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ABSTRACT 

The effective pair potentials of liquid Si and Ga have 
been calculated from measured structural data by 
applying the modified hypernetted-chain equation 
coupled with predictor-corrector method. The 
calculation was also made for liquid Na for comparison. 
The effective pair potential of liquid Si indicates the 
ledge-type repulsive core part with weak attractive 
feature, whereas the long range oscillatory behavior, 
similar to the typical liquid metals, is clearly observed 
in liquid Ga. The usefulness of the effective pair 
potentials presently obtained for three liquid metals was 
confirmed by reproducing the structural behavior and 
self-diffusion and visocity coefficients, as well. 

1. INTRODUCTION 

The general profile of the structure factor S(Q) of 
most liquid metals is known to be well described by the 
hard-sphere model / l / . On the other hand, the structure 
factors of some non-simple polyvalent liquid metals 
such as Ge, Sn, Ga and Si show a small hump on the 
higher wave-vector side of the first peak. This particular 
feature could not be explained by such a simple hard-
sphere theory. 

Some theoretical approaches to the structure of 
polyvalent metals suggest that the hump of the structure 
factor is attributed to the screened core-polarization 
effect 121. Although the general profiles of liquid 

polyvalent metals are known to be described by the pair 
potentials derived from the simple empty-core pseudo-
potential. The recent works on liquid Ge and Sn /3/ 
suggest that the structural features of these elements are 
rather sensitive to the part of the pair potential around 
the second peak of the pair distribution functions, in 
contrast to the simple liquid metal case in which the 
structural feature is almost determined by the part of the 
pair potential near the first peak region. However, these 
methods involve some physical assumptions and still 
face serious difficulties with very complicated systems 
such as liquid Ga and Si. 

For this reason, in this work, the "predictor-
corrector" procedure proposed by Reatto et al. /4/ was 
utilized in order to estimate the effective pair potentials 
of liquid Ga and Si from experimental structural data. 
The effective pair potentials obtained in this way should 
include automatically the particular structural features 
of liquid of interest, by taking into account more 
precisely the many-body correlation. 

Self-diffusion and viscosity coefficients were also 
calculated using the small-step diffusion theory of Rice 
and Kirkwood 151, in order to test the usefulness of the 
effective pair potentials obtained. 

2. FUNDAMENTALS OF DATA PROCESSING 

The utilized method for estimation of the effective 
pair potential of simple liquid is well known and has 
been described in detail /3,4/. Thus, for convenience, 
only some essential points are given below. 
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2.1 Effective pair potential 

A diagrammatic expansion for the pair distribution 
function g(r) of a single component liquid, provided that 
the particles interact through two-body additive 
potentials u (r), leads to the following equation, 

g(r) = exp 
u(r) 
knT 

+ h(r)-c(r) + B(r) (1) 

where g(r) and S(Q) refer to the experimental pair 
distribution function and experimental structure factor, 
respectively. Number density values utilized in this 
work are listed in Table 1 for further convenience. 

Table 1 
Number density of liquid Si, Ga and Na 

utilized in this work. 

where h(r)= g (r) -1 and kB is the Boltzmann constant 
and Τ the absolute temperature. Direct correlation 
function c(r) is defined through the following Ornstein-
Zernike relation, 

h(r) = c(r) + pfh(lr-r'l)-c(r')d3r', (2) 

Element Si Ga Na 

Temperature (K) 1733 323 378 

Number density 
(nm"3) 

54.2 52.5 24.3 

where ρ is number density. B(r) is called a bridge 
function, corresponding to a sum of the contribution of 
all elementary graphs in a cluster expansion. 

By means of these equations, when the experimental 
structural data are given, the effective pair potential can 
be estimated through the following equation, 

u(r) = kBT[h(r) - c(r) - In g(r) + B(r)]. (3) 

2.2 Self-diffusion and viscosity coefficients 

In terms of the small-step diffusion theory by Rice 
and Kirkwood 151 the following expression gives the 
self-diffusion coefficient for one component liquid. 

D = 
knT 

ζ Η + ζ δ + ζ δ Η 
(5) 

The simplest way to solve this inverse problem is to 
set B(rj=0 (hypernetted-chain (HNC) approximation). 
However, this is not suitable to obtain the pair potentials 
from measured structural data, because B(r) could not 
be neglected in near neighbor region for dense liquids. 

In terms of the proposed "predictor-corrector" 
method /4/, starting from an initial estimation for the 
effective pair potential (for instance HNC 
approximation) it is possible to obtain an improved 
estimation for the effective pair potential, by 
substitution of estimation of B(r) into Eq.(3) through 
iterative procedure as follows: 

Η S cu 
where ζ , ζ and ζ are the friction coefficients 
corresponding to the repulsive hard-part interaction, the 
soft-part interaction between neighboring atoms and the 
cross-effect between the hard and soft forces in the pair 
potential, respectively. 

ζ " =^pg(o)o2JmkBT , 

^ C v y ( r ) g ( r ) r 2 dr 
3 0 

(6) 

(7) 

kBT kBT gi-\(.n 

+ ( 2 π ) " 3 ρ -1fd3Qe~iQr 
1 1 

5 ( 0 ) S i - iCß) 

(4) 

i-SH ^ p g ( o ) l - — ß ( ! 3 o ) c o s Q o ) - s i n m ] ü S ( ß ) d Q , ( 8 ) 

where ρ is the number density of atoms, σ is the 
effective hard sphere diameter, g (o) the value of the 
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pair distribution function at r = σ , m the atomic mass 

and u (Q) is the Fourier transform of the soft part of 

the pair potential which is defined as follows: 

u(r) = uH(r) + uS(r) 

μ H ( r ) = oo and uS(r) = 0 r s o 

μ H ( r ) = 0 and uS(r) = « e f f (r) r a= σ 

(9) 

(10) 

Also, the viscosity might be estimated through 
following equation 161. 

η = ( Π ) 

3. RESULTS AND DISCUSSION 

For liquid Si at 1733 Κ and Ga at 323 K, the 
structure factor data measured extremely down to 
0.5 nm'1 by means of transmission geometry are 
available /7/. Thus, the initial estimation of the pair 
potential was deduced by hyper-netted chain (HNC) 
equation from the completed data set of structure factor. 
Then the "predictor-corrector" method was utilized 
coupled with a Monte Carlo (MC) simulation technique 
as predictor stage and the modified hyper-netted chain 
(MHNC) equation as corrector stage. MC simulation 
was carried out with 1728 particles corresponding to the 
cell size of I 3 = 3.1623 nm3 for liquid Si at 1733 K, 
Z,3 = 3.2053 nm3 for liquid Ga at 323 Κ and Ü = 4.3023 

nm3 for liquid Na at 378 K. 

The results for the effective pair potentials obtained 
in this work are presented in Fig. 1 together with those 
for liquid Na at 378 Κ for reference. Figure 2 shows the 
experimental pair distribution functions for these three 
liquid metals in comparison with the results from MC 
simulation using the effective pair potentials presently 
obtained. Figure 3 provides the resultant structure 
factors for liquid Si, Ga and Na given by Fourier 
transform of the simulated pair distribution functions 
together with the experimental data. The effective pair 
potential of liquid Na obtained in this work was found 
to reproduce well the experimental structural data. On 
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Fig. 1: Effective pair potentials of liquid Si, Ga and Na 
estimated from the experimental structure 
factor data. 

the other hand, we observe deviation from the 
experimental data in the cases of both liquid Si and Ga, 
especially in the width of the first peak of their pair 
distribution functions. 

Although the peak height of the structure factor is 
not considered to be important for determining the 
effective pair potentials /8/, the difference between the 
calculated values and the experimental data should be 
stressed. Nevertheless, the effective pair potentials of 
liquid Si and Ga obtained in this work reproduce well 
the particular structural features characterized by a 
small hump on the higher wave vector side of the first 
peak in the structure factor. 

It may be worth noting that the behavior of the 
structure factor of liquid Si presently obtained is very 
close to the theoretically predicted case by using the 
pseudo-potential theory of metals 191. The effective pair 
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potential of liquid Si is characterized by the ledge-type 
feature in the repulsive core part within the first 
coordination shell and the attractive interaction is also 
recognized in the range of the second coordination shell. 
Such specific features in the effective pair potential 
might be related to particular properties and structure of 
liquid Si. On the other hand, the effective pair potential 
of liquid Ga obtained in this work rather shows the 
typical long range oscillatory behavior, as shown in 
Fig.3. This result is not close to the pseudo-potential 
case for trivalent metals including Ga /10/. 

It must be noted here that the method employed in 
this work for estimating the effective pair potential 
using the MHNC equation is not a unique mathematical 

procedure. Nevertheless, the effective pair potentials 
obtained in this work are considered to be, at least, in a 
sense of necessary condition at best by reproducing the 
experimental structural data using computer simulation, 
although they might not be sufficient condition. 

The calculated values of friction, self-diffusion and 
viscosity coefficients are summarized in Table 2 
together with some available reference data. In this 
work the position on the rising curve at the height of 
30% of the first peak of the pair distribution function 
was chosen for the value of the effective hard-sphere 
diameter. 

The present results for friction coefficients are found 
to be comparable with those of other liquid metals /11/. 

21, Nos. 1-2, 2002 Effective Pair Potentials of Liquid Silicon and Gallium Estimate from 
Experimental Structure Factor Data 

0 

0.0 0 .2 0 .4 0 .6 0.8 1.0 

D i s t a n c e r / n m 

2: Experimental pair distribution function (open 
circles) of liquid Si, Ga and Na in comparison 
with those of Monte Carlo simulation with the 
effective pair potentials obtained in this work 
(solid line). 
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Fig. 3: Structure factor of liquid Si, Ga and Na (solid 
line) given by Fourier transform of the 
simulated pair distribution functions in 
comparison with the experimental data (open 
circles). 
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Table 2 
Comparison of the calculated values for friction, self-diffusion and viscosity coefficients with the reference data of 

liquid Si, Ga and Na. 

Element 
Si Ga Na 

Element 
cal. ref. cal. ref. cal. ref. 

^(kgs- 'x lO" 1 2 ) 0.48 - 0.53 - 0.16 -

^(kgs- 'xlO"1 2) 0.49 - 1.04 - 0.64 -

(kg s"'xl0"12) 0.39 - 0.31 - 0.06 -

D (m2 s 'xlO"9) 18 1 9 ( > 2 ) 2.36 1.6(,4) 6.0 4 2(14) 

η (m Poise) 21.2 5.3<13> 22.3 18.1(15) 9.3 7 0 ( 1 6 ) 

Both self-diffusion and viscosity coefficients of three 
liquid metals estimated in this work agree rather well 
with the reference values /12-16/. This includes the self-
diffusion coefficient of liquid Si, which is close to the 
values (D = 2 0 - 2 6 χ 10"9 m2/s) by molecular dynamic 
(MD) simulation /17/. However, the present authors 
maintain the view that the reasonable agreement 
between calculation and the reference data should be 
considered only as one piece of evidence for suggesting 
the usefulness of the effective pair potentials presently 
obtained. 

4. CONCLUDING REMARKS 

The effective pair potentials of liquid silicon and 
gallium have been estimated in order to gain insight into 
the particular structural features of these elements in the 
liquid state. The result for liquid Ga indicates the long 
range oscillatory behavior, characteristic for liquid 
metals, whereas the effective pair potential of liquid Si 
is described by the ledge-type repulsive core part with 
weak attractive feature. These effective pair potentials 
estimated from the experimental structure factor data 
are found to reproduce the reference values of self-

diffusion and viscosity coefficients. However, the origin 
of unusual behavior detected in liquid Si cannot be 
certainly identified yet just from the presently available 
information. 

REFERENCES 

1. N.W. Ashcroft and J. Lekner, Phys Rev., 145, 83 
(1966). 

2. K..K. Mon, N.W. Ashcroft and G.V. Chester, Phys 
Rev. B19 ,5103 (1979). 

3. K. Omote and Y. Waseda, High. Temp. Mater. 
Process, 15,83 (1996). 

4. L. Reatto, D. Leversque, and J.J. Weis, Phys. Rev. 
A33 ,3451(1986). 

5. .A. Rice and J.G. Kirkwood, J.Chem.Phys., 31 
,901(1959). 

6. M. Born and H.S. Green, Proc. Roy. Soc. London, 
A 190, 455(1947). 

7. Public data base: http://www.tagen.tohoku.ac.jp/ 
8. L.E. Ballentine and J.C. Jones, Can.J.Phys., 51, 

1831 (1973). 
9. K. Omote and Y. Waseda, Jpn. J. Appl. Phys., 35, 

151 (1996). 

57 



Vol. 21, Nos. 1-2, 2002 Effective Pair Potentials of Liquid Silicon and Gallium Estimate from 
Experimental Structure Factor Data 

10. M. Zhao, D. Chekmarev and S.A. Rice, J. Chem. 
Phys., 109, 1959(1998). 

11. Y. Waseda, The Structure of Non-Crystalline 
Materials, McGraw-Hill, New York, 1980. 

12. P.D. Mitev, M. Saito, Y. Waseda and Y. Sato, 
High Temp. Mater. Process, 19, 307 (2000). 

13. Y. Sato, Y. Kameda, T. Nagasawa, T. Sakamoto 
and Y. Waseda, Proc. of the 5lh Asian 
Thermophysical Properties Conference, Soeul, 
1998. 

14. N.H. Nachtrieb, Adv. in Phys., 16, 309 (1967). 

15. Y. Kawai and Y. Shiraishi, Handbook of Physico-
chemical Properties at High Temperatures, The 
Iron & Steel Institute Japan, 1988. 

16. H. Landoltand and R. Börnstein, Zahlenwerte und 
Funktionen, 6 th Ed., Vol.2, Part.5, Transport 
Phänomene I, Springer, Berlin [[year?]]. 

17. I. Stich, Phys. Rev., A44, 1401 (1991). 

58 


