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ABSTRACT

A refined version of an applied theory is developed
that adopts the analytical solution of the bending
problem of a three-layer plate of arbitrary asymmetric
structure under point loading. Local effects are
investigated within the scope of the discrete model
considering the specific character of soft filler elastic
properties. The boundary problem of a panel supported
along the surface of its lower face layer with free ends is
reduced to the Cauchy problem. Variants are examined
for the limiting transformation of the model parameters
leading to a qualitative change in its kinematics and the
corresponding simplified bending models. Advantages
of the solution are the expressions of bending
characteristics in a closed form: layer curvatures,
displacements and stresses. These characteristics are
shown to be varied several-fold according to the
asymmetry parameters of the structure and the relative
stiffness of the layers.

Keywords: sandwich composite panel, discrete non-
symmetric structure, bending stresses, transversal
stresses, concentrated forces, free end effects.

1. INTRODUCTION

The problem of the stress state of structures such as
sandwich panels has been studied by applied methods of
varying complexity including numerical and analytical
methods. Classification of the theories and a detailed
discussion of some of them was given in /1,2/. The

expanding range of investigations is motivated by the
need for consideration of the physical features in the
behavior of structural sandwich elements under different
loading conditions, concentrated loads included. The local
stress fields in the vicinity of point forces and/or fixing
points of a sandwich are still not clearly understood.’
Nevertheless, the general method of calculation of local
characteristics, based on the solutions in boundary
functions for the semi-infinite layered models, was given
in /3/. The solution of the boundary-value problem for the
finite length panel /4/ was proposed in the form of a
method incommensurably more complex than the design
procedure needed in engineering practice. The guideline in
selection of a particular version of the theory is the
opportunity to provide a clear-cut physical interpretation
of all final and intermediate results of its application and
the scope of going from a complex structural geometry to
an ordinary geometry (e.g. from a layered structure to a
uniform one).

Because of the introduction of simplifying
hypotheses incident to applied methods, a solution does
not always result in expressions acceptable for
engineering practice and, consequently, numerical
methods are used /1-3/. Obviously, closed-form
analytical expressions, as functions of elastic properties
and geometric parameters of a panel, are preferred for
design analysis. The deduction of these expressions on a
discrete layer model raises calculation difficulties. The
asymmetry of a panel structure and the loading by point
forces introduces additional mathematical difficulties
into these calculations. Some design formulas obtained
on the discrete model appertain to a symmetrical
structure of a panel only /5, 6/
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2. PROBLEM STATEMENT

In the present report, an analytical method was used
to derive local bending effects for a sandwich panel
according to the discrete model of three rigidly
connected layers. In order to derive the analytical solution
version, the Kirchhoff-Love kinematics of deformation of
face layers and the transversal compression combined
with shear of a midlayer were used. Under these
assumptions, the mechanism of traction transfer between
the layers, based on energy estimates, is not considerably
simplified, however it can be analyzed more easily than
with the use of numerical solutions.

Cylindrical bending by point forces, each of them
being invariable along the panel width, is considered.
Thus the discrete model possesses four degrees of
displacement freedom: deflections w; and longitudinal
displacements u; of face layers i = 1,2. Introducing the
local coordinate system half-way of an either face layer
thickness, see Fig. 1, the layer kinematics can be readily
deduced from the four functions in the interval -/ <x </
and, respectively over the intervals —4,/2< z\7<h; /2,1

= 1,2, and the problem equations are derived by a
variational method.
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Fig. I: Loading chart of a sandwich panel.
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Omitting the details of this procedure, which is
described in /6/, let us lay our emphasis on the analysis of
the equations and the solution, separating a symmetric part
from a nonsymmetric one and their dependence on the
parameters corresponding to a symmetric and asymmetric
panel structure. Symbolizing the components of the
symmetric solution part by the index “s” and the
nonsymmetric one, respectively, by “as”, the four
displacement functions of face layer middle planes and the

surface loads take the following form:

isas =y tu)/2,
Ws as =Wy +wy)/2, 1)

Gs.as =(q2 +q1)/ 2,

where the upper sign at the right part of Eq (1)
corresponds to the index “s” at the left-hand side and the
lower sign, respectively, to “as”. Eq (1) corresponds to the
index “s” at the lefi-hand side and the lower sign,
respectively, to “as”. The set of the Euler equations of the
variational problem 8V = 0 for the functional of the total
energy V, after taking into account Eq (1) and having
introduced the structure asymmetry parameters 3 and 6
(presented below), assume the following dimensionless
form

"

Ugas — Ss,as (ky /4)[(]+X0)“’;1s = (1=%0)ws +4uas]=0

(2)
W.g.‘;s = 9s,as (3K /ZPZ)

. [(1+ X0o)Was — (1~ xo)ws + 4"'as] + 121‘2905;,5'“’3 =ds.as

The derivation in Eqs (2) is taken with respect to the
dimensionless variable, all functions, physical and
geometric parameters are expressed in a dimensionless
form:

- x W= u,w o /12 + /‘l] /1»)
,11 +ho . hl + /‘lO ’ /‘ll +/‘lO ’ hl
). 1_y2
iy _Ex(])(l Vzl),iiZ = E(Z]) (l—-i.-lz),
E;’'(1-v3) E)
G
my =—a=(1-v) 3)
Ey
e xX’Yz ney” continued ...
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The last line of Eq (3) including the Dirac function §
should be replaced by a linear combination of the unit
functions n of a “lagging” argument, when forces P and
P/2 are substituted for a uniform load g = P/ 2ab, applied,
respectively, at lengths 2a and a in the vicinity of points x
=0 and x = £ /, of the upper and lower face layers, see
Fig.1 b. Thus:

8(8) = (125, )nle - (gl - &4 )

8(E - 51) = (/50 (e - & + &0 ) -nlg - &1 )]

l] [ . a
§1=h1+ho,gl ga_h]'*'ho

= ; ,0=sasli4)
hy + hg

Inspection of Eqs (2) shows that, for the structure
asymmetry when all 9, ... 8, 45 =U, the equations of
the symmetric and nonsymmetric parts of the
displacements are not separated and in this situation
these equations are devoid of advantages over the set of
the equations in /6/. However, for the structure
symmetry it follows that ¥, =0, =0, xo =1 and all
equations can be separated into the sets, each defining
the symmetric and nonsymmetric component of the
solution. Further still, in the set for the symmetric part
the equations of the functions u,,w; themselves can
also be separated.

Boundary conditions for the set of Eqs (2) of the
twelfth order in the absence of the longitudinal force at the
panel ends =E; are the natural homogeneous conditions
derived from variation of an energy functional:

We g (2E1) = 0 ¢ 4 (3kq /207)
[+ x0)was - A=x0)Ws + 4ty ]ug, =0
W a5 (251 ) =16 g5 (5E1) = 0,(8 ;g5 = X0 M1x%) + 1)

&)
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By virtue of the fact that the membrane stresses of
the face layers in the summarized axial load N, =0
make the couple w:=-N,, the relation
uy(€) =-A/nx)ui(€) is realized. Thus the expression
of the moment at the centre of a sandwich panel loaded by
point forces (Fig.1a) in relative variables can be deduced
as:

Wi (0)+ w5 (0) + (6/u)(1+0) 4] (0) = -k (6)
and with a piecewise distributed load (Fig.1b) as

wi(0)+nyx w3 (0)+(6/n?)(1+x0)ui(0) = o
-q90(&1-84)

The Laplace transforin was used in solving the set of
Egs. (2) in light of the discontinuous nature of the load
upon the action of point forces and piecewise loads, as
specified by g;(E) in (3) and (4). All other attendant
conditions for symmetric load distribution about the
central section & = 0, as the initial values at that section
taken as w;i(0) =u;(0) =0, i=1,2 match the applied
method. On the other hand, the fundamental functions
available from this method give us a convenient way to
deduce the kinematic characteristics at the central panel
section in terms of the unknown constants in the Cauchy
problem.

As a result, the solution of the bending problem for the
asymmetric structure panel would be expressible in a
closed form in terms of the fundamental functions, whose
specific character is defined by the following properties:

1. Eleven linearly independent functions (with N, =0
the necessity to evaluate the twelfth function is
eliminated) are recursively deduced by derivation:

n

d
Pu- (E) -
5 dE"

p-s@), n=0,.10 ®

The expression p_s(§) can be written in the form of a
sum of terms that are the products of hyperbolic and
trigonometric functions of a longitudinal coordinate.
The arguments of these functions are rescaled by the
factors that are the real and the imaginary parts of
complex characteristic numbers with the notations
a and f . The isolated terms of the sum are hyperbolic
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functions dependent on a real characteristic number
denoted by a,. The total notation of the set of
functions is quoted in the Appendix. For a material of
the midlayer which is absolutely pliable in transverse
shear, that is G,;, =0 (and k; =0), the following
expression of the primary fundamental function can be
derived:

6 2
)=

- sh ok sin o 9
6!, 267 b}/? A £

where right now o = (\/2—/2)b1”4 .
2. The functions p, (&) are normalized so that:
pp(0)=0, whenn =5 and ps(0)=1 (10)

3. The following auxiliary linear relationship of the
fundamental functions that are identically equal to
unity was deduced:

bop-1(€) + by p1(§) + by p3(E) + ps(§) = 1(11)

where

by = —al6 —bzal4 —blal2 =
~12k1ko[y1(1+Y2) +Y2(3/n% )1+ %0)?)

by = (a®+BH?+ 2al(a® - B?) = 12ky(1+y2) (12)
by =-al-2(a?- B2) = - kily;+ Gm)A+y2x3)]

The displacements and their derivatives at the
central panel section are derived from the boundary
relationships (5) considering (6) as well as from the fact
that a zero value of the deflection of the lower face layer
is defined at a point of support, E=E;, i.e. wy(§;)=0.
Eliminating w;(0) and u;(0) from these equations, a

set of two equations .for w;(0) i = 1,2 is obtainable,

which solution provides a basis for the following
analysis of the results given below. It should be noted
that, as experience shows, the calculation procedure can
be incorrect for a panel-span E; > 3. This is attendant
upon the necessity of regularization of the terms for the
sum of products of hyperbolic and trigonometric
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functions with large arguments. The correcting
calculation can be obtained by the substitution of the
mentioned products with the real and imaginary parts of
these functions now of a complex argument, that is, by

isolation of their modulus as /sh2aE; + cos? BE; and

argument as arctg (tg ok, 1g B, )
Determination of the starting displacements and their
derivatives at the section £ = 0, in the case the panel is

loaded with a uniform piecewise distributed load over the
sections of length a (Fig.1b), is carried out analogously to
the case of point forces. For this purpose we should
replace the functions p,(§) in the particular solution for
the case of a point force by the finite differences of their
primitives from the lagging argument, divided by the
displacement of the argument &,. Also, we should carry
out the replacement §; — E; - £, in the case when & is

a cofactor of ¢p.

3. FINITE FORMULAE

At first let us assume a standard curvature value
wi (0) at the panel center x = 0, see Fig. 1, which is
derived from the classical Kirchhoff-Love bending
model in the context of an asymmetric sandwich
structure. For a three-point bending, the classical
curvature value at the panel center can be expressed as:

6 Pli(1=vyyVyy)

(13)
EPnlbn?

w:,xx(o) it

The ratio w{(0) = -qoE;/n;s =(hy+hg)/R. is
decretal for the greatest classical curvature radius R. in
relative variables (3). The factor n;'; in (13) corrects for
structure asymmetry of a sandwich and equals in

magnitude the ratio of its cylindrical rigidity to the one

of the upper face layer. It can be made available from the
classical model with w{(0)=w5(0)=w;(0) and

u10)=-[(hy + hg+ hy /2-h,) (1 + hg)Iws (0) .

The distance A,, counted from the outer surface of
the lower face layer to the neutral plane of an
asymmetric panel with the soft midlayer unloaded in

bending, and the factor n; are defined as
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o o2t (- Dy
“ 2, x+1)

ngs =1+nx)(3 +

3nex L+ xo)1+x+2(1-p) /p] (14)

wd+ny0

For the symmetry of a sandwich structure we have
Nps =2+ 6/u?, which agrees within designations with
the formula from /7/. If hy = 0, that is u = 1 and
Yo = Y, then the factor for a two-layer panel layered
with different layer properties can be derived as
nls =14+n,x> +3n,x(1+%) 2 /(1+n,). In the case of an
ideal sliding of the layers along the surface of their
contact, we have n}; =1+ n,x>.

We can now proceed to the construction of the
relationship of deflections and its derivatives according to
our discrete model and the discontinuous nature of the
load upon the action of point forces. The factor associated
with the curvature of the face layers was incorporated here
and everywhere. The definition of the term R, = W/ ., , i
= 1,2 demands great care in w; xx presentation. The

exact formulae for evaluation of w;,, in detail are

clearly set out in /8/. All other attendant conditions for
symmetric load distribution about the central section & =
0, as with the initial values at that section taken as
wi(0) =u;(0) =0, i=1,2, match the applied analytical
calculations that result from the Laplace method. On the
other hand, the fundamental functions available from this
method give us a convenient way to deduce the kinematic
characteristics at the central panel section in terms of the
unknown constants in the Cauchy problem.

For two functions of the deflection, the following
expressions were obtained:

"® = mOft-5,®)+
2
w1 (0)s;(5) -ui 003 (8) + Y w/(0); (®) + (15)

1=1

+qo[01(®) - 12056 - €]
wa(®) =wy (O [1-5,®]+
2
w10)52®) -ui O3 ®) + Y w O9;®) +

te=1

+ @0 &) - 7,0,(6 - &)]
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in which the definition of new functions is relegated to
the Appendix.

The ratio between the maximum bending stress by a
discrete model and the corresponding stress by a classical
theory can be derived as:

ﬂq)‘l Iy +hy ” _HO+mMO] ¥ o)
fos 2

|.
%0 Oy /2 h-h, “ w0 ] 6(14+%0) M(O)J
(16)
ACRLY A I A )

RO .
EOle,, & |° %O

|enxtez) 2 WO

For the transverse normal stress of the midlayer we
obtained the following definition:

o (&)= li[wz &) -w,(®) (17)
-u

The difference of the layer deflections at the center,
& = 0, may be expressed as

wp = wo(0) =w((0) = - c;gW{ (0) - coow5 (0) + cgg (18)

where the final expressions of the coefficients cqqg, cio,
¢y for a sandwich panel with an asymmetric structure
(hy = hy, E,(cl) = E§2)) are specified in the Appendix.

4. RESULTS AND DISCUSSION

The analysis -of the bending characteristics of the
asymmetric panel was carried out in different directions
from the symmetric structure, which is an intermediate
variant with.equal layer thickness 4, = A, = hy = 4 mm and
EY) =E, =40GPa for a material of the HEXCEL/AI

type. The thickness of the face layers was varied between
the limits (1A16»4 < h, <(2/3)h at a constant thickness of a
panel / and.the midlayer A, = 0.24 h, and their elasticity
moduli wete varied in the range E, <E'” <(20/3)E, .
The variation of the structural parameters was inversely

affected, that is, the initial values of parameters x and »,
were, respectively, the same as the values 1/y and 1/n1, at

the end of a variation interval 0.15<y,n, <6.66. To

make the variation intervals symmetrical about the values
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x=1 and n, =1 for these relative parameters, a

logarithmic scale was introduced.

As one can see from (16), the ratio between the
curvatures by a discrete and by a classical bending
model is not equivalent to the ratio of the maximum
bending stresses by these models, other things being
equal. It does not ensue that two summands prior to the
last one in (16) could not be equal to zero. Indeed for

ideal slipping by, a discrete model with G,, = 0, the ratio
L]J(ri) slip /O;S[ip]z(i)=¥h,-/2= w;slip /w:slip, i=12 re-
gards only a filler transverse elasticity with ideal sliding
of face layers by a classical model. In this case, the
derivative of the longitudinal displacement in the
midplane of the upper layer is equal to zero:
u1(0) =0 and, accordingly, (6), (13) the expression in
square parentheses in (16) equals zero. The remnant
coefficients (hy /2)/(h-h,),(hy /2h,) ahead of the
ratios w;(0)/w, (0), : = 1,2 have been substituted for
the unit, because the denominators of those coefficients
in ideal sliding by a classical model should be equal to
hy/2 and hy/2, respectively.

The curves obtained, accordingly, (16) and given in
Fig. 2 a, b, show the combined influence of transverse
shear and compression rigidity of a midlayer on the
bending stresses. Note in order that the curves in Fig. 2
(a) intersect the ordinate axis above the curves in Fig. 2
(b), as with the same index n, = 1 in Fig. 2 (a), (b) the
values m. and n. are different, as per the first case

of symmetry Ef)=3.83Ex and per the other

E,(ci) = E, at the same elastic characteristics of the
midlayer £. =0.310 GPa, G, =0.138 GPa.

For a symmetric structure (E® =E® ,h, =h,), the
key characteristics defining local deformation in bending
of a sandwich panel are the relative transverse
compression of a central section w A= (0)-wy(0)}/
qo and the relative increment of a local curvature at the
panel center ;. Both of these parameters are dependent on
merely the relative rigidity in compression a = (6K)"™.
For the local parameters, the following formulae can be
found for the case of loading by three point forces (Fig.

1 a):

Bending Analysis

a oy
~5.0

. | llog n,
-19 -13 06 060 06 13 19

b 6o
~5.0
40 i=1
3.0
2.0 i=2
1.0
log v

-1.9 -13 <06 00 06 13 L9

Fig. 2: Effect of the elastic (¢) and geometric (&)
asymmetry factors of a layered structure on the
ratio of the largest bending stresses.

0 - s"(ag ) + s"a(é -] - 2k,5"(ad) (19)
i da’s/at))

. 2 s'ag Vs (a&) + s [a(& =) - s(a&y)s "(a&) + s "[a(é - & )]] 20)

‘ a st (2a¢)) - sQ2ad)s"(2ag)
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where s(&) = sh af sin aé, and the operation of derivation
with respect to relative variable £ is designated by a

prime. The relative values of face layer curvatures

wi(0)=-q,(£,/2+x,) and wi(0)=—q,(&,/2-x,) are
also functions of  the shear parameter
a,=[2u %k, /(3+u?)]""?, entering in the expression for a

double value of the mean curvature:

, shaig, —shla(& = &)]

o=l
7 a,(1 + 4’ 1 3)cha,é

1+3/ 47

@n

Then the maximum value of the bending stresses in
the central section, at a point reaching the outer surface of
the upper face layer, equals

IO =~ g€/ 24K ) A=V @2)

which differs from the membrane stress

T (0) = ~E, gt (€, - £)[12(1 - v?)] @3)

approximately by a factor of two. The latter stress, defined
as the average stress throughout the face layer thickness,
is comparable to the value of flexural stress off,
determined according to the classical Kirchhoff-Love
hypotheses for the whole stack of layers /9/.

Notice that for G, = 0, the doubled value of the

relative mean curvature equals §; =¢,, while in the case
of G, = (the bending of a uniform panel according to
Kirchhoff-Love) and for a thin filling interlayer, when

My =1, we have §; =&, /4, see Fig. 3. This is also

evident from a comparison of the sum of two cylindrical
rigidities of plates with a cylindrical rigidity of one plate,
which is twice as thick as each of them.

Recurring to the case of asymmetric structure under
three-point bending, one might find monotonous
variation of the midlayer compression stresses with
geometric and elastic asymmetry parameters, see Fig. 4
(a), (b). Curve behavior is different for the central and
the support sections. A distinction between the ordinates
of the curves at a zero abscissa in Fig. 4 (a), (b) is
generated by a certain discrepancy between the pairs of

Science and Engineering of Composite Materials

R (2hy)/ R™™"(2h+ho)
40 ===y ===
£3/2

0.0 0.5 1.0

Fig.3: Summands of relative curvature at the central

section of a symmetric sandwich panel versus
face layers fraction: uy, =2, /h, 21/h=5,
(&)/2at G =0)

moduli, when n, = 1, i. e., like the situation in Fig. 2 (a),
(b). The ratio (1/2):1:2 that is characteristic of the
ordinates of the curves at n, = 1 and y, =1 is explained
by the substantial difference in the length of the panel
ends overhanging beyond the supports. This
characteristic property pertinent to the ratio in hand was
fully examined in /5,6/ for the case of a symmetric
structure panel.

In the case of an asymmetric structure the ratio /A,
together with Al =/ - ]| can essentially affect a positive
value o;()) at the panel end. A bit of parametric surface
is isolated by faded colours along the coordinate lines
for this case, as shown in Fig. 5.

It should be emphasized that in the case of a
symmetric structure the transversal stresses o, in the
midlayer are identical both for bending combined with
slippage (G = 0) and for bending without slippage. At the
center of the panel loaded according to the' three point
chart shown in Fig. 1 g, the stress o,(0) is evaluated by

the formula:

o, (0) = (-1/4); (4)
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a

-G,

0.8

1

- 0.5
§<‘“

\

————= logn

-19 -13 -06 00 06 L3 19

- cz
2.50 1
1.50 1 1
\
f cor e T T T

- log %,

-9 -3 -06 0.0 0.6 13 L9

Fig. 4: The effect of elastic (a) and geometric (b)
structure asymmetry parameters under three
point panel bending on the value of the
midlayer transverse stress o, =0, /0y, 0p=
P/bh in the following sections: 1 - £=0, 2 -
E=¢ for I=1 =3h and 3 - &£=¢; for
l=45h,1,=3h.

—
-l
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where

6(1-v2)E h}
Pt 4,/ b 25)
bh, Eh

For the support section £=¢, the asymptotic formula
was deduced when &, >>1 and the following estimate

was found as o, (£,) = -(1/8)o, . However the cases of
& =5, and &= have called for careful analysis. A
fundamental change in the transfer mechanism of pressure
on a midlayer occurs when the overhang of panel length

beyond the supports is varied between 0 and (1/4)h, see
Fig. 6. The distribution of o, (&) with superposition of

Fig. 6: Transverse normal stress diagrams along the
panel length and against the extent of a span
between the supports, (o,=0,/0,, 0, = P/bh).

0.3
-0.2
-0.7

: -7.2
2 T -1.7

' 4
Y

OOOOK

-2.2

Fig. 5: Variation of the relative transverse stress at the end of a panel x =/ according to relative length of the section
overhanging beyond a support and the ratio of face layer thickness. (The data are identical with Figs. 2 and 4).
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local effects caused by point forces at the support and the
center of a panel is shown for the moderate panel length 2/
=5h.

At the end section £=£, of the panel loaded as shown
in Fig. 1 g, the relative value of the stresses o, (¢;)/ o,

can be found as -(1/2)e %% cosa(&, -£,). The
maximum positive value of the transversal stress o, at the
end section £=¢£, occurs when &,-£, =37 /4a .

Let us give a description of a piecewise homogeneous
load statically equivalent to point forces “spread” over
small regions, representing the three-point bending of a
panel (see Fig. 1 b). We obtain, for the central section of
the panel, the transverse compression strains wl ™, the
relative curvature f; /2=~(h, +hy)(RL"q,) and the

Science and Engineering of Composite Materials

local additive for the curvature of a separate layer, k7™

/10/. The ratios of the examined characteristics of
bending from a point force and a piecewise constant
load are:

In Eqgs. (27), (28) the parameters @, and « depend
on the elastic modulus of the filler in shear, G, , and in
compression, E,, separately. The parameter g, is the

same as in Eq. (3), but, for a uniform load g, an
equivalent value of the force, P = 2abg must be
assumed. In the case of layer slippage in bending,
expression (27) becomes indeterminate and, using
L’Hospital’s rule, a simple linear ratio for the average
curvature is found for the two considered variants of
loading with respect to the relative length a//;:

1-e  cos aé, - e " cos Qg + e * 5 cos [a(fl ~ % )]

2
glecemse ) 4o éa
who™ - 1+ e ' (cos af, + sin a&)) , (26)
| 4a’
I E-& + 3 - b L gmmde) | gmb
Aé;lp:ecewzse 3+ Iu:" : ? Y7 za §,,
AgPoim 5] - l—e-algl ’ @7
1 2 p3
£=0 1+3/p a1+ u*/3)
= . - ¥ —alE~E) .
e “' sin aé +e 4 sin ab -e" *7% sin [oz(éj1 -£, )]
i ::ecew:se 4o 2 fﬂ
k:oml o 1+ e—a§| (COS 6151 - sin a§1) . (28)
4da

n paint
' mid §u

p-w
Rmid £-0 51

(29)
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According to the classical theory, relation (29),
which also follows from Eq. (27) at G,, — <o, can be
applied to both face layers in the center of the panel. We
should note, however, that, according to the discrete
model, the curvature of face layers upon layer slippage
and upon absolute shear stiffness of the midlayer is
different. The calculated curves, illustrating relations
(26)-(28) for finite values of elastic constants, are
shown in Fig. 7.

1.00

0.60

0.40

0.20 —

0.00 T T T T 1
0.0 0.2 0.4 06 0.8 1.0
alh

Fig. 7: Variation in the curvature characteristics and
transverse deformation at £ =0 with the point
forces replaced by a piecewise distributed
pressure (see Fig. 1 b). The values of elastic
constants as in Fig. 2; h=0.012m, and
h, =h, = h,. The dashed lineat G, =0.

A difference in the values of the average curvature
and/or transverse deformation, not exceeding the 5%
correction because of interchanging the calculation
formulas corresponding to point forces and distributed
pressure, as seen from Fig. 7, will take place if the
length of the region of “spreading” the point force 2a
does not exceed 20% of the panel thickness 4. In the
estimate for the curvature of face layers, the acceptable
length of this region for the interchangeability of the
formulas is smaller.
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S. CONCLUSIONS

An analytical method devised for analysis of the
sandwich panel in bending allows us to obtain refined
characteristics for the inplane and transverse normal
stresses. Taking into account the important aspects
neglected in the classical theory the following
conclusions were drawn:

e The ratio between the greatest bending stresses and
their values by a classical theory varies
nonmonotonously with the asymmetry parameters of a
panel structure.

e Structure modification of a sandwich panel of the
HEXCEL/Al - type material, varying inversely the
elasticity moduli of the upper and the lower face layer
as much as six times, gives rise to a change of 20%-
40% in the ratio as compared with a symmetric
structure. A similar comparative deviation of the stress
ratio is deduced also in the redistribution inversely of a
face layer thickness. For the layer sliding in bending
this ratio is greater everywhere over the range. Face
layer curvatures at the places of point force application
differ from the classical value to a greater extent than
bending stresses.

e  For the panel of symmetric structure with respect to
the middle plane, it was shown that the local
curvatures of layers and the bending stresses can be
determined in terms of the mean curvature depending
on transverse shear and the additional curvature from
transverse compression. The final formulae allow us to
analyze the stresses over the whole range of shear
rigidity of the midlayer including, G,x — o, (the case
of slippage over the interlayer surface).

e Squeezing stresses of the midlayer in three-point
bending essentially depend on the asymmetry of face
layer characteristics. The trends to variation of these
stresses at the central and support sections with the
inversion modification of the asymmetry parameters
are of an opposite nature. As an elasticity modulus or
thickness of the face layer, contacting supports, is
reduced by a factor of six, the stress increases two to
three - fold as compared with its value for the structure
symmetry. This stress is the greatest in magnitude at a
support section when the length of a free section
extending beyond the support is zero.

e The panel parts extending beyond the supports may
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be the cause of the advent of a positive value ox(/) at
the free end, which by an order of magnitude less than
the value -(0) at the panel center.

Local bending characteristics amplify the applied
theory of layered plates by the analytical description of
local effects, and in the special cases of boundary
conditions.
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APPENDIX

The designation of the fundamental function in (8) is
taken as

p_s®) g B g2 L2t B2Po ]+ ch a1§_1+

1
249 2, (af r8 abd,

% - :,2 [(cr4 +BapoNchakcosBE~1)- (B4 —otgpo)shoksinBE]
1

The arguments of hyperbolic and trigonometric
functions of a longitudinal coordinate are rescaled by the
factors, which are the real and the imaginary parts of
complex characteristic numbers with the notations & and
. The isolated term of the sum is the hyperbolic function
dependent on real the characteristic number denoted by

a,:
r?=(a} +b,al +b)"?, d, =3a} +2b,al +b,,

Po =«/§(p,-pz)/(p1+p2), P1z=(‘\/’§ + ¢ /2)”3

A=(c1/3)* +(co /2)%, c;=by-b2 /3,
co = (2/27)b3 - (1/3)b1by +bg

o =a@p-a’), p=pGa’-p")

o =aa, + B, Dia=0af -pPa,, k=123
a,,=%[p, - p,-b,/3, when p, - p, 2b,/3,
Ty = ki Jm, when p, - p, <b,/3.

a, =+(azxiff), k=3,4,5,6

a=(/22r% + py - py - (2/3)bs,
B=/22r2 - py + py + (213)by
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r2mp? + pip, + P2+ U9 = A/3)(p, - p)b,

Here i = J —1 . The total notation of the set of functions

is quoted in /8/.
Accessorial functions take the form

51(&) = 12kx[ py (&) - kyysp-1(S)],
52(&) =12k, p1 (&) - kyysp-1(5)]

$1(&) = p2(&)-k1y4po () + 720 (&),
$2(8) =k3po(§)+w($)

$3(E) =k4p_ 1)+ (2k3y1/ 20) P1(5),
@ (&) =12ks[p_2(8) - ki71p-4(5)]

91(§) =720:(5),
92(&) = p2(8) - kyy3po($) + @ (8)

03(&) =kgp_3(&E) + 2ksy172 p1(£)

ka =(3//‘2)Zokl ’
Ya=n +3/4°,

k, =24y,7,(1/ 2o + Dk,k,
Ye=ri+Blu®)y,2}

Second derivatives of the central deflections are
expressible |n simple equations:

WI’I(O) = [(Cou + P ) (P + Pr) = (P + Ou) (€30 + O )]/Qu
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w;(0) = [(Clo + @100 Poo + Og) = (b1o + Pyo) (Coo + ¢’oo)]/go
Qy =(Cyg + P10) B0 + @) — (P10 + P10) (€20 + @)

The case in point § = E; yields the constants:

Cpo ™ [(ko,uo +ks)po(&) - Pz(él)]/so )
cx = [kotty 17, = k6) Po(&) + P2 (&) ]/ 50(&)

coo = - a0 /s0(&)]
[1/02k, ) + & 1oko o (€1) = P1&1) = 721 (&1 - &)
+KeD_1(&11+ yokep_1(5 - &)

so(&) = & - bypo(&)) - bop-2(&),  Ho = #2161+ 10)]

kg =2k3y1(r2 -1/ 20),
ks =kiys+kays, kg —kz+kyy;

Bio = [er(&) + mods EDVs{ &),
B20 =185 &)+ (o 172) 85 ED)/ s (&)

¢ = _L tteesWe .. amse~ . atien . M
00 M0/ P1\SI 7 N S1M40PI\S1 ) T Vi) =~ 7 2¥r\&) -fl)

In order of designation ¢, ,i =1,2,¢,, we replace ¢ by
¢ and s, —> s, in the last two rows.



