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ABSTRACT 
In this study, the concept of internal stress and effective 

stress is introduced into fatigue analysis, followed by a 
presentation of their measurement. Applied stress is separated 
into two parts: internal stress and effectKve stress. Some 

experimental results are shown and discussed from.this viewpoint, 
and the usefulness of this concept is examined. 

The main results obtained are: 
(1) A material shows increasing "fatigue resistivity" by stress 
cycling, which can be monitored in terms of internal stress. 
(2) Fatigue damage is accumulated on a surface in the form of 
surface roughness of the material by alternate plastic strain. 
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(3) The increment of fatigue damage can be monitored in terms of 

effective stress, which reflects stress history. 

(4) The mechanism of fatigue limit is discussed on the basis of 
the behaviour of internal stress and effective stress. 
(5) A new cumulative damage model is proposed and discussed. 
(6) The applied stress fluctuation is aggressive to the material. 

Keywords: Internal stress, Effective stress, fatigue limit. 

Cumulative damage criterion, Transient behaviour, 

1. Introduction 
Several attempts have been made to elucidate the 

fatigue limit^-''^; however, a proper explanation has 
not been given yet. Moreover, a fatigue damage 
evaluation on the basis of applied stress often gives 
incorrect results; in contrast, one based upon plastic 
strain amplitude gives a better estimation of the 
fatigue damage. In this regard. a close 

examination of transient behaviour of the stress-strain 
relation is necessary. The concept of initrnal 
stress and effective stress is introduced in this 
report into the field of fatigue analysis. 

Some experimental results of carbdn-steel fatigue 
tests are shown and discussed from this viewpoint, and 
the usefulness of this concept is examined. 

2. Theory 

Applied stress is separated into interhal stress 

and effective stress. This concept has already 
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b e e n u s e d by O r o w a n ' ® ' in the e a r l y d a y s of d i s l o c a t i o n 

t h e o r y , a n d in p a r t i c u l a r in s t u d i e s of h i g h -

t e m p e r a t u r e d e f o r m a t i o n . S o m e r e s e a r c h w o r k h a s 

a l r e a d y b e e n c a r r i e d o u t f r o m this p o i n t of v i e w in the 

f i e l d of f a t i g u e s t u d y . T h e o r i g i n of i n t e r n a l 

s t r e s s a n d e f f e c t i v e s t r e s s w i l l be d i s c u s s e d in 

A p p e n d i x A. 

2.1 M e a s u r e m e n t of i n t e r n a l s t r e s s e s 

A m o n g m o r e than t e n m e t h o d s for m e a s u r i n g the 

( Η — ft I 

i n t e r n a l stress* we h a v e c h o s e n the " s t r a i n -

t r a n s i e n t d i p t e s t " ^ ^ . 

A t a c e r t a i n s t a g e of s t r e s s c y c l i n g , the a p p l i e d 

s t r e s s is a b r u p t l y shifted, a n d he i d for 20 s e c o n d s a t a 

l e v e l , in o r d e r to f i n d , by t r i a l a n d e r r o r , the s t r e s s 

l e v e l w h e r e no r e l a x a t i o n s t r a i n r is o b s e r v e d , as 

i l l u s t r a t e d in F i g . l . T h i s s t r e s s l'«vel w h e r e 

r = 0 is d e f i n e d as i n t e r n a l s t r e s s , a n a v e r a g e v a l u e 

for a l l m o v i n g d i s l o c a t i o n s . T h i s s t r e s s l e v e l m a y 

s h o w a r a n g e , i.e. e l a s t i c r a n g e , o n s u c h a m a t e r i a l as 

s t e e l (See F i g . 2 ) . In this c a s e the h i g h e s t l e v e l of 

the e l a s t i c r a n g e is d e f i n e d as i n t e r n a l s t r e s s . 

E f f e c t i v e s t r e s s is d e f i n e d as t h e d i f f e r e n c e b e t w e e n 

a p p l i e d s t r e s s a n d i n t e r n a l s t r e s s . 

2.2 M e a s u r i n g s y s t e m 

In this s t u d y , a m e a s u r i n g s y s t e m w a s b u i l t as 

s h o w n in F i g . 3 . A h y d r a u l i c f a t i g u e t e s t i n g m a c h i n e 

w a s c o n t r o l l e d b y a D - Α c o n v e r t e d c o n t r o l s i g n a l f r o m a 

p e r s o n a l c o m p u t e r . O n the o t h e r h a n d , a s i g n a l from 

199 



Vol Ζ Nos. l-l 1989 Behaviour of Internal Stress and Effective Stress in Fatigue Process 

σ-ερ 
c u r v e 

O i - 8 p 
c u r v e Relaxation strain 

Fig.l Change ΐή relaxation strain(^,r) in strain-transient dip 

test 

Fig.2 Example of relation among stresses ( 0~a and (J~^) and 

plastic strain ( ̂  ). ' 
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Fig.3 The system of test equipment 

the load cell of the machine and also a signal from the 

strain gauge attached to the specimen were A-D 

converted> and inputted to the computer for control and 

measurement. The hydraulic testing machine has the 

ability to hold a stress level with less than 0.30MPa 

fluctuation in 60 seconds, and this enables us to 

evaluate internal stress level with a standard 

deviation less than 3.2MPa. 

3. Experiments and results 

The material used in this study was medium carbon 
steel S35C. Its chemical composition and the 

configuration of the specimens are sh<->wn in Table 1 and 
Fig.4. Strain gauges (30mm) were attached to the 
specimen polished (emery paper #1500) after the heat 
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T a b l e 1 C h e m i c a l c o m p o s i t i o n o f t h e s p e c i m e n 

c S i Μ η Ρ S Ν i C r C u 

0 .34 0 . 2 4 0 . 7 6 0 . 03 0 . 0 3 0 .04 0 . 1 3 0 .09 

R 20 

F i g . 4 C o n f i g u r a t i o n o f t e s t s p e c i m e n 

t r e a t m e n t . F a t i g u e t e s t s w e r e c a r r i e d o u t a t 2 0 H z 

u n d e r c o m p l e t e l y r e v e r s e d t e n s i o n - c o m p r e s s i o n ( s t r e s s 

r a t i o R = - l ) . I n t e r n a l s t r e s s , e f f e c t i v e s t r e s s , 

r e l a x a t i o n s t r a i n , a n d p l a s t i c s t r a i n a m p l i t u d e , w h i c h 

a r e a b b r e v i a t e d a s (J^i > C ^ e f f ' ^ r a n c * ρ 

r e s p e c t i v e l y , w e r e i n t e r m i t t e n l y m o n i t o r e d " o n l y a t t h e 

m a x i m u m a n d t h e m i n i m u m l e v e l o f t h e a p p l i e d s t r e s s e s . 
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Tests of six types were made: 

(1) Fatigue tests under constant stress amplitude at a 

stress below and above the fatigue limit, 

(2) Removal of surface layers by m e c h a n i c a l polishing 

during fatigue tests under constant stress amplitude 

at a stress above the fatigue limit, 

(3) Fatigue tests under stepwise increasing stress 

amplitude, 

(4) Fatigue tests under constant effective stress, 

(5) Fatigue damage evaluations using a new c u m u l a t i v e 

damage rule, 

(β) Observations of transient behaviour of 0~ ^ , e f f 

and under, two-step cycling. 

3.1 Fatigue Tests under C o n s t a n t Stress A m p l i t u d e s 

Four specimens were tested under c o n s t a n t stress 

amplitudes in order to know the behaviour of (X ^ , 

C T eff a,ic* ^ £ ρ t h e progress of fatigue. Two 

were tested above the fatigue limit at 207\and 196 M P a 

respectively (fatigue limit C T W = 187MPa), and the 

remaining two at 186 and 182 M P a below the fatigue 

limit. The results are shown in Figs.5 to 7. 

Two specimens fatigued at the o v e r s t r e s s e d level 

fractured at 7xl0 4 cycles (207MPa) and l x l O 5 cycles 

'196MPa) respectively, while the other s p e c i m e n s 

fatigued at u n d e r s t r e s s e d level (186 and 182 MPa) 

endured up to lxlO 7 cycles. had a t e n d e n c y 

to increase while σ e f f d e c r e a s e d in every case a n d 
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200 

2 150 

100 
Ι Ο 3 ΙΟ4 ΙΟ5 ΙΟ6 1Ό7 

Number of cycles 
Fig.5 Change in internal stress during fatigue under constant 

stress amplitudes CT =207, 196, 186 and 182MPa 

100 

σ 
CL 
Σ 

. 50 

ο 
1 0 3 1 0 4 1 0 s 1 0 6 1 0 7 

Number of cycles 
Fig.6 Change in effective stress during fatigue under constant 

stress amplitudes O"a=207, 196, 186 and 182WPa 
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2 

ro I ο 

ι 
oJ 
<3 

0 

Fig.7 Change in plastic strain amplitude during fatigue under 

constant stress amplitudesCT =207, 196, 186 and 182MPa a 

the value of was greater in overstressed cases 

than in understressed cases, except for early stages of 

life where fatigue deformation was not stiable, and also 

except for the final stages of life where cracks might 

be propagating and these factors might ho longei· be 

meaningful. 

3.2 Removal of Surface Layers during Fatigue Test 

In order to detect the fatigue resistivity of the 

material, at the 10% overstressed level(206MPa) above 

the fatigue limit, the specimen was cycled with 

periodic mechanical removal of its surface in 50 /(Am 

thickness at intervals of 1x10^ cycles until £ p 
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Number of cycles 
107 



VoL Ζ Nos. 1-2,1989 Behaviour of Internal Stress and Effective Stress in Fatigue Process 

— fi 

became less than 300x10 ; thereafter no polishing was 

applied to the specimen. 

At 2.2x10^ cycles after the 22nd polishing, 
— fi reached less than 300x10 and the specimen, which no 

η 

more polishing was given to, endured up to 1x10 cycles 
at the same stress level(206MPa) without fracture, as 
shown in Figs.8 and 9. The same kind of test carried 
out at an 15% overstressed level(215MPa) « above the 

a — fi fatigue limit showed that ώί- p did not reach 300x10 , 
and the specimen fractured in the end. 

CL 

100 

a> 
b 

10 3 104 10 s 10G 107 

Number of cycles 

Fig.8 Change in effective stress during fatigue under constant 

stress amplitude Q" =206MPa by removal of surface layers & 
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1000 

ο 
X 

CL 
ω < 

500 -

0 
10 ; 10 4 1 0 s 10 6 

Number of cycles 
10 : 

Fig.9 Change in plastic strain amplitude during fatigue under 

constant stress amplitude O"*a=206MPa by removal of surface 

layers 

3.3 Fatigue Test under Stepwise Increasing Stress 

Amplitude 

Internal stress was measured under coaxing 

effect^^^, starting at a stress level 4MPa 

lower(183MPa) than the fatigue limit with an increment 
7 

of 4.9MPa after each 1x10 cycles. The internal 

stress, shown in Fig.10, was observed to increase as 

the period became longer, tending closer to the applied 

stress than at earlier periods. 
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•Number of cycles 

Fig.10 Change in internal stressQ\ and applied stress amplitude 

Q" during fatigue under stepwise increasing stress amplitude 

3.4 Fatigue Tests under Constant Effective Stresses 
These tests were conducted by controlling applied 

stress to hold the effective stress constant with the 
aid of frequent monitoring of the effective stress 
during stress cycling. The tests were carried out in 
two stages. 

First, a virgin specimen and a previously 
η 

fatigued one ( 1x10 cycles at 182MPa, a little below 

the fatigue limit, and then its surface polished ) were 

tested at the same effective stress level, resulting in 
208 
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the same period of fatigue life as shown in Fig.11. 
Successively, fatigue tests were made at various 
effective stress levels, and Fig.12 was obtained. The 
"S-N like" curve line (ES-N curve) in the figure had 
also a fatigue limit at 61MPa. 

3.5 Fatigue damage evaluations using a new cumulative 

damage rule 

Fatigue tests under constant stress amplitude and 

under manifold multiple repeated stress in two stress 

Number of cycles 

Fig.11 Change in applied stress amplitude (J during fatigue under 

constant effective stress at 69 MPa, annealed (virgin) specimen 
7 

and pre-cycled (^sieeMPa, 1x10 cycles) one being used. 
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σ 
G_ 

CD 
Ö 

90 

80 
70 

60 
50 Y-

40 
1 0 4 1 0 s 1 0 s 

Number of cycles 
Fig.12 ES-N curve 

levels were made to measure effective stress in order 

to evaluate fatigue damage in a manner similar to 

Palmgren-Miner's. Experimental results and 

accumulated damage evaluated according to Miner's rule 

using effective stress instead of applipd stress, named 

ES-Miner's rule, are shown in Table 2 and Figs. 13 and 

14, with comparison to Miner's evaluations. 

Regardless of the specimen's fracture or not, 

Miner's ' value 2. exceeded unity. However, 

in the case of fracture, ES-Miner's value *>~ (η j/N^) e g 
kept increasing in the range less than unity, while in 
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3 

z 2 

W ι 

0 

Number of cycles 
Fig.13 Change in values of cumulative damage (or cumulative cycle 

ratio) estimated by two methods, Miner's method and ES-Miner's 

method, during fatigue of specimen No.7 (fractured). 

the case of non-f rscture , ( n^/N^ ) e g stopped 
increasing in the latter period of the -fatigue process 

3.6 Observation of transient behaviour of (Ti» C P e f f 
and under two-step cycling 

Six two-step cycling tests under the condition 

shown in Table 3 were made in order to reveal the 

transient behaviour of ^ , and ^ under 

stepwise stress fluctuation with the help of the 

"Elastic-Range Detection Test" (See Appendix B). 
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3 - No. 3 non-fractured 

— Ί,(η,ΙΝι): 
2 Ο Σ(η , / ί / , ) „ 

W 1 γ-yyo-or-

0 A C ^ i - ^ l L_ 
103 104 10 s 10 s 107 

Number of cycles 
Fig.14 Change in values of cumulative damage (or cumulative cycle 

ratio) estimated by two methods, Miner's method and ES-Miner's 
method, during fatigue of specimen No.3 (non-fractured). 

Since the specimens used here were previously fatigued 

ones ( lxlO7 cycles at 182MPa, a little below the 

fatigue limit, and then their surfaces were polished ), 

their fatigue deformation was stable and transient 

behaviour was observable. 

Results are shown in Figs. 15 and. 16·. Effective 

stress temporarily increases while internal stress 

decreases just after stress fluctuations, and then they 

converge into a certain stress level corresponding to 

an applied stress of the second stage} of less than 

several thousand cycles in every case. 
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Table 3 Experimental conditions of the two-step cycling test 

Stress level Block size (cycles) 

a (MPa) σ ä (MPa) Ν , Ν 2 

1 1 8 2 2 0 0 6 , 0 0 0 5 , 0 0 0 
2 1 9 9 2 1 6 // // 

3 1 9 8 2 2 2 // // 

4 2 0 8 2 1 9 // // 

5 2 0 7 2 2 6 // // 

6 2 2 6 2 1 3 // // 

7 2 2 6 2 1 0 // // 

8 2 2 3 2 0 4 // // 

9 2 0 2 1 8 3 // // 

[Notes] No,1-5:Two-step increasing test 
Ν ο,6 - 9:Τwο-steρ decreasing test 

4. Discussion 

4.1 The fatigue limit 

A cyclically stressed material increases its 
resistivity to stresses causing fatigue deformation äs 
shown in Figs.7 and 9. This behavior of the material 
is detectable through measurements of internal stresses 
during the fatigue process. The transient behaviours 
shown in Section 3.6 mean that the magnitude of the 
internal stress is dependent on the loading history of 
this material. Internal stress can thus be understood 
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- - Δ ~ · 
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rfl 
300 9r 

200 

100 

Fig. 15 Change in values of (J ± , G~ eff and £ p under two-step 

increasing test at a stress of the 1st stage (J~ j = 208MPa 

and CT 2 = 219MPa 

to be representative of fatigue resistivity of the 
material at that particular moment. 

On the other hand, effective stress is responsible 
for fatigue deformation, hence the fatigup damage 
increment to the material. The res* M o w n in 

Fig. 11 suggested that effective stress alone might be 
responsible for fatigue damage. Moreover, a 
fraction of the effective stress above the limit of 
61MPa in Fig.12 is responsible for fatigue damage as 
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Fig. 16 Change in values of i» Q~eff an<* Λ £ ρ under two-step 

decreasing test at a stress of the 1st stage (J" j = 226MPa 
1 

and 0 ~ 2 = 210MPa 

illustrated in Fig.6, and the rest of the effective 

stress would give no fatigue damage to. the material, 

that is, only to-and-fro motion of dislocations irt the 

material. 

The experimental result in Section 3.2, where a 

material shows a fatigue resistivity increase if its 

surface layer is occasionally removed, means that 
"fatigue damage" under these circumstances is 
accumulated at the surface in the form of surface flaws 
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such as persistent slip bands, intrusions, or 
extrusions. 

A material, when fatigue-cycled, reacts in two 
competing behaviours: 

The material suffers damage in the form of 
surface flaw due to effective stress. The 
increment of the damage corresponds to the excess 
•of effective gtress above a critical value. 
On the other hand, the material is strengthened to 
endure further stressing in proportion to the 
internal stress increase through the dislocation 
reaction, or strain ageing of the material. 

When the material damage and the material 
strengthening effects are in balance, a fatigue 
limit is reached depending on the stress history. 

4.2 New cumulative damage criterion 

This new cumulative damage rule shown in Section 

3.5, ES-Miner's rule, may give a better estimation 

of damage than that by Miner's rule in all cases. The 

superiority of this rule is that it indicates a trend 

toward saturation of accumulated damage, which is not 

found in other damage criteria such as Miner's or 

Erdogan's, through decrease of effective stress during 

fatigue process. This is because fatigue resistivity 

or fatigue hardening, which reflects stress history, is 

evaluated in this method in terms of an increase of 

internal stress. 
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A d d i t i o n a l l y , s t r e s s f l u c t u a t i o n s w o u l d g i v e m o r e 

f a t i g u e d a m a g e to the m a t e r i a l than in the a b s e n c e of 

w i t h o u t s t r e s s f l u c t u a t i o n s . T h e e f f e c t i v e s t r e s s 

t e m p o r a r i 1 y i n c r e a s e s j u s t a f t e r s t r e s s f l u c t u a t i o n , 

e v e n if the a p p l i e d s t r e s s s h i f t s u p or d o w n , as s h o w n 

in S e c t i o n 3.6. H e n c e s u r p l u s f a t i g u e - d a m a g e w o u l d be 

a c c u m u l a t e d on the m a t e r i a l in a t r a n s i t i o n p e r i o d of 

the s t r e s s - s t r a i n b e h a v i o u r ' ^ ' . 

T h i s m e t h o d of d a m a g e e s t i m a t i o n m a y be a p p l i e d 

a l s o in the c a s e of p r a c t i c a l f a t i g u e u n d e r v a r y i n g 

s t r e s s c o n d i t i o n s if d a t a on the a c t u a l b e h a v i o u r of 

e f f e c t i v e s t r e s s t h r o u g h o u t . f a t i g u e p r o c e s s is 

o b t a i n a b l e . 

5. C o n c l u s i o n s 

A new a p p r o a c h w a s a p p l i e d to f a t i g u e s t u d i e s , 

w h i c h e n a b l e d applied, s t r e s s to be d i v i d e d i n t o two 

p a r t s : i n t e r n a l s t r e s s a n d e f f e c t i v e s t r e s s . Several· 

e x p e r i m e n t a l r e s u l t s w e r e a n a l y z e d a n d d i s c u s s e d on t,he 

b a s i s of these c o n c e p t s , l e a d i n g to the f o l l o w i n g 

c o n c l u s i o n s : 

(1) F a t i g u e d a m a g e is g e n e r a t e d by e f f e c t i v e 

s t r e s s c a u s i n g f a t i g u e d e f o r m a t i o n a n d is 

a c c u m u l a t e d on the s u r f a c e of c y c l i c a l l y s t r e s s e d 

m a t e r i a l in the f o r m of s u r f a c e r o u g h n e s s , by the 

r e m o v a l of w h i c h the m a t e r i a l b e c o m e s free from 

d a m a g e . 
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(2) Fluctuations in the applied stress give more 
fatigue damage to the material than in the absence 
of stress fluctuation. 

(3) A material shows increasing "fatigue 
resistivity" under cyclically stressed conditions, 
which can be monitored in terms of internal 
s tress. 

(4) The increment of fatigue damage can be 
evaluated in terms of the magnitude of effective 
s tress. 

(5) Fatigue mechanism is discussed as a 
competition between two mechanisms : damage due to 
effective stress and strengthening as monitored in 
terms of internal stress. The fatigue limit may 
be regarded as the case of their balance. 

(6) A new cumulative damage rule is proposed and 
discussed. 
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Appendix A 

Origin of internal strt and effective stress 

A theoretical relationship b e t w e e n the plastic « 

strain rate £ ρ, the average d i s l o c a t i o n velocity 

and mobile d i s l o c a t i o n density m was p r o p o s e d by 

/ r \ 

E.Orowatr ' in the form 

where 

O l is a geometric factor and Π is the absolute 

value of Burger's vector. O n the other hand, an 

empirical relationship between a n d the shear stress 

acting on a d i s l o c a t i o n e f f was found by (12) W . G . J o h n s t o n and J.J.Gilman v ' in the form φΛ Λ Γ - B / f c e f f < A 2 > -

where ^ and are constants at a g i v e n temperature. 

Combining these two equations, we obtain a r e l a t i o n s h i p between p, m and eff f ° r m 

(A3) . 
£ f -- C^ b Β / V 

Since a moving d i s l o c a t i o n encounters resistive 

stress ι from other d i s l o c a t i o n s through long-range 

elastic interactions, the a p p l i e d stress does not 

fully act on the d i s l o c a t i o n but the net stress 

( T e f f' w b i c h is equivalent to ^ a - » acts on it. 

0 \ ' s c a l l e d internal stress and ^^ e f f e c t i v e 

stress. 

The origin of internal, s t r e s s ' ^ ' is a long-range 

elastic interaction between d i s l o c a t i o n s which have a 

tendency to condense to form d i s l o c a t i o n cell 

structures, and internal stress is c o n c e n t r a t e d at the 
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cell boundaries 

TEM observations 

Behaviour of Internal Stress and Effective Stress in Fatigue Process 

The latter is supported by direct 

by H . M u g h r a b i ( 1 3 >. 

Appendix Β 

Elastic-Range detection Test. 

The "Elastic-Range d e t e c t i o n test" is used to 

measure the effective stress using the stress-strain 

hysteresis relationship for a low-carbon steel, which 

is· c h a r a c t e r i z e d as having the elastic range. This 

m e t h o d enables us.to obtain the effective stress in a 

stress-strain transition period, where the "strain-

transient dip test" cannot be applied. 

Since no effective stress acts on the dislocations 

in the elastic range region, strain increases linearly 

with applied stress. The elastic range is d e t e c t e d 

as a straight line section of the stress-strain 

hysteresis with a regression analysis of the 1st 

order, and threshold values of the elastic·range ( A, 

B, D and Ε shown in Fig.2 ) are obtainable. 

Effective stress is given by the relationship 

found in preliminary experiment between and 

applied stress Ocv in the form 

σ«Η= ((Tu-σ,) <Bi>· 
where g is the stress level at point B, Q*" Q at 

C, ( J ρ at D respectively. 
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