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1. SUMMARY 

A mathematical model of an isotropic viscously elastic porous medium is studied in this paper. Cavities 

are spherical and are equally spaced in the medium. The distance between the cavities is much greater than 

the radius of the cavity and in turn is a lot smaller than the length of the wave that propagates in the medium. 

A dependence of velocity of the wave on the porosity of the material is established and corresponding 

analyses are carried out. The phenomenon of non-linear stationary wave of displacement propagation has 

been studied for the material also and the corresponding dependencies on porosity have been established. 

2. INTRODUCTION 

Using inner degrees of freedom (rotational and oscillatory) for modeling material behavior has attracted 

considerable interest in the past several years, leading to an increase in the number of scientific works in this 

area /1-3/. One typical example of such materials with oscillatory degrees of freedom is porous materials. 

Models developed that capture the mechanical response of fluids with gas bubbles are usually used to 

describe dynamic processes in porous media. A one-dimensional problem of the dynamics for an elastic 

porous medium was studied in papers by D.M. Donskoy and A.M. Sutin IM, and in papers by L.A. Ostrovsky 

15,61. Three-dimensional problems were studied by A.G. Bagdoev and A.V. Shekhoyan 111. 

3. PRELIMINARY ASSUMPTIONS 

A mathematical model for the dynamics of a porous medium has been proposed in 111. The following 

assumptions were made: the medium was fully isotropic and viscously elastic; the pores were spherical and 

equally spaced; the propagating wave has a finite amplitude, which means that geometrical, physical and 
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porous nonlinearities were taken into account; the distance between cavities L is a lot larger than the radius of 

a cavity Rq ( L > > R ^ ) and in turn a lot smaller than the length of a wave Λ (L « A ) , so there can be no 

interaction between the cavities. We consider that the propagating wave is quasi-longitudinal, so we can state 
du·! 

that pressure on a cavity is caused by the longitudinal stress σ 3 3 =(λ + 2μ) (λ+ 2 μ)ζ. In this 
ä t 3 

expression ζ = NV, where Ν is the number of cavities in the volume, V is the volume of a cavity; in particular 

V = V0 + V , where V0 is the starting volume of a cavity, V is the volume of a cavity indignant by a wave, 

λ and μ are Lame coefficients, considering μ < λ . The pressure inside the cavities is neglected. 

4. M A T H E M A T I C A L M O D E L 

Longitudinal wave propagation in porous media along the X3 axis can be described using the following 

combined nonlinear equations (since the one-dimensional problem is studied in this paper, the X3 coordinate 

can be denoted by X, and the longitudinal constituent of the displacement vector «3 is denoted by u): 

d2u , , . .52« _ vdv , d \ P d f d u ) 
Po - — χ - = ( λ + 2μ)—--Ν(λ + 2μ) — + b - + — 

° dt2 v 'dx2 v 'dx dtdx2 2dx{dx 

v + ffl«v-—ν - G v 2 — ß\ (2vv + v^ j = + 2//)———^ 
c, V ' Po 

(1) 
— -Nv 
dx 

The first equation describes the propagation of a plane longitudinal wave in a medium with pores taking 

into account that each pore volume is changing. The second one describes the oscillatory process of cavity 

volume changes caused by the material deformation. 

..2 _ 4M 

Porf 
In these equations p0 is a starting density of the material, ω^ = — i s the square of the resonant 

? (λ + 2μ) frequency of cavity volume oscillations and cr = is the square of longitudinal velocity. The 

Po 

following are some additional notations: 

11 co2 1 G = Ä = and Ρ = (4μ + 3λ + 2Α + 6Β + 20), where Ρ is a coefficient, caused by 
16π R* 

geometrical and physical nonlinearities; A,B,C are Landau constants of third order. 

Suppose that the viscosity can be neglected. Suppose also that the influence of nonlinearities of order 

greater than two is a lot smaller than the influence of second order nonlinearities. Taking these assumptions 

into account and using the notations described above, (1) can be rewritten as: 
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d2u 2 2-dv p 

dt2 C' dx 
„ -cfN — + 
2 ' dx 2 p0 dx 

V + <ÜQV-GV2 = 4 KRQC^ δ" \τ Nv 

'dun2 

\ (2) 

In order to obtain an equation which describes wave propagation in a porous medium, the first equation of 

(2) should be differentiated with respect to the χ coordinate and the following expression should be evaluated 

from the second one: 

du 

dx 4;rAo<7 
-v + N+-

<K 

AnR^Cj 
ν - -

4 KRQCJ 
(3) 

Differentiating (3) by the χ coordinate and time and substituting it into the first equation of (2) we arrive 

at the equation which describes dynamics of two studied medium in terms of cavity volume. 
ν χ 

The equation with all variables written in non-dimensional form (after transforms: U = —, y = — , 
v0 A 

to) 
τ = ——) reads: 

A 

N + -
cox 

AnRqcj 

d2U ωχ d2U 

δτ 4uRqc2 dy2 Α π ί ^ Α 2 

d*u d*u 
2 a. .2 dτ" dr dy 

GUn 

AkRQC2 

d2(u2) d2(u2)^ 

θ τ 2 3 r 

ρ d2 

2po dy2 

Vo N + -
ωΧ 

AnR^cf 
U2+f 

(4) 

where / is a sum of five nonlinear components the expression for / is given below: 

/ = i/o 

Λ4 \6π2 R^c2 

d U 

dr2 

G2U\ 
.2 D2 „6 

UU-
Un 

16π RqCj InRocjA 

N + -
ωΧ 

4π Rqc2 
U 

d U 

dr2 ' 

GUx 

&π2 R^jcf A2 
υ 2 ™ · 

dr2 

GU2 

2KRqc} 
N + -

ωΧ 

AURqc2 
t / 3 

(5) 

From equations (4) and (5) it can be seen that the consequences of the existence of cavities are the 

dispersion of a wave (frequency-dependent wave propagation velocity) and an additional nonlinear effect 

(so-called cavitary nonlinearity). These factors manifest in different regimes. 
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5. DISPERSIVE PROPERTIES 

The dispersive properties of a wave propagating in a porous material can be described using the equation: 

ω·*- - - ω 2 + — = 0 
c 2 c2 c, c{ 

(6) 

from which it follows that the dependence of the wave frequency on the wave number is defined analytically 

by the expression: 

ω = ± 
(ω2Λ2+4π·Λ0ο/

2Λ2Λ^ + ί /
2 λ 2 ) j(^A2 + Απ R^cf \ 2 Ν + tf k2} a

2k2K2 

2c, 4 ή 

The character of the dependency of the wave frequency on the wave number is shown graphically in 

Figure 1. 

ω 

®2 

ω j 

Fig. 1: Dependency of the wave frequency on the wave number 

It can be seen that the wave is characterized by two dispersive branches. The analysis shows that an 

increase of the porosity (which really is an increase of the number of cavities in the unit volume or an 
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increase of the radius of cavities or both) causes (i) an increase of the value of phase velocity, if the 

propagating wave can be described by the upper dispersive branch, and (ii) it causes a decrease of the value 

of the phase velocity for the lower dispersive branch. This is shown graphically in Figure 2. 

V 

Fig. 2: Dependency of the phase velocity on the wave number 

6. SOLITON OF DISPLACEMENT 

From (4) it follows that the propagating wave, in terms of this model, is influenced by both dispersion and 

nonlinearity. Non linearity causes generation of additional harmonics to which the energy is being swapped, 

which mainly causes drops in the profile of the wave, while dispersion causes smoothing of the drops 

because of the difference in wave velocities. The combined effect of these two factors can be a reason for 

forming nonlinear stationary waves. These are the waves that propagate with constant velocity without 

changing their form. 

We shall be looking for a solution of (4) in the form of stationary wave of displacement 

W (£ = x-Vt) = U , which can be described by the following equation: 

+ + bW2 = 0 
δξ 

(7) 

here V is the velocity of the stationary wave and ξ is a coordinate while the coefficients a and b are given 
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by the expressions : 

a , I v 2 N + -
ωΧ 

AKRQCJ 

ωχ 

AKRQCJ 
(8) 

r2(r2-i) 
,2 GU0 U0 

AnR^c2 C2 2p0 
N + -

ωΧ 

AKRQCT 
(9) 

The signs of the coefficients a and b show whether nonlinear stationary waves can be formed or not. 

Physically realizable are only the cases for which the wave form has no constant constituents. In this 

particular case it is possible only if wave velocity changes in the ranges 
ωχ 

AKRQCJN + A>Q 
< V < 1, which is 

that a < 0,b > 0 . Then the solution of the displacement will have the following form: 

ιν(ξ) = -

ch2 (x-Vt 
(10) 

where A = - — , Δ = 1— . 
2 b 

Most character dependencies for the soliton of displacement are shown in Figure 3. 

Fig. 3: Form of the soliton of displacement 
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Analysis of these dependencies lead to the conclusion that the increase of the porosity causes increase of 

the amplitude of the soliton and a decrease of the width of the soliton. 

7. CONCLUSIONS 

The main conclusions of analyses performed in this work are: a) The dependence of the velocity of the 

wave on the porosity of the material has been established and analysed, b) The phenomenon of non-linear 

stationary wave of displacement propagation has been studied and the respective dependencies on the 

material porosity have been established. 
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