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Overconvergent Witt vectors

By Christopher Davis at Irvine, Andreas Langer at Exeter
and Thomas Zink at Bielefeld

Abstract. Let A4 be a finitely generated algebra over a field K of characteristic p > 0.
We introduce a subring WT(A4) = W(A), which we call the ring of overconvergent Witt
vectors, and prove its basic properties. In a subsequent paper we use the results to define
an overconvergent de Rham—Witt complex for smooth varieties over K whose hypercoho-
mology is the rigid cohomology.

Introduction

The p-adic cohomology of algebraic varieties may be defined using rings of Witt
vectors. Let X be a smooth quasi-projective scheme over a perfect field K of charac-
teristic p > 0. The Witt vectors may be considered as a Zariski sheaf W (0y). The
de Rham—Witt complex of Deligne—Illusie is a complex of W ((y)-modules whose hyper-
cohomology is the crystalline cohomology of X. In [2] we constructed a subcomplex of
the de Rham—Witt complex whose hypercohomology is the rigid cohomology of X defined
by Berthelot [1]. For this we put a growth condition on Witt vectors which is inspired
by the work of Monsky and Washnitzer. Therefore we speak of overconvergent Witt
vectors. In this paper we study the rings of overconvergent Witt vectors systematically
and prove in particular all facts used in [2]. Similar growth conditions of Witt vectors
were used by de Jong [5] in his work on homomorphisms of p-divisible groups and by
Kedlaya [7] in his work on the Crew Conjecture. We describe the precise relation
below.

Let A4 be a finitely generated algebra over a field K of characteristic p. Let W (A) be
the ring of Witt vectors with respect to p. We define a subring W'(4) = W(A), which we
call the ring of overconvergent Witt vectors. Let 4 = K|[T7,..., T, be the polynomial ring.
We say that a Witt vector (fo, f1, f2,...) € W(A) is overconvergent if there is a real number
&> 0 and a real number C such that

m—e¢ep "degf, = C forallm=0.

The overconvergent Witt vectors form a subring W1(A4) = W(A4).
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There is a natural morphism from the ring of restricted power series
W(K){T,...,Ts} — W(A),
which maps 7; to its Teichmiiller representative [7;].

The inverse image of W T(A) is the set of those power series which converge in some
neighborhood of the unit ball. This is the weak completion 4T of W (K)[T7, ..., T,] in the
sense of Monsky and Washnitzer. We note that the bounded Witt vectors used by Lubkin
[10] are different from the overconvergent Witt vectors.

If A — B is a surjection of finitely generated K-algebras, we obtain by definition a
surjection of the rings of overconvergent Witt vectors

wi(4) — wi(B).

A much deeper fact that we use in [2] concerns subalgebras. Let A < B be two smooth
K-algebras. Then

Wi4) = W (4) n Wi(B)

(see Proposition 2.16). In particular, this implies that the functor A4 — WT(A) is a sheaf for
the smooth topology.

Further, we show (see Corollary 2.46): Let 4 be a finitely generated algebra over K.
Let B = A[T]/(f(T)) be a finite étale 4-algebra, where f(T) € A[T] is a monic polynomial
of degree n such that /(7)) is a unit in B. We denote by ¢ the residue class of 7" in B. Then
WT(B) is finite and étale over W1(4), and the elements 1, [7],[1]%,...,[]"" form a basis of
the WT(4)-module W1(B).

Finally, we prove that W1(A4) — A satisfies Hensel’s lemma (see Proposition 2.30) if 4
is a finitely generated algebra over a perfect field K. The essential fact is that WT(A4) is a
weakly complete algebra over W(K) in the sense of Monsky—Washnitzer.

Now we decribe the relation with the work of de Jong and Kedlaya, who studied the
slope filtration of isocrystals over overconvergent Witt vectors of perfect fields with a valu-
ation. Let K be a finite extension of Q,. Let O = Ok be the ring of integers, 7 € O be a
prime element and ¢ = p¢ be the number of elements in O/ (7).

Let R be an O-algebra. Using the Witt polynomials
w, = qu” + nquH +o X "X,
one [3] defines the ring of ramified Witt vectors Wo(R).
Assume that 7R = 0 and we are given a valuation v: R — Ru {oo}. A Witt vector

(X0, X1,X2,...) € Wo(R) is called overconvergent if there are real numbers ¢ > 0 and C
such that

i+ev(x;) = C forieZsy.



Davis, Langer and Zink, Overconvergent Witt vectors 3

The overconvergent Witt vectors form a ring Wg(R). If R is a perfect field L of charac-
teristic p, this ring is denoted by Weon(L, O) in Kedlaya [7]. If K = Q, and R is a poly-
nomial algebra over a field with its degree valuation, we obtain the ring W(R) described
above. Since our aim is to lay the foundations for the overconvergent de Rham—-Witt com-
plex, we consider only the case K = Q,. But all our results hold for ramified Witt vectors as
well.

1. Pseudovaluations
We set R =R uU {0} U {—o0} with its natural order.
Definition 1.1. Let 4 be an abelian group. An order function is a function
v:4d—R
such that v(0) = oo and such that for arbitrary a, b € 4:
v(a £ b) = min{v(a),v(b)}.
An order function is the same thing as a descending filtration of 4 by subgroups
F"A4 indexed by r € R, with the property (| F*A = F"A. The relation of both notions is
F'(A)={ae A|v(a) = r}. s<r

In particular, the above inequality is an equality if v(a) + v(b). Moreover, we have

v(a) = v(—a).

Let ¢ : A — B be a surjective homomorphism of abelian groups. Then we define the
quotient v: B — R by

(1.2) v(b) = sup{v(a) |a € A, ¢(a) = b}.
This is again an order function.

We define an order function v" on the direct sum A" as follows:
(13) V(@ a) = min{v(a;)}.

Definition 1.4. Let 4 be a ring with 1. A pseudovaluation v on A4 is an order function
on the additive group

v:4d—R
such that the following properties hold:
(1) v(1) =0,

(2) v(ab) = v(a) + v(b) if v(a) = —oco and v(b) + —o0.
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We call v proper if it does not take the value —oo. We call v negative if v is proper and
v(a) = 0forallae 4, a + 0. If vis proper and (2) is an equality, v is called a valuation. On
each ring 4 we have the trivial valuation v(a) = 0 for a + 0.

Let ¢ : A — B be a surjective ring homomorphism. Let v be a pseudovaluation on A4.
Let v the induced order function on B. If ¥(1) # oo, then v is a pseudovaluation. In partic-
ular, this is the case if v is negative.

Example 1.5. Let R be a ring with a negative pseudovaluation u. Consider the poly-
nomial ring A = R[T},...,Ty]. Let d; > 0,...,d, > 0 be real numbers. Then we define a
valuation on A as follows: For a polynomial

=T .. Tk
k

we set

(1.6) v(f) = inf{u(ce) — kidy — -+ — kmdin}-

This is a valuation if u is a valuation. We often consider the case where R is an integral
domain and y is the trivial valuation. If moreover d; = 1, we call v the standard degree val-
uation.

We are interested in pseudovaluations up to equivalence:

Definition 1.7. Let v;,v;: 4 — Ru {0} be two functions such that v; + 0 for all
a e A. We say that they are linearly equivalent if there are real numbers ¢; > 0, ¢; > 0,
dy =20, d» = 0 such that for all a € 4:

vi(a) = cava(a) — da,  va(a) = civi(a) — d.

In Example 1.5, (1.6), we obtain for different choices of the numbers d; linearly equiv-
alent negative pseudovaluations. The equivalence class of v does not change if we replace u
by an equivalent negative pseudovaluation.

Let v; and v, be two negative pseudovaluations on 4. If 4 — B is a surjective ring
homomorphism, then the quotients ¥; and v, are again linearly equivalent.

Proposition 1.8. Let u be a negative pseudovaluation on a ring R. We consider a sur-
Jective ring homomorphism ¢ : R[T, ..., Ty — R[S1,...,Su]. Let vi be a pseudovaluation
on R[Ty,...,T,] and let vs be a pseudovaluation on R[S\, ...,S,] as defined by (1.6). Then
the quotient of vy with respect to ¢ is a pseudovaluation which is linearly equivalent to the
valuation vg.

We omit the straightforward proof, which is essentially contained in [13]. A proofin a
more general context is given in [2].

Definition 1.9. Let u be a negative pseudovaluation on a ring R. Let B be a finitely
generated R-algebra. Choose an arbitrary surjection R[T},...,T,] — B and an arbitrary
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degree valuation v on R[T},..., T,]. Then the quotient v on B is up to linear equivalence
independent of these choices. We call any negative pseudovaluation in this equivalence
class admissible.

Let u be an admissible pseudovaluation on a finitely generated R-algebra B. Let v be
the pseudovaluation on a polynomial algebra B[T}, ..., T),] given by Example 1.5. Then v
is admissible. This is easily seen if we write B as a quotient of a polynomial algebra.

Lemma 1.10. Let (R,u) be a ring with a negative pseudovaluation. Let A be an
R-algebra which is finite and free as an R-module. Let t be an admissible pseudovaluation
on A.

Choose an R-module isomorphism R" = A. With respect to this isomorphism t is line-
arly equivalent to the order function p" given by (1.3).

Proof. Letey,...,e, beabasis of 4 as an R-module. Consider the natural surjection
o:R[Ty,...,T,) — A4

such that «(7;) = e¢;. We have the equations

n
i i
eiej :lzlci(j)e;, cfj) e R.

0

We choose a number d such that for all coefficients [

wel))+d = 0.

Let 7 be the pseudovaluation (1.6) on R[T}, ..., T,] such that 7(X;) = —d. We can take for
7 the quotient of 7.

Consider an element « € 4. We choose a representative of a:

f=Snrh. Tk
k

We claim that there is a linear polynomial f; which maps to a such that

(/1) 2 (/).

Indeed, assume that some of the monomials r;, T lkl o T,f‘" are divisible by 7;7;. We will
pretend in our notation that i + j, but the other case is the same. We find an equation

e TF = Zrkc,-(jl)Tk(l>,
!

where |k(I)| = |k| — 1. For any fixed / we have

#(recy) T*O) = p(reef))) — d(lk| = 1) = plax) + u(ey)) + d — dlk| = #(f).
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We conclude that
(L11) (@) =sup{t(f) | f =ro+nrTi+ - +raTy of) = b}.

By construction, ¢ has a unique representative

n
g=>s5T;.
i1

Clearly, 7 restricted to linear forms as above is linearly equivalent to the order function "
defined by (1.3). We need to compare 7(g) and z(a).

We have the following relation in A:
n
1= Z cie;, C; € R.
i=1

Given a representative f as in (1.11), we find

n

g=>.(ri+ciro)T;.
i=1

Then
7(g) = min{ u(r; + ¢iro) —d} = miin{min{,u(r,-) —d,u(c;) —d+ u(ro)}}
= i(f)-d,

where d’ is chosen such that —d’ < u(c¢;) — d. Since this is true for arbitrary f, we find
7(g9) = ©(b) — d'. Since 7 is the quotient norm, we have the obvious inequality

©(b) = 7(g).
This completes the proof. []

Example 1.12. Let v be a negative pseudovaluation on 4. Let d > 0 be a real num-
ber. Then we have defined a pseudovaluation on the polynomial algebra A[X]:

(1.13) WS a;X7) = min{v(a;) — id}.

Let /" € A be such that f is not nilpotent. Then we define a pseudovaluation v’ on the
localization Ay by taking the quotient under the map

A[X] — 4y

which sends X to f~!'. As we remarked above, v’ depends only on the linear equivalence
class of v on 4.
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Let z € Ay. Consider all possible representations of z in the form

(1.14) z:;a;/fl.

Then v’ is the supremum over all these representations of the following numbers:
(1.15) mlin{v(a,) —Ild}.

If the supremum is assumed, we call the representation optimal.

Lemma 1.16. Let (A,v) be a ring with a negative pseudovaluation. Let f € A be a
non-zero divisor. Let v’ be the induced pseudovaluation on Ay which is associated to a fixed
number d > 0.

We are going to define a function t: Ay — Ru{c0}. For z € Ay we consider the set of
all possible representations

(1.17) z=a/(f™.

We define t(z) to be the maximum of the numbers v(a) — md for all possible representations
(1.17).

Then there is a real constant Q > 0 such that for all z € Ay

Vi(z) 2 1(z) = OV/(2).
Proof- The first of the asserted inequalities is trivial. Consider any representation

z=>Yw/(f") such that u, + 0.
=0
We set

—C= mlin{v(ul) —Ild}.

Note that this implies that —C < —md. We find a representation of the form (1.17):

c= (S =aprm.

1=0
Then

m

v(a) —md = v<z u;f”’_l) —md = mlin{v(ul) + (m —v(f) — md}

=0

= min{v(u) —ld —md +my(f) +1(d —v(f))}

1\

mlin{—C —C+mv(f)}.
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We further have
Together we obtain

This implies
t(a/f™) = (2 + %) Vi(z). O

The motivation for the following definition is Lemma 2.14 below.

Definition 1.18. Let (A4, v) be a ring with a negative pseudovaluation. We say that a
non-zero divisor f € A is localizing with respect to v if there are real numbers C > 0 and
D = 0 such that for all natural numbers #:

(1.19) v(f"x) < Cv(x) +nD forall xe 4.

If u is a negative pseudovaluation on 4 which is linearly equivalent to v, then f is
localizing with respect to v if and only if it is localizing with respect to u. Indeed, any func-
tion p which is linearly equivalent satisfies an inequality (1.19).

It is helpful to remark that making C smaller we may always arrange that D is
smaller than any given positive number. It is also easy to see that a unit of the ring A4 is

always localizing.

Let A = R[T),...,T,] be a polynomial ring over an integral domain R with a degree
valuation v. Then we have the equation

v(f"x) =v(x) +nmv(f), xeA.
Therefore (1.19) holds with C =1 and D = 0.
More generally, let (B,u) be a ring with a negative pseudovaluation. We endow
A = B[T] with the natural extension v of x such that v(7) = —d. Assume that

f=T"+a, T" " + .- 4 ay is a monic polynomial with a; € B.

Definition 1.20. We say that f is regular with respect to 7T if

(1.21) min {u(a;) —id} > —md.
0=<i<m
For a regular polynomial we have v(f) = —md. We remark that each monic poly-

nomial f becomes regular for a suitable choice of d.
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Proposition 1.22. Let f(T) € B[T| be a regular polynomial (1.20). Then we have for
an arbitrary polynomial g(T) € B[T] that

W(F(T)g(T)) = v(F(T)) +(9(T).
In particular, any monic polynomial in B[T| is localizing.
Proof. We write
g= an b T*.
k=0
Let ko be the largest index such that v(g) = v(b,) — kod. Note that fg contains the mono-
mial
(bky + brgs1am—t + -+ )T
We find by (1.21) that
1y viam-i) Z w(biy) + wlam-i) = p(by,) — id.
On the other hand, we have by the choice of kj that
w(bk,) — kod < u(biyri) — (i + ko)d.
This proves that u(by,tiam—i) > p(bk,). Therefore we obtain
Wby + brgr1am— + -+ +) = u(bi,)-
This shows the inequality
v(f9) = v(br,) — d(m + ko) = v(g) — md = v(g) + v(f).

The opposite inequality is obvious. The last assertion follows because any monic polyno-
mial is regular for a suitable chosen d. []

Proposition 1.23.  Assume that f = T™ + a, T" ' +---+ay € B[T] is a polyno-
mial which is regular with respect to T. Each z € Ay has a unique representation:

(1.24) z:zl:u//fl, w € B[T),

where u; is for | > 0 a polynomial of degree strictly less than m = deg f. Then the represen-
tation (1.24) is optimal (compare (1.15)).

Proof. The first assertion follows from the Euclidean division. Consider any other
representation

z=>"v/f", v eB[T].

i



10 Davis, Langer and Zink, Overconvergent Witt vectors

Assume that n = degv; = m for some i > 0. Let ¢ € B be the highest coefficient of the poly-
nomial v; and set ¢ = n — m. Then we conclude

WET'f) 2 ple) + v(T") +3(f) = ule) +9(T") + (T™) = v(eT") 2 v(v).
We write
vi/f" = (i = T/ = (T [f7).
If we insert this into the representation (1.14), the number (1.15) becomes bigger because
v(v; — cT) 2 v(vy), v(eT") Zv(eT") = v(vy).
Continuing this process proves the lemma. []

The statement of the last proposition applies in particular to a polynomial ring over a
field 4 = K|[Ty, ..., T,] with the standard degree valuation. By Noether normalization, any
polynomial becomes regular with respect to some variable after a coordinate change.

Proposition 1.25. Let (A,v) be a ring with a pseudovaluation. Let f,g € A. Then fg is
localizing if and only if f and g are localizing.

Proof. Assume fy is localizing. Then we find the inequality
v(f"g"x) < Cv(x) + nD.
On the other hand, we have the inequality

nv(f) +v(g"x) = v(f"g"x).
This shows that
v(g"x) = Cv(x) +n(D = v(f)).
We leave the opposite implication to the reader. [

Proposition 1.26. Let (A,v) be a ring with a pseudovaluation. Assume that A is an
integral domain such that each non-zero element of A is localizing. Let A — B be a finite
ring homomorphism such that B is a free A-module. Let u be an admissible pseudovaluation
on B. Then any non-zero divisor in B is localizing with respect to .

Proof. We choose an isomorphism of A-modules: A" =~ B. By Lemma 1.10, the
order function v" on A" is linearly equivalent to an admissible pseudovaluation on B. Let
f €A, f 0. Then inequality (1.19) holds. It follows that for each z € A":

V(f"z) £ CV'(z) + nD.

This shows that f is localizing in B. More generally, consider a non-zero divisor b € B, and
an equation of minimal degree:

b +a b '+ dab+ay=0, aeA.
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Then ay + 0 and therefore ay is localizing. But ay is a multiple of 4 in the ring B. Therefore
b is localizing in B by Proposition 1.25. [

Corollary 1.27. Let X — Spec K be a smooth scheme over a field K of character-
istic p. Then any point of X has an affine neighborhood Spec A such that any non-zero ele-
ment in A is localizing.

Proof. This is immediate from a result of [6] which says that each point admits a
neighborhood which is finite and étale over an affine space Ag. [J

Let us assume that f € A4 is localizing with constants C, D given by (1.19). Then we
will assume that the constant d used in the definition of v/ on Ay is bigger than D. This can
be done without loss of generality because the equivalence class of v/ does not depend on d.

Proposition 1.28. Let (A, v) be a ring with a negative pseudovaluation. Let f € A be a
localizing element. Each z € Ay has a unique representation

z=alf™, whereae A, [ ta.
We define a real valued function o on Ay by
o(z) =v(a) —md.
Then there exists a real constant E > 0 such that
V(z) 2 a(z) = EV'(2).

In particular, the restriction of v' to A is linearly equivalent to v.

Proof. By Lemma 1.16, it suffices to show the last inequality with v’ replaced by <.
All representations (1.17) of z are of the form

afr/ m+r.
Since f is localizing, there are real numbers 1 > C > 0 and D = 0 such that

viaf") — (m+r)d < Cv(a) + rD — md — rd
< C(v(a) —md) + (D —d)r < Co(z) + (D —d)r.
We may assume that d = D. Then the inequality above implies
7(z) £ Co(z). O
Corollary 1.29. Let (B, 1) be an integral domain with a pseudovaluation u. Assume
that each non-zero element is localizing. We endow B[T] with a pseudovaluation of Example

1.5.

Then each non-zero element in B[T)| is localizing.
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Proof. Clearly, each b € B, b + 0, is localizing in B[T]. By the proposition, it suffices
to find for a given f € B[T] an element b € B such that f is localizing in B,[T]. By the re-
mark preceding Proposition 1.22, we may assume that f is a regular polynomial. Then we

can apply this proposition. []

The following corollary would allow us to prove Corollary 1.27 more generally by
considering standard étale neighborhoods instead of Kedlaya’s result.

Corollary 1.30. Let (A,v) be a noetherian ring with a negative pseudovaluation. Let
a, f € A be two localizing elements. Then a is localizing in Ay.

Proof. By the Lemma of Artin—Rees, there is a natural number r such that form > r
axe f"A implies xe f"A.
Assume that x € 4, but x ¢ fA. Then we conclude that for each n € N
a"xe f"A implies m < nr.

Consider a reduced fraction x/f™ € As. To show that a is localizing, it suffices to find an
estimation for

a(a"(x/f™),
where ¢ is the function of Proposition 1.28:
a(x/f™) =v(x) —md.
By the remarks above, we may write with y ¢ fA4:

ax s
= A < nr.

fm_fm’ S =

Using this equation, we obtain

v(y) =v(f*) —v(f?) = vla"x) — sv(f)
< Cv(x) +nD — nrv(f).

Here C < 1, D are positive real constants, which exist because « is localizing in A.
Now it is easy to give an estimation for
a(a"(x/f™) = a(uf*/f™).
We omit the details. []

We reformulate Proposition 1.28 in the case where 4 = R[T1, ..., T,| is a polynomial
algebra over an integral domain R with the standard degree valuation v. It extends to a val-
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uation on the quotient field of 4, which we denote by v too. Let f € 4 be a non-zero ele-
ment. We define v’ on Ay associated to d > 0 as before (cf. (1.15)).

We define a second pseudovaluation x4 on the ring A, as follows. Let 9(z) be the
smallest integer n = 0 such that "z € A. We set

(1.31) u(z) = min{v(z), —d9(z) }.
Proposition 1.32. Let A be a polynomial ring with the standard degree valuation v.

Let f € A be a non-constant polynomial. Let us define pseudovaluations v' resp. u on A by
the formulas (1.15) resp. (1.31). Then there are constants Q and Q; such that

Quuzv' =z O
Proof.  We write an element z € A as a reduced fraction
z=(a/f™)

such that m = 9(z). By Proposition 1.28, it is enough to compare u with the function . The
inequality ¢(z) < u(z) is obvious. We show that for a sufficiently big number C > I:

Cu(z) = v(a) —md.
This is obvious if —Cmd < —md + v(a). Therefore we can make the assumption
—(C—=1)md =z v(a).
We have to find C such that the following inequality is satisfied:
C(v(a) —mv(f)) < v(a) — md.
By assumption, we have
(C—1)w(a) £ —(C—1)*md.
Therefore it suffices to show that for big C:
—(C = 1)’md = m(Cv(f) - d).

But this is obvious. []

2. Overconvergent Witt vectors

Let us fix a prime number p. We are going to introduce the ring of overconvergent
Witt vectors. Let 4 be a ring with a proper pseudovaluation v. We assume that p4 = 0.

Let W(A) be the ring of Witt vectors. For any Witt vector

o= (ap,ay,as,...) € W(A)
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we consider the following set 7 («) in the x-y-plane:
(p_iv(ai),i), v(a;) # 0.
For ¢, c € R, ¢ > 0, we define the half plane
H,.={(x,y) € R?|y > —ex+c}.
Moreover, we consider for all ¢ € R the half plane
H.={(x,y) e R*|x = c}.

Let o the set of all half planes of the two different types above. We define the Newton
polygon NP(«) as follows:

NP(a) = N H.

HeAH T (0)eH

Definition 2.1. We say that a Witt vector o has radius of convergence ¢ > 0 if there is
a constant ¢ € R such that

i = —ep v(a) +c.
We denote the set of these Witt vectors by W*(4).

Equivalently, one may say that the Newton polygon NP(«) lies above a line of
slope —e.

We define the Gauss norm y, : W(4) — R by
(2.2) 7.(20) = inf{i +ep~v(a;)}.

Convergence of radius ¢ > 0 means that y,(a) + —oco. We will denote the set of Witt vectors
of radius of convergence ¢ by W#(A).

Proposition 2.3. Let (A,v) be a ring with a proper pseudovaluation such that pA = 0.
Then for any & > 0 the Gauss norm v, is a pseudovaluation on W (A). In particular, W*(A) is
a ring.

If we moreover assume that v is a valuation, we have the following equality for arbitrary
¢, e WeA):

(2.4) 7:(En) = () + 7.(n).

Proof. Clearly, we may assume ¢ = 1. We set y = y,. The first two requirements of
Definition 1.4 are clear. Consider two Witt vectors

f:(ao,al,...)eW(A), ﬂ:(bo,bl,...)EW(A).
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We begin by showing the inequality
(& +n) 2 min{y(<),y(n)}-
To this end, we may assume that there is g € R such that
i+p a)zg, i+pb)zg
We write
E+n=(50,51,-..)

Let S, be the polynomials which define the addition of the Witt vectors:

Sm = Sm(ao, ..., am,boy ..., by).
We know that S,,, is a sum of monomials

M = iag"-...-af;l’”bg")-...-b{:;"

such that
m m
Yplet+y pfi=
i=0 i=0

We have to show that p~"v(m) + m = g. For this, we compute

i=0

pM) £ mz p (z @) + 3 il >+zpem+zp7m)

2 7 (5 e iia) +) + 350 +1)
>p

(Zp ezg+2pfg> >y

This proves the fourth requirement of Definition 1.4.
Next we prove the inequality
(2.5) (&m) 2 7(&) +»(n).
By the inequality already shown, we are reduced to the case
¢="1a, and n=""p]
Since, by assumption, F and V' commute on W (A4), we find

é}? —= VH] [apjbpi] .

15
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We obtain

(a?'b") p/v(a) + p'v(b)

(2.6)  y(én) = VPT +itjz Py i+ j=7(S)+r0)

This proves that y is a pseudovaluation.

Finally, we prove equality (2.4) if v is a valuation. We remark that (2.6) is an equality
in this case. From this we obtain (2.4) in the case where

e="la+&, n=""1+mn,
where & € VIHIW(A), ne V7T W(A) and
2(&) z ("), ) 2 (7).
Next we consider the case that there are i and j such that
p @) +i= (&), pIvby)+ =)

We assume that i and j are minimal with this property. Then we write

E=(ag,...,a;1,0,...)+ & =& +¢,

n=(bo,....bi_1,0,...) +n, =n"+n.

We have by our choice

y(&) > (&) =p(&), vm") > ) =m).
By the case already treated, we have y(&,#;) = y(&;) + y(#,). Then we obtain
(2.7) p(&n) = y(&m +&n' +Enm + )
= min{y(&my) + 7(&n’) + (&) +9(En")}

But by inequality (2.5), this minimum is assumed only for y(&;#,) and therefore (2.7) is an
equality.

Finally, if i and j as above do not exist, this becomes true if we replace ¢ by any ¢
which is a little smaller. If 6 approaches ¢, we obtain the desired result. []

We have the formulas

ye(Va) =1+ ya/p(“)?

(2.8) 7e(Fo) 2 7, (a0),
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Definition 2.9. The union of the rings W#(A4) for ¢ > 0 is called the ring of over-
convergent Witt vectors WT(A).

Corollary 2.10. Let o€ W(A) and let 6 > 0 be a real number. Then there is an & > 0
such that y,(o) > —0.

Proof. Take some negative line of slope —7 below the Newton polygon of «. If this
line does not meet the negative x-axis, we conclude that y_ (o) = 0. In the other case, we
rotate the line around the intersection point to obtain the desired slope —¢. []

We will from now on assume that the pseudovaluation v on 4 is negative. Then we
have

Wo(4) = WiA) ifd > e
By Proposition 2.3, this is a subring.

The ring W(A4) does not change if we replace v by a linearly equivalent pseudovalu-
ation. More generally, let f: A — Ru {00} be any function which is linearly equivalent
to v. Then a Witt vector (xo, x1,...) € W(A) is overconvergent with respect to the v if and
only if there is an ¢ > 0 and a constant C € R such that for all i = 0:

With the notation of Definition 1.9 let 4 be a finitely generated algebra over (R, u).
Any admissible pseudovaluation on A4 leads us to the same ring W'(A4). Leta: 4 — Bbea
homomorphism of finitely generated R-algebras. Then the induced homomorphism on the
rings of Witt vectors respects overconvergent Witt vectors:

(2.11) Wi(a): Wi(4) — W(B).
This is seen by choosing a diagram

R[Ty,...,T,] —— R[Ty,...,T,,S1,...,Su

l |

A B.

On the truncated Witt vectors we consider the functions y,[n] given by

Vs[n] : Wn+1(A) - Ry {00}7

yelm) () = min{i + ep~v(a;) | i < n}.

This is the quotient of y, under the natural map W(4) — W,1(A4) in the sense of (1.2). We
conclude that y,[n] is a proper pseudovaluation.
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The following is obvious: Let 2 oy, be an infinite sum of Witt vectors o, € W (A)
m=0

which converges in the V-adic topology to g € A. Let ¢ > 0 and C € R be such that
yc(“’”) Z C.
Then o is overconvergent, and we have y,(g) = C.

More generally, we can consider families of pseudovaluations d,[n] of W (A4) which
are indexed by real numbers ¢ > 0 and n € N U {c0}. Write d, = d,[o0]. We require that

581 [n} g 582 [n]7 81 é 827
Oc[n] = 0g,[m], n < m.
Definition 2.12. Two families J,[n] and J.[n] given as above are called equivalent if

there are constants ¢y, ¢3,d),d>» € R, where ¢; > 0, ¢; > 0, such that for sufficiently small ¢
the following inequalities hold:

Let v and v/ be negative pseudovaluations on A which are linearly equivalent. Then
the families y, and y, of Gauss norms defined by (2.2) are equivalent.

We obtain from Lemma 1.10 the following:

Proposition 2.13.  Let (R, ) be a ring with a negative pseudovaluation. Let A be an
R-algebra which is free as an R-module. Let © be an admissible pseudovaluation on A given
by Proposition 1.8.

We transport u" to A by an isomorphism R"=>~A. Then a Witt vector
(ag,ai,...) € W(A) is overconvergent with respect to t if and only if there is an ¢ > 0 and a
constant C € R such that

i+p'u(a;) = —C.

In particular, a Witt vector r = (ro,r1,...) € W(R) is overconvergent if and only if its image
in W(A) is overconvergent.

Proof.  Only the last sentence needs a justification. Assume r is overconvergent in A.
By the first part of the proposition, this means the following:

Let ¢; be a basis of the R-module 4. We write

1= Z Cmlm, Cm€R.
m



Davis, Langer and Zink, Overconvergent Witt vectors 19

Then overconvergence means that there are constants ¢ >0 and C € R such that for
l1<m<nandi=0:

i+ pu(enri)e = C.
By Cohen-Seidenberg, it is clear that c,, generate the unit ideal in R:
1= ¢t
This gives
pu(ri) Z min{ u(cprs) + p(u;) } 2 min{u(cnri)} — C'

for some constant C’ which depends only on the elements u,,. Therefore we see that
re WT(R). We leave the proof of inclusion WT(R) = WT(A) to the reader. []

Lemma 2.14. Assume that f € A is localizing. Let ¢ € W(A) be a Witt vector such
that c € W1(Ay). Then c € WT(A).

Proof. We write ¢ = (¢, ¢, ¢2,...), Where ¢; € A. By Lemma 1.16, we find represen-
tations ¢; = @;/f" and real numbers ¢ > 0 and U such that

i+ p_ie(v(ai) — m,-d) >-U.
Since f is localizing, we obtain
v(a;)) =v(f™¢;) < Cv(e;) +mD,
and therefore
—U <i+p'e(Cv(c;)) + mi(D —d)) =i+ p'eCv(c;) + p~'emi(D — d).

By our choice D < d, the last summand is not positive. This shows that c € WT(4). [J

Proposition 2.15. Let (A,v) be an integral domain with a negative pseudovaluation
such that any non-zero element is localizing. Let o.: A — B be an injective ring homomor-
phism of finite type which is generically finite. Then we have

W(A)n Wi(B) = Wi(A4).

Proof. Indeed, we find an element ¢ € 4, ¢ + 0, such that 4. — B, is finite, and B, is
a free A.-module. Clearly, it suffices to show the proposition if we replace B by B.. We con-
sider the maps 4 — 4, — B, and apply the last lemma and Proposition 2.13. []

Proposition 2.16. Let A — B be a smooth morphism of finitely generated algebras
over a field K of characteristic p. We endow them with admissible pseudovaluations. Then

we have

W(A)n Wi(B) = Wi(4).
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Proof. By Proposition 3.2, W' is a sheaf in the Zariski topology. Therefore the
question is local on Spec A. We therefore may assume by Corollary 1.29 that any non-
zero element of A is localizing. Obviously, the question is local on Spec B. By the definition
of smoothness, we may therefore assume that the morphism factors

A— AlT,,...,T;] — B,

where the last arrow is étale and in particular generically finite. We show the proposition
for both arrows separately.

We know by the remark after Definition 1.9 that there is an admissible pseudovalua-
tion on A[T1,..., T,] whose restriction to A is an admissible pseudovaluation. This shows
the assertion for the first arrow.

For the second arrow we use Proposition 2.15. It is enough to show that any element
in C = A[Ty,..., T4 is localizing. But this is Corollary 1.29. [

Let R be an integral domain and endow it with the trivial valuation. Consider on the
polynomial ring 4 = R[T}, ..., T,| a degree valuation v such that v(7;) = —; < 0. Let y,
be the associated Gauss norms on W (A). In the following we need the dependence on 6.
Therefore we set

»©® =y, and then y©) = Ve

Let us denote by [1,d] the set of natural numbers between 1 and d. A weight k is a
function k : [1,d] — Zxo[1/p]. Its values are denoted by k;. The denominator of k is the
smallest number u such that p“k takes values in Z. Set d(k) = k101 + - - - + kqg04. We write
X; = T; for the Teichmiiller representative and we set X k—x 1/” X f".

By [8], any element o € W(A4) has a unique expansion

(2.17) o= Xk & eV'W(R).
k

Here u denotes the denominator of k. This series is convergent in the V-adic topology, i.e.
for a given m € N we have &, € V"W (R) for almost all k.

For & € W(R) we define
ordy & =min{m|&e V"W (R)}.
Proposition 2.18.  The Gauss norm of 3% is given by the formula
(2.19) 79 () = inf{ordy & —d(k)},
and the truncated Gauss norm is given by
(2.20) 7] (2) = min{co, ordy & —o(k)| & ¢ V™I W(R)}

= min{y ¥ (& X))
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Proof. It is enough to show equation (2.20). The formula is obvious if & = &, X* for
a particular k. This implies (2.20) if the minimum is attained exactly once on the right-hand
side.

Let 0¥ e Rio, /e N, be a sequence which converges to the given . We denote by

y[n] the truncated Gauss norm on W, (A) associated to numbers ). We easily see that

lim @[] (o) =y [n] (a).

[— o0

Clearly, the right-hand side of (2.20) is also continuous with respect to d. Therefore it suf-
fices for the proof to construct a sequence 5" such that for each / the minimum

min{y " [n] (X )}

is assumed exactly once. This is the case for « # 0. Indeed, on the right-hand side of (2.20)
all but finitely many y,[n](&, X*) are equal to 0. We denote by g the smallest of these val-
ues and by g; the next greater value, which may be oo. Let T be the set of weights where
the value ¢ is assumed.

The set of linear functions 7 : RY — R such that
ordy & +n(k) * ordy & + (k')

for two different weights involved of 7" is dense. We find an # in this set whose matrix has
positive entries. Moreover, we may assume that 7(k) < (g1 — q)/2 if y9n](&X*) + oo.
Then 6(/) = & + /~'5 meets our requirements. []

Remark. In the case of a polynomial algebra A4, it is useful to consider a stronger
version of overconvergence, which makes only sense for rings of Witt vectors. With the
above notation we define

(2.21) 7.(00) = inf{ordy & — elk| — u}.

This is clearly a pseudovaluation for each e. If this inf is not —oo, we call o overconvergent
with respect to J,. One easily verifies

To(2) = 7:(2),
Po(0") 2 (r = 1)y,(a) + 7.(@)-

It is important to note that the Teichmiiller representative [f] of an element f € 4 is
y.-overconvergent. This is an immediate consequence of the following

(2.22)

Lemma 2.23. Let R be a Z,-algebra. Let A be an R-algebra. Let xy,...,x, € R and
t,...,tq € A be elements. We denote by k = (ki,...,kq) € Z=o[1/p] a weight. Then we have
in W(A) the following relation:

(2.24) [Xit1+ -+ xatg] = S0 ogln]™ - [1a]™,
k. |k|=1

where oy € VW (R) and p" is the denominator of k.
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Proof. Clearly, it is enough to show this lemma in the case where x; = 1,...,x; = 1.
Moreover, we may restrict ourselves to the case where R = 7, and A4 is the polynomial al-
gebra over Z, in the variables #,...,2;. Then W(A4) is a Z>([1/p]-graded such that the
monomial [#,]* - ... [14]* has degree |k| (note that this monomial is in general not in
W (A)). More precisely, a Witt vector of polynomials (po, p1, p2,-..) & 0 is homogeneous
of degree m € Z>[1/p] if each polynomial p; has degree p'm, if p; + 0. In the case where
p'm is not an integer, the condition says that p; = 0.

Since [#; + - - - + 4] is homogeneous of degree 1, the lemma follows from [8], Prop-
osition 2.3. [

Lemma 2.25. Let (A,v) be a ring with a proper pseudovaluation. Let a. € VW (A). As-
sume that y,(o) = 0. Then the element 1 — o is a unit in W(A) and we have

(2.26) 7(1—a)"' > 0.

Assume moreover that A = R[Ty, ..., Ty] is a polynomial ring with a degree valuation.
Then

j;s(l - O()il = min{0> )\;P(O‘)}
In particular, (1 — oc)_1 is y,-overconvergent if so is o.

Proof.  Write o = ". We find y, , () > —1. In W (4) we have the identity

(1="p " =14+ p ) =L o

i>0 i>0

The middle term shows that the series converges }V-adically, and the last sum proves in-
equality (2.26). The last assertion is obvious from (2.22). [J

Proposition 2.27. Let (A,v) be a ring with a proper pseudovaluation. Furthermore, let
W, : W(A) — A denote the Witt polynomials. An element « € W1(A) is a unit if and only if
wo(a) is a unit in A.

Assume moreover that A = R[T\, ..., T4 is a polynomial ring with a degree valuation.
If o is §,-overconvergent, then o~ is js-overconvergent for some & > 0.

Proof. We write o = [a] + "5, with a € A4 and 5 € W(A). To prove the first asser-
tion, we may assume that ¢ = 1. Applying Corollary 2.10, we assume that y, (V) > 0.
Then the assertion follows from Lemma 2.25.

Now we prove the second assertion: Since every Teichmiiller representative is
j.-overconvergent, it suffices to show that the inverse of 1+ [a~']"n =1+ "([a?]y) is

¥,-overconvergent. Since J, is a pseudovaluation, we see that " ([a=?]y) is §,-overconvergent
too. By Corollary 2.10, we find ¢/p such that

ya/p([aip]n) > -1

Therefore we may apply Lemma 2.25. []
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Proposition 2.28. Let A be an algebra over a perfect field K. Let v be an admissible
pseudovaluation on A. Then WT(A) is an algebra over the complete local ring W (K).

The W (K)-algebra W1(A) is weakly complete in the sense of [13].
Proof. Letzy,...,z, € Wi(A). Consider an infinite series

(2.29) Sazk, ae W(K), K=z 2k

We assume that there are real numbers 0 > 0 and ¢ such that
ord, a; = J|k| + c.
This implies that the series (2.29) converges in W (A4). We have to show that the series con-

verges to an element W1(4). We choose a common radius ¢ of convergence for zy, ..., z,.
Making ¢ smaller, we may assume that

1\

ye(zi) —0.

Then we find
y,(ara®) = ord, ay —lk| = c.
Therefore (2.29) converges to an element of WT(A4). []

We will point out that by Monsky and Washnitzer the last proposition implies
Hensel’s lemma for the overconvergent Witt vectors:

Proposition 2.30. Let A be an algebra over a perfect field K. Let v be an admissible
pseudovaluation on A. Let f(T) e WT(A)[T] be a polynomial. We consider the homomor-
phism wo : Wi(A) — A.

Let a € A be an element such that
fla)=0 and f'(a)isaunitin A.
Then there is a unique o € W1(A) such that f () = 0 and such that a = o mod VW 1(A).

Proof. The kernel of the natural morphism W1(A4)/pWT(A4) — A is an ideal whose
square is zero. Therefore there is an & € W(A4)/pW1(A4) which reduces to a and such that
f(&) = 0. The rest of the proof is a general fact about weakly complete algebras explained
below. [

For the explanation we follow the notation of [13]: Let (R, ) be a complete noether-
ian ring. Let 4 be a weakly complete finitely generated (w.c.f.g.) algebra over (R, ). We
write A = A/IA. Let A — B be a morphism of w.c.f.g. algebras such that

B=A[Xy,....X,)/(FV...F¥))  s<n,
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oF =
X > generate the unit ideal in B. Then by [13], p. 195,

J
the morphism 4 — B is very smooth. As an example we may take for B the weak comple-

tion of

and the s x s subdeterminants of <

AX, T)/(f(X),1 = f1(X)T),
where f(X) € A[X] is a polynomial.

Proposition 2.31. Let C be a weakly complete (not necessarily finitely generated but
p-adically separated) algebra over (R, I). Let f(X) e C[X] be a polynomial and let 5 € C be
an element such that f(7) = 0 and f'(7) is a unit in C. Then there is a unique element y € C
such that f(y) =0 and y = 5 mod IC.

Proof. By Hensel’s lemma applied to the completion of C, the uniqueness of the so-
lution is clear.

For the existence we write f(X) = s, X + 541 X' 4+ - 4+ 51X + 50, where s5; € C.
Let A = R[Sy, ... ,So]T be the weak completion of the polynomial algebra. We set

F(X)=8:X"4- -+ SiX + Sy € A[X]
and we let B be the weak completion of

Let A — C be the homomorphism defined by S; — s;. The solution ¥ defines a homomor-
phism
R/1[S4,....80,X,T|/(F(X),1-TF'(X)) — C,

where S;+— s; modIC and X — 7, T — f’ (37)71. Hence we obtain a commutative dia-
gram

|

A—AQ

(2.32)

oy o—

—_—

Since 4 — B is very smooth by the example above, we find a morphism B’ — C mak-
ing (2.32) commutative. The image of X is the desired solution y € C. []

We will now study the behavior of overconvergent Witt vectors in finite étale exten-
sions. Let 4 be a finitely generated K-algebra. Let B be a finite étale A-algebra which is free
as an A-module. Let ¢;, 1 <i < r, be a basis of the 4-module B. Then the natural map

(2.33) W(A) — W(B),

which maps the standard basis of the free module W (4)" to the Teichmiiller representatives
[ei], is an isomorphism. Moreover, W (B) is an étale algebra over W (A4).
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Indeed, from [8], A8, it follows that the W, (A4)-algebra W,(B) is étale for each n. We

set I, = VW, _1(A) = W,(A). Then by loc. cit. we have I, W,(B) = VW,(B). From this we
conclude by the Lemma of Nakayama that

W (Ay — Wu(B)

is an isomorphism. Taking the projective limit, we obtain (2.33). If we tensor (2.33) with
A®,,, we obtain that 4 ®,,, W (B) = B.

We will now assume that B is monic,
B = A[T|/f(T)A[T),
where
(2.34) f(T)=T" —¢py  T" ' = — T — co.

Let v be a negative pseudovaluation on 4. We endow B with the equivalence class of ad-
missible pseudovaluations defined by Proposition 1.8.

Lemma 2.35. Let d € R be such that d > v(c;) fori = 1,...,m. An element b € B has
a unique representation

m—1 .
b= Z a,»T’.
i=0
We set

(2.36) ¥(b) = min {v(a) — id}.

i=1,....,m—1
Then v is an admissible pseudovaluation on B.

Proof:  We consider on A[T] the pseudovaluation x (cf. (1.13)). We will show that
with d given as above 7 is the quotient of p.

Let
l; = Z ujT/
j=0

be an arbitrary representative of 5. We need to show that ,u(B) is smaller than the right-
hand side of (2.36). We prove this by induction on s. For s < m there is nothing to show.
For s = m we obtain another representative of b:

- m—1 . m—1
2.37 b= > wT/+ > w T )Tk
7
j=0

k=m =0
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On the right-hand side, there is a polynomial of degree at most s — 1. Therefore it suffices,
by induction, to show that

The last inequality is a consequence of the following:

pwT7) = p(b) forj=0,....m—1,
(2.38) ]
w(uge; Ty = p(b) fork=m, 0<1<m— 1.

The first set of these inequalities is trivial. For the second set we compute
w(ue, Ty = () + v(er) — kd + (m — )d
> () — kd = p(b).
The last equation holds because by the choice of d we have
v(er) + (m—1)d = 0.

This shows the second set of inequalities. []

Because v restricted to 4 coincides with v, we simplify the notation by setting v = v.
The Gauss norms (2.2) induced by the pseudovaluation v on W(B) and W (A) will be also

denoted by the same symbols y,.

Lemma 2.39. With the notation of Lemma 2.35 we assume that B is étale over A. We
will denote the residue class of T in B by t.

Then there is a constant G € R with the following property: Each b € B has for each in-
teger n = 0 a unique representation

m—1 .
b= Zamt’p .
i=0

Then we have the following estimates for the pseudovaluations of a;:
(2.40) v(an) = v(b) — p"G.
Proof. Since B is étale over A, the elements

I A AN L

are for each n a basis of the 4-module B. We write

m—1

(241) [i = Z;)Llj,'tjp.
J=
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We introduce the matrix U = (u;;) and we set for matrices
v(U) = min{v(u;)}
We deduce the relation

ayy = ) wjido;
i

and we will write the last equality in matrix notation:
a(l) = Ua(0).

Let U(?") be the matrix obtained from U by raising all entries of U to the p”-th power.
Then we obtain with the obvious notation:

a(n+1) = UPa(n).

It is obvious that for two matrices U;, U, with entries in B

(UL Up) 2 v(Uy) 4+ v(Us).
We choose a constant C such that

v(U) =z —C.
Therefore we obtain:
v(a(n)) = v(UW_l) -...- Ua(0))
> —(p"'C+- 4 pC+ C) +v(a(0)).

By Lemma 2.33, we have

v(b) = min{v(ay;) — id} < v(a(0)).

Therefore we obtain
C
v(a(n)) = —p"p— +v(b).

We thus found the desired constant. []

Proposition 2.42. Let B = A[t] be a finite étale A-algebra as in Lemma 2.39. Let
G > 0 be the constant of this lemma. Let x = [t] € W(B) be the Teichmiiller representative.
By (2.33), 1,x,...,x"™ ! is a basis of the W(A)-module W (B). We write an element
n € W(B) as follows:

m—1

n= ;)fixi; &ie W(A).
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There is a real number 6 > 0 such that for e £ 6
(1) = —C implies y,(&) = —C —&G.
Proof. We choose a constant G’ > 0 such that
v(t') = -G, fori=0,....m—1.
Let 0 be such that 6(G + G') < 1. Write

&E=>" Vs[asyi] with a, ; € 4

s=0

and define

L) =3 " asl.

s=n

We will show by induction on # the following two assertions:

.43) (5 e} z e
(2.44) 7.(" [ani]) = —C — &G.

We begin by showing that the first inequality for a given »n implies the second. To this end,
we set

m—1

O(n) = 3> V()X

i=0
The first non-zero component of this Witt vector is

m—1

l‘ n
Yn = Z an,itp
i=0

in place n + 1. We conclude that
n+ep "v(yn) 2 7.(0(n)) = -C,
where the last inequality is (2.43). This shows that
v(y) 2 —ep"(C+n).
We conclude by Lemma 2.39 that

(2.45) v(ani) = —(p"/e)(C+n) — p"G,
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and therefore
v -
(" ani]) =n+ep"v(an) 2 —C —&G.

Therefore the proposition follows if we show the assertion (2.43) by induction. The asser-
tion is trivial for n = 0 and we assume it for n. With the above notation we write

On+1)=0(n)— ;) v [an,i]x"

= (0(n) = ""[ya]) — <Zl MMag)x' =" [yn]>.

i=0

The Witt vector in the first brackets has only entries which also appear in 6(n) and there-
fore has Gauss norm y, = —C. The assertion follows if we show the same inequality for the
Witt vector in the second brackets:

Pt m=1 p i
T= Z [an,i]x - [yn] :

i=0
We set

m—1

[yn] = ;0 [an.it™"] = (50, 51,52, ...).

Then we find
"1 =1(0,51,5,...).
We know that s; is a homogeneous polynomial of degree p’ in the variables a, ;i7" for
i=1,...,m— 1. By the choice of G’, we find v(¢?") = p"v(t') = —p"G’. Using (2.45) we
find
v(s1) 2 —p'((p"/e)(C +n) + p"G) — p'p"G' = —p"™((1/)(C +n) + G + G).
We have

n+l n+l
=" s
=1
For the Gauss norms of the entries of this vector we find for / > 1:

2V ) =0+ e () 2+ 1 —e((1/e)(C +n) + G+ G)
=1-C-eG+G)=—-C.

The last inequality follows since / = 1 by the choice of 6. We conclude that

(" z-Co O



30 Davis, Langer and Zink, Overconvergent Witt vectors

Corollary 2.46. Let A be a finitely generated algebra over K. Let B = A[T]/(f(T))
be a finite étale A-algebra, where f(T) € A[T) is a monic polynomial of degree n. We denote
by t the residue class of T in B, and set x = [t] € WT(B).

Then W1(B) is finite and étale over W1(A) with basis 1,x,...,x"\.

3. The sheaf property

We will prove that the overconvergent Witt vectors are a sheaf for the Zariski topol-
ogy. This is done for overconvergent Witt differentials over a perfect field in [2]. For Witt
vectors the argument given here is more elementary and works over an integral domain R.
The basic idea due to Meredith is the same as for Witt differentials.

Let R be an integral domain of characteristic p. Consider the ring

L=R[Ty,...,T, St ... St

»m

We define a pseudovalution v on L. Write a € L as a Laurent polynomial

a=YoayT*S", kezl,lez™.
k.l -

We set
v(a) = —max{|k| + |/| | oy + 0}

and v(0) = co. By Proposition 1.32, this is an admissible pseudovaluation (Definition 1.9).
The degree of a € L is by definition dega = —v(a). We should note that in general we have
only deg(ab) < dega + degb, but not equality.

Consider a Witt vector

(31) g = (S(),S],Sz,...)e W(L)
The normalized degree of ¢ is defined by

Ndego = sup{degs;/p’|ie Zx¢}.

If Ndego < oo, we call ¢ bounded. The bounded Witt vectors are a subring of the overcon-
vergent Witt vectors which are defined by the Gauss norms

ys5(0) = inf{i — 5 degs;/p'}.

We will say that a Witt vector (3.1) is concentrated in an interval [c,d] = Zx if s; = 0 for
i¢[cd].

Let A be a finitely generated algebra over R. We consider X = SpecA4 as a
Grothendieck topology with objects being the open set D(f), with f € 4, and the usual
coverings. We denote by W10 the presheaf D(f) — WT(Ay).
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Proposition 3.2. Let fi,..., f, € A be elements which generate the ideal A. Let U
be the covering of Spec A by the open sets U; = D(f;). Then we have for the Cech coho-
mology

wi(4) ifi=0,

(3.3) Hi(u,wio) = {0 Fizl

In particular, the presheaf WO extends uniquely to a sheaf on the topological space Spec A.

Proof. We augment the Cech complex by W(A4) and show that the cohomology of
the augmented complex is 0. Let us first assume that f; is not a zero-divisor fori = 1,...,m.

We represent A as a quotient
R[Tlv--ng;Sl,“-;Sm] — A

such that the elements S; are mapped to f;. If we speak of the degree dega of an element
a € A, we mean the degree of a given representative a € L which will be clear from the con-
text, e.g. for f; we take always the representative S; and write deg f; = 1. In the same sense
we will speak of the normalized degree of an element in W (4).

For a localization 4 iy fiy WE consider the representation
RIT, .., Ty, Sty S S S = Ay

Degrees of elements in Ay, .7, are meant with respect to this representation.

Then the Teichmiiller representatives [fi], ..., [f.] generate the unit ideal in W(4).
We find the relation

m

Zri[ﬁ]zl, r; € WT(A)

i=1
If we raise this equation to the m/-th power, we find the relation

Q/vi(r17"'7r'7l7 [fl]vﬂ[fm])[fl}/ = 1.

Here Q, ; are polynomials which are homogeneous of degree m/ in ry,. .., r, and homoge-
neous of degree (m — 1)/ in [fi], ..., [fu]-

will show that o is a coboundary.

We write ¢ = (s(0),s(1),s(2),...). Since this Witt vector is overconvergent, we find
C e N such that
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Here we have chosen representatives of s(/)
We rewrite the last inequality in the form

io.....;, which are fixed throughout our discussion.

(3.4) degs(/) < C(/+1)p’.

Define the truncated cochain
o< = (s(0),s(1),...,s(2" = 1),0,0,...).

We deduce from (3.4) that

(3.5) Ndego™" < C2".
In particular, this implies that

o5 e W(dy.p,).

This Witt vector is concentrated in [0, 2").

We will consider ““generalized”” cochains y that have values in the polynomial rings
WT(AﬁO.,_._ﬁ’_)[rl, ..., m]. If we speak of the normalized degree of such a cochain, we mean
the maximum of the normalized degrees of the coefficients of these polynomials in ry, ..., ry,
while degree means degree of the polynomials. This will be denoted by Pdeg.

Now we construct inductively “generalized” cochains

U i € W(A l_l.mA‘f;.’_)[}’l, c ,}’m}

1) Pdegt . < 2Cm2".
ey Iy
(2) Ndegz;" , <2Cm2*".
ferXl u
(3) [ i/g] Ti<1,...,i,(,...,i,. € W(Aﬁl-i..,f,;,..uﬁ,)[rl’ cee ,}’m].

(4) 0<% — 0<% = 0 modulo V?' W*(Af,.o‘_“.fi,).

(5) <! = ¢<* 4 t[u + 1], where 7[u + 1] is concentrated in the interval [2%,24F1).
We note that in (4) we have evaluated the polynomials in r;.

Assume that =¥ is constructed. Then we consider the r-cochain

y = <0_<u+1 - 6T<u)<u+1.

Here we truncate the difference in the place 2“*!. Then y is concentrated in [2%,2“*!) and
has normalized degree Ndegy < 2Cm2". By property (1), we have Pdegy < 2Cm2". Then
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we define the “generalized” cochain

.....

where we truncate again the sum at the place 2“*!. Then t[u 4 1] has normalized degree
Ndeg t[u + 1] < mC2*“*! 4 2Cm2" = 2Cm2"*!.
The degree of t[u + 1] as a polynomial in r; is £ mC2**! + mC24+! = 2Cm2"+1,

If we restrict our cochains to W5.:1 (A4 iy fi ), then y becomes a cocycle and a standard
formal computation yields

y — dt[u + 1] = 0 modulo y2
This implies
o<t — (01" + dt[u+ 1]) = 0 modulo V2"

By property (5), this shows (4). The properties (1) and (2) follow from the corresponding
properties for t[u + 1] proven above. Finally, we obtain

u+1
[J[i/c]cz T[u+1]i ey I EW(A ~ _)[H,...,Vm]
Lyeesbr i '"’ﬁk""ﬁ’

since this holds for ¢<**! and for dr<".
Therefore we have constructed data with the properties (1)—(5) as required.

We consider the polynomial

[I| < Cm2u+!

i.e. we evaluate the polynomials. Then ¢ is the boundary of > 7[u]. We have to show that
the last element converges to an element in W(d4y; _z).  “

For this we compute the Gauss norms. Since t[u|(I) is concentrated in [24~!, 2%), we
find by property (2)
ys(e(1)) = 27! — 62Cm2" = 242
ifo < 1/8mC.

On the other hand, we find for arbitrarily small e > 0 a J > 0 such that ys(r;) > —e.
Then we have

EREE]

,,,,,

if e < 1/8mC. Therefore the terms of the sum »z[u], , are uniformly bounded in the

Gauss norm y; and therefore this sum converges to an element of 7
such that dt = o.

i € WT(Aﬁl....-fir),

yueny
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Finally, we treat the case where zero-divisors among the f; are allowed. Then we find
a surjective algebra homomorphism B — A such that B is a finitely generated algebra over
R and such that there are preimages g; € B of f; which are not zero-divisors in B and gen-
erate the unit ideal: (g1,...,9m) = B.

Let a be the kernel of B — A. Then we obtain an exact sequence of presheaves on
Spec B:

(3.6) 0— Wi(a,) — Wi(B,) — Wi(4,) — 0.

Let % be the covering of Spec B given by the D(g;) for i = 1,...,m. We have shown that
the Cech cohomology of the presheaf WT(B,) is trivial with respect to . But the same ar-
gument shows that the Cech cohomology of the presheaf W(a,) is trivial as well. Since
Ay, = Ay, we obtain (3.3) from the cohomology sequence. []
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