formulation for the torsion of transversely isotropic
fiber composite cylinder with variable shear modulus
descriptions through the thickness and the axial
direction was presented. The material has cylindrical
symmetry referred to the main axis of the attached
coordinate system on the cylindrical body. It is assumed
that all planes perpendicular to the main axis have
geometrical symmetry due to fiber arrangements.
Coordinate dependent nonlinear equilibrium differential
and boundary conditions that govern the stress function
have been developed. In the formulation, the total

f(z2)=G,g =72 +2z-98 for the

number of degree of freedom (u,v,w) was chosen in
terms of displacements as three. They are defined in
terms of the stress ¢(r,z) function by hyperbolic
cosine. The derived equations have nonzero warping
function y(r,8). The nonlinear equilibrium equation
was written as a linear one by selecting suitable stress
function and terms were grouped into a set of partial
differential equations. In this study, the highest power of
partial differentiations is in second order and the stress
function is chosen as a quadratic one to obtain a
constant value after differentiations. Partial differential
equations are obtained in terms of r, 6 and z.
Equations were constructed from six different non-zero
strain expressions; €;,€,.24,Y0.Y20-Yrz and Y.
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A
f(z) z

10 20

Fig. 7: 3D and 2D illustrations of shear modulus functions f(r)=G g = 2124l f(z) = Gog = 2% +22-398 for the

fiber composite cylinder

Strain coupling behaviour was included into the strain-
displacement components and then into the Hooke’s
law. So, all of the related strain terms were included in
the shear stress-strain equations. The shear modulus
functions G,g(r,0,z) and G,g(r,6,z) were expressed
with the coordinate dependent constants K'l and Klz. It
was shown that transversely isotropic fiber composite
material defined with five independent elastic constants
C14,C44,C46,Ci6,Cee in the shear stress components

266

T,9,Tpz under torsion. When the general * elastic
material matrix is considered, 4 constants are introduced
(C1,G12,C13,Cy5) into the equations additionally and
with the other two unknowns K',,K'z totally eleven
elastic constants are seen. These are dependent ones.
Finally; these analytical studies will be modified and
solved with the data obtained from future experimental
studies.
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Al2
f(r)

10

Fig. 8: 3D and 2D illustrations of shear modulus functions f(r)=Gg = 32 +4r+ 5, t(2)=Ggzg= 322 +10z+11 for

the fiber composite cylinder

APPENDIX-A : Simplified transversely isotropic fiber composite
elasticity matrix with five independent elastic constants:
General transversely isotropic fiber composite

elasticity matrix with twenty-one independent elastic or | [C)y C2 C3 O 0 0 1| &
constants (examined elasticity constants for torsion og Ca Ci1 G3 0 0 0 g
loading are shown by bold letters): o, Ci3 C3 C33 0 0 0 €,
(‘tez) i 0 0 0 Cq44 O 0 (Yez)

o | [Cii Ci2 Ci3 Cis Cis Cig || & T, 0 0 0 0 Cy 0 Yrz
Se Cjp Cyp Cp3 Cq Cps Cox || %6 (1:,9) [0 0 0 0 0 (C1-C)2 (Yre)
o, | |Ci3 Ca3 C33 Cag Cas Cae || %2 ' (A2)

(Tez) ) (Cla C24 C3s Caq Cas Cap) (Yez)

Trz Cis Cas Cas Cas Css Cso || Yrz Equilibrium equations in the cylindrical coordinate
(tre) [(C1¢ C26 C36 Cas Cse Ces). (Yre) system:
(Al)
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oo, 1ot ot 6, -0C
LA r9+ rz , -t 6

r direction: =0 (A3)
o r 00 0z r
ot ot T
z direction: —— +l LN ok +—==0 (Ad)
or r 00 oz r
ot oo o 27
0 direction: i +—l— o L + 4 =0 (AS5)
o r o0 oz r
Strain-displacement relationships:
gty o 2 OW o o IOV L B
Ta’ Tt e e x
ov 1du v ov |ow
T S R e e e R e
o rob r oz r o0
ou Ow
= —t— A6
T oz @ér (45}
Biharmonic equation:
2 : A2
Vi L NP T . (A7)
or2 ror 2302 9z?
APPENDIX-B
M :
o, 2) 16C24(r, Z) +_l_ 0Cy(1,2) . Cye(r,2) ] "
r oz rooor r2 cosh(kz)

0C4s(r,2) | 6Cs6(r,2)  2Cs6(r,2)  Caa(r2) | (ktanhkz))
oz ar r r cosh(kz)
_16C46(r,2) _lacbb(r,Z) _Céb(r,Z) | +
r oz roor 2 coshtkz)
0C44(r2)  0C4s(r2)  Cao(r, z)](—k tanh(kz)) |
oz - or r cosh(kz)
(k2 tanh? (kz) —k?) (k2 tanh? (kz) - k%)
Cas(r2) cosh(kz) +Ca(n2) cosh(kz)
(B1)
(1)
o4r,2)[(9C, 4(r,2) L 0Ci6(12)  2Cy4(n2)  Col z)) L,
o oz o r r coshkz)
(0C46(r, z) 4 (:'C(,()(r, z) + C(,b(r, Z)\ | "
| o o r ) coshkz)
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(C14(r,2)+Cs4(r, 2)) (_l‘:a"hkz)) +(2C45(r, 7). (k tanhqa))J

shkz) r coshkz)
(B2)
(II1):
a4, 2) [’( 0Cast2) | 0CselD)  ose(r,d) Coutd)) |
oz |\ oz o r r )coshkz)
[6C44(r, Z) i 5C46(r, Z) . C46(r, Z)\ i +
oz or r )cosh(cz)
(-2ktanhkz)) (-2ktanhkz))
C45(T.Z)“—Coshkz) +L44(r, Z)—;Sh—kz)—‘l
(B3)
(IV):
%, 2) | 242, 1
i [(C14(f,2)+C56(r,Z)) i) ' = osh&z)]
(B4)
3 62¢(r, z)| Ci6(r,2) s Ces(r,2) BS
(v or? [cosh(kz) I cosh(kz)} (B3)
iy 22002 [C“S(r’ 2)  Cultd) ] (B6)
oz* cosh(kz) cosh(kz)

(VID: a‘*’(f’e)(a%(r,z) L 9Cs6(r2) 2C56(r,z)]

or oz or r
(B7)
2
i 8, YD (e r,2) (B8)
r
(IX):
0 6w(r,9) _1_5C44(r,z) +16C46(r,2) N C46(T,Z)
LPT r oz r or ' r2
(B9
dy(r,0) C46(r,z))
X): 6 B10
X):80=3 50 [ : (BIO)
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