
Contents
Preface| XI

Introduction| XIII

1 Preliminaries| 1
1.1 Notations, concepts and lemmas| 1
1.2 Fractional calculus| 2
1.2.1 Definitions| 2
1.2.2 Properties| 9
1.2.3 Special functions| 12
1.3 Semigroups| 13
1.3.1 C0-semigroup| 13
1.3.2 Almost sectorial operators| 14
1.4 Results from analysis| 18
1.4.1 Laplace and Fourier transforms| 18
1.4.2 Weak compactness of sets and operators| 19
1.4.3 Measure of noncompactness| 20
1.4.4 Fixed-point theorems| 23
1.5 Stochastic process| 25
1.5.1 Random variables| 25
1.5.2 Stochastic calculus| 27

2 Fractional evolution equations of order α ∈ (0, 1)| 29
2.1 Initial value problems with Hilfer derivative| 29
2.1.1 Introduction| 29
2.1.2 Definition of mild solutions| 30
2.1.3 Existence of mild solutions| 37
2.2 Initial value problems with nondense domain| 44
2.2.1 Introduction| 44
2.2.2 Integral solution to nonhomogeneous Cauchy problem| 45
2.2.3 Integral solution to nonlinear Cauchy problem| 53
2.2.4 An example| 59
2.3 Terminal value problems with the Liouville–Weyl derivative| 59
2.3.1 Introduction| 59
2.3.2 Definition of mild solutions| 60
2.3.3 Lemmas| 62
2.3.4 Compact semigroup case| 70
2.3.5 Noncompact semigroup case| 72
2.4 Attractivity of evolution equations with almost sectorial

operators| 76



VIII | Contents

2.4.1 Introduction| 76
2.4.2 Preliminaries| 76
2.4.3 Auxiliary lemmas| 79
2.4.4 Compact semigroup case| 84
2.4.5 Noncompact semigroup case| 86
2.4.6 Example| 86

3 Fractional control systems of order α ∈ (0, 1)| 89
3.1 Controllability| 89
3.1.1 Introduction| 89
3.1.2 Existence of mild solutions| 90
3.1.3 Controllability results| 97
3.1.4 Examples| 103
3.2 Optimal control| 106
3.2.1 Introduction| 106
3.2.2 Preliminaries| 108
3.2.3 Convergence of mild solutions| 110
3.2.4 Convergence of optimal control and cost functional| 121
3.2.5 Error estimates of optimal control and cost functional| 123
3.2.6 Applications| 126

4 Fractional evolution equations and inclusions of order α ∈ (1, 2)| 129
4.1 Fractional control systems| 129
4.1.1 Introduction| 129
4.1.2 Preliminaries| 131
4.1.3 Definition of mild solutions| 132
4.1.4 Controllability results| 140
4.1.5 An example| 147
4.2 Nonlocal evolution inclusions| 150
4.2.1 Introduction| 150
4.2.2 Preliminaries| 151
4.2.3 Existence results| 155
4.2.4 Control problem| 164

5 Fractional neutral evolution equations and inclusions| 169
5.1 Nonlocal Cauchy problem| 169
5.1.1 Introduction| 169
5.1.2 Existence and uniqueness| 170
5.1.3 An example| 189
5.2 Topological properties of solution sets| 192
5.2.1 Introduction| 192
5.2.2 Preliminaries| 193



Contents | IX

5.2.3 Statement of Problem| 194
5.2.4 Topological structure of solution sets| 199
5.2.5 An Example| 212

6 Fractional evolution equations on whole real axis| 215
6.1 Periodic solutions and S-asymptotically periodic solutions| 215
6.1.1 Introduction| 215
6.1.2 Preliminaries| 216
6.1.3 Linear equations| 222
6.1.4 Nonlinear equations| 228
6.1.5 Examples| 233
6.2 Asymptotically almost periodic solutions| 234
6.2.1 Introduction| 234
6.2.2 Preliminaries| 235
6.2.3 Existence| 237
6.2.4 Applications| 249

7 Discrete time fractional evolution equations| 251
7.1 Cauchy problem| 251
7.1.1 Introduction| 251
7.1.2 Preliminaries| 254
7.1.3 Resolvent sequences| 257
7.1.4 Inhomogeneous Cauchy problem| 261
7.1.5 Semilinear Cauchy problem| 263
7.1.6 Examples| 268
7.2 Stability| 272
7.2.1 Introduction| 272
7.2.2 Preliminaries| 273
7.2.3 Existence of stable solutions| 275
7.2.4 Ulam–Hyers–Rassias stability| 282
7.3 Asymptotic almost periodicity| 285
7.3.1 Introduction| 285
7.3.2 Preliminaries| 287
7.3.3 Existence| 296
7.3.4 Applications| 311

Bibliography| 313

Index| 323




