Nicola Gigli
Measure Theory in Non-Smooth Spaces






Nicola Gigli
Measure Theory in

Non-Smooth
Spaces

Managing Editor: Agnieszka Bednarczyk-Drag
Series Editor: Gianluca Crippa
Language Editor: Sara Tavares

Open Access
Partial Differential Equations and
Measure Theory

] DE GRUYTER
el COPEN



ISBN 978-3-11-055082-5
e-ISBN (PDF) 978-3-11-055083-2

(@) ev-nc-np |

This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 license.
For details go to http://creativecommons.org/licenses/by-nc-nd/3.0/.

Library of Congress Cataloging-in-Publication Data
A CIP catalog record for this book has been applied for at the Library of Congress.

© 2017 Nicola Gigli and Chapters’ Contributors, published by de Gruyter Open

Published by De Gruyter Open Ltd, Warsaw/Berlin

Part of Walter de Gruyter GmbH, Berlin/Boston

The book is published with open access at www.degruyter.com.
Cover illustration: © sakkmesterke

Managing Editor: Agnieszka Bednarczyk-Drag
Series Editor: Gianluca Crippa

Language Editor: Sara Tavares

www.degruyteropen.com


www.degruyter.com
www.degruyteropen.com

Contents

Luigi Ambrosio and Shouhei Honda
New stability results for sequences of metric measure spaces with uniform Ricci
bounds from below —1

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8
1.9
1.10
1.11

Introduction —1

Notation and basic setting—5

Convergence of functions — 6

Minimal relaxed slopes, Cheeger energy and RCD(K, oo) spaces — 10
Local convergence of gradients under Mosco convergence — 16
BV functions and their stability — 22

Compactness in H*P and in BV — 25

Mosco convergence of p-Cheeger energies — 28

p-spectral gap — 30

Stability of Hessians and Ricci tensor — 37

Dimensional stability results — 45

Vladimir |. Bogachev
Surface measures in infinite-dimensional spaces — 52

2.1
2.2
2.3
2.4
2.5
2.6
2.7

Introduction — 52

Notation and terminology — 55

Surface measures in the Gaussian case — 57

Surface measures for differentiable measures — 69

Fine versions of surface measures controlled by capacities — 79
Examples and comments — 83

Surface measures of higher codimension — 87

Fabio Cavalletti
An Overview of L! optimal transportation on metric measure spaces — 98

3.1
3.1.1
3.1.2
3.1.3
3.2
3.2.1
3.2.2
3.2.3
3.3
3.3.1
3.4

Introduction — 98

Monge problem — 98

Lévy-Gromov isoperimetric inequality — 102
Outline — 104

Preliminaries — 105

Geometry of metric measure spaces — 106
Isoperimetric profile function — 108
Disintegration of measures — 109

Transport set —111

Branching structures in the Transport set — 113
Cyclically monotone sets — 115



3.4.1
3.4.2
3.5

3.5.1
3.5.2
3.5.3
3.5.4
3.6

3.6.1
3.6.2

Structure of the quotient set — 120

Balanced transportation — 123

Regularity of conditional measures — 125
Atomless conditional probabilities — 126
Absolute continuity — 127

Weak Ricci curvature bounds: MCP(K, N) — 129
Weak Ricci curvature bounds: CD(K, N) — 133
Applications — 137

Solution of the Monge problem — 137
Isoperimetric inequality — 140

Guido De Philippis, Andrea Marchese, and Filip Rindler
On a conjecture of Cheeger — 145

4.1
4.2
4.2.1
4.2.2
4.2.3
4.3

Introduction — 145

Setup — 146

Lipschitz differentiability spaces — 146
Alberti representations — 147
One-dimensional currents — 148

Proof of Cheeger’s conjecture — 152

Tom Leinster and Mark W. Meckes
The magnitude of a metric space: from category theory to geometric measure
theory — 156

5.1

5.2

5.2.1
5.2.2
5.2.3
5.2.4
5.2.5
5.3

5.3.1
5.3.2
5.3.3
5.4

5.4.1
5.4.2
5.4.3
5.4.4
5.5

Introduction — 156

Finite metric spaces — 158

The magnitude of a matrix — 158

The Euler characteristic of a finite category — 159
Enriched categories — 160

The magnitude of a finite metric space — 162
Positive definite metric spaces — 164
Compact metric spaces — 165

Compact positive definite spaces — 166
Weight measures — 169

Maximum diversity — 172

Magnitude in normed spaces — 174
Magnitude in R — 175

Magnitude in the ¢;-norm — 176

The Fourier-analytic perspective — 181
Magnitude in Euclidean space — 185

Open problems — 190



Christian Léonard
On the convexity of the entropy along entropic interpolations — 194

6.1 Entropic interpolation — 197

6.2 Second derivative of the entropy — 206

6.3 Brownian diffusion process — 210

6.4 Random walk on a graph — 216

6.5 Convergence to equilibrium — 224

6.6 Some open questions about curvature and entropic

interpolations — 231

Nageswari Shanmugalingam
Brief survey on co-Poincaré inequality and existence of co-harmonic
functions — 243

7.1 Introduction — 243

7.2 Background — 244

7.3 Characterizations of eo-Poincaré inequality — 248

7.4 Existence of eo-harmonic extensions of Lipschitz functions — 252
7.5 Examples — 255

Takashi Shioya
Metric measure limits of spheres and complex projective spaces — 261
8.1 Introduction — 261

8.2 Preliminaries — 264

8.2.1 mm-lsomorphism and Lipschitz order — 264

8.2.2 Observable diameter — 265

8.2.3 Separation distance — 265

8.2.4 Box distance and observable distance — 266
8.2.5 Quotient space — 268

8.2.6 Pyramid — 268

8.3 Metric on the space of pyramids — 270

8.4 Gaussian space and Hopf quotient — 274

8.5 Estimate of observable diameter — 275

8.6 Limits of spheres and complex projective spaces — 281
8.7 dconc-Cauchy property and box convergence — 285

Christina Sormani
Scalar Curvature and Intrinsic Flat Convergence — 288

9.1 Introduction — 288

9.2 Examples with Positive Scalar Curvature — 293
9.2.1 Examples with Wells — 294

9.2.2 Tunnels and Bubbling — 295

9.2.3 Cancellation and Doubling — 296



9.2.4
9.3

9.3.1
9.3.2
9.3.3
9.3.4
9.3.5
9.4

9.4.1
9.4.2
9.4.3
9.5

9.5.1
9.5.2
9.5.3
9.6

9.6.1
9.6.2
9.6.3
9.7

9.7.1
9.7.2
9.7.3
9.7.4
9.7.5

9.7.6

Sewing Manifolds — 297

Integral Currents on a Metric Space — 297

Federer-Fleming currents on Euclidean Space — 298
Ambrosio-Kirchheim Integer Rectifiable Currents — 298
Ambrosio-Kirchheim Integral Currents — 301

Convergence of Currents in a Metric Space — 302

The Flat distance vs the Hausdorff distance — 304

Integral Current Spaces and Intrinsic Flat Convergence — 306
Integral Current Spaces — 307

Intrinsic Flat Convergence — 310

Compactness Theorems for Intrinsic Flat Convergence — 312
Theorems which imply Intrinsic Flat Convergence — 315
Using Riemannian Embeddings to estimate d4 — 315
Smooth Convergence Away from Singular Sets — 316

Pairs of Integral Current Spaces — 318

Theorems about Intrinsic Flat Limits — 319

Limits of Points and Points with no Limits — 319

Limits of Functions — 322

Intrinsic Flat with Volume Convergence — 324

Results and Conjectures about Limits of Manifolds with Nonnegative
Scalar Curvature — 325

Almost Rigidity of the Positive Mass Theorem and the Bartnik
Conjecture — 326

The Bartnik Conjecture — 329

Almost Rigidity of the Scalar Torus Theorem — 330

Almost Rigidity Theorems and Ricci Flow — 331

Gromov’s Prisms and Generalized Nonnegative Scalar
Curvature — 332

Almost Rigidity of the Positive Mass Theorem and Regularity of &
Limits — 334



Luigi Ambrosio and Shouhei Honda

New stability results for sequences of metric
measure spaces with uniform Ricci bounds
from below

1.1 Introduction

In this paper we establish new stability properties for sequences of metric mea-
sure spaces (X, d;, m;) convergent in the measured Gromov-Hausdorff sense (mGH for
short). Even though some results are valid under weaker assumptions, to give a unified
treatment of the several topics treated in this paper we confine our discussion to se-
quences of RCD(K, oo) metric measure spaces, with K € R independent of i. A pointed
mGH limit of a sequence of Riemannian manifolds with a uniform lower Ricci curva-
ture bound, called Ricci limit space, gives a typical example of a RCD(K, oo) metric
measure space. This paper provides new results even for such sequences and for the
corresponding Ricci limit spaces. Our stability results, relative to spectral properties
and Hessians, extend the ones in [33], [34] for compact Ricci limit spaces.

The stability of the curvature-dimension conditions has been treated in the semi-
nal papers [41], [48], while stability of the “Riemannian” condition (i.e. the quadratic
character of Cheeger’s energy) has been estabilished in [7]. Consider complex ob-
jects derived from the metric measure structure like derivations, Lagrangian flows
associated to derivations, heat flows, Hessians. It is by now quite clear that treat-
ing the stability of such objects is possible by adopting the so-called extrinsic ap-
proach (even though we do not exclude other possibilities). This approach assumes
that (X;, d;) = (X, d) are independent of i, and that m; weakly converge to m in duality
with Cy,¢(X), the space of continuous functions with bounded support. We follow this
approach, also because this paper builds upon the recent papers [31] (for stability of
heat flows and Mosco convergence of Cheeger’s energies) and [14] (for strong conver-
gence of derivations) which use the same one. See also [31, Theorem 3.15] for a detailed
comparison between the extrinsic approach and other intrinsic ones, with or without
doubling assumptions. In a broader context, see also the recent monograph [47] for
detailed analysis of convergence and concentration for metric measure structures.

Before moving to a more precise technical description of the paper’s content, we
discuss the main applications:

Spectral gap. We discuss joint continuity w.r.t. (p, (X,d, m)) of the p-spectral gaps

(Al,p(X) d’ m)) 1 (11)

(’ © 2017 Luigi Ambrosio, Shouhei Honda
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.
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w.r.t. mGH convergence. Here, for p € [1, o), A1, is the first positive eigenvalue of
the p-Laplacian when p > 1, and Cheeger’s constant when p = 1, see (1.54) for the
precise definition in our setting. This extends the analysis of [31] from p = 2 to general
p and even to the case when p depends on i. See Theorem 1.9.4 and also Theorem 1.9.6,
dealing with the case p; - oo, with

1/o00 2
(A1,00(X, d, m)) "7 2= diam (supp )" (1.2)
These general continuity properties were conjectured in [33] in the Ricci limit setting,
and so we provide an affirmative answer to the conjecture in the more general setting
of RCD(K, o) spaces. In particular, Theorem 1.9.4 yields that Cheeger’s constants are
continuous w.r.t. mGH convergence.

The class RCD”(K, N) of metric measure spaces has been proposed in [28] and
deeply investigated in [8], [27] and [12] in the nonsmooth setting. Recall that in the
class of smooth weighted n-dimensional Riemannian manifolds (M™, d, e Vvol un) the
RCD"(K, N) condition, n < N, is equivalent to

. vV VvV
Ric + Hess(V) - —~N-n : KI.
Analogously, it is well-known that the condition RCD(K, oo) for (M™, d, e”Vvolym) is
equivalent to Ric + Hess(V) = KI.
By combining the continuity of (1.1) with the compactness property of the class of

RCD’(K, N)-spaces w.r.t. the mGH convergence, we also establish a uniform bound
Cr = (A, d,m) P < Gy, (13)

where C; are positive constants depending only on K, N < oo, and two-sided bounds
of the diameter, i.e. C; do not depend on p (Proposition 1.11.1).

Suspension theorems. The second application is related to almost spherical suspen-
sion theorems of positive Ricci curvature. For simplicity we discuss here only the case
when N > 2 is an integer, but our results (as those in [48], [37], [38], [19]) cover also the
case N € (1, o0). In [19] Cavalletti-Mondino proved that for any RCD"(N - 1, N)-space,
the quantity (1.1) is greater than or equal than (}ll, " SV, d, mN)) P for anyp € [1, o),
where SY is the unit sphere in RN*1 d is the standard metric of sectional curvature
1, and my is the N-dimensional Hausdorff measure. Moreover, equality implies that
the metric measure space is isomorphic to a spherical suspension. Under our nota-
tion (1.2) as above, this observation is also true when p = oo, which corresponds to
the Bonnet-Myers theorem in our setting (see [48] by Sturm). Note that [19] also pro-
vides rigidity results as the following one: for a fixed p € [1, <], if (A4, p)l/ P is close to
(Al,p(SN ,d, mN)) Up , then the space is Gromov-Hausdorff close to the spherical sus-
pension of a compact metric space, a so-called almost spherical suspension theorem.
The converse is known for p € {2, oo} in [37, 38] by Ketterer and we extend the result to
general p; in addition, combining this with the joint spectral continuity result we can
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remove the p-dependence in the almost spherical suspension theorem, i.e. if (11, p)l/ p
is close to (/Il,p(SN ,d, mN))l/p for some p € [1, o], then this happens for any other
q € [1, o], see Corollary 1.11.6. This seems to be new even for compact n-dimensional
Riemannian manifolds endowed with the n-dimensional Hausdorff measure. In par-
ticular, by using Petrunin’s compatibility result [44] between Alexandrov spaces and
curvature-dimension conditions, this extension of the result to general p also holds for
all finite-dimensional Alexandrov spaces with curvature bounded below by 1, which
is also new.

Stability of Hessians and of Gigli’s measure-valued Ricci tensor. The final applica-
tion deals with stability of Hessians and Ricci tensor with respect to mGH conver-
gence. These notions come from the second order differential calculus on RCD(K, oo)
spaces fully developed by Gigli in [29], starting from ideas from I'-calculus. For Ricci
limit spaces, analogous stability results were estabilished in [34]. In this respect, the
main novelty of this paper is the treatment of RCD(K, =) spaces, dropping also the
dimensionality assumption. The main results are the stability of Hessians, see Corol-
lary 1.10.4 and Corollary 1.10.3, and a kind of localized stability of the measure-valued
Ricci tensor. In connection with the latter, specifically, we prove in Theorem 1.10.5 that
local lower bounds of the form

Ric(Vf, Vf) = {|Vf[*m,

with { € C(X) bounded from below, are stable under mGH convergence. This way,
also nonconstant bounds from below on the Ricci tensor can be proved to be stable
(see also [39] for stability results in the same spirit, obtained from a localization of the
Lagrangian definition of curvature/dimension bounds). On the other hand, since our
approach is extrinsic, this result becomes of interest from the intrinsic point of view
only when {’s depending on the metric structure, as ¢ o d, are considered. See also
Remark 1.10.7 for an analogous stability property of the BE(K, N) condition with K and
N dependent on x € X.

We believe that these stability results and the tools developed in this paper could
be the basis for the analysis of the stability of the other calculus tools and concepts de-
veloped in [29], as exterior and covariant derivatives, Hodge laplacian, etc. However,
we will not pursue this point of view in this paper.

Organization of the paper. In Section 1.2 we introduce the main measure-theoretic pre-
liminaries. In Section 1.3 we discuss convergence of functions f; in different measure
spaces relative to m;; here the main new ingredient is a notion of L?i convergence
which also covers the case when the exponents p; converge to p € [1, o0). We discuss
the case of strong convergence, and of weak convergence when p > 1. Section 1.4 re-
calls the main terminology and the main known facts about RCD(K, o) spaces and the
regularizing properties of the heat flow h;. Less standard facts proved in this section
are: the formula provided in Proposition 1.4.5 for u — [, |[Vu|dm (somehow reminis-
cent of the duality tangent/cotangent bundle at the basis of [29]), of particular interest
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for the proof of lower semicontinuity properties, and the weak isoperimetric property
of Proposition 1.4.7.

In Section 1.5 we enter the core of the paper, somehow “localizing” the Mosco con-
vergence result of Cheeger’s energies of [31]. The main result is Theorem 1.5.7 where
we prove, among other things, that the measures |Vf;|?m; weakly converge to |Vf|*m
whenever f; strongly converge to f in H>? (i.e., f; L?-strongly converge to f and the
Cheeger energies of f; converge to the Cheeger energy of f). To prove this, the main
difficulty is the localization of the lim inf inequality of [31]; we obtain it using the re-
cent results in [14], for families of derivations with convergent L? norms (in this case,
gradient derivations, see Theorem 1.5.6 in this paper). Section 1.6 covers the stabil-
ity properties of BV functions, the main result is that f € BV(X, d, m;) whenever
fi € BV(X, d, m;) L'-strongly converge to f, with L = liminf; |Df;|(X) < oco. In addi-
tion, |Df|(X) < L. The proof of these stability properties strongly relies on the results
of Section 1.5 and, notwithstanding the well-estabilished Eulerian-Lagrangian duality
for Sobolev and BV spaces (see [3] for the latter spaces) it seems harder to get from the
Lagrangian point of view.

Section 1.7 covers compactness results for BV and H"?, also in the case when p
depends on i. In the proof of these facts we use the (local) strong L? compactness prop-
erties for sequences bounded H'-? proved in [31]; the generalization from the exponent
2 to higher exponents is quite simple, while the treatment of smaller powers and the
improvement from Lf:) . to LP convergence (essential for our results in Section 1.9) re-
quires the existence of uniform isoperimetric profiles. We review the state of the art on
this topic in Theorem 1.7.2. In Section 1.8 we prove I'-convergence of the p;-Cheeger en-
ergies Chl’;,,. relative to (X, d, m;) (set equal to the total variation functional f — |Df|(X)
in BV when p = 1), namely

lixginfChLi(fi) > Chy(f)
v d==l

whenever f; LPi-strongly converge to f, and the existence of a sequence f; with this
property satisfying lim sup; Ch;,i (f;) = Chp(f). The only difference with the case p = 2
considered in [31] is that, in general, we are not able to achieve the lim inf inequality
with LPi-weakly convergent sequences, unless a uniform isoperimetric assumption on
the spaces grants relative compactness w.r.t. strong LP' convergence. Under this as-
sumption, Mosco and I'-convergence coincide.

Finally, Section 1.9, Section 1.10 and Section 1.11 cover the above mentioned sta-
bility results for p-eigenvalues and eigenfunctions (using Section 1.7 and Section 1.8),
for Hessians and Ricci tensors (using Section 1.5), and the dimensional results relative
to the suspension theorems (using Section 1.9).

Acknowledgement. The first author acknowledges helpful conversations on the
subject of this paper with Fabio Cavalletti, Andrea Mondino and Giuseppe Savaré. The
second author acknowledges the support of the JSPS Program for Advancing Strate-
gic International Networks to Accelerate the Circulation of Talented Researchers, the
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Grant-in-Aid for Young Scientists (B) 16K17585 and the warm hospitality of SNS.
The authors warmly thank the referee for the detailed reading of the paper and for the
constructive comments.

1.2 Notation and basic setting

Metric concepts. In a metric space (X, d), we denote by B(x) and B;(x) the open and
closed balls respectively, by C,,s(X) the space of bounded continuous functions with
bounded support, by Lip, (X) C Cys(X) the subspace of Lipschitz functions. We use
the notation C,,(X) and Lipy,(X) for bounded continuous and bounded Lipschitz func-
tions respectively.

For f : X > R we denote by Lip(f) € [0, o] the Lipschitz constant and by lip(f)
the slope, namely

li x) :=limsu M 1.4
(00 i~ limsup =5 (14)

We also define the asymptotic Lipschitz constant by
Lipof00) = inf Lip(f] ) = im Lip(£],, ) (1.5)

which is upper semicontinuous.

The metric algebra A,,. We associate to any separable metric space (X, d) the smallest
A C Lipy(X) containing

min{d(-, x), k} withk € QN [0, o], x € Dand D C X countable and dense (1.6)

which is a vector space over Q and is stable under products and lattice operations. It
is a countable set and it depends only on the choice of the set D (but this dependence
will not be emphasized in our notation, since the metric space will mostly be fixed).
We shall work with the subalgebra Ay, of functions with bounded support.

Measure-theoretic notation. The Borel o-algebra of a metric space (X, d) is denoted
B(X). The Borel signed measures with finite total variation are denoted by M(X), while
we use the notation M*(X), Mj,.(X), P(X) for nonnegative finite Borel measures, Borel
measures which are finite on bounded sets and Borel probability measures.

We use the standard notation L?(X, m), L{’OC(X ,m) for the L? spaces when m is
nonnegative (p = 0 is included and denotes the class of m-measurable functions). No-
tice that, in this context where no local compactness assumption is made, Lﬁ)c means
p-integrability on bounded subsets.

Given metric spaces (X, dy) and (Y, dy) and a Borel map f : X - Y, we denote by
fu the induced push-forward operator, mapping P(X) to P(Y), M*(X) to M*(Y) and,
if the preimage of bounded sets is bounded, M}, .(X) to M{,.(Y). Notice that, for all
U € M*(X), fap is also well defined if f is y-measurable.
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Convergence of measures. We say that m, € M;,.(X) weakly converge to m € M, (X)
if [y vdmn, > [yvdmasn > eoforall v e Cps(X). When all the measures mn as well
as m are probability measures, this is equivalent to requiring that [, vdmn > [, vdm
as n - oo for all v € C,(X). We shall also use the following well-known proposition.

Proposition 1.2.1. If mn, weakly converge to m in My, (X), and if limsup [, O dm, is
oo

finite for some Borel © : X - (0, <], then

oo

X X

lim [ vdm =/vdm (1.7)

forallv : X > R continuous with limy, 3. [V|(x)/0(x) = O for some (and thus all)
X € X.IfO : X > [0, o) is continuous and

limsup/@dmns/@dm<oo,

n—-oco
X

then (1.7) holds for all v : X > R continuous with |v| < CO for some constant C.

Metric measure space. Throughout this paper, a metric measure space is a triple
(X, d, m), where (X, d) is a complete and separable metric space and m € Mj,.(X).

As explained in the introduction, in this paper we always consider metric mea-
sure spaces according to the previous definition. When a sequence convergent in
the measured-Gromov Hausdorff sense is considered, we shall always assume (up
to an isometric embedding in a common space) that the sequence has the structure
(X, d, m;) with m; € M .(X) weakly convergent to m € M, .(X). In particular, this
convention forces us to drop the condition suppm = X, used in many papers where
individual spaces are considered.

1.3 Convergence of functions

In our setting, we are dealing with a sequence (m;) C M;,.(X) weakly convergent to
m € Mj,.(X). Assuming that f; in suitable Lebesgue spaces relative to m; are given, we
discuss in this section suitable notions of weak and strong convergence for f;. Moti-
vated by the convergence results of Section 1.8 and Section 1.9, we extend the analysis
of [31] and [14] to the case when the exponents p; € [1, o) are allowed to vary, with
pi 2 p € [1, o). For weak convergence we only consider the case p > 1 (we do not
need L'-weak convergence), while for strong convergence, in connection with the re-
sults of Section 1.6, we also consider the case p = 1.

Weak convergence. Assume that p; € [1, 00) converge to p € (1, c0). We say that
fi € LPi(X, m;) LPi-weakly converge to f € LP(X, m) if fym; weakly converge to fm in
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Myoe(X), with
linl SUp [Ifill ri xt,my) < - (1.8)
10

For R¥-valued maps we understand the convergence componentwise.
It is obvious that LPi-weak convergence is stable under finite sums. The proof of
the following result is very similar to the proof when p and m are fixed, and is omitted.

Proposition 1.3.1. Iff; € LPi(X, m;; RX) LPi-weakly converge to f € LP(X, m; R¥), then
e x, miry < A (1f3 ] i G, g ety -

Moreover, any sequence f; € LPi(X, m;; RX) such that (1.8) holds admits a LPi-weakly
convergent subsequence.

Strong convergence. We discuss the simpler case p; = p first. If p > 1 we say that
fi € LP(X, m;; RK) LP-strongly converge to f € LP(X, m; R¥) if, in addition to weak LP-
convergence, one has lim sup; [|f;l|1»(x,m,:z%) < IfllLrcx,m:ri)- If kK = p = 1, we say that
fi € LY(X, m;) L'-strongly converge to f € L1(X, m) if o o f; L?-strongly converges to
oo f, where 0(z) = sign(z)\ﬂ is the signed square root.

In the following remark we see that strong convergence can be written in terms
of convergence of the probability measures naturally associated to the graphs of f;;
this also holds for vector-valued maps and we will use this fact in the proof of Propo-
sition 1.3.3.

Remark 1.3.2 (Convergence of graphs versus L?-strong convergence). If p > 1 one
can use the strict convexity of the map z € R¥ — |z[P to prove that F; : X > RK LP-
strongly converge to F if and only if y; = (Id x F;)m; weakly converge to pu = (Id x F)ym
in duality with

Cp(X x R) ;= {l/) c C(X xRNy : [Y(x, 2)| < C|z|P for some C > O} (1.9

(see for instance [5, Section 5.4], [31]).
If p = k = 1, we can use the fact that the signed square root is a homeomorphism of
R, and the equivalence estabilished in the quadratic case to get the same result.

We recall in the following proposition a few well-known properties of LP-strong con-
vergence, see also [35], [31] for a more detailed treatment of this topic.

Proposition 1.3.3. For all p € [1, o) the following properties hold:

(a) If f; LP-strongly converge to f the functions ¢ o f; LP-strongly converge to ¢ o f for
all ¢ € Lip(R) with ¢(0) = 0.

(b) If f;, g; LP-strongly converge to f, g respectively, then f; + g; LP-strongly converge
tof +g.
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(c) If f; LP-strongly (resp. LP-weakly) converge to f, then ¢f LP-strongly (resp. L?-
weakly) converge to ¢f for all ¢ € C,(X) (resp. ¢ € Cps(X)).
(d) Iff; L>-strongly converge to f and g; L>-weakly converge to g, then

_lgm /figi dm; = /fgdm.
v d)
X X

If g; are also L?-strongly convergent, then f;g; are L-strongly convergent.
(e) If (g;) is uniformly bounded in L™ and L*-strongly convergent to g, then

lllglo ”giHLl’i(X,m,-) = [18llLr(x,m)
whenever p; € [1, o) convergetop € [1, o).

Proof. (a) In the case p > 1 this is a simple consequence of Remark 1.3.2, since y; =
(Id x f;)wm; weakly converge to 4 = (Id x f)sm in duality with the space Cp(X x R) in
(1.9). Since P(x, 2) = P(x, p(2)) belongs to Cp(X xR) for all € Cp(X x R) it follows
that (Id x ¢ o f;)sm; weakly converge to u = (Id x ¢ o f)sm in duality with Cp(X x R),
and then Remark 1.3.2 applies again to provide the L?-strong convergence of ¢ o f; to
pof.

In the case p = 1, since o(p(f;)) = sign(@ o fi)\/|p|of;, from the strong
L?-convergence of \/ p*of;to \/ @* o f and the additivity of L2-strong convergence
(proved in the first line of the proof of (b), independently of (a)) we get the result.

(b) The case p > 1 is dealt with, for instance, in [35], see Corollary 3.26 and Propo-
sition 3.31 therein. In order to prove additivity for p = 1 we can reduce ourselves,
thanks to the stability under left composition proved in (a), to the sum of nonnega-
tive functions u;, v;. Since \/u; and /v; are L?-strongly convergent, using the identity
VU F Vi =4/ \/uﬁ-z + \/7,-2 we obtain that also ,/u; + v; is strongly L?-convergent.

The proof of (c) is a simple consequence of the definitions of L?-strong conver-
gence, splitting ¢ and f; in positive and negative parts to deal also with the case p = 1.

The proof of the first part of statement (d) is a simple consequence of

liminf f; + t8ill2orm) 2 1F + 82w VEER,

see also Section 1.8 where a similar argument is used in connection with Mosco con-
vergence. In order to prove L!-strong convergence when also g; are L2-strongly con-
vergent, we can reduce ourselves to the case when f; and g; are nonnegative. Then,
convergence of the L? norms of +/f;g; follows by the first part of the statement; weak
convergence of \/f;g;m; to \/fgm follows by Remark 1.3.2, with k = p = 2, F; = (f;, g;)
and Y(2) = \/|z1]|z2].

For the proof of (e), let N = sup; ||g;l|~(x,m,) @and notice first that (g;) is uniformly
bounded in L?'. Hence, the liminf inequality follows by the LP'-weak convergence
of g; to g. The proof of the lim sup inequality follows by statement (a) with ¢(z) =
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|z[P A NP, which ensures that [, ¢(g;)dm; > [, p(g)dm = Hgllf,,(x’m), noticing that
pi > p implies [, ¢(g;) dm; - [y |g;[P" dm; > 0. O

Now we turn to the general case p; > p € [1, o). We say that L?i-strongly converge to
fiff; € LPi(X, m;), LPi-weakly convergent to f € LP(X, m) and if for any € > 0 we can
find an additive decomposition f; = g; + h; with

(i) (g;) uniformly bounded in L, and strongly L'-convergent;
(i) sup; [[hill7iox,my) < €-

It is obvious from the definition that also L?i-strong convergence is stable under
finite sums. In the following proposition we show that stability under composition
with Lipschitz maps ¢ holds and that LP' convergence implies convergence of the LP:
norms.

Proposition 1.3.4 (Properties of LPi-strong convergence). The following properties

hold:

(a) Iff; LPi-strongly converge to f, the functions @ o f; LPi-strongly converge to ¢ o f for
all ¢ € Lip(R) with ¢(0) = 0.

(b) If (f;) is LPi-strongly convergent to f € LP(X, m), then

}}g Hfi”L”i(X,mi) = Hf”LI’(X,m)'

Proof. (a) Possibly splitting ¢ in positive and negative parts we can assume ¢ > 0.
Since ¢ is a contraction, taking also Proposition 1.3.3(a) into account, it is immediate
to check that decompositions f; = g; + h; induce decompositions @ o g; + (@ o fi— @ o
gi) of @ o f;; in addition, if ¥ is any LPi-weak limit point of (¢ o f;), from the lower
semicontinuity of LP! convergence we get

1% =@ o 8llrx,m) < liggjonf ¢ © hillLri (x,my < Lip(@)e€
loof-@oglwxm < Lip(p)|If - 8llr(x,m) < Lip((p)li?_l)glf HhiHLPi(X,mi)
< Lip(p)e,

where g denotes the LPi-strong limit of g;. Since € is arbitrary, we obtain that i) = @of,
and this proves the LPi-strong convergence of f; to f.

(b) The lim inf inequality follows by weak convergence. If f; = g; + h; is a decom-
position as in (i), (ii), and if g is the LPi-strong limit of g;, the lim sup inequality is a
direct consequence of the inequality ||f - g|1r(x,m) < € and of

Hm (1 it mp = 181200t m)»

ensured by Proposition 1.3.3(e). O
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1.4 Minimal relaxed slopes, Cheeger energy and RCD(K, o)
spaces

In this section we recall basic facts about minimal relaxed slopes, Sobolev spaces and
heat flow in metric measure spaces (X, d, m), see [6] and [28] for a more systematic
treatment of this topic. For p € (1, o) the p-th Cheeger energy Chy, : LP(X, m) - [0, o]
is the convex and L? (X, m)-lower semicontinuous functional defined as follows:

Chy(f) := inf mginf}l7 / Lip?(f) dm ¢ fi € Lipy(X) 1 (X, ), [fu - fllp = O
n—oo .

X
(1.10)

The original definition in [22] involves generalized upper gradients of f,, in place of
their asymptotic Lipschitz constant, but many other pseudo gradients (upper gradi-
ents, or the slope lip(f) < Lip,(f), which is a particular upper gradient) can be used
and all of them lead to the same definition. Indeed, all these pseudo gradients produce
intermediate functionals between the functional in (1.10) and the functional based on
the minimal p-weak upper gradient of [46], which are shown to be coincident in [1]
(see also the discussion in [6, Remark 5.12]).

The Sobolev spaces HP(X, d, m) are simply defined as the finiteness domains of
Chp. When endowed with the norm

1/p
s 2= (I Bogx,my *+ PCRR ()

these spaces are Banach, and reflexive if (X, d) is doubling (see [1]).

The case p = 2 plays an important role in the construction of the differentiable
structure, following [29]. For this reason we use the disinguished notation Ch = Ch,
and it can be proved that H2(X, d, m) is Hilbert if Ch is quadratic.

In connection with the definition of Ch, forall f € H>2(X, d, m) one can consider
the collection RS(f) of all functions in L?(X, m) larger than a weak L?(X, m) limit of
Lip,(fn), with f, € Lipp(X) and fn > fin L2(X, m). This collection describes a con-
vex, closed and nonempty set, whose element with smallest L2(X, m) norm is called
minimal relaxed slope and denoted by |Vf|. We use the not completely appropriate
nabla notation, instead of the notation |Df| of [29], since we will be dealing only with
quadratic Ch. Notice also that a similar construction can be applied to Chy, and pro-
vides a minimal p-relaxed gradient that can indeed depend on p (see [26]). However,
either under the doubling and Poincaré assumptions [22], or under curvature assump-
tions [30] this dependence disappears. In any case, we will only be dealing with the
2-minimal relaxed slope in this paper.

When Ch is quadratic we denote by (Vf, Vg) the canonical symmetric bilinear
form from [H'?(X, d, m)]? to L1(X, m) defined by

[V(f +eg)]> - |Vf|?

e (1.11)

(Vf,Vg) :=lim
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(where the limit is understood in the L (X, m) sense). Notice also that the expression
(Vf, Vg) still makes sense m-a.e. (i.e. up to m-negligible sets) for any f, g € Lip,(X)
(not necessarily in the H2 space, when m(X) = oo), since f, g coincide on bounded
sets with functions in the Sobolev class, and gradients satisfy the locality property on
open and even on Borel sets.

Because of the minimality property, |Vf| provides integral representation to Ch,

so that
Ch(f + €g) - Ch(f)
€

Vf,Vg)dm = lim

/ (Vf,Vg)dm = lim
X

and it is not hard to improve weak to strong convergence.

Theorem 1.4.1. For all f € D(Ch) one has

1 2
Ch(f) =3 [ [Vf|"dm
-/

and there exist f € Lipy(X) N L(X, m) with f, > f in L*(X, m) and Lip,(fx) > |Vf| in
L*(X, m). In particular, if H**(X, d, m) is reflexive, there exist fn € Lip,(X) N L*(X, m)
satisfying fn > f in L>(X, m) and |V (fn - f)| > 0in L*(X, m).

Most standard calculus rules can be proved, when dealing with minimal relaxed
slopes. For the purposes of this paper the most relevant ones are:

Locality on Borel sets. |Vf| = |Vg| m-a.e. on {f = g} forall f, g € H**(X, d, m);
Pointwise minimality. |Vf| < g m-a.e. for all g € RS(f);

Degeneracy. |[Vf| = 0 m-a.e. on f1(N) for all f € H?(X, d, m) and all £!-negligible
N € B(R);

Chainrule. [V(¢of)| = |¢'(f)||Vf| forall f € H*(X, d, m)and all ¢ : R > R Lipschitz
with ¢(0) = 0.

Leibniz rule. If f, g € H»?(X, d, m) and h € Lip,(X), then

(Vf,V(gh)) = h(Vf,Vg) +g(Vf,Vh) m-a.e. in X.

Another object canonically associated to Ch and then to the metric measure struc-
ture is the heat flow h;, defined as the LZ(X, m) gradient flow of Ch, according to the
Brezis-Komura theory of gradient flows, see for instance [17]. This theory provides a
continuous contraction semigroup h; in L2(X, m) which, under the growth condition

m(B,(%)) < c;e”  wr>o, (112)

extends to a continuous and mass preserving semigroup (still denoted h;) in all
LP(X,m) spaces, 1 < p < oo, In addition, h; preserves upper and lower bounds with
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constants, namely f < C m-a.e. (resp. f > C m-a.e.) implies hf < C m-a.e. (resp. h¢f = C
m-a.e.) forall t = 0.

We shall use h; only in the case when Ch is quadratic, as a regularizing operator.
We adopt the notation

D(A) = {f e HY2(X,d, m) : Af € LX(X, m)} 1.13)

namely D(4) is the class of functions f € H"“(X,d,m) satisfying - [, vgdm =
[¢(Vf, Vv)dm for all v e H"*(X,d, m), for some g € L*(X,m) (and then, since g
is uniquely determined, Af := g). When Ch is quadratic the semigroup h; is linear
(and this property is equivalent to Ch being quadratic) and it is easily seen that

1tijf1(;l hef =f strongly in H2 for all f € H2(X, d, m).

We shall extensively use the typical regularizing properties (independent of curvature
assumptions)

2
hef € WH2(X, d, m) forall f € L2(X, m), ¢t > 0 and Ch(hf) < % (1.14)

2
gt

hef € D) forall f € L*(X, m), ¢ > 0 and || Ahef |2, my € — 5 (1.15)

as well as the commutation rule hf o A = Ao hy, t > 0.

Finally, we describe the class of RCD(K, oo) metric measure spaces of [7], where
thanks to the lower bounds on Ricci curvature even stronger properties of h; can be
proved.

Definition 1.4.2 (CD(K, o) and RCD(K, =) spaces). We say that a metric measure
space (X, d, m) satisfying the growth bound (1.12) (for some constants c,, ¢, and some
X € X)is a RCD(K, o) metric measure space, with K € R, if:

(a) the Relative Entropy Functional Ent(y) : P>(X) > R U {oo} given by

1 d if u = 3
Ent(u) := {fxp ogpdm ifj=pm<m (116)

oo otherwise

where

Po(X) := {y e P(X) : /dz()‘(, x) dm(x) < oo} ,
X

is K-convex along Wasserstein geodesics in P,(X), namely

Ent(uc) < (1 - OENt(0) + (Enty) ~ (1~ OW3(ao, 1)

for all o, uy € D(Ent) := {u : Ent(u) < oo}, for some constant speed geodesic p¢
from g to u, (so, this condition forces D(Ent), W) to be geodesic). This condition
corresponds to the CD(K, o) condition of [41], [48].
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(b) Chis quadratic. This is the axiom added to the Lott-Sturm-Villani theory in [7].

Remark 1.4.3 (On the growth condition (1.12)). Notice that (1.12) is needed to give a
meaning to the integral in (1.16), as it ensures the integrability of the negative part of
plogp. On the other hand, adopting a suitable convention on the meaning to be given
to Ent in these cases of indeterminacy (so that the CD(K, o) condition makes sense),
it has been proved in [48] that (1.12) can be deduced from the CD(K, oo) condition, and
that the constants c; can be estimated in terms of K and of the measure of two concentric
balls centered at X € supp m.

It is not hard to prove that the support of any RCD(K, oo) (or even CD(K, o) space)
is length, namely the infimum of the length of the absolutely continuous curves con-
necting any two points x, y € suppm is d(x, y). See [7] (dealing with finite reference
measures), [9] (for the o-finite case) and [8] for various characterizations of the class
of RCD(K, oo) spaces. We quote here a few results, which essentially derive from the
identification of h; as the gradient flow of Ent w.r.t. the Wasserstein distance and the
contractivity properties w.r.t. that distance.
It is proved in [7] that the formula

heg(x) := /g(y)dfltcsx(y) xeX, t20
X
where h; is the dual K-contractive semigroup acting on P, (X), provides a pointwise
version of the semigroup on L2NL*°(X, m) with better continuity properties. This result
is recalled in the next proposition. In the formula

ﬁty :=/I71t6x du(x)

provides a canonical extension of fzt to the whole of P(X), used in Proposition 1.6.3.

Proposition 1.4.4 (Regularizing properties of h¢). Let (X, d, m) be a RCD(K, o) met-
ric measure space. Then, any f € HV?(X, d, m) with |Vf| € L>(X, m) has a Lipschitz
representative f, with Lip(f) = |||Vf]| L=(x,m) and the following properties hold for all
t>0:

(a) iff € L? N L=(X, m) one has hf € Lip,(X) N H>2(X, d, m) with

Vhef| = liphef) wae,  Lip(he) < @vnm,m;

(b) forallf € HV?(X, d, m) with |Vf| € L=(X, m) the Bakry-Emery condition holds in
the form

(1.17)

Lip,(h¢f, x) < e_Ktht|Vf|(x) vx € X; (1.18)
(c) if u € P2(X), then fzty = fym, with

/ft log frdm < (r2 +/d2(x, X) dy(x)) - log(m(B/(x)))
X X

1
215k ()
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forallx € Xandr > 0.

Proof. (a) is proved in [7, 8], (b) in [45]. The inequality (c) follows by Wang’s log-
Harnack inequality, see [8, Theorem 4.8] for a proof in the RCD(K, o) context. O

In RCD(K, o) spaces we have a useful formula to represent the functional [, |[Vf|dm.

Proposition 1.4.5. For all f € HY“?(X,d,m) one has that |Vf| is the essential
supremum of the family (Vf,Vv) as v runs in the family of 1-Lipschitz functions in
HY%2(X, d, m). Moreover, for all g : X - [0, o) lower semicontinuous, one has

/|Vf|gdm=sup2/<vf, Vv )Wy dm (1.19)
k %

X

where the supremum runs among all finite collections of 1-Lipschitz functions v, €
HY2(X, d, m) and all wy, € Cps(X) with 3", |wy| < 8.

Proof. The proof of the representation of |[Vf| as essential supremum has been
achieved in [15, Lemma 9.2]. We sketch the argument: denoting by M the essential
supremum in the statement, one has obviously the inequalities M < |Vf| m-a.e. and
|(Vf, Vv)| < MLip(v) m-a.e. for all v e HY?(X,d,m) Lipschitz and bounded. By
localization, this last inequality is improved to |(Vf, Vv)| < MLip,(v) m-a.e. for all
v € H%?(X, d, m) Lipschitz and bounded and then a density argument provides the
inequality |(Vf, Vv)| < M|Vv| forall v e H?(X, d, m) Lipschitz and bounded, which
leads to |Vf| < M choosing v = f.

In order to prove (1.19) we remark that the representation of |Vf| as essential
supremum yields

/g|Vf| dm = supz Ck /(Vf, Vvyg) dm

X ko B

where the supremum runs among all finite Borel partitions By of X, constants c¢; <
infp, g and all choices of bounded 1-Lipschitz functions vy € H L2(x,d, m). By inner
regularity, the supremum is unchanged if we replace the Borel partitions by finite fam-
ilies of pairwise disjoint compact sets K. In turn, these families can be approximated
by functions wy € Cp,s(X) with >~ [wy| < g. O

Now we recall three useful functional inequalities available in RCD(K, oo) spaces.

Proposition 1.4.6. If (X,d, m) is a RCD(K, o) metric measure space, for all f €
Lipy,¢(X) one has

/ \hef - f| dm < c(t, K) / V| dm (1.20)
X X

with c(t,K) ~ Vtast] 0.
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Proof. Fix g € L=(X, m) with ||g||;~(x ) < 1 and let us estimate the derivative of ¢ —
Jx ghtf dm:

’/gﬂhtfdm‘ = ‘/ght/ZAht/Zfdm‘ = '/ht/nght/zfdm’
X
= | [ (Vhyog, Vhiof ’/v £ dm
‘/ f/Zg t/2 > \/m | t/2 |
—Kt/Z /
|Vfdm.
V2l (t/2)
By integration, and then taking the supremum w.r.t. g, we get (1.20). O

When the space has finite diameter and K < 0 we will also use, as a replacement of the
isoperimetric inequality (presently known in the RCD(K, o) setting only when K > 0),
the following inequality, which is an easy consequence of Proposition 1.4.4(c).

Proposition 1.4.7. If (X, d, m) is a RCD(K, o) metric measure space with m(X) =
and if D = supp m is finite, for all € > 0 we can find M = M(e, D, K) = 1 such that

/ fdmse(/fdm+/|vf|dm).
{f=M [, f dm} X X

for all f € Lipy(X) nonnegative.

Proof. The standard entropy inequality

/gdmlog i/gdm s/gloggdms/gloggdm+ 1m(X\A)
m(A4) e
A A A X

provides a modulus of continuity wg, depending only on E = 0, such that g nonnega-
tiveand [, gloggdm < Eimply [, gdm < wg(m(4)).

Assume first [, fdm = 1 and let M > 0. For all ¢ > 0 we apply Proposition 1.4.6
and Proposition 1.4.4(c) with r = D to get

/' fdm / hfdm+/|htf f|dm (1.21)
=My (=M}

wEt(M)"’C(K, t)/\Vﬂ dm
X

IN

IN

with

DZ
Ei=—— 2> /htflog htfdm
Lk (8) J
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By a scaling argument, the inequality (1.21) implies

/ fdmswE[(%)/fdm+c(K, t)/|Vf|dm W, M>0.
{fM [, fdm} X X

Then, given € > 0 we choose first ¢ > 0 sufficiently small such that c(t, K) < € and then
M sufficiently large to reach our conclusion O

Finally, we close this section by reminding higher order properties, strongly inspired
by Bakry’s calculus, which played a fundamental role in the recent developments of
the theory.

Proposition 1.4.8. Let (X, d, m) be a RCD(K, o) space. Then

VAl my < CllflloolI(A = K™Df [l 12 (¢, m) (1.22)

forallf € L=(X, m) N D(A), and

V(9821 < - / (2K|Vg|* + 2/Vg2(Vg, VAg)) dm (1.23)
X

forallg € H“2(X, d, m) N Lipy(X) N D(A) with Ag € H?(X, d, m).

Proof. See [11, Theorem 3.1] for (1.22), [45, Section 3] for (1.23). O

1.5 Local convergence of gradients under Mosco convergence

The main goal of this section is to localize the Mosco convergence result of [31], proving
convergence results for (Vu;, Vv;); to (Vu, Vv) when u; are strongly convergent in
H'2 to u, and v; are weakly convergent in H'*? to v. When both sequences are strongly
convergent, we obtain at least the weak convergence as measures. Our main tools are
the Theorem 1.5.4 borrowed from [31] and the convergence results of [14] in the more
general context of derivations (see Theorem 1.5.6).

Definition 1.5.1 (Mosco convergence). We say that the Cheeger energies Chi := Chp,
Mosco converge to Ch if both the following conditions hold:
(a) (Weak-liminf). For every f; € L?(X, m;) L?>-weakly converging to f € L*>(X, m), one
has
Ch(f) < lim inf Chi(fy).

(b) (Strong-limsup). For every f € L?(X,m) there exist f; € L*(X,m;), L?-strongly
converging to f with _
Ch(f) = lim ChI(F). (1.24)
i~oco
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One of the main results of [31] is that Mosco convergence holds if (X, d,m;) are
RCD(K, oo) spaces with

mi(Br(X) < ¢ Vr>o0, Vi (1.25)

for some x € X and c1, ¢, > 0. This result holds even in the larger class of CD(K, oo)
spaces and the uniform growth condition (1.25), that we prefer to emphasize, is actu-
ally a consequence of the local weak convergence of m; to m and of the uniform lower
bound on Ricci curvature (see Remark 1.4.3).

Following [31], we define weak and strong convergence in the Sobolev space H'*2
in a natural way, and with a variable reference measure.

Definition 1.5.2 (Convergence in the Sobolev spaces). We say that f; € H*(X, d, m;)
are weakly convergent in H? to f € H“%(X, d, m) if f; are L*>-weakly convergent to f
and sup; Chi(f,-) is finite. Strong convergence in H%? is defined by requiring L?-strong
convergence of the functions, and that Ch(f) = lim; Ch'(f)).

Notice that the sequence f; = h, with h € Lip,(X) fixed, need not be strongly con-
vergent in H''2, as the following simple example taken from [14] shows. The reason is
that this sequence should not be considered as a constant one since the supports of
m; can well be pairwise disjoint.

Example 1.5.3. Take X = R? endowed with the Euclidean distance, f(x1, x2) = x> and
let
m; = iL%L([0,1]x [0, 1]),  m=3("L[0,1] x {0}.

Then, it is easily seen that |Vf|; = 1 while |Vf| = 0.

It is immediate to check that weak convergence in H'*? is stable under finite sums; it
follows from (1.26) below that the same holds for strong convergence in H'>2. Also,
Theorem 1.7.4 below (borrowed from [31]) yields that weakly convergent sequences
are also Lfoc-strongly convergent, and provides conditions under which this can be
improved to L?-strong convergence.

Theorem 1.5.4 (Mosco convergence under uniform Ricci bounds). If (X,d, m;) are
RCD(K, o) spaces satisfying (1.25), then Ch' Mosco converge to Ch. In addition

llg:lo (Vvi, Vw;)idm; = /(Vv, vVw)dm, (1.26)
X X

whenever (v;) strongly converge in H"? to v and (u;) weakly converge in H"? to u and

the heat flows h' relative to (X, d, m;) converge to the heat flow h relative to (X, d, m) in

the following sense:

vt > 0, hif,~ Lz-strongly converge to h:f whenever f; Lz-strongly convergeto f. (1.27)
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Proof. See [31, Theorem 6.8] for the Mosco convergence and [31, Theorem 6.11] for the
L?-strong convergence of hb‘,- to h¢f. The proof of (1.26) is elementary: since v; + tw;
weakly converge in H''? to v + tw for all t > 0, by Mosco convergence we have

Ch(v) + Zt/(Vv, Vw)dm + t2Ch(w)
X
= Ch(v+tw)< lin_1>infChi(vi + tw;)
1o

= lin_l)inf Chi(v;) + 2t /(Vv,-, Vw;);dm; + t>Chi(g))
1700 .
X

IN

Ch(v) + 2tli;1_1>inf (Vv;, Vw;);dm + £ lim sup Chi(w;).
i>oo i>oo
¥ i>
Since sup; Chi(wi) is finite, we may let ¢ | O to deduce the lim inf inequality; replacing
w by -w gives (1.26). O

In the following corollary we prove standard consequences of the Mosco convergence
of Theorem 1.5.4, which refine (1.27) (see also [31, Corollary 6.10] for a discrete coun-
terpart of this result, involving the resolvents).

Corollary 1.5.5. Under the same assumptions of Theorem 1.5.4, one has

(a) iffi € HY*(X,d,my), f; € D(A;) L?-strongly converge to f and A;f; is uniformly
boundedin L?, thenf € D(A), Af; L? weakly converge to Af and f; strongly converge
inH? to f;

(b) forall t > 0, hif; strongly converge in H>? to h.f whenever f; L?-strongly converge
tof.

Proof. (a) Using the integration by parts formula we see that f; is weakly convergent
in H2, Let y € H»?(X,d, m) and let x; € H"2(X, d, m;) be strongly convergent to y
in HV2. Let g be a L%-weak limit point of A;f; as i > oo, so that (1.26) gives (along a
subsequence, that for simplicity we do not denote explicitly)

[ sxdm=tim [ xiaifidm =~ lim [ (9, Vfi)idom = [ (9, 9 d.
X X X X

This proves f € D(A) and g = Af, so that compactness implies A;f; L2-weakly con-
verge to Af. We can take the limit in the integration by parts formula | X |Vfi\i2 dm; =
~ [x filAif; dm; to prove the strong H"? convergence of f; to f.

Now, we can prove (b). From (1.15) we know that A,-hifi is bounded in L? for all
t > 0, hence (a) provides the strong convergence in H'*? of hifi to hef. O

In order to localize the previous results (see in particular (1.26)) we shall use the next
theorem, proved in [14, Theorem 5.3]. It shows that any sequence (f;) strongly conver-
gent in H"? to f induces gradient derivations which are strongly converging to the
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gradient derivation of the limit function, using as class of test functions the family
hg+Aps defined below

hg, Aps := {hsf : f € Aps,, 5 € Q:+} C Lipy(X). (1.28)

Notice that hg, A, depends only on the limit metric measure structure, and it is dense
in HY2(X, d, m), see [14, Theorem B.1]. Notice also that, since suppm can well be a
strict subset of X, the Lip,(X) extension of f € hg, Ay is not necessarily unique, and
therefore (Vv, Vf); might depend on this extension when v € H L2(x,d, m;) (while
(Vv, Vf) does not for v € HV2(X, d, m)). Nevertheless, the following convergence the-
orem is independent of the extension.

Theorem 1.5.6 (Strong convergence of gradients). Assume that (X,d,m) is a
RCD(K, oo) metric measure space, that Chi are quadratic and that Mosco converge to
Ch. Let v; € HV2(X, d, m;) be strongly convergent in H"? tov € H"2(X, d, m).

Then, for all f € hg+ Ay, (VVi, Vf)i L2-strongly converge to (Vv, Vf).

Theorem 1.5.7 (Continuity of the gradient operators). Assume that (X,d,m;) are
RCD(K, oo) metric measure spaces, let v.e H“*(X,d, m) and let v; ¢ H>*(X, d, m;)
be strongly convergent in H? to v. Then:
(a) the following tightness on bounded sets holds:
lim lim sup / |Vv;|? dm; = 0. (1.29)
R0 j3eo
X\Br(X)
(b) If w; weakly converge to w in H>? the measures (Vv;, Vw;);m; weakly converge in
duality with hg, Aps to (Vv, Vw)m, and if (Vv;, Vw;); is bounded in LP for some
p € (1, o) also weakly in L?.
(c) If w; strongly converge to w in H"? then (Vv;, Vw;); L!-strongly converge to
(Vv, Vw).

Proof. (a) In order to prove (1.29) we choose g : X > [0, 1] 1/R-Lipschitz with yz = 0
on Bg(X), xg = 1 on X \ Byz(x) and notice that the Leibniz rule gives

/\VVi|i2XR dm; = /(VVi,V(ViXR»idmi_/<VV1':VXR>Vi dm;
X X X

so that we can use (1.26) to get

1/2
. 1
timsup [ (9vifxedmi < [ (vv, Ve dm+ & ( [ dm) V)2 my-
oo

X X X

Using the Leibniz rule once more we get

. 1/2
. 2
imsup [ 9 dm; = [ 19vPxdms & ([ 19vRdm) " Wibigom
i~oco

X X X
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which gives (1.29).
Let us now prove (b). Let f € hg, Ayps. Using the Leibniz rule we can write

/(Vvi, Vwy)if dm; = —/in’ Vf)iw; dm; + /(VVi, V(wif)); dm;

X X X

and use (1.26) together with the L?-strong convergence of (Vv;, Vf); to (Vv, Vf), en-
sured by Theorem 1.5.6, to conclude the weak convergence in duality with hg, Ay of
(VVi, Vw;)ym;. Assuming in addition that (Vv;, Vw;); satisfy a uniform L? bound for
some p > 1,let & € LP(X, m) be the LP-weak limit of a subsequence (not relabelled for
simplicity of notation). Then, (1.29) gives

lim sup =o(R)

i>oo

/(VVi,VWOi(P'l’R dm; - /(VVi,VWih(P dm;
X X

with ¢ € hg, Aps and g = 1 - xg € Lipy(X) with g chosen as in the proof of (a).
Hence, we take to the limit as i - oo to get

‘/-{go!,bR dm—/(Vv, Vw)(pdm‘ =o(R).
X X

Since hg, Aps is dense in L9(X, m), with g dual exponent of p, we can pass to the limit
as R - oo and use the arbitrariness of ¢ to obtain that & = (Vv, Vw).

In order to prove (c), by polarization and the linearity of L!-strong convergence it
is not restrictive to assume v; = w;. It is then sufficient to apply (1.30) of Lemma 1.5.8
below (whose proof uses only (a), (b) of this proposition) to obtain the inequality
liminf; [, [Vfi|;dm; 2 [, [Vf|dm on any open set A C X. Assume that § € L*(X,m)is
a L?-weak limit point of | Vf;|;; from the lim inf inequality we get [ W §dm = [, |[Vfldm
for any open set A with m(0A) = 0. A standard approximation then gives ¢ = |Vf]
m-a.e. in X. Since the H2 strong convergence gives

limsup/ Vi dm; < / VfP dm < /52 dm,
oy X X

we obtain the L2-strong convergence of |Vf;|;. Combinig the inequality above with
liminf; ||VfilillL2(x,mp = 1€11L2(x,m) We Obtain that & = |Vf]. O

Lemma 1.5.8. Iff; € H“2(X, d, m;) weakly converge in H*? to f, then

lim inf / g[Vfildm; > / g|Vf| dm (1.30)
1 (o ]

X X
for any lower semicontinuous g : X - [0, oo] and then

lim inf / |Vfi|? dm; > / |Vf|* dm (1.31)
1700
A A

for any openset A C X.
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Proof. Since truncation preserves leoc-strong convergence and uniform L? bounds,
in the proof of (1.30) we can assume with no loss of generality that f; are uniformly
bounded. Since any lower semicontinuous function is the monotone limit of a se-
quence of Lipschitz functions with bounded support, we also assume g € Lipy(X).
Also, taking into account the inequality |Vhifi|; < e Xthi|Vf];, we can estimate

v

lilginf/ng,-hdmi lirginf/hfg|Vf,~\,-dmi—limsup/\hig—g||vfi\idmi
1700 | 1700 iSoo
X X X

v

e limint | g/Vhifi; dm; - Climsup [hig - &lxctm»
X e
with C = sup;(2Ch'(f;))"/2. Since (1.20) gives

lim lir{l;:lp/ |hig - g|* dm; =0,
X

this means that as soon as we have the lim inf inequality for hif;, h.f for all t > 0, we

have it for f;, f.

Hence, possibly replacing f; by hif; we see thanks to (1.17) that we can assume
with no loss of generality that f; are uniformly Lipschitz. Under this assumption, we
first prove (1.30) in the case when g = y, is the characteristic function of an open set
A C X, we fix finitely many v, € HV?(X, d, m) with Lip(vy) < 1, as well as finitely
many wy € Cps(X) with suppwy C A and >, [wy| < 1. Let us also fix v, ; strongly
convergent in H%*? to v;. Now, notice that
llm <Vfl, vvk,i>iwk dm,— = /<Vf, VVk>Wk dm vk. (132)

oo

X X

Indeed, (1.32) follows at once from the weak L? convergence of (Vf;, Vvy;); to
(Vf, Vvg) provided by Theorem 1.5.7(b). Adding w.r.t. k, since Lip(vy;) < 1 and
>k Wil < xa, from (1.19) with g = x4 we get (1.30).

For general g we use the formula

/ghdy=/ / hdudt

0 {g>t}
(with 4 = m; and y = m) and Fatou’s lemma.
The proof of (1.31) is a direct consequence of (1.30), of the superadditivity of the
lim inf operator, and of the elementary identity

2
/u2 dm = sup Zm(Ak)’1 (/ [u| dm) ,
“ k

Ay

where the supremum runs among the finite disjoint families of open subsets A; of A
with m(4;) > 0, of (1.30) and of the superadditivity of the lim inf operator. O
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1.6 BV functions and their stability

In this section we first recall basic facts about BV functions in metric measure spaces.
The most important result of this section, estabilished in Theorem 8.1.1, is the exten-
sion of a well-known fact, namely the stability of BV functions under L*-strong con-
vergence, to the case when even the family of spaces is variable.

Definition 1.6.1 (The class BV(X, d, m) and |Df|(X)). We say that f € L'(X,m) be-
longs to BV(X, d, m) if there exist functions fp, € L'(X, m) N Lip,(X) convergent to f
in LY(X, m) with

L:= lirginf/lip(fn)dm < oo, (1.33)
n—->oo
X

where lip(g) denotes the local Lipschitz constant of g, see (1.4). If f € BV(X, d, m), the
optimal L in (1.33) (i.e. the inf of liminf) is called total variation of f and denoted by
|Df|(X). By convention, we put |Df|(X) = eo if f € L' \ BV(X, d, m).

It is immediate to check from the definition of total variation that ¢ o f € BV(X, d, m)
forall f € BV(X,d, m)and all ¢ : R > R 1-Lipschitz with ¢(0) = 0, with

ID(g o /)|(X) < [Df|(X). (1.34)
In addition, the very definition of |Df|(X) provides the lower semicontinuity property

IDf|(X) < lirr_l)inf [Dfn|(X) whenever f;, > fin L}(X, d, m).
n—>oco

Still using the lower semicontinuity, arguing as in [43], one can prove the coarea for-
mula

oo

|Df\(X)=/|DX{f>t}\(X)dt Wf € L'(X,m), f> 0. (1.35)
0

In the following proposition, whose proof was suggested to the first author by S.
Di Marino, we provide a useful equivalent representation of |Df|(X).

Proposition 1.6.2. For all f € L*(X, m) one has

IDFICX) = inf lim inf / Lip, (fa) dm,
X

where the infimum runs amont all f, € Lip,4(X) convergent to f in L*(X, m).

Proof. By a diagonal argument it is sufficient, for any f € Lipy(X) with lip(f) <
LY(X, m), tofind f, € Lipp(X) convergent to f in L' (X, m) with Lip,(fn) - gin L}(X, m)
and g < lip(f) m-a.e. in X. By a further diagonal argument, it is sufficient to find f
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when f € Lipy(X). Under this assumption, we know by Theorem 1.4.1 that there ex-
ist fn € Lipy(X) satisfying f > f in L?(X, m) with Lip,(f.) > |Vf] in L?(X, m). Since
f has bounded support, also f, can be taken with equibounded support, hence both
convergences occur in L (X, m). Since |Vf| < lip(f) m-a.e., we are done. O

In the following proposition we list more properties of BV functions in RCD(K, oo)
spaces.

Proposition 1.6.3. Let (X, d, m) be a RCD(K, o) space. Then, the following properties
hold:
(a) iff € Lipy(X) N L' (X, m) n HY2(X, d, m) one has

DFCO - [ 19 dm (136)
X
(b) iff € BV(X, d, m) one has
IDRf|(X) < e ™ |Df|(X); (1.37)
(c) forallf € BV(X,d, m) one has
/ IPof - fldm < c(t, K)|Df|(X) (1.38)
X

with c(t, K) ~ Vtast | O.

Proof. (a)Letf € Lip,(X)NL'(X, m)nH?(X, d, m) and apply (1.18) and the inequality
lip(g) < Lip,(g) to get

IDhef|(X) < [ [Vhef|dm < e™™ [ [Vf|dm.
/ /

Letting t | O provides the inequality < in (a). In order to prove the converse inequality
we have to bound from below the number L in (1.33) along all sequences (f,) C Lip,(X)
convergent to f in L*(X, m). It is not restrictive to assume that the liminf is a finite
limit and also, since f is bounded, that f; are uniformly bounded. The finiteness of
/, « IVfn| dm gives immediately fn € H L2(X, d, m). In addition, for all ¢ > 0 it is easily
seen that h;f, weakly converge to hf in H>*(X, d, m), hence the convexity of

g / Veldm  ge HY2(X,d,m)
X

and Mazur’s lemma give

L> eKtlirr_1>inf / 1V (hefn)| dm > X / |Vhf| dm.
n—>co
X X
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We can use the lower semicontinuity of the total variation to get the inequality > in (a).

The proof of (b) in the case of bounded functions uses (1.18) as in the proof of (a)
and it is omitted. The general case can be recovered by a truncation argument.

The proof of (c) is an immediate consequence of (1.20) and the definition of BV.

O

The following theorem provides the stability of the BV property under mGH-
convergence. It will be generalized in Theorem 1.8.1, but we prefer to give a direct proof
in the BV case, while the proof of Theorem 1.8.1 will focus more on the Sobolev case.

Theorem 1.6.4 (Stability of the BV property under mGH convergence). Let (X, d, m;)
be RCD(K, o) spaces satisfying (1.25). If f; € BV(X, d, m;) L -strongly converge to f
with sup; |Df;|;(X) < oo, then f € BV(X, d, m) and

IDF|(X) < liginf IDf;];(X). (1.39)

Proof. In the proof it is not restrictive to assume that the functions f; are uniformly
bounded. Indeed, since the truncated functions f¥ := N A f; v -N L!-converge to
fN .= NAfV-N, if we knew that fy € BV(X, d, m), with

IDfY|(X) < lim inf |Df;"[;(X),

then we could apply (1.34) to fl-N and use the lower semicontinuity of the total variation
to obtain (1.39).

After this reduction to uniformly bounded sequences, let us fix t > 0 and con-
sider the functions hif;, which are uniformly bounded, uniformly Lipschitz (thanks to
(1.17)), in HY2(X, d, m;) and converge to h¢f € H2(X, d, m). If we were able to prove

[Dhef |(X) < lim inf [Dhifi ;(X) (140)

then we could use (1.37) to obtain
IDhf|(X) < e K¢ lim inf |Df;|;(X)
1>co

and we could use once more the lower semicontinuity of the total variation to conclude
our argument.

Thanks to these preliminary remarks, in the proof of the proposition it is
not restrictive to assume that f; are equibounded and equi-Lipschitz, with f; <
HY2(X,d,m;), f € H»%(X, d, m). Assuming also with no loss of generality that the
lim inf in (1.39) is a finite limit, we have that f; are equibounded in H**2, so that they
converge weakly to f in H"2. Hence, thanks to the representation (1.36) of the total
variation on Lipschitz functions, we need to prove that

/ |[Vf]dm < lirginf/ |Vfil; dm;. (1.47)
1700

X X

This is a consequence of Lemma 1.5.8 with g = 1. O
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1.7 Compactness in H? and in BV

In this section, building upon the basic compactness result in H"? of [31], we provide

new compactness results. In order to state them in global form (i.e. moving from L{’O -

strong to LP-strong convergence) and in order to reach exponents p smaller than 2,
suitable uniform isoperimetric estimates along the sequence of spaces will be needed.

Definition 1.7.1 (Isoperimetric profile). Assume m(X) = 1. We say that w : (0, o) >
(0, 1/2] is an isoperimetric profile for (X, d, m) if for all € > 0 one has the implication

m(4) < w(e) = m(A) < €Dy, |(X) (1.42)
for any Borel set A C X.

A stronger formulation is
m(A) < @(|Dy4|(X)) whenever m(4) < 1/2

for some @ : [0, oo] > [0, 1] nondecreasing with @(0) = 0 and ®(u) = o(u) asu |
0, but the formulation (1.42), which involves only the control of sets with sufficiently
small measure, is more adapted to our needs.

If (X, d, m) has w as isoperimetric profile, one has the following property: for any
€ > 0and any t € R such that m({f > t}) < w(e), one has

/ (F - )P dm < pPe? / lip? (F) dm. (143)
(o) X

In order to prove (1.43) it is sufficent to apply (1.35) to get

/ gdm < e/lip(g) dm whenever m({g > 0}) < w(e).
{g=0} X

By applying this to g = [(f - t)*]?, with the H6lder inequality we reach our conclusion.
By the definition of Ch, we also get

/ (f - 07 dm < PP ePChp(f)  Vf € HYP(X, d, m) with m({f > ) < w(e). (144)
{f=t}
The following theorem provides classes of spaces for which the existence of an isoperi-

metric profile is known. Notice that RCD(K, N) spaces with K > 0 and N < o have
always finite diameter.

Theorem 1.7.2 (Isoperimetric profiles). The class of spaces (X, d, m) with m(X) = 1
having an isoperimetric profile includes:
(a) RCD(K, o) spaces with K > 0;
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(b) RCD(K, o) spaces with finite diameter.

Proof. Statement (a) follows from Bobkov’s inequality that, when particularized to
characteristic functions, gives vKJ(m(4)) < |Dy4|(X), where J is the Gaussian isoperi-
metric function. The proof given in [16, Theorem 8.5.3] can be adapted without great
difficulties to the context of RCD(K, oo) metric measure spaces (notice that the set-
ting of Markov triples of [16], with a I'-invariant algebra of functions, does not seem to
apply to RCD(K, oo) spaces), see [13] for a proof.

Statement (b) is a direct consequence of Proposition 1.4.7 and of the definition of
BV which, choosing f = y, grant the inequality

m(A) < e(m(A) + [Dya (X))
as soon as M(e, D, K)m(A) < 1. O

Remark 1.7.3 (Sharp isoperimetric profiles). See also [18] for comparison results and
for a description of the sharp isoperimetric profile in the case when N < oo, in the much
more general class of CD(K, N) spaces (assuming finiteness of the diameter when K <
0).

The following compactness theorem is one of the main results of [31], see Theorem 6.3
therein. We adapted the statement to our needs, adding also a compactness in L2
independent of the equi-tightness condition (1.46). We say that a sequence (f;) L .-
strongly converges to f if f;¢ L*-strongly converges to fo for all ¢ € Cpg(X).

Theorem 1.7.4. Assume that (X, d, m;) are RCD(K, o) spaces and f; € H*?(X, d, m;)
satisfy

sqp/ Fi? dm; + Chi(fy) < oo (145)
"
and (for some and thus all x € X)
lim lim sup / Ifi|? dm; = 0. (1.46)
D0 jeo
X\Br(%)

Then (f;) has a L?-strongly convergent subsequence to f € HV?(X, d, m). In general, if
only (1.45) holds, (f;) has a subsequence L -strongly convergent to f € H"*(X, d, m).

Proof. The first part, as we said, is [31, Theorem 6.3]. For the second part, having
fixed x € X, it is sufficient to apply the first part to the sequences f;xr, where xz €
Lip(X, [0, 1]) with yp = 1 on Bg(x) and yg = 0 on X \ Bg,1(X), and then to apply a
standard diagonal argument. O

Under suitable finiteness assumptions, coupled with the existence of a common
isoperimetric profile, we can extend this result to LP! compactness, assuming Sobolev
or BV bounds, as follows.
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Proposition 1.7.5. Assume that (X, d, m;), (X, d, m) are RCD(K, o) spaces satisfying
m;(X) = 1, m(X) = 1 and with a common isoperimetric profile.
Assuming that p; > 1 converge to p in [1, o) and that f; € H"P!(X, d, m;) satisfy

sup/ IfilP dm; + Ch;,i(fl-) < oo,
i
X

the family (f;) has a LP©-strongly convergent subsequence (fy;)). Analogously, if p; = 1
and
sup [ Il dm; + DF,00) < o,
1
X

then the family (f;) has a L-strongly convergent subsequence (fig))-

Proof. By LPi-weak compactness we can assume that the weak limit f € LP(X, m) ex-
ists.

The case p; = 2 for infinitely many i is already covered by Theorem 1.7.4. Indeed,
the condition (1.46) is automatically satisfied under the isoperimetric assumption,
splitting

[ rams [ iR i MmO\ Be(o)
X\Br(X) {Ifil=M}
and using (1.44) with p = 2, letting first R - oo and then M 1 oo.

Hence, we need only to consider the cases p; > 2 for i large enough and p; < 2 for
i large enough.

In the case when p; > 2 for i large enough the proof is simpler since for any
6 > 0 we can write f; = g; + h; with [|h;|| s (x,m,) < 05 18illL=(x,m,) €quibounded and
sup; Chl’;i(gi) < o0. Since 2Ch(g;) < (piChI’;,i (gi))z/p", it follows that Ch(g;) is bounded
as well. Hence, by what we already proved in the case p = 2 we can find a subsequence
8i(j) L?-strongly convergent and then (since (g;) are equibounded) LP:-strongly conver-
gent. The decomposition f; = g; + h; can be achieved using (1.44) with p = p;, which
gives

Jmsup [ Q- M o,
{Ifil>M}
This is due to the fact that Markov’s inequality and the uniform L! bound on f; give

li ({If;| > M}) = 0.
aim sup w;({Ifi| > M})
Hence, we can first choose € > 0 sufficiently small, in such a way that
sqppf”'”e""Ché,(ﬂ) <6
1

and then M in such a way that sup; m;({|f;| = M}) < w(e), setting
gi=i v-M)AM.
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In the case p; < 2 for i large enough the decomposition f; = g; + h; can still be
achieved using (1.44) (with € sup; |Df;|(X) < & in the case p; = 1). Since p; < 2, this
time we need one more regularization step to achieve the compactness of g;. More pre-
cisely, we write g; = (g; - hig;) + hig;; since hig; are uniformly Lipschitz we obtain that
sup; Ch,(hig;) is uniformly bounded; hence, we can extract a L?-strongly convergent
(and also LPi-strongly convergent) subsequence. It remains to prove that

lim lim sup / |gi — higi|P' dm; = 0. (1.47)
tl0  j5eo .
X

This is an immediate consequence of (1.38) and the uniform boundedness of (g;). O

1.8 Mosco convergence of p-Cheeger energies

The definition of Mosco convergence can be immediately adapted to the case when
the exponent p is different from 2 and even i-dependent. Adopting the convention
Ch1(f) = IDf|(X) to include also the case p = 1, if p; € [1, o0) converge to p € [1, o0)
we say that the p;-Cheeger energies Ch;i relative to (X, d, m;) Mosco converge to Chp,
the p-Cheeger energy relative to (X, d, m), if:

(a) (Weak-liminf). For every f; € LPi(X, m;) LPi-weakly converging to f € LP(X, m),
one has .
Chp(f) < lin_l)infCh;,i(}‘i).
1700

(b) (Strong-limsup). For every f € LP(X,m) there exist f; € LPi(X,m;) LPi-strongly
converging to f with ‘
Chp(f) = 1i)m Chy,(fy). (1.48)
1700

We speak instead of I'-convergence if the same notions of convergence occur in
(@) and (b), namely the lim inf inequality is only required along L?-strongly conver-
gent sequences. Obviously Mosco convergence implies I'-convergence and we have
provided in Proposition 1.7.5 a compactness result that allows to improve, under the
assumptions on (X, d, m;) stated in the proposition, I" to Mosco convergence.

Theorem 1.8.1. Let (X, d, m;) be RCD(K, o) spaces satisfying (1.25) and let (p;) C
[1, o) be convergent to p € [1, o0). Then Chy, I'-converge to Chy. Under the assump-
tion of Proposition 1.7.5 one has Mosco convergence.

Proof. liminf inequality, p > 1. Possibly replacing f; by their LP! approximations in-
volved in the definition of Chp,, we need only to prove the weaker inequality

pChp(f) = lirginf/ Lip? (f;) dm;. (1.49)
1~>oo
X
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Assume first that f; are uniformly bounded in H? and equi-Lipschitz. Then,
Lemma 1.5.8 and the inequality |Vf|; < lip(f) give

/g\Vf\ dmslin_l)inf/gwm,-dm,- slin;inf/glip(f,-) dm;
1700 1200
X X X

for any g lower semicontinuous and nonnegative. This, in combination with the ele-
mentary duality identity

%/wﬂp dm = sup /g\vf\ dm—%/qum: geC(X), 2205 (150)
X X X

with g dual exponent of p (applied also to the spaces (X, d, m;) with p = p;), provides
the inequality
/ [VfIP dm < liminf / Lip?'(f;) dm;. (151)
X o X
In order to remove the additional assumptions on f; we now consider the interme-
diate case when f; are uniformly bounded in L and in L. Let us fix t > 0 and con-
sider the functions hif;, which are uniformly bounded, uniformly Lipschitz (thanks to
(1.17)), in H»2(X, d, m;) and weakly converge in H'*? to h;f € H"?(X, d, m) by Theo-
rem 1.5.4. Then we can use (1.17), (1.18) and (1.51) with hffl- to get

ert/Lipﬁ(thf)dms/|Vhtf|p dm < e_I(ptligginf/Lipﬁf(ﬁ)dmi.
1 oo
X X X

Letting t | O then provides (1.49).

We consider the general case f;; possibly splitting in positive and negative parts,
we assume f; > 0. We consider the truncation 1-Lipschitz functions (notice that the
quadratic regularization near the origin is necessary in the case p = 2, to get L? inte-
grability)

N2 ifoszs<4;
pn(t) =8-S +z ifL<z<N;

-sg+N ifN<z
and f¥ := @y o f;. Since f LPi-strongly converge to f := ¢y o f, we obtain
Chy(fN) < lim inf Chl, (FV) < lim inf Ch, (f;).
1700 100

By letting N - oo we reach our conclusion.

lim inf inequality, p = 1. The proof is analogous, in the case when the f; are uniformly
bounded it is sufficient to prove (1.49) for the regularized functions hifi, h¢f, without
using the duality formula (1.50). The uniform boundedness assumption on f; can be
removed as in the case p > 1, with the simpler truncations ¢y(z) = min{N, x}.
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lim sup inequality. For p > 1, let us consider f € HP(X, d, m) and f¥ € Lipy (X) with
Lip,(f¥) > |Vf| in LP(X, m). For any N one has, by the upper semicontinuity of the
asymptotic Lipschitz constant,

limsuppichéi(fN) slimsup/Lipa"(fN)dmi < /Lip’;(fN)dm.
i>oo i>oo
X

Since fN LPi converge to fV, by a diagonal argument, we can then define f; = fV @ with
N(i) > oo asi - oo insuchaway that f; L converge to f and lim sup; Chy,(f;) < Chy(f).
For p = 1 the proof is similar and uses Proposition 1.6.2. O

1.9 p-spectral gap

Throughout this section we assume that m(X) = 1 when a single space is considered
and, when a sequence is considered, also m;(X) = 1. For any p € [1, o) and any

f € LP(X, m) we put
1/p
cp(f) := (;relﬂg/ If —al? dm) . (1.52)
X

Wealsorecall that forany f € L!(X, m) there exists a median of f, i.e. a real number
m such that 1 1
m{f>mpss  and  m({f<mpss.
In the following remark we recall a few well-known facts about the minimization
problem (1.52) (see also [53, Lemma 2.2], [21]).

Remark 1.9.1. Forp € (1, o), thanks to the strict convexity of z — |z|P thereis a unique
minimizer a in (1.52), and it is characterized by

/ If - alP*(f -a)dm = 0.
X

It is also well known that, when p = 1, medians are minimizers in (1.52), the converse
seems to be less well known, so let us provide a simple proof. Assume that a is a min-
imizer and assume by contradiction that m({f > a}) > 1/2 (if m({f < a}) > 1/2 the
argument is similar). We can then find § > 0 such that m({f > a + 6}) > 1/2 and a
simple computation gives

If -(a+8)dm- [ |f-aldm
/ /

S(m({f < a+8}) -m({f = a+6})

- 2 / (f-a)dm <0,
{a<f<a+6}

contradicting the minimality of a.
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In particular, forany p € [1, oo) there exists a minimizer of (1.52), and it will be denoted
by mp(f); by convention, it will be any median of f when p = 1. Analogously, when we
say that mp, (f;) converge to mp(f) we understand this convergence in the set-theoretic
sense when p = 1 (i.e. limit points of mp,(f;) are medians).

Lemma 1.9.2. Let p; converge to p in [1, oo) and let f; € LPi(X, m;) be an LPi-strongly
convergent sequence to f ¢ LP(X, m). Then

11})12 mp,(f;) = mp(f) and ,ILE}, cp;(fi) = cp(f).

Proof. Since
pi p
lim sup cp, (f;) <11m /\f, b dm; = /|f—b|pdm Vb € R,
oo

taking the infimum w.r.t. b gives the upper semicontinuity of cp,(f;).
On the other hand, since it is easily seen that [mp,(f;)| < 2|/f;l|17i(x,m,), the family
myp,(f;) has limit points as i > o, and if mp,, (fjx)) > a as k > oo one has

1/pi
timin ([ 1f; = mp, Gigo) " d
X

likm_)ioglf Cpiy (fi(k))

1/p

- / f-aPdm| ey (1.53)
X

If we apply this to limit points of subsequences i(k) on which the lim infy cp,, (fix)) is
achieved, this gives that cp,(f;) > cp(f). In addition, the inequality (1.53) gives that
any limit point of mp,(f;) is a minimizer. O

Now, for p € [1, o) let

A1 (X, d,m) o= inf / Lip?(f) dm, (1.54)

1

D
()

() )
where the infimum runs among all nonconstant Lipschitz functions f on X. By the very
definition of Chy, the infimum above does not change if we minimize pChy(f)/c5(f) in
the class of nonconstant functions f € H?(X, d, m). Furthermore, whenever a min-
imizer exists, we may normalize it in such a way that cy(f) = [/f||1»x,m) = 1 (i.e. the
infimum in (1.52) is attained at a = mp(f) = 0).

Forp € (1, o0), Remark 1.9.1 and the definition of Chj, gives other characterizations

of Al,p (X)

A1 p(X, d, m) = inf /Lipg(f)dm; f € Lip(X, d),/mp dm=1, /|f|p‘2fdm=0
X X

X
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=inf{ [ lip?(f)dm: f e Lip(X,d), [ |f' dm =1, fp‘zfdm=0}
\/ furan=r |

~ inf {pChp(f) . fe HYP(X, d,m),/\f\p dm=1, / FP-2f dm = 0} .
X X
(1.55)

Remark 1.9.3. Ifm(X) = 1, let us define the Cheeger constant h(X, d, m) of (X, d, m) by
M (4)

m(4) ’
where the infimum runs among all Borel subsets A of X with 0 < m(A) < 1/2, and M~ (A)

is the lower Minkowski content of A, namely (here I;(A) is the open r-neighbourhood of
A)

h(X,d, m) := iI/}f

M (A) := liminf

m (Ir(A)) -m(A)
>0+ r )

Then, in [4] it has been proved that

IDxal(X)
m(4) ’

h(X,d, m) =1sz

where as before the infimum runs among all Borel subsets A of X with 0 < m(4) < m(X)/2
(the same result holds if we use the upper Minkowski content in the definition of h). On
the other hand, by applying Lemma 1.9.2 with m; = m, from Proposition 1.6.2 we get

|Df|(X)

c1(f)

Since c1(xa) = m(A) for m(A) < 1/2, the coarea formula for BV maps shows that the
Cheeger constant h coincides also with the quantities in (1.56).

AMa1X,d,m) = inf{ : feBV(X,d,m), f # constant} . (1.56)

In the following theorem we prove a generalized continuity property (1.57) of the first
eigenvalue, allowing also the exponents p; - p € [1, o) to depend on i. As the proof
shows, this property holds even in the extreme case when diam supp(m) = 0, with the
convention

(A1,p(X, d, m)M? := oo if diam supp(m) = 0.
Note that (1.57) in the case when diam supp(m) = 0 will be used in the proof of Corol-
lary 1.11.6.

Theorem 1.9.4. Assume that (X,d,m;), (X, d, m) are RCD(K, o) spaces satisfying
m;(X) = 1, m(X) = 1 with a common isoperimetric profile (for instance either K > 0
or uniformly bounded diameters of supp m;). If p; converge to p in [1, o), then

11)11’1 Al,pi(Xx d, m,-) = Al,p(X, d, m) (157)
1—~oco
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In particular the Cheeger constants are continuous w.r.t. the measured Gromov-
Hausdorff convergence.

Proof. Forany f € H*?(X, d, m) with cp(f) = ||f|p = 1, by Theorem 1.8.1, there exists
a sequence f; € H“Pi(X, d, m;) LP-strongly converging to f with lim sup; Chy, (f;) <
Chp(f). Applying Lemma 1.9.2 yields

Chi (f:
limsup Ay p, (X, d, m;) < lim sup piChy, (i) < Chp(f).
oo

iDeo (Cpi (fi))pi

Taking the infimum w.r.t. f gives the upper semicontinuity of A, p,(X, d, m;).

In order to prove the lower semicontinuity, we can assume with no loss of gen-
erality that A;,p,(X, d, m;) is a bounded convergent sequence. For any i > 1 take
fi € HYPi(X, d, m;) with

i 1 )
M, 4, m) = piCH, ()] < ¢ and cp(f) = [ Ifi¥"dm = 1,
X

By Proposition 1.7.5, without loss of generality we can assume that the L?i-strong limit
f € LP(X, m) of f; exists. Thus, Theorem 8.1.1 gives Chy(f) < liminf; Chy, (f;). As a con-
sequence, since Lemma 1.9.2 gives ¢p(f) = ||fl|»(x,m) = 1, we have

liminf Ay p, (X, d, m;) = lim inf piChb.(f) 2 pChy(f) = A1 (X, d, m).
1700 1200

Forp € (1, o0) and Q C X Borel, let us denote

Ap(Q,d,m):={ fe H*’(X,d, m) : /|f|pdm=1, f=0m-ae.onX\Q
Q

Accordingly, we define )llf, p (Q, d, m) as the infimum of the p-energy with Dirichlet con-
ditions
AL p(Q,d, m) :=inf {pChy(f) : f € Ap(Q,d,m)}. (1.58)

Lemma 1.9.5. Letp < (1, o).
(1) For any Borel subsets Q1, Q, of X with m(Q1 N Q,) = 0, we have

Ap(X, dym) < max {AD (@1, d, m), AD (@, d, m) | (1.59)

(2) Ifp € [2,00) and f € HVP(X, d, m) is a minimizer of the right hand side of (1.54)
with mp(f) = O, then

/ (VF, V) [VFP 2 dm = Ay p(X, d, m) / FIP2fg dm (160)
X X



34 =—— Luigi Ambrosio and Shouhei Honda

for any g € HYP(X, d, m). In particular, choosing g = f* gives

-1
Nip(X, d, m) = pChy(F) (/ |fipdm) .
X

(1.61)

Proof. We first prove (1.59). Take f; ¢ H"P(X, d, m) with fQi IfiPdm = 1land f; = 0
m-a.e. on X \ Q;. Then, choosing thanks to a continuity argument a« € R such that

JxIfs + af2P72(f1 + af2) dm = 0, we get

(1+|a|p)/\1,p(X, d,m)zAl,p(X’ d!m)</ ‘f1|pdm+/‘af2‘pdm)
Q;

(o}

=X, d,m)/|f1 +afa|P dm
X

< pChy(f1 + af2) = pChy(f1) + plaf? Chyp(f2).

By taking the infimum w.r.t. f; and f, we obtain (1.59).
Next we prove (1.60). Let

F(s, t) :=/|f+sg—t|p'2(f+sg—t)dm.
X

Then, it is easy to check that

Fe(s,6)= (p- 1) / glf +sg- P 2dm
X

and that
Fi(s,t)=(1-p) / If +sg - t\p’z dm.
X

(1.62)

The implicit function theorem yields that s — mp(f + sg) is differentiable at s = 0.
Recall that according to [30], we can represent pChy(f) as [ [Vf[P dm, where |Vf|
is the 2-minimal relaxed slope (as always, in this paper). Then, the direct calculation

of the left hand side of

d < pChp(f +5s8) )

< -0
ds \ [I(f +s8) = mp(f + 5917 )

s=0

with the differentiability of m,(f + sg) at s = 0 proves (1.60).
In the following stability result we need the extra assumption

linl SUP [Ifill e (x,my) < 1l m)
100

. 1/p;
whenever p; > oo, SUp [f i xmy + ( [ 1A dmy) "7 < oo
1
X

and f; strongly LP-converge to f for some (and thus all) p € (1, o).

(1.63)
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This is a kind of extension of Theorem 1.9.4 to the case p = oo. We believe that it should
be possible to avoid this assumption, possibly making an additional hypothesis on
the decay rate of the common isoperimetric profile. Nevertheless, this assumption is
harmless for the applications of Theorem 1.9.6 below in Section 1.11. Indeed, in the
setting of Section 1.11, as soon as p; > N the functions f; and f are equibounded and
equi-Holder on supp m;, supp m respectively; denoting by f;, f suitable equibounded
and equi-Holder extensions of f;, f to the whole of X, the Hausdorff convergence of
supp m; to supp m and the weak convergence of fim; to fm easily imply the uniform
convergence of f; to f on supp m, so that

111151110 Ifill Lo, my) < lirgsup |fill Lot x, m) < lilgsup IF 1o x,m) < I e, m)-
i>oo idoo iSoo

Theorem 1.9.6. Let (X, d,m;), (X,d, m) be RCD(K, o) metric measure spaces with
m;(X) = 1, m(X) = 1 and a common isoperimetric profile (e.g. either K > 0 or equi-
bounded diameters of suppm;). If p; € [1, oo) diverge to oo and (1.63) holds, one has

. ) 1/pi _ 2
llirg (Al,pi (Xa d’ ml))

" diam supp(m)” (1.64)

Proof. Letxy, x, € suppm; thanks to the weak convergence of m; to m we can find x; ;
convergent to xjasi > oo, j = 1, 2. Let r = d(x1, X2), r; = d(xy;, X5 ;) and let us define
nonnegative Lipschitz functions §; ; € Lip(X, d) by

r.
6]"1'(X) = max {El - d(Xj,i, X), 0} ,
uniformly convergent as i - oo to
6;(x) := max{g -d(xj, x), 0} .

Then, since {B,,,(x;,;)}j-1,2 are nonempty disjoint subsets of X, and since §; ; are 1-
Lipschitz, for any p € (1, o), (1.59) and the Ho6lder inequality give that

1/pi 1/pi
(Alypi(X’ d, mi)) e }'=i)2( { (All),Pi (Bri/Z(Xi,i))) }

-1/p;
1 / .
<max{ | ———— 87 dm;
=12 | | mi (By2 () pEETH
By 12(x;,1)
-1/p
|
< max _ 67 dm;
=1.2 | | m; (By2(x;,0) R
By.12(x;,)
for all sufficiently large i. Thus by letting i > oo we have
-1/p

. /pi 1

limsup (Ay,p,(X, d, m;) P ¢ max . — / 6P dm

iSeo ( Lp 1 ) j=1,2 m (BY/Z(X})) ]
B2 (x;)
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Letting p > oo yields

lim sup (Ay,,(X, d,mi))l/pi ST a?2<{||5j||ible(x,m)} =

2 2
i>oo B J=1, r

dxg,x2)”
By minimizing w.r.t. x; and x, we get the lim sup inequality in (1.64).

Next we check the lim inf inequality in (1.64). We can assume with no loss of gen-
erality that the limit lim; (A p,(X, d, mi))l/ Pt exists and is finite. For any i such that
p; > 2 take a minimizer f; € HVPi(X, d, m;) of the right hand side of (1.55) (whose ex-
istence is granted by Proposition 1.7.5). Set f; := f/||f£[| »i(x.my @nd fi := f{ — f; . Since
Lemma 1.9.5 yields

A1p (X, d, m;) = piChy, (F7),

by the compactness property provided by Theorem 1.8.1 we can also assume that fl*
LP-strongly converge for all p > 1 to a nonnegative g ¢ ﬂp>1 H'P(X,d, m), and that
{i‘ L?-strongly converge for all p > 1 to a nonnegative h ¢ Mps1 H Lp(X, d, m), so that
fi strongly LP-converge forall p > 1to f = g - h. For p > 1 fixed, taking the limit as
i - oo in the equality

||fi+‘|€p(x’mi) + Hf?”il’(X,mi) = Hfi”il’(X,m,-)

we obtain that g = f* and h = f~. We now claim that both f* and f~ have unit L* norm.
The proof of the upper bound is a simple consequence of the inequalities || ff e (X, m;) S
IIﬁ*HLp,-(X,m,.) = 1 for p; = p, by letting first i > oo and then p > oo, while the proof of
the lower bound is a direct consequence of (1.63).

Theorem 1.8.1and the inequality (actually, as we already remarked, equality holds
under our curvature assumption, see [30]) between p-minimal relaxed slope and 2-
minimal relaxed slope |Vf| give

+ 41\ 1 . . i et \\ 1/Di
IVF (o m) < (pChyp(f)) Ip shggf(pich;,(ﬁ)) Ip

for any p > 2, thus letting p > oo gives

+ . 1/pi
1V gty < Hm (A, X, dy ) 2

Therefore f* have Lipschitz representatives, still denoted by f*, with Lipschitz con-
stants at most the right hand side above. The relatively open subsets Q* := {f* >
0} N supp m of supp m are disjoint and nonempty. Let

r(Q*) := sup ( inf d(x, y)> .

xeQ+ \y€0Q*Nsupp(m)

Using the inequality r(Q*) + r(Q~) < diam(supp m), ensured by the length property+
of (suppm, d), we get

2 1 1
msmax{m,m}. (1.65)
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For § € (0, 1), take points x* € Q* with f*(x*) > 1 - §, and take points y* €
00* N supp m; since f*(y*) = 0, we have

1-6 < |f* () - f(y")| < Lip(f)d(x*, y*),
so that ||f*||;~(x,,m) = 1 and the arbitrariness of y* give

1 < Lip(f*)r(Q*) < lirginf (A1, (X, d, m,-))l/p" - r(QY).
120

Thus
S S S R NUp
e { nQ+)’ n(@) } < lim inf (A5, (X, d, my)) (1.66)
and (1.65) and (1.66) yield the lim inf inequality in (1.64). 0

1.10 Stability of Hessians and Ricci tensor

Recall that derivations, according to [29] (the definitions being inspired by [52]), are
linear functionals b : H?(X,d, m) > L°(X, m) satisfying the quantitative locality
property
|b(u)| < h|Vu| m-a.e.in X, forall u € H"*(X, d, m)

for some h € L°(X, m). The minimal A, up to m-negligible sets, is denoted |b|. The sim-
plest example of derivation is the gradient derivation b,(u) := (Vv, Vu) induced by
v € H"2(X, d, m), which satisfies |by| = |[Vv| m-a.e. in X. By a nice duality argument,
it has also been proved in [29, Section 2.3.1] that the L*°(X, m)-module generated by
gradient derivations is dense in the class of L? derivations. In the language of [29],
L2-derivations correspond to L%-sections of the tangent bundle T(X, d, m) viewed as
dual of the L?-sections of cotangent bundle T*(X, d, m) (the latter built starting from
differentials of Sobolev functions), see [29, Section 2.3] for more details.

Even though higher order tensors will not play a big role in this paper, except for
the Hessians, let us describe the basic ingredients of the theory developed for this
purpose in [29]. In a metric measure space (X, d, m), for p € [1, o] let LP(T§(X, d, m))
denote the space of LP-tensor fields of type (r, s) on (X, d, m), defined as in [29]. A
tensor field of type (r, s) is a L°(X, m)-multilinear map

r+s

r
T: ® TX,d, m) ® ® T"(X,d, m) > L°(X, m)
k=1 k=r+1

satisfying, for some g € L°(X, m) a continuity property
|IT(u® V)| < glu® Vv|gs m-a.e. in X.

w.r.t. a suitable Hilbert-Schmidt norm on the tensor products. The minimal (up to m-
negligible sets) g is denoted | T| and L tensor fields correspond to tensor fields satisy-
ing |T| € LP(X, m).
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In particular derivations correspond to (0, 1)-tensor fields. We recall the following
facts and definitions:
(1) any choice of g%, ..., g™ € WH?(X, d, m) induces a product tensor field T acting

as follows
r+s

(T, Qv e Q) d') = onbfk(g) n b

k=r+1

and denoted g° Q" dg* ® Q'S Vg*. Since derivations correspond to (0, 1)-tensor
fields, we recover in particular the concept of gradient derivations.

(2) Denoting, as in [45], [29] (recall that D(A) is defined as in (1.13))
TestF(X, d, m) := {f € Lipy(X) N D(A) : Af € HY2(X, d, m)} ,

the space of finite combinations of tensor products

r+s

STi(X,d, m) {Zg’()@d ® ® vghk: N21, ghic TestF(X,d,m)}
j=1

k=r+1

is dense in LP(T%(X, d, m)) for p € [1, o). This is due to the fact that the very defini-
tion of tensor product involves a completion procedure of the class of finite sums of
elementary products. Notice also that h; maps Lipy,(X) into TestF(X, d, m) forall t > 0.
(3) If (X, d, m) is a RCD(K, o=) space, the space W*2(X, d, m) is defined in [29] to be
the space of all functions f € H*?(X, d, m) such that

2 / oHess(f)(dg @ dh) = - / (Vf, Vg) div(gVh) dm - / (Vf, Vh) div(pVg) dm
X X
/ o(Vf,V(Vg, Vh))dm (1.67)

for ¢, f, g € TestF(X, d, m), with Hess(f) a (0, 2) tensor field in L2. This is a Hilbert
space when endowed with the norm

1/
P2 a,m = (It am * I1HesSOl g m) -

It has been proved in [29, Corollary 3.3.9] that H*2(X, d, m) N D(4) ¢ W?2%(X, d, m),
with
/ |Hess(f)| dm < / (Af)* + K*|Vf)* dm. (1.68)
X X

Notice that (1.67) makes sense because of (1.23); on the other hand, as soon as f €
W22(X, d, m), by approximation the formula extends from ¢ € TestF(X, d, m) to ¢ €
Lip,(X). In particular, in our convergence results we shall use the choice ¢ € hg, Aps,
where h is the semigroup relative to the limit metric measure structure. Also, arguing
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as in [29, Theorem 3.3.2(iv)], we immediately obtain that, given f € H2(X, d, m), f €
W?2(X, d, m) if and only if there is h € L?(X, m) satisfying

52(- [ 197, V0 divigupThi dm — [ (9F, The) divguape ey d
X

k X

- [ o9, VT8 ) ) |« [ WY pTa e Thidn (169
X X k

for any finite collection of @, Yy € hg, Aps, gk, hy € TestF(X, d, m). In addition, the
smallest h up to m-negligible sets is precisely |Hess(f)|.
We shall also use the simplified notation Hess(f)(g, h).

Remark 1.10.1. If we have finitely many g, hy < HY“*(X,d,m) and gé‘, h{‘ €
HY2(X, d, m;) are strongly convergent to g, hy in H? and uniformly Lipschitz, then

| Z (kag%‘ ® Vhﬂ,- L?-strongly converge to | Z (kagk ® th\ (1.70)
k k

for any choice of ¢, € Cy,(X). Indeed, we can use the identity

1> oivel @ VR =" orpi(Ver, Vi) i(VhE, Vhi);
k k, 1

and Theorem 1.5.7(c) which provides the L'-strong convergence of (Vg{f , Vg%)i to
(vgk, vgl); since these gradients are equibounded we can use Proposition 1.3.3(a) to
improve the convergence to L? (actually any L?, p < o) convergence, so that the prod-
ucts L*-strongly converge.

Let us consider the regularization of h;
hof i= / p(s)hsf ds, .71)
0

with p € CZ((0, o)) convolution kernel and, when necessary, let us define h}, in an
analogous way. Since

Ahyf = —/p'(s)hsfds iff € L2(X,m), Ahyf = /p(s)hsAfds it f € D(A),
0 0

(1.72)
it is immediately seen that h, maps L*(X, m) into TestF(X, d, m) and retains many
properties of h, namely

sup |hpf| < supf], Lip(hof) < X T Lip(f), (1.73)
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(with T = sup supp p) if f is bounded and/or Lipschitz, and

/|Vhpf|2dms/\vf\2dm if f € HY?(X, d, m), (1.74)
X X
/ |ARpf1? dm < / AfPdm  iff € D(A). 1.75)
X X

Then, we define
Test+F(X,d, m) := {hp (L2 NL=(X, m)) : p € CZ((0, o0)) convolution kernel}
C TestF(X, d, m).

By letting p - 6o it is immediately seen from (1.73), (1.74), (1.75) that the class
Test«F(X, d, m) is dense in TestF(X, d, m), namely for any f € TestF(X, d, m) there
exist f, € Test«F(X, d, m) strongly convergent in H>? to f, with sup |fn| < sup|f],
Lip(fn) < Lipf, and Af,, > Af strongly in H"2.

In the next proposition we show a canonical approximation of test functions in
the class TestF(X, d, m) by test functions for the approximating metric measure struc-
tures. Notice that we do not know if condition (b) can be improved, getting strong H"?
convergence of |Vf;|7.

Proposition 1.10.2. Let f € TestF(X, d, m). Then there exist f; € Test«F(X, d, m;) with
IfillL=x,m;) S IflL=(x,m) and sup; Lip(f;) < oo, such that f; and A;f; strongly converge to
f and Af in HY2, respectively. Moreover, these properties yield:

(a) |Vfi|? L'-strongly and L} .-strongly converge to |Vf|?;

(b) |Vfi|? weakly converge to |Vf|* in H2.

Proof. Let us assume first that f = hyg for some g € L? N L=(X, m) and some con-
volution kernel p. We define f; as h},g,-, with g; L?-strongly convergent to g, with
18illL=x,my) < 18 ]lL=(x,m)- It is clear from the construction that ||f;|| L (x,m,) < [IfllL=(x,m)
and that sup; Lip(f;) < eo. From (1.14) and (1.15), together with the first formula in (1.72)
(applied to h,’;), we obtain that both f; and A;f; are bounded in H'?, and their strong
convergence is a direct consequence of Corollary 1.5.5(b) and of (1.72) again.

The weak convergence in H'2 of |Vf;|? to |Vf|? follows by the apriori estimates
(1.22) and (1.23), that ensure the uniform bounds in H'*?, and by Theorem 1.5.7(c) that
identifies the L!-strong limit (and therefore the weak H'*? limit) as |Vf|?. Theorem 1.7.4
provides the relative compactness in L2 of |Vf;|? and then proves L{ -convergence
of |Vfi|? to |Vf]? as well.

When f € TestF(X, d, m) we apply the previous approximation procedure to h,f
and then we make a diagonal argument, letting p > 89, noticing that the first iden-
tity in (1.72) grants the strong convergence in H"? of A,-h}} fi to Ahpf, while the second
identity in (1.72) grants

1Ahof (| L20x,m) < 1AF Il 220, m)s IVARpfllL2x,m) < VASIlL2(x,m)-
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O

Theorem 1.10.3 (Stability of W>'? regularity and weak convergence of Hessians). Let
fi € W>2(X, d, m;) with sup; Ifillw22(x,d,my) < o, and assume that f; strongly converge
inHY? to f € H“2(X, d, m).

Then f € W?2%(X, d, m) and Hess;(f;) L?-weakly converge to Hess(f) in the following
sense: whenever g; € HY?(X, d, m;) are uniformly Lipschitz and strongly converge in
H%2tog e HY?(X,d, m),

Hess;(f;)(g:, g;) L>-weakly converge to Hess(f)(g, g).

In addition, [Hess(f)| < H m-a.e. for any L?-weak limit point H of |Hess;(f;)|, and in
particular

/ |Hess(f)\2dmslin§inf / |Hess;(f;)| dm;. (1.76)
1700
X X

Proof. Let g € TestF(X,d, m) and let H be a L?-weak limit point of |Hess;(f;)|. Let
(g;) be provided by Proposition 1.10.2. We will first prove convergence of the Hessians
under this stronger convergence assumption on g;.

In order to identify the L?-weak limit of Hess(f;)(g;, g;) we want to take the limit
as i - oo in the expression

-2 /(Vfi:vgi>idiv(§ov.§'i)dmi_/(P<V]Cixv|v§i|i2>idmi
X X

with ¢ € hg, Aps. Let us analyze the first term. Since div(pVg;) = pA;g; + (Vgi, Vo),
this term L2-strongly converges to div(pVg) = pAg+(Vg, V). On the other hand, by
Theorem 1.5.7(b), the term (Vf;, Vg;); L?>-weakly converges to (Vf, Vg). This proves
the convergence of the first term.

Let us analyze the second term. Since Proposition 1.10.2(b) shows that |Vg;
weakly converge in H''? to |Vg|2, we can apply Theorem 1.5.7(b) again to obtain the
convergence of [, ¢(Vf;, V|Vg;|?); dm; to [, o(Vf, V|Vg|*) dm.

This completes the proof under the additional assumption on g;. In the general
case it is sufficient to apply the already proved convergence result to h,’; gi, with p con-
volution kernel with support in (0, oo), noticing the uniform Lipschitz bound on g;
yields

)
E

/ IHess(f)(g;. g1) - Hess(f))(hbgi, hhgy)] dm;
X
< / |Hess(f})|| Vg ® Vgi - Vh}',gi ® Vh,‘;g,-| dm;
X

< C/|Hess(fi)||Vgi_Vh;)gi|idmi
X
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and that the strong H'+? convergence of h)g; to hyg yields

lim lim sup/ |Vgi- Vh,iagiliz dm; = 0.
p>80  idoo %

The inequality [Hess(f)| < H can be proved as follows. We start from the observa-
tion that, by bilinearity,

—/<Vfi,Vgi>idiV(§0¢’Vhi) dm; —/Wﬂ,Vhi)idiV((PlPVgi) dm;—
X X

+/¢¢<Vﬁ,V(Vgi,Vhi>i>idmi
X

converges to

- [ (9F.%g) divtpyvh) dn- [ (v, V) divigyps) dm- [ (V1. V(Tg, Vh)) dm
X X X
for any @, ¥ € hg, Aps whenever g;, h; € TestF(X, d, m;) are uniformly Lipschitz and
strongly converge in H L2 to g, h € TestF(X, d, m) respectively. This, taking also Re-
mark 1.10.1 into account, enables to take the limit in (1.69) written for f;, to get

52~ [ 495, vw) divtoupTmyam - [ (57, 9 divtpup Ve d
k X X

- / ¢k¢k<Vf,V<ng,th>>>
X

< /H| > @i Ve @ Vhy| dm
¥ K

for any finite collection of ¢y, Py € hg, Aps, gk, i € TestF(X, d, m). This proves that
|[Hess(f)| < H m-a.e. in X. O

In the next corollary we use the bounds on laplacians of f; to obtain at the same time
strong convergence in H"? and the uniform bound in W22, so that the conclusions of
Theorem 1.10.3 apply.

Corollary 1.10.4 (Weak stability of Hessians under Laplacian bounds). Let f; € D(4;)
with
sup((Ifill 2x,my) + 1Aifill2x,mp) < o0
1

and assume that f; L?-strongly converge to f. Then f € D(A) and
(i) f; strongly converge to f in HV2;
(ii) A;f; L>-weakly converge to Af;
(iii) the Hessians of f; are weakly convergent to the Hessian of f as in Theorem 1.10.3.

Proof. Statements (i) and (ii) follows by Corollary 1.5.5(a), while statement (iii) is a
consequence of Theorem 1.10.3 and of (1.68). O
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In the final part of his work [29], motivated also by the measure-valued I', operator
introduced in [45], Gigli introduced a weak Ricci tensor Ric. It is a sort of measure-
valued (0, 2)-tensor, whose action on gradients of functions f € TestF(X, d, m) is given
by

Ric(Vf, Vf) := A%Wﬂz ~ |Hess(f)2m - (Vf, VAf)m, 1.77)

where the potentially singular part w.r.t. m comes from the distributional laplacian A.
The measure defined in (1.77) is bounded from below by K|Vf|?*m and it is a capaci-
tary measure, namely it vanishes on sets with null capacity (w.r.t. the Dirichlet form
associated to Ch); hence, its duality with functions in H*?(X, d, m) is well defined.

Actually, Ric can be defined as a bilinear form on a larger class H}I’Z(T(X ,d, m)) of
vector fields, weakly differentiable in a suitable sense, which includes gradient vector
fields of functions in TestF(X, d, m); on the other hand, using the linearity property
of Proposition 3.6.9 in [29], as well as the continuity property (3.6.13) of Theorem 3.6.7,
one can prove that (1.79) holds if Ric(v, v) > {|v|? for all v € H;*(T(X, d, m)). For this
reason we confine ourselves to the smaller class of vector fields.

Using the tools developed so far we are able to prove a kind of upper semiconti-
nuity, in the measure-valued sense, for Ric under measured Gromov-Hausdorff con-
vergence.

Theorem 1.10.5 (Upper semicontinuity of Ricci curvature). Assume that (X, d,m;)
are RCD(K;, o) spaces satisfying

Ric;(Vf, Vf) = (|Vf]?  Vf € TestF(X, d, m;) (1.78)
for some { € C(X) with {~ bounded. Then
Ric(Vf, Vf) = {|Vf|>  Vf € TestF(X,d, m). (1.79)

Proof. Setting K = sup {~, from (1.78) and from the characterization of RCD(K, o)
spaces based on Bochner’s inequality in [8] we obtain that (X, d, m;) are RCD(K, oo)
spaces. By a truncation argument, it is not restrictive to assume that { € Cp(X). As-
sume that f € TestF(X, d, m) and let f; € TestF(X, d, m;) be strongly convergent in
H'? to f, with sup;(supy |f;| + Lip(f;)) < e, A;f; strongly convergent to Af in H!:? and
|Vfi|? weakly convergent in H'2 to |Vf|*. "The existence of a sequence (f;) with these
properties is granted by Proposition 1.10.2.
We want to take the limit as i > oo in the integral formulation

1
-3 [ T0u VIfRidmi - [ pilfess) dm~ [ g1(F VA dm
X X X

> / {pil V7 dm; (1.80)
X

of (1.78), with ¢; € H"?(X, d, m;) bounded and nonnegative, thus getting the integral
formulation of (1.79). To this aim, for ¢ € H>?(X, d, m), let ¢; be uniformly bounded,
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nonnegative and strongly convergent in H+? to ¢. First of all, since |Vf;|? L'-strongly
converge to |Vf]?, the right hand sides converge to Jx So|Vf |2 dm. Also the conver-
gence of the third term in the left hand side to [, ¢(Vf, VAf) dm is ensured by The-
orem 1.5.7(b). To handle the first term, we just use (1.26). Finally, in connection with
the Hessians, possibly extracting a subsequence we obtain a L?-weak limit point H of
|Hess;(f;)|, with H > |Hess(f)| m-a.e. in X.

Summing up, taking the limit as i - oo in (1.80) one obtains the inequality

—%/(V(p,VWﬂz)dm—/gon dm—/<p<w, VAf) dmz/(<p|Vf|2dm.
X X X

X

Using the inequality H > |Hess(f)| m-a.e. in X we conclude the proof. O

Remark 1.10.6. For any r € (0, 1), it is easy to construct a sequence (g}) of Rieman-
nian metrics on S? with sectional curvature bounded below by 1 such that (S?, g >
[0, 7] x4in S1(r) in the Gromov-Hausdorff sense, where S'(r) := {x € R?;|x| = r} (the
limit space is an Alexandrov space of curvature = 1). Note that [0, 1] xsin, S*(r) > [0, 7]
as r > 0 in the Gromov-Hausdor({f sense, and that

H?(Bs(x0)) 3 H2(Bs(xx)) 1 ’ .
F2([0, 1] xin S1(r)) ~ H2([0, 7] xg ST(r)) 2 / sin ¢ d
0

for any s € [0, ], where xo = (0, *) and xz = (7, *). Thus, by a diagonal argument,
there exist Riemannian metrics (g;) on S? (in fact g; := g!' for some r; - 0) with sec-
tional curvature bounded below by 1 such that (S?, g;, H*/H?*(S?)) > ([0, n1], g, v) in
the measured Gromov-Hausdorff sense, where g is the Euclidean metric and v is the
Borel probability measure on [0, 1| defined by

S

v([r,s) = %/sintdt

r

forany r,s € [0, ] with r < s. Let us consider eigenfunctions f; € C=(S?) of the first
positive eigenvalues of A; with |f;|| 2s2 my) = 1, where m; = H?/H*(S?) w.r.t. g;. Then,
by [24] we can assume with no loss of generality that f; strongly converge to f in H2,
with f eigenfunction of the first positive eigenvalue of A. It is known that Af = 2f and
that lim; ||[Hess;(f;) + fi8illl12(x,m;) = O- Moreover we can prove that f(t) = 3 cos t. Note
that these observations correspond to the Bonnet-Mayers theorem and the rigidity on
singular spaces. See [23, 24] for the proofs.

In particular lim; ||[Hess;(f)|[| 12(s2,m,) = 2 1im; ||fill 12(s2,m;) = 2 On the other hand,
it was proven in [35] that g; L*>-weakly converge to g on [0, rt]. Thus Hess(f) + fg = 0 in
L?. In particular ||[Hess(f)| || 12(10,x1.0) = IIf ll2(o0,1,0) = 1. Thus these facts give

lim Ric,(Vf;, VA)(S”, gi.mi) < Ric(Vf, VA0, 7], g, v),
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i.e. the Ricci curvatures are strictly increasing even in the case when f;, |Vf; 1-2, Aif; are
uniformly bounded, and strongly converge to f, |Vf|?, Af in H2, respectively. In this
respect, Theorem 1.10.5 might be sharp. Moreover this example also tells us that, in gen-
eral, the condition that A;f; L*-strongly converge to Af does not imply that |Hess;(f;)|
L?-strongly converge to |Hess(f)|.

Remark 1.10.7. With a very similar argument one can prove stability of the BE(K, N)

condition

(4f)?
N

with K : X > (—oo, +oo] lower semicontinuous and bounded from below, N : X > (0, o]

upper semicontinuous. Notice that the strategy of passing to an integral formulation,

adopted in [8, Theorem 5.8], seems to work only when K and N are constant.

SAIVFP = (vf, vaf) + s Kjop?,

1.11 Dimensional stability results

In this section only we state results that depend on the assumption N < oo. We re-
call that the definition of RCD"(K, N) space has been proposed in [28] and deeply in-
vestigated and characterized in various ways in [27] (via the so-called Entropy power
functional, a dimensional modification of Shannon’s logarithmic entropy) and in [12]
(via nonlinear diffusion semigroups induced by Rényi’s N-entropy), see also [8] in
connection with the stability point of view. Starting from RCD(K, o), the conditions
RCD*(K, N) amount to the following reinforcement of Bochner’s inequality

A%\Vﬂz > %(Af)2m+ (Vf, VAf)m + K|Vf|*m (1.81)
in the class TestF(X, d, m).

Proposition 1.11.1. There exist positive and finite constants C;(a, N), i = 1, 2, such that
for any RCD*(K, N)-space (Y, d, m) with suppm = Y, m(Y) = 1 and finite diameter one
has

0 < Cy(K(diam Y)?, N) < diam Y (Ay,(Y, d, m))? < C,(K(diam ¥)*, N) < oo (1.82)
forany p € [1, o).
Proof. Since the rescaled metric measure space
(Y, (diam ¥)"'d, m)
is an RCD"(K(diam Y)?, N)-space, and

Ap (Y, (diam Y)'d, m) = (diam Y)” A1 (Y, d, m),
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it suffices to check (1.82) under diam Y = 1.

Let M(K, N) be the set of all isometry classes of RCD*(K, N) spaces (Y, d, m) sat-
isfying suppm = Y, diam Y = 1 and m(Y) = 1. It is known that this set is sequentially
compact w.r.t. the measured Gromov-Hausdorff convergence by [8, 27]. We consider
the function F on M(K, N) x [1, oo] defined by

F((Y,d,m),p) == (A4p(Y,d, m)) /7.

Hence, Theorem 1.9.4 and Theorem 1.9.6 yield that F is continuous. In particular the
maximum and the minimum exist. Moreover, by the definition of RCD*(K, N) space
depend only on the parameters N and K. This shows (1.82). O

Remark 1.11.2. The finiteness of N in Proposition 1.11.1 is essential, i.e. the estimate
C1(KR?) < diamY (A1,p(Y,d, m)) Up C>(KR?) does not hold for RCD(K, oc)-spaces.
Indeed, the standard n-dimensional unit sphere with the standard probability measure
(S™, dn, mp) satisfies

,}EE, A1,2(S™, dn, my) = oo,

Forany N € (1, e0) and any p € [1, o] let us denote ()lll\’,p)l/lfJ the infimum of (A )'/?

in the set M(N) of all isometry classes of RCD"(N - 1, N) probability spaces. For

p = 2 the sharp Poincaré inequality for CD*(N - 1, N)-spaces given in [48] by Sturm

yields (AY,)/2 = N'/2 which coincides with (A; 5(S¥, d, my))*/? if N is an integer.

The Bonnet-Meyers theorem for CD*(N - 1, N)-spaces given in [48] by Sturm gives

(Y )V = 2/m which also coincides with (A;,..(S", d, my))'/** if N is an integer.
The following rigidity theorem is proven by Ketterer in [37, 38].

Theorem 1.11.3. Forany p € {2, oo}, any N € (1, o), and any RCD"(N - 1, N)-space
(Y, d, m) with suppm = Y, the equality

(A1 (Y, d,m)) P = (2F,) 1P

holds if and only if (Y, d, m) is isometric to the spherical suspension of an RCD"(N -
2, N - 1)-space.

Furthermore for any p € {2, 00}, any N € (1, o0), and any € > O there exists 6 :=
8(p, N, €) > 0 such that if an RCD*(N - 1, N)-space (Y, d, m) satisfies suppm = Y and

| (A p(v,d,m) " = (A1) 17| <,

then
|(Arq(¥,dom) = ()] <cc,

forany q € {2, oo} and there exists an RCD"(N - 2, N - 1)-space (Z, p, v) such that

dor (Y, d,m), (0, <" (Z,p,v))) <e.
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The following theorem is proven by Cavalletti-Mondino in [18, 19].

Theorem 1.11.4. We have the following.

(i) Forany p € [1,o0) and N € N,,, we have (Alﬁp)l/p = (A1,,(SY, dy, my)) /7.

(ii) Forany p € [1,00), any N € (1, o) and any RCD"(N - 1, N)-space (Y, d, m) with
suppm =Y, if the equality

(A1 p(Y, d,m) P = (AY )12

holds, then (Y, d, m) is isometric to the spherical suspension of an RCD"(N -2, N —
1)-space.
Furthermore for any p € [1,00), any N € (1, o), and any € > O there exists § :=
6(p, N, €) > 0 such that if an RCD*(N - 1, N)-space (Y, d, m) satisfies suppm = Y
and

|(Ap(¥, d,m) 7 - (aF,) 7| <,

then |diam (Y, d) - 71| < e.

We now give a model metric measure space whose (A1, p)l/ P attains (/111\( p)l/ P for general
N.

Proposition 1.11.5. Forany N < (1, o), let ([0, m], d, vy) with d equal to the Euclidean
distance and

1 . N-1
un(4) := 7/51n tdt.
N o sin" ! tde J

Then ([0, nt], d, vy) is an RCD* (N - 1, N)-space with
(Al,p([oa ﬂ], ds UN)) 1p = (Allv,p)l/p vp € [17 oo]‘

Proof. By [19, Theorem 1.4], for any p € [1, oo], ()lllv, p)l/p coincides with the infimum
in the smaller class

inf {21,,([0, 71], d, m); ([0, 1], d, m) € M(N)} . (1.83)

By Theorem 1.9.4 and the sequencial compactness of M(N), there exists a Borel proba-
bility measure m? on [0, 71] such that (13 , ([0, 7], d, m?)) /P = ()lllv’p)l/p. Then the max-
imal diameter theorem and p-Obata theorem for general N € (1, o) yield m? = vy.
This completes the proof. O

As a corollary of Theorem 1.9.4 and Theorem 1.9.6, we have a generalization of Theo-
rem 1.11.3 and Theorem 1.11.4 as follows. It is worth pointing out that this is new even
in the class of smooth metric measure spaces, and shows that the parameter § in The-
orem 1.11.4 can be chosen independently of p:
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Corollary 1.11.6. For any N < (1, o) and any € > O there exists § := 6(N, €) > 0 such
that if an RCD*(N - 1, N) space (X, d, m) satisfies suppm = X, m(X) = 1 and

|(Ap(x, d,m) 7 - (aX,) 7| < 6
forsome p < [1, o], then

‘(Al,q(x’ d, m))l/q - (Allv,q)l/q’ <€
forall g € [1, o<].

Proof. We first prove that if an RCD"(N - 1, N)-space (Y, d, m) satisfies suppm = Y
and diam (Y, d) = 7, then (A1 (Y, d, m))/? = (A )!/P forany p € [1, o).

By Theorem 1.11.3, there exists an RCD"(N - 2, N - 1)-space (Z, p, v) such that
(Y, d, m) is isometric to ([0, 7] xﬁi’gl (Z, p,v)) and, from now on, we make this identi-
fication. Note that for any f € L!([0, ], vy) the function fo(y) := f(t) fory = (¢, 2) is
in L1(Y, d, m), and satisfies c,(fo) = cp(f), [Ifollzr = |If||z» for any f € LP([0, n], vy). In
addition

/ fodm = /ﬂ fduy. (1.84)
Y 0

Let g € Lip([0, rt], d) with cp(g) = ||g|lrr = 1 (W.r.t. vy). Using the agreement of min-
imal relaxed slope with local Lipschitz constant in metric measure spaces satisfying
the doubling and (1, p)-Poincaré condition (first proved in [22], see also [1]), it is easy
to check that |Vgo|(t,z) = |Vg|(t) for any t € (0, ), any z € Z. Applying (1.84) for
f =1|VglP yields

Vs
Aup(¥,d,m) < / Vgol? dm = / Vgl duy.
Y 0

Taking the infimum for g with Proposition 1.11.5 yields
Ap(Y, d, m)''? = (A1, (0, 7], d, uw) /P = (AY )P

because cp(go) = I|golz» = 1.

We are now in a position to finish the proof of Corollary 1.11.6. The proof is done
by contradiction via a standard compactness argument. Assume that the assertion is
false. Then there exist € > 0, p; € [1,09], g; € [1, 0] and RCD*(N - 1, N)-spaces
(X;, d;, m;) with suppm; = X; and m;(X;) = 1 such that

fim | (Aep (K, diy ) 7 = ()| =0

and

[ m) 1% = (1) €.
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By the sequential compactness of M(N), without loss of generality we can assume
(after embedding isometrically (X;, d;) into a common metric space (X, d)), that X; = X,
d; = d and that the measured Gromov-Hausdorff limit (X, d, m) of the spaces (X, d, m;)
exists, and is an RCD"(N - 1, N)-space. We assume also that the limits p, g € [1, oo]
of p;, q; exist. Then Theorem 1.9.4 and Theorem 1.9.6 yield that

(A1 pX, d,m) P = (A )P

and that

(Ar.q(X, d,m) % #(2g) 7.
This contradicts Theorem 1.11.4 with the argument above. O
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Vladimir I. Bogachev
Surface measures in infinite-dimensional
spaces

2.1 Introduction

There are three main constructions of surface measures in R" with the standard
Lebesgue measure. The most general one is based on the Hausdorff measure H" ! of
dimension n - 1, which is a special case of the p-dimensional Hausdorff measure H?
with 0 < p < n. Its role of a “surface measure” is explained by the following two fac-
tors: one, typical sets of finite positive H "-1_measure are surfaces of dimension n - 1,
and two, this measure coincides with other natural candidates in cases where com-
parisons are possible (in particular, it coincides with the usual Lebesgue measure on
hyperplanes). For reasonable sets, this surface measure can be obtained as a limit of
normalized volumes of metric e-neighborhoods of these sets. There is a much older
construction that is closer to the intuitive understanding of what a surface measure
must be: it is a natural measure on a regular surface S ¢ R", say, on the graph of
a smooth function f on R™"!. This means that this surface measure arises as a limit
of flat measures on small pieces of tangent hyperplanes approximating the given sur-
face. Finally, one more construction deals with surfaces that are level sets of regular
functions and defines the surface measure of the set {F = t} as a certain limit of suit-
ably normalized volumes of “neighborhoods” {t — € < F < t + €}. Locally, if VF #0 on
the level set, this construction coincides with the previous one; moreover, all the three
constructions coincide in this case. However, in general, a set of finite positive H"*-
measure need not be located on a surface (neither a graph nor a level set); certainly,
a level set need not be a graph even locally.

When discussing surface measures in infinite-dimensional spaces, it is customary
to recall that there are no exact analogs of Lebesgue measures in infinite-dimensions.
This is indeed but not a major problem: there are exact infinite-dimensional analogs
of other important measures on R", for example, Gaussian, and the local theory of sur-
face measures associated with the standard Gaussian measure on R" does not differ
much from the classical construction. Apparently, the principal difficulty in construct-
ing surface measures in infinite dimensions is that such measures are related to some
intrinsic geometry of the measure but not of the space. In other words, it seems that
in many cases there is no natural canonical geometry on the space determining sur-
face measures. For example, we shall see below that the countable power R* of the
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real line equipped with the countable power of the standard Gaussian measure carries
surface measures associated with Sobolev smooth functions; however, these surface
measures have nothing to do with the standard metric on the space R> (making it a
Polish space); moreover, the measure can be restricted to many (continuum of incom-
parable) weighted Hilbert spaces in R* of full measure and the surface measures will
be unchanged.

Surface measures on general spaces have become a popular subject of study in
recent years due to development of the Malliavin calculus, geometric measure the-
ory in metric measure spaces, and infinite-dimensional stochastic analysis, see [1],
21, [3], [4], [5], [6], [7], [8], [13], [15], [20], [21], [22], [24], [25], [26], [29], [37], [43],
[44], [62] and [63], where one can find discussions of diverse problems explicitly
or implicitly connected with surface measures in infinite dimensions. In the Gaus-
sian case, surface measures related to Gaussian volume measures by versions of the
Gauss—Ostrogradskii formula were considered in the 1960-70s by a number of au-
thors, see, e.g., [69], [66], [67], [39], and [47]. Actually, Skorohod [66], [67] consid-
ered surface measures for more general quasi-invariant measures. A rich theory of sur-
face measures on infinite-dimensional spaces equipped with differentiable measures
was worked out by A.V. Uglanov in the 1970-80s and presented in his book [75] (see
also [73], [74], [77], and [32]). In the same years, an approach to surface measures for
Gaussian volume measures was developed in the framework of the Malliavin calculus
which provided efficient tools for the study of induced measures. For this approach,
see [1], [49], [9], [10], and [11]; far reaching generalizations to the case of differentiable
measures were obtained in [56], [57], [58], [59], and [60]. A close construction for con-
figuration spaces was presented in [31]. Hausdorff measures associated with Gaussian
measures were studied in [36] (see also [35]); more references for the Gaussian case
can be found in [11] and [13].

The goal of this survey is to discuss several approaches to surface measures in
infinite dimensions with a particular emphasis on the construction from the recent
paper [18] that follows Malliavin’s idea, but applies to nonlinear spaces and requires
less regularity of the function F generating the surface. This surface measure on F~1(y)
is a weak limit of the measures r 11 (y<F<y+r} * O - uasr - 0, where 0 is some weight
function (for a sufficiently regular surface, one can think of 6 as the derivative of F
along the “normal to the surface”). In the Gaussian case this construction applies to
one-fold Malliavin differentiable functions with gradients having divergences. In the
nondegenerate case, these surface measures are equivalent to the standard ones. How-
ever, this approach leads to much shorter and simpler proofs; in particular, we shall
see that the existence of surface measures is proved in a few lines. We also mention
some open problems related to infinite-dimensional surface measures. In particular,
surface measures on zero sets of polynomials have not been sufficiently studied and
this is an interesting direction of research. There are interesting connections between
surface measures and Sobolev and BV functions on infinite-dimensional spaces, con-
nections which have been intensively studied in the last decade, see [2], [3], [6], [7],
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[8], [20], [21], [24], [48], and [51]. Finally, surface measures are important for the study
of boundary value and variational problems in infinite dimensions, see [28] and [76].

The main construction discussed below is related to the concept of conditional
measure (recalled in the next section). It makes sense in great generality while sur-
face measures are usually defined in a more special situation, where one can consider
suitable neighborhoods of the “surfaces” {F = y} and obtain a reasonable limit after
appropriate scaling. For example, the usual surface measure in R arises as a limit of
the ratio of the volume of the e-neighborhood of the surface and 2¢, as € > 0. The
discussed construction of a surface measure ¢” on the level set F~1(y) is this: we in-
troduce a certain weight function 6 and set

/ £00 0 (dx) :=lim © / 00800 ()

{y<F<y+r}

for a suitable class of functions f (say, bounded Lipschitzian). Under our assumptions
the surface measure will be actually a weak limit of the measures

r_ll{y<F<y+r} OF - M.

Unlike the case of conditional measures, such constructions require certain con-
straints on measures and functions in question. In the case of a Gaussian measure
u on a locally convex space X this construction applies to a function F in the second
Sobolev class W?'?(u) and we take 8y = |DyF|? (or 8 = |DyF| in a modified construc-
tion), where DyF is the Sobolev gradient of F along the Cameron—Martin space H of
the measure u (or to a function F in the first Sobolev class W' (u) if Dy F/|DyF|g has
divergence). The weight function 6 can be later dismissed provided it is sufficiently
nondegenerate; its purpose is to allow degenerate F and lower the required order of
differentiability of F. This approach can be also of interest for the study of surface
measures on metric measure spaces (see [27], [40], [46], and [71]).

Why is it not enough to deal with conditional measures that exist in much greater
generality? The reason is essentially the same as in the finite-dimensional case: the
Gauss—Ostrogradskii—Stokes formula and integration by parts. This explains at once
why certain smoothness restrictions on the volume measure and the function gener-
ating level sets are needed. Another reason is that conditional measures p* depend
not only on the level sets F~1(y), but also on the image-measure y o F! (though, for
the induced measures with positive densities this dependence reduces to a constant
factor for each fixed y). The presented construction shares this property, but allows a
modification that does not.

The paper is organized as follows. Section 2 contains notation and terminology.
In Section 3 we first discuss Gaussian surface measures in the finite-dimensional case
and then explain how the same method works in infinite dimensions. Section 4 is de-
voted to the main construction in an abstract setting and its relation to conditional
measures. Section 5 provides an additional step needed to obtain surface measures
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on every level set of a given function (not merely on almost every), which involves a
brief discussion of capacities. In Section 6 we consider examples, in particular, return-
ing to Gaussian measures. Finally, surface measures of surfaces of higher codimension
are discussed in Section 7.

I am grateful to H. Airault, L. Ambrosio, G. Da Prato, N. Gigli, A. Lunardi, I.I. Mal-
ofeev, M. Rockner, and G.I. Zelenov for useful discussions. This research was sup-
ported by the Russian Science Foundation Grant 17-01-00662 at Moscow State Uni-
versity.

2.2 Notation and terminology

Let C‘;,"(]Rd) be the class of all bounded infinitely differentiable functions on R? with
bounded derivatives, and let CS"(Rd) be its subclass consisting of functions with com-
pact support.

Let X be a completely regular topological space with its Borel o-field B. Let u be a
bounded nonnegative Radon measure on B, i.e., for every Borel set B and every € > 0,
there is a compact set K C B such that u(B\K;) < € (see [12] for a discussion of such
measures). Below we also use signed Radon measures, i.e., Borel measures m such
that |m| is a Radon measure, where |m| = m* + m" is the usual total variation of m.

Functions measurable with respect to the Lebesgue completion of the measure u
are called p-measurable; such a function can be defined p-almost everywhere u-a.e.,
i.e., outside of a set of measure zero.

Given a a measure u, the measure with density 6 with respect to u is denoted by
0-u,ie.,

0-uB)= [ 6du.
/

In some assertions we shall assume that y is concentrated on a countable union of
metrizable compact sets; this is always the case if the space X is Souslin or metrizable,
or if u is Gaussian. The main definition does not use this assumption and actually
applies to general probability spaces; however, the assumption becomes important in
order to compare surface measures with conditional measures, and to ensure that our
surface measures are indeed concentrated on the level sets.

Given a measurable function F: X - R or a measurable mapping F: X - Y with
values in a topological space Y, we can take the image-measure y o F~! defined by the
formula

poF\(B) := u(F\(B)

on the Borel o-field in R or Y, respectively.

We recall that a Radon probability measure  on a locally convex space X is called
Gaussian if its one-dimensional images o I"! forall I € X" are Gaussian measures on
the real line, that is, are either given by densities (2770) /2 exp(~(t — a)?/(20)) with
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o > 0 or are Dirac point measures. If all these measures are symmetric, then - is called
symmetric or centered; the latter is equivalent to the identity v(B) = ~(-B) for all Borel
sets B.

The most important examples of Gaussian measures are the standard Gaussian
measure v, on R" with density () ™2 exp(-|x|?/2), the standard Gaussian measure
~ on R* that is the countable power of the standard Gaussian measure v; on R (which
is defined on the countable power R* of the real line, i.e., on the space of all real
sequences), and the Wiener measure on C[0, 1] or L2[0, 1], which can be defined as
the image of v under the mapping

oo t
(xXn) — an/en(s) ds,
n=1

0

where {en} is an orthonormal basis in L?[0, 1]. Certainly, such a definition needs a
justification (it turns out that this series converges in L*[0, 1] and even in C[0, 1] for
almost all x = (x»)). Other equivalent definitions of the Wiener measure can be found
in [11] (see also [13] and [14]).

Let v be a centered Radon Gaussian measure on X. The Cameron—Martin space H
of v consists of all vectors h with finite norm

|hlg = sup{I(h): 1€ X, |||z, < 1}

It is known that H with this norm is a separable Hilbert space compactly embedded
into X; the corresponding inner product is denoted by (-, -)g. A typical example: if v
is the standard Gaussian measure on R*°, then H = [2 with the usual Hilbert norm.

For every h € H, there is a measurable linear functional ﬁ, belonging to the clo-
sure of X" in L%(~), such that

I(h) = / 100R)~(dx) Ve X
X

The inner product in H can be defined by the formula

(h, Oy =/ﬁd%
X

An important role of the Cameron—Martin space is that it is precisely the set of all
vectors h such that the shifted measure v} defined by ~,(B) = (B - h) is equivalent
to ; the corresponding Radon—-Nikodym derivative is given by the Cameron—Martin
formula R

exp(h - |h|§/2). 2.1)

If a Radon probability measure u is concentrated on a countable union of metriz-
able compact sets, then, for any y-measurable mapping F with values in a complete
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separable metric space Y, we can find the so-called conditional measures p¥ on X such
that the function y — pY(B) is u-measurable for each B € B, y’ is concentrated on
FY(y) for every y (or u o F !-a.e. y) and y is the integral of y¥ against u o F'!, which
is written as

p=p - poF(dy),

in the sense that

£0O0 u(dx) = fO) W (dx)p o F'(dy)
froma | |

Y X

for every bounded Borel function f on X; the integral exists due to the assumption of
measurability for u¥, see [12, Chapter 10] or [13, Chapter 1] for details. Actually, con-
ditional measures in a weaker sense exist under more general assumptions about u
and F.

2.3 Surface measures in the Gaussian case

We first consider a smooth function F on R" equipped with the standard Gaussian
measure . Suppose that VF(x) # 0. In this case, the level sets {F = t} are smooth
surfaces that locally look like graphs of smooth functions. They can be equipped with
usual surface (Lebesgue) measures and then Gaussian surface measures can be intro-
duced by simply multiplying these Lebesgue surface measures by the standard Gaus-
sian density. However, we are interested in globally finite Gaussian surface measures.
To this end, we shall assume that the function |VF(x)| ! belongs to certain L? (y,); the
required value of p will become clear soon.
The first step is to verify that the distribution function

t— ynlx: F(x) < t)

is continuously differentiable. To show this we employ the Malliavin calculus. Let us
consider the gradient vector field

v(x) = VF(x)
and the corresponding differentiation

ovg =(Vg,v).

Let o be the standard Gaussian density. For every function ¢ € C3°(R) we have

/ ¢ () o FA(d0) = / &' (F(0) m(dx)
R Rn
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, 1 1
- / # (FOONLFO) 5 (dx) - / 2oy pdm. (22
Rn Rn

Integrating by parts by means of the formula

/ dufih dm = / v dyn / Fpldivy + (v, Von/on)] dyn,
Rn Rn Rn

we represent the right-hand side as

/¢ Fav avF)

(dlvv + (v, Vgn/gn))} dvyn.

We have
= |VF|>, 0y(|VF?) = 2(D°F - VF, VF),
o ( L )z_avIVFl2 __2(D*F-VF,VF)
ovF) = o 2 Nz
where

divv + (v, Von/on) = LF
and L is the Ornstein—-Uhlenbeck operator defined by

Lf(x) = Af(x) - (Vf(x), x) = Z[ai,-f(X) = x;0x,f(X)].
i=1
Therefore, letting
_ 2(D’F-VF,VF) _LF
B [VF|* IVF|2’

we obtain

/¢(t o0 F(dt) = /¢(t)n(dt)

where 77 is the image under F of the measure with density g with respect to v», provided
that

/ 18] dn < .
]Rn

This means that the generalized derivative of v, o F~! is the measure 1. Therefore, vy o
F!is an absolutely continuous measure and its density is 7((~eo, t)). Moreover, the
measure 7 is also absolutely continuous, since it is obviously absolutely continuous
with respect to v, o F~1. Hence v, o F~! has a continuous density g; and

leall < 18l ¢y,)-

The integrability of the function g with respect to the standard Gaussian measure is
ensured by the integrability with respect to v, of the functions

ID*FOO|l/|[VFG)? and  |LF()|/|VF()[?,
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where ||D?F(x)|| is the operator norm of the second derivative (one can also use the
Hilbert-Schmidt operator). Therefore, if the function |VF(x)|2~¢ is yn-integrable for
some £ > O then, by Ho6lder’s inequality, it suffices to have the ~,-integrability of
ID2F(x)||**?/¢, because it is equivalent to the y,-integrability of |LF(x)|'*?/¢, so that
applying Holder’s inequality to the second function above we see that both functions
will be integrable.

Under these assumptions, the function v»(F < t) is continuously differentiable
and we can assign the value

00:= 45 <t

to the surface S; := F~1(t). However, it is still not a surface measure but just its value
on S;.

Our next step is to observe that we can define a measure in a similar manner: this
measure will be the weak limit of the measures

wr(B) = 2N BN {t-r<F<t+r})

as r - O+. Let us recall that a sequence of Borel measures y; on R" converges weakly

to a Borel measure u if
/fdu =}gg/fdu,~
]Rn

Rn
for every bounded continuous function f. Moreover, for nonnegative measures it suf-
fices if this limit exists for all bounded Lipschitz functions f (see, e.g., [13, Chapter 8]);
furthermore, it is enough if it exists for all nonnegative bounded Lipschitz functions f.

It remains to observe that our construction also works if we replace the initial
measure yn by yn, where i is a nonnegative bounded Lipschitz function. Indeed,
in our previous calculations we replace g, with g, noting that Vip(x) exists almost
everywhere and is bounded. Hence, we obtain the new functions

o (50r) =¥o:(505) * er

_ 2Y(D*F - VF, VF) , YLF  (VF,Vy)

|VF* |VF[? |VF|?
This function is integrable under the previous assumptions because ) and |Vip| are
bounded. Thus, the measures u, converge weakly to a bounded Borel measure ot
(when t is fixed) that we can take for a surface measure. However, this is not a true
geometric surface measure; because it depends on the function F and not on only on
the level set S;. In particular, this is not the limit of normalized measures of S; met-
ric neighborhoods. To obtain a true geometric surface measure, we can consider the
surface measure

oh := |VF|- o,
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which exists at least locally and is finite if, for example, F satisfies the conditions used
above (integrability of certain rations with the second derivative and LF) to ensure that
o is finite. Moreover, these conditions can be relaxed: we need

|IDF||/|VF| + |LF|/|VF| € L*(vn),

and for example, it suffices that |[D?F|| € L?(yn) and 1/|VF| € L?(yn). Actually, the
same reasoning as above applies to the measure |VF| - v, in place of vx, so that in
(2.2) we have to multiply and divide by |VF| in place of |V F|2. This leads to a weaker
integrability condition on 1/|VF|.

Let us show that ¢? is locally the weak limit of the measures (2r) 1 4»(-NS}), where
S is the metric r-neighborhood of S;. This means that for every Lipschitz function
¢ = 0 with bounded support we have

/ ¢ dofy = lim(2n)" / & dyn. 23)
S st

We can assume that t = 0. Let us fix € > 0. Taking a smooth partition of unity, we
can assume that the support of ¢ is contained in a ball K centered at xo so small that
1-¢ < |VF(x)|/|VF(x0)| < 1+¢&on K. We can also assume, changing coordinates, that
0x, F(xo) = [VF(x0)|, 1 — € < 0x,F(x)/0x,F(x0) < 1+ €on K and Sy N K is the graph
of a smooth function of variables x4, ..., X,_1. For r > 0 small enough, the integral
of ¢ against 03 is (2r)}|VF(xo)|¢ - u(|F| < r) up to a factor g € (1 - €, 1 + &). The
metric r-neighborhood of Sy in K is contained in the intersection of K with the set
{|F| = (1 + €)|VF(xo)|r}. Therefore, for r > 0 small enough we have

@) [ pdyn<(1+28)|VF(xo)| | pdo® <(1+2e)(1+¢) [ pdaf.
/ / /

On the other hand, the set {|F| < r} NK is contained in S&" with g = (1-¢€)™'/|VF(xo)|,
since if x € Sp N K and F(x + sen) > r, then s > r(1 - £) }|VF(xo)| ! by the equality
F(x + sen) - F(x) = sox, F(x + 8ey). Therefore,

(211 [VF(xo)| / ¢ dn < 21) L [VF(xo) / & dyn,
|Fl<r s

which yields that

V(o) /'¢d00 <(-o) M lim(an)! / & dyn.
So S

These bounds yield (2.3).

We now consider a slightly modified construction an advantage of which is exclu-
sion of the non-degeneracy assumption about VF. To this end, from the very begin-
ning we replace the original measure v, by the measure

V= avF"Yn,
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assuming that o, F € Ll(fyn); however, the latter assumption can be dismissed if we
agree to deal with local surface measures. This trick enables us to write

/ ¢'(OvoFi(dl) = / ' (F(0) 0y F () n(dx)
R R
=/6v(¢) oF)dyn = —/¢ o Foypn dx.
RII RYI

This shows that the generalized derivative of v o F~! is the image under F of the mea-
sure with density —(VF(x), X)on(x) which is finite when |VF| € L?(y») and absolutely
continuous with respect to v. Repeating the construction above we arrive at differ-
ent surface measures ¢¢ without any non-degeneracy conditions on VF. Again, the
obtained surface measures are not “geometric”. To return to usual surface measures
we have to assume that VF # 0 and in that case we can consider (at least locally)
the surface measures |VF|™! - ¢!. The measures ¢! and ¢} are related by the equality
at =|VF]?-d'.

Example 2.3.1. Suppose that F is a polynomial of R" such that VF(x) #0. It is known
(see, e.g., [72]) there are numbers ¢ > 0 and a > O such that

[VFGO” 2 c(1 + |x[1)7%

hence the function |VF|~? belongs to all LP(v»), p < ee. In this case both constructions
apply and yield globally finite surface measures on all surfaces F~1(t).

The described second construction has advantages also in the infinite-dimensional
case because it does not involve division by 0, F. We shall now discuss it still in the
Gaussian case but in infinite dimensions, and then present it in full generality.

Now let v be a centered Radon Gaussian measure on a locally convex space X.
Without loss of generality, one can assume this is the standard Gaussian measure on
R*° or its restriction to a weighted Hilbert space of sequences x = (x,) with finite norm

=S 5 1/2 oo
(Dexd) s en>0, Y en<oo,
n=1 n=1

The latter condition ensures this space has measure 1.

Let H be the Cameron—Martin space of ~, i.e., the usual Hilbert space 12 for the
standard Gaussian measure on R*°.

Let FC be the class of all functions of the form

fO) = follu(), ..., (X)), fo € CZR™M, ;€ X,

which for R* is just the union of all classes C3;’(R"). Functions in this class are called
smooth cylindrical.
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Using the Radon—Nikodym density expression of the shifted measure (see (2.1))
we obtain the equality

[ €10 = F00la(d0) - [ € exp (0 - E1hiE/2) - 1]00 (a0

X X

for all f € FC; hence, it follows by letting t - 0 that

/ Inf () ~(dx) = / FOORG) (), (2.4)
X X

where
Onf () :=lim EH(fx + th) - f(x)).

This simple formula is the basis for our construction.
The Sobolev class WP'1(v), p € [1, +o0), is defined as the completion of the class
FC with respect to the Sobolev norm

1/p
Wfllp,1 = lIfllzeey) + IPESllzecy) = [1Fllioy) + (/ IDufOO y(dx)) ,
X

where the gradient Dgf(x) € H (wWhich now plays the role of Vf(x)) is defined by
(Duf(), M)y = opf ().

If {ex} is an orthogonal basis in H the vector Dgf(x) has coordinates 0, f(x). For the
standard Gaussian measure on R* functions of class FC€ are just smooth functions
with bounded derivatives in finitely many variables, and Dyf(x) = Vf(x).

One defines similarly the Sobolev classes W?'1(~, E) of mappings with values in
a separable Hilbert space E; in this case, Dgf(x) is an operator between H and E, and
the Hilbert-Schmidt norm || - ||gs is used to define the Sobolev norm. This means that
in place of | Dy f(x)|y in the previous formula we use the quantity

- /
1DafWs = (3 10 fGIR)
n=1

As a result of completion, every Sobolev function f € W?:!(y) obtains a gradient
Dyf, an LP-mapping with values in H. On account of (2.4) it satisfies the integration
by parts formula

/ YO)DufO0), B +(dx) = - / FOOl9RP(0) — POORGA] A(dx)
X X

for all p € FC. Actually, this equality extends to p € W%'(5), ¢ = p/(p - 1). By us-
ing this directional integration by parts formula, one can show that ~ is differentiable
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along vector fields v € W?*1(~, H) in the following sense: there is a function Bv € LP(v)
such that for all functions f € W?1(y) with p’ = /(p - 1) one has

[ @ur60. v60) ~(d0) = [ Bu0F60-1 (@0, (25)
X X
In this case for v(x) = Y-, va(x)en we have

Br(x) = (3¢, v(x) = va(x)en(x)),

n=1

where the series converges in LP(v). The function By is called the logarithmic deriva-
tive, or divergence of v with respect to . If v(x) = h € H is constant then 8, = h.
Moreover, we can go a step further:

/ YOODf (), VO ~(dx) = - / YOIBGIF ) 1 (d)
X X

- / FOODEP, VO A(d),  (26)

X

where f, ) € WZPl’l(y) so that fi € Wp,’l(y) and (2.5) can be applied to fi.

It should be noted that (2.5) can hold (with some function 8v) for a vector field v
not belonging to a Sobolev class; for example, there are irregular vector fields on the
plane with zero divergence in the sense of distributions. If (2.5) holds for all smooth
cylindrical functions f then ~ is called differentiable along the vector field v.

Inductively one defines higher Sobolev classes W?**(~, E) with derivatives up to
order k; actually, we only need k = 1, 2. For example, the class W?>?(v) consists of
all functions f € WP1(y) such that Dyf € WP'1(v, H). Therefore, the measure ~ is
differentiable (in the sense explained above) along the gradient field v = DyxF once
F € WP>2(~). In this case

Bv=LF,

where L is the Ornstein—Uhlenbeck operator; for R* it is defined as the closure of the
operator

LFO) = [05.£(00) - x;0xf(0)]

on smooth cylindrical functions. However, belonging to the second Sobolev class is
not necessary for the existence of divergence of DyF. This happens already in the
finite-dimensional case.

Now, given a function F € WP*2(y), where v is the standard Gaussian measure
on R*°, with some p > 1 such that

1

»
DyF? € L (),
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we consider the exact analogs of the two constructions of surface measures on the
level sets S; = F~1(t) considered above for R™. In the first construction we have the
following exact analog of (2.2):

/ ¢ (O)y 0 F1(df) = / 203 .
R X

By using (2.6) and the equality
Ov(DEF(xX), DgF())y = 2(DEF(X) - DgF(x), DgF()),

where D4F(x) - DiF(x) is the action of the operator D F(x) on the vector Dy F(x), we
write the right-hand side as

o0l e ]t 208
X X

|DyF|%;

The integral on the right exists since we have LF, | D% F| g5 € L?(y) by the assumption
that F € WP*%(4); hence, |LF|/|DyF)%, |D%F us/|DuF|% € L (y) by Holder’s inequal-
ity. Next we show that similar equalities hold if we replace the measure v by - ~,
where 1 is a bounded function that is Lipschitz on R* with respect to the metric

d(x,y) = Z 27" max(|xn - ynl, 1).

n=1

To this end, we observe that such a function is Lipschitz along H, i.e.,
|p(x+h) - ()| <Llh|y forallx e R®andh e H = I,

Indeed, max(|hn|, 1) < |h|y for all n, hence d(x + h, x) = d(h, 0) < |h|y. It is known
(see [11, Section 5.11]) that this yields the inclusion ¢ € W1(y) forall s € [1, +o0) and
|[Dgy|g < L. Hence, in the calculations above we have to replace 1/0,F by /9dvF so
that in place of 9,(1/0vF) we have 0,¥/0vF + 9v(1/0vF). By the equality

ovp/ovF = (Dy, DyF)y/|DyF |y

and boundedness of Dy, this yields finite integrals in analogous calculations. There-
fore, as in the finite-dimensional case, the measures

B»—)(Zr)_l’y(Bﬂ{t—r<F<t+T})

converge weakly to finite measures ¢! as r > 0+.

Finally, in place of sets {¢ - r < F < t + r} we could deal with sets {t < F < t + r}
or {t < F < t +r} and divide by r in place of 2r in the appropriate places; this will be
done in the next section for the sake of some minor technical simplifications.
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The measures ¢}, can again be defined by the equality
0h = |DyF| - o'

provided that |DyF| is o'-integrable. This condition automatically fulfilled if |Dy F| is
bounded or under the assumptions F € W?"P(v) and 1/|DyF|* € LP (5) used above.
Moreover, as in the finite-dimensional case, even weaker assumptions are sufficient:
it is enough to have

Fe W>?(y), 1/|DyF| € L*(y).

This is verified by the same method with the measure |[DyF| - v in place of ~.
The second construction with the measure |DyF|? - v in place of v is completely
analogous; we obtain finite measures ¢} as weak limits of the measures

B ) Y(IDyF)? -7 )Bn{t-r<F<t+r}), r>0+.

We could also in this case deal with measures of thesets {t < F < t+r}or{t < F < t+r}
divided by r.

However, now we have a problem that arises also in R" if we do not assume the
continuity of F (which does not follow from the membership in W? 2(R™) for large n).
Namely, we cannot assert that ol or atl is concentrated on S;. We shall solve this prob-
lem in the next section in a general setting. To do so we compare our surface measures
with conditional measures and show that they are concentrated on the level sets S;
for almost all ¢ (with respect to the image measure). Moreover, in Section 5 we involve
Sobolev capacities to construct surface measures concentrated on the corresponding
surfaces for all ¢.

It is worth noting that an exact analog of the finite-dimensional situation consid-
ered above arises under the following two conditions: (i) we restrict our measure
to a weighted Hilbert space Y of sequences x = (x,) with finite norm ||x||y defined
by [|x||§ = S, cnXn, where ¢n > 0 and Yo, cn < oo (in this case y(Y) = 1), (i) F
is least twice continuously Fréchet differentiable on Y. In that case, the measures o'
and th will be concentrated on S; for each t. However, in the definition of an analog of
the measure ¢§ we now have two non-equivalent options: we can take the measures
|DyF|y - o' or the measures | VF|y - o. The former corresponds to r-neighborhoods
of S; with respect to the norm of H, i.e., to the sets S; + rUg, where Uy is the unit
ball of H; while the latter corresponds to the norm of Y. The relation to Y is, on the
one hand, natural, since v is concentrated on Y (but not on H); however, on the other
hand, there is no preference in our choice of Y (there are too many suitable spaces).

Consider continuously Fréchet differentiable function F on Y with VF # 0. We
can define surface measures locally by considering small neighborhoods U in which
S¢ looks like the graph of a continuously differentiable function G on a closed hyper-
plane Yy in Y. This is always possible by the implicit function theorem; moreover, it
is possible to choose such a hyperplane Yy in such a way that it is orthogonal in Y to
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a vector h from the Cameron—-Martin space H. This simplifies the previous construc-
tion, since we can take a constant vector field: v(x) = h. To minimize changes in the
discussed construction, it is convenient to replace v by a measure of the form g - v,
where g = 0 is a Lipschitz function with support in a ball Uy of radius ry such that
the ball with the twice larger radius belongs to the neighborhood U. In addition, func-
tions 1 with support in U will be taken. We can assume that 0,F = ¢ > 0in U, so
the function 1/9,F is bounded in U. Hence, both constructions are applicable in this
case. In principle, if F is continuously Fréchet differentiable and VF #0, we can intro-
duce global surface measures as possibly o-finite measures by summing local surface
measures.

Example 2.3.2. Let us consider the case where F = h is a measurable linear func-
tional. Typically, it has no continuous version. For example, in the case of the stan-
dard Gaussian measure on R* only finite linear combinations of coordinate functions
are continuous. Series ) | cnxn with infinitely many nonzero coefficients ¢, have no
continuous versions; the stochastic integral

1
/ (o) dx(®)
0

on the Wiener space, where y € L2[0, 1], has a continuous version precisely when
Y has a version of bounded variation. We can assume that |h|y = 1. Then \DHE\ H=
|h|g = 1 and all the three surface measures o', 0§y and ¢} coincide. They can be cal-
culated by using the connection with conditional measures that are known (see the
next section), but this can be also done directly. Let us recall that any Radon measure
is uniquely determined by its Fourier transform, i.e., the integrals of the functions
exp(il) for | € X". According to our construction, the integral of exp(il) against ¢ is
the limit of the expressions

@2n™ / exp(il) d~.

{t-r<h<tsr}

We can write | = ch + &, where ¢ € R, ¢ = u for some u € H such that £ and h are
orthogonal in L?(v) (equivalently, (h, u)y = 0). We shall use a proper linear version
of & (which exists); in this case it is known that &(h) = (u, h)g = 0. The orthogonal
measurable linear functionals ¢ and h are independent Gaussian random variables,
hence

Q2nt / exp(il) dy = (21)" / explich) dvy / exp(ié) dvy
{t—r<ﬂ<t+r} {t—r<ﬁ<t+r} X
t+r
= (2r)"1(2n)"1/2/exp(ics) exp(-s2/2) ds/exp(ié’) dr,

t-r X
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which tends to
(272 explict - t2/2) exp(-||¢]|3/2)

asr - 0.If t = 0, then we see that ¢° coincides up to the factor (271)‘1/ 2 with the
Gaussian measure 7 that is the image of v under the linear mapping Px = x — h(x)h.
Indeed, the Fourier transform of vo P! at the functional I represented as above equals

/ exp(il(x - A(O)) (dx) = / exp (i(ch - £)(x - A()M) +(d)

X X

- / exp (i£(x)) 7(dx) = exp(-||£[3/2),

X

since £(h) = (u, h)g = 0. Therefore, the measure ¢’ is the shift of the measure ¢° by
the vector th.

We conclude this section by considering an analog of “Gaussian” Hausdorff measures
associated with the geometry of the Cameron—-Martin space as proposed by Feyel and
de La Pradelle in [36]. This construction begins from R". Recall (see [12], [33], [34], [79])
that for every m € (0, n] the classical Hausdorff measure Hy, is generated by means of
the outer measure H, defined for each set A by

Hp(A) = infi Cm(diam A))",  Cm =27"I'(1/2)"/T(1+m/2),
j=1

where infis taken over all sequences of closed sets A; of diameter at most § with union
containing A. The values H3,(A) increase as 6 - 0+ and have a limit (possibly, infinite)
denoted by Hm(A). If we apply this method with balls in place of arbitrary closed sets
the result will be the spherical Hausdorff measure S, that is larger than H,, (on suf-
ficiently regular sets they coincide). Through this approach, the following “Gaussian
spherical Hausdorff” measures 6; on R" were introduced:

0x(B) = on * Sp(B),

where 8,,_;(B) is the limit as § > 0+ of the infimum of Z}’:l An-i(B;) over all covers of
B by closed balls of radius at most 6 and A,,_i(B;) is the (n - k)-dimensional volume
of B; measured as the (n — k)-dimensional volume of the section of B; by a subspace
of dimension n - k passing through the center of B; (which equals const(n — k)rlf"k,
where r; is the radius of B;). The number k in this notation refers to “codimension”.

The next step is to fix k and take an n-dimensional subspace Hy in H. The orthog-
onal projection P,: H - Hj, admits a measurable linear extension Ppn > X > Hp: if
e1,...,enis an orthonormal basis in Hy, then

Pnx :=e1(x)eq + -+ - en(x)en.
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Let v1 be the image of v under the measurable linear operator I - P,. For every Borel
(or Souslin) set A in X set

npn(A) = /ek(Ax)’Yn(dX), Ax={y € Hn: x+y € A}.
X

The section Ay is Borel in H; if A is Borel (and is Souslin for Souslin A). In addition,
the function x — 6 (Ax) is measurable with respect to all Borel measures. Finally, the
Gaussian Hausdorff measure 1, of codimension k on X is defined as follows: 1;(4) is
the supremum of 17,;"(4) over all n-dimensional subspaces in H with n > k.

These Gaussian Hausdorff measures are related to the initial Gaussian measure
by the following formula established in [36] and presented here for simplicity in the
case k = 1: if f € WP>?(y) for all p € [1, +o0) and f is continuous (actually, it suffices
that f be quasi-continuous with respect to the Sobolev capacity corresponding to the
class WP1(y), see the next section), then

/ IDgf | dvy = / n1(A N {{Duf| > 0} 0 fL(0) dt.
A

R

If [Dyf| > 0, then we integrate n1(A N f~1(t)) on the right.

Similarly to the finite-dimensional case, an obvious advantage of Gaussian Haus-
dorff measures is that their construction is absolutely independent of any particular
representations of sets. The other side of this universality is that it is rather difficult
to calculate surface measures of given sets; this happens already in R". Actually, the
last formula can help in such calculations: if |Dyf| > 0 and A = BN {f < s}, where B
is a Borel set and s € R, then we have

[ pafiar= [m@arioa
{f<s}NB —oco

Letting n1,¢(B) = n1(B N f~1(#)), for bounded Borel functions ¢ we obtain

S

[ #oaniar= [ [ @

{f<s} T X

Therefore, 171 (BN f~1(t)) can be obtained as the derivative of the distribution function
Ig|Dyf| - (f < 1); this identifies ; on f~1(t) with the surface measure of, considered
above.

It is not clear whether every surface of the form S = f~1(0), where f is a contin-
uous polynomial on a Hilbert space with a Gaussian measure ~ such that Vf(x) #0,
has a finite surface measure; certainly, locally all these approaches give nice surface
measures. The problem is that it is not known whether the function |[Vf(x)|? is inte-
grable (it is even unknown whether there is p > 0 for which it is integrable). Unlike



Surface measures in infinite-dimensional spaces —— 69

the finite-dimensional case, there is no lower bound of the form Q(x) > c(1 +|x|?)™® for
any continuous polynomial Q > 0. It is also worth noting that zero sets of continuous
polynomials on a Hilbert space are more complicated sets than in R". For example,
the cardinality of the set of disjoint connected components of f~1(0) can be contin-
uum and the class of orthogonal projections of such sets coincides with the class of
all Souslin sets (see [11, Exercise 6.11.19]). A survey of results on distributions of poly-
nomials is given in [16].

2.4 Surface measures for differentiable measures

Here we described an abstract approach to surface measures suggested in [18], where
the proofs of some technical assertions can be found. For the reader’s convenience we
include justifications of the most important steps.

Let u = O be a fixed Radon measure on a completely regular space X and let B
be the Borel g-algebra of X. Let F be a class of bounded B-measurable real functions.
Recall that a class of functions separates measures if two measures coincide whenever
they assign equal integrals to all functions in this class. We assume throughout that
F satisfies the following conditions:

(F1) 7 is a linear space separating Radon measures on X, and ¢(f) € F for all
f e Fandall ¢ € C7(R).

For example, if X is a metric space the class of all bounded Lipschitzian functions
on X satisfies conditions (F1). We shall see in Section 4 that this class is indeed conve-
nient for many applications.

Another example: given some class F, of B-measurable functions, we take for F
the class of all compositions ¢(f1, . .., fn), where f; € Foand ¢ € C;’(R"). This classis
a linear space and is stable under compositions with C;’-functions; certainly, we still
need the additional condition that it must separate measures (which trivially holds
if ¥ is separating). See also the modification of (F1) for multidimensional mappings
considered in Section 7.

It follows from (F1) that 1 € J and that fg € F for all f, g € 7. Indeed, f* € J for
all f € F, because we can take for ¢ a function in C}’(R) that coincides with x? on the
bounded range of f, so it remains to use the equality 2fg = (f + g)*> - f* - g°.

Definition 2.4.1. A vector field on X (or an F-vector field if we need to indicate its rela-
tion to F) is a linear mapping (differentiation)

vi F>L' W), fo of,

such that
W(pof)=d(Novf pae. 2.7)
forallf € Fand ¢ € C3(R).
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Similarly we can define more general vector fields for which functions d,f belong to
the space L°(u) of u-measurable functions.

Applying (2.7) to f, g, f +g and ¢ such that ¢(¢) = t? on a sufficiently large interval
we obtain the Leibniz rule

ov(fg) = fovg +govfae. Vf,gecd. (2.8)

It is worth noting that 9,1 = 0 because we can take ¢ = 1 in (2.7) or, alternatively,
we can take f = g = 1 in (2.8).

Below a fixed vector field v will play a role of a normal field on level sets (and in
some cases one can use indeed unit normal fields).

Definition 2.4.2. The measure j is called Skorohod differentiable along v (with respect
to ¥) if there is a Radon measure dvu on B, called the Skorohod derivative of y along v,
such that

/ 3uf 00 u(dx) = - / FOO dup(dx) Vf € 5. 29)
X X

We say that u is Fomin differentiable along v if dvi < u; in that case the Radon—-
Nikodym density of dyu with respect to p is denoted by By and is called the logarithmic
derivative of u along v or divergence of v with respect to p.

For example, let u be a measure on R? with a smooth density p, F be the class of
all bounded Lipschitz functions or the classes C‘;"(Rd), and v be a nonzero constant
vector (so that 9,f is the usual partial derivative). Then dyu is given by density dvo
and By = (dvo)/0, which explains the terminology. If v = 1 on the real line the usual
Lebesgue measure A on [0, 1] regarded as a measure on R is Skorohod differentiable,
and dqA = g — 6, is the difference of two Dirac measures and Fomin differentiable.

In the case of R with F as above, a measure y is Skorohod differentiable along
all constant vectors precisely when it has a density p belonging to the class BV(R?)
of functions of bounded variation, that is, functions in Ll(]Rd) whose first order par-
tial derivatives in the sense of distributions are bounded measures (see [33], [79]); in
that case, for a constant vector v, the measure dyu is the partial derivative of u along
v in the sense of distributions. The measure u is Fomin differentiable along all con-
stant vectors in R? precisely when it has a density in the Sobolev class W' (R?) of
integrable functions possessing integrable first order partial derivatives in the sense
of distributions. If u = p dx and p € W (R9), then for any constant vector v one also
has By = 0v0/0, where we set 8, = 0 on the set of zeros of p. If a vector field v on R? is
not constant, but is bounded and Lipschitzian, then

Bv =divv + dvo/o.

This is also true for vector fields belonging to appropriate Sobolev classes. For a survey
of the theory of differentiable measures, see [13].
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If u is a centered Gaussian measure with the Cameron—Martin space H the mea-
sure u is Fomin differentiable along the constant vector field h and S, = —h, which is
a trivial corollary of the Cameron—Martin formula (2.1).

The original definition of Fomin dealt with constant vector fields on linear spaces.
Differentiability of measures along non-constant vector fields was already considered
in the 1980-1990s (sometimes implicitly) in the Malliavin calculus and its modifica-
tions (see [70], [30], [68], [9], and [31]); close constructions arise in relation to the so-
called “carré du champ” operators (see [23]). Obviously, to be differentiable depends
on F. However, in reasonable situations differentiability with respect to small classes
(separating measures) often yields differentiability with respect to larger classes. For
example, in the case of v(x) = 1 on the real line, differentiability with respect to C’
yields differentiability with respect to the class of bounded Lipschitz functions.

Observe that dyu(X) = 0, which follows from (2.9) applied to f = 1, so dyu is
necessarily a signed measure.

We need an extension of 9y to functions outside of F.

Definition 2.4.3. Let u be Skorohod differentiable along a vector field v. We say that a
B-measurable function ¥ belongs to Dy if ¥ € Ll(y) Al Ll(dv;u) and there is a sequence
of functions f, € F converging to ¥ in L*(u) and in L*(dyu) such that the functions dvfn
converge in L' (u) to some function w and the functions f,0vg converge in L' (u) for each
g € F. Thenweset 0y¥ := w.

Note that by convergence of {f,} in L*(u) the sequence {f,dvg} converges in L*(u)
precisely when it is uniformly p-integrable. This condition holds if {f»} converges to
¥ in LP(u) for some p > 1 and all functions o, g for g € Fbelong to LY (u), g = p/(p-1).

This definition is somewhat technical because we want to make it sufficiently
broad. Similar technicalities already arise on the real line if one wants to integrate
by parts unbounded functions with respect to measures with densities of bounded
variation (but not absolutely continuous) such that the derivatives can be singular.
In the case of a Fomin differentiable measure y with 8, € L?(u), it would be natu-
ral to say that a function ¥ e L?(u) has a Sobolev derivative 0,¥ € L?(u) if there is
a sequence of functions f, converging to f in L?(u) such that {dfx} also converges
in L%(u). In that case, the limiting function for {0, } would satisfy the integration by
parts formula. The definition above follows a similar idea under weaker integrability
conditions.

The function w (if it exists) is uniquely defined. Indeed, for each g € F we have

[ gm0 ut@n - tim [ §090,f:00 (@0
X

X

- lim / [0v(8f) (%) - Fa()0vg0O] p(dx)
X
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~—lim [ (ef)0 dd) - [ Vougu(a
X X
- / (g¥)() dyp(dx) - / Y(x)dvg00) u(dx).
X X

Therefore, the integral of gw is determined for each g € ¥, which uniquely deter-
mines w according to Condition (F1).

Remark 2.4.4. If f is bounded a sequence {fx} with the properties mentioned in the
definition can be replaced by a uniformly bounded sequence; the technical condi-
tion of uniform integrability will therefore be fulfilled automatically. Indeed, taking
{ € Cy(R) such that {(t) = t on an interval containing the range of f, we obtain a
new sequence gn = {(fx) that is uniformly bounded and converges to f in L!(u) and
L'(dyp). In addition, the functions dygn = { (f1)dvfn converge to oyf in L (u).

Let u be Skorohod differentiable along v. We shall assume that F: X > R is a B-
measurable function such that

(F2) (F) € Dy for each function ¥ € Cg5’(R) and there is a B-measurable func-
tion o, F such that d,(1 o F) = ¥ (F)d,F a.e. for each 1 € C3*(R). Moreover,

OvF=0, oyF e L(y).

Set
vi=(0vF)-u, n:i=dypoF'. (2.10)

The measure v is finite and nonnegative (it can be zero). The conditional measures
on the level sets F~1(y) generated by the measure v will be denoted by V" (in the case
where u is concentrated on a countable union of metrizable compact sets).

We now introduce our surface measures ¢”; it might be reasonable to use the sym-
bol ¢, to emphasize dependence on v, but we omit this indication for notational sim-
plicity. The definition employs only the differentiability of the distribution functions

%)= [ Ffvid
{F<y}
at a given point. In this respect, no topological structures are needed. However, for

deriving further properties of our surface measures we shall need some additional
assumptions of topological nature. We set

@s(y + h) - Df(y)
h

05(y) = Df(y) = lim (2.11)

if a finite limit exists.
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Definition 2.4.5. Lety € R. Suppose that @y is differentiable at y for each f € J and
there is a Radon measure ¢” on B such that

/ £00 0 (dx) = s(y) VS € F. 212)
X

Then ¢” is called the surface measure associated with the level set F~1(y).

Remark 2.4.6. Note that we do not require that the surface measure be concentrated
at the level set F~1(y), but under broad assumptions (see the next theorem) it is indeed
ameasure on F~1(y). In this respect, the situation is similar with conditional measures.

However, if F is continuous (which we do not assume) and, for every z € X\F1(y)
and every neighborhood U of z, there is a nonnegative function f € F with support
in U and positive in a neighborhood of z (which is fulfilled if F contains all bounded
Lipschitz functions on a metric space) then ¢” is automatically concentrated on F~1(y).
This is readily seen from (2.12) because we can take U such that |F(x)-y| > |F(z)-y|/2
forallx € U; by (2.11) this yields p¢(y) = 0. Hence, the integral of f against ¢” vanishes,
so that z does not belong to the topological support of ¢”.

A similar reasoning shows that ¢” is automatically concentrated on F~'(y) pro-
vided that F satisfies ¢p(F) € F for all ¢ € C;’(R). In this case, considering suitable
functions f = ¢(F), we obtain that the sets {F > y + 1/n} and {F < y - 1/n} have
o”-measure zero for all n € N. The latter condition with compositions is fulfilled if in
the Gaussian case (see Section 3 and Section 5) we take for J the class of all bounded
functions in the Sobolev space W??(u) and F € W?2(p).

We shall see that the hypothesis of differentiability of @ is fulfilled if u is Fomin differ-
entiable along v and F satisfies (F2). In typical cases, the assumptions of this definition
are ensured by the following condition: the measures v, = r™!I {y<F<ys+r} * V converge
weakly as r - 0, which in turn is ensured by their uniform tightness and convergence
of the integrals against v, of bounded functions from a measure separating class. Ex-
actly this will be implemented below.

In the case of measures on locally convex spaces differentiable along constant
vectors, this construction is close to the ones described in [9], [10], [11] and later de-
veloped in [58]; however, in our case it requires only one-fold differentiability of F.
In [58] the membership of F in the second Sobolev class is required and in [29], in the
Gaussian case, also the second derivative is used (the function F is in the first Sobolev
class, but its appropriately scaled Malliavin gradient must be also in the first Sobolev
class).

The following result from [18] gives broad sufficient conditions for the existence
of surface measures and describes their connections with conditional measures.

Theorem 2.4.7. Let u be Fomin differentiable along v with the logarithmic derivative
Bv. Suppose that (F1) holds, a function F: X - R satisfies (F2) and poF -1 has no atoms
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(i.e., u(F1(y)) = O for all y). Assume also that at least one of the following conditions
holds:

(i) X is a complete metric space and F contains all bounded Lipschitzian functions;

(ii) the measure u has compact support;

(iii) there exists a nonnegative function W € ©y such that Wy, Wo,F € L (u) and
the sets {W < R} are compact for allR = 0.

Then, for each y € R, the Radon surface measure o” associated with F~1(y) exists.

In addition, if u is concentrated on a countable union of metrizable compact sets,
then, for v o F'-a.e.y, where v = (0,F) - U, the surface measure oY is concentrated on
F1(y) and we have the equality

Oy 291()’)’Vy,

where p1 is the density of v o F~1 and {V"} is the system of conditional measures for v.

It follows that 0” is absolutely continuous also with respect to the conditional measure
w for p.

The proof will be given below after a number of auxiliary results. However, we
can say right now that in all these cases the measure ¢” will be obtained as the limit
of the measures r 1I {y<F<y+r} * v in the week topology; in cases (i) and (ii) this will be
an immediate corollary of our assumptions and in case (iii) some little extra work will
be needed.

The main point is that, under the assumptions of the theorem, for every f € F
the function @¢(y) is continuously differentiable. This can be explained immediately
in the case F € J. The function @(y) is the distribution function of the bounded
measure

mf = (]‘-'V)OF_1

on the real line. Therefore, it suffices to show that this measure has a continuous den-
sity o5 with respect to Lebesgue measure. This will be done if we show that the deriva-
tive of m; in the sense of generalized functions is a bounded measure 1y without points
of nonzero measure. Using the standard reasoning in the Malliavin calculus, we now
show that

’1f=(f'dVil+an'H)oF71
is the generalized derivative of m;. Let ) € C5(R). We have

/wmmwm=/WmvwnFﬂm=/mwwmwnmun
X
=/mWﬁWﬂMm»/¢wmwmmmw)
X X

=—/wmnmmmmm%/vwmmmnMMF—/¢mmwa @)
X X
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Finally, ny has no points of nonzero measure if this is true for y o F “Land dyu < p
(the latter is true in the case of Fomin differentiability). The proof below is similar, we
just need to extend (2.13) to more general functions F satisfying (F2).

Remark 2.4.8. It is worth noting that under our assumptions (F1) and (F2) the mea-
sure v o F~! is absolutely continuous (see below), hence Uo F! is also absolutely
continuous provided that 0,F > 0 u-a.e. (then u and v are equivalent). In particular,
in the latter case yu o F -1 has no atoms. In general, of course, this is not true, since F
can be constant on a positive measure set.

Remark 2.4.9. It will be clear from the proof that if we are interested only in surface
measures on F~1(y) for y in some interval I it suffices to have that u(F~1(y)) = 0 only
for y € I. In addition, in many cases the construction can be “localized” by replacing
u with the measure f - 4, where f € F has an appropriate support. In this way, one can
make assumptions about also local v, say, replacing v by f - v (note that the surface
measures in [11] are constructed locally).

The following classical concepts and facts are crucial for the proof of Theorem 2.4.7.
A sequence of Radon measures un converges weakly to a Radon measure u if, for
each bounded continuous function f, we have

/ F0O u(dx) = lim / £0O pn(d).
X X

By Aleksandrov’s theorem, weak convergence of a sequence of Radon probability
measures to a Radon probability measure u is equivalent to the relation u(W) <
lim inf,;50. un(W) for every open set W (see [12, Section 8.2]).

By LeCam’s theorem (see [12, Corollary 8.6.3]), ofr complete metric spaces, if a se-
quence of nonnegative Radon measures uj is such that the integrals of each bounded
Lipschitzian function with respect to these measures converge then this sequence con-
verges weakly to some Radon measure.

Finally, it follows from Prohorov’s theorem (see [12, Section 8.6]) that if a sequence
of Radon measures v, on X is uniformly bounded in variation and uniformly tight, i.e.,
for every € > O there is a compact set K¢ such that |un|(X\K¢) < € for all n, and there is
a class of bounded Borel functions on X separating Radon measures such that the in-
tegrals of f against p, converge for each f in this class, then the measures u, converge
weakly to some Radon measure yu on X (Prohorov’s theorem ensures the existence of
a Radon measure y that is a limit point of {un} in the weak topology and the second
condition says that this limit point is unique, hence the sequence converges weakly to
it).

Note that in order to have the uniform tightness of nonnegative Radon measures
vn it suffices to have a nonnegative Borel function W on X such that the sets {W < R}
are compact for all R > 0 and the integrals of W with respect to the measures v, are
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uniformly bounded by some number C. In that case, by the Chebyshev inequality we
have
va(X\{W <R}) < CRL.

Lemma 2.4.10. Let u be Skorohod differentiable along v. Then
(i) for every f € ®y, the measure (0vf - u) o f* is absolutely continuous and its
distributional derivative is (f - dyp) o f~1, hence for all t we have

t

/ () u(dx) = / / 00 dyp(dx) ds. (214)
ety S ffes)

(ii) ¢(f) € Dy for each Lipschitzian function ¢ and each f € 7.
In addition, ¢(f) € Dy for any continuously differentiable function ¢ with a
bounded derivative and any f € ©,. In both cases, dv(¢ o f) = ¢ (F)ovf u-a.e.

For a proof, see [18].

Lemma 2.4.11. We have (F) € Dy for each bounded Lipschitzian function i on the
real line. In addition, d,(Y(F)) = ' (F)d,F.

The proof of this lemma is easy and can be also found in [18].

Corollary 2.4.12. Under assumptions (F1) and (F2) we have
VoF Y =n=dpuoF?!

in the sense of distributions, where v and n are defined by (2.10). Hence the measure
voF lhasa density g1 of bounded variation, moreover,

01(t) = (o0, t)) = dypu(x: F(x) < t).

If u o F7! has no atoms and y is Fomin differentiable along v, then |dyu|({F = t}) = 0
for every t, hence this density is continuous.
Moreover, for every f € F we have

(F-v)oFY =(f-dyp)o F 1+ (0uf - p) o F (2.15)

and
I - v) o FYY | < |If - dvp+ 0vf - |-

If 4 o F~! has no atoms then the measure (f - v) o F! has a continuous density or of
bounded variation and

lor)| < IIf - dvp + ovf - | < [ldvll + [If[loo + [[Ovf L1 0)-
Finally, if dyyu = Bv - u, where Bv € L9(u), g = p/(p - 1), then
lor ] < 1BvliLagolflzogoy + 10V 111y (2.16)
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Proof. Extending (2.13), we find that

/ WO F-v) o Fde) - / 3y o FF0O) p(d)
X
- / YOG dypa(dx) - / WF0)auf () p(dx),
X X

which gives (2.15), hence all our assertions follow. O

Remark 2.4.13. It should be noted that the “non-normalized” surface measures intro-
duced above are still not true “surface measures”; they depend not only on the level
sets F~1(y) but also on the whole function F. Obviously, the whole measure depends
also on our choice of the vector field v. However, there is some scaling invariance of
the construction: for example, if we replace F by kF with some number k > 0, the set
F~1(0) does not change and our measure ¢° respects this. The sets {0 < kF < r} are the
old sets {0 < F < r/k}, so, when evaluating the derivative of the distribution function
at zero, we have the factor k coming from o0, (kF) and obtain the same quantity.

Nevertheless, if v also depends on F, e.g., if we take for v a suitable gradient of
F without normalization, then we loose this invariance. This is a certain disadvan-
tage of our definition which will be partially overcome below (by passing to surface
measures normalized by weights or by taking normalized vector fields). One should
bear in mind that, even dealing with very nice functions F on infinite-dimensional
spaces, the known constructions do not really define surface measures on individual
level sets F~1 (v). As it happens with usual nice surfaces in R , it is still necessary that
each fixed surface be included in a special family of level sets. An important excep-
tion is the Gaussian Hausdorff measure mentioned in Section 3; as we have seen this
is a non-o-finite measure on all Borel sets and it is not easy to calculate its value on
individual surfaces. Another exception is a surface determined by a nondegenerate
Fréchet differentiable function on a Banach space (but typical infinitely Sobolev dif-
ferentiable functions on infinite-dimensional spaces are not even continuous). On the
other hand, by using weight functions one can obtain “geometric surface measures”
on the basis of our surface measures for a reasonable individual surface.

Proof of Theorem 2.4.7. We can assume that y = 0. We know from Corollary 2.4.12 that
for every f € ¥ the distribution function of the measure (f - v) o F~! is differentiable at
zero and its derivative is p¢(0). Clearly,

0r0) = limn [ £00v(ax) = lim [ FG0va(an),
B, X

where
Bn={0<F< n'l} and vp:=nlg -v.
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Certainly, in place of n~! we can take numbers h, > 0 decreasing to zero (then the
factor nisreplaced by hy!). The nonnegative measures vy, are uniformly bounded since
their values on the whole space X converge to p1(0).

If either (i), (ii) or (iii) is fulfilled, it follows that there is a bounded nonnegative
Radon measure ¢° on X such that

/ £000°(dx) = lim / 00 va(d).
X X

Indeed, in case (i) we apply Le Cam’s theorem. Note that the measures v, are Radon
and are concentrated on a common separable subspace. In case (ii) we obviously have
the uniform tightness of the measures v,, which gives a Radon limit, as explained
above.

The same is also true in case (iii) because the integrals

/ W) va(dy) = n / W) v(dx)
X Bn

are uniformly bounded. This follows by the same reasoning that proves the existence
of 91(0), just in place of u we take W - u; our assumptions in (iii) are such that this
works. This completes the proof of Theorem 2.4.7.

Let us compare the constructed measures ¢” with the conditional measures v/,
assuming that y is concentrated on a countable union of metrizable compact sets. It
follows from the definition of g((y) that

/ / £ 0" (dx) dy = X/ £00v(dx) = R/ X/ FOOV(dx)v o F\(dy).

-0 X
The integral on the left can be written as

+oco

1 _ 1y oF!
Z X/ P05 0" (@) 1)y R/ X/ P05 0 (@) ve ).

Hence the measure 67 /p+(y) coincides with the conditional measure v for vo F-a.e.
y due to our assumption that F separates measures on B, and the essential uniqueness
of conditional measures. O

Remark 2.4.14. (i) The assumption that p is concentrated on metrizable compact sets
has not been used for the proof of existence of ¢”; it is only needed if we wish to com-
pare surface measures with conditional measures and localize ¢” on F~1(y).

(ii) In place of the sets {y < F < y+h} we could deal with the sets {y—h < F < y+h},
but then the factor h~! must be replaced by (2h)71.

(iii) It follows from our construction that in cases (i) — (iii) the mapping y — o” is
continuous provided that the space of probability measures is equipped with the weak
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topology. Indeed, according to (2.12), whenever y; - y, for each f € F the integral of f
against 0¥ converges to the integral of f against 0¥ ; by the respective assumption this
yields weak convergence.

(iv) Although our construction of surface measures is topological in the sense that
it involves weak convergence of measures and the latter depends on the initial topol-
ogy, the resulting measures possess certain topological invariance. Obviously, they do
not change if we continuously embed our space into a larger space. Moreover, in many
practical situation they do not change even if we consider them on a smaller topolog-
ical space of full measure continuously embedded into the original space in such a
way that the restriction of our measure y to this smaller space is Radon on it.

(v) Surface measures are closely related to the classes BV of functions of bounded
variation. In R" the functions of this class are precisely those functions f € L'(R")
for which the derivatives 0y,f in the sense of distributions are measures of bounded
variation. The indicator function Iy of a domain belongs to BV precisely when the
boundary oV of V has finite perimeter. For the infinite-dimensional case, see [2]-[8],
[20], [21], [22], [24], [25], [43], [44], [48], [51], [62], and [63]. An interesting question is to
determine when level sets of a convex function (for example, a seminorm) have finite
surface measures. This question is not trivial even for Gaussian measures and becomes
especially challenging for convex (or logarithmically concave) measures, i.e., proba-
bility measures whose finite-dimensional projections are measures given by densities
of the form e~V with a convex function V with respect to Lebesgue measures on affine
subspaces. One of the problems with such measures in infinite dimensions is that it is
not known whether they always have vectors of Skorohod differentiability. Returning
to the Gaussian case, recall that if v is a centered Gaussian measure and A is a Borel set
of measure y(A) > 1/2 and @(a) = v(A), where @ is the standard Gaussian distribution
function, then the following isoperimetric inequality holds (see, e.g., [11]):

YA +tUy)2P(a+t) Vt=0,

where Uy is the closed unit ball in the Cameron—Martin space H. Therefore,

1A + tUp) = 4(4) | Pla+0)- D)
t - t )

Hence letting t - 0 we conclude that the liminf of the left-hand side is at least @'(a) =
o(a), which is the surface measure of the half-space of y-measure a. Therefore, half-
spaces possess minimal surface measures among sets of y-measure a.

2.5 Fine versions of surface measures controlled by capacities
The surface measures constructed above on the basis of the Malliavin calculus have

the property that they are defined on “almost all” level sets similarly to conditional
measures. In this section we give some additional conditions under which there is a
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more canonical version of ¢” sitting on F~1(y) for each y. Here we assume that y is
Fomin differentiable along v (also some higher integrability of 8, will be assumed).
Note that the measures ¢ do not change if we take a different version of F, but the
sets F~1(y) can change. We recall that, as noted above, there is no problem if F is con-
tinuous and for every point z in the complement of F~1(y) and every neighborhood
U of z there is a nonnegative continuous function of class F positive at z and having
supportin U.

Another concept coming along with surface measures is capacity (see [11] or [13]).
Suppose that ¥ is equipped with a norm || - |5 such that convergence in this norm
yields convergence in L(u). In practical situations, this will be often the norm of a
suitable Sobolev space WP ’1(11), but so far no Sobolev spaces are needed. This norm
generates a capacity: for every open set U C X we define its capacity associated with
F by the formula

Cs+(U) =inf{||f|l5: feF, f=20, f=1 p-a.e.on U}.
For any set B C X let
C+(B) =inf{C4(U): U D Bisopen}.

Typically, capacities of the sort we consider are tight (see [61], [59], and [60]), i.e., for
each € > O there is a compact set K¢ such that C4(X\K¢) < €. However, we do not
assume this property.

Recall that a function f is called Cg-quasi-continuous if, for each n, there is a
closed set A, such that C5(X\A») < 1/nand f|,, is continuous.

It is known that each function f € JF has a Cg-quasi-continuous version (see
[13, Section 8.13]), provided that the norm || - || is strictly convex. This is the case
with the LP-norm with p € (1, +o0), and, more generally, with any norm of the form
Iflls = IT LIl Lr(m)> Where m is a probability measure and T is a bounded injective lin-
ear operator from L?(m) to Ll(p); in particular, the latter case covers most of Sobolev
classes such as WP 1(y) for a Gaussian measure ~ (see Section 3). However, in place of
such assumptions we simply assume in addition to (F1) and (F2) that

(F3) F has a quasi-continuous version.

We now fix a quasi-continuous version of F; the results below refer to this version.

Lemma 2.5.1. Let u be Fomin differentiable along v with respect to F and let (F1), (F2)
and (F3) hold. Suppose that there is p > 1 such that

oo + 10vfllLagy < Iflls> €T (2.17)

Assume also that v € Lp/(p‘l)(y). Then, for every open set W C X and any r > 0, the
measure v = (0vF) - u satisfies the estimate

vIWNn{y <F<y+r}) srCu)Cs(W), C@)=1+Bvllreq 9= I% (2.18)
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Proof. Letf € F,f 2 0and f = 1 p-a.e.on W.Then f = 1 v-a.e. on W, hence on
account of (2.16) and (2.17) we obtain

VWA {y<F<y+r))s / 00 v(dx)

Wn{y<F<y+r}

< / FOIVEX) < rCEIf o + 10vfl129) < FCRIF |7
y<F<y+r

which yields the announced estimate by taking inf in f. O

Certainly, we can always equip F with the norm given by the left-hand side of (2.17).
Moreover, this norm is strictly convex (since so is the LP-norm) and convergence in
this norm obviously yields convergence in LP(u), hence in L!(u). However, in con-
crete examples there might be other natural norms on F not related to v, e.g., certain
Sobolev norms. Quasi-continuous versions of F depend on our choice of C4, hence on
our choice of a norm on F.

Theorem 2.5.2. Suppose that in Theorem 2.4.7 we have B, € LP/®~D(y) for some p > 1
and that (2.17) and (F3) hold (which can be ensured by taking the norm on ¥ defined by
the left-hand side of (2.17)). Then each ¢” is concentrated on the set F~1(y) and vanishes
on all sets of Cx-capacity zero.

Proof. Let us show that 6”(X\F~1(y)) = 0. We can assume again that y = 0. It suffices
to show that ¢° vanishes on each set U := {|F| > §}, where § > 0. By assumption, for
each n, there is a closed set A, such that C5(X\An) < 1/nand F|4, is continuous. The
sets

Un=Un(X\An)

are open because {|F| < §} N Ay is closed by the continuity of the restriction F|,,. We
have U c (-, Un. Let k > 1/6. Then v;(U) = 0, where, as above, vy = klfocpeic1y * V-
By the lemma we have

Vi(Un) = vi(X\An) < Cu)n”",

hence 0°(Un) < C(u)n~!, which yields that ¢°(U) = 0. Note that we could not derive
this directly from the equality v4(U) = 0, because U need not be open.

We now prove that ¢¥(B) = O for every set B € B of zero Cs-capacity. Again it
suffices to consider the case y = 0. Let € > 0. By definition, there is an open set W
containing B such that C4(W) < &. Therefore, there is a function f € F > 0 such that
f=1 p-ae.on Wand ||f||5 < €. It follows from the lemma that |v,(W)| < eC(u), which
yields that |o°(W)| < eC(u). Letting £ > 0 we arrive at the desired conclusion. O

In the framework described above there is no natural way of normalizing our surface
measures. One way of making the construction more invariant is this: assuming that
there is some intrinsic norm |v|y (as is the case for Gaussian measures when we use
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the norm of the Cameron-Martin space H) and |v(x)|g > O p-a.e., one could use the
unit field v/|v|y, which leads to the weight 0, F/|v|y in place of o, F. However, to avoid
possible problems with differentiation along this new field, we just assume that the
measure |v|; - v is finite and take new measures

-1
oy = |vlg -V

on the same level sets F~1(y). These measures are finite for vo F~'-a.e. y, hence also for
uoF1-a.e.y.Finally, if no weight is used, we arrive at surface measures that coincide
with conditional measures.

Remark 2.5.3. Note that for any bounded continuous function g the measure g - 0¥
is naturally defined for every y (not for almost every y). It is readily seen from Theo-
rem 2.5.2 that the same is true for any bounded quasi-continuous function g. In order
to assign finite integrals with respect to all surface measures ¢” to some unbounded
functions g one can use the following trick: use surface measures generated by the
new measure g - u. Obviously, this requires some additional assumptions about g be-
cause our approach is based on positive differentiable measures. However, it works if
there is p > 1 such that o,f € LP(u) forall f € F, Bv € LP(u), ovF € LP(u), g = O be-
longs to ©y N jid (u), ovg € Lp,(y), where p’ = p/(p - 1). Using this trick separately for
g*and g~, one can extend this to certain functions of variable sign. One can show that
if in this situation g is bounded continuous this procedure yields the usual products
g-0.

It is also worth noting that if we apply the same construction to the original mea-
sure y in place of v in order to integrate by parts in the equality with 1’ (F) we must arti-
ficially add the factor 9, F to obtain the expression 0, (1(F)). The effect is that we must
impose the assumption of differentiability not on y, but on the measure (9,F)"* - u. In
principle, this is quite possible but requires some extra assumptions.

In the considered situation we have the following version of the Gauss—Ostrogradskii—
Stokes formula with our non-normalized surface measure. Set

Vy=Fl(-e0,1), Sr=F1().

Theorem 2.5.4. Let u be another vector field along which y is differentiable, satisfying
the same hypotheses as v. Then

/mawwn=— gﬁgdum
vy

Sy

provided that either the function & := 0,F/d,F is bounded quasi-continuous or £ and
&~ satisfy the additional conditions mentioned in the previous remark.

Proof. Let y(s) = 1ifs < r, Pu(s) =0ifs 2 r+ h, Pu(s) = C-s/hifr <s<r+h,
C = 1+r/h.Then ¥),(s) = -1/h in the interval (r, r + h) and 1}, = 0 outside the closure
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of this interval. We have 0, (), o F) = ~h 10, F on the set {r < F < r + h} and

/ Ya(F0)Bu00) p(dx) = - / du(hn o FYO) pu(dx) = b1 / uF () u(dx).
X X

r<F<r+h

As h > 0, the left-hand side of this identity tends to the integral of 8, over V, and
the right-hand side tends to the surface integral of the function 0,F/0o,F against the
surface measure o’. The latter holds if either ¢ is bounded quasi-continuous or there
are surface measures associated with the new measures £* - pand &~ - p. O

If u = v, then we have

VZ B0 ud - - [ o'av),

Sr

which gives the total mass of the surface.

2.6 Examples and comments

It is clear from the comments above that all our assumptions are rather general except
for the requirement of differentiability of u along a suitable vector field. Actually, also
vector fields of differentiability can be found for quite general measures (see [13, Chap-
ter 11]). The only serious restriction arises if we wish to find this field in a such a way
that o, F is not very degenerate in order to connect our surface measures with more
traditional surface measures as explained above. For this reason we include o,F in
our measure. In particular, identically zero v fits our construction pretty well and pro-
duces zero surface measures. In order to avoid such meaningless situations we now
consider some examples where for a given F one can find a suitable v with 9,F > 0
u-a.e.

Example 2.6.1. Suppose that X is a Banach space, u is Fomin differentiable along a
nonzero constant vector v, and F is a continuous function on X differentiable along v
such that o, F is continuous and c¢; < o,F < ¢, for some positive numbers c; and c,.
Then there exist surface measures ¢” on the level sets F~!(y). In addition, one can use
equivalent “traditional” surface measures |0,F|~2 - 6”. One can also use a local ver-
sion of this construction multiplying u by a Lipschitzian bump function with a small
support in a neighborhood of a point xo where 0,F(xg) > 0.

In this situation we can apply both (i) and (iii) in Theorem 2.4.7. Applicability of
(i) follows from the fact that any Lipschitzian function on X is u-a.e. differentiable
along v, which in turn follows from the one-dimensional case and the existence of
differentiable conditional measures on the straight lines x + Rv (see [13, Chapter 3]).
Case (iii) applies here if we take for F the same class of bounded Lipschitzian functions
or the class FC of smooth cylindrical functions. Finally, for W we can take a function
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of the form W(x) = w(||x|), where w is an unbounded Lipschitzian sufficiently slowly
increasing function on R such that W is y-integrable (one can always find such a func-
tion).

An obvious disadvantage of constant vector fields is that they give less chances to ob-
tain positive o, F. For example, if X is a Hilbert space and F is Gateaux differentiable,
then it would be optimal in this respect to take v = VF, which gives 0, F(x) = || VF(x)| .
However, even for very nice functions F there might be no natural measures differen-
tiable along VF. For example, if we take F(x) = (x, x) and want to define surface mea-
sures on the spheres, we have to ensure differentiability of u along the field v(x) = x.
However, say, Gaussian measures on infinite-dimensional spaces are not differen-
tiable along this field (see the example below). For this reason, one has to consider
vector fields with values in suitable analogs of the Cameron—Martin space.

Example 2.6.2. Let v be a centered Radon Gaussian measure on a locally convex
space X such that its Cameron—Martin space H is infinite-dimensional. Then ~ is not
Fomin differentiable along the vector field v(x) = x. Indeed, it suffices to prove this for
the standard Gaussian measure v on R*. Suppose that 8, € L() is the divergence
of v. Then for every smooth cylindrical function f in variables x4, . . . , x, we have

[ 3o k00020 == [ £00B001 (@0,
x =1 X

The left-hand side equals
n
- [ 100y -xf) 5t
% i=1

by the integration by parts formula. Therefore, the function Sx(x) = Y"1, (1 - x?)
equals the conditional expectation of the function , with respect to the o-field gener-
ated by xq, ..., xn. Werecall that the conditional expectation of an integrable function
& with respect to a smaller o-algebra A is an integrable function E*¢ that is measur-
able with respect to A and satisfies the identity

[ngar= [netsay
X X

for all bounded functions n measurable with respect to .A. By the martingale con-
vergence theorem (see, e.g., [12, Chapter 10]) the sequence of functions S, converges
in Ll(—y), but the functions 1 - xi2 are second order polynomials, hence the series of
1- x,-2 converges in all L?(v) (see [11, Chapter 5]). However, there is no convergence
in L2(), because these functions are mutually orthogonal in L?(y) and have equal
norms.
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Example 2.6.3. Let us return to Section 3 and consider the case of a centered Gaussian
measure u with the Cameron—-Martin space H and F belonging to the Sobolev class
W?2:2(y). In this case the vector field v = DyF € W?!(u, H) has divergence gy = LF ¢
L?(u) and O,F = |DyF|3 isin L' (p).

IfF € WP’Z(y) with some p € (1, 2), then we can use the vector field

v = DyF/|DyFlg,
for which o, F = 1 (and we obtain surface measures from [29]), or the vector field
v = DyF/|DyF|q,

so that v is a unit normal on the surface (but with respect to the Cameron—Martin
norm) and ovF = |DgF|g; now in both cases it becomes necessary to require that v
must have divergence. In the first case it suffices to have || D} F| gs/|DyF|3; € LP(p)
and in the second case it suffices to have || D% F||ys/|DyF|y € LP(u) (the corresponding
surface measures will be different). It is also possible to use a less constructive (but
weaker) assumption that F € W1(u) and one of these two vector fields has divergence
Bv € L' ().

If X is a Banach space, then we can take for F the class of all bounded Lipschitzian
functions. Conditions (F1)—(F3) are readily verified in this case. Actually, the case of a
general locally convex space with a Radon Gaussian measure reduces to this one by
the Tsirelson linear isomorphism theorem (see [11, Chapter 3]). If v € L?(u), then we
can take F = FC (smooth cylindrical functions) and apply case (iii) in Theorem 2.4.7. If
X is sequentially complete, then for W we can take the Minkowski functional p, of an
absolutely convex compact set Q of positive measure. It is known that p, € W™ (p)
forallr>1.

Actually, if one is interested only in a Gaussian measure y on a Banach space,
then the construction of surface measures along these lines becomes straightforward
as explained in Section 3.

In particular, if Dy F #0 a.e., our construction can be compared with surface mea-
sures considered in [1], [49], [11], [13], and [29] (note that the latter work develops a
construction based on distribution functions related to the measure y itself, so that
it leads to surface measures that are not invariant under scaling of F, as discussed
above). In order to come to usual surface measures one should either deal with a unit
field DyF/|DyF|y or deal with v = DgF, and then multiply the obtained surface mea-
sures by 1/|DyF|g.

We emphasize that for better surfaces (existing individually such as level sets of con-
tinuously Fréchet differentiable functions with nondegenerate derivatives) there is no
need to involve variable vector fields Dy F: it becomes much simpler to define surface
measures locally by using only constant vector fields of differentiability of u as in Ex-
ample 2.6.1. In that case no second derivatives of F appear at all and in this way we
recover the existence results of [75] (even under weaker assumptions).
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In place of a Gaussian measure p, it is possible to consider a Radon probability
measure y on a locally convex space X that is Fomin differentiable along a continu-
ously embedded dense Hilbert space H. A simple example is the countable power of a
probability measure on R with a smooth density with compact support; then one can
take X = R and H = [? is a natural choice (the same measure can be also considered
on a weighted Hilbert space of sequences (x») such that "~ | anx? < oo, where ay > 0
and )", an < o). Then one can also define Sobolev classes. This situation (studied
in [58], [59], and [60]) has been the most general considered so far in the linear case.
In [29], similar results have been reproved in the Gaussian case.

Remark 2.6.4. (i) It is worth noting that the case of a Fréchet space reduces to that
of a separable reflexive Banach space, since every Radon measure on a Fréchet space
is concentrated on a compactly embedded separable reflexive space (see [12, Theo-
rem 7.12.4]). For many measures on Banach spaces (Gaussian, differentiable), the class
of bounded Lipschitzian functions is a suitable candidate for &, since such functions
are almost everywhere differentiable with respect to such measures.

(ii) The class F€ of smooth cylindrical functions and the larger class of bounded
Lipschitzian cylindrical functions satisfy condition (F1), but in general they do not
have the property of the whole class of bounded Lipschitzian functions that conver-
gence of integrals of such functions with respect to a sequence of probability mea-
sures ensures weak convergence of these measures (say, this is not true for infinite-
dimensional Hilbert spaces, although is true for R*). This is why we considered
cases (ii) and (iii) in Theorem 2.4.7. As already noted, it is possible to define surface
measures locally in a suitable sense (for example, on compact sets) by replacing u by
¢ - u, where ¢ = 0is a bump function whose support gives the desired localization. For
example, in the Gaussian case or in the case of a differentiable measure on a Banach
space, it is always possible to choose { in a such a way that its support will be compact
and will contain a given compact set, and the measure { -y will remain Fomin differen-
tiable along the same directions as p. This approach can give local surface measures in
more general situations where there are no global surface measures. A possible way of
gluing these local surface measures is based on establishing their uniform tightness.

If X is equipped with a suitable tangent structure enabling us to consider v not as a
differentiation, but as a true vector field possessing the corresponding norm |v(x)|,
one might try to use fields of unit length; again the question of their choice arises.

The choice v = DgF in the Gaussian case mentioned above is connected with
another natural object related to Gaussian Hausdorff measures mentioned at the end
of Section 3: H-neighborhoods of sets. Given a Borel set B, we take the set B" = B+rUy,
where Uy is the unit ball in the Cameron—Martin space H. The set B” in general is much
smaller than the usual metric r-neighborhood of B. Then, for certain “surfaces” B, the
surface measure of B can be obtained as a limit of u(B")/r as r - 0. However, a precise
definition the surface measure of B is more involved.
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Among various restrictions on p and F imposed above, certainly the most strin-
gent one is the existence of vector fields of differentiability for u. For example, in many
cases, given a measure } on a metric space, one can take for ¥ the space of bounded
Lipschitzian functions; in many cases, such functions possess appropriate gradients
u-almost everywhere, so if F is locally Lipschitzian, then the only problem is to find
suitable differentiability fields for the measure. It is not always possible to build such
fields from constant vector fields (this happens already for distributions of diffusion
processes with non-constant diffusion coefficients, see [13, Chapter 4]). It would be
interesting to study vector fields of differentiability of measures in the framework of
metric measure spaces.

Remark 2.6.5. It would be interesting to study a possible analog of the Radon trans-
form associated with surface measures in the spirit of the construction developed in
[41], [42], [50], [17] for conditional measures on hyperplanes. Recall that the classical
Radon transform reconstructs a function on the plane by its integrals over all straight
lines (with Lebesgue measure). A natural infinite-dimensional analog (considered in
the cited papers) is this: given a Radon probability measure y, to get some information
about a function with given integrals with respect to conditional measures u’*” on the
set L + y for all possible hyperplanes L.

2.7 Surface measures of higher codimension

In this section we consider surface measures on surfaces of higher codimension. Note
that Gaussian Hausdorff measures (see Section 3) are defined in a unified way for ar-
bitrary codimension; other approaches exploited the fact that F was a real function.
Nevertheless, the construction developed in the previous sections also works in the
case of surfaces of higher codimension, but requires a bit more regularity of the map-
ping
F=(F1,...,F): X> R4

on the level sets of which we wish to define surface measures. We recall that condi-
tional measures are not sensitive at all to this change, they exist even for mappings
with values in quite general infinite-dimensional spaces.

Now we need d vector fields vy, ..., v, along which the measure y is differen-
tiable. However, in the multidimensional case it is reasonable to modify our conditions
on F as follows: ¥ is a linear space separating Radon measures on X such that

(p(fls""fn)6:}'~ Vfl,---’fneff

for all functions ¢ € C3°(R") with arbitrary n and

aVi((l)(fl’ oo ’fn)) = Zaxjd)(fl) ) 3fn)avif]"

j=1
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In order to modify condition (F2) we shall suppose that (F) € ©,, for all func-
tions ¢ € C?(Rd) and eachi = 1,..., d. This enables us to define functions 0, F; as
we have done in the one-dimensional case in (F2).

In place of 0y F we now take the determinant A of the so-called Malliavin matrix

(oij)i,jsd! 0'1']' = av,.Fj.

Let MY(x) = (-1)"m/!, where m/(x) is the minor in the Malliavin matrix correspond-
ing to the element 0j;(x). Thus, M U is the transposed matrix of cofactors of the Malli-
avin matrix. If the matrix (0;j(x)); j<q is invertible, the inverse matrix will be denoted
by (v7(x)); j<q- In that case
A = MY Ap.

Therefore,

> MU0 00 = AF() i (2.19)

jsd
where §;; is Kronecker’s symbol. Indeed, this is true for invertible matrices, but re-
mains valid for any matrix by approximation by invertible matrices.

In the Gaussian case considered above we take v; = DgF;, so that

0ij = (DyF;, DyFj)y

and the matrix (0;); j<4 is nonnegative definite.
In place of (F2) we suppose that Ar > 0 and Ap € L(u). Set

v=Afp-u.

Let
U ={xeR?% |x|<r} and W,={[F|<r}.

Let BV(U;) be the space of functions of bounded variation on U, and let WP'1(U,) be
the Sobolev class of functions belonging to LP(U,) along with their generalized first
order partial derivatives.

Theorem 2.7.1. (i) Suppose that fMV € D, for all i,j < d and all f € F vanishing
outside of Wy. Then the measure vo F~1 is absolutely continuous on U, and has a density
o of class BV(Uy). In particular, p € L% @-V(U,).

If Ap(x) #0 p-a.e.on Wy, then o € WH(U,).

(ii) If, in addition,
IAVZ Zd:[av,Mif + MY Bv;] € L’(v) forsomes > d, (2.20)

j<

ii=

then this density p belongs to WP:1(U,) with some p > d and has a continuous version.
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(iii) If s > 2d, then for any f € F the measure (f - v) o F~! is absolutely continuous
on Uy and has a bounded continuous density gy such that

d
sup (7)) < € (Iflzy + 3 19w iy ) 221)
yeU: i

where C is a number that depends only on d, s, ro, |[u;llsq), and [Ty, M7 [Ag||s)s
whenever r < rg and rq > 0 is fixed.

Proof. (i) Let € C3’(Ur). By (2.19) we have

/ 3y () v o F\(dy) = / 3y W (FCVAR(O) u(d)
U, w,

- [ 32 MY 00len RO ) = [ 3 04, e oMY 00 ()

X Jsksd x Jsd
S /(zp o FY0OMI() dypu(d) - 3 / (@ o F)(0)3y, M7 () pu(dx)
jsd % jsd
-3 / (% 0 FYO0w, M7 (x) + MY (0B, (0] ().
jsd x

The right-hand side can be written as the integral of i with respect to a bounded mea-
sure on Uy, hence the measure v o F~! on U, has a density p of class BV(U;). By the
Sobolev embedding theorem p € L4@-1(,), see, e.g., [13, Chapter 2], [33] or [79].

If the measure v is equivalent to u, which is the case where A > 0 p-a.e. and u
can be written as Az! - v, the right-hand side can be written as the integral of g;0,
where g; is the conditional expectation of the v-integrable function —u; with respect
to the measure v and the o-field generated by F (here we also take into account that
W(F) = Y(F)Iy,, because P has support in Uy). Therefore, p €¢ W' (Uy).

(ii) Note that for some function g; we have

0y,0 = 8i0-

By Jensen’s inequality for conditional expectations the inclusion |u;|$ € L(v) yields
the inclusion |g;|*0 € L!(U,). We recall that this inequality states that

V(EAE) < EAV(&)]

for every convex function V. In particular, [E*¢|P < EA[|¢|P] forall p = 1.

We now show that 9y, is better integrable under the assumptions of the last as-
sertion. Suppose that o € LP(U,) for some p > 1. By Holder’s inequality we have
gio € LsP/®+s)(y,). Therefore, o € WPr1(U,) with p1 = sp/(p + s); if p1 < d by the
Sobolev embedding this yields that o € LP2(U;) with

_dpy ds . ds Y 1- ds
b= "Pas—pis-a) Pdas-s+a P T ds—s+d

1.
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If p1 = dthen p € LI(U;) for any g < oo, hence dy,0 € WS=1(U,) for any € > 0.
Therefore, in finitely many steps we arrive at the situation where dy,0 € W?'(U,)
with some p > d. Therefore, the Sobolev embedding ensures a continuous density.

(iii) It follows from the reasoning above that if we replace v by the measure f - v,
the generalized partial derivative of the measure (f - v) o F~! with respect to y; will
equal the function g;0, where g; is the conditional expectation of the function

- Iy, .
ui = fui+ 4 ng]avjf
Js

with respect to the measure v and the o-field generated by F. Thus, we have
9y,05 = 8i0-

However, now we already know that g is bounded continuous on U, and it follows
from the previous step that its sup on Uy is estimated by a constant that depends on
d, s, rand the L5(v)-norm of u;. Therefore, choosing £ > O such that s = 2d(d+€)/(d-¢€)
and letting t = d + £ > d, we conclude that the L!(Uy)-norm of 0y, 05 is estimated by a
constant depending on the indicated quantities and the L{(v)-norm of 4;. By Hélder’s
inequality

st
luwlle = [ulls|Wlsgs-gr 5 = 2.

We apply this inequality with u = u; and w = f and also with u = Iy, MY/Ar and
w = dy,f. This gives a bound on the W% (U;)-norm of gy via

d
If 12y + > 119l 24y

j=1

multiplied by a constant, which yields the announced estimate by the Sobolev em-
bedding theorem. O

We now give a constructive sufficient condition for the continuity of densities of mul-
tidimensional distributions related to u rather than v. This requires, however, second
derivatives of F. In the next proposition we assume that dv, 0v,F; can be defined in the
same sense as 0y, F; above by using that 1(dv,F) € Dy, for smooth functions on R4
with compact support.

Theorem 2.7.2. (i) Suppose that for every r € N there is € > O such that the functions

> 6 B+ 0un™)) 222)
k

exp (sr

are p-integrable on the set {|F| < r}. Then the measure u o F~! has a continuous density
without zeros.
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(ii) Suppose that for every r € N there is pr > d such that the functions
: p
‘Z 'YlkBVk
k

are p-integrable on the set {|F| < r}. Then the measure y o F~! has a continuous density.

Proof. (i) We shall use the following result (see [19] or [13, Proposition 6.4.1]): if a non-
negative function g onaball U ¢ R? belongs to the Sobolev class W' (U) and there is
€ > 0 such that p exp(g|Vp|/0) € L*(U), where we define Vp/p = 0 on the set {p = 0},
then p has a continuous version that is either identically zero or positive.

Let us fix r € N and let U be the open ball of radius r in R? centered at the origin.
Let ¢ € C5’(U). We have

/ 0y b o FA(dy) = / 3y $(FO)) u(dx) = / S a0y, ) o Fdy

k,j<d

/ S ouoPdn== [ 3¢ oFlonr"+o"Buldu

ked \Fler ksd

- / SO 1o F(dy),
U

where 1; is the conditional expectation of the function

> 10w ™ + " Bu I Fiery
k

with respect to the measure u and the o-field generated by F. It follows that the gen-
eralized derivative of the measure u o F~! on U in the variable y; is the measure
Ni - (Mo FY) <« poF7 Therefore, u o F! on U has a density p ¢ W"(U) and
dy,0/0 = n;. By our assumption (2.22) and Jensen’s inequality for conditional expec-
tations (now applied to exp), we arrive at the condition mentioned above.

(ii) If we are given that u o F~! has a locally bounded density p, then the previous
relation can be written as

/ oy, p(V)o(y) d / d(ni(y)e(y) dy,

which means that dy,0 = ;0 on U in the sense of distributions. We obtain again that
o € WH(U), but now we conclude that dy,0 € LP"(U) by the same iteration of the
Sobolev embedding theorem as in the previous proposition. Therefore, by the Sobolev
embedding theorem p has a continuous density (now it is not asserted that it is posi-
tive). O

In order to ensure (2.22) in terms of the original Malliavin matrix, we note that

dve v = 0y, (M*AFY) = (3y, M)AZ - (3, Ap)AF.
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The first term is a sum of functions of the form Agl Ov, ow, where wis a product of d-2
matrix elements of the Malliavin matrix. The second term is a sum of functions of the
form A;zavkoij w with w as above. Therefore, it suffices to have the p-integrability of
the functions

&€ _
exp( 7710w, 0 Fil [0 Fm| ™ ), exp( 47 1Bl 10w Fnl*),
F

on the set {|F| < r}. For example, this holds if for some 6, > O the exponents of
845", 81dv,dyFil*,  6r|ovFm[*™*,  6iB1,
are integrable.

Definition 2.7.3. The surface measure o” is defined as a Radon measure such that

/f(X) 0’(dx) = gfly) Vfed.

This definition means that

y - -
/ £00 0¥ (dx) hmw| / F0Ov(dx),

{IF-y|<r}

where |Uy| is the usual volume of the ball U,. The existence of the limit in the right-
hand side is the only condition required by the definition, and this condition is fulfilled
in the situation of Theorem 2.7.1.

As in Section 4, we have to show that this relation defines a Radon measure.

We need also an analog of Lemma 2.5.1.

Lemma 2.7.4. Suppose that the hypotheses of case (iii) of Theorem 2.7.1 hold and

d

Ifllz2agoy + > 19 fllz2agy < Collflls Vf € . (2.23)
j=1

Then, for every open set W C X and any r > 0, we have
V(W N {|F-y| <r}) < CoC1r?Cx(W), (2.24)
where Cq depends on the same quantities as in assertion (iii) of Theorem 2.7.1.

Proof. Letf e F,f=20andf =1 p-a.e.on W.Then f > 1 v-a.e. on W, hence as in the
proof of Lemma 2.5.1 we obtain

VW {IF-y|<r)<r? sup |of(2),

z: |z-y|<r
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where g is the density of the measure (f - v) o F L. According to assertion (iii) of The-
orem 2.7.1 we can estimate the maximum of the continuous version of g on W, by

d
If N2y + > 19,1124y

j=1

multiplied by some constant depending on the quantities indicated in that proposi-
tion. O

Theorem 2.7.5. In the situation of Theorem 2.7.1(iii), the assertion of Theorem 2.4.7 is
true. The assertion of Theorem 2.5.2 is true as well if the condition of the previous lemma
holds and the respective quasi-continuous versions of F; are considered.

The proof is essentially the same, however, we should note that the assumptions are
now much stronger.

Asin case d = 1 we can equip F with the norm given by the left-hand side of (2.23).
However, this is not always convenient since this norm depends on F and v. If the
Gaussian case it may be preferable to use some Sobolev norm on F. For example, if
we take v; = Dy F; as in Example 2.6.3, then dv,f = (Dgf, Dy F;)g, so that ov,f € L2(v)
provided that f € W*%1(u), F; € W8%1(y) and A7! € L84*(u).

For Fomin differentiable measures, the above construction applies under much
broader assumptions than in [78].

Remark 2.7.6. Since 0¥ = g1 (y)V”, every v-integrable B-measurable function g is ¢”-
integrable for v o F~1-almost every y. This enables us to define surface measures for
g - v. Alternatively, we can use the trick described in Remark 2.5.3.

It should be noted the construction presented is chiefly oriented towards infinite-
dimensional spaces, where typical measures are not doubling and differ also in other
respects from measures usual in measure metric spaces. Nevertheless, it would be
interesting to compare suitable Hausdorff measures on metric measure spaces and
surface measures described above; measures differentiable along vector fields and all
other objects considered above (differentiations, gradients, Sobolev classes, etc.) are
meaningful on such spaces (see, e.g., [27], [40], [46], [64], and [65]). In particular, if we
have a differentiation of the form f — I'(f, g) defined by a fixed function in the Dirich-
let space (see [64]) built on a probability space (X, ) admitting a “carré du champ”
I'(f, g) such that 2I'(f, g) = L(fg) — fLg - gLf, where L is a Markov symmetric genera-
tor such that EI'(f, g) = —-EfLg, then we see that Lg is precisely the divergence of the
considered field (a similar framework is considered in [70]). In relation to constructing
vector fields possessing divergences, which is crucial for the presented approach, the
recent paper [38] is of interest.

Finally, it would be interesting to continue investigation of surface measures
and surface Sobolev and Besov classes connected, in particular, with restrictions of
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Sobolev and Besov classes on the whole space. About fractional Sobolev classes over
infinite-dimensional spaces, see [25], [52]-[54], and [55].
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Fabio Cavalletti
An Overview of L! optimal transportation on
metric measure spaces

3.1 Introduction

This note is a self-contained survey of the recent developments and achievements of
the L'-Optimal Transportation theory on metric measure spaces. We will focus on the
general scheme adopted in the recent papers [20, 21] where the author, together with
A. Mondino, proved a series of sharp (and in some cases even rigid and stable) geo-
metric and functional inequalities in the setting of metric measure spaces enjoying
a weak form of Ricci curvature lower bound. Roughly, the general scheme consists
in reducing the initial problem to a family of easier one-dimensional problems; as it
is probably the most relevant result obtained with this technique, we will review in
detail how to proceed to obtain the Lévy-Gromov isoperimetric inequality for metric
measure spaces verifying the Riemmanian Curvature Dimension condition (or, more
generally, essentially non-branching metric measure spaces verifying the Curvature
Dimension condition).

In [11, 18] a good analysis of the Monge problem in the metric setting treated, from
a different perspective, similar questions whose answers were later also use in [20, 21].
We therefore believe the Monge problem and V.N. Sudakov’s approach to it (see [53])
are a good starting point for our review, and to see how L!-Optimal Transportation
naturally yields a reduction of the problem to a family of one-dimensional problems.

It is worth stressing that the dimensional reduction proposed by V. N. Sudakov
is only one possible strategy to solve the Monge problem. This problem has a long
history and many authors contributed to obtain solutions in different frameworks with
different approaches; here, we simply mention that the first existence result for the
Monge problem was independently obtained in [15] and in [54]. We also mention the
subsequent generalizations obtained in [1, 7, 28] and we refer to the monograph [55]
for a more complete list of results.

3.1.1 Monge problem

The original problem posed by Monge in 1781 can be restated in modern language
as follows: given two Borel probability measures ug and p; over RY, called marginal
measures, find the optimal manner of transporting o to y;; the transportation of ug
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to u; is understood asamap T : R? > R4 assigning to each particle x a final position
T(x) fulfilling the following compatibility condition

Typo=p1,  ie. po(T '(A) = pi(4), VABorelset; (€3))

any map T verifying the previous condition will be called a transport map. The opti-
mality requirement is stated as follows:

[ 1160 =Xl no(@0) = [ 1760 - x| uola), (3.2
R4 Rd

for any other T transport map. To prove the existence of a minimizer, the first difficulty
arises while studying the minimization domain, that is the set of maps T verifying (3.1).
Suppose yo = fol® and U1 = f1£% where £? denotes the d-dimensional Lebesgue
measure; a smooth injective map T is then a transport map if and only if

F(TO))| det(DT)X)| = fox),  po-ae.x € RY,

showing a strong non-linearity of the constrain. The first big leap in optimal trans-
portation theory was achieved by Kantorovich considering a suitable relaxation of
the problem: to each transport map associate the probability measure (Id, T);uo over
R? x R? and introduce the set of transport plans

H(po, u1) := {ﬂ € P(R? xRY): Py 4 = po, Py = yl} ;

where P; : R? x R? > R? is the projection on the i-th component, with i = 1, 2. By
definition (Id, T)ypo € (po, u1) and

1100 =xiotd = [ 1x=y (Ud, Dopo) ()
Rd

RAxR4

then it is natural to consider the minimization of the following functional (called
Monge-Kantorovich minimization problem)

(uo, p1) > m— I(n) := / |x — y| n(dxdy). (3.3)

RIxR4

H(uo, 1) is a convex subset of P(RY x RY) and it is compact with respect to the weak
topology - this is the big advantage of the new approach. Since the functional J is
linear, the existence of a minimizer follows straightforwardly. Then a strategy to obtain
a solution of the original Monge problem is to start from an optimal transport plan 7
and prove that it is indeed concentrated on the graph of a Borel map T; the latter is
equivalent to 77 = (Id, T)4po.
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To run this program one needs to deduce from optimality some condition on
the geometry of the support of the transport plan. This was again obtained by Kan-
torovich: he introduced a dual formulation of (3.3) and found that for any probabil-
ity measures po and p; with finite first moment, there exists a 1-Lipschitz function
¢ : R? > R such that

H(uo, u1) > misoptimal < 7({(x,y) € R*: p(x) - p(y) = |x -y[})=1.

At this point one needs to focus on the structure of the set
r:={(xy) e R*: ¢$(x) - () = [x-y|}. (.4)

Definition 3.1.1. Aset A c R*? s | - |-cyclically monotone if and only if for any finite
subset of A, {(x1,¥y1), ..., (xy,yn)} C A it holds

> xi-yil < Y X - yial,

1<isN 1<isN

where yy.1 :=Y1.

Almost by definition, the set I' is | - |-cyclically monotone and whenever (x,y) € T
considering z; := (1 — t)x + ty with t € [0, 1] it holds that (zs, z;) € I, forany s < t.
In particular this suggests that I produces a family of disjoint lines of R¢ along where
the optimal transportation should move. This can be made rigorous considering the
following “relation” between points: a point x is in relation with y if, using optimal
geodesics selected by the above optimal transport problem, one can travel from x to y
or viceversa. That is, consider R := I' U I'! and define x ~ y if and only if (x, y) € R.
Then R? will be decomposed (up to a set of Lebesgue-measure zero) as T U Z where
T will be called the transport set and Z the set of points not moved by the optimal
transportation problem. The important property of 7 being that

T = U Xq, X4 straight line, XgnXy = 0, ifg #q'.
qeq
Here Q is a set of indices; a convenient way to index a straight line Xj is to select an
element of X, and call it, with an abuse of notation, g. With this choice the set Q can
be understood as a subset of R%. Once a partition of the space is given, one obtains via
the Disintegration Theorem a corresponding decomposition of marginal measures:

Mo =/110q q(dq), M1 =/H1qq(d‘I);
Q Q

where q is a Borel probability measure over the set of indices Q c R<. If Q enjoys a
measurability condition (see Theorem 3.2.8 for details), the conditional measures pg 4
and y, 4 are concentrated on the straight line with index g, i.e. po 4(Xg) = u14(Xq) = 1,
for g-a.e. g € Q.

Then a classic way to construct an optimal transport maps is to
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- consider T4 the monotone rearrangement along Xq of pig 4 to uy 43
- define the transport map T as T4 on each Xg.

The map T will then be an optimal transport map moving pg to p1; it is indeed easy to
check that (Id, T)yuo € II(uo, u1) and (x, T(x)) € I for po-a.e. x.

The original Monge problem has been reduced to the following family of one-
dimensional problems: for each q € Q find a minimizer of the following functional

I(Uo g, H14) > m— I(n) := / |x — y| n(dxdy),
XqxXq
that is concentrated on the graph of a Borel function. As X; is isometric to the real
line, whenever o, does not contain any atom (i.e po4(x) = 0, for all x € X;) the
monotone rearrangement Ty exists, and the existence of an optimal transport map T
constructed as before follows. The existence of a solution has been reduced, therefore,
to a regularity property of the disintegration of pq.

As already stressed before, this approach to the Monge problem, mainly due to
V.N. Sudakov, was proposed in [53] and was later completed in the subsequent papers
[15] and [54]. See also [23] for a complete Sudakov approach to the Monge problem
when the Euclidean distance is replaced by any strictly convex norm, and [12] where
any norm is considered. In all these papers, assuming u to be absolutely continuous
with respect to £ enables sufficient regularity to solve the problem.

The Monge problem can be actually stated, and solved, in a much more general
framework. Given two Borel probability measures pg and u; over a complete and sep-
arable metric space (X, d), the notion of transportation map makes perfectly sense.
Furthermore, the optimality condition (3.2) can be naturally formulated using the dis-
tance d as a cost function instead of the Euclidean norm:

/ d(T(0), %) po(dx) < / (T, %) po(d). (3.5)
Rd Rd

The problem can be relaxed to obtain a transport plan 7 solution of the correspond-
ing Monge-Kantorovich minimization problem. Also, the Kantorovich duality applies
yielding the existence of a 1-Lipschitz function ¢ : X - R such that

I(uo, p1) > misoptimal < 7(l) =1,

where I := {(x,y) € X xX: ¢(x) - ¢(y) = d(x, y)} is d-cyclically monotone.

The strategy proposed for the Euclidean problem can be adopted: decompose X as TU
Z; Z is the set of points not moved by the optimal transportation problem and 7 is the
transport set and it is partitioned, up to a set of measure zero, by a family of geodesics
{Xg}4eq- Using the Disintegration Theorem one obtains like before a reduction of the
Monge problem to a family of one-dimensional problems

O(uog, M14) > m— I(m) := / d(x, y) n(dxdy).
XgxXq4
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Therefore, since X4 with distance d is isometric to an interval of the real line with
Euclidean distance, the problem is reduced to proving that for g-a.e. g € Q the condi-
tional measure uo 4 does not have any atoms.

Clearly in showing such a result, besides the regularity of pg itself, the regularity
of the ambient space X plays a crucial role. In particular, together with the localization
of the Monge problem to X, there should come a localization of the regularity of the
space. This is the case when the metric space (X, d) is endowed with a reference proba-
bility measure m and the resulting metric measure space (X, d, m) verifies a weak Ricci
curvature lower bound.

In [11] we observed that if (X, d, m) verifies the so-called measure contraction
property MCP, then for g-a.e. ¢ € Q the one-dimensional metric measure space
(Xg, d, mg) verifies MCP as well, where mg is the conditional measure of m with respect
to the family of geodesics {Xg}4cq. Now the assumption yo < mis sufficient to solve
the Monge problem. It is worth mentioning that [11] was the first contribution where
regularity of conditional measures were obtained in a purely non-smooth framework.
The techniques introduced in [11] also allowed us to threat such regularity issues in
the infinite dimensional setting of Wiener space; see [16].

This short introduction should suggest that L*-Optimal Transportation allows for
an efficient dimensional reduction together with a localization of the “smoothness” of
the space for very general metric measure spaces. We now make a short introduction
to the Lévy-Gromov isoperimetric inequality.

3.1.2 Lévy-Gromov isoperimetric inequality

The Lévy-Gromov isoperimetric inequality [35, Appendix C] can be stated as follows:
if E is a (sufficiently regular) subset of a Riemannian manifold (M", g) with dimension
N and Ricci bounded below by K > 0, then

10E|  0B|

o) 28] (36)

Here, B is a spherical cap in the model sphere S, i.e. the N-dimensional sphere with
constant Ricci curvature equal to K, and |[M|, |S|, |0E|, |0B| denote the appropriate N
or N -1 dimensional volume, and where B is chosen so that |E|/|M| = |B|/|S|]. AsK > 0
both M and S are compact and their volume is finite; hence the previous equality and
(3.6) make sense. In other words, the Lévy-Gromov isoperimetric inequality states that
isoperimetry in (M, g) is at least as strong as in the model space S.

A general introduction on the isoperimetric problem goes beyond the scope of this
note; a complete description of isoperimetric inequality in spaces admitting singular-
ities is quite a hard task covered mostly in [42, 44, 45]. See also [25, Appendix H] for
more details. The approaches taken are also manifold: for a geometric measure theory
approach see [43]; for the point of view of optimal transport see [29, 56]; for the con-
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nections with convex and integral geometry see [14]; for the recent quantitative forms
see [24, 31] and finally for an overview of the more geometric aspects see [46, 48, 49].

The Lévy-Gromov isoperimetric inequality is also natural in the broader class of
metric measure spaces (m.m.s.), i.e. triples (X, d, m) where (X, d) is complete and sep-
arable and m is a Radon measure over X. Indeed the volume of a Borel set is replaced
by its m-measure, m(E); the boundary area of the smooth framework can be replaced
instead by the Minkowski content:

m'(E) := lim nf M 3.7)

where E® := {x € X : 3y € E suchthat d(x,y) < €} is the e-neighborhood of E
with respect to the metric d; the natural analogue of “dimension N and Ricci bounded
below by K > 0” is encoded in the so-called Riemannian Curvature Dimension con-
dition, RCD"(K, N) for short. As normalization factors appear in (3.6), it is also more
convenient to directly consider the case m(X) = 1.

The Lévy-Gromov isoperimetric problem for a m.m.s. (X, d, m) with m(X) = 1 can
be formulated as follows:

Find the largest function Ji y : [0, 1] - R" such that for every Borel subset E C X it
holds
m*(E) > I y(m(E)),

with Jg y dependingon N, K € RwithK >0and N > 1.
Then in [20] (Theorem 1.2) the author and A. Mondino proved the non-smooth
Lévy-Gromov isoperimetric inequality (3.6).

Theorem 3.1.2. (Lévy-Gromovin RCD (K, N)-spaces, Theorem 1.2 0f [20]) Let (X, d, m)
be an RCD"(K, N) space for some N € N and K > 0 with m(X) = 1. Then for every Borel

subset E C X it holds
|0B|

S|
where B is a spherical cap in the model sphere S (the N-dimensional sphere with con-
stant Ricci curvature equal to K) chosen so that |B|/|S| = m(E).

m*(E) =

We refer to Theorem 1.2 of [20] (or Theorem 6.6) for the more general statement.

The link between Theorem 3.1.2 and the first part of the Introduction, where the
Monge problem was discussed, stands in the techniques used to prove Theorem 3.1.2.

The main obstacle to Lévy-Gromov type inequalities in the non-smooth metric
measure spaces setting is that the previously known proofs rely on regularity prop-
erties of isoperimetric regions and on powerful results of geometric measure the-
ory (see for instance [35, 43]) that are not at our disposal in the framework of met-
ric measure spaces. The recent paper of B. Klartag [38] allowed for a proof of the
Lévy-Gromov isoperimetric inequality, still in the framework of smooth Riemannian
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manifolds, avoiding regularity of optimal shapes and using instead an optimal trans-
portation argument involving L'-Optimal Transportation and ideas of convex geom-
etry. This approach goes back to Payne-Weinberger [47] and was later developed by
Gromov-Milman [36], Lovasz-Simonovits [40] and Kannan-Lovasz-Simonovits [37]; it
consists in reducing a multi-dimensional problem to easier one-dimensional prob-
lems. B. Klartag’s observed that a suitable L'-Optimal Transportation problem pro-
duces what he calls a needle decomposition (in our terminology, disintegration) that
localize (or reduce) the proof of the isoperimetric inequality to the proof of a family of
one-dimensional isoperimetric inequalities; also the regularity of the space is local-
ized.

The approach of [38] does not rely on the regularity of the isoperimetric region,
nevertheless it still heavily makes use of the smoothness of the ambient space to ob-
tain the localization. In particular, it makes use of sharp properties of the geodesics in
terms of Jacobi fields of estimates on the second fundamental forms of suitable level
sets; all these are objects still not understood enough in general metric measure spaces
in order to repeat the same arguments.

Hence to apply the localization technique to the Lévy-Gromov isoperimetric in-
equality in singular spaces, structural properties of geodesics and of L*-optimal trans-
portation have to be understood also in the general framework of metric measure
spaces. Such a program started in the previous work of the author with S. Bianchini
[11] and of the author [17, 18]. Finally with A. Mondino in [20] we obtained the general
result underpinning the Lévy-Gromov isoperimetric inequality.

3.1.3 Outline

The chapter goes as follows: Section 3.2 contains all the basic material on Optimal
Transportation and the theory of Lott-Sturm-Villani spaces, that is metric measure
spaces verifying the Curvature Dimension condition, CD(K, N) for short. It also covers
some basics on isoperimetric inequality, Disintegration Theorem and selection the-
orems we will use throughout the chapter. In Section 3.3 we prove all the structure
results on the building block of L!-Optimal Transportation, the d-cyclically mono-
tone sets. Here no curvature assumption enters. In Section 3.4 we show that the afore-
mentioned sets induce a partition of almost all transport, provided the space enjoys
a stronger form of the essentially non-branching condition; we also show that each
element of the partition is a geodesic (and therefore a one-dimensional set). Section
3.5 contains all the regularity results of conditional measures of the disintegration in-
duced by the L!-Optimal Transportation problem. In particular we will present three
assumptions, each one implying the previous one, yielding three increasing levels of
regularity of the conditional measures. Finally in Section 3.6 we collect the conse-
quences of the regularity results of Section 3.5; in particular we first show the exis-
tence of a solution of the Monge problem under a very general regularity assumption
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(Theorem 3.6.2) and finally we go back to the Lévy-Gromov isoperimetric inequality
(Theorem 3.6.6).

3.2 Preliminaries

In what follows we say that a triple (X, d, m) is a metric measure space, m.m.s. for
short, if (X, d) is a complete and separable metric space and m is a positive Radon
measure over X. In this paper we will only be concerned with m.m.s. with m a prob-
ability measure, that is m(X) = 1. The space of all Borel probability measures over X
will be denoted by P(X).

A metric space is a geodesic space if and only if for each x,y € X there exists
~ € Geo(X) so that vy = x, y; =y, with

Geo(X) := {y € C([0, 1], X) : d(ys, ) = |s - t|d(y0, 11), foreverys, t € [0, 1]}.

It follows from the metric version of the Hopf-Rinow Theorem (see Theorem 2.5.28 of
[13]) that for complete geodesic spaces local completeness is equivalent to properness
(a metric space is proper if every closed ball is compact).

We assume the ambient space (X, d) to be proper and geodesic, hence also com-
plete and separable. Moreover we assume m to be a proability measure, i.e. m(X) = 1.
We denote by P, (X) the space of probability measures with finite second moment
endowed with the L?-Wasserstein distance W, defined as follows: for g, u; € P»(X)

we set .
W3, ) = inf [ ¢ y)n(dxdy), (8)

XxX

where the infimum is taken over all 7 € P(X x X) with yug and p; as the first and the
second marginal, called the set of transference plans. The set of transference plans
realizing the minimum in (3.8) will be called the set of optimal transference plans.
Assuming the space (X, d) to be geodesic, also the space (P,(X), W>) is geodesic.

Any geodesic (¢)¢c[o,1] in (P2(X), W3) can be lifted to a measure v € P(Geo(X)),
so that (e;); v = p forall t € [0, 1]. Here for any ¢ € [0, 1], e; denotes the evaluation
map:

e : Geo(X) > X, ei(y) := .

Given ug, u; € P2(X), we denote by OptGeo(po, u1) the space of all v € P(Geo(X))
for which (eo, e1); v minimizes in (3.8). If (X, d) is geodesic then the set OptGeo(uo, u1)
isnon-empty for any ug, u1 € P»(X). It is worth also introducing the subspace of P, (X)
formed by all those measures absolutely continuous with respect with m: it is denoted
by ?z(X, d, m)
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3.2.1 Geometry of metric measure spaces

Here we briefly recall the synthetic notions of lower Ricci curvature bounds; for more
detail we refer to [9, 39, 51, 52, 56].

In order to formulate the curvature properties for (X, d, m) we introduce the fol-
lowing distortion coefficients: given two numbers K, N € R with N = 0, we set for
(t,0) €[0,1] xRy,

oo, if K6 = N7%,
sin(OVEIN) o kg2 < Nm?,

0%?1\,(9) ._ ] sin(6/K/N) . - (3.9)
t if KO- <0Oand N =0, orif K6- =0,

sinh(t0v/“K/N) ¢ x> . 6 and N > 0.

sinh(6+1/-K/N)

We also set, for N> 1, K € Rand (¢, 6) € [0, 1] x R
T%?N(G) = tl/NG%?Nfl(G)(Nfl)/N. (3.10)

As we will consider only the case of essentially non-branching spaces, we recall
the following definition.

Definition 3.2.1. A metric measure space (X, d, m) is essentially non-branching if and
only if for any ug, u1 € P2(X), uo, H1 both absolutely continuous with respect to m, any
element of OptGeo(ug, Y1) is concentrated on a set of non-branching geodesics.

A set F C Geo(X) is a set of non-branching geodesics if and only if for any 41,42 € F,
it holds:

Jte (0,1)suchthat Ve € [0,] =~ = ~i=+~2, vselo,1].

Definition 3.2.2 (CD condition). An essentially non-branching m.m.s. (X, d, m) veri-
fies CD(K, N) if and only if for each pair uo,u1 € P.(X,d, m) there exists v €
OptGeo(ug, 1) such that

0N () 2 Ty (0o, 1)ee N o)+ (o, ey M (n),  v-aue.y € Geo(X),
(3.11)
forall t € [0, 1], where (e¢); v = p¢m.

For the general definition of CD(K, N) see [39, 51, 52].

Remark 3.2.3. Itis worthrecalling that if (M, g) is a Riemannian manifold of dimension
nand h € C2(M) with h > 0, then the m.m.s. (M, g, hvol) verifies CD(K, N) with N = n
if and only if (see Theorem 1.7 of [52])

Vih©r
-
N-n

Ricg p n 2 K8, Ricg p y := Ricg — (N - n)
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In particular if N = n the generalized Ricci tensor Ricg , y = Ricg makes sense only if h
is constant.

Another important case is when I C R is any interval, h € C2(I) and £V is the one-
dimensional Lebesgue measure; then the m.m.s. (I, | - |, hLt) verifies CD(K, N) if and
only if

(r7) NIE h¥T <0, (3.12)

and verifies CD(K, 1) if and only if h is constant. Inequality (3.12) has also a non-smooth
counterpart; if we drop the smoothness assumption on h it can be proven that the m.m.s.
(1, ||, hLY) verifies CD(K, N) if and only if

h((1-s)to+st) NV 2 6819 (1 - to)(to) NV + 0%y, (1~ to)h(t) VY. (313)

This is the formulation in the sense of distributions of the differential inequality (3.12).
Recall indeed that s — Ug(s’)N_l(G) solves f + (t1 - to)* 51 f = O in the classical sense.
We also mention the more modern Riemannian curvature dimension condition
RCD’(K, N). In the infinite dimensional case, i.e. N = oo, it was introduced in [5]. The
class RCD"(K, N) with N < oo has been proposed in [33] and deeply investigated in
[3, 26] and [8]. We refer to these papers and references therein for a general account on
the synthetic formulation of Ricci curvature lower bounds for metric measure spaces.

Here we only mention that the RCD*(K , N) condition is an enforcement of the
so-called reduced curvature dimension condition, denoted by CD*(K, N), that has
been introduced in [9]: in particular the additional condition is for the Sobolev space
W'2(X, m) to be a Hilbert space, see [4, 5, 33].

The reduced CD"(K, N) condition asks for the same inequality (3.11) of CD(K, N)

but the coefficients T%) n(d(y0,71)) and T%’;Vt) (d(~o, 1)) are replaced by 0%? ~(d(v0,71))

and (T%jvt)(d(’yo, 71)), respectively.

Hence while the distortion coefficients of the CD(K, N) condition are formally ob-
tained imposing one direction with linear distortion and N — 1 directions affected by
curvature, the CD*(K, N) condition imposes the same volume distortion in all the N
directions.

For both definitions there is a local version that is of some relevance to our analy-
sis. Here we state only the local formulation CD(K, N), being clear what would be the

one for CD*(K, N).

Definition 3.2.4 (CD;,. condition). An essentially non-branching m.m.s. (X, d, m) sat-
isfies CD,(K, N) if for any point x € X there exists a neighborhood X(x) of x such that
for each pair pg, p1 € P2(X, d, m) supported in X(x) there exists v. e OptGeo(ug, U1)
such that (3.11) holds true for all t € [0, 1]. The support of (e); v is not necessarily con-
tained in the neighborhood X(x).

One of the main properties of the reduced curvature dimension condition is the global-
ization one: under the essentially non-branching property, CD;DC(K , N)and CD*(K, N)
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are equivalent (see [9, Corollary 5.4]), i.e. the CD"-condition verifies the local-to-global
property.

We also recall a few relations between CD and CD". It is known by [32, Theorem
2.7] that, if (X, d, m) is a non-branching metric measure space verifying CD(K, N) and
Mo, U1 € P(X) with uo absolutely continuous with respect to m, then there exists a
unique optimal map T : X - X such that (id, T); uo realizes the minimum in (3.8)
and the set OptGeo(uo, 41) contains only one element. The same proof holds if one
replaces the non-branching assumption with the more general one of essentially non-
branching, see for instance [34].

3.2.2 Isoperimetric profile function

Given am.m.s. (X, d, m) as above and a Borel subset A C X, let A¢ denote the e-tubular
neighborhood
Af:={xe€ X : 3y € Asuchthatd(x,y) < e}.

The Minkowski (exterior) boundary measure m*(A) is defined by

m(A%) - m(4)

- (3.14)

m*(4) := liminf
el0
The isoperimetric profile, denoted by Jix 4 ), is defined as the pointwise maximal
function so that m*(A) > J(x 4 ) (m(A)) for every Borel set A C X; that is

Jx.d.m) (V) = inf {m*(4): A C X Borel, m(A) = v}. (3.15)

If K > 0and N € N, by the Lévy-Gromov isoperimetric inequality (3.6) we know
that, for N-dimensional smooth manifolds having Ricci > K, the isoperimetric profile
function is bounded below by the one N-dimensional round sphere of suitable radius.
In other words, the model isoperimetric profile function is that of SV ForN=1,KcR
arbitrary real numbers the situation is more complicated, and just recently E. Milman
[41] discovered what is the model isoperimetric profile. We refer to [41] for all the de-
tails. Here we just recall the relevance of isoperimetric profile functions for m.m.s. over
(R,|-]):givenK € R, N € [1, +o0) and D € (0, +oo], consider the function

Jgn,pW) :=inf {u*(A): ACR, u(Ad) =v, pe Fxnp}, (3.16)

where Fg y p denotes the set of u € P(R) such that supp(u)  [0,D]and yu = h - £l
with h € €%((0, D)) satisfying

(hﬁ) + NIE 1hﬁ <0 ifNe(l,~), h=const ifN=1. (3.17)

Then from [41, Theorem 1.2, Corollary 3.2] it follows that for N-dimensional smooth
manifolds having Ricci = K, with K € R arbitrary real number, and diameter D, the
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isoperimetric profile function is bounded below by J¢ y,p and the bound is sharp. This
also justifies the notation.

Going back to non-smooth metric measure spaces (what follows is taken from
[20]), it is necessary to consider the following broader family of measures:

Fxn.p = {1 € P(R) : supp(u) C [0, D], p = hyL?,
hy verifies (3.13) and is continuous if N € (1, 00), hy = constif N = 1},

and the corresponding comparison synthetic isoperimetric profile:
Tienp(v) i=inf {4"(A): ACR, u(A)=v, p € Fxnp}»

where u*(A) denotes the Minkowski content defined in (3.14). The term synthetic refers
to u € Jy y p meaning that the Ricci curvature bound is satisfied in its synthetic for-
mulation: if u = h - £1, then h verifies (3.13).

We have already seen that Fx v p C Fg y p; actually one can prove that Jg y
coincides with its smooth counterpart Iy, p for every volume v € [0, 1] via a smooth-
ing argument. We therefore need the following approximation result. In order to state
it let us recall that a standard mollifier in R is a non negative C*°(R) function i with
compact support in [0, 1] such that fR Y =

Lemma 3.2.5 (Lemma 6.2, [20]). Let D € (0, o0) and let h : [0, D] = [0, oo) be a con-
tinuous function. Fix N € (1, oo) and for € > 0 define
N-1 N-1

he(t) 1= R * e (O] = / h(t-s)Pige(s)ds| - / h(s) ™ et - 5) ds
R

(3.18)
where Pe(x) = %lp(x/ €) and Y is a standard mollifier function. The following properties
hold:

1. h¢ is a non-negative C* function with support in [-€, D + €];

2. he > huniformly as € | 0, in particular h; > hin L.

3. If h satisfies the convexity condition (3.32) corresponding to the above fixed N > 1
and some K € R then also does he. In particular h; satisfies the differential inequal-

ity (3.17).
Using this approximation one can prove the following

Theorem 3.2.6 (Theorem 6.3, [20]). For every v € [0,1], K € R, N € [1,0), D €
(0, o] it holds T y p(v) = Ig,n,p (V).

3.2.3 Disintegration of measures

We include here a version of the Disintegration Theorem that we will use. We will fol-
low Appendix A of [10] where a self-contained approach (and a proof) of the Disinte-

’
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gration Theorem in countably generated measure spaces can be found. An even more
general version can be found in Section 452 of [30].

Recall that a g-algebra is countably generated if there exists a countable family of
sets so that the o-algebra coincides with the smallest g-algebra containing them.

Given a measurable space (X, X), i.e. X is a o-algebra of subsets of X, and a func-
tion Q : X > Q, with Q general set, we can endow Q with the push forward o-algebra
Q of X:

CeQ «— 9Q'0eX,

which could be also defined as the biggest g-algebra on Q such that £ is measurable.
Moreover given a probability measure m on (X, X), define a probability measure ¢ on
(Q, Q) by push forward via 9, i.e. q := Qy m.

This general scheme fits with the following situation: given a measure space
(X, X, m), suppose a partition of X is given in the form {X;}4c, Q s the set of indices
and 9 : X > Q is the quotient map, i.e.

q=9Kx) = xeXq.

Following the previous scheme, we can also consider the quotient g-algebra Q and the
quotient measure q obtaining the quotient measure space (Q, 9, q).

Definition 3.2.7. A disintegration of m consistent with £ is a map
Q3qg+—my e PX,X)

such that the following hold:
1. forall B € X, the map m.(B) is q-measurable;
2. forall B € X, C € Q satisfies the consistency condition

m(Bna(©) - / mq(B) q(dg).
C

A disintegration is strongly consistent with respect to 9 if for g-a.e. ¢ € Q we have
mq(Q71(q)) = 1. The measures my are called conditional probabilities.

When the map £ is induced by a partition of X as before, we will directly say that
the disintegration is consistent with the partition, meaning that the disintegration is
consistent with the quotient map Q associated to the partition X = U,cqXg.

We now describe the Disintegration Theorem.

Theorem 3.2.8 (Theorem A.7, Proposition A.9 of [10]). Assume that (X,X,p) is a
countably generated probability space and X = UgcqXq is a partition of X.
Then the quotient probability space (Q, Q, q) is essentially countably generated and
there exists a unique disintegration q — mgy consistent with the partition X = UycgXq.
If X contains all singletons, then the disintegration is strongly consistent if and only
if there exists an m-section S € X such that the o-algebra § contains B(S).
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We now expand on the statement of Theorem 3.2.8.
In the measure space (Q, Q, q), the g-algebra Q is essentially countably generated if, by
definition, there exists a countable family of sets Qn, C Q such that for any C € Q there
exists C € O, where Q is the o-algebra generated by {Qn}nen, such that q(CA C)=o0.
Uniqueness is understood in the following sense: if g — mé and q — mé are two
consistent disintegrations then mg = m7 for g-a.e. g € Q.
Finally, a set S is a section for the partition X = UgXj if for any g € Q there exists
a unique x4 € SN Xg. A set Sy, is an m-section if there exists ¥ ¢ X withm(X\ Y) =0
such that the partition Y = Ug(X4NY) has section Si,. Once a section (or an m-section)
is given, one can obtain the measurable space (S, 8) by pushing forward the g-algebra
X on S via the map that associates to any X4 > x — xq4 = SN Xq.

3.3 Transport set

The following setting is fixed once and for all:

(X, d, m) is a fixed metric measure space with m(X) = 1 such that
the ambient metric space (X, d) is geodesic and proper (hence complete and
separable).

Let ¢ : X > Rbeany 1-Lipschitz function. Here we present some useful results (all
of them already presented in [11]) concerning the d-cyclically monotone set associated
with ¢:

I':={(x,y) € XxX: ¢(x) - p(y) = d(x, y)}, 3.19)
that can be seen as the set of pairs moved by ¢ with maximal slope. Recall that
aset A C X x X is said to be d-cyclically monotone if for any finite set of points
(x1,¥1), ..., (xy, yn) it holds

N N
> dl,y) <Y d(x, yie),
i1 i1

with the convention that yy.1 = y1.
The following lemma is a consequence of the d-cyclically monotone structure of
T.

Lemma 3.3.1. Let (x,y) € Xx X be an element of I'. Let v € Geo(X) be such that vy = x
and vy, = y. Then
('YS! ’Yt) S T’

forall0O<s<t<1.
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Proof. Take O < s < t < 1 and note that

d(vs) = P(ye) = Plys) = P(e) + P(10) = P(v0) + P(11) - P(y1)
= d(v0, 71) — d(v0, vs) — d(v¢, 11)
=d(ys, vo)-

The claim follows. O

Then, it is natural to consider the set of geodesics G C Geo(X) such that
veG <= {(ys,1):0ssst<1}CT,

that is G := {y € Geo(X) : (y9,71) € I'}. We now recall some basic definitions of the
L'-optimal transportation theory that will be needed to describe the structure of I".

Definition 3.3.2. We define the set of transport rays by
R:=rurt,

where ™1 := {(x,y) € XxX : (y, x) € T'}. The sets of initial points and final points are
defined respectively by

a:={zeX:IxeX, (x,2) eT,d(x,z) >0},
b:={zeX:PxeX,(z,x)erl,d(x,z) > 0}.

The set of end points is a U b. We define the subset of X, transport set with end points:
Te = Pi(T\{x =yDUP1 ("' \ {x = y}).

where {x = y} stands for {(x, y) € X* : d(x,y) = 0}.

A few comments are in order. Notice that R coincides with {(x,y) € X x X: |¢p(x) -
¢(y)| = d(x,y)}; the name transport set with end points for T is motivated by how
later on we will consider a more regular subset of T, that will be called transport set;
moreover if x € X is moved forward but not backward by ¢, this is translatedin x € I’
and x ¢ I'"'!; in any case it belongs to Te.

We also introduce the following notation to be used throughout the paper; we set
I'(x) := P,(I'n ({x} x X)) and I' "} (x) := P,(I'"'* N ({x} x X)). In general if F X x X, we
set F(x) = Po(F N ({x} x X)).

Remark 3.3.3. Here we discuss the measurability of the sets introduced in Definition
3.3.2. Since ¢ is 1-Lipschitz, I' is closed and therefore I -1 and R are closed as well. More-
over by assumption the space is proper, since the sets I', T, R are o-compact (count-
able union of compact sets).

Then we look at the sets of initial and final points:

a=P, (Fﬂ{(x,z)eXXX:d(x,z)>0})c, b="P; (Fﬂ{(x,z)eXXX:d(x,z)>0})c.
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Since {(x,z) € X xX : d(x,2z) > 0} = Un{(x,2) € Xx X : d(x,2) = 1/n}, it follows
that both a and b are the complement of a-compact sets. Hence a and b are Borel sets.
Reasoning as before, it follows that Te is a o-compact set.

Lemma 3.3.4. Let i € II(ug, p1) with (') = 1; then
A(TexTeU{x=y})=1.

Proof. 1t is enough to observe that if (z, w) € I'with z #w, then w € I'(z) and z €
I'1(w); therefore
(z,w) € Te x Te.

Hence I' \ {x = y} C Te x Te. Since n1(I') = 1, the claim follows. O

As a consequence, po(Te) = u1(Te) and any optimal map T such that TyuoLg,= piLg,
can be extended to an optimal map T’ with Typo = p1 with the same cost by setting

o) - {T(x), ifx € Te (320)

X, if x ¢ Te.
It can be proved that the set of transport rays R induces an equivalence relation on
asubset of Te. It is sufficient to remove from T, the branching points of geodesics. Then

using curvature properties of the space, one can prove that such branching points all
have m-measure zero.

3.3.1 Branching structures in the Transport set

What follows was first presented in [18]. Consider the sets of respectively forward and
backward branching points

Ay :i={x€Te:3z,we(x),(z,w) ¢R},
A-:={xeTe:3z,we ()", (z,w) &R} (3.21)

The sets A. are o-compact sets. Indeed since (X, d) is proper, any open set is o-
compact. The main motivation for the definition of A, and A- is contained below.

Theorem 3.3.5. The set of transport rays R C X x X is an equivalence relation on the
set
Te\(A+ UAD).

Proof. First, forall x € P(I'), (x,x) € R.1fx, y € T with (x, y) € R, then by definition
of R, it follows straightforwardly that (y, x) € R.
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Therefore, the only property needing a proof is transitivity. Let x,z,w € Te \
(A+ U AD) be such that (x, 2), (z, w) € R with x, z and w distinct points. The claim
is (x, w) € R. So we have 4 different possibilities: the first one is

zel(x), welrll(z).
This immediately implies w € I'(x) and therefore (x, w) € R. The second possibility is
zeT(x), zel(w),

that can be rewritten as (z, x), (z, w) € I''L. Since z ¢ A-, necessarily (x, w) € R. Third
possibility:
x€l(z), welrll(z),

and since z ¢ A, it follows that (x, w) € R. The last case is
xeT(z), zel(w),
and therefore x € I'(w), hence (x, w) € R and the claim follows. O
Next, we show that each equivalence class of R is formed by a single geodesic.
Lemma 3.3.6. Forany x € T and z, w € R(x) there exists v € G C Geo(X) such that
{x,z,w} C {vs : s € [0, 1]}.
If 4 € G enjoys the same property, then
({3s:s€l0,1]}U{ys:s€0,1]}) c {3s: s € [0,1]}
forsome ¥ € G.

Since G = {y € Geo(X) : (y0,71) € I'}, Lemma 3.3.6 states that if we fix an element
xin Te \ (A+ U A-) and we pick two elements z, w in the same equivalence class of x,
then these three points will align on a geodesic v whose image is again all contained
in the same equivalence class R(x).

Proof. Assume that x, z and w are all distinct points (otherwise the claim follows triv-
ially). We consider different cases.

First case: z € I'(x) and w € I'' 1 (x).

By d-cyclical monotonicity

d(z, w) = d(z, x) + d(x, w) = p(w) — ¢p(2) < d(z, w).

Hence z, x and w lie on a geodesic.
Second case: z, w € I'(x).
Without loss of generality assume ¢(x) > ¢(w) = ¢(z). Since in the proof of Lemma
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3.4.2 we have already excluded the case ¢p(w) = ¢(z), we assume ¢(x) > p(w) > ¢(2).
Then if no geodesics v € G with vy = xand v; = zand s = w exist, there willbey € G
with (y9, 71) = (x, z) and s € (0, 1) such that

P(vs) = p(w), vs € I'(x), ¥s #W.

As observed in the proof of Lemma 3.4.2, this would imply that (ys, w) ¢ R and since
x ¢ A, this would be a contradiction. Hence the second case follows.

The remaining two cases follow under the same reasoning, exchanging the role of
I'(x) with the one of I'"(x). The second part of the statement now easily follows. O

3.4 Cyclically monotone sets

Following Theorem 3.3.5 and Lemma 3.3.6, the next step is to prove that both A, and
A_ have m-measure zero, (in other words, branching happens on rays with zero m-
measure). From the statement of this property, it is clear that some regularity as-
sumption on (X, d, m) should play a role. We will indeed assume the space to enojoy
a stronger form of essentially non-branching. Recall that the latter is formulated in
terms of geodesics of (P,(X), W), a dz-cyclically monotone set, while we need regu-
larity for the d-cyclically monotone set I'. Hence it is necessary to include d?-cyclically
monotone sets as subsets of d-cyclically monotone sets.

We present here a strategy introduced by the author in [17, 18] from where all the
material presented in this section is taken. Section 3.4.1 contains results from [11] while
Section 3.4.2 is taken from [20].

Lemma 3.4.1 (Lemma 4.6 of [17]). Let A C I be any set so that:
(x0,y0), (x1,y1) €4 = (Pp(y1) - d(yo)) - (d(x1) - p(x0)) = 0.

Then A is d?-cyclically monotone.

Proof. 1t follows directly from the hypothesis of the lemma that the set
A= {(@0), () : (x,y) € A} CR?

is monotone in the Euclidean sense. Since A  R?, it is then a standard fact that A
is also | - |2-cyclically monotone, where | - | denotes the modulus. We nevertheless
include a short proof: there exists a maximal monotone multivalued function F such
that A c graph(F) and its domain is an interval, say (a, b) with a and b possibly
infinite; moreover, apart from countably many x € R, the set F(x) is a singleton. Then
the following function is well defined:
X
() = / F(s)ds,

c
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where c is any fixed element of (a, b). Then observe that
Y(z)-¥Y(X)2y(z-x), VYz,xe(a,b),

where y is any element of F(x). In particular this implies that ¥ is convex and F(x) is
a subset of its sub-differential. In particular A is | - |?-cyclically monotone.
Then for {(x;, ¥;)}i<ny C 4, since A C T, it holds

N N
a0,y = Y 160) - p)P
i=1 i=1
N
<> 10 - ¢

i=1

dz(xi’ J’i+1),

<

-

I
[

1

where the last inequality is given by the 1-Lipschitz regularity of ¢b. The claim follows.
O

To study the set of branching points is necessary to relate points of branching to
geodesics. In the next Lemma, using Lemma 3.3.1, we observe that once a branch-
ing happens there exist two distinct geodesics, both contained in I'(x), that are not in
relation in the sense of R.

Lemma 3.4.2. Let x € A.. Then there exist two distinct geodesics v, ~> € G such that
- (X,73), (x,42) e T forall s € [0, 1];
- (4,73) ¢ Rforalls € [0, 1];
- ¢(3s) = p(3) for all s € [0, 1].

Moreover both geodesics are non-constant.

Proof. From the definition of A, there exists z, w € Te such that z, w € I'(x) and
(z,w) ¢ R. Since z, w € I'(x), from Lemma 3.3.1 there exist two geodesics v, > € G
such that
W==X =z A=W

Since (z, w) € R, necessarily both z and w are different from x, and x is not a final
point, that is x ¢ b. So the previous geodesics are not constant. Since z and w can be
exchanged, we can also assume that ¢(z) = ¢(w). Since z € I'(x), ¢p(x) = ¢(z) and by
continuity there exists s, € (0, 1] such that

P2 = p(r3,).

Note that z #42,, otherwise w € I'(z) and therefore (z, w) € R. Moreover still (z,73,) ¢
R. Indeed if the contrary was true, then

0=[¢p2) - p(12)| = d(z,~2),
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that is a contradiction with z #42,.
Therefore, by continuity there exists § > 0 such that

P(ris) = p(121og)s  d(vis, 75,-s) > O,

forall0 <s < é.

Hence reapplying the previous argument (v{_s, 72 ,_s)) & R. The curve v and 7
of the claim are then obtained by properly restricting and rescaling the geodesics !
and 2 considered so far. O

The previous correspondence between branching points and pairs of branching
geodesics can be proved to be measurable. We will make use of the following selection
result, Theorem 5.5.2 of [50]. We again refer to [50] for some preliminaries on analytic
sets.

Theorem 3.4.3. Let X and Y be Polish spaces, F C X x Y analytic, and A be the o-
algebra generated by the analytic subsets of X. Then there is an A-measurable section
u:P(F)> YofF.

Recall that given F ¢ X x Y, a section u of F is a function from P1(F) to Y such that
graph(u) C F.

Lemma 3.4.4. There exists an A-measurable map u : A+ — G x G such that if u(x) =
(7', 4?) then

- (0, D), (x,72) e T foralls € [0, 1];

- (4,43) ¢ Rforalls € [0, 1];

- ¢(1d) = ¢(48) for all s € [0, 1].
Moreover both geodesics are non-constant.

Proof. Since G = {y € Geo(X) : (y0,71) € '} and I' C X x X is closed, the set G is a
complete and separable metric space. Consider now the set

F:={(,7",7") € TexGx G : (x,7), (x,73) € I'}
N (Xx {0197 € 66 d0i D) > 0})
n (XX{(vl,vz) €GxG:d(y0,3) > 0})
n (XX{(vlmz) €GxG:d(y,1) > 0})
N (X {61 D) € 6x 61 pGH = 96D, i=0,1}).

It follows from Remark 3.3.3 that F is o-compact. To avoid possible intersections in
interior points of 4! with 4> we consider the following map:

h:GxG > [0,00)
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(',9%) = h(y', 7)== min d(y,73).
sel0,1]
From the compactness of [0, 1], we deduce the continuity of h. Therefore
F:i=Fn{(x,v',+%) € XxGxG: h(y*,+?) > 0}
is a Borel set and from Lemma 3.4.2,
Fn({x}xGxG)#0

forall x € A,. By Theorem 3.4.3 we infer the existence of an .A-measurable selection u
of F. Since A = P1(F) and if u(x) = (', +2), then

d(vs,78) >0,  P(s) = p(33),
forall s € [0, 1], and therefore (v2,~2) ¢ R for all s € [0, 1]. The claim follows. O

We are ready to prove the following

Proposition 3.4.5. Let (X, d, m) be a m.m.s. such that for any uo, u; € P(X) with po <
m any optimal transference plan for W, is concentrated on the graph of a function. Then

m(A+) =m(4-) = 0.

Proof. Step 1.

Suppose by contradiction that m(A4,) > 0. By definition of A, thanks to Lemma 3.4.2
and Lemma 3.4.4, for every x € A, there exist two non-constant geodesics 4!, % € G
such that

- (6,44, (x,42) e Tforall s € [0, 1];
- (7%,~2) ¢ Rforalls € [0, 1];
- p(4d) = p(n2) forall s € [0, 1].

Moreover the map A+ > x — u(x) := (v}, v?) € G? is A-measurable.

By inner regularity of compact sets (or by Lusin’s Theorem), possibly selecting a
subset of A, still with strictly positive m-measure, we can assume that the previous
map is continuous and in particular the functions

Aisx— @) eR,  i=1,2,j=0,1
are all continuous. Set

ax := p(15) = (), Bx := p(11) = p(47)

and note that ax > Bx. Now we want to show the existence of a subset B C A, still
with m(B) > 0, such that

sup Bx < inf ax.
X€EB xeB
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By continuity of @ and f3, a set B verifying the previous inequality can be obtained by
considering the set A N Br(x), for x € A. with r sufficiently small. Since m(4+) > 0,
form-a.e. x € A. the set A, N Br(x) has positive m-measure. So the existence of B C A+
enjoying the aforementioned properties follows.

Step 2.
Let I = [c, d] be a non trivial interval such that

sup fBx < ¢ < d < inf ax.
XEB XEB

Then, by construction, for all x € B the image of the composition of the geodesics !
and v2 with ¢ contains the interval I:

Ic{p(d):selo, 1]}, i=1,2.

Fix any point inside I, say ¢, and consider for any x € B the value s(x) such that
P(Va) = P(13) = €. We can now define on B two transport maps T* and T> by

B> x— TH(x):= vé(x), i=1,2.

Accordingly we define the transport plan
1
ni=5 (Ud, Tmg + (Ud, T)ymg ),

where mg := m(B) 'mcp.

Step 3.
The support of 7 is d2-cyclically monotone. To prove it we will use Lemma 3.4.1. The
measure 7 is concentrated on the set

A= {(x, v59) : X € BYU{(X, 7)) : x €B} CT.
Take any two pairs (xg, yo), (X1, ¥1) € A and notice that by definition:

$(y1) - (yo) = 0.

Therefore, trivially (¢(v1) - ¢(vo)) (¢(x1) - $(x0)) = 0, and Lemma 3.4.1 can be ap-
plied to A. Hence 1 is optimal with (P1);n < m and is not induced by a map; this is a
contradiction with the assumption. It follows that m(A+) = 0. The claim for A- follows
in the same manner. O

Remark 3.4.6. Ifthe space is itself non-branching, then Proposition 3.4.5 can be proved
more directly under the assumption (A.1), that will be introduced at the beginning of
Section 3.5. Recall that (X, d, m) is non-branching if for any ~*, v € Geo such that

for some t € (0, 1), implies that 41 = ~3. In particular the following statement holds
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Let (X, d, m) be non-branching and assume moreover (A.1) to hold. Then
m(A:) =m(4-) = 0.

For the proof of this statement (that goes beyond the scope of this note) we refer to [11],
Lemma 5.3. The same comment will also apply to the next Theorem 3.4.7.

The set
T:=Te\(A+ UAL) (3.22)

will be called the transport set. Since T., A+ and A- are o-compact sets, notice that T
is a countable intersection of o-compact sets and in particular Borel.

Theorem 3.4.7 (Theorem 5.5, [18]). Let (X, d, m) be such that for any po, u1 € P(X)
with uy < m any optimal transference plan for W, is concentrated on the graph of a
function. Then the set of transport rays R ¢ X x X is an equivalence relation on the
transport set T and

m(Te \T) =0.

To summarize, we have shown that given a d-monotone set I', the set of all those points
moved by I', denoted T, can be written, neglecting a set of m-measure zero, as the
union of a family of disjoint geodesics. The next step is to decompose the reference
measure m restricted to T with respect to the partition given by R, where each equiva-
lence class is given by

[x]={y € T:(x,y) € R}.

Denoting the set of equivalence classes by Q, we can apply the Disintegration Theorem
(see Theorem 3.2.8) to the measure space (T, B(T), m) and obtain the disintegration of
m consistent with the partition of T in rays:

e [ o
Q

where q is the quotient measure.

3.4.1 Structure of the quotient set

In order to use the strength of the Disintegration Theorem to localize the measure, one
needs to obtain a strongly consistent disintegration. Following the last part of Theorem
3.2.8, it is necessary to build a section S of T together with a measurable quotient map
with image S.

Proposition 3.4.8 (Q is locally contained in level sets of ¢). It is possible to construct
a Borel quotient map 2 : T - Q such that the quotient set Q C X can be written locally
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as a level set of ¢ in the following sense:

e=JaQ, @coa),

ieN
where a; € Q, Q; is analytic and Q; N Q; = ), for i #j.

Proof. Step 1.
For each n € N, consider the set T, of those points x having ray R(x) longer than 1/n,
i.e.

Tn = P1{(x,z,W) € Te xTexTe: z,w € R(x), d(z,w) 2 1/n} N 7.

It is easily seen that T =  J, . T and that Ty is Borel: the set T is o-compact and
therefore its projection is again o-compact.

Moreover if x € Tn,y € Tand (x, y) € R then also y € Ty: for x € Ty, there exists
z,w € Te with z, w € R(x) and d(z, w) > 1/n. Since x € T necessarily z, w € 7. Since
R is an equivalence relation on T and y € 7, it follows that z, w € R(y). Hence y € Tn.
In particular, T is the union of all those maximal rays of T with length at least 1/n.

Using the same notation, we have 7 = U,cnTn with Ty, Borel, saturated with re-
spect to R; each ray of T, is longer than 1/nand T, N T,y = 0 if n #n’.

Now we consider the following saturated subsets of T,: fora € Q

ma = Pl(Rm{(x,y) € TnxTn: P(y) =“‘i})

3n
1
mPl(Rﬂ{(x,y)e%x‘In. ¢(y)—a+3—n}), (B.23)
and we claim that
Tn = U Tn,a- (3.24)
acQ

We show the above identity by double inclusion. First note that () holds trivially.
For the converse inclusion (C) observe that for each a € Q, the set Ty, coincides with
the family of those rays R(x) N T, such that there exist y*, y~ € R(x) satisfying

POy ) =a- 3%1 py ) =a+ 31” (3.25)

Then we need to show that any x € Ty, also verifies x € Tn,q for a suitable a € Q. Fix
X € Tn; since R(x) is longer than 1/n, there exist z, y*, y~ € R(x) N Tn such that

1

PO)- 0@ -5, $ED -0 - 5.

Consider now the geodesic v € G such that 79 = y~ and v; = y*. By continuity of
[0, 1] > t — ¢(yy) it follows the existence of 0 < s; < s; < s3 < 1 such that

B0s) = $ls) = 30 Bls) = B0s) 5, P
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This concludes the proof of identity (3.24).

Step 2.
By the above construction, one can check that for each a € Q the level set ¢‘1(a) is
a quotient set for Ty, q, i.e. Tn,qa is formed by disjoint geodesics each one intersecting
¢ 1(a) in exactly one point. Equivalently, ¢p~1(a) is a section for the partition of Ty,
induced by R.

Moreover Ty,q is obtained as the projection of a Borel set and it is therefore ana-
Iytic.
Since Tn,q is saturated with respect to R either Tn,a N T, v = 0 OF Tn,a = T, . Hence,
removing the unnecessary a, we can assume that 7 = (J,cy qeq Tn.a» is @ partition.
Then we characterize  : 7 - T defining its graph as follows:

graph(9) := U Tn,a % ((].'7_1((1) N Tn,a) .
neN,acQ

Notice that graph(£Q) is analytic and therefore  : T > Q is Borel (see Theorem 4.5.2
of [50]). The claim follows. O

Corollary 3.4.9. The following strongly consistent disintegration formula holds true:

meg= /mq q(dq), mg(Q7' (@) =1, g-ae.q € Q. (3.26)
Q

Proof. From Proposition 3.4.8 there exists an analytic quotient set Q with Borel quo-
tient map Q : T > Q. In particular Q is a section and the push-forward o-algebra of
B(T) on Q contains B(Q). From Theorem 3.2.8 (3.26) follows. O

Remark 3.4.10. One can improve the regularity of the disintegration formula (3.26) as
follows. From inner regularity of Borel measures there exists S C Q o-compact such that
q(Q\ S) = 0. The subset R™1(S) c T is again o-compact, indeed

R(S)={xeT: (x,q) €R, g€ S} =P1({(x,q) € TxS: (x,q) € R})
=P1(TXSﬂR) = Pl(Te XSﬂR)
and the regularity follows. Notice that R™1(S) is formed by non-branching rays and m(7T'\
R™1)(S)) = q(Q\ S) = 0. Hence we have proved that the transport set with end points T
admits a saturated, partitioned by disjoint rays, o-compact subset of full measure with

o-compact quotient set. Since in what follows we will not use the definition (3.22), we will
denote this set by T and its quotient set by Q.

For ease of notation X; := 71(g). The next goal will be to deduce regularity properties
for the conditional measures mg. The next function will be of some help.

Definition 3.4.11 (Definition 4.5, [11]). [Ray map] Define the ray map
g:Dom(g) cQxR>T
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via the formula:
graph(g) = {(q. t.x) € Qx [0, +e0) xT: (q.x) € T, d(g, x) = t |
U {(q, t,x) € Qx (-00,0] x T : (x,q) € I, d(x, q) = t}
= graph(g") U graph(g”).

Hence the ray map associates to each ¢ € Q and t € Dom (g(q, -)) C R the unique
element x € 7 such that (g, x) € I at distance t from g if t is positive or the unique
element x € T such that (x, g) € T at distance -t from gq if t is negative. By defini-
tion Dom(g) := g '(7). Notice that from Remark 3.4.10 it is not restrictive to assume
graph(g) to be o-compact. In particular the map g is Borel.

Next we list a few (trivial) regularity properties enjoyed by g.

Proposition 3.4.12. The following holds.
- gis a Borel map.
-t — g(g,t) is an isometry and if s,t € Dom(g(q,-)) with s < t then
(8(q,s),8(q, 1) € I;
- Dom(g) > (g, t) — g(q, t) is bijective on Q~1(Q) = T, and its inverse is

X = g7 () = (2K, +d(x, Q(x)))

where 1] is the quotient map previously introduced and the positive or negative sign
depends on (x, Q(x)) € T or (Q(x),x) € I.

Observe that from Lemma 3.3.1, Dom (g(q, -)) is a convex subset of R (i.e. an inter-
val) for any g € Q. Using the ray map g, we will review in Section 3.5 how to prove
that the g-a.e. conditional measure my is absolutely continuous with respect to the
1-dimensional Hausdorff measure on X, provided (X, d, m) enjoys weak curvature
properties. The other main use of the ray map g was presented in Section 7 of [11]
where it was used to build the 1-dimensional metric currents in the sense of Ambrosio-
Kirchheim (see [6]) associated to T.

It is worth noticing that so far, besides the assumption of Proposition 3.4.5, no
extra assumptions on the geometry of the space were used. In particular, given two
probability measures uo and p; with finite first moment, the associated transport set
allows for the decomposition of the reference measure m in one-dimensional condi-
tional measures mg, i.e. formula (3.26) holds.

3.4.2 Balanced transportation

Here we want to underline that the disintegration (or one-dimensional localization) of
minduced by the L!-Optimal Transportation problem between uq and y; is actually a
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localization of the Monge problem. We will present this fact by considering a function
f : X > Rsuch that

/ FO)mdx) =0, / FOOId(x, x0) m(dx) < oo,
X

X

and considering yo := f+ m and y; := f- m, where f: denote the positive and the nega-
tive parts of f. We can also assume g, y; € P(X) and study the Monge minimization
problem between pp and y;. This setting is equivalent to study the general Monge
problem assuming both uo, u1 < m; indeed, note that yo and p; can always be as-
sumed to be concentrated on disjoint sets (see [11] for details).

If ¢ is an associated Kantorovich potential producing as before the transport set
T, we have a disintegration of m as follows:

mLg= /mq q(dq), mg(Xq) = 1, g-a.e.q € Q.
Q
Then the natural localization of the Monge problem would be to consider for every
g € Q the Monge minimization problem between

MHog :=frmg, Hiq:=f-mg,

in the metric space (Xg, d) (that is isometric via the ray map g to an interval of R with
the Euclidean distance). To check that this family of problems makes sense we need
to prove the following

Lemma 3.4.13. It holds that for g-a.e. ¢ € Q one has fomq =0.

Proof. Since for both pg and y; the set Te \ T is negligible (uo, #; < m), for any Borel
setC C Q

H@(C) = (@ O*XNT\{x=y})
n((X xQNC)NT\ {x = y})

i (Q710), (3.27)

where the second equality follows from the fact that 7 does not branch: indeed since
Uo(T) = u1(7) = 1, then 7((I'\ {x = y}) N T x T) = 1 and therefore if x,y € T and
(x,y) € I, then necessarily Q(x) = Q(y); that is, they belong to the same ray. It follows
that

QHO*xX)NT\{x=yDN@TxT=XxQ(C)NT\{x=y})N(TxT),

and (3.27) follows.
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Since f has null mean value it holds [} f(x)m(dx) = - [, f-(x)m(dx), which com-
bined with (3.27) implies that for each Borel C c Q

/ / F(Omq(dx)a(dg) = C/ X/ £ (0Omq(dna(da) - / / f-(0mq(dx)a(dg)

C X, C X,

-1
- ( / f+(X)m(dX)> (mo@™ (@) - (@7 (C))
X

=0.
Therefore for g-a.e. g € Q the integral [ f mg vanishes and the claim follows. O

It can be proven in greater generality and without assuming y; < m that the Monge
problem is localized once a strongly consistent disintegration of m restricted to the
transport ray is obtained. See [11] for details.

3.5 Regularity of conditional measures

We now review regularity and curvature properties of mg. This section contains a col-
lection of results spread across [11, 17, 18] and [20]. Here, we try to provide a unified
presentation. We will inspect three increasing levels of regularity: for g-a.e. g € Q

(R.1) mg has no atomic part, i.e. mg({x}) = 0, for any x € Xg;

(R.2) mg is absolutely continuous with respect to ' _x, = g(q, -);£*;

(R3) mg = g(g,)3(hg L) verifies CD(K, N), i.e. the m.m.s. (R, | - |, hq L) verifies
CD(K, N).

We will review how to obtain (R.1), (R.2), (R.3) starting from the following three in-
creasing regularity assumptions on the space:

(A.1) if C c Tis compact with m(C) > 0, then m(C;) > O for uncountably many ¢ € R;

(A.2) if C c Tis compact withm(C) > 0, then m(C;) > O forasetof t € R with £!-positive
measure;

(A.3) the m.m.s. (X, d, m) verifies CD(K, N).

Given a compact set C C X, we indicate with C; its translation along the transport
set at distance with sign ¢, see the following Definition 3.5.1.

We will see that: (A.1) implies (R.1), (A.2) implies (R.2) and (A.3) implies (R.3).
Actually we will also show a variant of (A.3) (assuming MCP instead of CD) implies a
variant of (R.3) (MCP instead of CD).

Even if we do not always state it, assumptions (A.1) and (A.2) are not hypothe-
sis on the smoothness of the space but on the regularity of the set I and therefore on
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the Monge problem itself; they should both be read as: for uo and yu, probability mea-
sures over X, assume the existence of a 1-Lipschitz Kantorovich potential ¢ such that the
associated transport set T verifies (A.1) (or (A.2)).

3.5.1 Atomless conditional probabilities
The results presented here are taken from [11].

Definition 3.5.1. Let C C T be a compact set. For t € R define the t-translation C; of C
by
Ce=g({(g,s+0:(q,s) € g7 (0)}).

Since C c Tis compact, g7(C) ¢ QxR is o-compact (graph(g) is o-compact) and the
same holds true for
{(g,s+0:(g,s) € g (O)}.
Since
Ce = P3(graph(g) n {(g, s + 1): (q,s) € g '(Q)} xT),

it follows that C; is o-compact (projection of o-compact sets is again o-compact).
Moreover the set B := {(t,x) € Rx T: x € C;} is Borel and therefore by Fubini’s
Theorem the map t — m(C;) is Borel. It follows that (A.1) makes sense.

Proposition 3.5.2 (Proposition 5.4, [11]). Assume (A.1) to hold and the space to be non-
branching. Then (R.1) holds true, that is for q-a.e. q € Q the conditional measure mq has
no atoms.

Proof. The partition in trasport rays and the associated disintegration are well de-
fined, see Remark 3.4.6. From the regularity of the disintegration and the fact that
q(Q) = 1, we can assume that the map q — my is weakly continuous on a compact set
K c Qwith q(Q\K) < £such that the length of the ray X4, denoted by L(Xy), is strictly
larger than ¢ for all g € K. It is enough to prove the proposition on K.

Step 1.
From the continuity of K > g — my € P(X) w.r.t. the weak topology, it follows that the
map

g~ C(q) := {x e Xg:mg({x}) >0} = Un{x € Xg : mg({x}) 227"}

is o-closed, i.e. its graph is a countable union of closed sets: in fact, if (gm, xm) 2> (v, X)
and mg,,({xm}) = 27", then my({x}) = 27" by upper semi-continuity on compact sets.

Hence K is Borel, and by the Lusin Theorem (Theorem 5.8.11 of [50]) it is the count-
able union of Borel graphs: setting in this case c¢;(q) = 0, we can consider them as Borel
functions on K and order them w.r.t. I' in the following sense:

Mg atomic = Z Ci(‘])(sxi(q)y (xi(@), xia(@) €T, i€ Z,
i€z
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with K > g — x;(g) Borel.
Step 2.
Define the sets

Si(0 = {a e K:xi(@) = 5(g7 (@) + 1)},

Since K C Q, to define S;;(t) we are using the graph(g) N QxR x T, which is o-compact:
hence graph(S;;) is analytic. For 4; := {xj(q), ¢ € K} and t € R" we have that

m((4;)e) = /mq((Aj)t)q(dQ) = /mq,atomic((Aj)t)q(dq)
K K
-3 [ @b e (@) +0) atda) - Y- [ ci@atda)
I€Z i iezsﬁ(t)

and we have used that A; N X; is a singleton. Then for fixed i, € N, again from the
fact that A; N X, is a singleton

t=t,

S0 Sy(€) = {S"”(” ,
1] t#t,

and therefore the cardinality of the set {t : q(S;(0) > 0} has to be countable. On the
other hand,

m((4)) >0 = te| J{t:aqS;() >0},

contradicting (A.1). O

3.5.2 Absolute continuity

The results presented here are taken from [11]. The condition (A.2) can be stated also
in the following way: for every compact set C ¢ T

m(@)>0 = /m@MDQ
R

Lemma 3.5.3. Let m be a Radon measure and
mg =1g8(q, L' +wq, wq L g(g,)L"

be the Radon-Nikodym decomposition of mq w.r.t. g(q, -)uLI. Then there exists a Borel
set C C X such that

c(Pa(s QN UatxRY)) =0,

and wq = mgL¢ for g-a.e. q € Q.
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Proof. Consider the measure A = gy4(q ® £1), and compute the Radon-Nikodym de-

composition

Dm
m—m/l"'a).

Then there exists a Borel set C such that w = m.¢c and A(C) = 0. The set C proves
the Lemma. Indeed C = UycqCq where Cq = C N R(q) is such that mgL¢,= wq and
(g, )4£(Cq) = 0 for g-a.e. q € Q. O

Theorem 3.5.4 (Theorem 5.7, [11]). Assume (A.2) to hold and the space to be non-
branching. Then (R.2) holds true, that is for q-a.e. ¢ € Q the conditional measure my
is absolute continuous with respect to g(q, -)3 £ 1

The proof is based on the following simple observation.
Let  be a Radon measure on R. Suppose that for all A C R Borel with (A4) > 0it holds

/rl(A+t)dt=n®L1({(x,t):tzO,x—teA}) > 0.
R+

Thenn < L.

Proof. The proof will use Lemma 3.5.3: take C the set constructed in Lemma 3.5.3 and
suppose by contradiction that

m(C)>0 and q® £ig ) =o.
In particular, for all ¢ € R it follows that
gL' (g (cy)) =o.
By the Fubini-Tonelli Theorem
0< [ m(Cydt= < (g_l)ﬁm(dq dT)) dt
]R/ ]R[ glét)
= (eme)({@rno:@neg’ @ @r-0eg©O})
< [ £ ({r-gena @) 6 Ymdgdn
QxR
- [ £ gt ena @) ¢ midg dr)
QxR

- [ e ena o) ay) -o.
Q
That gives a contradiction. O

The proof of Theorem 3.5.4 inspired the definition of inversion points and of inversion
plan as presented in [19], in particular see Step 2. of the proof of Theorem 5.3 of [19].
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3.5.3 Weak Ricci curvature bounds: MCP(K, N)

The presentation of the following results is taken from [18]. The same results were
proved in [11] using more involved arguments and different notation.

In this section we assume in addition the metric measure space to satisfy the mea-
sure contraction property MCP(K, N). Recall that the space is also assumed to be non-
branching.

Lemma 3.5.5. For each Borel C C T and 6 € R the set
(Cx{p=6}nT,
is d?-cyclically monotone.

Proof. The proof follows straightforwardly from Lemma 3.4.1. The set (C x {¢p = c})NTI"
is trivially a subset of I' and whenever

(X0, ¥0), (x1,y1) € (Cx{p=6}NT,
then (¢(y1) - (yo)) - (p(x1) - P(x0)) = 0. O

We can deduce the following

Corollary 3.5.6. For each Borel C C T and § € R define
Cs :=P1((Cx{p=6})NT).
Ifm(Cs) > O, there exists a unique v € OptGeo such that
(eo);v=m(Cs) 'mic,, (o, el)ﬁ(v)((c x{$=6})n r) -1. (3.28)
From Corollary 3.5.6, we infer the existence of a map T s depending on C and § such

that
(Id, Tc’é)ﬁ (m(Cé)‘lm\_Cﬁ) = (e(), el)ﬁv.

Taking advantage of the ray map g, we define a convex combination between the iden-
tity map and T¢ s as follows:

Cs3x (Tcs), () € {zeT() : d(x,2) = t- dx, Tc,5(x)}.

Since C C T, the map (T¢ 5) . is well defined for all t € [0, 1]. We then define the
evolution of any subset A of Cg in the following way:

[0,1] 5 t = (T¢,5), (A).
In particular from now on we will adopt the following notation:
Ap = (Tc’g)t(A), VA c Cs, A compact.

So for any Borel C ¢ T compact and § € R we have defined an evolution for compact
subsets of C. The definition of the evolution depends both on C and 6.
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Remark 3.5.7. Here we spend a few lines on the measurability of the maps involved
in the definition of evolution of sets (assuming for simplicity C to be compact). First
note that since I is closed and C is compact, we can prove that also Cg is compact.
Indeed from the compactness of C we obtain that ¢ is bounded on C and then, since C is
bounded, it follows that also Cx {¢p = c} NI is bounded. Since X is proper, compactness
follows. Moreover

graph(T¢5) = (Cx{¢p =6})NT,

hence T¢ s is continuous. Moreover
(Te,5),(A) =Py ({(x,2) e T N(AxX):d(x,2) =t-d(x, T s())}),
hence if A is compact, the same hold for (T¢,s), (A) and
[0, 1] 5 t = m((T¢5), (A))

is m-measurable.

The next result gives quantitative information on the behavior of the map t — m(4¢).
The statement will be given assuming the lower bound on the generalized Ricci cur-
vature K to be positive. Analogous estimates holds for any K € R.

Proposition 3.5.8. For each compact C C T and 6 € R such that m(Cg) > 0, it holds

sin ((1 — Bd(x, T¢ 50)0)V/K/(N - 1))
m(4;) =2 (1-¢)-inf
XA\ sin (d(x, Te 5(0))/K/(N - 1))

forallt € [0,1] and A C C5 compact set.

N-1

m(4), (3.29)

Proof. The proof of (3.29) is obtained by the standard method of approximation with
Dirac deltas of the second marginal. Even though similar arguments already appeared
many times in literature, in order to be self-contained, we include all the details. For
ease of notation T = T¢ s and C = Cj.
Step 1.
Consider a sequence {y;}icy C {¢p = 6} dense in T(C). For each I € N, define the
family of sets
Eir:={xeC:dx,y) <dlx,yj),j=1,...,1},

fori=1,...,I.Thenforall I € N, by the same argument of Lemma 3.5.5, the set

1

Api=|JEir < {yi} € Xx X,
i=1

is d*-cyclically monotone. Consider then 4; ; := ANE; ; and the approximate evolution

Ajjei={zeX:d(z,y;) =1 -0dx,y;), x € A; 1};
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notice that A; ; o = A; 1. Then by MCP(K, N) it holds

sin ((1 - 0d(x, x) VKN - D)) N )
A ).
sin (d(x, x;)/KJ(N - 1)) AL

Taking the sum over i < I in the previous inequality implies

Z (Air)s(1-0)- inf sin ((1 - t)d(x, T,(x))\/m> N-1
m(Aj ) 2(1-t)-in
i<l 1ot x€A sin (d(X, T](X))\/m)

where T;(x) := y; for x € E; ;. From d?-cyclically monotonicity and the non-branching
of the space, up to a set of measure zero, the map T;is well defined, i.e. m(E; ;NE; ;) = 0
for i #j. It follows that for each I € N we can remove a set of measure zero from A and
obtain

XEA;

m(4;;)=2(1-t) inf (

m(4),

AiriNAj=0, 14

As before consider also the interpolated map T; ¢ and observe that A; ; = Ty ¢(A). Since
also A is compact we obtain

sin ({1~ 00, Ty00) /KN - D) A
m(Ar,) = (1 -t) - min
xeA sin (d(x, T;00)/K/(N - 1))

m(A).

Step 2.
Since C is a compact set, for every I € N the set A is compact as well and it is a subset
of Cx{¢ = 6} that can be assumed to be compact as well. By compactness, there exists
a subsequence I, and a compact set © C C x {¢p = §} compact such that

lim dg¢(4;,, ©) =0,
n—oco

where dg¢ is the Hausdorff distance. Since the sequence {y;};cy is dense in {¢p = 6}
and C C T is compact, by definition of E; ;, necessarily for every (x, y) € © it holds

P00+ p(y) =d(x,y), () =6.

Hence ©® Cc I'n C x {¢ = 6} and this in particular implies, by upper semicontinuity of
m along converging sequences of closed sets, that

m(A4;) = limsupm(4y, o).
n—>oco

The claim follows. O

As the goal is to localize curvature conditions, we first need to prove that almost every
conditional probability is absolutely continuous with respect to the one dimensional
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Hausdorff measure restricted to the correct geodesic. One way is to prove that Propo-
sition 3.5.8 implies (A.2) and then apply Theorem 3.5.4 to obtain (R.2) (approach used
in [11]). Another option is to repeat verbatim the proof of Theorem 3.5.4 substituting
the translation with the evolution considered in Proposition 3.5.8 and to observe that
the claim follows (approach used in [18]). So we take for granted the following.

Proposition 3.5.9. Assume the non-branching m.m.s. (X, d, m) to satisfy MCP(K, N).
Then (R.2) holds true, that is for q-a.e. ¢ € Q the conditional measure mq is absolute
continuous with respect to g(q, -)ﬁﬁl.

To fix the notation, we now have proved the existence of a Borel function h : Dom (g) >
R+ such that
m.T = gy (h q® Ll) (3.30)

Using standard arguments, estimate (3.29) can be localized at the level of the density
h: for each compactset A ¢ T

h(q, s)£*(ds)

Py (g71(Ar)

N-1

(1 . sin((1 - t)|T - o|/K/(N - 1)) h cl(d

=10 <Tep3<r§1m» sin(| - o]y/K/(N - 1)) ) ) (@),
>(g7!

for g-a.e. ¢ € Q such that g(g, 0) € 7. Then using a change of variables, one obtains
that for g-a.e. g € Q:

N-1
ha. _ 5 sin((1 - t)|s - o]/ K/(N - 1)) h(y. ),
(g.s+s-olt) < sin(|s - a]+/K/(N - 1)) 0:5)

for £1-a.e. s € P,(g71(R(g))) and 0 € R such that s + |0 - s| € P>(g *(R(g))). We can
rewrite the estimate in the following way:

ha. ) » (S0 = DVEIW-1D) N ha.s)
’ sin((0 - s)/K/(N - 1)) o

for £l-a.e. s < T < o such that g(q, s), g(q, ), g(q, 0) € 7. Since an evolution can be
also considered backwardly, we have proved the result below.

Theorem 3.5.10 (Localization of MCP, Theorem 9.5 of [11]). = Assume the non-
branching m.m.s. (X, d, m) to satisfy MCP(K, N). For g-a.e. q € Q it holds:

sin((e. - DVKIN-1))\ " _ hig, D) _ (sin((r- o )y/KIN-1)\ |
sin((0+ - 5)v/K/(N - 1)) " h(g,s) ~ \ sin((s - 0-)\/K/(N - 1)) '

for o- < s < T < 04+ such that their image via g(q, -) is contained in R(q).
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In particular from Theorem 3.5.10 we deduce that

{t € Dom(g(q, )): h(q, t) > 0} = Dom (g(g, -)), (3.31)

such a set is convex and t — h(gq, t) is locally Lipschitz continuous.

3.5.4 Weak Ricci curvature bounds: CD(K, N)

The results presented here are taken from [20].

We now turn to proving that the conditional probabilities inherit the synthetic
Ricci curvature lower bounds, that is, (A.3) implies (R.3). Actually, it is enough to as-
sume the space locally satisfies such a lower bound to obtain a global synthetic Ricci
curvature lower bound on almost every 1-dimensional metric measure space.

Since under the essentially non-branching condition CD;,.(K, N) implies
MCP(K, N) and existence and uniqueness of optimal transport maps, see [22], we can
already assume (3.30) and (3.31) to hold. In particular ¢ — hgy(t) is locally Lipschitz
continuous, where for ease of notation hy = h(g, -).

Theorem 3.5.11 (Theorem 4.2 of [20]). Let (X, d, m) be an essentially non-branching
m.m.s. verifying the CD,,.(K, N) condition for some K € R and N € [1, o).

Then for any 1-Lipschitz function ¢ : X > R, the associated transport set I induces
a disintegration of m restricted to the transport set verifying the following inequality: if
N>1

for g-a.e. q € Q the following curvature inequality holds:

ha((1 = 8)to + st)' ™V 2 03 (61 = to)g(t0) 'V + 0y (81 = to)g(t) Y,
(3.32)
foralls € [0, 1] and for all ty, t; € Dom(g(q, -)) with tg < t1. If N = 1, for gq-a.e. ¢ € Q
the density hq is constant.

Proof. We first consider the case N > 1.

Step 1.
Thanks to Proposition 3.4.8, without any loss of generality we can assume that the
quotient set Q (identified with the set {g(g, 0) : ¢ € Q})islocally a subset of a level set
of the map ¢ inducing the transport set, i.e. there exists a countable partition {Q;}icn
with Q; € Q Borel set such that

{g(g,0): qc Q;} c {xeX:p(X)=a;}.

It is clearly sufficient to prove (3.32) on each Q;; so fix i € N and for ease of notation
assume a; = 0and Q = Q;. AsDom (g(q, -)) is a convex subset of R, we can also restrict
to a uniform subinterval

(ag, a;) C Dom (g(g, +)), Vq €Q,
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for some ap, a; € R. Again without any loss of generality we also assume ag < 0 < a;.
Consider any ag < Ag < Ay < a; and Ly, L; > 0 such that Ap + Lo < A; and
Ay + Ly < a;. Then define the following two probability measures

1 1
Ho = /g(q, )}i (ELlL[Ao,A0+Lo]) CI(dCI), H1 = /g(q’ )?i (ELlL[AbAﬁ'Ll]) q(dq)
Q Q

Since g(q, -) is an isometry one can also represent o and y; in the following way:

1
Hi = / f}ClL{g(q,t): telaapLy 9(d9)
1
i)

fori = 0, 1. Both y; are absolutely continuous with respect to m and y; = p;m with

1 _

0i(g(g, 1) = th(t) L VtelA; A+ L.
1

Moreover from Lemma 3.4.1 it follows that the curve [0, 1] > s — us € P(X) defined
by

1

Us = / fsgflL{g(q,t): te[As,As+L} q(dq)
Q

where
Ls:=(1-s)lo+sLi,  As:=(1-5)Ap+sA,

is the unique L2-Wasserstein geodesic connecting yo to p1. Again one has us = psm
and can also write its density in the following way:

1 _
os(g(q, ) = th(t) 1, vVt e [As, As + Ls].
s

Step 2.
By CD;,.(K, N) and the essentially non-branching property one has: for g-a.e. g € Q;

(Ls)¥ hg((1 - $)to + st1)¥ = T 2ty — to)(Lo) ™ hylto) ™ + Ty (t1 — to)(L1)¥ hy(t1) 7,

for £L1-a.e. tg € [Ag, Ao + Lo], t; obtained as the image of t, through the monotone
rearrangement of [Ag, Ag + Lol to [A1, A1 + L1], and every s € [0, 1]. If tg = Ag + TLo,
then t; = A1 + TL4. Also Ag and A; + L1 should be taken close enough to verify the
local curvature condition.

Then we can consider the previous inequality for s = 1/2, include the explicit
formula for t;, and obtain:

1 1
(LO + Ll)ﬁhq(Al/z + TLl/z)W
N-1 1 1 1 1
> O Ay = Ao +TILy = Lo ™ {(Lo) ¥ hg(Ao + TLo)¥ + (L1) ¥ hg(A1 + TL1)V |,
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for £'-a.e. T € [0, 1], where we used the notation Ay, := 4341 L, ) := Lotl1i Now

observing that the map s — hgy(s) is continuous, the previous inequality also holds
forr=0:

(Lo + L) ¥ hg(Ayy)¥ = 0GR (A1 = A0) ™ {(Lo)¥hg(A0)¥ + (L)  he(AD)¥ |, (333)

for all Ag < A; with Ag, Ay € (ao, ay), all sufficiently small Ly, L; and g-a.e. g € Q,
with the exceptional set depending on Ay, A1, Lo and L;.

Notice that (3.33) depends in a continuous way on Ag, A1, Lo and L. It follows
that there exists a common exceptional set N C Q such that q(N) = 0 and for each
g € Q\ N, for all Ag, A1, Lo and L; the inequality (3.33) holds true. Then one can
make the following (optimal) choice

hg(Ao) 7 g hglapwT
o LT hg(Ag) W + hg(A)) T

>

hq(Ao) ™1 + hg(Ay)w

for any L > 0 sufficiently small, and obtain that
ha(A12)71 = G, (A1 - Ao) {hg(A0)¥T + hg(A)) ¥ | . (3.34)

Now one can observe that (3.34) is precisely the inequality requested for CD;O (K, N-1)
to hold. As stated in Section 3.2.1, the reduced curvature-dimension condition verifies
the local-to-global property. In particular, see [22, Lemma 5.1, Theorem 5.2], if a
function verifies (3.34) locally, then it also satisfies it globally. Hence h4 also verifies
the inequality requested for CD*(K, N — 1) to hold, i.e. for g-a.e. ¢ € Q, the density hg
verifies (3.32).

Step 3.
For the case N = 1, repeat the same construction of Step 1. and obtain for g-a.e. g € Q

(Ls)hq((1 - s)to + st1) = (1 — s)Lohg(to) + SL1hg(t1),

for any s € [0, 1] and Ly and L, sufficiently small. As before, we deduce for s = 1/2

that
L() +

2
Now taking Ly = O or L; = 0, it follows that necessarily hq has to be constant. O

L 1
the(Arj3) = 5 (Lohg(Ao) + Lihg(Ay)) .

According to Remark 3.2.3, Theorem 3.5.11 can be alternatively stated as follows.

If (X, d, m) is an essentially non-branching m.m.s. verifying CD;,.(K, N)and ¢ : X > R
is a 1-Lipschitz function, then the corresponding decomposition of the space in maximal
rays {Xq}qcq produces a disintegration {mq}4cq of m so that for g-a.e. q € Q,

the m.m.s. (Dom (g(q, *)), | - |, thl) verifies CD(K, N).
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Accordingly, one says that the disintegration q — mg is a CD(K, N) disintegration.

The disintegration obtained with L!-Optimal Transportation is also balanced in
the sense of Section 3.4.2. This additional information together with what proved so
far is summarized below.

Theorem 3.5.12 (Theorem 5.1 of [20]). Let (X, d, m) be an essentially non-branching
metric measure space verifying the CD;,.(K, N) condition for some K € Rand N ¢
[1, 00). Let f : X > R be m-integrable such that fx fm = 0 and assume the existence of
Xo € X such that [ [f(x)] d(x, xo) m(dx) < oo.

Then the space X can be written as the disjoint union of two sets Z and T with T ad-
mitting a partition {Xq}4cq and a corresponding disintegration of m_q, {mgq}4cq Such
that:

— For any m-measurable set B C T it holds

m®=/wwmmx
Q

where q is a probability measure over Q defined on the quotient o-algebra Q.

— For gq-almost every q € Q, the set Xq4 is a geodesic and mq is supported on it. More-
over g — my is a CD(K, N) disintegration.

— For g-almost every q € Q, it holds qufmq =0andf =0m-a.e.inZ.

The proof is just a collection of already proven statements. We include it for the
reader’s convenience.

Proof. Consider
Moi=fim——, = fomo——,
f f +m f f -m
where f: stands for the positive and negative part of f, respectively. From the summa-
bility assumption on f it follows the existence of ¢ : X > R, 1-Lipschitz Kantorovich
potential for the pair of marginal probabilities g, p; . Since the m.m.s. (X, d, m) is es-
sentially non-branching, the transport set 7 is partitioned by the rays:

mg = /mq q(dq), mg(Xg) =1, q-ae.qeq;
Q

moreover (X, d, m) verifies CD,,. and therefore Theorem 3.5.11 implies that g — my is
a CD(K, N) disintegration. Lemma 3.4.13 implies that

/ 00 mg(dx) = 0.
Xq

Moreover, note that f has necessarily to be zero in X \ 7. Take indeed any B ¢ X\ T
compact with m(B) > 0 and assume f # 0 over B. Then possibly taking a subset, we
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can assume f > 0 over B and therefore po(B) > 0. Since

Lo = / oqa(dq),  pog(Xg) =1,
Q

necessarily B cannot be a subset of X \ 7 yielding a contradiction. All the claims are
proved. O

3.6 Applications

Here we will summarize some applications of the results proved so far, in particular
of Proposition 3.5.2 and Theorem 3.5.11.

3.6.1 Solution of the Monge problem

We review how the regularity of conditional probabilities of the one-dimensional dis-
integration allows for the construction of a solution to the Monge problem. In partic-
ular we will see how Proposition 3.5.2 leads to an optimal map T. First we recall the
one dimensional result for the Monge problem [56].

Theorem 3.6.1. Let o, U1 be probability measures on R, ug with no atoms, and let
H(s) := po((=o0, 5)),  F(t) := u1((~o0, 1)),

be the left-continuous distribution functions of jo and p, respectively. Then the following
holds.
1. The non decreasing function T : R - R U [-oo, +o0) defined by

T(s) :=sup {t € R: F(t) < H(s)}

maps Jo to uy. Moreover any other non decreasing map T such that Téyo =
coincides with T on the support of Uy up to a countable set.

2. If ¢ : [0, +o0] > R is non decreasing and convex, then T is an optimal transport
relative to the cost c(s, t) = @(|s —t|). Moreover T is the unique optimal transference
map if @ is strictly convex.

Theorem 3.6.2 (Theorem 6.2 of [11]). Let (X, d, m) be a non-branching metric measure
space and consider pg, u1 € P(X) with finite first moment. Assume the existence of a
Kantorovich potential ¢ such that the associated transport set T verifies (A.1). Assume
Ho < m.

Then there exists a Borelmap T : X > X such that

/ o, T po(d) = _min / d(x, y) n(dxdy).
X XxX
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Theorem 3.6.2 was presented in [11] assuming the space to be non-branching, while
here we assume essentially non-branching.

Proof. Step 1. One dimensional reduction of .
Let ¢ : X > R be the Kantorovich potential from the assumptions and T the corre-
sponding transport set. Accordingly

mLg= / mg q(dq),
Q

with mg(X4) = 1 for g-a.e. ¢ € Q. Moreover from (A.1) for g-a.e. ¢ € Q the conditional
mg has no atoms, i.e. mgy({z}) = O for all z € X. From Lemma 3.3.4, we can assume that
Ho(Te) = u1(Te) = 1. Since pg = gom, with gg : X > [0, o0), from Theorem 3.3.5 we
have uo(7) = 1. Hence

-1
Mo = / oomg q(dq) = / Moq q0(dq), Hog = Qomg / oo()mg(dx) | ,
Q Q X

and qo = Q4Mo. In particular yo, 4 has no atoms and pg 4(Xq) = 1.
Step 2. One dimensional reduction of y; .

As we are not making any assumption on y; we cannot exclude that y; (T \7T) > 0 and
therefore to localize y; one cannot proceed as for y. Consider therefore an optimal
transport plan 77 with 77(I") = 1. Since 7(TxT,) = 1 and a partition of T is given, we can
consider the following family of sets {Xg x Te} 4c as a partition of T x Te; note indeed
that X x Te N X, N Te = 0 if g #¢ . The domain of the quotient map Q : T - Q can be
trivially extended to T x T, by saying that Q(x, z) = Q(x) and observing that

9, n() = (97 M) = (27D xTe ) = pol@™ 1) = a0 D)-
In particular this implies that
m= /nq qo(dq), mq(Xg xTe) =1, forqp-a.e.q € Q.
Q
Then applying the projection
Mo =Pyym= /Pw(ﬂq) qo(dq),
Q

and by uniqueness of disintegration P; 4(114) = jio q for qo-a.e. ¢ € Q. Then we can find
a localization of u; as follows:

My =Prym= / P, 4(119) qo(dq) = /qu qo(dq),
Q Q
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where by definition we posed ui4 := P,4(mg) and by construction uiq(Xq) =
Hoq(Xgq) = 1.

Step 3. Solution to the Monge problem.
For each g € Q consider the distribution functions

H(q, ) == poq((=o0, 1)),  F(g, t) := p14((=o0, 1)),

where for ease of notation y;, = g(q, -)gl Uiq fori = 0, 1. Then define T, as Theorem
3.6.1 suggests, by

T(q,s) := (q, sup {t : F(q, t) < H(q, s)}).

Note that since H is continuous (po 4 has no atoms), the map s — T(q, s) is well-
defined. Then define the transport map T : T > X as g o T o g L. It is fairly easy to
observe that

Tuﬂ0=/(gOTOg_l)ﬁHquo(dQ)=/V1qq0(dQ)=IJ1;
Q Q

moreover (x, T(x)) € I and therefore the graph of T is d-cyclically monotone; therefore
the map T is optimal. Extend T to X as the identity.

It remains to show that it is Borel. First observe that, possibly taking a compact
subset of Q, the map g — (Uog4, M14) can be assumed to be weakly continuous; it
follows that the maps

Dom (g) = (q’ t) = H(q’ t) = Ho q((_oo’ t))’ (qa t) = F(q’ t) =U q((_ooy t))
are lower semicontinuous. Then for A Borel,
T ' Ax[t,+00) = {(q,5) : g € A, H(q,s) 2 F(q, )} € B(QxR),

and therefore the same applies for T. O

If (X, d, m) verifies MCP then it also verifies (A.1), see Proposition 3.5.9. So we have the
following

Corollary 3.6.3 (Corollary 9.6 of [11]). Let (X, d, m) be a non-branching metric measure
space verifying MCP(K, N). Let uo and u, be probability measures with finite first mo-
ment and o < m. Then there exists a Borel optimal transport map T : X > X solution
to the Monge problem.

Corollary 3.6.3 in particular implies the existence of solutions to the Monge problem
in the Heisenberg group when p is assumed to be absolutely continuous with respect
to the left-invariant Haar measure.

Theorem 3.6.4 (Monge problem in the Heisenberg group). Consider (H", d., £>™*1),
the n-dimensional Heisenberg group endowed with the Carnot-Carathéodory distance
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dc and the (2n + 1)-Lebesgue measure that coincide with the Haar measure on (H", d.)
under the identification H" ~ R>"*!, Let uo and uy be two probability measures with
finite first moment and po < L£*"*. Then there exists a Borel optimal transport map
T : X > X solution to the Monge problem.

Remark 3.6.5. The techniques used so far were successfully used also to threat the more
general case of infinite dimensional spaces with curvature bound, see [16] where the
existence of solutions for the Monge minimization problem in the Wiener space is proved.
Note that the material presented in the previous sections can be obtained also without
assuming the existence of a 1-Lipschitz Kantorovich potential (e.g. the Wiener space);
the decomposition of the space in geodesics and the associated disintegration of the
reference measures can be obtained starting from a generic d-cyclically monotone set.
For all the details see [11].

3.6.2 Isoperimetric inequality

We now turn to the second main application of techniques reviewed so far, the Lévy-
Gromov isoperimetric inequality in singular spaces. The results of this section are
taken from [20, 21].

Theorem 3.6.6 (Theorem 1.2 of [20]). Let (X, d, m) be a metric measure space with
m(X) = 1, verifying the essentially non-branching property and CD;,.(K, N) for some
K e R, N € [1, o). Let D be the diameter of X, possibly assuming the value oo.

Then for every v € [0, 1],

Ix,d,m) (V) 2 Tk N, p(V),

where Jg y p is the model isoperimetric profile defined in (3.16).

Proof. First of all we can assume D < oo and therefore m € P,(X): indeed from the
Bonnet-Myers Theorem if K > O then D < oo, and if K < 0 and D = oo then the model
isoperimetric profile (3.16) trivializes, i.e. Jx y,.c = 0 for K < 0.

For v = 0, 1 one can take as competitor the empty set and the whole space respec-
tively, so it trivially holds

Jx,d,m)(0) = J(xd,m)(1) = Ig,n,p(0) = I n,p(1) = O.

Fix then v € (0, 1) and let A C X be an arbitrary Borel subset of X such that m(4) = v.
Consider the m-measurable function f(x) := x4 (x) - v and notice that |, f m = 0. Thus
f verifies the hypothesis of Theorem 3.5.12 and noticing that f is never null, we can
decompose X = Y U T with

m(1)=0, mg= / mq q(dq),
Q
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with mg = g(q, )y (hq -Ll); moreover, for g-a.e. ¢ € Q, the density hq verifies (3.32)
and

[f@mgdn - [ Fata,0)- hoto) £ -0

X Dom (g(g,"))

Therefore
v=mg(An{glg,t): t € R}) = (heL)(g(g,) ' (4)), forgae.qeQ. (3.35)

For every € > 0 we then have

m(4°) - m(A) ) m(4) _ /XAS\Am %/ (/XAS\A my dX)> q(dq)
X

% / Xaeva ha(6) £1(d6) | a(dq)

om (g(q,-))
Q
Q

(he£V)(g(g, ) 1(A‘g))g‘(hq‘l)(g(q’ ')1(‘4))) a(dq)

&

((hqﬁl)((g(q, )" (A)°) - (heL1)(8(q, -)1(A))) a(dq),

where the last inequality is given by the inclusion (g(q,-)™*(A))¢ N supp(hg) C
g(g, )7 (4%).
Recalling (3.35) together with hg L' € F§ y p, by Fatow’s Lemma we get

m*(4) = limﬁ)nf m(A®) - m(4)

./ (hm - (g £D(8(, )M (A)) - (he£1)(8la, -)-1(A))> Adg)

el0 &

_ / ((ha") (e(a, )™ (4))) a(da)
Q

> [ B a(da)
Q
=JgN,p(V),
where in the last equality we used Theorem 3.2.6. O

From the definition of Jx y p, see (3.16), and the smooth results of E. Milman in [41],
the estimates proved in Theorem 3.6.6 are sharp.
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Furthermore, the 1-dimensional localization technique allows for rigidity in the
following sense: if for some v € (0, 1) it holds Jx 4 )(V) = Jg,n,(v), then (X, d, m) is
a spherical suspension. It is worth underlining that to obtain such a result (X, d, m) is
assumed to be in the more regular class of RCD-spaces.

Furthermore, one can prove an almost rigidity statement: if (X, d, m) is an
RCD"(K, N) space such that Jx,d,m)(v) is close to Jg y (v) for some v € (0, 1), this
forces X to be close, in the measure-Gromov-Hausdorff distance, to a spherical sus-
pension. What follows is Corollary 1.6 of [20].

Theorem 3.6.7. (Almost equality in Lévy-Gromov implies mGH-closeness to a spher-
ical suspension) For every N € [2,00), v € (0, 1), € > O there exists 6 = 6(N, v, €) > 0
such that the following hold. For every 8 € [0, 8], if (X, d, m)isanRCD (N -1-6, N +§)
space satisfying

Ix,d,m) ) < In-1,n,7(V) + 6,

then there exists an RCD"(N — 2, N — 1) space (Y, dy, my) with my(Y) = 1 such that
dmr(X, [0, ] x83' V) < e.

We refer to [20] for the precise rigidity statement (Theorem 1.4, [20]) and for the proof of
Theorem 1.4 and Corollary 1.6 of [20]. See also [20] for the precise definition of spherical
suspension. We conclude by recalling that 1-dimensional localization was used also in
[21] to obtain sharp versions of several functional inequalities (e.g. Brunn-Minkowski,
spectral gap, Log-Sobolev etc.) in the class of CD(K, N)-spaces. See [21] for details.
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Guido De Philippis, Andrea Marchese, and Filip Rindler
On a conjecture of Cheeger

4.1 Introduction

In [7] Cheeger, proved that in every doubling metric measure space (X, p, u) satisfy-
ing a Poincaré inequality Lipschitz functions are differentiable y-almost everywhere.
More precisely, he showed the existence of a family {(U;, ¢;)}icw of Borel charts (that
is, U; C X is a Borel set, X = | J; U; up to a p-negligible set, and ¢;: X > R4W jg Lip-
schitz) such that for every Lipschitz map f: X > R at u-almost every xo € U; there
exists a unique (co-)vector df(xo) € R4® with

lim sup [f(x) - f(x0) - df (xo) - (9p(x) — p(x0))| _ o.
X>Xo p(X, X0)

This fact was later axiomatized by Keith [15], leading to the notion of Lipschitz differ-
entiability space, see Section 4.2 below.

Cheeger also conjectured that the push-forward of the reference measure p under
every chart ¢; has to be absolutely continuous with respect to the Lebesgue measure,
that is,

(@s(u_Uy) < £40,

see [7, Conjecture 4.63]. Some consequences of this fact concerning existence of bi-
Lipschitz embeddings of X into some RY are detailed in [7, Section 14], also see [8, 9].

Let us assume that (X, p, y) = (R, pe, V) with pe the Euclidean distance and v a
positive Radon measure, is a Lipschitz differentiability space when equipped with the
(single) identity chart (note that it follows a-posteriori from the validity of Cheeger’s
conjecture that no mapping into a higher-dimensional space can be a chart in a Lips-
chitz differentiability structure of R9). In this case the validity of Cheeger’s conjecture
reduces to the validity of the (weak) converse of Rademacher’s theorem, which states
that a positive Radon measure v on R? with the property that all Lipschitz functions
are differentiable v-almost everywhere must be absolutely continuous with respect to
£4, Actually, it is well known to experts that this converse of Rademacher’s theorem
implies Cheeger’s conjecture in any metric space, see for instance [15, Section 2.4], [6,
Remark 6.11], and [12].
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The (strong) converse of Rademacher’s theorem has been known to be true in R
since the work of Zahorski [21], where he characterized the sets E C R that are sets of
non-differentiability points of some Lipschitz function. In particular, he proved that
for every Lebesgue negligible set E C R there exists a Lipschitz function which is
nowhere differentiable on E.

The same result for maps f: R? > R? has been proved by Alberti, Csérnyei &
Preiss for d = 2 as a consequence of a deep structural result for negligible sets in the
plane [1, 2]. In 2011, Csornyei & Jones [14] announced the extension of the above result
to every Euclidean space. For Lipschitz maps f: R? > R™ with m < d the situation is
fundamentally different and there exists a null set such that every Lipschitz function
is differentiable at at least one point from that set, see [17, 18]. We finally remark that
the weak converse of Rademacher’s theorem in R? can also be obtained by combining
the results of [4] and [5], see [5, Remark 6.2 (iv)].

Recently, a result concerning the singular structure of measures satisfying a dif-
ferential constraint was proved in [10]. When combined with the main result of [5] this
proves the weak converse of Rademacher’s theorem in any dimension, see [10, Theo-
rem 1.14].

In this note we detail how the results in [5, 10] in conjunction with Bate’s result
on the existence of a sufficient number of independent Alberti representations in a
Lipschitz differentiability space [6] imply Cheeger’s conjecture; see Section 4.2 for the
relevant definitions.

Theorem 4.1.1. Let (X, p, u) be a Lipschitz differentiability space and let (U, ¢) be a
d-dimensional chart. Then, ¢p4(ul_U) < £4.

Note that by the same arguments of this paper Cheeger’s conjecture would also follow
from the results announced in [1] and [14].

After we finished writing this note we learned that similar results have been
proved by Kell and Mondino [16] and by Gigli and Pasqualetto [13].

4.2 Setup
4.2.1 Lipschitz differentiability spaces

Throughout this chapter, the triple (X, p, u) will always denote a metric measure space,
that s, (X, p) is a separable, complete metric space and u € M. (X) is a positive Radon
measure on X.

We call a pair (U, ¢) such that U ¢ XisaBorelsetand ¢: X > R%is Lipschitz, a d-
dimensional chart or simply a d-chart. A function f: X > R is said to be differentiable
with respect to a d-chart (U, ¢) at xo € U if there exists a unique (co-)vector df(xo) €
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R? such that

i [f(x) = fx0) = df (x0) - (@(x) = p(x0))|
imsup =0.
XXo p(x, xo)

We call a metric measure space (X, p, u) a Lipschitz differentiability space (also
called a metric measure space that admits a measurable differentiable structure) if
there exists a countable family of d(i)-charts (U;, ¢;) (i € N) such that X = | J; U; and
any Lipschitz map f: X > R is differentiable with respect to every (U;, ¢;) at u-almost
every point xg € U;.

4.2.2 Alberti representations

We denote by I'(X) the set of curves in X, that is, the set of all Lipschitz maps
~: Dom~ - X, for which the domain Dom~ C R is non-empty and compact. Note
that we are not requiring Dom v to be an interval and thus the set I'(X) is sometimes
also called the set of curve fragments on X. We equip I'(X) with the Hausdorff metric
dist4, on graphs and we consider it as a subspace of the Polish space

X ={KcCRxX : Kcompact }, (4.1)

endowed with the Hausdorff metric. Moreover, by arguing as in [19, Lemma 2.20], it is
easy to see that I'(X) is an Fs-subset of X, i.e. a countable union of closed sets.

The decomposition of a measure into a family of 1-dimensional Hausdorff mea-
sures supported on curves leads to the notion of Alberti representation. First intro-
duced in [4] for the study of the rank-one property of BV-derivatives, this decomposi-
tion has turned out to be a key tool in the study of differentiability properties of Lips-
chitz functions, see for instance [1, 2, 5, 6].

Definition 4.2.1. Let (X, p, ) be a metric measure space. An Alberti representation of
W on a y-measurable set A C X is a parameterized family (U~ ).,crx) of positive Borel
measures U, € M. (X) with

Uy K H'L Im~y,

together with a Borel probability measure m € P(I'(X)) such that
u(B) = / u~(B) dn(y) for all Borel sets B C A. (4.2

Here, the measurability of the integrand is part of the requirement of being an Alberti
representation.

Remark 4.2.2. Note that this definition is slightly different from the one in [6, Defini-
tion 2.2] since there the set I'(X) consists of bi-Lipschitz curves. Clearly, the existence
of a representation in the sense of [6] implies the existence of a representation in our
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sense and this will suffice for our purposes. Let us, however, point out that the converse
holds true as well. Indeed, the part of ~y that contributes to the integral in (4.2) can be
decomposed into countably many bi-Lipschitz pieces, see [19, Remark 2.17].

We will further need the notion of independent Alberti representations of a measure.
Let C ¢ R4 be a closed, convex, one-sided cone, i.e. a set of the form

C:={veRd svewz(1-0)|v| }

for some w € ST and 0 € (0, 1). With a Lipschitz map ¢: X > R4, we say that an
Alberti representation [ v, dni(y) has ¢-directions in C if

(po V(@) e C\ {0} for -a.e. curve v and H!-a.e. t € Dom~.

A number of m Alberti representations of u are ¢-independent if there are linearly in-
dependent cones C, . .., Cim such that the i’th Alberti representation has ¢-directions
in C;. Here, linear independence of the cones C4, ..., Cn means that any collection of
vectors v; € C;\{0} is linearly independent. In the case X = R we will always consider
¢ =1d.

One of the main results of [6] asserts that a Lipschitz differentiability space nec-
essarily admits many independent Alberti representations, also cf. [5, Theorem 1.1].
Recall that according to Remark 4.2.2 any representation in the sense of [6] is also a
representation in the sense of Definition 4.2.1.

Theorem 4.2.3. Let (X, p,u) be a Lipschitz differentiability space with a d-chart
(U, @). Then, there exists a countable decomposition

U= U U, U C U Borel sets,
keN

such that every ul_U, has d @-independent Alberti representations.

A proof of this theorem can be found in [6, Theorem 6.6].

4.2.3 One-dimensional currents

To use the results of [10] we need a link between Alberti representations and 1-
dimensional currents. Recall that a 1-dimensional current T in R? is a continuous lin-
ear functional on the space of smooth and compactly supported differential 1-forms
on R4, The boundary of T, oT is the distribution (0-current) defined via (3T, f) :=
(T, df) for every smooth and compactly supported function f: R > R. The mass of
T, denoted by M(T), is the supremum of (T, w) over all 1-forms w such that |w| < 1
everywhere. A current T is called normal if both T and 0T have finite mass; we denote
the set of normal 1-currents by N (R9).
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By the Radon—Nikodym theorem, a 1-dimensional current T with finite mass can
be written in the form T = T||T|| where || T|| is a finite positive measure and T is a
vector field in LY(R?, || T||) with |T(x)| = 1 for ||T||-almost every x € RY. In particular,
the action of T on a smooth and compactly supported 1-form w is given by

1,0) = [ w60, T60) a0
Rd

An integer-multiplicity rectifiable 1-current (in the following called simply rectifi-
able 1-current) T = [E, T, m] is a 1-current which acts on 1-forms w as

(T, w) = /(w(x), 7(x)) m(x) dH (),

E

where E is a 1-rectifiable set, 7(x) is a unit vector spanning the approximate tangent
space Tan(E, x) and m is an integer-valued function such that | pm dH! < oo. More
information on currents can be found in [11].

The relation between Alberti representations and normal 1-currents is partially
encoded in the following decomposition theorem, due to Smirnov [20].

Theorem 4.2.4. Let T = T||T|| € N1(RY) be a normal 1-current with |T(x)| = 1 for
IIT||-almost every x. Then, there exists a family of rectifiable 1-currents

T,=[Ey, 1, 1], ~veT,

where I' is a measure space endowed with a finite positive Borel measure m € M. ('),
such that the following assertions hold:
(i) T can be decomposed as

T- / T, dn(y)
r
and

M(T) = [ M(T,) dn(y) = [ H'(E,) dn() ;
/ /

(i) T,(x) = T(x) for H'-almost every x € E and for m-almost every v € I';
(iii) ||T|| can be decomposed as

17|l = / 1y dn(y) |
r

where each i is the restriction of 1! to the 1-rectifiable set E.,.

An Alberti representation of an Euclidean measure splits it into measures concen-
trated on “fragments” of curves. In general, these fragments cannot be glued together
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to obtain a 1-dimensional normal current since the boundary may have infinite mass.
Nevertheless, the “holes” of every curve appearing in an Alberti representation of a
measure v € M, (R9) can be “filled” in such a way as to produce a normal 1-current
T with v < ||T||. Moreover, if the representation has directions in a cone C then the
constructed normal current T has orienting vector T in C \ {0} almost everywhere
(with respect to ||T||). Indeed, we have the following lemma, which is essentially [5,
Corollary 6.5]; it can be interpreted as a partial converse to Theorem 4.2.4:

Lemma 4.2.5. Letv € M. (R?) be a finite Radon measure. If there is an Alberti repre-
sentationv = f v~ d7(v) with directions in a cone C, then there exists a normal 1-current
T € N1 (RY) such that T(x) € C\ {0} for || T||-almost every x € RY and v < ||T|.

Proof. For the purpose of illustration we sketch the proof.

Step 1. Given v as in the statement, we claim that there exists a normal 1-current
T = T||T| with M(T) < 1 and M(dT) < 2 such that T(x) € C, for || T||-almost every x
and that v is not singular with respect to || T||.

The claim follows from the proof of [5, Lemma 6.12]. For the sake of completeness
let us present the main line of reasoning. By arguing as in Step 1 of the proof of [5,
Lemma 6.12], to every v € I'(RY) with ~'(t) € C and a Borel measure vy < KL Imy
we can associate a 1-Lipschitz map ¢, : [0, 1] > R4 satisfying

vy(Im(@v.)) > 0 and !/);,W(t) e C\ {0} for Hl-ae. te]o,1].
This map can moreover be chosen such that v — 1, coincides with a Borel measur-
able map m-almost everywhere once we endow the set of curves with the topology of

uniform convergence, see Step 3 in the proof of [5, Lemma 6.12].
Let Ty, := [Imiv,, Ty, ,1] be the rectifiable 1-current associated to v, and set

T:= / Ty, dn(y) .

Since ., is 1-Lipschitz, K (Im Yy, ) < 1 and thus M(T) < 1. Moreover, for all smooth
compactly supported functions f: R? > R we have

(0T, f) = (T, df) = /f(l/)vw (1) - f@v, (0)) dn(y) ,

so that M(oT) < 2.
By assumption, T(x) € C\ {0} for || T||-almost every x € R¢. To show that ||T|| and
v are not mutually singular, for 7-almost every - set

V= vy L Im iy, and v := /vw dn(+),

so that v’ #0 and v' < v. We will now establish that v’ < || T||, for which we will prove
that v and || T|| are not mutually singular. Let E ¢ R¢ be such that || T||(E) = 0. Using
2

— e C,
¥y, |

T= /[Im Yv,, Ty, » 1] daly)  with 71y =
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we get
H(Im Yy, NE)=0 for m-a.e. 4.

Since by definition v, < 3* L Im~, we have thatv., < H' L Im,. . Thus, v'(E) = 0.
Step 2. Let us define
T:={TeNRY) : M(T)<1,M(@T)<2and T € C|T|-ae.}

and
Jy:={T €T : vand T are not singular } .

Note thatif C = {v e R? : v.-w > (1 -6)||v|} for some w € S, 8 € (0, 1), then
T € C almost everywhere implies that

IT|2T-wz(1-0)T| (4.3)

as measures (here we are identifying T with an R?-valued Radon measure and use
the pointwise scalar product). Moreover, as a consequence of the Radon—Nikodym
theorem, for every T € T, we may write

vogmlITl+vi  with  vig LITI, [ 4T >0,
Let us set M := suprco, ngTH d||T|| > 0 and let T € Ty be a sequence with

/gurkn d||T|| > M.
Define

T:=Y 27T
k

and note that T € T. Moreover, by (4.3), ||T¢|| < || T|| for all k € N, so that there exist
h: R? > R with

/hk d||T| = /g”TkH d||Ty|| < v(E) for all Borel sets E C RY.
E E

In particular, T € Ty and hy < g 7. Set my = maxyj h;. By the monotone conver-
gence theorem, my > Moo < g7 in LY(RY, ||T|)) and

Mslim [mdiT) = [mediT) < [ gpm T <M.

Hence, M is actually a maximum and it is attained by T.

We now claim thatv < ||T||. Indeed, assume by contradiction thatv = g d||T||+
vﬁ 7| with vﬁ 7| #0. Since the Alberti representation of v induces an Alberti represen-
tation of vﬂ rjj» We can apply Step 1 to find a normal 1-current

Se TVSI c Ty

[Tl
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such that vﬂ T and ||S|| are not mutually singular. In particular, ifv = g d||S||+ v‘s| S|
then there exists a Borel set F ¢ R? such that

ITIE =0 and g5 disi>o. (54)
F

Let us define W := (T + S)/2 and note that by (4.3) it holds that ||T||, ||S|| < ||W]| so
that W € Ty. Moreover, there are functions hr, hs < gy such that

/ hr d| W) = / gz dIT] / hs d|[W]| = / g5y dIS|
E E E E

for all Borel sets E. However, for F as in (4.4) we obtain

M= / gy W] > / gz dIT] + / gysy S| > M,
R4 R4 F

a contradiction. O

4.3 Proof of Cheeger’s conjecture

The key tool to prove Cheeger’s conjecture is the following result from [10, Corol-
lary 1.12]:

Theorem 4.3.1. Let Ty = T1||T1|,..., T4 = T4||T4ll € N1(R?) be 1-dimensional nor-
mal currents. Let v € M, (Rd) be a positive Radon measure such that

(i) v<||Ti| fori=1,...,d, and

(ii) span{ T:(0),..., Td(x)} = R for v-almost every x.

Then, v < L9,

Combining the above result with Lemma 4.2.5 we immediately get the following:

Lemma 4.3.2. Letv € M, (RY) have d independent Alberti representations. Then, v <
£4,

Proof. Denote by Cy, ..., C; independent cones such that there are d Alberti repre-
sentations having directions in these cones. By Lemma 4.2.5 there are d normal 1-
dimensional currents Ty = T1||T1 ||, ..., Tq = T4l|T4ll € N1(R9) such that

v < || T fori=1,...,d,
and T,- (x) € C; for v-almost every x € R4, By the independence of the cones,
span{Tl(x), . Td(x)} = R4 for v-a.e. x € RY.

This implies v < £ via Theorem 4.3.1. O



On a conjecture of Cheeger = 153

In order to use the above result to prove Theorem 8.1.1 one also needs the following
“push-forward lemma”.

Lemma 4.3.3. Let (X, p, u) be a Lipschitz differentiability space with a d-chart (U, ).
If uL_U has d ¢@-independent Alberti representations, then also the push-forward
0s(UL_U) € M+ (R?) has d independent Alberti representations.

Proof. 1t is enough to show that if there exists a representation of the form ul_U =
J u dn(v) with ¢@-directions in a cone C (i.e. such that (¢ o () eC\ {0} for almost
all t € Dom v and for 71-almost every ), then we can build an Alberti representation

0s(uL_U) - / v-da(3)  with 7 e PIRY),

with 5'(f) € C\ {0} for /-almost every 5 and almost every t € Dom 4. To this end con-
sider the map @: I'(X) - I'(R9) given by @(7) := ¢ oy and let 7 := @y € M. (I'(RY)).
Note that, by the very definition of the push-forward measure, for 77-almost every ¥ it
holds that ¥ = ¢ o v for some v € I'(X).

By considering m as a probability measure defined on the Polish space X defined
in (4.1), and noting that 7 is concentrated on I'(X), we can apply the disintegration
theorem for measures [3, Theorem 5.3.1] to show that for 77-almost every 7 there exists
a Borel probability measure 15 concentrated on @ *(3) and such that

m(A) = /n@(A) d(¥) for all Borel sets A c I'(X).

Note also that, by the disintegration theorem, the map 4 — 15 is Borel measurable.
Let us now set

v [ gsti) dnso)
>1(3)
Clearly, we have the representation

PsuLU) = [ v; 47)
and 7'(t) = (¢ 07)' () € C\ {0} for A-almost every 5 and almost every t € Dom 7.
Hence, to conclude the proof we only have to show that
vy K H' Im 5 for 77-a.e. 3.

Let E be a set with H'(E N Im #) = 0. Since 7 (t) #0 for almost every t € Dom v, the
area formula implies that £1(371(E)) = 0. If y € @ 1(3), say 7 = ¢ o 7, then

H' (@ (E)NIm 1) < H' (37 (E)) =0  forally € &' (3).
Hence, p~ (¢ 1(E)) = 0 for all v € @ 1(5) which immediately gives

vs(E) = / 1y (@ N (B)) dns (1) = 0.
@i(5)
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This concludes the proof. O

Proof of Theorem 8.1.1. Let (U, @) be a d-chart. By Theorem 4.2.3 there are d ¢-
independent Alberti representations of ul_ Uy, where U = | J; oy Uy is the decompo-
sition from Bate’s theorem. Then, via Lemma 4.3.3, the push-forward ¢4(u_U,) also
has d independent Alberti representations. Finally, Lemma 4.3.2 yields @4(ul_Uy) <
£4 and this concludes the proof. O
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Tom Leinster and Mark W. Meckes
The magnitude of a metric space: from
category theory to geometric measure theory

5.1 Introduction

Magnitude is a numerical isometric invariant of metric spaces. Its definition arises by
viewing a metric space as a kind of enriched category — an abstract structure that ap-
pears more algebraic than geometric in nature — and adapting a construction from
the intersection of category theory and homotopy theory. One would hardly expect,
from such a provenance, that magnitude would have any strong relationship to geom-
etry as usually conceived. Surprisingly, however, magnitude turns out to encode many
invariants from integral geometry and geometric measure theory, including volume,
capacity, dimension, and intrinsic volumes. This paper will give an overview of the
theory of magnitude, from its category-theoretic genesis to its connections with these
geometric quantities.

We begin with a brief overview of the history of magnitude so far. The grandparent
of magnitude is the Euler characteristic of a topological space, which is a natural ana-
logue of the cardinality of a finite set. To each category there is associated a topological
space called its classifying space. In [16], a formula was found for the Euler character-
istic of the classifying space of a suitably nice finite category; applying this formula
to less nice categories (for which the Euler characteristic of the classifying space need
not exist) yielded a new cardinality-like invariant of categories, again called the Euler
characteristic of a finite category.

Categories are a special case of a more general family of structures, enriched cat-
egories, which encompass both categories with additional structure (like linear cate-
gories) and, surprisingly, metric spaces. In [19, 23], the definition of Euler character-
istic of a category was generalized to enriched categories, renamed magnitude, then
re-specialized to finite metric spaces. The first paper to be written on magnitude [23]
focused on the asymptotic behavior of the magnitudes of finite approximations to spe-
cific compact subsets of Euclidean space. The results there hinted strongly that mag-
nitude is closely related to geometric quantities including volume and fractal dimen-
sion; numerical computations in [40] gave further evidence of these relationships.
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In [41], a definition was proposed for the magnitude of certain compact metric
spaces, and connections were found between magnitude and some intrinsic volumes
of Riemannian manifolds. Shortly thereafter, the paper [19] appeared which laid out
for the first time the general theory of the magnitude of finite metric spaces; and [27]
which put the asymptotic approach of [23] for studying magnitude of compact spaces
on firm footing, and showed that it also coincides with the definition used in [41].

The paper [28] introduced yet another equivalent approach to magnitude for com-
pact spaces, which makes magnitude more accessible to a wide variety of analytic
techniques. Using a result from potential theory, [28] showed in particular that mag-
nitude can be used to recover the Minkowski dimension of a compact set in Euclidean
space. Following the approach of [28], the paper [3] applied Fourier analysis to show
that magnitude also recovers volume in Euclidean space, and applied PDE techniques
to compute precisely magnitudes of Euclidean balls.

This paper aims to serve as a guide to the path from the definition of the Euler
characteristic of a finite category, to the geometric results of [28] and [3] on magnitude
in Euclidean space. It also includes a number of new results, in particular a signifi-
cant partial result toward a conjecture from [19] relating magnitude in ¢} to a family of
intrinsic volumes adapted to the ¢; metric, as well as generalizations of several regu-
larity results for magnitude from Euclidean space to more general normed spaces. In
order to reach the results of geometric interest as quickly as possible, we omit many
results from the papers named above, and depart significantly at some points from
the historical development of ideas. We give complete proofs only for the new results,
and for a few known results for which we take a more direct approach than in previous
papers.

Section 5.2 begins with the definition of the Euler characteristic of a finite cate-
gory, and leads up to the magnitude of a finite metric space and its basic properties.
Section 5.3 covers the definition of the magnitude of a compact space, its basic prop-
erties, and the results on magnitude of manifolds. Section 5.4 covers magnitude in
(quasi)normed spaces, particularly ¢ and Euclidean space, and contains the new re-
sults of this paper. Finally, in section 5.5, we discuss a number of open problems about
magnitude.

Before moving on, we need to mention two threads in the story of magnitude
which have been ignored above and will make only brief appearances in this paper.
The first is the magnitude of a graph, viewed as a metric space with the shortest-path
distance between vertices. This subject has been developed in [20], which in particu-
lar investigated its relationship to classical, combinatorial graph invariants, and [8],
which found that the magnitude of graphs is the Euler characteristic associated to a
graded homology theory for graphs. The second thread is the connection of magnitude
to quantifying biodiversity and maximum entropy problems. This is actually related
with the historically first appearance of the magnitude of a metric space in the liter-
ature, in [35], and was developed in [17, 22]; section 5.3.3 will take half a step in the
direction of these connections.
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5.2 Finite metric spaces

Here we explain the origins of the notion of magnitude. There is a simple combi-
natorial definition of the magnitude or Euler characteristic of a finite category (sec-
tion 5.2.2), which extends in a natural way to a more general class of structures, the
enriched categories (section 5.2.3). As we show, this general invariant is closely related
to several existing invariants of size. Specializing it in a different direction gives the
definition of the magnitude of a finite metric space (sections 5.2.4 and 5.2.5).

In order to do any of this, we first need to define the magnitude of a matrix.

5.2.1 The magnitude of a matrix

Recall that a semiring is a “ring without negatives”, that is, an abelian group (writ-
ten additively) with an associative operation of multiplication that distributes over
addition. Let k be a commutative semiring (always assumed to have a multiplicative
identity 1) and A a finite set, and let Z € k**4 be a square matrix over k indexed by the
elements of A. A weighting on Z is a column vector w € k“ satisfying Zw = e, where
e is the column vector of 1s, and a coweighting on Z is a row vector v € k4 satisfying
vZ = e'. That is,

Z Z(a, b)wy, = 1foreverya € A

bcA
and

Z vaZ(a, b) = 1 forevery b c A.

acA
If w is a weighting and v a coweighting on Z then

Zwa=eTw=va=ve=Zva.
acA acA

When Z admits both a weighting and a coweighting, we may therefore define the mag-
nitude |Z| of Z to be the common quantity >, wa = ), Va, for any weighting w and
coweighting v.

An important special case is when Z is invertible. Then Z has a unique weighting
and a unique coweighting, and its magnitude is the sum of the entries of Z™!:

1z = Y Z'a,b). G.1)

a,becA
An even more special case is that of positive definite matrices:
Proposition 5.2.1. Let Z € R4 be a positive definite matrix. Then

2
‘Z| = sup (chl‘ixa)’
O%XGRA x'Zx
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and the supremum s attained exactly when x is a scalar multiple of the unique weighting
onZ.

This follows swiftly from the Cauchy—Schwarz inequality [19, Proposition 2.4.3].

5.2.2 The Euler characteristic of a finite category

A category can be viewed as a directed graph (allowing multiple parallel edges) to-
gether with an associative, unital operation of composition. The vertices of the graph
are the objects of the category, and for each pair (a, b) of vertices, the edges from a to
b in the graph are the maps from a to b in the category, which form a set Hom(a, b).
Thus, composition defines a function Hom(a, b) x Hom(b, ¢) - Hom(a, c) for each
a, b, ¢, and there is a loop 1, € Hom(a, a) on each vertex a. Although in many cate-
gories of interest, the collections of objects and maps form infinite sets or even proper
classes, we will be considering finite categories: those with only finitely many objects
and maps.

Let A be a finite category, with set of objects ob A. The Euler characteristic of A
is the magnitude of the matrix Z, € Q°®4*°"A given by Z,(a, b) = #Hom(a, b) (where
# denotes cardinality), whenever this magnitude is defined.

For example, if A has no maps other than identities then Z, is the identity and the
Euler characteristic of A is simply the number of objects. More generally, any partially
ordered set (P, <) gives rise to a category A whose objects are the elements of P, and
with one map a > b when a < b and none otherwise. In a theory made famous by Rota
[30], every finite partially ordered set P has associated with it a M6bius function p,
which is defined on pairs (a, b) of elements of P such that a < b, and takes values in Z.
It generalizes the classical M6bius function, and the construction above for categories
generalizes it further still: u(a, b) = Z;l(a, b) whenever a < b, and the definition of
Euler characteristic of a category extends the existing definition for ordered sets [16,
Proposition 4.5].

To any small category A there is assigned a topological space, called its classify-
ing space. The name “Euler characteristic” is largely justified by the following result.

Theorem 5.2.2 ([16, Proposition 2.11]). Let A be a finite category. Under appropriate
conditions (which imply, in particular, that the Euler characteristic of the classifying
space of A is defined), the Euler characteristic of the category A is equal to the Euler
characteristic of its classifying space.

Euler characteristic for finite categories enjoys many properties analogous to those
enjoyed by topological Euler characteristic [16, Section 2]. For instance, categorical
Euler characteristic is invariant under equivalence (mirroring homotopy invariance in
the topological setting), and is additive with respect to disjoint union of categories and
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multiplicative with respect to products. There is even an analogue of the topological
formula for the Euler characteristic of the total space of a fibration.

Schanuel [33] argued that Euler characteristic for topological spaces is closely
analogous to cardinality for sets. For instance, it has analogous additivity and mul-
tiplicativity properties, it satisfies the inclusion-exclusion principle (under hypothe-
ses), and, indeed, it reduces to cardinality for finite discrete spaces. Similarly, the re-
sults described above suggest that Euler characteristic for finite categories is the cate-
gorical analogue of cardinality.

5.2.3 Enriched categories

A monoidal category is a category V equipped with an associative binary operation
® (which is formally a functor VxV - V) and a unit object 1 € V. The associativity and
unit axioms are only required to hold up to suitably coherent isomorphism; see [26]
for details.

Typical examples of monoidal categories (V, ®, 1) are the categories (Set, x, {*})
of sets with cartesian product and (FDVecty, ®, K) of finite-dimensional vector spaces
over a field K. A less obvious example is the ordered set ([0, <], 2). As a category, its
objects are the nonnegative reals together with oo, there is one map x > y when x > y,
and there are none otherwise. It is monoidal with ® = +and 1 = 0.

Let V = (V, ®, 1) be a monoidal category. The definition of category enriched in
V, or V-category, is obtained from the definition of ordinary category by requiring that
the hom-sets are no longer sets but objects of V. Thus, a (small) V-category A consists
of a set ob A of objects, an object Hom(a, b) of V foreach a, b € ob A, and operations of
composition and identity satisfying appropriate axioms [10]. The composition consists
of a map

Hom(a, b) ® Hom(b, ¢) » Hom(a, c)

in V for each a, b, ¢ € ob A, while the identities are provided by a map 1 - Hom(a, a)
for each a € obA.

Examples 5.2.3. 1. WhenV = Set (with monoidal structure as above), a V-category
is an ordinary (small) category.
2. WhenV = Vecty, a V-category is a linear category, that is, a category in which
each hom-set carries the structure of a vector space, and composition is bilinear.
3. WhenV = [0, o], a V-category is a generalized metric space [14, 15]. That is, a
V-category consists of a set A of objects or points together with, for each a, b € A,
a real number Hom(a, b) = d(a, b) € [0, o), satisfying the axioms

d(a, b) +d(b, c) = d(a, c), d(a,a)=0
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(a, b, c € A). Such spaces are more general than classical metric spaces in three
ways: = is permitted as a distance, the separation axiom d(a,b) =0 = a=Dbis
dropped, and, most significantly, d is not required to be symmetric.

4. The category V = ([0, oc], =) can alternatively be given the monoidal structure
(max, 0). A V-category is then a generalized ultrametric space, that is, a general-
ized metric space satisfying the stronger triangle inequality max{d(a, b), d(b, c)} =
d(a,c).

To define the magnitude of an enriched category, we start with a monoidal category
(V, ®, 1) together with a commutative semiring k and amap |- | : ob'V > k, with the
property that |[X| = |Y| whenever X = Y, and satisfying the multiplicativity axioms
X® Y| =|X|-|Y|and |1| = 1.

Definition 5.2.4. Let A be a V-category with only finitely many objects.
1. The similarity matrix of A is the ob A x ob A matrix Z over k defined by Zx(a, b) =
|Hom(a, b)|.
2. A (co)weighting on A is a (co)weighting on Z,, and A has magnitude if Z, does.
Its magnitude is then |A| = |Za|.

Examples 5.2.5. 1. LetV be the monoidal category (FinSet, x, {*}) of finite sets. Let
k = Q, and for X € FinSet, let |X| € Q be the cardinality of X. Then we obtain
a notion of magnitude for finite categories; it is exactly the Euler characteristic of
section 5.2.2.

2. Let 'V be the monoidal category FDVecty of finite-dimensional vector spaces over
afield K. Let k = Q, and for X € FDVectg, put |X| = dimX € Q. Then we obtain
a notion of magnitude for linear categories with finitely many objects and finite-
dimensional hom-spaces. As shown in [5], this invariant is closely related to the
Euler form of an associative algebra, defined homologically.

3. Let V = [0, o], with monoidal structure (+, 0). Let k = R, and for x € [0, oo, put
|x| = e”. (We have little choice about this: the multiplicativity axioms force |x| = C*
for some constant C, at least assuming that |-| is to be measurable. We will address
the one degree of freedom here through the introduction of magnitude functions in
the next section.) Then we obtain a notion of the magnitude |A| € R of a finite metric
space |A|, examined in detail later.

4. Let V = [0, oo], now with monoidal structure (max, 0). Let k = R, and define || :
[0, oo] = R to be either the indicator function of [0, 1] or that of [0, 1). It is shown
in Section 8 of [28] that these are essentially the only possibilities for ||, and that
the resulting magnitude of a finite ultrametric space is simply the number of balls of
radius 1 (closed or open, respectively) needed to cover it. It is also shown that this
leads naturally to the notion of e-entropy or e-capacity.
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The multiplicativity condition |X ® Y| = |X] - |Y| on objects of V has so far not been
used. However, it implies a similar multiplicativity condition on categories enriched in
V. In the case of metric spaces, this reduces to Proposition 5.2.8 below; for the general
statement, see [19, Proposition 1.4.3].

5.2.4 The magnitude of a finite metric space

Concretely, the magnitude |A| of a finite metric space (4, d) is the magnitude of the
matrix Z = Z, € RA*4 givenby Z,(a, b) = e~ 4" ifthat is defined. Taking advantage
of the symmetry of Z, to simplify slightly, this means the following. A vector w € R4
is a weighting for A if Z,w = e, where e € R4 is the column vector of 1s, and if a
weighting for A exists, then the magnitude of A is

Al =) wa.

acA

This is not a classical invariant, or one that appears to have previously been ex-
plored mathematically prior to the work cited in the introduction. Neither is it wholly
new. In a probabilistic analysis of the benefits of highly diverse ecosystems, Solow and
Polasky [35] derived a lower bound on the benefit and identified one term, which they
called the “effective number of species”, as especially interesting. Although it was not
thoroughly investigated in [35], this term is exactly our magnitude. The reader is re-
ferred to [17, 19, 21, 22] for more information about this connection.

Not every finite metric space possesses a weighting or, therefore, has well-defined
magnitude. One large and important class of spaces which always does is the subject
of section 5.2.5. The next two results give additional examples.

From now on, to simplify the statements of results, all metric spaces and all com-
pact sets in a metric space are assumed to be nonempty.

Proposition 5.2.6 (([23, Theorem 2] and [19, Proposition 2.1.3])). Let (A, d) be a finite
metric space, and suppose that whenever a, b € Awitha #b,we haved(a, b) > log(#A-
1). Then A possesses a positive weighting, and |A| is therefore defined.

A metric space (4, d) is called homogeneous if its isometry group acts transitively on
the points of A.

Proposition 5.2.7 ([36]; see also [19, Proposition 2.1.5]). If (A, d) is a finite homoge-
neous metric space and ag € A is any fixed point, then A possesses a positive weighting

and
(#4)?2 #A

Al= Za,beA e-d@b) ) ZaeA e-d@a0)’
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For metric spaces (4, d,) and (B, dg), we denote by A x; B the set A x B equipped with
the metric
d((a,b),(a, b)) = dala,a)+dp(b, b).

Proposition 5.2.8 ([19, Proposition 2.3.6]). Suppose that (A, d,) and (B, dp) are finite
metric spaces with weightings w € R4 and v € R® respectively. Then x € R**E given by
X(q,b) = WaV} IS a weighting for A x; B, and |A x, B| = |A||B|.

Proposition 5.2.8 has a generalization, Theorem 2.3.11 of [19], which is an analogue for
magnitude of the formula for the Euler characteristic of the total space of a fibration.

As noted earlier, there is an arbitrary choice of scale implicit in the definition of
magnitude: we could choose any other base for the exponent in place of e*. To deal
with this, we will often work with the whole family of metric spaces {tA}:o, where
tA denotes the metric space (4, td). We will sometimes also let 0A denote a one-point
space. The (partially defined) function t — |tA| is called the magnitude function of
A.

Proposition 5.2.9 ([19, Proposition 2.2.6]). Let (A, d) be a finite metric space.
1. |tA]is defined for all but finitely many t > 0.
2. For sufficiently large t, |tA| is an increasing function of t.
3. limys., [tA] = #A.

Proposition 5.2.9 supports the interpretation of the magnitude |tA| as the “effective
number of points” in A, when viewed at a scale determined by t. (We recall Solow and
Polasky’s interpretation of |A| as the “effective number of species”.) However, the hy-
potheses of the propositions above also highlight the counterintuitive behaviors that
magnitude may exhibit. In particular, there exists a metric space A such that each of
the following holds:

1. |tA|is undefined for some ¢ > O.

2. |tA] is decreasing for some ¢ > 0.

3. |tA]| < O for some t > O.

4. There exists a B C A such that |tB| > |tA| for some ¢ > 0.

We need not look that hard to find such an ill-behaved space: the complete bipartite
graph K3, equipped with the shortest path metric, has all these unpleasant proper-
ties; see Example 2.2.7 of [19]. In the next section we will consider a class of spaces
which avoids most of these pathologies.

We end this section by noting that the issue of scale can be dealt with in a more
elegant way if A is the vertex set of a graph and d is the shortest path metric, or more
generally, whenever d is integer-valued. By (5.1), in this situation | tA| is a rational func-
tion of g = e*. More directly, if one restricts attention to such spaces, the semiring k in
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the previous section can be taken to be the ring Q(q) of rational functions in a formal
variable g. Then the matrix Z, € (@(q))AXA is always invertible, so the magnitude |A|
is always defined as an element of Q(q); see section 2 of [20].

5.2.5 Positive definite metric spaces

As noted in section 5.2.1, a positive definite matrix Z always has magnitude, given
by Proposition 5.2.1. We will now explore the consequences of this observation for
magnitude of metric spaces.

A finite metric space (4, d) is said to be positive definite if the associated matrix
Z, is positive definite, and is said to be of negative type if Z;, is positive semidefinite
for every t > 0. It can be shown [27, Theorem 3.3] that if (4, d) is of negative type,
then in fact Z;, is positive definite, and hence tA is a positive definite space. A general
metric space is said to be positive definite or of negative type, respectively, if every
finite subspace is.

The strange turn of terminology here is due to the negative sign in e™?. Negative
type has several other equivalent formulations, and is an important property in the
theory of metric embeddings (see, e.g., [4, 6, 39]). The fact that negative type appears
naturally when considering magnitude is a hint that magnitude does in fact connect
with more classical topics in geometry.

The following result is an immediate consequence of Proposition 5.2.1 and the def-
inition of magnitude.

Proposition 5.2.10 ([19, Proposition 2.4.3]). If A is a finite positive definite metric
space, then the magnitude |A| is defined, and

(ZaeA Xa)z ,

Al =
14 0#xeRa  XTZpx

and the supremum is attained exactly when x is a scalar multiple of the unique weighting
onA.

A first application of Proposition 5.2.10 is Proposition 5.2.6, which is proved by show-
ing that for large enough ¢, Z;4 is positive definite.

Corollary 5.2.11 (Corollaries 2.4.4 and 2.4.5 of [19]). If A is a finite positive definite met-
ric space and ) #B C A, then 1 < |B| < |A]|.

Proposition 5.2.10 will also be one of our main tools in the extension of magnitude to
compact spaces in section 5.3.

Proposition 5.2.10 and its consequences would be of little interest without a large
supply of interesting examples of positive definite spaces. Many are collected in the
following result; we refer to [27, Theorem 3.6] for references and further examples.
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Theorem 5.2.12. The following metric spaces are of negative type, and thus magnitude
is defined for all their finite subsets.
1. (3, the set R" equipped with the metric derived from the {p-norm, for n = 1 and
1l<p=<2;
Lebesgue space Lp[0, 1], for1 < p < 2;
round spheres (with the geodesic distance);
real and complex hyperbolic space;
ultrametric spaces;
weighted trees.

AW AN

Furthermore, some natural operations on positive definite spaces yield new positive
definite spaces.

Proposition 5.2.13 ([19, Lemma 2.4.2]).
1. Every subspace of a positive definite metric space is positive definite.
2. If A and B are positive definite metric spaces, then A x, B is positive definite.

On the other hand, many spaces of geometric interest are not of negative type, and
many natural operations fail to preserve positive definiteness; see [27, Section 3.2] for
examples and references.

5.3 Compact metric spaces

Despite strong and growing interest in the geometry of finite metric spaces (see e.g.
[25]), it is natural to try to define an invariant of metric spaces, like magnitude, more
generally. The most obvious context is that of compact spaces. The general definition
of the magnitude of an enriched category does not help us here; nonetheless, several
strategies present themselves, including approximating a compact space by finite sub-
spaces and generalizing the notion of a weighting to compact spaces. In section 5.3.1
we will see that there is a canonical (hence “correct”) extension of magnitude from fi-
nite metric spaces to compact positive definite spaces, which can be formulated in sev-
eral ways. In section 5.3.2 we will investigate a generalization of weightings to compact
spaces, and see that this approach to defining magnitude agrees with the former one.
This approach is of more limited scope, but often gives the easiest approach to com-
puting magnitude; using it, we will see that magnitude knows about at least some in-
trinsic volumes of certain Riemannian manifolds. Finally, section 5.3.3 will introduce
another invariant, maximum diversity, which is closely related to magnitude, and will
be a crucial tool in proving the connection between magnitude and Minkowski dimen-
sion.
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5.3.1 Compact positive definite spaces

To justify the “correctness” of our definition of magnitude for compact positive defi-
nite spaces, we need a topology on the family of (isometry classes of) compact metric
spaces. Recall that the Hausdorff metric dy on the family of compact subsets of a
metric space X is given by

du(A, B) = max{sup d(a, B), supd(b, A)}.
acA beB

The Gromov-Hausdorff distance between two compact metric spaces A and B is
der(A, B) = inf dy (¢(A), Y(B)),

where the infimum is over all metric spaces X and isometric embeddings ¢ : A > X
and ¥ : B > X. This defines a metric on the family of isometry classes of compact
metric spaces; see [7, Chapter 3].

The following result follows from the proof of [27, Theorem 2.6], although our def-
initions are organized rather differently in that paper. We give a more streamlined ver-
sion of the argument from [27].

Proposition 5.3.1. The quantity
M) = sup {|4'| | A" C A, A finite} (5.2)
is lower semicontinuous as a function of A (taking values in [0, o<]), on the class of com-

pact positive definite metric spaces equipped with the Gromov—-Hausdorff topology.

Proof. Suppose first that dgg(A, B) < 6 for finite positive definite spaces A and B,
and let w € R? be a weighting for A. There is a function f : A > B such that
‘d(f(a),f(a')) - d(a, a')‘ <26foralla,a’ € A.Definev e R¥by v, = 3 p1(p) Was

and Z; € R*4 by Z(a, a) = e~ d@f@) Then vTZyv = w'Zsw, and so

‘WTZAW - vTZBv’ = ‘WT(ZA -Zpw| < Wit ||Za - Zf ., < 2 Iwll} 6.

Thus by Proposition 5.2.10,

( V)Z ( W)Z AZ
B2tz CaWal AR s 63
B wiZyw+2|lwl16  |Al+2|w|16

Now for general A, assume for simplicity that M(A) < oo (the case M(A) = oo is
handled similarly). Given € > 0, pick a finite subset A’ C A such that ’A' > M(A) - &,

andlet w € R4 bea weighting for A". If dgy(A, B) < 6, then there is a finite subset
B’ C Bsuchthatdgg(A', B) < 8, and so by (5.3),

’

M(B) = |B

>

A" ~2||w|2 6= M(A) - e -2 w2 8.

Therefore M(B) > M(A) - 2e when dgg(A, B) is sufficiently small. O
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Corollary 5.2.11 implies that M(A) = |A| when A itself is finite and positive defi-
nite. Proposition 5.3.1 thus implies first of all that magnitude is lower semicontinu-
ous (L.s.c.) on the class of finite positive definite metric spaces. It follows that there
is a canonical extension of magnitude to the class of compact positive definite met-
ric spaces, namely, the maximal l.s.c. extension. Proposition 5.3.1 furthermore implies
that this extension is precisely the function M in (5.2). For a compact positive defi-
nite metric space (4, d), we therefore define the magnitude |A| to be the value of the
supremum M(A) in (5.2).

Thus magnitude is lower semicontinuous on the class of compact positive spaces.
This cannot be improved to continuity in general, even for the class of finite spaces
of negative type. Examples 2.2.8 and 2.4.9 in [19] discuss a space A of negative type
with six points, such that [tA| = 6/(1 + 4e”"); thus lim;s¢- [tA| = 6/5, whereas the
space tA itself converges to a one-point space. On the other hand, magnitude is con-
tinuous when restricted to certain classes of spaces, as we will see in Corollary 5.3.13
and Theorem 5.4.15 below.

Proposition 5.3.1, Proposition 5.2.8, and Corollary 5.2.11 yield the following results.

Proposition 5.3.2 ([19, Lemma 3.1.3]). If A is a compact positive definite metric space
and ) #B C A, then1 < |B| < |A|.

Proposition 5.3.3 ([27, Corollary 2.7]). Let A be a compact positive definite metric
space, and let {A;} be any sequence of compact subsets of A such that A Lty

in the Hausdorff topology. Then |A| = limye, |A]-

Proposition 5.3.4 ([19, Proposition 3.1.4]). If A and B are compact positive definite
metric spaces, then |A x1 B| = |A| |B|.

Proposition 5.3.1 justifies the above definition of magnitude as the “correct” one
for a compact positive definite space A. Nevertheless, for both aesthetic and prac-
tical reasons, it is desirable to be able to work directly with A itself, as opposed
to approximations of A by finite subspaces. Two different, more direct approaches
to defining magnitude for compact positive definite spaces were developed in [27,
28]. In essence, these papers introduced two different topologies on the space
{w eRA ‘ supp w is ﬁnite}. The topology used in [27] has the advantage of being
more familiar, whereas the topology in [28] has the advantage of being better suited to
the analysis of magnitude. In particular, the topology used in [28] can be dualized in
away that presents a new set of tools to study magnitude. In the pursuit of our goal of
proceeding as quickly as possible to geometric results, here we will go straight to the
dual version.

Recall that a positive definite kernel on a space X is a function K : X x X > C
such that, for every finite set A C X, the matrix [K(a, b)l; pea € CcA4 is positive
definite. Given a positive definite kernel on X, the reproducing kernel Hilbert space
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(RKHS) H on X with kernel K is the completion of the linear span of the functions
kx(y) = K(x, y) with respect to the inner product given by

(kx, ky)ge = K(x, y)

(see [2]). If f € H, then f(x) = (f, kx) 4 for every x € X, and consequently

FOO] < 1fllc IWhxlls = I1fllsc v/KCx, X) (5.4)

by the Cauchy-Schwarz inequality.
Now if (X, d) is a positive definite metric space, then K(x, y) = e"4*¥) is a positive
definite kernel on X. We will refer to the corresponding RKHS as the RKHS K for X.

Theorem 5.3.5 ([28, Theorem 4.1 and Proposition 4.2]). Let X be a positive definite
metric space, and let A C X be compact. Then |A| < oo if and only if there exists a
function h € H such that h = 1 on A. In that case,

A =inf{\|h||§c ‘ hed, h= 1onA}.

The infimum is achieved for a unique function h. If f € H also satisfies f = 1 on A, then
|Al = (f, h)5¢.

Proof. Firstobserve thatifw e R3 for a finite subset B C X, and fw=3> cBWh e‘d("h),
then
wiZgw = Z wae 9@y, — fu2, . (5.5)
a,beB

Now suppose that |A| < eo. If B C A is finite and w € R, then by Proposition
5.2.10, (5.5), and the definition of |A|,

2
(Z wb) < 1B full2c < 1A] [fullZc -

beB
Thus the linear functional fy — > pepWp on the subspace
{fw ‘ weRE, BcA ﬁnite} C ¥ has norm at most /|A|. Therefore there is a
function h € 3 with ||h||; = |A| such that

> wy = (fw, R)gc = > wyh(b)

beB beB

for every fu; taking fw = e 0@ for a € A yields h(a) = 1.
Next suppose that there exists an h € H such that h = 1 on A. Then for any finite
subset B C A and w € R5, by the Cauchy-Schwarz inequality,

D W

beB

= [(hs fw)l < 1l 1wl g -
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Equation (5.5) and Proposition 5.2.10 then imply that |B| < ||h||5., and so by definition
A < [R5

The above arguments prove both the “if and only if” statement and the infimum
expression for |A|. The last two statements follow from elementary Hilbert space ge-
ometry. O

We will call the unique function h which achieves the infimum in Theorem 5.3.5 the
potential function of A. Theorem 5.3.5 will prove its worth in sections 5.4.3 and 5.4.4
below.

For now, we consider what has happened to weightings, which were central to
the original category-inspired definition of magnitude, but have vanished from the
scene in Theorem 5.3.5. Weightings of finite subspaces of X are naturally identified
with elements of the dual space H", if we restrain ourselves from the usual impulse to
identify " with H itself. We can then identify a weighting of a compact subspace A
with finite magnitude as an element of ", specifically the element of " represented
by the potential function h. See [28] for details.

5.3.2 Weight measures

Proposition 5.3.1 may justify the definition of magnitude adopted in the previous sec-
tion as the canonical correct definition, but it has two deficiencies. First, it applies
only to positive definite spaces, and second, it lies quite far from the original category-
inspired definition, being fundamentally based instead on the reformulation in Propo-
sition 5.2.10. The second drawback is to some extent addressed in the last paragraph
of the previous section, though still only for positive definite spaces.

In this section we discuss another approach to defining magnitude for compact
metric spaces, first used in [41], which more closely parallels the original definition
for finite spaces.

A weight measure on a compact metric space (4, d) is a finite signed Borel mea-
sure y on A such that

/ e @b qup) =1
A

for every a € A.

A finite metric space A possesses a weight measure u if and only if it possesses a
weighting w € R4, with the correspondence given by w, = u({a}). The magnitude of
A is in that case

4] = 3" wa = p(A).
acA
This suggests defining the magnitude of a compact metric space to be |A| = u(A) when-
ever A possesses a weight measure p. The following result shows that doing so agrees
with the definition adopted in the previous section, whenever both definitions apply.
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Proposition 5.3.6 ([27, Theorem 2.3]). Suppose that A is a compact positive definite
metric space with weight measure u. Then |A| = u(A).

Proof. For any finite signed measure y on A and f € K,

fro

by (5.4) (since K(x, x) = 1 here), where |||/, denotes the total variation norm of p.
Therefore f — [ f duisabounded linear functional on X, represented by some g € H.
Soforeacha € A,

< Fllos l1#lly < [1fllgc Il v

1= / e 4@h) gy (p) = <e‘d("b),g>j{ = g(a).

Then by the last statement of Theorem 5.3.5, if h is the potential function of A, then

|A| = (g, h)q = /h du = u(A). O

In fact it can be shown that g = h in the proof above.

We therefore define the magnitude of a compact metric space A with a weight
measure u to be |A| := u(A), with Proposition 5.3.6’s assurance that when A is positive
definite, this definition is consistent with the previous one.

A first nontrivial example is a compact interval [a, b] C R. A straightforward com-
putation (see [41, Theorem 2]) shows that

1
Hia,p) = 5 (8a +Atq,p) + 6p) (5.6)
is a weight measure for [a, b], where 6, denotes the point mass at x and A[a, bl denotes
Lebesgue measure restricted to [a, b]. It follows that

y[a,b]y=1+b;". (7)

See [32] for a contention that (up to the % scaling factor) this is the “correct” size of an
interval. In any case, the appearance of the length (b — a) gives the first compelling
evidence that magnitude knows about genuinely “geometric” information for infinite
spaces.

The following easy consequence of Fubini’s theorem further extends the reach of
Propositions 5.2.8 and 5.3.4.

Proposition 5.3.7. If u, and pp are weight measures on compact metric spaces A and
B, then uy ® up is a weight measure on A x1 B, and so |A x1 B| = |A| |B].

The chief drawback to the definition of magnitude in terms of weight measures is that
many interesting spaces do not possess weight measures. For example, the results of
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[3] imply that balls in 632’ do not possess weight measures (rather, their weightings turn
out to be higher-order distributions), and numerical computations in [40] suggest that
squares and discs in £3 also do not possess weight measures.

On the other hand, the following result can be interpreted as saying that compact
positive definite spaces “almost” possess weight measures.

Proposition 5.3.8 ([27, Theorems 2.3 and 2.4]). If A is a compact positive definite met-
ric space, then

u(Aa)*
Ty Ju @D du(a) du(b)

|A| = sup u € M(A), //e’d(“’b) du(a) du(b) #0 3 ,
A A

where M(A) denotes the space of finite signed Borel measures on A. The supremum is
attained if and only if A possesses a weight measure; in that case it is attained precisely
by scalar multiples of weight measures.

One positive result about the existence of weight measures is the following.

Proposition 5.3.9 ([27, Lemma 2.8 and Corollary 2.10]). Suppose (4, d) is a compact
positive definite space, and that each finite A" C A possesses a weighting with positive
components. Then A possesses a positive weight measure.

The hypothesis of Proposition 5.3.9 is satisfied, for example, by all compact subsets
of R and by all compact ultrametric spaces (see Theorem 5.4.1 below and [19, Proposi-
tion 2.4.18]). Since Proposition 5.3.9 applies only to positive definite spaces, it does not
extend the scope of magnitude beyond that of the previous section. Nevertheless, the
existence of a positive weight measure makes it much easier to compute magnitude,
and has other theoretical consequences which will come up in the next section.

The following generalization of Proposition 5.2.7 gives another large class of
spaces which possess weight measures.

Lemma 5.3.10 ([41, Theorem 1]). Let A be a compact homogeneous metric space. Then
A possesses a weight measure, which is a scalar multiple of the unique isometry-
invariant probability measure y on A. Furthermore,

-1

al= ([ [ e duta) duce
A A

Using Lemma 5.3.10, Willerton explicitly computed the magnitudes of round spheres
with the geodesic metric: for n even, the magnitude of the n-sphere with radius R is

o b ] (5
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and there is a similar formula for odd n; see [41, Theorem 7].

Lemma 5.3.10 is particularly useful in analyzing the magnitude function of a ho-
mogeneous space A, since it implies that tA possesses a weight measure for every
t > 0, which is moreover independent of ¢ (up to normalization). In the particular case
of a homogeneous Riemannian manifold, Willerton proved the following asymptotic
results. (We note that most homogeneous manifolds are not of negative type, so that
tA need not be positive definite; see [12].)

Theorem 5.3.11 ([41, Theorem 11]). Suppose that (M, d) is an n-dimensional homoge-
neous Riemannian manifold equipped with its geodesic distance d. Then

n+1
6

1 _ _
[tM]| = - <vol(M)t" + tsc(M)t"% + O(t" 4)) ast - oo,
«Wn
where vol denotes Riemannian volume, tsc denotes total scalar curvature, and wn, is the
volume of the n-dimensional unit ball in (5.
In particular, if M is a homogeneous Riemannian surface, then

area(M) 2

[tM| = o

+x(M) + O(t™2) ast-> oo,
where x(M) denotes the Euler characteristic of M.

Theorem 5.3.11 shows in particular that the magnitude function of a homogeneous
Riemannian manifold determines both its volume and its total scalar curvature.

We note that most Riemannian manifolds are neither homogeneous nor positive
definite, and it is so far not clear how to define their magnitude.

5.3.3 Maximum diversity

Proposition 5.3.8 suggests considering, for a compact metric space (4, d), the quantity

u(Aa)*
fA fA e~d(ab) d]'l(a) d]l(b)

|A|, :=sup {

-1

—d(a,b)
= sup e du(a) du(b) , (5.8)
/]

uEP(A)

where M. (A) is the space of finite positive Borel measures on A, and P(A) is the space
of Borel probability measures on A. We refer to |A|, as the maximum diversity of
A, for reasons that will be described shortly. Maximum diversity lacks the category-
theoretic motivation of magnitude, but it turns out to have its own interesting inter-
pretations, and to be both intimately related to magnitude and easier to analyze in
certain respects.
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Regarding interpretation, suppose that A is finite, the points of A represent
species in some ecosystem, and that e"4@?) ¢ (0, 1] represents the “similarity” of
two species a, b € A. If u € P(A) gives the relative abundances of species, then

[ [ @ auta dyev)
A A

gives a way of quantifying the “diversity” of the ecosystem which is sensitive to both
the abundances of the species and the similarities between them; see [21] for extensive
discussion of a much larger family of diversities that this fits into. It is this interpreta-
tion that motivates the name “maximum diversity”.

There are multiple connections between magnitude and maximum diversity. The
most obvious is that, by Proposition 5.3.8, |A|, < |A| for any compact positive definite
space A. Moreover, Proposition 5.3.8 implies that |A|, = |A]| if A is positive definite
and possesses a positive weight measure; Proposition 5.3.9 and Lemma 5.3.10 indicate
some families of such spaces. Finally, as we will see in Corollary 5.4.23 below, if A C
23, then the inequality |A|, < |A| can be reversed, up to a (dimension-dependent)
multiplicative constant. We will see applications of all these connections below.

A more subtle connection between maximum diversity and magnitude, which we
will not discuss here, is proved in the main result of [17, 22].

We now move on to ways in which maximum diversity is better behaved than mag-
nitude. One is that the supremum in (5.8) is always achieved, unlike the one in Propo-
sition 5.3.8. This is a consequence of the compactness of P(A) in the weak-* topology;
see [27, Proposition 2.9] (this fact is used in the proof of Proposition 5.3.9 above). An-
other is the following improvement, for maximum diversity, of Proposition 5.3.1.

-1

Proposition 5.3.12 ([27, Proposition 2.11]). The maximum diversity |A|, is continuous
as a function of A, on the class of compact metric spaces equipped with the Gromov—
Hausdor(f topology.

Corollary 5.3.13 ([27, Corollary 2.12]). The magnitude |A| is continuous as a function of
A, on the class of compact positive definite metric spaces which possess positive weight
measures, equipped with the Gromov—-Hausdorff topology.

In particular, magnitude is continuous on the class of compact subsets of R, and on
the class of compact ultrametric spaces.

The next result shows how the asymptotic behavior of |tA|, is relatively easy to an-
alyze. Recall that the covering number N(4, ¢) is the minimum number of £-balls
required to cover A, and that the Minkowski dimension of A may be defined as

dimyyiy A = lim N A2

e>0* log(1/¢) (5:9)
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whenever this limit exists. The idea of the proof of Proposition 5.3.14 below is simply
that when ¢ is large and ¢ is small, the supremum over P(A) defining |tA|, is approxi-
mately attained by a measure uniformly supported on the centers of a maximal family
of disjoint e-balls in A.

Proposition 5.3.14 ([28, Theorem 7.1]). If A is a compact metric space, then

log |tA|,

Sm IOg ¢ = dimMink A. (510)

Proposition 5.3.14 should be interpreted as saying that the limit on the left hand side
of (5.10) exists if and only if dimy;,, A exists. Moreover, if the limit is replaced with a
lim inf or lim sup, the left hand side of (5.10) is equal to the so-called lower or upper
Minkowski dimension of A, respectively, defined by modifying (5.9) in the same way.

Since |A|, < |A| for any compact positive definite space, Proposition 5.3.14 gives
a lower bound for the growth rate of the magnitude function for a compact space of
negative type. Moreover, in Euclidean space ¢35, Proposition 3.12 and the rough equiv-
alence of magnitude and maximum diversity mentioned above will be used to show
that Minkowski dimension can be recovered from magnitude; see Theorem 5.4.24 be-
low. (Proposition 7.5 of [28] proves the same fact for compact homogeneous metric
spaces, using Lemma 5.3.10 above.)

5.4 Magnitude in normed spaces

In this section we will specialize magnitude to compact subsets of finite-dimensional
vector spaces with translation-invariant metrics. It is in these settings that we find the
strongest connections between magnitude and geometry. In section 5.4.1, we find a
quite complete description of the magnitude of an arbitrary compact set A C R; in par-
ticular, |A| depends only on the Lebesgue measure of A and the sizes of the “gaps” in A
(Corollary 5.4.3). In section 5.4.2, we show that in /7, magnitude can be used to recover
£ analogues of the classical intrinsic volumes of a convex body (Theorem 5.4.6). In sec-
tion 5.4.3, we apply Fourier analysis to the study of magnitude, when R" is equipped
with a norm (or more generally, a p-norm) which makes it a positive definite metric
space. In particular, we find that magnitude is continuous on convex bodies in such
spaces (Theorem 5.4.15). Finally, in section 5.4.4, we specialize these tools to the most
familiar normed space, the Euclidean space ¢3. In that setting the Fourier-analytic per-
spective of section 5.4.3 uncovers connections with partial differential equations and
potential theory. Among other results, we will see that in Euclidean space, magnitude
knows about volume (Theorem 5.4.14) and Minkowski dimension (Theorem 5.4.24),
although there are frustratingly few compact sets in ¢5 whose exact magnitudes are
known (see Theorem 5.4.21).
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Corollary 5.4.3 and the material of section 5.4.2 are new. Most of the results of sec-
tion 5.4.3 were previously proved for Euclidean space, but are new in the generality
discussed here.

5.4.1 MagnitudeinR

In the real line R, magnitude can be analyzed in great detail thanks to the order
structure underlying the metric structure. Namely, if a < b < ¢, then Z(a,c) =
Z(a, b)Z(b, c), where we recall that Z(a, b) = e 4@, This simple fact lies behind
the proof of the next result.

Theorem 5.4.1 ([23, Theorem 4] and [19, Proposition 2.4.13]). Given real numbers
aj < ap <---<ay, theweightingw of A = {a1, ..., ay} is given by

1 a; — a4 A1 — ai)
L= = —_ -+ =
Wa; = 5 (tanh 3 tanh 5

for2<i<N-1,and

wal=%(1+tanha2;a1), waN=%(1+tanh%).

Consequently,
N

|A] = 1+Ztanh%.
i=2

Theorem 5.4.1, together with Proposition 5.3.3, was used to give the first derivation of
the magnitude of an interval; see [23, Theorem 7] and [19, Theorem 3.2.2].

As mentioned above, by Proposition 5.3.9, Theorem 5.4.1 implies that every com-
pact subset of R possesses a weight measure. Furthermore, as noted in Corollary 5.3.13,
this implies that magnitude on R is continuous with respect to the Gromov—-Hausdorff
topology.

The last part of the following corollary appears, with additional technical assump-
tions, as [41, Lemma 3].

Corollary 5.4.2. Suppose that A, B C R are compact with a = sup A < inf B = b. Then

|AUB|=|A\+|B|—1+tanhb;a.

Consequently, if C C R is compact and [a, b] C C, then

b;a+tanhb_a.

C\(a, b)| = |C| -

Proof. The first claim follows immediately from Theorem 5.4.1in the case that A and B
are finite, and then follows for general compact sets by continuity. The second equality
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follows by writing C = A U [a, b]U B, where A = CN (-0, a] and B = C N [b, o), then
applying the first equality twice and (5.7). O

Corollary 5.4.2, together with continuity and the knowledge of the magnitude of a com-
pact interval, can be used to compute the magnitude of any compact set A C R, since
A can be written as

A= [a’ b] \ U(ai} bi)’ (5-11)
i
where {(a;, b;)} is a finite or countable collection of disjoint subintervals of [a, b].
Corollary 5.4.3. If A C R is compact, then

_ V011A b,-—ai
|A‘ = 1+T+Ztanh7,
1

where a; and b; are as in (5.11).

Another proof of Corollary 5.4.3 can be given using [19, Proposition 3.2.3]. As an appli-
cation of Corollary 5.4.3, we obtain the magnitude of the length ¢ ternary Cantor set C,
(see [23, Theorem 10], [41, Theorem 4]):

i
2307

|Cel =1 +%Ztanh
i=1

5.4.2 Magnitude in the ¢;-norm

The magnitude of subsets of R" is generally most tractable when we equip R" with the
£1-norm. Although that may not be the norm of primary geometric interest, it provides
a testing ground for questions that are more difficult to settle in Euclidean space.

We have already seen that ¢7, like ¢, is of negative type (Theorem 5.2.12). The key
difference is Proposition 5.3.4, the multiplicativity of magnitude with respect to the ¢;
product. Since we already know the magnitude of intervals, this immediately allows
us to calculate the magnitude of boxes in ¢]. Unions of boxes can then be used to
approximate more complex subsets, as we shall see.

Explicitly, a box []_,[a;, a; + L;] in ¢} has magnitude [];", (1 + L;/2). It follows
that |tA| > 1 ast > 0" for boxes A. But then monotonicity of magnitude (Proposition
5.3.2) implies a more general result:

Proposition 5.4.4. If A C (] is compact, then limo-+ |tA] = 1.

(In ¢35, this is much harder to prove; see Theorem 5.4.18.) Proposition 5.4.4 and The-
orem 5.4.17 together imply that the magnitude function t — |tA| is continuous on
[0, o).
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Our formula for the magnitude of a box in ¢ can be rewritten in terms of the in-
trinsic volumes Vy, V1, ... (defined in, for instance, Chapter 7 of [11] or Chapter 4 of
[34]). Recall that V;(A) is the canonical i-dimensional measure of a convex set A C R",
and that the intrinsic volumes are characterized by Steiner’s polynomial formula

n
vol(A + rB™) = Z Wi V(A
i=0

(Proposition 9.2.2 of [11] or Equation 4.1 of [34]), where B" is the unit Euclidean n-ball
and w; = vol(B/). For boxes A C ¢4, the formula above can be rewritten as

Vi)
- =

A| (5.12)

i=0

either by direct calculation or by noting that |[0, L]| = 1 + V1([0, L])/2 and using the
multiplicative property of the intrinsic volumes (Theorem 9.7.1 of [11]). Hence the mag-
nitude function of a box A is a polynomial

- Vi(:‘l) f

tA| = .
el =00

i=0

whose coefficients are (up to known factors) the intrinsic volumes of A, and whose
degree is its dimension. In particular, the magnitude function of a box determines all
of its intrinsic volumes and its dimension.

In fact, such a result is true for a much larger class of subsets of ¢] than just boxes.
To show this, we must adapt the classical notion of intrinsic volume to ¢f, following
[18].

First recall that a metric space A is geodesic if for any a, b € A there exists a
distance-preserving map : [0, d(a, b)] > A such that 4(0) = a and ~(d(a, b)) = b.
The geodesic subsets of £; are the convex sets. The geodesic subsets of /1, called the ¢; -
convex sets [18], include the convex sets and much else besides (such as L shapes).
In this setting, there is a Steiner-type theorem in which balls are replaced by cubes
(Theorem 6.2 of [18]): for any ¢ -convex compact set A C /7, writing €" = [-1/2, 1/2]",

n
vol(4 + rC") = Z Vi) (5.13)
i=0

where V,(A), ..., V,(A) depend only on A.

The functions V('), V’l, ... on the class of ¢1-convex compact sets are called the
/1 -intrinsic volumes [18]. They are valuations (that is, finitely additive), continuous
with respect to the Hausdorff metric, and invariant under isometries of ¢7. There is a
well-developed integral geometry of ¢;-convex sets [18], closely parallel to the classi-
cal integral geometry of convex sets; for instance, there is a Hadwiger-type theorem
for ¢4 -intrinsic volumes.
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Although the intrinsic and ¢; -intrinsic volumes are not in general equal, they co-
incide for boxes A, giving

n 4 n ’
Vi(4) Vi(4) ;
A= A= Lt (5.14)
i=0 i=0

(the latter because Vlf is homogeneous of degree i). It is this relationship, not (5.12),
that generalizes from boxes to a much larger class of sets.

Conjecture 5.4.5 ([19, Conjecture 3.4.10]). For all compact ¢1-convex sets A C (7,

n ’
1A| = Vil4)
21
i=0

We will prove the following parts of this conjecture:

Theorem 5.4.6.
LAY, 2‘iV;(A)for all compact ¢,-convex sets A C /1.
2. |A| = X1, 27'V{(A) for all convex bodies A C /4.
3. |A| = Y212, 27'V}(A) for all compact convex sets A C (3.

(A convex body is a compact convex set with nonempty interior.)

For the proof, we will use some special classes of box. A pixel in R" is a unit
cube [, [a;, a; + 1] with integer coordinates a;. More generally, a subpixel is a box
[T, la;, bl with a; € Z and b; € {a;, a; + 1}. Note that the intersection of two sub-
pixels is either a subpixel or empty.

Equation (5.6) and Proposition 5.3.7 imply that for any box B = [[;[a;, b;] in ¢1, the
product measure pg = []iL; M4 p,) iS @ weight measure on B.

Lemma 5.4.7. There is a unique function

{finite unions of subpixelsin R"} - {signed Borel measures on R}
A > Ha

extending the definition above for subpixels and satisfying suppua C A, uy = 0, and
MauB = Ua + UB — Uang Whenever A and B are finite unions of subpixels.

Proof. By the extension theorem of Groemer (Theorem 6.2.1 of [34]), it suffices to show

that for any subpixels By, ..., Bm such that B; U - - - U By, is a subpixel,
k
MB,U--UB, = Z(—l) Z MB; n--nB;, -
k=0 1gjo<-+<jrsm

But B; U---UBm is only a subpixel if some B; contains all the others, and in that case
the sum telescopes and the proof is trivial. O
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A subset A of ¢] is 1-pixelated if it is a finite union of pixels; then AA is said to be
A-pixelated. A set is pixelated if it is A-pixelated for some A > 0.

Proposition 5.4.8. Let A C ¢] be an ¢1-convex pixelated set. Then p, as given in
Lemma 5.4.7 is a weight measure on A.

Proof. We may harmlessly assume that A is 1-pixelated. The result holds when either
n = 0 or A is a single pixel. So, we may assume inductively that n = 1, that A contains
at least two pixels, and that the result holds for ¢;-convex 1-pixelated sets of smaller
dimension or fewer pixels than A.

Fix a € A. We may assume without loss of generality that at least two of the pixels
in A differ in their last coordinates, that sup,4 bn = 1, and that a belongs to some
pixel of A whose center has negative last coordinate. Write A_ for the union of the
pixels in A whose centers have negative last coordinates, and similarly A-. Thus, a €
A_ and the center of every pixel in A, has last coordinate 1/2. Both A- and A, are /1 -
convex 1-pixelated sets (by Lemma 3.3 of [18]), and A-NA. is a finite union of subpixels
(though need not be pixelated).

We have to show that

/Z(a, b) dpa(b) = 1.

Rn
Since pg = pa, + Ha_ — Ha,na_ and pu_ is a weight measure on A- (by inductive hy-
pothesis), an equivalent statement is that

/ Z(a, b) dp, (b) = / Z(a, b) dpia_oa. (b). (5.15)

Rn Rn

Write 77: R" > R™! for orthogonal projection onto the first (n - 1) coordinates, and
write a’ = (n(a),0) = (aq,...,dn1,0). Then Z(a, b) = Z(a,a)Z(a', b) for b € A,
so (5.15) is equivalent to

[ 2@ D) dua,®) - [ 2@, D) dpa e b

RH RH
We analyze each side in turn. First, A, = (1A+) x [0, 1], so it follows from Proposition
5.3.7 that ps, = pra, ® Uo,1)- Using this and the fact that yjq ;) is a weight measure on
[0, 1], we find that the left-hand side is equal to

/ Z(n(@), ) dpna, (©). (516)

Rn-1

Next, s 4, is supported on R" ! x {0}, and m(A- N A+) = mA-NnA. (by Corollary 2.5
of [18]), which together imply that the right-hand side is equal to

/ 2(n(@), ) ditzn_ o, (©). (5.17)
Rt
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Hence it suffices to show that the integrals (5.16) and (5.17) are equal. Since p,4 =
Mna_ + Una, — Mna_nna,» a0 equivalent statement is that

/ Z((a), ¢) dpna(c) = / 2(n(a), ) dites_ (). (5.18)

Rn-1 Rn-1

But A and mA- are 1-pixelated sets of dimension n — 1, and are ¢;-convex (by Corol-
lary 1.12 of [18]), so our inductive hypothesis implies that y,;4 and ;4 are weight mea-
sures on them. Since 1(a) € mA- C mA, both sides of (5.18) are equal to 1, completing
the proof. O

Our proof of Theorem 5.4.6 rests on the following result:
Proposition 5.4.9. [A| =1, Z’iVlf(A) for all pixelated ¢,-convex sets A C (Y.

Proof. Assume that A is 1-pixelated, and write A as a union an:1 B; of pixels. Also
write W = Y°' , 27'V}; then |B| = W(B) whenever B is a box or the empty set. Proposi-
tions 5.3.6 and 5.4.8 together with the valuation property of W give

Al =pa®) =YD > pp ans, R

k=0 1<jo<+<jrsm
=2 3T |By N By
k=0 1gjo <+ <jrsm
=Sk > W, n---nB;) = W(A),
k=0 1<jo<+<jrsm
as required. O

Proof of Theorem 5.4.6. For part (1), let A C ¢ be a compact ¢;-convex set. For each
A > 0, let A, be the smallest A-pixelated set containing A. Then A, is ¢;-convex (by
Proposition 3.1 of [18]), and A; - A in the Hausdorff metric as A - 0. The result
now follows from Proposition 5.4.9, continuity of the ¢;-intrinsic volumes, and the
monotonicity of magnitude (Proposition 5.3.2).

For (2), let A C ¢} be a compact convex set with O in its interior. Given £ > 0, we
can choose a < 1 such that dy(aA, A) < e. But by convexity, a4 is a subset of the
interior of A, so we can choose A > 0 such that a4, C A. Thus, we have a pixelated
¢1-convex subset B = aA, of A satisfying dy(B, A) < €. Arguing as in part (1) but ap-
proximatipg from the inside rather than the outside, we obtain the opposite inequality
Al = sz(,fq). (Alternatively, use Theorem 5.4.15 below.)

For (3), the only nontrivial case remaining is that of a line segment, which is
straightforward. O
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5.4.3 The Fourier-analytic perspective

In the real line, the study of magnitude is facilitated by the order structure of R; in
¢7 we can exploit the algebraic structure of ¢; products. In general normed spaces
the most obvious special feature is translation-invariance. It will therefore come as
no surprise that Fourier analysis is our key tool in that setting. This approach was
developed in [28] for /5, but with some additional effort we can work not only with
more general norms but with the broader class of p-(quasi)norms for 0 < p < 1.

Let 0 < p < 1. A p-norm on a real vector space V is a function ||:|| : V - R such
that

— |lv|] = O for every v € V, with equality only if v = 0;
— |ltv|]| = |t| ||v|| forevery t € Rand v € V;
= v+ w||? <||v|]P + ||w|P for every v,w € V.

Thus a 1-normed space is simply a normed space. A principal example of a p-normed
space for p < 1is Lp[0, 1] with ||f|| = (fol [FeO[? dx)l/p.

If (V, ||-||) is a p-normed space, then dp(v, w) = ||v — w|]¥ is a metric on V. Con-
versely, if d is any translation-invariant, symmetric, positively homogeneous metric
on a real vector space V, then ||v|| = d(v, 0) defines a p-norm on V, where p € (0, 1] is
the degree of homogeneity of d.

The following classical result, which goes back to Lévy [24] (see also [13, Theorem
6.6]), identifies which finite-dimensional p-normed spaces are positive definite metric
spaces (and hence, by homogeneity, of negative type).

Theorem 5.4.10. LetO < p < 1, let ||-|| be a p-norm onR", and equip R™ with the metric
dp(x,y) = ||x - y|IP. Then (R", dp) is a positive definite metric space if and only if there
isalinearmap T : R" > Lp[0, 1] such that || Tx||, = ||x|| for every x € R".

Theorem 5.4.10 implies in particular that L,[0, 1] and ¢} are positive definite with the
metric dp for 0 < p < 1. We recall from Theorem 5.2.12 that L4[0, 1] and ¢ are also
positive definite, with the usual metric, for 1 < g < 2.

To simplify the statements of results:

For the rest of this section, ||-|| will always denote a p-norm on R" such that (R", d) is a positive
definite metric space.

We will make use of the function Fp : R" > R defined by Fp(x) = e X" and denote by
B = {x € R" | ||x|| = 1} the unit ball of ||-||. For f € L;(R"), we adopt the convention
that the Fourier transform of f is given by f(x) = Janf (y)e 2mxy) gy,

A key observation is that F is the Fourier transform of a p-stable probability dis-
tribution. Proposition 5.4.11 collects some crucial facts which follow from results from
the literature on stable random processes.
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Proposition 5.4.11.
1. There is a constant ¢ > O (depending on the p-norm ||-||) such that 1/7;()() > c(l1+
l1x]|,)"*P)" for every x € R™.
2. For each x € R", f’;(tx) is nonincreasing as a function of t > 0. In particular,
HI?;HM = F,(0) = r(5+1)volB.

Proof. It follows from Theorem 5.4.10 and Bochner’s theorem that I/T; is the density of
a p-stable distribution u on R".

By a theorem of Lévy (see [13, Lemma 6.4]), there is a symmetric measure ¢ on
S™1 such that

P = / 06, 8 do(B);
Snfl

since ||x|| #0 for x #0, the support of ¢ is not contained in any proper subspace of R".
Then o is a positive scalar multiple of the spherical part of the Lévy measure of p (cf.
[31, Section 14]). Since o is symmetric and not supported in a proper subspace of R",
the linear span of its support is all of R", and [38, Theorem 1.1(iii)] then implies the
first claim.

Corollary 4.2 of [9] implies that every symmetric stable distribution on R" is uni-
modal in the sense defined in [9] and hence n-unimodal in the sense defined in [29]
(see discussion on p. 80 and p. 84 of [9]). The second claim then follows from [29,
Theorem 6]. O

Asin section 5.3.1, for a finite set B C R and w € RE, we write fu(x) = > pe WpFp(x—
b). Recall that the RKHS J of the metric space (R", dp) is the completion of the span
of such functions f, with respect to the norm given by

Z Wy e2ni (x,b)

beB

vl = 32 wawsFyla=b) - [ B

a,beB Rn

2
dx =R[I/7;1(X) ‘f;v(x)‘z dx.

Observe that the Fourier inversion theorem may be used here since 1/3; is the density
of a random variable, hence integrable.
From here, standard arguments imply the following.

Proposition 5.4.12. The RKHS of (R", dp) is
n 1 T 2
5= f e LR /T(f(x)\ dx<oo b,
i Fp(X)

with norm given by

13 = [ = JFoo] a.
4

p(X)

The Schwartz space S(R™) is contained in J.
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The dual space of K is naturally identified with the space of tempered distributions

{¢ 8@

a el, (f’;(x) dx)} .

Thus weightings for compact subsets of (R", d) can be identified as tempered distri-
butions satisfying a weak smoothness condition, although we will not make use of this
fact here. Note that, since f’; isintegrable, this space of distributions includes all finite
signed measures on R", so that weight measures fit gracefully into this perspective.

This concrete identification of the RKHS of (R", dp), together with Proposition
5.4.11, make it possible to use Fourier analysis to prove a number of nice properties
of magnitude in these spaces, including the following fundamental fact.

Proposition 5.4.13. Let A C (R", dp) be compact. Then

__ VoA 4|<ee.
F(§+1)v013

Proof. By Proposition 5.4.12, H contains functions which are uniformly equal to 1 on
A, so the finiteness follows from Theorem 5.3.5.

For the lower bound, let h be the potential function of A. By Theorem 5.3.5, Propo-
sition 5.4.12, Proposition 5.4.11(2), and Plancherel’s theorem,

I3 Ih3 . vola

— 2 =
A= 115> For D) vol B = I+ D vol® ~ (T + Dvol B .

The finiteness statement in Proposition 5.4.13 was proved in Theorem 3.4.8 and Propo-
sition 3.5.3 of [19] for ¢} and ¢5, and in somewhat greater generality in [27, Theorem
4.3]. The lower bound was proved in [19, Theorem 3.5.6] for p = 1 and [27, Theorem
4.5] for the general case.>! The proof here follows the approach used in [28] for /% (see
Proposition 5.6 and the remarks following Corollary 5.3 there).

We now consider the behavior of magnitude functions in (R", dy). We must be
careful about a subtle notational issue when p < 1. Recall that for a metric space (4, d)
and t > 0, we denote by tA the metric space (4, td), which in the present context is
different from the usual interpretation of tA. Therefore we will introduce the notation
t-A={ta|aecA}for A C R" Notthat when A C R" is equipped with the metric
dp(x,y) = ||x - y||P associated to a p-norm, the metric space tA is isometric to the set
t'/P . A C R" equipped with dp.

The next result shows that magnitude knows about volume in all finite-
dimensional positive definite p-normed spaces. This generalizes [3, Theorem 1] for
Euclidean space /5.

5.1 Theorem 4.5 in the published version of [27] is misstated in the case p < 1; see the current arXiv
version for a correct statement.
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Theorem 5.4.14. If A C (R", dp) is compact, then

lim leA]_ lim Al _ vol A
tSoo P 300 N r(g+1) vol B~

Proof. Proposition 5.4.13 implies that

vol(t-A4) t"vol A

[t-Al 2 — = _—
F(ﬁ +1)vol B F(E +1)vol B

for every t > 0. Now suppose that h € 3 satisfies h = 1 on A, and let h¢(x) = h(x/t).
Then by Theorem 5.3.5 and Proposition 5.4.12,

. ~ 2
|ttnA‘ < /Al ‘ht(x)‘ dx =
fn Fp(x)

—~ 2
——— |n dx. 5.19
J Fp(x/t)( (X)( X (5.19)

Proposition 5.4.11(2), the monotone convergence theorem, and Plancherel’s theorem
imply that
~ 2 2
lim Al ‘h(x)‘ dx=n||¢.
f"”Rn Fp(x/t) F(E +1)vol B

By Theorem 5.4.12, there exist functions h € H with h = 1 on A such that ||h\|§ is
arbitrarily close to vol A (cf. the proof of [3, Theorem 1]), which completes the proof.
O

The next theorem is the major known continuity result (as opposed to mere
semicontinuity) for magnitude.

Theorem 5.4.15. Denote by K the class of nonempty compact subsets of R", equipped
with the Hausdorff metric dy induced by dp, and suppose that A € Xy is star-shaped
with respect to some point in its interior. Then magnitude, as a function X, -> R, is
continuous at A.

Proof. By Proposition 5.3.1, we only need to show that magnitude is upper semicontin-
uous at A. Letting h be the potential function of A, (5.19) and Proposition 5.4.12 imply
that |t - A| < t" |A| for t = 1. By translation-invariance, we may assume that A is star-
shaped about 0 and r1/P . B C Aforsomer > 0. Now if B € X, and dg(A, B) < &,

then y
BCA+e'P.BC (1+(§) p) A,

and so |B| < (1 + (%)1/ P )" |A|. Thus magnitude is upper semicontinuous at A. O

The family of sets A in Theorem 5.4.15 is slightly larger than what are sometimes
called “star bodies”, and of course includes all convex bodies. It is unknown, how-
ever, whether magnitude is continuous when restricted to compact convex sets which
are not required to have nonempty interior.
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The final result in this section shows that, in positive definite p-normed spaces,
magnitude can be computed from potential functions simply by integrating, as op-
posed to computing the (more complicated) H-norm.

Theorem 5.4.16. Let A C (R", dp) be compact, and suppose that the potential function
h € 3 of A is integrable. Then

1
|A\=7/h(x) dx.
r'(%+1)volB
(5+1)vo J

Proof. Fix an even function f ¢ §(R") with f = 1 on some open neighborhood of the
origin. Set fi.(x) = f(x/k) and ¢ =fk/Fp for k € N. Then ¢, € L1(R"™) and

—~ 1 ~
< — dx < oo
| @] < el - [ 5 (X/k) [Fo0] ax /F,,(x) x <
by Proposition 5.4.11(2). Furthermore, for every x € R",
o0 o [zt fO) 4w [ FO) o fO) 1
i) /e Fp(y/k) Y Fp(O) dy = r(5+1)volB F( +1)vol B

]Rn
by the dominated convergence theorem.
By the last part of Theorem 5.3.5, for sufficiently large k,

A = (R, fi)oc / RO b0 dx = / hOP0)

by Parseval’s identity, and the claim now follows by the dominated convergence the-
orem. O

5.4.4 Magnitude in Euclidean space

Finally, we specialize the tools of section 5.4.3 to the setting of Euclidean space /3,
where they become even more powerful, allowing one to prove much more refined
results about continuity, asymptotics, and exact values of magnitude than in more
general normed spaces.
We will write simply F(x) = e”I¥l2, and let B} = {x € R" | |x|, < R}. In this
setting we have the explicit formula
=~ nlwn
00 = S
(1 + 4m2 ||x||5)n+D/2

where wy = vol,(BY) (see [37, Theorem 1.14]). This implies that the RKHS K for ¢5 is
the classical Sobolev space

(5.20)

HOOREn = e L@ | [@ear? 30 oo dr <ot
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and that [|f|[3¢ = g, Iz
A first application of this observation is the following, proved for ¢5 in [28, Corol-
lary 5.5].

Theorem 5.4.17. If A is a compact subset of ¢] or ¢35, then the magnitude function t —
[tA] is continuous on (0, o).

Sketch of proof. For ¢4, using (5.20) one can show that [tA| > } |A| for ¢ > 1, along the
lines of (5.19). For 41, if we let G(x) = e lxlly = H{':l e 1%l then the n = 1 case of (5.20)
implies that

n
-~ 2
G = H 1+ 4m2x?’
i=1 i

and a similar argument yields that |tA| = t ™ |A| for t = 1.
In either case, (5.19) shows that |tA| < t" |A|. Together, these estimates imply that

the magnitude function of A is continuous on (0, oo); see Theorem 5.4 and Corollary
5.5 of [28]. O

The most significant consequence of (5.20) is that when n is odd, 1/ Fis the symbol of
a differential operator on R". In particular, when f : R" - R is smooth,

2 = / OO - D2 (x) dx, (5.21)
Rn

where I is the identity operator and A is the Laplacian on R". This opens the door to
using differential equations techniques to study magnitude. A first application is the
proof of the following result.

Theorem 5.4.18 ([3, Theorem 1]). IfA C (5 is compact, then lim;sq+ [tA| = 1.

Sketch of proof. By Proposition 5.3.2, it suffices to show that lim supg_- Bﬁ] < 1;it
further suffices, by embedding /5 in 63"1 if necessary, to assume that n is odd. For
0 < R < 1 we can choose smooth functions f such that

1 if ||x||, < R,
eRe Xl if ||x|, = VR

and the derivatives of fx are sufficiently small for R < ||x||, < VR that, using (5.21),

2 2
IfR | ez = follgmen + 0(1) = nlwn + o(1)

when R - 0; see the proof of [3, Theorem 1]. By Theorem 5.3.5, this completes the
proof. O

Together with Theorem 5.4.17, this shows that the magnitude function of a compact
A C /3 is continuous on [0, o). Recall that this result is false for general metric spaces
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A of negative type [19, Example 2.2.8], but it does also hold for A C ¢} (Proposi-
tion 5.4.4). A monotone convergence argument would prove the same result in a p-
normed space if sup,, FAp x)/ 1/:; (2x) < oo,

More significantly, we obtain the following conditions on the potential function of
a compact set A C ¢35, which provide the starting point for the only known approach
for explicit computation of magnitude for a convex body in /5 when n > 1. This result
follows by considering the Euler-Lagrange equation of the minimization problem in
Theorem 5.3.5, and applying elliptic regularity.

Theorem 5.4.19 (Proposition 5.7 and Corollary 5.8 of [28]). Suppose that n is odd and
A C ¢5 is compact. Then the potential function h of A is C* onR" \ A, and satisfies

(I-2)" D20 =0 (5.22)

onR"\ A.

To indicate the usefulness of this observation, we show how Theorem 5.4.19 can be
used to quickly compute the magnitude of an interval in [a, b] C R. By Theorem 5.4.19,
the potential function h satisfies h — h” = 0 outside [a, b]. The boundary conditions
h(x) = 1 for a < x < b and h(x) > 0 when |x| > oo (since h ¢ H*(R")) imply that

4 jfx<a,

e
h(x)=<1 ifas<x<b,

e’ ifx > b.
Then by Theorem 5.4.16,

Hmb”=%/ﬁuuu=1+b;ﬂ
R

in agreement with (5.7). A more involved, but still elementary computation yields an-
other proof of Corollary 5.4.3.

For higher dimensions, Barcel6 and Carbery [3] analyzed the minimization prob-
lem in more depth, and proved the following result using standard techniques of the
theory of partial differential equations.

Proposition 5.4.20 (See Proposition 2 and Lemma 4 of [3]). Suppose that n and m are
positive integers, and A C R" is a convex body.
1. There is a unique function f € H™(R™) such that

I-A™f(x)=00nR"\ A

weakly and f = 1 on A.
2. If 0A is piecewise C! and f € H™(R"), then all derivatives of f up to order m — 1
vanish on 0A (in the sense of traces of Sobolev functions).



188 —— T. Leinster and M. Meckes

Together with Theorems 5.4.16 and 5.4.19, Proposition 5.4.20 reduces the computation
of magnitudes (in many cases) to the solution of a PDE boundary value problem. In
general, of course, solving a PDE boundary value problem is no simple matter. But
in the case that A = B}, is a Euclidean ball, rotational symmetry reduces the partial
differential equation to an ordinary differential equation on [R, o), albeit of high de-
gree. Barceld and Carbery gave an algorithm for solving the resulting ODE boundary
value problem, and hence determining the potential function h of By, for every odd
dimension n and radius R > 0. From there, Theorem 5.4.16 can be used to compute the
magnitude Bj. (In [3] the magnitude was found by computing ||h Hf{(m),z using (5.21),
since Theorem 5.4.16 had not yet been proved; Theorem 5.4.16 makes the computation
much simpler.) This approach yields the following.

Theorem 5.4.21 (Theorems 2, 3, and 4 of [3]). ForeveryR > 0,
‘3,%‘ —1+2R+R*+ %R3

and 2 3 4, ps
)B§‘=24+72R +35R>+9R*+R +LR5.
8(R+3) 120
Ingeneral, when nis odd, the magnitude | B} | is a rational function of R > O with rational

coefficients.

Barcel6 and Carbery also give an explicit formula for {3173|. We recall that they also
determined the asymptotics of | B} | when R > 0 and R > oo in [3, Theorem 1], stated
above in Theorems 5.4.18 and 5.4.14. To date, odd-dimensional balls are the only con-
vex bodies in Euclidean space whose exact magnitudes are known.

It was previously conjectured in [23] that for a compact convex set A C ¢5,

n

Vi(4)
Al = L .
A Z P (5.23)
i=0
where Vy, ..., V, denotes the classical intrinsic volumes. Theorem 5.4.21 implies that

(5.23) holds for balls in ¢3, but is false in dimensions n = 5.

To put this conjecture in context, observe that (5.23) is a Euclidean version of Con-
jecture 5.4.5in ¢7. Note that 2' = ilw; , where w; denotes the volume of the unit ball in
é’i, tightening the analogy between (5.23) and Conjecture 5.4.5. At the time that (5.23)
was proposed, it was known to hold for n = 1, and was supported by numerical com-
putations in n = 2 [40]. Furthermore, some cases of Conjecture 5.4.5 in ¢7 (contained
in Theorem 5.4.6) were known to be true.

Several interesting questions remain open, most obviously whether (5.23) holds
for n < 4. Noting that (5.23) is equivalent to

n
Vi(4) ;
tA] =" i;wi t, (5.24)
i=0
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Proposition 5.4.13 and Theorem 5.4.14 say that (5.24) is true to top order for sets of
positive volume when t - oo, and Theorem 5.4.18 shows that (5.23) predicts the cor-
rect behavior when t > 0. One could ask whether (5.24) is approximately true in
some sharper asymptotic senses. Note that Theorem 5.3.11 is a Riemannian analogue
of a weak asymptotic version of (5.24). Barcel6 and Carbery also raise the question of
whether (5.23) holds if magnitude is replaced by a suitable modification which coin-
cides with magnitude in ¢5 for n < 3. We mention another related question in section
5.5.

The final major consequence of the concrete identification of H for Euclidean
space is the realization that magnitude and maximum diversity, in the setting of /3, are
actually classical notions of capacity, well-known in potential theory. The formal sim-
ilarity between magnitude and maximum diversity on the one hand, and capacity on
the other, is clear from the definitions (cf. section 1.1 of [3]). But in ¢, magnitude and
maximum diversity almost precisely reproduce classically studied forms of capacity.

Specifically, (5.20) and [1, Theorem 2.2.7] imply that for a compact set A C ¢5,
|A], = 75~ Cine1)/2(A), where

Ca(A) o= inf { f|

fesSm®M, f= 1onA},

is the Bessel capacity of A of order a. An alternative notion of capacity, which natu-
rally arises in the study of removability of singularities (see [1, Section 2.7]), is

Na(4) := inf { |f I

f e 8MR"), f =1 onaneighborhood ofA} .

By Theorem 5.3.5, |A| < - Nins1)/2(A). In fact one would expect [A| = =Ny, 1)/,(A);
this appears not to be the case for arbitrary compact A, but happily the comparison
we have will be enough for our purpose.

Before moving on, we pause to observe that, although we have just seen that mag-
nitude and its cousin maximum diversity fit into classical families of capacities, they
both just fail to fit into the parameter range which is of relevance for classical appli-
cations. As alluded to above, capacities are frequently used to quantify “exceptional”
sets; sets of capacity O are a frequent substitute for sets of measure 0 when study-
ing singularities. However, Co(A) and Nx(A) are bounded below by positive constants
whenever a > n/2. So from the point of view of classical potential theory, magni-
tude and maximum diversity are rather pathological. Nevertheless, the following re-
sult from potential theory, whose main classical application is to show that C4(4) = 0
if and only if N4(A) = 0, also applies in our setting.

Proposition 5.4.22 ([1, Theorem 3.3.4]). For each n and each a > O there is a constant
Kn,a 2 1 such that, for every compact set A C (5,

Ca(A) < Ny(4) < xn,aCalA).
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Corollary 5.4.23 ([28, Corollary 6.2]). For each n there is a constant kn > 1 such that,
for every compact set A C 05,

4], <1A] < Kkn |A] .

The significance of Corollary 5.4.23 is that, although maximum diversity is no easier to
compute explicitly than magnitude, in some ways its rough behavior is easier to ana-
lyze. For example, it is natural to conjecture that the magnitude function ¢ — |tA|is
increasing for a compact space A of negative type. It is unknown whether this is true.
On the other hand, itis obvious that ¢ — |tA|, is increasing, and Corollary 5.4.23 there-
fore implies that the magnitude function of a compact set A C /3 is at least bounded
above and below by constant multiples of an increasing function.

A more substantial consequence of Corollary 5.4.23 is the following result, which,
like Theorem 5.4.14, shows that the category-theoretically inspired notion of magni-
tude turns out to encode quantities of fundamental importance in geometry.

Theorem 5.4.24 ([28, Corollary 7.4]). If A C ¢35 is compact, then

log |tA]
>~ logt

= dimMink A.

Theorem 5.4.24, which should be interpreted in the same sense as Proposition 5.3.14,
follows immediately from Proposition 5.3.14 and Corollary 5.4.23. Another interesting
aspect of this result is that, as noted above, classically Proposition 5.4.22 is of inter-
est primarily for sets of capacity O, or more generally for small sets; here it is instead
applied to large sets.

5.5 Open problems

There are many interesting open problems about magnitude. These include extend-
ing partial results discussed above, as well as some quite basic questions about the
behavior of magnitude. We mention several of them below.

1. Does every compact positive definite space (or space of negative type) have finite
magnitude?
Proposition 5.4.13 implies that every compact subset of a finite dimensional posi-
tive definite normed (or p-normed) space has finite magnitude, so that the obvious
place to look for a counterexample is in infinite dimensions. Essentially the only
infinite-dimensional spaces whose magnitudes are known are boxes in ¢;, which
just miss being a counterexample:

H[O’ ri]

i=1

()

i=1
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The condition ||r||; < oo, which both guarantees that this infinite-dimensional box
lies in ¢, and is compact, is also equivalent to the finiteness of the product on the
right-hand side.

Is magnitude continuous on the class of compact sets in a positive definite normed
(or p-normed) space? What if we assume the space is finite-dimensional, or we
restrict to geodesic sets, or convex sets?

Recall that magnitude is continuous on convex bodies in a finite-dimensional pos-
itive definite p-normed space (Theorem 5.4.15), but is not continuous on the class
of compact spaces of negative type (Examples 2.2.8 and 2.4.9 of [19]).

Is Conjecture 5.4.5 true? Is it at least true for compact convex sets A C ¢]?

In light of Theorem 5.4.6, Conjecture 5.4.5 is equivalent to the continuity of mag-
nitude on compact, geodesic (i.e., £1-convex) sets in ¢]. Similarly, if magnitude is
continuous on compact convex sets in ¢7, then Theorem 5.4.6 would imply that
Conjecture 5.4.5 holds for compact convex sets.

Does the magnitude function of a convex body A C ¢5 determine its intrinsic vol-
umes? What about a homogeneous compact Riemannian manifold?

Does it hold that

|t(A U B)| + |t(A N B)| - [tA| - |tB| > O

as t - oo for compact, convex sets A, B C ¢5 (or in more general normed spaces)
such that A U B is convex?

For convex bodies in ¢7, the left-hand side of the above is O for every t, as a con-
sequence of Theorem 5.4.6; the same would be true in ¢3 if (5.23) were true.

Does Theorem 5.4.24 hold for arbitrary compact spaces of negative type?
Theorem 5.4.24 applies to compact subsets of £5. As mentioned earlier, Proposition
7.5 of [28] shows that the conclusion of Theorem 5.4.24 also holds for compact ho-
mogeneous metric spaces. In addition, Theorem 5.4.14 implies that the conclusion
of Theorem 5.4.24 holds for compact subsets of positive n-dimensional volume in
an n-dimensional positive definite p-normed space; hence it holds, for example,
for compact convex sets in any positive definite p-normed space.
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Christian Léonard
On the convexity of the entropy along entropic
interpolations

Introduction

Displacement convexity of relative entropy plays a crucial role in the Lott-Sturm-
Villani (LSV) theory of curvature lower bounds of metric measure spaces [31, 41, 42, 44]
and the related Ambrosio-Gigli-Savaré gradient flow approach [1, 2].

Let us explain shortly what is meant by displacement convexity of the relative en-
tropy. Let (X, d, m) be a metric measure space and P(X) denote the space of all Borel
probability measures on X. The distance d is the basic ingredient to construct the dis-
placement interpolations and the positive measure m is used as the relative entropy
reference measure, defined by H(u|m) := [, log(du/dm) du € (oo, o], u € P(X). Dis-
placement convexity means that along any displacement interpolation [uq, p;]4 =
(U¢)os<t<1 between two probability measures pg and u;, the entropy

H(t) :== H(u¢jm), Osts<1

of the interpolation as a function of time admits some convexity lower bound.

Let us recall briefly what displacement interpolations are. The Wasserstein pseudo-
distance W, is the square root of the optimal quadratic transport cost between ug
and u; € P(X) given by W3(uo, p1) := infy fxz d? dm where the infimum is taken
over all the couplings 1 € P(X?) of Uo and p;. It becomes a distance on the subset
P,(X) of all u € P(X) such that [, d?(xo, x) u(dx) < oo, for some x, € X. Displace-
ment interpolations are the geodesics of the metric space (P,(X), W>). They were in-
troduced in McCann’s PhD thesis [33] together with the notion of displacement convex-
ity of the entropy. Related convex inequalities turn out to be functional and geometric
inequalities (Brunn-Minkowski, Prekopa-Leindler, Borell-Brascamp-Lieb, logarithmic
Sobolev, Talagrand inequalities), see [12, 34].

As a typical result, it is known [12, 38, 43] that a Riemannian manifold has a nonneg-
ative Ricci curvature if and only if t — H(u¢|vol) is convex along any displacement
interpolation (M¢)o<t<1 -

An important hypothesis of the LSV theory is that the metric space is geodesic.
This rules discrete spaces out. Something new must be found to develop an analogue
of this theory in the discrete setting. Several attempts in this direction were proposed
recently. Maas and Mielke [18, 19, 32, 35, 36] have discovered a Riemannian distance
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on the set of probability measures such that the evolution of continuous-time Markov
chains on a graph are gradient flows of some entropy with respect to this distance.
Bonciocat and Sturm in [7] and Gozlan, Roberto, Samson and Tetali in [23] proposed
two different types of interpolations on the set of probability measures on a discrete
metric measure graph which play the role of displacement interpolations in the LSV
theory. The author recently proposed in [29] a general procedure for constructing dis-
placement interpolations on graphs by slowing down another type of interpolation,
called entropic interpolation.

Entropic interpolations are the main actors of the present paper. Analogously
to the displacement interpolations which solve dynamical transport problems, they
solve dynamical entropy minimization problems. Although related to the purpose of
this article, [29] is mainly concerned with the slowing down asymptotic to build dis-
placement — rather than entropic — interpolations. Displacement interpolations are
connected to optimal transport, while entropic interpolations are connected to mini-
mal entropy.

In this article, we consider the entropic interpolations in their own right, without
slowing down. The goal remains the same: studying convexity of the entropy along
these interpolations to derive curvature lower bounds of some Markov generators and
state spaces. Our main result states that along any entropic interpolation [ug, 1] =
(U¢)ost<1 between two probability measures pg and 1, the first and second derivatives
of the relative entropy H(t) := H(u¢|m) of u; with respect to some reference measure
m can be written as

H () - /'(8¢t—5¢t)dut, H'(¢) - /(6z¢t+5z¢odut. 61)
X X

The arrows on O and O, are related to the forward and backward directions of time.
The functions ¢ and 1 depend on the endpoints yy and p;, but the nonlinear op-
erators 6, ©, ©, and O, only depend on some reference m-stationary Markov pro-
cess. For instance, when this process is the Brownian diffusion with generator L =
(A -VV-V)/2 on a Riemannian manifold with m = e~ vol its reversing measure, we
show that

6=-=0=r/2, 6,=0,=I,/2 6.2)

are respectively half the carré du champ I'u := L(u?) - 2uLu and the iterated carré du
champ Iu := LTu - 2I'(u, Lu) which were introduced by Bakry and Emery in their
article [5] on hypercontractive diffusion processes. In the discrete case, these opera-
tors are not linked to I and I, anymore but they depend on L in a different manner,
see (6.16) and (6.17). In the Riemannian case, I'; is related to the Ricci curvature via
Bochner’s formula (6.34). This is the main connection between geometry and displace-
ment convexity. Because of the tight relation (6.2) between (6, ©,) and (I', I';) in the
Riemannian case, it is natural to expect that (@, ©,) has also some geometric content
in the discrete case. Does it allow for an efficient definition of curvature of graphs? This
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question is left open in the present paper. However, based on 0 and 0,, we give a uni-
fied proof of the logarithmic Sobolev inequality on manifolds and a modified version
on graphs. This is a clue in favor of the relevance of the entropic interpolations.

An advantage of the entropic calculus, compared to its displacement analogue, is
that entropic interpolations are regular in general. This is in contrast with displace-
ment interpolations. Otto’s informal calculus provides heuristics that need to be rig-
orously proved by means of alternate methods on the other hand, entropic interpo-
lations allow for a direct rigorous calculus. As a matter of fact, it is proved in [26, 29]
that displacement interpolations are semiclassical limits of entropic interpolations:
entropic interpolations are regular approximations of displacement interpolations.

The entropic approach is not only available for reversible reference Markov dy-
namics, but also for stationary dynamics (in the reversible case, the time arrows on ©
and 6, disappear).

The article’s point of view is probabilistic. Its basic ingredients are measures
on path spaces: typically, Brownian diffusions on manifolds and random walks on
graphs. The Markov property plays a crucial role and we take advantage of its time
symmetry. Recall that it states that conditionally on the knowledge of the present
state, past and future events are independent. In particular, a time-reversed Markov
process is still Markov. Time-reversal stands in the core of our approach (even when
the reference stochastic process is assumed to be reversible); it explains the forward
and backward arrows on O and 0,. In contrast with analytic approaches, very few
probabilistic attempts have been implemented to explore geometric and functional
inequalities. In this respect, let us cite the contributions of Cattiaux [10] and Fontbona
and Jourdain [22] where stochastic calculus is central. In the present article, stochas-
tic calculus is secondary. The symmetry of the Markov property allows us to proceed
with basic measure theoretical technics.

The drawback of the entropic interpolations in the discrete setting is that the sec-
ond derivative of the entropy along the interpolations is difficult to handle in practice,
see Proposition 6.4.4 for instance. As a consequence, no specific examples based on
random walks on graphs are treated in the present article. There is still some (hard)
work to do to proceed in this direction.

Outline of the chapter

The article is organized as follows. Entropic interpolations are discussed in Section
6.1. In particular, we describe their dynamics. This allows us to write their equation of
motion and derive our main abstract result (6.1) in Section 6.2. This abstract result is
exemplified with Brownian diffusion processes in Section 6.3 and random walks on a
countable graph in Section 6.4. A unified proof of an entropy-entropy production in-
equality (logarithmic Sobolev inequality), in both the Riemannian and discrete graph
settings, is given in Section 6.5 in connection with convergence to equilibrium. The sta-
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tionary non-reversible case is investigated. In Section 6.6, we propose heuristics based
on thought experiments in order to grasp the link between entropic and displacement
interpolations. Finally, we address several open questions related to curvature and
entropic interpolations, keeping in mind the LSV theory of geodesic measure spaces
as a guideline. This article is a preliminary step and these open questions should be
seen as part of a program toward an analogue of the LSV theory that is available in a
discrete setting.

Notation

For any measurable space Y, we denote by P(Y) and M.(Y) the sets of all probabil-
ity measures and positive measures on Y. Let Q = D([0, 1], X) be the space of all
right-continuous and left-limited paths from the time interval [0, 1] taking their val-
ues in a Polish state space X endowed with its Borel o-field. The canonical process
X = (X¢)o<t<1 is defined by X¢(w) = w; € XforallO < ¢t < 1 and w = (w¢)o<t<1 € Q.
As usual, Q is endowed with the canonical o-field o(X;, 0 < t < 1) generated by the
canonical processé'l. For any 7 C [0, 1] and any positive measure Q on 2, we denote
X3 = Xt)er, Q7 = (X7)2Q, 0(X7) is the o-field generated by Xy. In particular, for
each t € [0, 1], Q¢ = (Xp)#Q € M.(X) and Qo; = (Xo, X1)4Q € M. (X?).

6.1 Entropic interpolation

Entropic interpolations are defined and their equations of motion are derived. The con-
tinuous and discrete space cases are both imbedded in the same abstract setting. This
prepares the next section where the first and second derivatives of H(t) := H(pu¢|m) are
calculated.

(f, g)-transform of a Markov process

The h-transform of a Markov process was introduced by Doob [16] in 1957. It is revisited
and slightly extended in two directions:

1. We consider a two-sided version of the h-transform, which we call (f, g)-
transform, taking advantage of the invariance of the Markov property with respect
to time reversal;

6.1 The canonical process is the standard naming by probabilists of the evaluation process of the
analysts. The usual Skorokhod topology of the path space is useless in this article; only its measurable
structure is used.
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2. We extend the notion of Markov property to unbounded positive measures on Q,
having in mind two typical examples:
— The reversible Wiener process on R", i.e. the law of the Brownian motion with
Lebesgue measure as its initial law;
— The reversible simple random walk on a countable locally finite graph.

Assumptions on R

We specify some R € M.(Q) which we call the reference path measure and we assume
that it is Markov and m-stationary6'2 where m € M. (X) is a o-finite positive measure
on X. See Definitions .0.4 and .0.7 at the appendix 6.6.

Definition 6.1.1 ((f, g)-transform). Let fo,g1 : X > [0, o) be two nonnegative func-
tions such that fo € LP(m)and g, € Lp*(m) withp,p” € [1,00land 1/p+1/p* = 1. The
(f, g)-transform P ¢ P(Q) of R associated with the couple of functions (fy, g1) is defined
by

P := fo(Xo)g1(X1) R € P(Q) (6.3)

with |, 2 fo()g1(y) Ro1(dxdy) = 1 for P to be a probability measure.

Note that fo(Xo)g1(X1) € LY(R). Indeed, denoting F = fy(Xo) and G = g;1(X1), we
see with Ro = Ry = m that ||F||pz) = [Ifollzogmys 1G]l gy = 1811l (my@nd ER(FG) <
IFllplIGllp = llfollpllg1llp < oo

Remarks 6.1.2. Let us write some easy facts about (f, g)-transforms and h-transforms.

(a) Taking fo = po and g, = 1 gives us P = po(Xo)R which is the path measure with
initial marginal uy = po m € P(X) and the same forward Markov dynamics as R.

(b) Symmetrically, choosing fo = 1 and g1 = p; corresponds to P = p1(X1)R which is
the path measure with final marginal u; = p; m € P(X) and the same backward
Markov dynamics as R.

(c) Doob’s h-transformis an extension of item (b). It is defined by P = h(Xr) Ry ;] where
T is a stopping time and h is such that P is a probability measure.

Let us denote the backward and forward Markov transition kernels of R by

{?(s,at,z) RXse-|X; =2), Oss<t<l,

RXye-|Xt=2), Ostsus<l,

Tt zu, )

6.2 This stationarity assumption is not necessary and one could replace m by R; everywhere. It simply
makes things more readable and shortens some computations.
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and for m-almost all z € X,

fl(z) = ER(fO(XO) | X[ =Z) = foO(X) <7(0’ dX; t’Z) (64)
82 = Er@i(X)|Xe=2) = [y T(tz1,d0)g0).
The relation between (fy, g1) and the endpoint marginals ug, y; € P(X) is

po = fo8o, m-ae.

(6.5)
p1 = fi81, m-ae.

where the density functions pg and p; are defined by Z o= Z 0 : . The system

1 = 1

of equations (6.5) was exhibited by Schrédinger in 1931 [39] in connection with the
entropy minimization problem (Sgy,) below.

Entropic interpolation

Let us introduce the main notion of this article.

Definition 6.1.3 (Entropic interpolation). Let P ¢ P(Q) be the (f, g)-transform of R
given by (6.3). Its flow of marginal measures

Ue:i=XpsP e P(X), Osts1,
is called the R-entropic interpolation between ug and u; in P(X) and is denoted by
(Mo, }ll]R = (Ht)te[0,1]-
When the context is clear, we simply write (g, i1], dropping the superscript R.

Next theorem tells us that u; is absolutely continuous with respect to the reference
measure m on X. We denote by

pt:=du¢/dm, O0=<ts<1,

its density with respect to m.
Identities (6.5) extend to all O < t < 1 as next result shows.

Theorem 6.1.4. Let P € P(Q) be the (f, g)-transform of R given by (6.3). Then, P is
Markov and forall 0 < t < 1, p¢ = pr m with

pe = ftg, m-ae. (6.6)
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Proof. Without getting into detail, the proof works as follows. As m = Ry,

dp,

pt(z) := 4R,

(2) = Eg [%Wf = Z} = Eg [fo(Xo0)g1(X1)|X; = 2]
= Eg [fo(Xo)|X¢ = z] Eg [81(X1)|X; = 2] =: fig:(2).

The Markov property of R at the last but one equality is essential in this proof. For
more detail, see [28, Thm. 3.4]. O

With (6.6), we see that an equivalent analytical definition of [ug, u1]® is as follows.

Theorem 6.1.5. The entropic interpolation [ug, u1]® satisfies p; = pe m with

pe(z) = /fo(x) (0, dx; t, z)/?(t, z;1,dy)g1(y), form-ae.zcX, 6.7)
X X

foreach0 <t < 1.

Marginal flows of bridges are (possibly degenerate) entropic interpolations

Let us have a look at the R-entropic interpolation between the Dirac measures 6x and
y.

(@) When Ro1(x,y) > 0, [8x, 6y]R is the time marginal flow (RY)o<t<1 of the bridge
ny(') = R('|X0=X’X1 =Y), X’yEX'

Indeed, taking po = 6x and p; = 8y, a solution (fo, g1) of (6.5) is fo = 1x/Ro1(x, y)
and g1 = 1,. It follows that the corresponding (f, g)-transform is fo(Xo)g1(X1) R =
Ro1 (6, ¥) M x,ox,x,y} R=RY.

(b) When Rg1(x,y) = 0, [6x, 6y]R is undefined. Indeed, Definition 6.1.3 implies that
Mo, M1 < m. Let us take the sequences of functions f§ = c;llB(X’l/n) and
81 = 1py,1/n With B(x, r) the open ball centered at x with radius r and c» =
Ro1(B(x, 1/n) x B(y, 1/n)) > 0 the normalizing constant which is assumed to be
positive for all n > 1. The corresponding (f, g)-transform of R is the conditioned
probability measure P" = R(- | Xy € B(x, 1/n), X1 € B(y, 1/n)) which converges
as n tends to infinity to the bridge R under some assumptions, see [11] for in-
stance. As a natural extension, one can see [y, 6y]R as the time marginal flow
t — R} of the bridge RV

(c) When the transition kernels are absolutely continuous with respect to m, i.e.
Tt z1, dy) = Tt z1, y)m(dy), for all (t,z) € [0,1) x X and 7(0,dx;t,z) =
(0, x;t,z) m(dx), for all (t,z) € (0,1] x X, then the density functions are
equal: 7 = 7 := r. This comes from the m-stationarity of R since R((X;, Xy) €
dzdz) = R(X; € dOR(X, € dZ | X, = 2) = md2)7(t,zt,2)m(dz)
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and similarly R(X;, X;) € dzdz) = R(X, € dz)R(X; € dz | X, = 2) =
m(dz) T (t, z; ¢, z2)m(dz). Now, (6.7) extends as

dr}Y () = 10, x;t, 2)r(t, z; 1, y)
dm r(0,x;1,y)

, O<t<1.

(d) Note that in general, for any intermediate time O < t < 1, R’t‘y is not a Dirac mass.
This is in contrast with the standard displacement interpolation [8y, 8,]9P whose
typical formis § . where v is the constant speed geodesic between x and y when
this geodesic is unique.

Any entropic interpolation is a mixture of marginal flows of bridges. This is ex-
pressed in (6.63). For a proof, see [28].

Schrédinger problem

The notion of entropic interpolation is related to the entropy minimization problem
(Sayn) below. In order to state this problem properly, let us first recall an informal def-
inition of the relative entropy

H(p|r) := /log(dp/dr) dp € (—oo, oo]

of the probability measure p with respect to the reference o-finite measure r; see ap-
pendix 6.6 for further detail. The dynamical Schrédinger problem associated with the
reference path measure R € M. (Q) is

H(PR)> min; P eP(Q): Py = po, P1 = . (Sayn)

It consists of minimizing the relative entropy H(P|R) of the path probability measure
P with respect to the reference path measure R subject to the constraints Py = pg and
P1 = puy where po, u1 € P(X) are prescribed initial and final marginals.

We shall need a little bit more than fy, g, € L%(m) what follows. The following set
of assumptions implies that some relative entropies are finite, and will be invoked in
Theorem 6.1.7 below.

Assumptions 6.1.6. In addition to fy, g1 € L?>(m) and the normalization condition
Jx2 fo()g1(y) Ro1(dxdy) = 1, the functions fo and g, entering the definition of the (f, g)-
transform P of R given in (6.3) satisfy

/ [log. fo(x) + log, g1()]fo(x)g1(y) Ro1(dxdy) < oo, 6.8)
XZ

wherelog, h := 1,1y log h, and as a convention 0log 0 = 0.
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Theorem 6.1.7. Under the Assumptions 6.1.6, the (f, g)-transform P of R which is de-
fined in (6.3) is the unique solution of (den) where the prescribed constraints py = po m
and p1 = p; m are chosen to satisfy (6.5).

Proof. See [28, Thm. 3.3]. O

Note that the solution of (Sgy,) may not be a (f, g)-transform of R. More detail about
the Schrédinger problem can be found in the survey paper [28].

[u, u1R is not constant in time

One must be careful when employing the term interpolation with regard to entropic
interpolations because in general when g = p; =: u the interpolation [u, u]® is not
constant in time. Let us give two examples.

(a) Suppose that Ro1(x, x) > 0. Then the solution of (Sqy,) With g = 1 = 6x is the
bridge R® and [8y, 6x]F is the marginal flow (R¥)<<; Which is not constant in
general.

(b) Consider R to be the reversible Brownian motion on a compact connected Rieman-
nian manifold X without boundary. Starting from y at time ¢t = 0, the entropic
minimizer P is such that yu; := P; gets closer to the invariant volume measure
m = vol on the time interval [0,1/2] and then goes back to y on the remaining time
period [1/2,1]. Let us show this. On the one hand, under our assumptions on the
manifold, assuming that the Ricci curvature is strictly positive and with Theorem
6.3.5 below, it is easy to show that the function t € [0, 1] — H(t) := H(u¢|vol)
is strictly convex whenever u #vol. And on the other hand, a time reversal argu-
ment tells us that H(t) = H(1 - t), O < t < 1. Therefore, the only constant entropic
interpolation is [vol, vol]X.

[y, p19SP is constant in time
Unlike the entropic interpolation [u, y]R , McCann’s displacement interpolation
[u, u]%P has the pleasant property of being constant in time. See (6.61) below for

the definition of the displacement interpolation and compare with the representation
(6.63) of the entropic interpolation.

Forward and backward stochastic derivatives of a Markov measure

Since P is Markov, its dynamics is characterized by either its forward stochastic deriva-
tive and its initial marginal po, or its backward stochastic derivative and its final
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marginal y;. Before computing these derivatives, let us recall some basic facts about
these notions.

Let Q € M.(Q) be a Markov measure. Its forward stochastic derivative 0 + fQ is
defined by

— _
[0+ LTI, 2) = lim k™ Eq (ult + b, Xeon) ~ u(t, XO) | Xe = 2)

for any measurable function u : [0, 1] x X - R in the set Dom fQ for which this limit
exists Q¢-a.e. for all 0 < t < 1. In fact this definition is only approximate, we give it
here as a support for understanding the relation between the forward and backward
derivatives. For a precise statement see [25, §. 2]. Since the time reversed Q" of Q is still
Markov, Q admits a backward stochastic derivative -0 + TQ which is defined by

[0 + L Yu(t, z) := lim h™ Eq (u(t = b, X,.p) - u(t, Xo) | X = 2)
for any measurable function u : [0, 1] x X - R in the set Dom TQ for which this limit

exists Q¢-a.e. forall O < t < 1. When the function u only depends on the space variable:
z +— u(z), one denotes forall0 < t < 1 and z € X,

- . -
Lu@ = lmh Eq(uXeo) - ulXo | Xe =),

<ftu(z)

lhif(} h'Eq (uXep) - u(Xe) | X¢ = 2).

Notice that - -

L?= L?_t, O<t=1.

It is proved in [25, §. 2] that these stochastic derivatives are extensions of the extended
forward and backward generators of Q in the semimartingale sense, see [15]. In par-

ticular, they offer us a natural way for computing the generators.

Forward and backward dynamics of the entropic interpolation

The dynamics in both time directions of [ug, u1]® are specified by the stochastic
derivatives Z = fp and Z = TP of the Markov measure P € P(Q) which appears in
Definition 6.1.3. For simplicity, we also denote f)R = I’ and TR = L and assume that
R is stationary, i.e. GQR[,H,[,M},] =Rjgp-q forallO<as<b<b+h=1,where 6" is the
time-shift defined for all t by X; o 0" = X,_,,. This implies that
ft=f, T[=<f, VOStSl,

meaning that the forward and backward transition mechanisms of R do not depend
ont.

To derive the expressions of Z and Z, we need to introduce the carré du champ I
of both R and its time reversed R". The exact definition of the extended carré du champ
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I’ and its domain is given in [25, Def. 4.10]. Restricting to functions u, v on X such that
u, vand uv are in Dom L, we recover the standard definition

{ T

<1_"(u, v)

f(uv) - ufv - vf)u
<f(uv) - u<fv - v<fu

-
When R is a reversible path measure, we denote L = L = L and ' = T”) = ?,

dropping the useless time arrows.

Remark 6.1.8. In the standard Bakry-Emery setting [4, 5], X is a Riemannian manifold
and one considers the self-adjoint Markov diffusion generator on L>(X, eV vol) given
by L =A-VV -V, withvol the volume measure and V : X > R a regular function. The
usual definition of the carré du champ of Lis I'(u,v) := [L(uv) — uLv — vLu]/2. In the
present paper, T is not divided by 2 and we consider L = L/2, i.e.

L=(-VV-V+A4)/2, (6.9)

which corresponds to an SDE driven by a standard Brownian motion. Consequently,
I'(u,v) =T(u,v)=Vu-Vv.

In general, even if R is a reversible path measure, the prescribed marginal constraints
enforce a time-inhomogeneous transition mechanism: the forward and backward
derivatives (atJZ)OSM and (—at+Zt)ogS1 of P depend explicitly on t. It is known (see
[25] for instance) that for any function u : X > R belonging to some class of regular
functions to be made precise,

Xtu(z) = ?u(z)+M, (t,z) €[0,1)x X,
<_gt(Z) (6.10)
Tu@ = Tuw+ LWE ¢ e, 1xx,
fi(2)

where f and g are defined as in (6.4). Because of (6.6), for any ¢ no division by zero
occurs p¢-a.e. For (6.10) to be meaningful, it is necessary that the functions f and g
are regular enough for f; and g to be in the domains of the carré du champ operators.
In the remainder of the paper, we shall only be concerned with Brownian diffusion
processes and random walks for which the class of regular functions will be specified,
see Sections 6.3 and 6.4.

Going back to (6.4), we see that the processes f¢(X;) and g(X;) are respectively
backward and forward local R-martingales. In terms of stochastic derivatives, this is
equivalent to

(6.11)

(—o¢ + <f)f(t, z)=0, O<ts<1, (0¢ + f)g(t,z) =0, O<t<1,
fo, t= 0, g1, t= 1,

where these identities hold p;-almost everywhere for almost all ¢.
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Assumptions 6.1.9. We assume that the kernels 7, that appear in (6.4) are (a) pos-

itivity improving and (b) regularizing:

(a) Forall(t,z) € (0,1)xX, 7(t,z;1,) > mand 7 (0, ;t,z) > m.

(b) The functions (fo, g1) and the kernels 7, 7 are such that (t, z) — f(t, z), g(t, z) are
twice t-differentiable classical solutions of the parabolic PDEs (6.11).

Assumption (a) implies that for any O < t < 1, f; and g; are positive everywhere. In
particular, we see with (6.6) that y; ~ m. Assumption (b) will be made precise later in
specific settings. It will be used when computing time derivatives of t — p;.

Mainly because we are going to study the relative entropy H(u:m) =
f x log(f:g¢) du;, it is sometimes worthwhile to express X and A in terms of the loga-
rithms of f and g :

{ $i(2) = logfi(z) = log Ex(fo(Xo) | Xi = 2),  (£,2) € (0,1]x X 612)

P1(2) :=log g¢(2) = log Er(g1(X1) | X = 2), (t,2) €[0,1)xX.

In analogy with the Kantorovich potentials which appear in the optimal transport the-
ory, we call ¢p and y the Schridinger potentials. Under Assumption 6.1.9-(b), they are
classical solutions of the “second order” Hamilton-Jacobi-Bellman (HJB) equations

{(—az+§)¢=o, 0<t<1, {(at+§)¢=0’ Os<t<1, 6.13)

¢o = log fo, t=0, Y1 =loggi, t=1,

where the non-linear operators B and B are defined by

- =

Bu := e“LeY,
e

%v = eVLeY,

. - = .
for any functions u, v such that e* € Dom L and e" € Dom L . Let us introduce the

notation R
Ag
<_
Ag

which allows us to rewrite (6.10) as X[ = Zzﬂt and it = <Z¢[, emphasizing their
dependence on the Schrédinger potentials.

T +e T,
<f + e‘9<1_"(ee, )

Forward-backward systems

The complete dynamics of [y, yl]R is described by a forward-backward system. We
see that

(6.14)

(-op+ Ayu=0, 0<ts1, [ @i+Bw=0, 0st<1,
IJO’ t=05 lpl:l()ggl, t=13
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and A" is the algebraic adjoint of A : JxAudp =: (u, A*y> . The evolution equation
for u is understood in the weak sense, in duality with respect to a large enough class
of regular functions u. Similarly,

(6.15)

(6?+Z;[)y=0, O0<t<1, where (—a;+§)¢=o, 0<ts1,
M1, t=1, ¢o = log fo, t=0.

We have denoted 0" and 0~ the right and left time-derivatives but we will drop the
superscripts + and - in the rest of the paper.

The boundary data for the systems (6.14) and (6.15) are respectively (po,g1) and
(fO’ }ll)-

6.2 Second derivative of the entropy

The aim of this section is to provide basic formulas to study the convexity of the en-

tropy
t € [0, 1] — H(t) := H(u¢|m) € [0, o)

as a function of time, along the entropic interpolation [, yl]R associated with the
(f, g)-transform P of R defined by (6.3). The interpolation [uo, u1]® is specified by its
endpoint data (g, u1) defined by (6.5). We have also seen in (6.14) and (6.15) that it is
specified by either (o, g1) or (fo, p1).

Basic rules of calculus and notation

We are going to use the subsequent rules of calculus and notation where we drop the
subscript t as often as possible. Assumption 6.1.9 is used in a significant way: it allows
us to work with everywhere defined derivatives.

- pe=figem, ¢:=logf, :=logg.
The first identity is Theorem 6.1.4. The others are notation changes well defined
everywhere under Assumption 6.1.9.

— U:=0u, J1:=0eu, (u,n):= [yudn.
These are simplifying notation.

— The first line of the following equalities is (6.10) and the other ones are definitions:

Xu = fu+7(g, u)/g Zu = (fu+<f(f, w/f
Bu = e ¥[Le¥ ) u = e’”<fe”
?u .= Bu-TLu %u = Bu-Tu

. — —

= (U, ) = (Au, p) = (-Au, ).
These identities hold since y is the time-marginal flow of the Markov law P whose
forward and backward derivatives are A and A.
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— A short way for writing (6.11) and (6£) is:
) — ;
{ § = -Lg o=

)

Lf
b - -By $ - B¢

Entropy production

By Assumption 6.1.9, the evolutigl PDEs (6.11) and (6.13) are defined in the classical
sense, and the functions ? and I below are well defined.

Definition 6.2.1 (Forward and backward entropy production). ForeachO <t < 1, we
define respectively the forward and backward entropy production at time t along the
interpolation [, u1]® by

TO = [, Opdu

- <
T = [y Opedu
where for any regular enough function u,

8u e‘”?(e“, u) - ?u

(6.16)
e’”(l_"(e”, u) - <Eu.

Bu
Calling the functions ? and I “entropy production” is justified by Corollary 6.2.4 be-

low.
We shall see in Section 6.3 that in the reversible Brownian diffusion setting where
R is associated with the generator (6.9) we have

(_9>u = 6u =TI'(w/2
with no dependence on t and as usual, one simply writes I'(u) := I'(u, u).
Proposition 6.2.2. Suppose that the Assumptions 6.1.6 and 6.1.9 hold. The first deriva-

tiveof t — H(t)is
%me) “TO-Tw®, o<t<1.

Proof. With Theorem 6.1.4 and the relative entropy definition, we immediately see that
H(t) = (logp, 1) = (¢ + i, u). It follows from our basic rules of calculus that

H©O = (b+bu)+(p+.i) = (Bp-Bp,p) + (-A¢+ A, ).

The point here is to apply the forward operators A - Zw, Bto Y and the backward
Z(p, B to ¢. This is the desired result since (X - ﬁ)z,b = 81/) and

®. O

%
operators A

(4-B)p-

g
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Notice that <¢ + l]),y> = (0¢logp, u) = (p/p, u) = (p, m) = (d/dt) (p, m) = 0. Hence,

(¢+v.mu)=(Bo-By.u)=o0.

As an immediate consequence of this Proposition 6.2.2, we obtain the following
Corollary 6.2.4 about the dynamics of heat flows.

Definitions 6.2.3 (Heat flows).

(a) We call forward heat flow the time marginal flow of the (f, g)-transform described
in Remark 6.1.2-(a). It corresponds to fo = po and g1 = 1, i.e. to P = po(Xo) R.

(b) We call backward heat flow the time marginal flow of the (f, g)-transform described
in Remark 6.1.2-(b). It corresponds to fo = 1 and g1 = p1, i.e.to P = p1(X;) R.

Corollary 6.2.4. -
(a) Along any forward heat flow (u¢)o<t<1, We have: %H(;ﬂm) =-I(t),0<t<1.
(b) Along any backward heat flow (U¢)o<t<1, we have: %H(yt\m) = 7(t), O<t<1.

Second derivative

The computations in this subsection are informal and the underlying regularity hy-
potheses are kept fuzzy. We assume that the Markov measure R is nice enough for the
Schrédinger potentials ¢ and y to be in the domains of the compositions of the oper-
ators L, I', A, B and C which are going to appear below. To keep formulas to a reason-
able size, we have assumed that R is m-stationary. The informal results that are stated
below in Claims 1 and 2 will turn later in Sections 6.3 and 6.4 into formal statements
in specific settings. We introduce

52u 7811 + e‘”? e, 3u + e‘”?(e”, u)ﬁu - e‘”?(e”?u, u),
<5211 T%u + e’“? e, 611 + e’”?(e”, u)§u - e’”?(e”%u, u),
(6.17)

provided that the function u is such that these expressions are well defined. It will be
shown in Section 6.3, see (6.30), that in the Brownian diffusion setting where R is as-

_>
sociated with the generators { - £.V+A/2 , we have EZ N 22/2 .
L = b-V+A/2 O, = TI,/2
where
T = LTwW-2T(Lu,u, (618)
Tow = LTTw-2T(Tu,w, '

are the forward and backward iterated carré du champ operators.

Remark 6.2.5. We keep the notation of Remark 6.1.8. In the standard Bakry-Emery set-
ting, the iterated carré du champ of L = A -V V -V is I';(u) = [L(I'(w)) - 2I'(u, Lu)]/2.
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In the present paper, we consider L = L/2 instead of L and we have already checked in
Remark 6.1.8 that I = I'. Consequently, I'; = T'5.

Introducing these definitions is justified by the following claim.
Claim 1 (Informal result). Assume that R is m-stationary. Then,

d? =
WH(M‘m) = <92¢t + 82¢t;ﬂt> , VO<t<1.

Proof. Starting from H(t) = (plogp, m) gives H'(t) = (1 +logp, j1) = (logp, j1) =
s ,, — — .
<—A¢+Al[),y>andH(t) 4 (-Ap,p +%<Alp,y>wuh

¢
4 () - (To-To-

Il
N s i SN
-
=T
|
=t
<
|

Similarly, we obtain

g (@) = (TR Tpp)
- <X(Z §)¢+(7gg")—g?(g, >w>
_)
- <Z(X—§)¢— (7“& )_Lsp ,-)> y u>
g g
- <524,,y>, (6.19)
which completes the proof of the claim. O

Gathering Proposition 6.2.2 and Claim 1, we obtain the following

Claim 2 (Informal result). When R is m-stationary, forall0 < t < 1,

%H(Hdm) <(—9>l/)t - <Efl’t,.ut>,

d? — -
WH(IHV") <921Pt+ @z¢t,}1t>-
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6.3 Brownian diffusion process

As a first step, we compute informally the operators © and 0, associated with the
Brownian diffusion process on X = R" whose forward and backward generators are
given forall0 < t < 1 by

T-b-v+4/2, TL=D-v+4a/2. (6.20)

— —

Here, z — b (2), b (z) € R" are the forward and backward drift vector fields. The term
. - < .

“informally” means that we suppose that b and b satisfy some unstated growth and

regularity properties which ensure the existence of R and also that Assumptions 6.1.9

are satisfied.

Then, we consider reversible Brownian diffusion processes on a compact manifold.

Dynamics of the entropic interpolations

—
;F_he associated nonlinear operato(riare ﬁu =Au/2+ b -Vu+ |Vu\2/2, §u =Au/2 +
b - Vu+|vul?/2 and 7(u,v) = T'(u,v) = Vu- Vv forany t and u, v € C>(R"). The
_>
Al2+(b +V1/Jt)-V,

expressions R
Ay
<_
A = 2/2+(b +Vey)-V,

of the forward and backward derivatives tell us that the density p¢(z) := du;/dz solves
the following forward-backward system of parabolic PDEs

(0t =A/Due(2) + V - (I«lt(? +VYP))(2) =0, (t,2)€(0,1]xX
Ho» t= Oa

where 1) solves the HJB equation

O+4/2+ 5 - VWD) + VP(@2=0, (LD DxX (o)
Y1 =loggi, t=1.
In the reverse time direction of time, we obtain
<_
(=0t = A/2)ue(2) + V - (ue(b +VP))(2) =0, (t,2) €[0,1)xX
Hi, t= 1;
where ¢ solves the H]JB equation
(0+4/2+ B - V)pe(@)+ [VE2IP/2=0, (DO XX (o)
¢o =logfo, t=0.

We fix log g1 = —oc on the set where g; vanishes, and the boundary condition at time
t = 1 must be understood as lim; ¥; = log g;. Similarly, we have also lim; | ¢; =
log fo in [~eo, o).
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Because of the stochastic representation formulas (6.4), the functions ¢ and ¥
are the unique viscosity solutions of the above Hamilton-Jacobi-Bellman equations,
see [20, Thm. IL.5.1]. The existence of these solutions is ensured by the Assumptions
6.1.6.

Remarks 6.3.1.

(a) In general, ¢ and p might not be classical solutions of their respective HJB equa-
tions; the gradients Vi and V ¢ are not defined in the usual sense. One has to con-
sider the notion of P-extended gradient: V¥, that is introduced in [25]. The com-
plete description of the Markov dynamics of P is a special case of [25, Thm. 5.4]:
the forward and backward drift vector fields of the canonical process under P are
respectively b + Vi, and D+ oP o¢.

(b) Suppose that the stationary measure m associated with R is e uivale{gt to the
Lebesgue measure. Then, the forward and backward drift fields b and b are re-
lated to m as follows. Particularizing the evolution equations with u; = m and
Vi = V¢ = 0, we see that the requirement that R is m-stationary implies that

V- (m{v® -Vlogym}) 0
V- (mv™) = 0

(6.23)

for all t, where m(x) := dm/dx, these identities are considered in the weak sense
and

%
= (b + D)2

-
= (b -b)/2
are respectively the osmotic and the (forward) current velocities of R that were intro-
duced by E. Nelson in [37]. In fact, the first equation in (6.23) is satisfied in a stronger
way, since the duality formula associated to time reversal [21] is

—
<n<
2 8

I

v® = Vlog vm. (6.24)

_>
An interesting situation is given by b = -VV/2 + b where V : R" - R is C? and the
drift vector field b | satisfies

v-(e"b))=0. (6.25)

It is easily seen that
m=e"Leb

is the stationary measure of R. Moreover, with (6.24), we also obtain

3) = -VV/2+b, v = -VV/2 (6.26)
b = —vvi2-b, ’ o= p, '

In dimension 2, choosing b | = eV (-0, U, 0,U) with U : R?> - R a €2-regular function,
solves (6.25). Regardless of the dimension, b | = eVSVU, where S is a constant skew-
symmetric matrix and U : R" - R a @?-regular function, is also a possible choice. In
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dimension 3 one can take b, = e’ V A A where A : R? > R3 is a @?-regular vector
field.

Computing 6 and 6,

Our aim is to compute the operators 8, <5, 62 and 62 of the Brownian diffusion pro-
cess R with the forward and backward derivatives given by (6.20) and (6.26):

%
{ i (-VV.-V+A)/2+b, -V, (6.27)

T (-VV-V+4)/2-b, -V,

where V - (e¥b | ) = 0. For simplicity, we drop the arrows and the index ¢ during the
intermediate computations.

Computation of 6

We have I'(u) = e “I'(e%, u) = |Vu|? and Cu = |Vu|?/2. Therefore, Ou = Cu = I'(u)/2 =
|Vu|?/2. This gives

6[1!)[ = |V¢t|2/2’ (6 28)

— ) .

Ocpr = [Vdel7/2,

and the entropy productions are written as follows, forall0 < t < 1,
1
T - 5 [ 190 due
X

(6.29)

T

1
3 [ 19 due
X

Recall that f;, g > O, ys-a.e. : forallO < t < 1.

Computation of 6,

Since R is a diffusion, I is a derivation i.e. I'(uv,w) = ul'(v, w) + vI'(u, w), for any
regular enough functions u, v and w. In particular, the two last terms in the expression
of ©,u simplify:

e “I'(e“Bu,u) - e “Ir(e*, u)Bu = I'(Bu, u) = I'(Lu, u) + I'(Cu, u),

and we get O,u = LI'(u)/2 + I'(Cu, u) - I'(Lu, u) - I'(Cu, u) = LI'(u)/2 — I'(Lu, u). This

means that -
8 - T2, (6.30)
0, T,/2. '



Entropic interpolations = 213

They are precisely half the iterated carré du champ operators ?2 and ?2 defined at
(6.18). The iterated carré du champ I'§ of L° = A/2 is

5w = | V2ulliis = Y (05w’
i,j
where V2u is the Hessian of u and ||[VZu|fs = tr((V?u)?) is its squared

Hilbert-Schmidt norm. As I'(u) = I'9(u) - 2Vb(Vu, Vu) where 2Vh(Vu, Vu) =
2 Zi,}- 0;b; ojudju = [V + V*1b(Vu, Vu) with V*b the adjoint of Vb, it follows that

{ T

IV2uljg + (V2V = [V + V'1b ) (Vu, Vu),
<

To) = |IV2ulds + (V2V + [V + Vb, )(Vu, Vi). (6.31)

Regularity problems

To make Claim 2 a rigorous statement, one needs to rely upon regularity hypotheses
such as Assumptions 6.1.9. If one knows that fo, g1, b and b are such that the lin-
ear parabolic equations (6.11) admit positive C>2((0, 1) x X)-regular solutions then we
are done. Verifying this is a standard (rather difficult) problem which is solved under
various hypotheses. Rather than giving details about this PDE problem which can be
solved by means of Malliavin calculus, we present an example in next subsection.

Working with classical solutions is probably too demanding. The operators © and
6, are functions of Vu and the notion of gradient can be extended as in [25] in con-
nection with the notion of extended stochastic derivatives, see Remark 6.3.1-(a). Fur-
thermore, when working with integrals with respect to time, for instance when con-
sidering integrals of the entropy production (see Section 6.5), or in situations where
H(t) is known to be twice differentiable almost everywhere (e.g. H(t) is the sum of a
twice differentiable function and a convex function), it would be enough to consider
dt-almost everywhere defined extended gradients. This program is not initiated in the
present paper.

Reversible Brownian diffusion process on a Riemannian manifold X

We give some detail about the standard Bakry-Emery setting that already appeared in
Remark 6.1.8. It corresponds to the case where b = 0. Let us take

v

m=e "’ vol (6.32)

where V € €2 satisfies fX e V™ yol(dx) < oo. The m-reversible Brownian diffusion
process R ¢ M.(Q) is the Markov measure with the initial (reversing) measure m and
the semigroup generator

L=(-VV-V+A4)/2.
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The reversible Brownian motion R° € M.(Q) corresponds to V = 0. Its stochastic
derivatives are I

L°=1°=A/2 (6.33)
and vol is its reversing measure. Since R is the unique solution to its own martingale
problem, there is a unique R which is both absolutely continuous with respect to R°
and m-reversible.

Lemma 6.3.2. In fact R is specified by

R = exp | -[V(Xo) + VX)]/2 + / [avxp/a - [vvexo/s] at | re.

[0,1]

Proof. To see this, let us define R by means of dR/dR° := e"V*9) 7, where
Z¢ = exp (fot -V (Xs)-dXs - 1 [o \@(Xs)ﬁ) is a local positive forward R°-

martingale. Since [, e”® vol(dz) < oo, it follows that ¢ + e VX7, is a forward
R°-supermartingale. In particular its expectation t — Ego [e"VX) 7] is a decreasing
function so that R(Q) = Ege(e"V¥0)Z,) < Epo(e" VX0 7)) = Ix e V@ vyol(dz) < oo.

On the other hand, since both R® and dR/dR?° are invariant with respect to the time
reversal X": X; := Xy, (cjo.1)» R is also invariant with respect to time reversal:
(X")4R = R. In particular, its endpoint marginals are equal: Ry = R;. Consequently,
ﬁ[o’ﬂ doesn’t send mass to a cemetery point T outside X as time increases, for other-
wise its terminal marginal R; would give a positive mass to t, in contradiction with
RO(T) = 0 and f%o = R,. Hence, Zis a genuine forward R°-martingale. With It6’s for-
mula, we see that dZ; = —ZtV%(Xt) - dX¢, R°-a.e. and by Girsanov’s theory we know
that R is a (unique) solution to the martingale problem associated with the generator
L = (-VV -V +A)/2. Finally, we take R = R and it is easy to check that L is symmetric
in L?(m), which implies that m is reversing. O

Remark 6.3.3. When L is given by (6.33), for any non-zero nonnegative functions
fo, 81 € L*(vol), the smoothing effect of the heat kernels 7 and 7 in (6.4) allows us
to define classical gradients Vi, and V¢ for all t in [0, 1) and (0, 1] respectively. We
see that V¢ and V ¢; are the forward and backward drift vector fields of the canonical
process under P.

The next result proposes a general setting where Assumptions 6.1.9 are satisfied. The
manifold X is assumed to be compact to avoid integrability troubles.

Proposition 6.3.4. Suppose that X is a compact Riemannian manifold without bound-
aryand V : X > R is C*-regular. Then, for any C*-regular function u : X > R, the
function (t, x) — u(t, x) := Eg[u(Xy) | Xo = x] belongs to C%2((0, 1) x X).
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In particular, if in addition X is assumed to be connected and f, and g, are non-
zero nonnegative C-regular functions, the functions f and g defined in (6.4) and their
logarithms ¢ and  are classical solutions of (6.11) and (6.13).

Proof. For any path w € QandanyO < t < 1, we denote

t
Zi(w) = exp | ~[V(wo) + V(wp)]/2 + / [aviws)a- [vVwP/8] ds
0

With Lemma 6.3.2 we see thatforallO<t<1, Z; = % and
[0,

_ Epo[u(X)Z1 | Xo =x] _

V(x) X X
) = = R =x] ¢ EuBIZ(BY)

where (B3)o<s<1 is a Brownian motion starting from x under some abstract probabil-
ity measure whose expectation is denoted by E. By means of parallel transport, it
is possible to build on any small enough neighborhood U of x a coupling such that
x € U ~ B* is almost surely continuous with respect to the uniform topology on
0. This coupling corresponds to BX = x + B® in the Euclidean case. The announced
x-regularity is a consequence of our assumptions which allow us to differentiate (in
the usual deterministic sense) in the variable x under the expectation sign E. On the
other hand, the t-regularity is a consequence of stochastic differentiation: apply It6’s
formula to u(Bf) and take advantage of the martingale property of Z;(B*).

With regard to the last statement, the connectivity assumption implies the posi-
tivity of f and g on (0, 1) x X if fo and g, are nonnegative and not vanishing every-
where. O

We gave detail on the proof of Proposition 6.3.4 because of its ease. Nonetheless, in
view of Remark 6.3.3, the requirement that f; and g; are @2 is not optimal. However,
this restriction will not be harmful when investigating convexity properties of the en-
tropy along interpolations.

In view of Proposition 6.3.4, we remark that under its assumptions the functions
ft, g¢ belong to the domain of the carré du champ operator. Hence, forany 0 < t < 1,
the stochastic derivatives of P are well-defined on €?(X) and equal to

A = 24)2+V(V/2+9)-V,
A = A2+V(V/2+¢)-V.

Here, 1 and ¢ are respectively the classical solutions (compare with Remark 6.3.1-(a))
. L e
of the HJB equations (6.21) and (6.22) with b = b = -VV/2.
Bochner’s formula relates the iterated carré du champ I'9 of L° = A/2 and the Ricci
curvature:
r3u) = | V2ul)gs + Ric(Vu) (6.34)
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where V2u is the Hessian of u and || V2u|fs = tr((VZu)?) is its squared Hilbert-
Schmidt norm. As I'>(u) = I'S(u) - [V + V']b(Vu), it follows that

I>(u) = | V2ullgs + Ric + V2V)(Vu). (6.35)

Theorem 6.3.5 (Reversible Brownian diffusion process). Let the reference Markov
measure R be associated with L given in (6.9) on a compact connected Riemannian
manifold X without boundary. It is assumed that V : X > R is C*-regular and fo, g1
are non-zero nonnegative C>-regular functions. Then, along the entropic interpolation
(Mo, u1]R associated with R, f, and g1, we have forall 0 < t < 1,

(G (0w = 19R). ).

<% (Fz(llit) +F2(¢t)>,}1t>

d v
EH(uzle vol)

& pole vol)
an Uele” " vo

v_v)her(e_ Y and ¢ are the classical solutions of the HJB equations (6.21) and (6.22) with
b = b =-VV/2,I(u) = |Vu|? and I, is given by (6.35).

Proof. The assumptions imply that f, and g; satisfy (6.8), and they allow us to ap-
ply Proposition 6.3.4; hence, Assumptions 6.1.9 are satisfied and Claim 2 is a rigorous
result. m

6.4 Random walk on a graph

Now we take as our reference measure R a continuous-time Markov process on a count-
able state space X with a graph structure (X, ~). The set X of all vertices is equipped
with the graph relation x ~ y which signifies that x and y are adjacent, i.e. {x, y} isa
non-directed edge. The degree ny := #{y € X, x ~ y} of each x € X is the number of
its neighbors. It is assumed that (X, ~) is locally finite, i.e. nx < oo for all x € X, and
also that (X, ~) is connected. This means that for any couple (x, y) € X? of different
states, there exists a finite chain (z1,...,z;)in X such that x ~ 2y ~ 25 -+ - ~ Z ~ Y.
In particular ny > 1, for all x € X.

Dynamics of the entropic interpolation

A (time homogeneous) random walk on (X, ~) is a Markov measure with forward
derivative 0 + L defined for any function u € RX by

fu(x)= Z (uy—ux)?x(y) =:/Dxud?x, O0<t<1,xeX,

i~y X
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where 7X(y) is the instantaneous frequency of forward jumps from x to y,
Dyu(y) = Du(x, y) := u(y) - u(x)
is the discrete gradient and

?X—Z?(y)(SyEMAX) O<t<l1l,xeX

yixesy
is the forward jump kernel. Similarly, one denotes its backward derivative by
TM(X) = /Dxu d?x, xeX,uc ]RX.
b

— —
For the m-stationary Markov measure R with stochastic derivatives L and L, the time-
reversal duality formula is

%
me) T xy) = my) Ty, Vx~yeX.
The expressions fu and <fu can be seen as the matrices
L = 1{x~y}7 ) = 1s- y}7 ) yex
I- (Lxyy ]X(y) Ly ]X(X))x yEX

acting on the column vector u = [ux],cx. Therefore, the solutions f and g of (6.11) are

< —
fy=elfy, g)=el0L g,

wheref : t € [0, 1] — [filyex(t) € R¥and g : t € [0, 1] — [gxlrex(t) € RX are column
vectors, whenever these exponential matrices are well-defined.

Let us compute the operators B, I' and A. By a direct computation, we obtain for
allo<t<landx e X,

Bul) [(eP - 1)d?x, T (u, V()
u) = [P -1)dTx, T,

(6.36)

fX DxuDyv d?x,
fx DyuDyvd ] Xs

and

Auk) = [yDxuelVd], 3 [uy) - u)] gt(y)? »),

yix~y
Tu) = fDauweP®dT, = 3 [uo)- u(x)]j:tgyi ).
yix~y

The matrix representation of these operators is

Xt = Z>(gt) = <1{x~y} gt()’)? (Y) l{x =y} Z gt 7 (Z))

zZ:. ZNX (X)

yEX

10 (1 S0t 5 53 70)
2:z x,yeX
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The forward-backward systems describing the evolution of [ug, ,ul]R are

t 1
Mo = Moexp /7(%(/36“)&)‘15
0 s
1 s

Il
=
-
2
o
—
it
/N
(]
gl
—
\
=~
:
Q.
)
=y
N——
Q.
wn
(@}
A
n
IN
==Y

t 0

where the measures yg, {1 are seen as row vectors and the functions fy, g1 as column
vectors, and the ordered exponentials are defined by

Id+z / Mr""'Mrldrl"'drn,

21y <lisryss

(ﬁ(/sM, dr)

eSS [ Mt an e

n=1

Wp(/lM, dr)

S<ry<ee<rp<l

Derivatives of the entropy

In the discrete setting, no spatial regularity is required for a function to be in the do-
main of the operators L, I', ... The only required regularity is that functions f and g
defined by (6.4) are twice differentiable with respect to t on the open interval (0, 1).
This is ensured by the following lemma.

Lemma 6.4.1. Consider fy, g1 as in Definition 6.1.1 and suppose that fy, g1 € L*(m) N
L?(m) where the stationary measure m charges every point of X. Then, under the as-
sumption that
&
sup{ 7 x(X) + T x(X)} < oo, (6.37)
xeX

foreachx € X, t — f(t, x) and t — g(t, x) are C>=-regular on (0, 1).

Proof. Forany O < t < 1, f; and g; are well-defined P;-a.e., where P is given by (6.3).
But, as R is an irreducible random walk, for each 0 < t < 1, “Ps-a.e.” is equiva-
lent to “everywhere”. Since f, € LY(m) and R is m-stationary, we have fx fedm =
ERERlfo(Xo) | Xl = Er(fo(Xo)) = [yfodm < oo, implying that f; € L'(m). As
sup, 7X(X) < oo, <f is a bounded operator on L'(m). This implies that t € (0, 1) —
fi = e-xﬁ(fos T, dr)fo € L1(m) is differentiable and (d/dt)*f; = T"ft for any k. As m
charges every point, we also see that t € (0, 1) — f¢(x) € R is infinitely differentiable
for every x. A similar proof works with g instead of f. O

As an important consequence of Lemma 6.4.1 for our purpose, we see that the state-
ment of Claim 2 is rigorous in the present discrete setting.
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Theorem 6.4.2. Let R be an m-stationary random walk with jump measures 7 and 7
which satisfy (6.37). Along any entropic interpolation [uo, u1]® associated with a couple
(fo, g1) as in Definition 6.1.1 and such that fy, g1 € L'(m) N L?(m), we have for all 0 <
t<1,

& Huim) = > (Bue-Ber) om0,
2
& Houm) = > (s Bate) )

wher(e_ the expressions of 8% and gq[)t are given in (6.38) and the expressions of 62 Yy
and O, ¢, are given in Proposition 6.4.4 below.

Computing 6 and 6,

Our aim now is to compute the operators 8, <§, 82 and 52 for a general random walk
R. We use the shorthand notation [y a(x, y)Jx(dy) = [ [ a dJ1(x) and drop the arrows
and the index t during intermediate computations. The Hamilton-Jacobi operator is
Bu:=e™Le" = [,(eP" - 1) dJ which gives

Cu=(B-L)u = / (D) dJ

where the function 6 is defined by
0(a):=e“-a-1, aecR.

Compare Cu = |Vu|?/2, noting that 6(a) = a®/2 + 0450(a?). The convex conjugate 6"
of 6 will be used in a moment. It is given by

(b+1)log(b+1)-b, b>-1,
0’ (b)={ 1, b=-1,
oo, b<-1.

Computation of 6

The carré du champ is I'(u, v) = [, DuDv dJ so that e™“I'(e", u) = fXDu(eD“ -1)dJ.
Since a(e? - 1) - 8(a) = ae® - e* + 1 = 0"(e? - 1), with Ou := e “I'(e¥, u) - Cu, we

obtain
B - 30 (PE) 7,
- yaxey Dfi(x. ) (6.38)
60 - S 6 ( ;t(x)y) T,

yix~y
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where we used eP¥®Y) — 1 = Dg(x, y)/g¢(x) and e?® Y — 1 = Df,(x, y)/f:(x). The
ratio Dg/g should be seen as the discrete logarithmic derivative of g. Recall that g; > 0O,
ut-a.e. : we do not divide by zero. Compare with Oy = |Vg/g|*/2, remarking that
6" (b) = b%/2 + 050(b?).

Entropy production

The entropy productions are

{Y(t) = Sy 0 (Z) w0070,

gex)

- . - (6.39)
1O = Supany 0 (252 mT20).

Computation of 6,

Unlike the diffusion case, no welcome cancellations occur. The carré du champ I' is not
a derivation anymore since I'(uv, w) - [ul'(v, w) + vI'(u, )] = uvLw + [, DuDvDw d].
Furthermore, we also loose the simplifying identity C = 6. To give a readable expres-
sion of @5, it is necessary to introduce some simplifying shorthand notation:

>y Floa) =[x F(Du(x, y)Jx(dy)

Y voyaoy Floa, 0d) Jx2 FDu(x, y), Du(x, y")) Jx(dy)Jx(dy)
> xsyz Floa, b) Jx2 F(Du(x, y), Du(y, 2)) Jx(dy)]y(dz)
D oyz F(pa, c) Jx2 F(Du(x, y), Du(x, 2)) Jx(dy)Jy(dz).

ea = Dulx,y)

where we have denoted ia Z gzg: }Z/ )) . Notice that 3., , F(c) =
c = Du(x,z)

Jx F(Du(x, 2)) J3(dz) with J3(dz) := JyexJx(dy)]y(dz) and pa + b = c.

Y e

We also define the function

h(a):=0"(e-1)=ae*-e*+1, acR. (6.40)
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Lemma 6.4.3. For any functionu € RX and any x € X,

Ou(x) = Z h(pa),

x>y
ot = (Y(eta-1)"+ 0,00 - L(X)lh(ea)
Xy x>y

+ 3" [2¢%ah(b) - (o).

XDy>z

Proof. The first identity is (6.38). Let us look at ©,u(x). Rather than using formula
(6.17), for an explicit formulation of @, in terms of J, it will be easier to go back to (6.19):
6 = A2+ L(A ) with Au = [, DuePd] andp = ~Bip = — [y (™ -
1d7J.

Making use of AY(x) = Zﬁy paea and l])(x) = ZX_W —(ea - 1), we see that

AP - / (A, — A)e? D I (dy)
X

Z e?abe® - Z egaga'eg“,

X2y>z X>yxy

/ (DY(x, y)ePPo) 4 Dby Ny - ) Jx(dy)
X

d
FAGDLES

- > (oae®a+ pa)(e? - 1) + > (caefa+ 0a)(e® - 1)
Xy>z xéy;xéy'

where pa, pa’ and b are taken with u = 1. This shows that

Oru(x) = Z e?abe®—(pae®a+ea)(e?-1)- Z egaga'e"“,—(gaegme"a)(eg"l—l)
X2y>z o

The functions defining the integrands rewrite as follows
e“be’ — (ae® + e*)(e” - 1) = h(a) + 2¢*h(b) - h(c) with c=a+b,
ede? - (ae® + ea)(e“, -1)=(e*-1)h(a) - h(a)(ea, -1)
+h(a) - (e® - 1)(e” - 1).
Hence,

Z eQaQa'eQ“l - (paela + e"a)(ega' -1)

Xy;x>y
= Y (a-Dhlea)- > hea) e -1+ > hea)
x2y;x>y x2y;x>y x2y;xy

- Y (efa- 1) - 1)

x2yx>y
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2
=Jx(X) > hlea) - (Z(e"a - 1))

x>y x>y

and the desired result follows. O
Lemma 6.4.3 leads us to the following evaluations.
Proposition 6.4.4. Consider fy, g, as in Definition 6.1.1 and suppose that fy, 81 €

LY m)n <£2(m) where the stationary measure m charges every point of X. Also assume
that 7, J satisfy (6.37). Then,

2
@) = ( 3 (PP ) ﬂ(y)) (6.41)
yix~y
+ 3 1T®) - THx010" (™) 1) T o)
yix~y
v 28 (PP 1) A )T
,2):x~y~z
— 0" (™ - 1) T T ()]
and
2
0,00 = ( 37 (P - 1)7x(y)> (6.42)
yix~y
+ 317500 - Txx))6" (29 1) Tu(y)
yix~y
v Y [0 (P07 -1) X0 T, @
,2):x~y~z
— 0" (- 1) Tu) T (2)]
where
A _ oDV _ 8y
i) =00 Toty) = SOST),
q _ Do) 7 o fty) <
Aexly) =e T x(y) 6 T x(y)

are the forward and backward jump frequencies of P = fo(Xo)g1(X1) R.

Reversible random walks

Let us take a positive measure m = erx My 6x € M4(X) with my > Oforall x € X. It
is easily checked with the detailed balance condition

m(dx)Jx(dy) = m(dy)Jy(dx) (6.43)
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which characterizes the reversibility of m that the jump kernel

]x = Z S(X, y) my/mx 6y, (6.44)
y:x~y

where s(x, y) = s(y, x) > 0 for all x ~ y, admits m as a reversing measure. As (X, ~) is
assumed to be connected, the random walk is irreducible and the reversing measure
is unique up to a multiplicative constant.

Examples 6.4.5. Let us present the simplest examples of reversible random walks.

(a) Reversible counting random walk. The simplest example is provided by the count-
ing jump kernel Jx = Zy:XNy 8y € P(X), x € X which admits the counting measure
m = 3" 6y as areversing measure: take my = 1 and s(x, y) = 1in (6.44).

(b) Reversible simple random walk. The simple jump kernel is Jx = nix Zy:XNy by €
P(X), x € X. The measure m = %, nx0x is a reversing measure: take my = ny and
s(x,y) = (nxny) Y2 in (6.44).

The dynamics of R is as follows. Once the walker is at x, one starts an exponential
random clock with frequency Jx(X). When the clock rings, the walker jumps at ran-
dom onto a neighbor of x according to the probability law Jx(X)™* Zy:XNy J0; y) 6y
This procedure goes on and on. Since R is reversible, we have 7 = 7 = J and the for-
ward and backward frequencies of jumps of the (f, g)-transform P = f3(Xo)g1(X1) R
are respectively

8:(y) 1),
= J and A = .
An(y) = 2:(0) x(y) x(y) = 00" Jx(y)
As a direct consequence of Theorem 6.4.2 and Proposition 6.4.4, we obtain the
following result.

Theorem 6.4.6. Let R be an m-reversible random walk with jump measure ]| which is
given by (6.44) and satisfies

sup Jx(X) < oo.

xeX
Then, along any entropic interpolation [, pu1]® associated with a couple (fy, g1) as in
Definition 6.1.1 and such that fy, g1 € L*(m) n L2(m), we have forall0 < t < 1,

& Huim) = > (6~ 04100 )
2
& Houm) = ICIRLIACHE

where the expressions of OY; and O¢; are given in (6.38) and the expressions of O,
and O, ¢, are given in Proposition 6.4.4 (drop the useless time arrows).



224 = Christian Léonard

Remarks 6.4.7.
(a) For the above condition sup,cx Jx(X) < oo to be satisfied, it suffices that for some
0<c,0<oo,wehaveforallx ~y € X,

(6.45)
0 < s(x, y)/fixny < 0,

{ my/ny < cmy/ny,

with the notation of (6.44).
(b) Inthe special case where fy = po and g1 = 1 corresponding to the forward heat flow
— see Definition 6.2.3 — we obtain

& HGudm) = - > D D08 )x ) M),
2 2
dattum) = S {1p0Ltogp)) + L .

X

The first identity is the well-known entropy production formula and the second one
was proved in [8].

6.5 Convergence to equilibrium

This section is dedicated to the detailed proofs of already known results such as the
(modified) logarithmic Sobolev inequality in Theorem 6.5.8. Its motivation is two-
pronged: (i) the proof of the convergence result Theorem 6.5.2 is usually omitted as
part of the standard folklore, and (ii) it is interesting to look at heat flows as special
entropic interpolations.

In this section R is an m-stationary Markov probability measure on the path space

Q = D([0, =), X)

built on the unbounded time interval ([0, oo) and m is assumed to be a probability
measure (and so is R). We are interested in the convergence as t tends to infinity of the
forward heat flow

He := (X)#(po(Xo)R) € P(X), t=0, (6.46)

where pg = duo/dm is the initial density. We are going to prove by implementing the
“stochastic process strategy” of the present paper, that under some hypotheses, the
following convergence to equilibrium

lim Ht=m
t—oo

holds. As usual, the function t — H(pu¢|m) is an efficient Lyapunov function of the
dynamics.
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Stationary dynamics
Let us first make the basic assumptions precise.

Assumptions 6.5.1. The stationary measure m is a probability measure and we assume
the following.
(a) Brownian diffusion. The forward derivative is

f=?-V+A/2

on a connected Riemannian manifold X without boundary. The initial density pg :=
duo/dm is regular enough for p¢(z) = du:/dm(z) to be positive and twice differen-
tiable in t and z on (0, o) x X.

(b) Random walk. The forward derivative is

Tut) = 3 ) - ut0l 7<)
yix~y

onthe countabl(e_locally finite connected graph (X, ~). We assume that (6.37) holds:
Squ{?x(X) + Jx(X)} < oo,

The point in the following Theorem 6.5.2 is that no reversibility is required. We define

I(u|m) == /5(10gp) dp €[0,00], u=pmePX).
X

We have seen in (6.28) and (6.38) that <§ > 0 (notice that 8° > 0), this shows that
J(ujm) = 0.

Theorem 6.5.2. The Assumptions 6.5.1 are supposed to hold together with ©, > 0.
Then, lim;_,, J(u¢|m) = 0.
Let us assume in addition that

— —
©, >xO forsome constant k > 0 (6.47)

and that the initial density pg := dpo/dm is bounded: supy po < oo.
Then, lim;_,o H(p¢|m) = 0.

Remark 6.5.3. The total variation norm of a signed measure n on X is defined by
Inllrv := |n|(X) and the Csiszdr-Kullback-Pinsker inequality is X ||ju — m||3,, < H(u|m),
for any y € P(X). Therefore we have lim;_, e || ¢ — M|ty = O.

Proof. The main idea of this proof is to consider the forward heat flow (u¢)e0 as an
entropic interpolation, see Definition 6.2.3, and to apply Claim 2. It will be seen that
the general regularity hypotheses of the theorem ensure that this claim becomes a
rigorous statement.
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Instead of restricting time to [0, 1], we allow it to be in [0, T], T > 0, and let T
tend to infinity. We denote p; := du:/dm. Since y is the time-marginal flow of P =
po(Xo) R, we have fo = pg and g7 = 1. This implies that g; = 1 and f; = p¢. Indeed,
8t(2) = Eplgr(X7) | X¢ = z] = ER(1 | X¢ = 2) = 1 and fi(2) = Erlfo(Xo) | X¢ = 2] =
ERlpo(Xo) | X¢ = z] = Eg[dP/dR | X; = z] = dP¢/dRi(2) = dP¢/dm(z) =: pi(2).
Therefore, ¢ = 0, ¢ = log p;, forall O < ¢ < T. Our assumptions guarantee that for all
t > 0, ¢, is regular enough to use our previous results about “0,-calculus”. Denoting
H(t) = H(u¢|m), with Corollary 6.2.4, we see that

H(O=T®) = / ©(10gp) due =: I(uem).
X

As J(-|m) = 0, H is decreasing. Of course, H(0) - H(T) = fOT J(u¢|m) dt. Now, we let
T tend to infinity. As H is non-negative and decreasing, it admits a limit H(co) :=
lim7_, ., H(T) and the integral in

S}

H(0) - H(oo) = / Ipelm) dit (6.48)
0

is convergent, implying with %J(yﬁm) = -0,(¢p¢) < 0 that lim¢_, o I(u¢|m) = 0. This
proves the first assertion of the theorem.
As pg is assumed to be bounded, for all t we have

pt(X¢) = Er(po | X¢) < suppg < oo. (6.49)

This will be used below.

Diffusion setting. By (6.29) with ¢, = pt, this limit implies that
lim oo [X |V /Pt 2 dvol = 0. Poincaré’s inequality tells us that for any open bounded
connected domain U with a smooth boundary, there exists a constant Cy such that

VBt - (VD ulliw) < Cull v/l (o) for all t, where (\/p)y == [, v/Pi dvol [ vol(U).
It follows that lim e ||/Pt = (\/Pt)ull12() = O Which in turns implies that

lim p¢ = ¢ (6.50)
t—roco

everywhere on X for some constant ¢ = 0.

Let us prove this last claim. By Bienaymé-Chebychev’s inequality, a vanishing vari-
ance along a sequence of random variables implies convergence in measure towards
a constant. On the other hand, the exponential rate of convergence ensured by our
assumption (6.47) implies with the Borel-Cantelli lemma that this limit is almost sure
on U. Finally, as p is continuous on (0, o) x X and X is connected, we can extend this
convergence to the whole space.

As sup; H(u¢|m) < H(ug|m) < oo, the set {y;, t > 0} is uniformly tight and therefore
relatively compact with respect to the narrow topology on P(X). It follows from (6.50)



Entropic interpolations = 227

that lim_, .. p; = 1 everywhere. Finally, the uniform bound (6.49) allows us to apply
the Lebesgue dominated convergence theorem to assert lim;_, .. H(u¢Jm) = 0, which
is the desired result.

Random walk setting.  Since lim¢_, ., J(u¢|m) = 0, we obtain

Im > pi)8 (pe)/pel) - 1) m(x) T x(y) = 0. (651
(eydixey

For some constant C > 0, we have

ab’(b/a-1) 2 C@, ifb/a<2.

We see that the convergence to zero of the left-hand side implies the convergence of
b — a to zero when on a domain such that a is bounded. This will be applied with
a = p¢(x) which is bounded in virtue of (6.49).

When b/a = 2 and a = 2, the left hand side cannot be close to zero. Finally, the re-
maining case when b/a > 2 and a < 2 is controlled by considering the symmetric term
b6’ (a/b - 1) which also appears in the series in the limit (6.51), reverting x and y; re-
call that <7,((y) >0 & <Ty(x) > 0.As b8™(a/b-1) = b = 2a = 0, the convergence of
the left-hand term to zero implies the convergence of a and b to 0. Therefore, the limit
(6.51) implies that for all adjacent x and y € X, lim;—,o(p¢(x) — p¢(y)) = 0.

It follows from (6.49) the countability of X and the connectedness of the graph, that
there exists a sequence of times (t;) tending to infinity and a non-negative number ¢
such that limy p, (x) = c for all x € X. The same argument as in the diffusion setting
leads us to the relative compactness of {u; t = 0} and in particular of (). It follows
that limy p¢, (x) = 1 for all x. Finally, as t — H(u|/m) = 0 is decreasing, it admits a limit
as t tends to infinity and we obtain: lim; H(u¢|m) = limy H(u;, |m) = O where the last
identity follows as in the diffusion setting from the dominated convergence theorem.
This completes the proof of the theorem. O

Theorem 6.5.4. The Assumptions 6.5.1 are suppo(ied to <ﬁold. Then, under the addi-
tional hypotheses that H(po|m) < oo and (6.47) i.e. ©; = kO for some x > 0, we have

Ipuem) < I(uolm)e™, t=0 (6.52)
H(uem) < H(uolm)e™, t=0 (6.53)

and the following functional inequality
H(pm|m) < K'lﬂ(pm|m), (6.54)

holds for any nonnegative function p : X - [0, oo) such that [, p dm = 1, which in the
diffusion setting (a) is also assumed to be C?-regular.

Proof of Theorem 6.5.4. We already saw during the proof of Theorem 6.5.2 that our gen-
eral assumptions allow us to apply ,-calculus: Claim 2 is rigorous with ¢, = log p;.
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This gives: ?(t) =-H(t) = jX logpt) dytand T t)=-H'({t)=-[4 0 z(logpt) du.
The 1nequa11ty (6.47) implies that I t) £ -x T (t), for all t > 0. Integrating leads to
Tt < T)e™, t = 0, which is (6.52).

Let us assume for a while, in addition to (6.47), that supy po < o. It is proved in
Theorem 6.5.2 that under this restriction, H(eo) = 0. With (6.48) and (6.52), we see that

H(uo|m) = H(0) - / Tdt<T0) / e at = ‘T(0)/x.
0

A standard approximation argument based on the sequence pn = (o A1)/ [y(pAn)dm
and Fatou’s lemma: H(pm|m) < lim inf, H(p,m|m), allows to extend this inequality to
unbounded p. This proves (6.54).

Plugging p; instead of ug into (6.54), one sees that H(t) < I (t)/x = -H (t)/x. Integrat-
ing leads to H(t) < H(0)e ™!, which is (6.53). O

Remark 6.5.5 (About time reversal). The backward arrows in (6.47) suggest that time
reversal is tightly related to this convergence to stationarity. Let us propose an infor-
mal interpretation of this phenomenon. The forward entropy production I (t) vanishes
along the forward heat flow (U¢)eo Since I(t) = fx 5l,bt du; and Y = 0. Similarly
| X zlpt du; = 0. No work is needed to drift along the heat flow. In order to evaluate
the rate of convergence, one must measure the strength of the drift toward equilibrium.
To do so “one has to face the wind” and measure the work needed to reach yy when
starting from m, reversing time.

Remarks 6.5.6 (About 52 > Kg).
(a) In the diffusion setting, (6.47) can be written

<fzz)d".

When f is the reversible forward derivative (6.9), this is the standard Bakry-Emery
curvature condition CD(k, o), see [4, 5]. Further detail is given below at Theorem
6.5.8.

(b) In the random walk setting, we see with Lemma 6.4.3 that (6.47) can be written

(3 e -0Tm) + 17,3 - Tx0lhiea) T«

y:x~y y:x~y
+ Z [2egayh(c2 - Qay) - h(cz)] ] x) ] y(Z) (6.55)
,2):x~y~z

2k 3 higay) Tx(y)

yixe~y

for all x € X and any numbers gay,c; € R, (y,2z) : x ~ y ~ z, where h(a) :=
0" (e?-1)=ae?-e%+1, a € R, see (6.40).
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(c) An inspection of the proof of Theorem 6.5.4 shows that the integrated version of
(6.47):
“— —
/ 02(p) dp = K/ O(p)du, p=pmePX)
X b.¢

is sufficient.
In the diffusion setting (6.27) on X = R", we know through (6.31) that (6.47) becomes
1V2ullfs + (VZV +[V+ V*]bL)(Vu) > k| Vul?

for any sufficiently regular function u. This I';-criterion was obtained by Arnold,
Carlen and Ju [3]; see also the paper [24] by Hwang, Hwang-Ma and Sheu for a related
result. These results are recovered in the recent paper [22] by Fontbona and Jourdain
who implement a stochastic process approach, slightly different from the present ar-
ticle’s one but where time reversal also plays a crucial role, see Remark 6.5.5.

Reversible dynamics

More precisely, we are concerned with the following already encountered m-reversible
generators L.

(a) On a Riemannian manifold X, see (6.9):
L=(-VV-V+A)/2 (6.56)

with the reversing measure m = e~" vol.
(b) On a graph (X, ~), see (6.44):

Lu() = > [uy) - u()ls(x, y)y/my/my (6.57)

yix~y

with s(x, y) = s(y, x) >0 forall x ~ y.
Let us recall our hypotheses.

Assumptions 6.5.7. It is required that the reversing measure m is a probability mea-

sure.

The assumptions (a) and (b) below allow us to apply respectively Theorems 6.3.5 and

6.4.6.

(a) The Riemannian manifold X is compact connected without boundary and L is given
by (6.56). We assume that V : X > R is C*-regular and without loss of generality
that V is normalized by an additive constant such that m = e~ vol is a probability
measure.
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(b) The countable graph (X, ~) is assumed to be locally finite and connected. The gener-
ator L is given by (6.57), and the equilibrium probability measure m and the function
s satisfy (6.45).

Reversibility allows for a simplified expression of J(-|m). Indeed, as pO(logp) =
L(plogp - p) —logp Lp, we obtain

/@(logp)pdm=/L(plogp—p)dm—/logprdm= %/T(p,logp)dm
X X X b's

where the last equality follows from the symmetry of L in L?(m) (a consequence of the
m-reversibility of R), whenever (p, log p) € Dom I'. Therefore,

o) = LGam) o= & / I'p, log p) dm. 6.58)
X

It is the Fisher information of u with respect to m. A direct computation shows that

(a) in the diffusion setting (a),
1 1 [ |Vp|?
10m) = 5 [ (v1ogpP =5 [Cam -2 [ (7 am;
X X X

(b) in the random walk setting (b),

1

Ium) =5 > [pWy) - pOolllog p(y) - log p(I MO (y).
2

(6y):x~y

Theorem 6.5.4 becomes

Theorem 6.5.8. The Assumptions 6.5.7 are su@osed ﬁ) hold. Then, under the addi-
tional hypotheses that H(po|m) < oo and (6.47): 0, = kO for some x > 0, we have

I(ugm) < I(uoim)e™, t=0
H(ugm) < H(uolm)e™, t=0

and the following (modified) logarithmic Sobolev inequality
H(u|m) < x ' 1(u|m), (6.59)

for any u € P(X) which in the diffusion setting (a) is also restricted to be such that
du/dm is C%-regular.

In the diffusion setting (a), Theorem 6.5.8 is covered by the well-known result by Bakry
and Emery [5]. Inequality (6.59) is the standard logarithmic Sobolev inequality and
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(6.47): <§2 > K<§ for some x > 0, is the usual I';-criterion: I'; > xI'. In the random walk
setting (b), inequality (6.59) is a modified logarithmic Sobolev inequality which was
introduced by Bobkov and Tetali [6] in a general setting, and was already employed by
Dai Pra, Paganoni and Posta [13] in the context of Gibbs measures on Z?. Later Caputo,
Dai Pra and Posta [8, 9, 14] have derived explicit criteria for (6.59) to be satisfied in
specific settings related to Gibbs measures of particle systems. These criteria are close
in spirit to (6.47).

6.6 Some open questions about curvature and entropic
interpolations

We have seen in Section 6.5 that convergence to equilibrium is obtained by considering
heat flows. The latter are the simplest entropic interpolations since f = 1 or g = 1. In
the present section, general entropic interpolations are needed to explore curvature
properties of Markov generators and their underlying state space X by means of the
main result of the article:

HO- [ 5@p-0gadu, 10 [ 3@ape+ Dapo dpe
X X

Convexity properties of the entropy along displacement interpolations are funda-
mental for the Lott-Sturm-Villani (LSV) theory of lower bounded curvature of metric
measure spaces [31, 41, 42, 44]. An alternative approach would be to replace displace-
ment interpolations with entropic interpolations, taking advantage of the analogy be-
tween these two types of interpolations. Although this program is interesting in itself,
it can be further motivated by the following remarks.

1. Entropic interpolations are more regular than displacement interpolations.

2. Displacement interpolations are (semiclassical) limits of entropic interpolations,
see [26, 29].

3. Entropic interpolations work equally well in continuous and discrete settings
while LSV theory fails in the discrete setting (see below).

With respect to (1), note that the dynamics of an entropic interpolation share
the regularity of the solutions f and g of the backward and forward “heat equa-
tions” (6.11). Their logarithms, the Schrodinger potentials ¢ and 1, solve second order
Hamilton-Jacobi-Bellman equations. This is in contrast with a displacement interpo-
lation whose dynamics are driven by the Kantorovich potentials (analogues of ¢p and
1) which are solutions of first order Hamilton-Jacobi equations. Entropic interpola-
tions are linked to regularizing dissipative PDEs, while displacement interpolations
are linked to transport PDEs. More detail about these relations is given in [28].
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In practice, once the regularity of the solutions of the dissipative linear PDEs (6.11)
is ensured, the rules of calculus that are displayed at the beginning of Section 6.2 are
efficient. Again, this is in contrast with Otto’s calculus which only yields heuristics
about displacement interpolations.

With respect to (3), recall that we have seen in Theorems 6.5.4 and 6.5.8 unified
proofs of entropy-entropy production inequalities, available in the diffusion and ran-
dom walk settings.

In order to provide a better understanding of the analogy between displacement
and entropic interpolations, we start describing two thought experiments. Then, keep-
ing the LSV strategy as a guideline, we raise a few open questions about the use of
entropic interpolations in connection with curvature problems on Riemannian mani-
folds and graphs.

Thought experiments

Let us describe two thought experiments.

~ Schrodinger’s hot gas experiment. The dynamical Schrédinger problem (see (Sgyn)
in Section 6.1) is a formalization of Schrédinger’s thought experiment which was
introduced in [39]. Ask a perfect gas of particles living in a Riemannian manifold
X which are in contact with a thermal bath to start from a configuration profile
o € P(X)attime t = 0 and to end up at the unlikely profile y; € P(X) attimet = 1.
For instance the gas may be constituted of undistinguishable mesoscopic particles
(e.g. grains of pollen) with a random motion communicated by numerous shocks
with the microscopic particles of the thermal bath (e.g. molecules of hot water).
Large deviation considerations lead to the following conclusion. In the (thermo-
dynamical) limit of infinitely many mesoscopic particles, the most likely trajectory
of the whole mesoscopic particle system from pg to y; is the R-entropic interpo-
lation [uo, yl]R where R describes the random motion of the non-interacting (the
gas is assumed to be perfect) mesoscopic particles. Typically, R describes a Brow-
nian motion as in Schrddinger’s original papers [39, 40]. For more detail see [28,
§. 6] for instance.

— Cold gas experiment. The same thought experiment is also described in [44,
Pp. 445-446] in a slightly different setting where it is called the lazy gas experi-
ment. The only difference with Schrodinger’s thought experiment is that no ther-
mal bath enters the game. The perfect gas is cold so that the paths of the particles
are Riemannian geodesics in order to minimize the average kinetic action of the
whole system: entropy minimization is replaced by quadratic optimal transport.
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Connection between entropic and displacement interpolations

It is shown in [26, 29] that displacement interpolations are limits of entropic interpo-
lations when the frequency of the random elementary motions encrypted by R tends
down to zero. With the above thought experiment in mind, this corresponds to a ther-
mal bath whose density tends down to zero. Replacing the hot water by an increas-
ingly rarefied gas, at the zero-temperature limit, the entropic interpolation [ug, p1]R
is replaced by McCann’s displacement interpolation [uo, pu1]4P.

Cold gas experiment

As the gas is (absolutely) cold, the particle sample paths are regular and determinis-
tic. The trajectory of the mass distribution of the cold gas is the displacement inter-
polation [uo, #1]4P which is the time marginal flow of a probability measure P on Q
concentrated on geodesics:

p- / 8. n(dxdy) € P(Q) (6.60)

X2

where 71 € P(X?) is an optimal transport plan between ug and p1, see [28]. Therefore,

Ui = Pr = / 6. n(dxdy) € P(X), 0=t=1, (6.61)

X2

where for simplicity it is assumed that there is a unique minimizing geodesic ~* be-
tween x and y (otherwise, one is allowed to replace 6.~ with any probability concen-
trated on the set of all minimizing geodesics from x to y).

In a positively curved manifold, several geodesics starting from the same point
have a tendency to approach each other. Therefore, it is necessary that the gas initially
spreads out to thwart its tendency to concentrate. Otherwise, it would not be possible
to reach a largely spread target distribution. The left side of Figure 6.1 (taken from [44])
depicts this phenomenon. This is also the case for the right side as one can verify by
reversing time. The central part is obtained by interpolating between the initial and
final segments of the geodesics.

On the other hand, in a negatively curved manifold, several geodesics starting
from the same point have a tendency to depart form each other. Therefore, it is neces-
sary that the gas initially concentrates to thwart its tendency to spread out. Otherwise,
it would not be possible to reach a condensed target distribution.
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t=0 0<t<1 t=1

Fig. 6.1. The cold gas experiment. Positive curvature

t=0 0<t<l1

Fig. 6.2. The cold gas experiment. Negative curvature

Schrédinger’s hot gas experiment

As the gas is hot, the particle sample paths are irregular and random. The trajectory
of the mass distribution of the hot gas is the entropic interpolation [po, yl]R. An R-
entropic interpolation is the time marginal flow of a probability measure P on Q which
is a mixture of bridges of R:

p- / RY n(dxdy) € P(Q) 6.62)
XZ
where 71 € P(X?) is the unique minimizer of  — H(17|Ro1) among all n € P(X?) with

prescribed marginals pg and p1, see [28]. Therefore,

L = Pp = / R n(dxdy) € P(X), Os<t<1. 6.63)

X2
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Comparing (6.60) and (6.62), one sees that the deterministic evolution 8.« is replaced
by the random evolution R*. The grey leaf in Figure 6.3 is a symbol for the (say) 95%-
support of the bridge R*. It spreads around the geodesic v and in general the sup-
port of R}’ for each intermediate time O < ¢ < 1 is the whole space X.

¥y

t=0 t=1

Fig. 6.3. Hot gas experiment with o = dx and p1 = 0,
At a lower temperature, R is closer to 6., see Figure 6.4.

Y

t=0 t=1

Fig. 6.4. Hot gas experiment with pio = 0x and py1 = d,. At a lower temperature

And eventually, at zero temperature R*Y must be replaced by its deterministic limit
8w . Figure 6.5 is a superposition of Figures 6.2 and 6.3. It describes the hot gas exper-
iment in a negative curvature manifold.

Figures 6.3, 6.4 and 6.5 are only suggestive pictures describing most visited space
areas.

Open questions

As far as one is interested in the curvature of the metric measure space (X, d, m),
rather than in the curvature of some Markov generator f such as in Section 6.5, it
seems natural to restrict our attention to a reversible reference path measure R. For
instance when looking at a Riemannian manifold X considered as a metric measure
space (X, d, m) with the Riemannian metric d and the weighted measure m = eV vol,
the efficient choice with respect to LSV theory is to take R as the reversible Markov
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—_—

t=20 t=1

Fig. 6.5. The not so lazy gas experiment in a negative curvature manifold

measure with generator L = (A - VV - V)/2 (or any positive multiple) and initial mea-
sure m.

A representative result in the case where the reference measure m is the volume
measure (V = 0) is that relative entropy is convex along any displacement interpola-
tion in a Riemannian manifold with a nonnegative Ricci curvature. Based on McCann’s
seminal work [33, 34] and Otto’s heuristic calculus, Otto and Villani have conjectured
this result in [38]. This was proved by Cordero-Erausquin, McCann and Schmucken-
schldger in [12]. The converse is also true, as was shown later by Sturm and von Re-
nesse [43].

In the same spirit, an immediate consequence of Theorem 6.3.5 is the following

Corollary 6.6.1. Let R° be the reversible Brownian motion on a connected Riemannian
manifold X without boundary.

Suppose that the Ricci curvature is non-negative. Then, along any entropic interpolation
(1o, yl]Ro associated with R® and fo, g1 € L*(vol) such that (6.8) holds, the entropy
t € [0, 1] — H(u¢| vol) € R is a convex function.

Notice that in Theorem 6.3.5, X is assumed to be compact and f,, g; must be G2. This
was assumed to ensure the regularity of the interpolation (Proposition 6.3.4). However,
in the present setting this regularity follows from the regularity of the heat kernel.

Open questions 6.6.2.

(a) Is the converse of Corollary 6.6.1 true?

(b) Is there a way to define a notion of k-convexity on P(X) along entropic interpola-
tions: H(u¢) < (1 — t)H(uo) + tH(uq) — xC(uo, u1)t(1 - t)/2, 0 < t < 1? What term
C(uo, u1) should replace the quadratic transport cost W3(uo, u1) of the LSV and
AGS (Ambrosio, Gigli and Savaré [1, 2]) theories?

(c) Is there a notion of “entropic gradient flow” related to entropic interpolations that
would be similar to a gradient flow and would allow interpreting heat flows as “en-
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tropic gradient flows” of the entropy? This question might be related to the previous
one: the entropic cost C(ug, u1) could play the role of a squared distance on P(X).

The LSV theory requires the metric space (X, d) to be geodesic. Consequently, discrete
metric graphs are ruled out. Alternative approaches are necessary to develop a theory
of lower bounded curvature on discrete metric graphs.

1. Bonciocat and Sturm [7] have obtained precise results for a large class of pla-
nar graphs by introducing the notion of h-approximate ¢-midpoint interpolations:
d(xo, x¢) < td(xg, x1)+h, d(x¢, x1) < (1-t)d(xo, x1)+h where typically h is of order
1.

2. Erbar and Maas [18, 32] and independently Mielke [35, 36] have shown that the
evolution of a reversible random walk on a graph is the gradient flow of an en-
tropy for some distance on P(X), and derived curvature bounds for discrete graphs
by following closely the gradient flow strategy developed by Ambrosio, Gigli and
Savaré [1] in the setting of the LSV theory.

3. Recently, Gozlan, Roberto, Samson and Tetali [23] obtained curvature bounds by
studying the convexity of entropy along binomial interpolations. On a geodesic
(x = 29,21, ... s Zd(ey) = y) for the standard graph distance d, the binomial in-
terpolation is defined by u¢(z;) = B(d(x, y), t)(k), 0 < k < d(x,y), 0 < t < 1, where

B(n, p)(k) = <Z> pk(1 - p)" ¥ is the usual binomial weight.

We know by Lemma 6.4.3 that

02u00 = (Bu()) "+ 3 [0 - kXK (DuCx, ) 1)

yix~y

£ 3 [2eP 0 n(Duy, 2)) - h(Du(x, 2) | L@

(,2):x~y~z

(6.64)

where Bu(x) = Zy:XNy(eD“("’y) -1)Jx(y)and h(a) := 6" (e? - 1) = ae® - e +1,a € R.
In the diffusion setting where L = (4 - VV - V)/2, we have seen in Section 6.3 that
6, =I',/2 where I is given by the Bochner formula

() = |V2ullfs + V2V(Vu) + Ric(Vu). (6.65)

Open questions 6.6.3.
1. Inview of (6.64) and (6.65), is (6.64) a Bochner formula? Where is the curvature?
2. Are the following definitions relevant?
(a) The m-reversible random walk generator L has curvature bounded below by
ke Rif
Z O,(w)(x)m(x) = KZ ew(x)m(x), Yu.
X X
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(b) The infimum of the curvature at x € X of the Markov generator L is

curvy (x) := inf 92(u)

u Ou) 0.

A definition of curvature should be justified by its usefulness in terms of rate of con-
vergence to equilibrium, concentration of measure or isoperimetric behavior.

Let usindicate that with the discrete Laplacian Lu(x) = [u(x+1)-2u(x)+u(x-1)]/2
on Z, a rather tedious computation leads to the desired flatness result: curv;(x) = 0,
forall x € Z.

A. Basic definitions

This appendix section is part of articles [27, 30]. We repeat it here for the reader’s con-
venience.

Markov measures

We slightly extend the notion of Markov property to unbounded positive measures on
Q.

Definitions .0.4. Any positive measure on Q is called a path measure. Let Q be a path

measure.

(a) It is said to be a conditionable path measure if for any 0 < t < 1, Qq is a o-finite
measure on X.

(b) It is said to be a Markov measure if it is conditionable and for all 0 < t < 1 and
B € o(Xy, 1)), we have: Q(B | Xjg ) = Q(B | X¢).

When Q has an infinite mass, the notion of conditional expectation must be handled
with care. We refer to the following definition.

Definition .0.5 (Conditional expectation). Let ¢ : Q > Y be a measurable map. Sup-
pose that ¢4Q is a o-finite measure on Y. Then, for any f ¢ LP(Q) withp = 1, 2 or oo,
the conditional expectation of f knowing ¢ is the unique (up to Q-a.e. equality) function
Eq(f | @) := 6¢(p) € LP(Q) such that for all measurable function h on Y in LP*(m) where
1/p +1/p~ =1, we have [, h(p)f dQ = [, h(p)0s(p) dQ.

It is essential in this definition that the measure ¢4Q is o-finite on Y; otherwise, we
can’tinvoke the Radon-Nikodym theorem when proving the existence of 6. Inspecting
the above definition of a Markov measure, one sees that it is necessary that Qpo, and
Q; are o-finite for all t € [0, 1] for the corresponding conditional expectations to be
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defined. Nonetheless, this is warranted by the requirement that Q is conditionable, as
shown by the following result.

Lemma .0.6. Let Q be a path measure and T C [0, 1]. For Q< to be o-finite, it is enough
that Q;, is o-finite for some t, € 7.

Proof. Let t, € T be such that Q;, is o-finite with (X»),»1 an increasing sequence of
measurable subsets of X such that Q¢,(X») < oo and Uy»1Xn = X. Then, Qy is also
o-finite since Q7(X;, € Xn) = Q¢,(Xn) forall n = 1 and Up»1[X5(Q) N {X;, € Xn}] =
X5(Q). O

Consequently, for any Markov measure Q and any 7 C [0, 1], the conditional expec-
tation Eq(- | Xg) is well-defined; since Q is a Polish space, there exists a regular
conditional probability kernel Q(- | X5) : Q > P(Q) such that for all f € L(Q),
Eo(f | X3) = [,, £ dQ(- | Xy), see [17, Thm.10.2.2].

Stationary path measures

Let us make precise a couple of other known notions.

Definitions .0.7. Let Q be a path measure.

(a) Itis said to be stationary if for all O < t < 1, Q¢ = m, for some m € M(X). One says
that Q is m-stationary.

(b) 1t is said to be reversible if for any subinterval [a,b] < [0, 1], we have
(rev[“’b])# Qia,p) = Q[q,p) Where revl®bl s the time reversal on [a, b] which is defined
by revi@?] [7](¢6) = n([a + b - t]*) for any n € D([a, b], X), t € [a, b].

A reversible path measure is stationary. When Q is reversible, one sometimes says that
m = Qg = Q is a reversing measure for the forward kernel (Q(- | Xo = x); x € X), or
the backward kernel (Q(- | X; = y); ¥ € X) or shortly for Q. One also says that Q is
m-reversible to emphasize the role of the reversing measure.

Relative entropy
This subsection is a short part of [27, §. 2] which we refer to for more detail. Let r be

some o-finite positive measure on some space Y. The relative entropy of the probability
measure p with respect to r is loosely defined by

H(p|P) = / log(dp/dr)dp < (-0, 0],  p € P(Y) (6.66)
Y
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if p < r, and H(p|r) = oo otherwise. More precisely, when r is a probability measure,
we have

H(p|r)=/h(dp/dr)dre[0, wl,  p.reP(Y)
Y

with h(a) = aloga-a+1 > 0forall a > 0, (take h(0) = 1). Hence, the definition
(6.66) is meaningful. If r is unbounded, one must restrict the definition of H(-|r) to
some subset of P(Y) as follows. As r is assumed to be o-finite, there exist measurable
functions W : Y - [1, o) such that

Zy = /e‘w dr < oo, (6.67)
Y

Define the probability measure ryy := zte”" r so that log(dp/dr) = log(dp/dry) -
W —log zy. It follows that for any p € P(Y) satisfying [, W dp < oo, the formula

Hp|r) = H(p|rW)—/de—long€ (=00, o]
Y

is a meaningful definition of the relative entropy which is coherent in the following
sense. If [, W' dp < oo for another measurable function W' : Y - [0, oo) such that
zy < oo, then H(p|rw) - [, Wdp -logzw = H(p|ry) - [, W dp -log zy € (-0, o0].
Therefore, H(p|r) is well-defined for any p € P(Y) such that [, Wdp < oo for some
measurable nonnegative function W verifying (6.67).
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Nageswari Shanmugalingam
Brief survey on oo-Poincaré inequality and
existence of co-harmonic functions

7.1 Introduction

Recent work on analysis in metric measure spaces saw the development of Sobolev-
type function theory and associated potential theory in the non-smooth setting of met-
ric measure spaces. A significant part of this development is based on the theory of up-
per gradients first proposed by Heinonen and Koskela in [21], see [5] for potential the-
ory based on this notion, and [22] for the corresponding study of metric space-valued
Sobolev-type function theory in non-smooth settings.

In much of the above-mentioned analysis the basic requirements on the metric
measure space under study are that the measure should be doubling and support a
p-Poincaré inequality for some fixed p with 1 < p < oo. The weakest of all the p-
Poincaré inequalities is the oo-Poincaré inequality. The paper [9] proved an analog
of Rademacher’s theorem for metric measure spaces whose measure is doubling and
supports a p-Poincaré inequality for some 1 < p < oo and showed that for such metric
measure spaces, the minimal p-weak upper gradient of a Lipschitz function f on the
metric space is its pointwise Lipschitz constant function Lip f. The conclusions of [9]
did not depend on the precise value of p. Furthermore, it is known that spaces X whose
measure is doubling and supports a p-Poincaré inequality are quasiconvex, that is,
there is a constant C = 1 such that whenever x,y € X there is a rectifiable curve in
X with end points x, y with length ¢(v) < C d(x, y). Again, this consequence does not
depend on the precise value of p.

It was therefore natural to ask whether one could obtain the results of [9] for met-
ric measure spaces whose measure is doubling and supports an co-Poincaré inequal-
ity. The series of papers [12-16, 18] studied metric measure spaces equipped with a
doubling measure supporting an co-Poincaré inequality, with this goal in mind. The
purpose of this present article is to give an overview of the results obtained in these
papers.

Throughout this article we will assume that the metric space X is complete and
that the measure y on X is a Radon measure and is doubling, that is, there is a constant
C,4 = 1 such that whenever x € X and r > 0, we have

0 < u(B(x, 2r)) < C4u(B(x, 1)) < oo.
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The structure of this paper is as follows. In Section 2 we describe the basic notions
needed to study first order calculus in the metric setting. In Section 3 we describe prop-
erties related to spaces supporting an eo-Poincaré inequality, and in Section 4 we de-
scribe results from [15] demonstrating that, unlike in [26], one needs only co-Poincaré
inequality in order to know existence and uniqueness of co-harmonic functions with
prescribed Lipschitz boundary data. The final section, Section 5, will give examples
demonstrating sharpness of the results in the previous section.

7.2 Background

In the non-smooth metric setting (including weighted Euclidean spaces and sub-
Riemannian manifolds) the derivative of a function is not available. However, there
are some possible notions that take on the role of magnitude of the derivative. Of these
possible notions, the notion of (weak) upper gradients, developed in [21], has the so-
called strong locality property.

Definition 7.2.1. Given a function f : X - R, we say that a non-negative Borel-
measurable function g : X - [0, o] is an upper gradient of f if whenever ~ is a non-
constant compact rectifiable curve in X,

If(y) - f00)] < /gds, (7.1)

5

where x and y denote the two end points of .

See [2] or [22] for more on path integrals, and [5, 19-22] for more on the notion of upper
gradients.

Definition 7.2.2. Let 1 < p < oo. A non-negative Borel-measurable function g : X >
[0, o] is a p-weak upper gradient of f if the collection I' of all non-constant compact
rectifiable curves -y for which (7.1) fails has p-modulus zero, that is, there is a non-negative
Borel measurable function p € LP(X) such that for each v € T we have fv pds = oo,

It was shown in [12] that a family I' of non-constant compact rectifiable curves in X
has co-modulus zero if and only if there is a non-negative Borel measurable function
p on X with p = 0 p-a.e. in X such that f,ypds = cowhenevery € I'For1 < p < oo
such a strong result does not hold, but in this case I" has p-modulus zero if and only
if there is a non-negative Borel measurable function p € L?(X) such that jv pds =oo
for each v € T, see [29].

For 1 < p < oo we set Dy(f) to be the collection of all p-weak upper gradients of
f that also belong to LP(X). For 1 < p < oo, the uniform convexity of L?(X) together
with the lattice properties and convexity property of Dy(f) imply the existence of a
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“minimal” function gs € Dp(f) such that whenever g € D(f), we have g; < g py-a.e.in
X.

Remark 7.2.3. Itturns out that the existence of such gs € Dy(f) holdsforall1 < p < oo,
see [31, Theorem 4.6]. We can say even more for the case p = co. From the work of [12]
mentioned above, we can modify every g € Do (f) on a set of y-measure zero such
that the modified function is an upper gradient of f. Thus, without loss of generality,
we may assume that every function in De(f) is an upper gradient of f.

It was shown in [34] and [5] that if f is a measurable function with a p-weak upper
gradient g € Dp(f), and if f is constant on an open set U C X, then gxx\y € Dp(f).
This property, called the strong locality property of p-weak upper gradients, is highly
useful in the development of potential theory in the metric setting, see [5].

Definition 7.2.4. For 1 < p < oo we say that X supports a p-Poincaré inequality if there
are constants C > 0 and A = 1 such that whenever f € LP(X) and g € Dy(X), for all balls
B = B(x, r) C X we have

1/p

g[lf—fsdusCr ferau

B

Here fg := u(B)! Jzf du =: {3 f duis the average of f on the ball B, and AB := B(x, Ar).
We say that X supports an oo-Poincaré inequality if there are constants C > 0and A = 1
such that whenever f ¢ L*°(X) and g € Do(X), for all balls B = B(x, r) C X we have

F17~Faldu = Cr gl

B
The Sobolev-type function spaces under consideration here are the Newton-Sobolev
spaces, first developed in [34].

Definition 7.2.5. The set 1\71710()() is the collection of all functions f : X > R such that
f € LP(X) and Dy(f) is non-empty. For functions f € N1.P(X) we set

; = + inf .
Iflnee ) = If e ger(f)HgHLP(X)

From the above discussion it is clear that when f € Im(X),

Iflnveey = 1flleco + 18F e cx)-

We say that f; ~ f>, if f1,f>» € Im(X) and ||f1 - f2l|yue(x) = O. It was shown in [34]
thatif f1,f> € NLP(X), then f; ~ f> if and only if f; = f, p-a.e. in X and that ~ is an
equivalence relation on N1.P(X).
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Definition 7.2.6. The Newton-Sobolev space N LP(X) is the collection of all equivalence
classes of functions from N1.P(X) from the equivalence relation ~.

It was shown in [34] and [12] that N*P(X) is a Banach space when equipped with the
norm || - || yir(x)-

A function f : X > R is said to be L-Lipschitz on X if for all x,y € X we have
If(x) = f(y)| = L d(x, y). For such functions f and x € X, we set

ip £(x) = li f6 = fl
Llp f(X) 11_{8 x=)/sehg(Jx,r) d (X Y )

and call this the pointwise Lipschitz constant function of f. For A C X we set

LIP(f, A) = &) - )l

x,ysel/lll,:)x=y’ dx,y)

Note that Lip f is an upper gradient of the Lipschitz function f, see for example [20].
The Sobolev-type spaces studied in [9] are also based on the notion of upper gradients,
combined with the idea of relaxation. It was shown in [34] that when 1 < p < oo the
Sobolev-type space of [9] agrees with the above N'?(X). Combining the results of [9]
with [34] it is seen that if X supports a p-Poincaré inequality for some 1 < p < ccand f
is Lipschitz continuous on X, then g¢ = Lip f u-a.e. in X. Thus gy in this case becomes
independent of the choice of p. More specifically, Lip f is the minimal g-weak upper
gradient of f in the class Dy(f) forall g = p.

If X supports a p-Poincaré inequality for some 1 < p < oo, then by Hélder’s in-
equality it follows that X supports a g-Poincaré inequality forall p < g < oo. Itisa
highly non-trivial result of Keith and Zhong [27] that if X is complete (recall that we
also assume the measure to be doubling in our paper), and X supports a p-Poincaré
inequality for some 1 < p < oo, then there is some g € [1, p) such that X supports a
g-Poincaré inequality. The exposition of the proof of this result, given in [22], shows
that g depends only on p and the doubling and p-Poincaré constants of y and X. Such
Gehring-type self-improvement is highly useful in regularity theory for p-harmonic
functions in the metric setting, see for example [28], [5], and [22].

Definition 7.2.7. Let Q C X be a bounded domain such that X\ Q has positive measure,
andletf : X > R bein NVP(X). For 1 < p < oo we say that a function u € N*P(X) with
u = f on X \ Q is p-harmonic in Q with boundary data f if whenever ¢ € NVP(X) with
¢ =fonX\Q, wehave

18ullzr() < 118¢llzr)- (72)

Because of the strongly local nature of p-weak upper gradients (that is, if two func-
tions in NP (X) agree on a Borel set, then their minimal p-weak upper gradients agree
almost everywhere on that set, see [34] or [5, Lemma 2.19], and the local nature of in-
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tegrals, we see that

/gf;d;u = / gy du+ / gy du.
X supt(¢p-u) X\supt(¢p-u)

Therefore, u is a p-harmonic function on Q with boundary data f if and only if u = f
on X\ Q and whenever V ¢ Qisanopensetand ¢ € N?(X) such that ¢ = uon X\V,
we have

8ullLr vy < 118¢ Il Loqvy-

While the notion of p-harmonicity from (7.2) will not yield a local notion of oo-
harmonicity when p - oo, the above notion does. Thus we have the following defi-
nition of co-harmonicity.

Definition 7.2.8. We say that u € N»*(X) is co-harmonic in Q with boundary data
f e N*>*(X)ifu = f on X\ Q and whenever V C Qis an openset and ¢ € N**°(X) such
that ¢ =uon X\ V, we have

llgullL=(vy < I8¢l L=(v)-

With the above definition, a function u that is co-harmonic in Q is also co-harmonic
in every subdomain U of Q, that is, co-harmonicity is a local property.

Note that a function f is in N**(X) if and only if Ifll=x) = esssupyex|f(x)] is
finite and if it has an co-weak upper gradient g such that ||g|;~(x) is also finite. We do
not claim that in general such functions are Lipschitz continuous on X; the paper [12]
has examples of functions in N*°(X) that fail to be Lipschitz continuous on X. As we
will see in the next section, if X in addition supports an co-Poincaré inequality, then
indeed such functions must be Lipschitz continuous on X.

Unlike co-harmonicity, the notion of minimal Lipschitz extension is not a local
property. A Lipschitz function u : Q > R is said to be a minimal Lipschitz extension
of f = u|yq if

LIP(u, Q) < LIP(u, 0Q) = LIP(f, 00Q). (7.3)

For every Lipschitz function w : Q > R, we always have that
LIP(w, Q) = LIP(w, 0Q),

and hence the minimality of u in the above definition. Every Lipschitz function f :
00Q - R has a minimal Lipschitz extension to Q, as demonstrated by McShane [32].
In fact, the proof given in [32] also shows the non-uniqueness of such extension, for
both the following two extensions are minimal Lipschitz extensions to Q:

ut(x) =inf{f(y) + Ld(x,y) : y € 0Q},
u (x) =sup{f(y)-Ld(x,y) : y € 0Q}.
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Here L = LIP(f, 00Q). In the seminal paper [3] Aronsson sought the optimal extensions
that are minimal Lipschitz extensions locally as well; that is, (7.3) is satisfied not only
for Q but also for every non-empty open subset U of Q (by replacing Q with U in (7.3)).
Functions satisfying this condition are called absolute minimal Lipschitz extensions,
or AMLEs for short.

It was shown in [3] that AMLEs F in Euclidean domains satisfy A F = 0, that is,
they are oo-harmonic. Here,

n

2
puF -3 OF OF OF
i,j=1

TXITX] aXiaX]'

is the co-Laplacian of F. Indeed, a function on an Euclidean domain is an AMLE if and
only if it is co-harmonic, see for example [11] or [4, Theorem 4.13].

There are at least two ways of constructing AMLEs in the Euclidean setting, see [3]
or [4] for a general overview of the topic. The first of the two methods employed in [3]
uses a Perron method (which, in [4] is also called comparison with cones) and requires
only the knowledge of the metric, see [25] for the extension of this method to metric
spaces that are length spaces. The second method employed in [3] was to construct
an co-harmonic extension, and since co-harmonicity and the AMLE property concide
in the Euclidean setting, this construction will also yield an AMLE. This latter method
used the non-linear potential theory to construct p-harmonic extensions uj, of the Lip-
schitz boundary data f : 0Q > Rfor 1 < p < oo, and showed that there exists a se-
quence py ~> oo for which up, converges uniformly to a limiting Lipschitz function ue.,
which was then shown to be co-harmonic. This method was extended to the setting of
doubling metric measure spaces supporting a p-Poincaré inequality for some finite
p in [26] to construct co-harmonic extensions of the boundary data f. It was shown
in [26] that if the underlying metric measure space satisfies a p-weak Fubini property
(see Section 4), then co-harmonic functions are AMLEs. In Section 4 we will explain
how to construct co-harmonic functions and describe some connections between AM-
LEs and co-harmonic functions in the setting of metric measure spaces that support an
oo-Poincaré inequality but might not support any p-Poincaré inequality for any finite
p = 1. In Section 5 we will describe examples of such metric measure spaces (such as
the Sierpinski Carpet).

7.3 Characterizations of co-Poincaré inequality

The notion of p-modulus zero family of curves, as described in Definition 7.2.2, is ex-
tended to the notion of p-modulus as an outer measure on the collection of all rectifi-
able curves in X as follows.

Definition 7.3.1. Let I be a family of rectifiable curves in X, and let A(I') denote the
collection of all non-negative Borel measurable functions p on X such that fv pds =1
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foreach~ € I'. For 1 < p < oo, it is traditional to set
Mod,(I') = inf P dyu,
p(I) pGA(n/P M
X

see [20] for example. For p = oo we extend the above notion by considering the p-th root
of Mod), and letting p - oo:

Modw(I') = inf co(¥) -
I peAmIIPHL *)

Recall that X is a complete metric space equipped with a doubling measure u. The
following characterizations of co-Poincaré inequality were established in [13] and [14].
In what follows, we will automatically assume that every rectifiable path (and these
are the only paths we will consider in this article) is arc-length parametrized.

Theorem 7.3.2. ([14, Theorem 3.1], [13, Theorem 4.7]) Let X be complete, connected,
and u be doubling. Then the following are equivalent:

1. X supports an oco-Poincaré inequality.

2. There exist constants C, A > 1 such that if f ¢ L*(X) with an upper gradient g ¢
L=(X), then f is C||g||~(x)-Lipschitz continuous on X and is C||g||~np)-Lipschitz
continuous on each ball B C X.

3. There s a constant C = 1 such that for all N c X with u(N) = 0 and x,y € X with
X =y, there is a rectifiable curve -y with end points x, y such that ¢(v) < Cd(x, y) and
H (1 (N)) = 0.

4. Thereis a constant C = 1 such that whenever x, y € X are two distinct points, setting
I'(x, y, C) to be the collection of all rectifiable curves -y in X with end points x, y such
that ¢(~) < C d(x, y), we have

Mode(I'(x, y, C)) > 0.

5. Thereis a constant C = 1 such that whenever x,y € X are two distinct points, with
I'(x,y, C) as above we have

1

cdix.y) < Mode(I'(x, y, C)) <

C
d(x,y)’
Note that while Property (4) gives only a qualitative control of the co-modulus of the
family I'(x, y, C), Property (5) gives quantitative control. Property (3) on the other hand
is a purely geometric measure-theoretic property; thus it is clear that co-Poincaré in-
equality is a geometric measure-theoretic notion.

Remark 7.3.3. As a consequence of the above theorem, more specifically Property (2)
of the theorem, we know that if f : X > R has an co-weak upper gradient g in X and
that g < L py-a.e. in X, then f is CL-Lipschitz continuous on X. This is of particular use
to us in Section 4.
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Observe also that if X does not support any co-Poincaré inequality, then for each
positive integer n we can find two distinct points x,,yn € X and a set N, ¢ X
with u(Ny) = 0 such that N, separates x, from yy, that is, every rectifiable curve
in X with end points xn, y, and with ¢(y) < nd(xn, yn) must see N, as a large set
(H'(v"1(Nn)) > 0). One can always choose Ny to be independent of n by replacing
Npwith N := (J, < Ni.. It would be interesting to know whether one can choose xn, yn
to be also independent of n. In Section 5 we will give an example (Sierpifiski Carpet)
of a complete doubling metric measure space X for which there is a set N ¢ X with
U(N) = 0 such that every pair of distinct points x, y € X plays the role of xu, y» in the
above discussion.

We now compare the above result regarding oo-Poincaré inequality to analogous
results concerning p-Poincaré inequalities for finite p > 1. For the sake of brevity, we
focus on metric measure spaces whose measure y is Ahlfors Q-regular for some Q = 1,
that is, there is a constant C = 1 such that whenever x € X and 0 < r < 2diam (X),

% < u(B(x, 1) < crl.
A metric measure space supports a 1-Poincaré inequality if and only if it supports a
relative isoperimetric inequality, that is, with P(E, A) denoting the perimeter measure
of the set E C X inside an open set A C X (see for example [1]),

min{u(BN E), u(B\ E)} < C rad(B) P(E, AB)

forallballs B C X.The perimeter measure P(E, B) is comparable to the co-dimension 1
Hausdorff measure of the part of the measure-theoretic houndary of E that is contained
in B when E is of finite perimeter in the sense of [1], that is,

~ litn i u(B;) . r ) )
P(E, B) r11>1(1)1+ 1nf{ IEZI rad(By) I c N, each B;isaball, ENB C iLEJIB,, rad(B;) <r ;.

An Ahlfors Q-regular metric measure space supports a Q-Poincaré inequality if and
only if it is a Q-Loewner space in the sense of Heinonen and Koskela [21]. A space is
Q-Loewner if there is a decreasing homeomorphism ¢ : (0, o) - (0, o0) such that
whenever F, K C X are two compact connected sets with at least two points each such
that F N K is empty, then the p-modulus of the family of all rectifiable curves in X with
one end point in F and the other in K is at least ¢(d(F, K)/diam (F) A diam (K)). Com-
pared to the above characterization of 1-Poincaré inequality, the characterizaton of Q-
Poincaré inequality is more intimately connected with the number of rectifiable curves
in X, and is more similar to Property (5) of Theorem 7.3.2 above. A refinement of the
argument found in [21] would allow us to refine the notion of Q-Loewner property by
letting us to restrict attention to C-quasiconvex curves (as in the sense of Properties (4)
and (5) above) connecting F to K. In the Q-Loewner property one needs the quantita-
tive lower bound for the p-modulus of the relevant family of curves; surprisingly, from
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Property (4) of Theorem 7.3.2 we know that a characterization of co-Poincaré inequality
only requires that the co-modulus of the relevant family of curves be positive.

This connection between the amount of rectifiable curves in X and the support of
p-Poincaré inequality becomes stronger when p > Q.

Proposition 7.3.4 ([14, Theorem 5.1(3)]). Suppose that X is Ahlfors Q-regular and that
p > Q. Then X supports a p-Poincaré inequality if and only if there is a constant C > 1
such that whenever x, y € X are two distinct points, then

1

Mod,(I'(x, y, C)) = Cd e

Note that the lower bound above for Mod,(I'(x, y, C))''? tends to the lower bound
found in Property (4) of Theorem 7.3.2. This gives us hope that other geometric prop-
erties related to p-Poincaré inequalities persist also for co-Poincaré inequality. Unfor-
tunately this is not the case. Properties such as persistence of p-Poincaré inequalities
under pointed measured Gromov-Hausdorff limits, self-improvement of p-Poincaré in-
equality to g-Poincaré inequality for some g < p when p > 1, Rademacher-type dif-
ferentiability of Lipschitz functions in the sense of Cheeger [9] all fail for spaces that
support co-Poincaré inequality but no p-Poincaré inequality for any finite p > 1. We
will describe some examples regarding this in Section 5. These examples are from [18]
and [14].

Now we revert back to our standing assumptions that X is complete and u is dou-
bling. If X supports a p-Poincaré inequality and Q C X is a uniform domain, then Q
supports a p-Poincaré inequality, see [6]. A domain Q is a uniform domain if there is a
constant C > 1 such that whenever x, y € Q there is a curve v, called a uniform curve,
with end points x, y such that 4(v) < C d(x, y) and whenever z is a point in v, and x,z,
vy,z are two subcurves of v with end points x, z and y, z respectively, we have

min{¢(vx,z), £(yy,7)} < Cdist(z, X \ Q).

No geometric characterization is known for domains in X that would inherit the prop-
erty of supporting a p-Poincaré inequality for 1 < p < oo. However, we have the fol-
lowing geometric characterization for inheritance of co-Poincaré inequality.

Lemma 7.3.5. Suppose that X supports an oo-Poincaré inequality. Let Q C X be a do-
main such that the restriction of u to Q is doubling. Then Q, equipped with the restriction
of the measure y and the metric d to Q, supports an oo-Poincaré inequality if and only
if it is quasiconvex.

Recall that a set A C X is quasiconvex if there is a constant C > 1 such that whenever
X,y € Athereisarectifiable curve v in A with end points x, y such that 4(v) < C d(x, y).
Since this characterization has not appeared in any other current literature, we pro-
vide its proof here. The proof relies heavily on the characterization (3) of Theorem 7.3.2.
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As stated, this theorem requires X to be complete. However, it does remain valid when
X is locally complete as well, as demonstrated in [14]. If X is complete and Q is a do-
main in X, then Q is necessarily locally complete.

Proof. Let N C Q such that u(N) = 0, and x,y € Q. By assumption, there is a qua-
siconvex curve v in Q connecting x to y. For each point z € +, there exists r; > 0
such that B(z, 2Cr;) C Q, where C is the constant for X from Theorem 7.3.2(3) (which
exists because X supports an co-Poincaré inequality). The collection of balls B(z, rz)
forms a cover of the compact set , and so there is a finite subcover, say B; = B(z;, r;),
i=1,--,k.Let a; be the location at which ~ first enters B;, and b; be the last time ~

exits B;. Note that
k

> d(a;, by) < 26() < 2€d(x, y).
i=1
Now we use the fact that X supports an co-Poincaré inequality (see Theorem 7.3.2(3))
to find a quasiconvex curve B; (with £(8;) < Cd(a;, b;)) connecting a; to b; such that
Bi € 2CB; ¢ Q and H*(B;1(N)) = 0. Let 4o be the concatenation of the curves f;,
i =1,--+,k Then t(yo) < 2C%d(x,y) and o lies in Q and connects x to y, with
31 (751 (N)) = 0. By Theorem 7.3.2(3), the support of an co-Poincaré inequality follows.
Conversely, if Q supports an oo-Poincaré inequality, then by Theorem 7.3.2 we
know that Q has to be quasiconvex. This completes the proof. O

7.4 Existence of co-harmonic extensions of Lipschitz functions

Throughout this section we will assume in addition to the doubling property of y that
u also supports an co-Poincaré inequality.

We fix a bounded domain Q C X such that u(X \ Q) > 0, and an L-Lipschitz
function f : X > R. In this section we seek to find a function u € N*°(X) that is
co-harmonicin Qandu = fon X\ Q.

The definition of co-harmonic functions can be found in Definition 7.2.8 above.
From Remark 7.2.3 we know that the minimal co-weak upper gradient g of a function
fwith gf € L*(X) can be modified on a set of measure zero such that the modified
function is an upper gradient of f. Thus from now on gf will denote such a minimal
upper gradient of f.

Definition 7.4.1. The space Né""’(()) consists of all the functions v € N> (X) that sat-
isfyv=00nX\Q.

It follows from Definition 7.2.8 that a function u € N%*°(X) is co-harmonic in Q if and
only if for each v € Ny***(X), we have

18ull L=(supt(v)n@) < 18u+vlL=(supt(v)na)- (7.4)
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Note that Lipschitz functions belong to Nllo’f (X) for each 1 < p < oo, and hence if
X supports a p-Poincaré inequality, for oo > g > p one can find a Hélder continuous
g-harmonic function on Q that agrees with f in X \ Q, with Hélder continuity con-
stant dependent solely on g, the doubling constant and the constants related to the
Poincaré inequality, and the bound on f and the Lipschitz constant of f. The uniform
limit of a subsequence of the sequence of g-harmonic functions, as g > oo, will yield
an oo-harmonic function that solves the above-stated problem, see for example [26].
There are many complete doubling metric measure spaces that support an co-Poincaré
inequality but support no p-Poincaré inequality for any finite p > 1. For such spaces
this approach might fail to give an co-harmonic function. In [15] one modifies the above
approach by considering the following rather than g-harmonic functions.

From now on, L will denote the essential supremum ||g¢||;~(x) of the minimal oo-
weak upper gradient of f.

Definition 7.4.2. We fix L > 0 as above, and set N}""’(X) to be the collection of all
functions u on X that have an upper gradient g with ||g|| =) < L. Foru € N}’“’(X) the
set Dy (u) is the collection of all upper gradients g of u such that ||g||~(x) < L.

Functions in N}"”(X) might not be L-Lipschitz, but given that X supports an oo-
Poincaré inequality, they are CL-Lipschitz where C is the constant given by the oo-
Poincaré inequality on X.

Definition 7.4.3. Fix 1 < p < oo. Foru € N"(X) we set I (u) := infyc ) o [, 8 dps
and let

}’ = in P (u).
ueNL>>(X) : u=f on X\Q

In the above, if u € N¥*°(X) but D (u) is empty, then I} (u) = oo.

Note that ]}’ < I (f)P < LPu(Q) < oo, and so we can find a sequence u; € N}’“’(X)
with u = f on X\Q such that limy ¥ (u)) = ];’ . Since each uy is CL-Lipschitz, the family
{uy } is equicontinuous on X, and since u; = f on X\Q with Q bounded, it follows that
the family is also equibounded on X. Thus an application of the Arzela-Ascoli theorem
allows us to, by passing to a subsequence if necessary, find a CL-Lipschitz function uy
on X such that u; - up uniformly on X.

It was shown in [15] that ]ff) = I (up) and that up € N}"™(X) withup = fon X \ Q.
It was also shown there that such up is unique given f. This uniqueness result was
used to show that solutions u satisfy a weak comparison principle: if F € NE’“’(X)
such that f < Fon X \ Q, then the solution U, associated with the boundary data F
satisfies up < Up on Q. In the proof of this comparison principle the local nature of the
LP-integral was a key tool.

The next step was to fix a monotone increasing sequence {p; }; with 1 < p; < oo
and for each k € N consider up, as above. By passing to a subsequence if necessary, it
was possible to obtain a uniform limit ¢ of the equicontinuous equibounded sequence
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{up, }x of CL-Lipschitz functions, and show that ¢ is ec-harmonic in Q. Thus we have
the following theorem (recall the standing assumption for this section that X supports
an oo-Poincaré inequality).

Theorem 7.4.4 ([15]). The function ¢ is co-harmonic in Q with p € NV=(X) and ¢ = f
onX\ Q.

The next natural question to ask is whether co-harmonic functions are necessarily AM-
LEs. It was shown in [15] that this is not the case, see the next section for a description
of this example. In [26] it was shown that if the metric measure space satisfies a p-weak
Fubini property, then co-harmonic functions are AMLEs and that AMLEs are also oo-
harmonic.

Definition 7.4.5. Let 1 < p < co. A metric measure space is said to satisfy a p-weak Fu-
bini property if there are positive constants C and Ty such that whenever 0 < T < T
and By, B, C X are measurable sets with positive measure such that d(B{, B,) >
T max{diam (B;), diam (B,)}, then Mod,(I'(B1, B, T) > O where I'(B1, B3, T) is the
collection of all rectifiable curves ~ in X with one end point in B1, the other in B,, and
£(y) < d(By, By) + Ct.

A space satisfying a p-weak Fubini property will necessarily satisfy a g-weak Fubini
property for each p < g < oo. The following simple geometric characterization of oo-
weak Fubini property, akin to that of Theorem 7.3.2(3), holds. No such characterization
is known to hold for p-weak Fubini property for finite p > 1. Note also by Theorem 7.3.2
that if X satisfies an eo-weak Fubini property, then X supports an eo-Poincaré inequal-

ity.
Lemma 7.4.6 ([15]). X satisfies an oo-weak Fubini property if and only if for every set

N c X with u(N) = 0, every € > 0, and every pair of distinct points x,y € X, there is a
rectifiable curve ~ with end points x, y such that {(v) < d(x, y) + € and H'(v"1(N)) = 0.

Theorem 7.4.7 ([15]). If X satisfies an co-weak Fubini property and f : X > R belongs
to NV>°(X), then every oo-harmonic extension of f to Q is also an AMLE. Furthermore,
every AMLE of f to Q is necessarily co-harmonic in Q.

The co-weak Fubini property is not an unreasonable property to consider, as the fol-
lowing proposition shows. Given a set N c X with u(N) = O we set the function
dy : Xx X > [0, oo] as follows:

dy(x,y) =inf{l(y) : v is rectifiable with end points x, y and Hl(y"l(N)) =0}.

If X supports an co-Poincaré inequality, then by Property (3) of Theorem 7.3.2 we see
that dy is a metric on X and that d(x, y) < dy(x, y) < Cd(x, y). We set

du(x,y) := sup{dy(x,y) : N C X with u(N) = 0}.
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By above, if X supports an eo-Poincaré inequality, then dy, is biLipschitz equivalent to
the original metric d.

Proposition 7.4.8 ([15]). If X supports an oo-Poincaré inequality, then the metric mea-
sure space (X, dy, p) satisfies an oo-weak Fubini property.

Thus if X supports an oo-Poincaré inequality, then the class of AMLEs and the class
of eo-harmonic functions with respect to the metric d are the same class and this
class is non-empty. It was shown in [24] and [33] that AMLEs of Lipschitz boundary
functions in a geodesic space are unique. It follows then that if X supports an co-weak
Fubini property, then dy, = d and so co-harmonic extensions of Lipschitz functions are
unique.

Going one step further, it was shown in [15] that the class of co-harmonic functions
with respect to the metric d and the class of co-harmonic functions with respect to the
metric dy coincide if X supports an co-Poincaré inequality. Hence even if X does not
satisfy an co-weak Fubini property, uniqueness of co-harmonic functions in (X, d, u)
follows under the uniqueness of eo-harmonic functions in (X, dy, u). We will demon-
strate in the next section that if the co-weak Fubini property fails, then co-harmonic
extensions need not be unique even if the metric space is a geodesic space. We do
not know whether if X is a geodesic space supporting an co-Poincaré inequality then
dy =d.

7.5 Examples

In this section we give some examples that show the optimality of the results pre-
sented in this paper. We begin with an example of a complete metric measure space
whose measure is doubling and is quasiconvex, but does not support any co-Poincaré
inequality.

Example 7.5.1. Let X be the Sierpinski carpet, equipped with the Euclidean metric
and the natural Hausdorff measure y = F108(8)/1086)  Then u is doubling, and indeed
is Ahlfors log(8)/ log(3)-regular. Furthermore, X is v/2-quasiconvex. However, by the
results of [7] X cannot support an co-Poincaré inequality. Indeed, the projection of the
measure u to [0, 1] via the first coordinate projection map yields a measure yg that
is singular with respect to the 1-dimensional Lebesgue measure £! on [0, 1] (see [7]).
Thus there is a set Ny C [0, 1] with uo(N1) = 0 but £}(N;) = 1, and since both g
and £! are Radon measures, we can even choose N to be a Borel set. Denoting by
II; : X > [0, 1] the first coordinate projection map, we define a function f : X > R by

I, (x)
£00) 1= / X (O dt.
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It is easy to see that f is v/2-Lipschitz continuous on X and that g = xy, o IT; is an
upper gradient of f, see for example [13, Lemma 4.13]. Therefore f € N**°(X), and we
note that f is non-constant on X (since N; has full measure in [0, 1] with respect to £?,
the measure with respect to which the above integral was taken). On the other hand,
X = B((0,0),2) N X =: B, and we have that f, |f - fg| du > 0 but ||g||.~4p) = O; hence
X cannot support any co-Poincaré inequality.

The above example shows that one needs the full strength of Property (3) of Theo-
rem 7.3.2 in order to characterize oo-Poincaré inequality.

The next two examples explore the Sierpinski carpet further in the context of co-
harmonic functions and AMLESs, see [15] for more details.

Example 7.5.2. If X satisfies the stronger requirement of o-weak Fubini property, it
is directly seen that dy, = d on X. As explained above, the Sierpifiski carpet does
not support any oo-Poincaré inequality and hence cannot satisfy any co-weak Fu-
bini property. Since the length metric on this carpet is biLipschitz equivalent to the
Euclidean metric, it follows that the above statement holds also when the carpet is
equipped with the length metric. Recall the set N; from Example 7.5.1 above, and let
N = (I1;*(N1) U IT,1(N1)) N X where X is the carpet. Here IT; and IT, are the first co-
ordinate and the second coordinate projection maps from the carpet to [0, 1]. Note
that u(N) = 0, but given any curve ~ in the carpet with end points x, y such that
(x1,x) =x =y = (y1,y2), we must have

H (M) 2 max{H (T 09(y (), K (Ma0y(y ™ (N))} 2 max{|x1-y1], [x2=ya|} > 0.
It follows that dy(x, y) = oo, and so dy = A in the carpet.

Example 7.5.3. The Sierpinski carpet also gives a situation where an co-harmonic
function is not necessarily an AMLE. To construct such a function, set g := yy, where
N is the set given in Example 7.5.2. Let E := {0} x [0, 1], and for points x = (x1, x5) in
the carpet we define

fx) := igf/gds,
¥

where the infimum is over all rectifiable curves v in the carpet with one end point at x
and the other at E. Note that f is zero on E, but for x #E we have f(x) > x; > 0. Hence
f is non-constant. From [15] we know that f is v/2-Lipschitz on the carpet with respect
to the Euclidean metric, and is 1-Lipschitz with respect to the length metric on X. Its
minimal co-weak upper gradient gy satisfies gy < g u-almost everywhere, and so by the
fact that u(N) = 0, we have ||g¢||;~x) < I8~ = 0, and therefore f is automatically
oo-harmonic in the carpet. However, LIP(f, X) > 0 because f is non-constant. Let Q be
the domain X \ E; then f is not AMLE in Q since the only AMLE extension of the zero
function on E = 00 is the zero extension.
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We next turn our attention to examples related to spaces supporting an oo-Poincaré
inequality.

Example 7.5.4. In this example we describe a metric measure space that is complete,
doubling, supports an co-Poincaré inequality, but does not support any p-Poincaré
inequality for any finite p > 1. The details regarding this example can be found in [18,
Example 3.7].

Let Q; = [0, 1]%, and let Q, be the set obtained from Q; in the first step of the
construction of the Sierpinski carpet, that is, Q, is obtained from Q; by first dividing
Q, into 9 equal squares, each of side length 1/3, and then removing the middle open
square (1/3, 2/3)?. Note that Q, is the union of 8 squares, each of side length 1/3.
Qs is obtained from Q; by repeating the above process for each of the 8 squares that
make up Q, to obtain 82 squares, each of side length 1/32. Proceeding inductively,
for each positive integer n we have a union of 8" closed squares, each of side length
1/3", making up the set Qn. Note that the Sierpinski carpet is the set ), .y Qn. In
this example we are not interested in this carpet, as we saw in the previous examples
that the carpet does not support any co-Poincaré inequality. Instead we consider the
complete set X C [0, o) x [0, 1] c R? given by

X= UQn+(n—1,0).

neN

Thus X is obtained from the strip [0, o0) x [0, 1] by removing the first middle-third
square from the first unit square [0, 1]? in the strip, removing the first and second
steps of the construction of the carpet from the second unit square [1, 2] x [0, 1] and
so on. The metric on X is the Euclidean metric, but the measure y is not the Lebesgue
measure £? restricted to X (since this would fail to be doubling on X at large scales),
but the following measure: for each n € N we set

9 n-1
2
Hn = (g) L% 0,+(n-1,0)5

M= un.

neN

and set

Then X, equipped with the Euclidean metric and the measure y, is doubling and is
complete. It is directly verifiable by the use of Fubini theorem that X satisfies Prop-
erty (3) of Theorem 7.3.2 (with constant C = v/2), and so X supports an co-Poincaré
inequality.

Suppose that X supports a p-Poincaré inequality for some finite p > 1. The do-
mains Qn + (n — 1, 0) are uniform domains in X with uniformity constant 2; hence,
it support a p-Poincaré inequality with constants that do not depend on n, see [6].
Thus the spaces Xn := Qn, equipped with the Euclidean metric and the measure
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Vn = (%)"‘%2 g, will be doubling and support a p-Poincaré inequality, with the rele-
vant constants independent of n. Note that the Sierpifiski carpet is the pointed (at the
point (0, 0) € X) measured Gromov-Hausdorff limit of the sequence (Xn, dgyc, Vn, Pn)
with p, = (0, 0), and so by a result of Cheeger [9] (see also [22, Chapter 11]) the Sierpin-
ski carpet should support a p-Poincaré inequality as well and hence should support an
oo-Poincaré inequality. Since this is not possible (see Example 7.5.1 above), it follows
that X does not support any p-Poincaré inequality for any finite p > 1 either.

The above example serves two purposes. It shows that the self-improvement property
of Keith and Zhong [27] does not hold for p = oo, and it also shows that the support of
an co-Poincaré inequality does not persist under pointed measured Gromov-Hausdorff
limits. Indeed, the sequence of spaces (X, vn) each support an co-Poincaré inequal-
ity with associated constants independent of n, but this sequence converges under
Gromov-Hausdorff limit to the Sierpinski carpet equipped with its natural Hausdorff
measure, which in turn does not support an co-Poincaré inequality.

The technique of sphericalization, studied in [8, 16, 17, 23, 30], applied to the
above-constructed X yields a compact doubling metric measure space supporting an
oo-Poincaré inequality (see [16]) but no p-Poincaré inequality for any finite p > 1. The
failure of supporting a finite p-Poincaré inequality happens locally and asymptotically
at one point in this compact space, and so the results of [26] do not apply in this space
when the domain of interest contains this bad point in it.

The final example of this section deals with the lack of Rademacher-type differen-
tiability for spaces that support co-Poincaré inequality but no better.

Example 7.5.5. Since the Euclidean space R, equipped with the Lebesgue measure £!
and the Euclidean metric, supports a 1-Poincaré inequality, it clearly also supports an
co-Poincaré inequality. Let v be a singular doubling measure on R (for example, the
Riesz product measure, see [36], [18, Section 4], or [35, page 40, Section 8.8(a)]). Then
the measure p = £! + v is a doubling measure which, by Theorem 7.3.2(3) and by the
fact that null sets for u are necessarily null sets for £, also supports an co-Poincaré
inequality.

Since v is singular to £, there is a set N ¢ R with £(N) = 0 such that v(N) > 0.
By a result of Choquet [10], there is a Lipschitz function f on R that is not Euclidean
differentiable anywhere in N. Suppose that X = R, equipped with the Euclidean metric
and the measure y, supports a Cheeger type differentiable structure as in [9]. Then, the
Cheeger differential Df exists u-almost everywhere in R, and hence as shown in [14,
Example 4.7], (note that N must have infinitely many points as v cannot have finite
support) f has to be Euclidean differentiable at v-almost every point in N, which vio-
lates the choice of f.
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Takashi Shioya
Metric measure limits of spheres and complex
projective spaces

8.1 Introduction

Gromov [11]*S. 3% developed the metric measure geometry based on the idea of con-
centration of measure phenomenon due to Lévy and Milman (see [14-17]). This is par-
ticularly useful to study a family of spaces with unbounded dimensions. A metric mea-
sure space (or mm-space for short) is a triple (X, dx, ux), where (X, dx) is a complete
separable metric space and px a Borel probability measure on X. Gromov defined the
observable distance, say dconc(X, Y), between two mm-spaces X and Y by the differ-
ence between 1-Lipschitz functions on X and those on Y, and studied the geometry
of the space of mm-spaces, say X, with metric dconc. (In [11], the observable distance
function is denoted by H, £1,.) The observable distance is much more useful than the
Gromov-Hausdorff distance to study a sequence of spaces with unbounded dimen-
sions. We say that a sequence of mm-spaces X, n =1, 2, ..., concentrates to an mm-
space X if Xy, dconc-converges to X as n - oo.

We have a specific natural compactification, say II, of (X, dconc). The space II con-
sists of pyramids, where a pyramid is a directed subfamily of X with respect to a natural
order relation <, called the Lipschitz order. X < Y holds if there exists a 1-Lipschitz
continuous map from Y to X that pushes py forward to py. For a given mm-space
X € X, thesetof X' € X withX < Xisa pyramid, denoted by Px. We call Py the
pyramid associated with X. The space IT has a natural compact topology such that the
map

1: X>5X—Pxell

is a topological embedding map. The image ((X) is dense in IT and so II is a compact-
ification of X.

It follows that X < Y if and only if Px C Py, namely the Lipschitz order < on X
extends to the inclusion relation on I1. X itself is a maximal element of I, and a one-
point mm-space corresponds to a minimal element of IT. A sequence of mm-spaces is
a Lévy family if and only if it concentrates to the one-point mm-space. A sequence of
mm-spaces infinitely dissipates if and only if the sequence of the associated pyramids
converges to the maximal element X.

It is interesting to study concrete examples of nontrivial sequences of mm-spaces
and their limits (in IT and in X), where ‘nontrivial’ means that it neither is a Lévy
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family, dissipates, nor [J-converges, where [J denotes the box distance function on
X, which is an elementary metric on X and satisfies dconc < (1. We remark that there
are very few nontrivial examples that are studied in detail before. All such known
examples are of the type of product spaces (see [11]*S. 3%.49,56). In this paper, we
study two examples of the non-product type, spheres and complex projective spaces
with unbounded dimensions. Those are also the first discovered examples of sequence
with the property that the limit space is drastically different from the spaces in the se-
quence.

We present some definitions needed to state our main theorems. The precise defi-
nitions are given in S. 8.4. Let v* be the infinite-dimensional standard Gaussian mea-
sure on R, We call '™ := (R, || - ||2, ¥°°) the infinite-dimensional standard Gaussian
space, where || - ||> denotes the I, norm on R* (which takes values in [0, +oc ]). Note
that v*° is not a Borel measure with respect to the I, norm (cf. [2]*S. 2.3) and that '™ is
not an mm-space. Nevertheless we have the associated pyramid Pr-. We call Pr- the
virtual infinite-dimensional standard Gaussian space. In the same way, we consider the
infinite-dimensional centered Gaussian measure ~3; with variance A%, A > 0, and de-
fine the virtual infinite-dimensional Gaussian space pr;; as a pyramid. Tr;; coincides
with the scale change of Pr~ of factor A. We consider the Hopf action on I'y; by iden-
tifying R* with C*. The Hopf action is isometric with respect to the I, norm and also
preserves +;;. The quotient space I';; /S ! has a natural measure and a metric. We also
have the associated pyramid Pr- . Let S"(r) be the n-dimensional sphere in R™*!
centered at the origin and of radius r > 0. We equip the Riemannian distance func-
tion or the restriction of the Euclidean distance function with S"(r). We also equip the
normalized volume measure with S™(r). Then S"(r) is an mm-space. We consider the
Hopf quotient

CP"(r) := $*™(r)/S*

that has a natural mm-structure induced from that of S2"*1(r) (see S. 8.2.5). This is
topologically an n-dimensional complex projective space. Note that, if the distance
function on S$2™1(r) is assumed to be Riemannian, then the distance function on
CP™(r) coincides with that induced from the Fubini-Study metric scaled with factor
r.

One of our main theorems in this paper is stated as follows.

Theorem 8.1.1. Let {rn},., be a given sequence of positive real numbers, and let Ay, :=
rn/\/1 (resp. An := rn//2n + 1). Then we have the following (1), (2), and (3).
1. An > 0asn > oo if and only if {S™(rn)}neq (resp. {CP™(rn)}ieq) is a Lévy family.
2. Ap > +ooasn > oo if and only if {S™(rn) }meq (resp.
{CP™ (rn)}21) infinitely dissipates.
3. Assume that A, - A as n > o for a positive real number A. Then, as n - oo, Psn(r,)
(resp. Pcpn(y,)) converges to Pre (resp. TPF;; /s)-
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(1) and (2) both hold for the Riemannian metric (resp. the scaled Fubini-Study metric)
and also for the Euclidean distance function (resp. the distance induced from the Eu-
clidean). (3) holds only for for the Euclidean distance function (resp. the distance in-
duced from the Euclidean).

Theorem 8.1.1 is analogous to phase transition phenomena in statistical mechanics.

If rn is bounded away from zero, then {S"(rn)}7; and {CP"(rn)}>; both have
no [J-convergent subsequence (see Proposition 8.7.4). The theorem also holds for any
subsequence of {n}. We have the same statement as in Theorem 8.1.1 also for real and
quaternionic projective spaces in the same way.

(1) of Theorem 8.1.1 follows essentially from the works of Lévy and Milman (see
[10]*S. 1.1 for the proof of (1) for spheres). For (1), we give some fine estimates of the
observable diameter (Corollaries 8.5.7 and 8.5.10) by using the normal law a la Lévy
(Theorem 8.5.2).

(2) follows from a discussion using the Maxwell-Boltzmann distribution law
(Proposition 8.5.1).

(3) is the most important part of the theorem. It follows from the Maxwell-
Boltzmann distribution law that the limit pyramid of (the Hopf quotient of) spheres
contains the (Hopf quotient of) virtual Gaussian space. For the proof of the reverse in-
clusion, we define a metric p on the space II of pyramids compatible with the topology
on IT (see Definition 8.3.4) that satisfies the following theorem.

Theorem 8.1.2. For any two mm-spaces X and Y, we have
P(:PX, Py) < deonc(X, Y),

i.e., the embedding map t : X > X — Px € II is 1-Lipschitz continuous with respect to
dconc and p.

Applying this theorem, we prove the reverse inclusion. We give an outline of the proof
of the reverse inclusion for spheres with r, = \/n. The key point of the proof is to
show that the (n + 1)-dimensional standard Gaussian measure of the Euclidean ball,
say Bg*l, centered at the origin and with radius 6/n converges to zero as n - oo for
any fixed 0 < 6 < 1 (see Lemma 8.6.1). Since the measure of BS” is almost equal
to zero for large n, we ignore this part of I'"" and consider the central projection from
R"™1\ BI*! to the boundary S"(0+/n) of B}*!, which proves S"(6y/n) < I'** \ Bj*!
and s0 Pgu(g, /) C Prwsypy- The box distance between I'"*! and I'"*! \ B! can be

estimated by the measure y"**(Bj**). Thus, applying Theorem 8.1.2 proves

r}l_)l’(l)lo fPSn(g\/ﬁ) C 31_)11;10 ':Ple\Bsﬂ = 21_)1110 (Ppm = fP['m.

As 0 > 1, we obtain the reverse inclusion.
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Note that Gromov [11]*S. 3% gave only the notion of convergence of pyramids and
did not define the topology on II. Note also that there exists no metric on IT (strongly)
equivalent to dconc. In fact we have the following as a consequence of Theorem 8.1.1.

Theorem 8.1.3. There exist mm-spaces Xn and Yo, n =1, 2,..., such that
1. dconc(Xn, Yn) is bounded away from zero;
2. the associated pyramids Py, and Py, both converge to a common pyramid as n ~>

oo,

After this paper had been completed, we have the following progress. In [19], we study
the phase transition phenomenon appeared in Theorem 8.1.1 for a general sequence
of mm-spaces. Using a criterion of the phase transition in the observable diameter, we
investigate several sequences of manifolds. For the phase transition property of the
product spaces, we refer to [20]. In [22], we determine the limits of Stiefel manifolds
and flag manifolds as the dimension diverges to infinity. A main part of this paper is
also explained in [21].

8.2 Preliminaries

In this section, we give the definitions and the facts stated in [11]*S. 3%. In [11]*S. 3%,
many details are omitted. We refer to [8, 9, 18, 21] for such details. The reader is ex-
pected to be familiar with basic measure theory and metric geometry (cf. [1, 3, 4, 12]).

8.2.1 mm-Isomorphism and Lipschitz order

Definition 8.2.1 (mm-Space). Let (X, dx) be a complete separable metric space and
Ux a Borel probability measure on X. We call the triple (X, dx, ux) an mm-space. We
sometimes say that X is an mm-space, in which case the metric and the measure of X
are respectively indicated by dx and py.

Definition 8.2.2 (mm-Isomorphism). Two mm-spaces X and Y are said to be mm-
isomorphic to each other if there exists an isometry f : supp ux > supp py such that
fxux = Uy, where f«uy is the push-forward of pux by f. Such an isometry f is called an
mm-isomorphism. Denote by X the set of mm-isomorphism classes of mm-spaces.

Any mm-isomorphism between mm-spaces is automatically surjective, even if we do
not assume it.

Note that X is mm-isomorphic to (supp pyx, dx, ux). We assume that an mm-space
X satisfies

X = supp pix
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unless otherwise stated.

Definition 8.2.3 (Lipschitz order). Let X and Y be two mm-spaces. We say that X
(Lipschitz) dominates Y and write Y < X if there exists a 1-Lipschitzmap f : X > Y
satisfying

ferx = py.

We call the relation < on X the Lipschitz order.

The Lipschitz order < is a partial order relation on X.

8.2.2 Observable diameter

The observable diameter is one of the most fundamental invariants of an mm-space.

Definition 8.2.4 (Partial and observable diameter). Let X be an mm-space. For a real
number a, we define the partial diameter diam (X; &) = diam (ux; @) of X to be the in-
fimum of diam A, where A C X runs over all Borel subsets with ux(A) > a and diam A
denotes the diameter of A. For a real number x > 0, we define the observable diameter
of X to be

ObsDiam(X; —x) := sup{ diam(fpx; 1 — x) |
f : X > Ris 1-Lipschitz continuous }.

Definition 8.2.5 (Lévy family). A sequence of mm-spaces Xn,n=1,2,...,iscalled a
Lévy family if
lim ObsDiam(X,; k) =0
n—co
forany x > 0.
Proposition 8.2.6. If X < Y, then

ObsDiam(X; —x) < ObsDiam(Y; k)

forany x > 0.

8.2.3 Separation distance

Definition 8.2.7 (Separation distance). Let X be an mm-space. For any real numbers
Ko, K1, , Ky > Owith N = 1, we define the separation distance

Sep(X; Ko, K1,°** KN)
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of X as the supremum of min; dx(A;, Aj) over all sequences of N + 1 Borel sub-
sets Ag, Az, -+ , Ay C X satisfying that ux(4;) = x; foralli = 0,1,---, N, where
dx(Aj, Aj) = infyca, yea, dx(x, y). If there exists no sequence Ao, ..., Ay C X with
ux(4;) 2 x;,i=0,1,---, N, then we define

Sep(X; ko, K1, - , Ky) :=0.

Lemma 8.2.8. Let X and Y be two mm-spaces. If X is dominated by Y, then we have,
for any real numbers xg, ..., Ky > 0,

Sep(X; kg, ..., Ky) < Sep(Y; ko, ..., Ky).

Proposition 8.2.9. For any mm-space X and any real numbers x and x withx > k > 0,
we have

ObsDiam(X; -2x) < Sep(X; k, k), 6))
Sep(X; k, k) < ObsDiam(X; —x ). 2

8.2.4 Box distance and observable distance

Definition 8.2.10 (Prokhorov distance). The Prokhorov distance dp(u,v) between
two Borel probability measures y and v on a metric space X is defined to be the in-
fimum of € > 0 satisfying

u(Ue(A)) 2 v(4) - € (8.1)

for any Borel subset A C X, where

Ug(A) :={x e X|dx(x,A)<e}.

The Prokhorov metric is a metrization of weak convergence of Borel probability mea-
sures on X provided that X is a separable metric space.

Definition 8.2.11 (me). Let (X, u) be a measure space and Y a metric space. For two p-
measurable maps f, g : X > Y, we define mey(f, g) to be the infimum of € > 0 satisfying

H{xeX|dy(fx),gx)>e}) <e. (8.2)

We sometimes write me(f, g) by omitting u.

mey, is a metric on the set of y-measurable maps from X to Y by identifying two maps
if they are equal p-a.e.
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Lemma 8.2.12. Let X be a topological space with a Borel probability measure yu and Y
a metric space. For any two pu-measurable maps f, g : X > Y, we have

dp(fep, gep) < mey(f, 9.

Definition 8.2.13 (Parameter). Let I := [0, 1) and let X be an mm-space. A map ¢ :
I - X s called a parameter of X if ¢ is a Borel measurable map such that

¢*L1 = Hx>

where L' denotes the one-dimensional Lebesgue measure on I.
Any mm-space has a parameter.

Definition 8.2.14 (Box distance). We define the box distance [J(X, Y) between two
mm-spaces X and Y to be the infimum of € = 0 satisfying that there exist parameters
¢:1->X,y:1->Y,and aBorel subset Iy C I such that

|¢*dX(s, t) - ll)*dy(S, t)|<e foranys,t e Ip; (6))
LiIp) = 1-¢, )

where ¢"dx(s, t) := dx(¢(s), p(t)) for s, t € L.
The box distance function (J is a complete separable metric on X.

Proposition 8.2.15. Let X be a complete separable metric space. For any two Borel
probability measures y and v on X, we have

O(X, w), (X, v)) < 2dp(p, v).

Definition 8.2.16 (Observable distance dconc(X, Y)). Denote by Lip,(X) the set of 1-
Lipschitz continuous functions on an mm-space X. For any parameter ¢ of X, we set

¢ Lip,(X) :={fo | f € Lip;(X) }.

We define the observable distance dconc(X, Y) between two mm-spaces X and Y by
deonc(X. Y) := inf dy(¢” Lip, (dx), " Lip, (dy)),

where ¢ : I > Xand Y : I > Y run over all parameters of X and Y, respectively,
and where dy is the Hausdorff distance with respect to the metric me ;.. We say that a
sequence of mm-spaces Xn, n = 1,2, ..., concentrates to an mm-space X if Xn dconc-
converges to X as n - oo.

Proposition 8.2.17. Let {Xn};>, be a sequence of mm-spaces. Then, {X,} is a Lévy
family if and only if Xn concentrates to a one-point mm-space as n - oo.



268 —— TakashiShioya

Proposition 8.2.18. For any two mm-spaces X and Y we have

deonc(X, Y) < O(X, V).

8.2.5 Quotient space

Let X be a metric space and G a group acting on X isometrically. We define a pseudo-
metric on the quotient space X/G by

dyjo(x]. V) = inf ]dx(x',y'), [x], [y € X/G.

ElxLy’ely
We call dy,; the pseudo-metric on X/G induced from dy. If every orbit in X of G is
closed, then dy/; is a metric.

Assume that we have a Borel measure px on X. Then, we call the measure py/; :=
mpx the measure on X/G induced from uy, where 7t : X > X/G is the natural projec-
tion.

8.2.6 Pyramid

Definition 8.2.19 (Pyramid). A subset P C X is called a pyramid if it satisfies the fol-
lowing (1), (2), and (3).
1L IfXePandifY < X,thenY € P.
2. For any two mm-spaces X, X & P, there exists an mm-space Y € PsuchthatX < Y
and X < Y.
3. Pis nonempty and (-closed.
We denote the set of pyramids by II.
For an mm-space X we define

Px:={X eX|X <X}
We call Px the pyramid associated with X.

It is trivial that X is a pyramid.
In Gromov’s book [11], the definition of a pyramid is only by (1) and (2) of Definition
8.2.19. We here put (3) as an additional condition for the Hausdorff property of I1.

Definition 8.2.20 (Weak convergence). Let Pn,P € I, n = 1, 2,.... We say that Pn
converges weakly to P as n - o< if the following (1) and (2) are both satisfied.
1. For any mm-space X € P, we have

lim O(X, Pn) = 0.
n->oo
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2. For any mm-space X € X \ P, we have

liminf O(X, Pn) > 0.
n—>oco

Theorem 8.2.21. The set II of pyramids is sequentially compact, i.e., any sequence of
pyramids has a subsequence that converges weakly to a pyramid.

Proposition 8.2.22. For given mm-spaces X and Xn, n = 1,2,..., the following (1)
and (2) are equivalent to each other.

1. Xn concentrates to X as n > oo.

2. Px, converges weakly to Px as n - oo.

Dissipation is an opposite notion to concentration.

Definition 8.2.23 (Infinite dissipation). Let Xn, n = 1,2,..., be mm-spaces. We say
that {Xn} infinitely dissipates if for any real numbers kg, k1, . . . , Ky > O with Z?L o Ki <
1, the separation distance

Sep(Xn; Ko, K1y -+ KN)

diverges to infinity as n - oo.

Proposition 8.2.24. Let Xp, n = 1, 2,..., be mm-spaces. Then, {Xn} infinitely dissi-
pates if and only if Px_ converges to X as n > oo.

Let X be an mm-space. Denote by £, (X) the quotient of Lip, (X) by the R-action:
R x Lip;(X) > (t,f) = t + f € Lip;(X).

The R-action on Lip, (X) is isometric with respect to the metric me. We denote also by
‘me’ the induced metric on £;(X) from ‘me’. We see that me([f], [g]) = inf;cg me(f +
t, g) = me(f + to, g) for some ty € R.

Lemma 8.2.25. For any two mm-spaces X and Y we have
dGH(L 1 (X)’ Ll(Y)) < dCOl’lC(X’ Y)’
where dgy denotes the Gromov-Hausdor(f distance function.

Definition 8.2.26. We say that a pyramid P is concentrated if {£1(X)}xcp is dgy-
precompact.

Lemma 8.2.27. Let P be a pyramid. Then the following (1) and (2) are equivalent to
each other.

1. Pis concentrated.

2. Pis the weak limit of {Px,} for some dconc-Cauchy sequence {Xn} of mm-spaces.
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8.3 Metric on the space of pyramids

The purpose of this section is to define a metric p on II compatible with weak conver-
gence such that the embedding map

1: X>X+—Pxell

is a 1-Lipschitz continuous with respect to dconc on X.

Definition 8.3.1 (M(N), M(N, R), X(N, R)). Let N be a natural number and R a non-
negative real number. Denote by M(N) the set of Borel probability measures on RN
equipped with the Prokhorov metric dp, and set

M(N,R) :={ p € M(N) | suppu C Blg 1,
where BY := { x € RV | ||x||s < R } and || - || denotes the lo. norm on RN. We define

X(N, R) := { (BR, || - lloo, ) | w € M(N, R) }.
Note that M(N, R) and X(N, R) are compact with respect to dp and ], respectively.

Definition 8.3.2 (N-Measurement). Let X be an mm-space, N a natural number, and
R a nonnegative real number. We define

M(X;N) = { Dupiy | @ : X > (RY, || - ||o) is 1-Lipschitz },
M(X;N,R) := { u € M(X;N) | suppu C BY }.

We call M(X; N) (resp. M(X; N, R)) the N-measurement (resp. (N, R)-measurement) of
X.

The N-measurement M(X; N) is a closed subset of M(N) and the (N, R)-measurement
M(X; N, R) is a compact subset of M(N).

The following lemma is claimed in [11]*S. 3% without proof. Since the lemma is
important for the definition of p, we give a sketch of proof (the detailed proofis lengthy
and contained in the book [21]).

Lemma 8.3.3 ([11]*S. 3%). For given pyramids P and Pn,n =1, 2, ..., the following (1)
and (2) are equivalent to each other.
1. Pn converges weakly to P as n - oo.
2. For any natural number k, the set Pn N X(k, k) Hausdorff converges to P N X(k, k)
as n - oo, where the Hausdor(f distance is induced from the box metric.

Sketch of proof. We prove ‘(1) = (2)’. Suppose that P, converges weakly to P, but
Pn N X(k, k) does not Hausdorff converge to P N X(k, k) for some k. We then find a
subsequence {Pp, } of {Pn} in such a way that lim inf .. dg(PnNX(k, k), PNX(k, k)) >
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0. Since X(k, k) is O-compact and by replacing { Py, } with a subsequence, Pn, N X(k, k)
Hausdorff converges to some compact subset Po. C X(k, k) different from P n X(k, k).
Since any mm-space X € P is the limit of some X; € Pn, N X(k, k), i=1,2,..., the
set P is contained in P, so that P € P N X(k, k). For any mm-space X ¢ P n X(k, k),
there is a sequence of mm-spaces X; € Pp, (J-converging to X as i > oo. We are able to
find a sequence of mm-spaces X;- € X(k, k) with X;- < X; that (J-converges to X. Since
X; € Pn; N X(k, k), the space X belongs to Pe.. Thus we have Poo = P N X(k, k). This is
a contradiction.

We prove ‘(2) = (1)’. We assume (2). Let P__ be the set of the limits of conver-
gent sequences of mm-spaces X, € Pn, and Pe the set of the limits of convergent
subsequences of mm-spaces X, € Pn. We have P__ C P.. in general. We shall prove
P =P =D

To prove P C P, we take any mm-space X € P. Since P N [J5_; X(N, N) is -
dense in P, there is a sequence of mm-spaces X; € PN Jy.; X(N, N) that O-converges
to X. For each i we find a natural number N; with X; € X(N;, N;). By (2), there is a
sequence of mm-spaces X;, € Pn N X(N;, N;),n =1, 2,..., that O-converges to X; for
each i. There is a sequence i, - oo such that X; ,, O-converges to X, so that X belongs
to P... We obtain P C 2.

To prove Po C P, we take any mm-space X € Pw. X is approximated by some
Xy = RN, || - HM,EN), My € M(X; N). It is easy to see that for any R > O there is a
unique nearest point projection gz : RN > Bllg with respect to the Il norm. 1y is
1-Lipschitz continuous with respect to the I norm. Since (715)« Ky > U N weakly as
R > +o0, X is approximated by some X ¢ X(N,R) with X < X. By the [J-closedness
of P, it suffices to prove that X" belongs to . It follows from X € P that there are
sequences n; > oo and X; € P, i =1, 2,..., such that X; (J-converges to X. We find
a sequence of mm-spaces Xl with X;- < X; that CJ-converges to X . We are also able to
find a sequence X; € X(N, R) such that X; < X; for any i and X; converges to X as
i > co. Since Pr, is a pyramid, X; belongs to Pn,. By (2), X is an element of P. We thus
obtain P = P, = Pe.

We prove the weak convergence P, - P. Let us verify the first condition of Defi-
nition 8.2.20. Take any mm-space X € P. Since X € P_, there is a sequence of mm-
spaces Xn € Pn,n=1,2,..., that O-converges to X. Therefore,

lim sup O(X, Pr) < lim O(X, X,) = 0.
n->oo n->oo
Let us verify the second condition of Definition 8.2.20. Suppose that
liminf,5. O(X, Py) = O for an mm-space X. It suffices to prove that X belongs
to P. We find a subsequence {Py,} of {Pn} in such a way that lim;s., O(X, Py,) = O.
There is an mm-space X; € Py, for each i such that X; (-converges to X as i - oo.
Therefore, X belongs to Pec = P.
This completes the proof. O
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Definition 8.3.4 (Metric on the space of pyramids). Define, for a natural number k
and for two pyramids P and ¥,

, 1 ,
pi(P,P) := ﬂdH(CP nx(k, k), P nx(k, k)),

p(P,P) =" 27 pi(@, P).
k=1

Note that 1/(4k) in the definition of p;, is necessary for the proof of Theorem 8.1.2.

Proposition 8.3.5. p is a metric on the space II of pyramids that is compatible with
weak convergence. II is compact with respect to p.

Proof. We first prove that p is a metric. Since O < 1, we have p; < 1/(4k) for each k
and then p < 1/4. Each py is a pseudo-mettic on IT and so is p. If p(, P') = 0 for two
pyramids P and %, then p (P, P') = 0 for any k, which implies P = P’ (see Lemma
8.3.3). Thus, p is a metric on II.

We next prove the compatibility of the metric p with weak convergence in II. It
follows from Lemma 8.3.3 that a sequence of pyramids P», n = 1, 2,..., converges
weakly to a pyramid P if and only if lim,5., pi(Pn, P) = 0 for any k, which is also
equivalent to lim,, 5., p(Pn, P) = 0.

Since II is sequentially compact (see Theorem 8.2.21), it is compact with respect
to p. This completes the proof. O

The rest of this section is devoted to the proof of Theorem 8.1.2.

Lemma 8.3.6. Let X and Y be two mm-spaces. For any natural number N we have
dg(M(X; N), M(Y; N)) < N - deonc(X, V),

where the Hausdorff distance dy is defined with respect to the Prokhorov metric dp.

Proof. Assume that deonc(X, Y) < € for a real number . There are two parameters
¢ : 1> Xandy : - Y suchthat

dy(¢" Lip, (X), ¥" Lip; (V) < e. (8.3)

Let us prove that M(X; N) C By (M(Y; N)). Take any F«uy € M(X; N), where F : X >
(RM, || - |s) is a 1-Lipschitz map. Setting (f1, ..., fy) := F we have f; € Lip, (X) and so
fi o ¢ € ¢” Lip,(X). By (8.3), there is a function g; € Lip,(Y) such that me(f; o ¢, g; o
) < £.Since G := (g1,...,8N5) : ¥ > RY, | - ||e) is 1-Lipschitz, we have G.«uy €
M(Y; N). We prove dp(Fspy, G+py) < Ne in the following. For this, it suffices to prove
Fux(Be(A)) = Guy(A) — Ne for any Borel subset A ¢ RY. Since Fepiy = (F o ¢p)«L1
and G+uy = (G o )«L1, we have

Faux(Be(A)) = LH(F o ) ' (Be(A)),  Gepy(4) = L1((G o ) 1 (A)).
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It is sufficient to prove
LG o) (A)\ (F o ¢) ' (B=(A))) < Ne.

Ifwe take s € (G o ) 1(A) \ (F o ¢) 1(Be(A)), then G o 1(s) € Aand F o ¢(s) € B:(A)
together imply
|IF o ¢(s) = Goth(s)]les > €

and therefore

LG o) A\ (Fod) ' Be(A)) < L ({ s €I [[Fod(s) -~ Goh(s)]ew > € })
N
=t (U{seﬂ \fi o @(s) - gi o P(s)| >€}>

i=1

N
<> L{selllfiop(s)-giop(s) >el)

i=1
< Ng,

where the last inequality follows from me(f; o ¢p,g; o ) < &. We thus obtain
dp(F«uy, Gspy) < Ne, so that M(X; N) € By(M(Y; N)). Since this also holds if we
exchange X and Y, we have

dg(M(X; N), M(Y; N)) < Ne.
This completes the proof. O

Lemma 8.3.7. Let X and Y be two mm-spaces. Then, for any natural number N and
nonnegative real number R we have

dg(M(X; N, R), M(Y; N, R)) < 2dg(M(X; N), M(Y; N)),

where the Hausdor(f distance dy is defined with respect to the Prokhorov metric dp on
M(N)

Proof. Let € := dy(M(X; N), M(Y; N)). For any measure u € M(X; N, R) there is a
measure v € M(Y; N) such that dp(u, v) < €. This implies

V(BB 2 uBY)-e=1-¢. (8.4)

Letm=mg: RV > Bg be the nearest point projection. This is 1-Lipschitz and satisfies
"\Bg = Ing. We have t+v € M(Y; N, R). By Lemma 8.2.12 and (8.4), we see dp(m«v, v) <
mey (77, Idgy) < € and hence

dp(p, mev) < dp(u, v) + dp(v, m+v) < 2,
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so that M(X; N,R) C B,.(M(Y; N, R)). Exchanging X and Y yields M(Y;N,R) C
B,.(M(X; N, R)). We thus obtain

dyM(X; N, R), M(Y; N, R)) < 2¢.
This completes the proof. O

Lemma 8.3.8. Let X and Y be two mm-spaces, N a natural number, and R a nonnega-
tive real number. Then we have

dy(Px N X(N, R), Py N X(N, R)) < 2dy(M(X; N, R), M(Y; N, R)).

Proof. The lemma follows from Proposition 8.2.15. O

Proof of Theorem 8.1.2. By Lemmas 8.3.8, 8.3.6, and 8.3.7,

dH(fPX N :X:(N, R), ﬂ)y n X(N, R))
< 2dg(M(X; N, R), M(Y; N, R))
< 4dg(M(X; N), M(Y; N)) < 4N deonc(X, V),

so that py(Px, Py) < dconc(X, Y) for any k. This completes the proof of the theorem. [

8.4 Gaussian space and Hopf quotient

In this section we present the precise definitions of the spaces which appeared in The-
orem 8.1.1.
For A > 0, let 7,'(‘2 denote the n-dimensional centered Gaussian measure on R™ with

variance A%, i.e.,
1

RN
em)i ) ¢ X
A

’Y/r{lz (A) =

for a Lebesgue measurable subset A C R", where dx is the Lebesgue measure on R"
and ||+||2 the I, (or Euclidean) norm on R". We put~" := ~}, which is the n-dimensional
standard Gaussian measure on R". Note that the n-th product measure of V}Z coincides
with 7},. We call the mm-space I'}, := (R", [|-||2, 7)) the n-dimensional Gaussian space
with variance A2. Call ™ := T T the n-dimensional standard Gaussian space. For k < n,
we denote by nj : R" > R¥ the natural projection, i.e.,

(X1, X2, ooy Xn) 1= (X1, X2, .., Xi), (X1, X2, ..., Xn) € R™.

Since the projection i ; : I'', > I'y!is 1-Lipschitz continuous and measure-
n-1 A A
preserving for any n = 2, the Gaussian space I ,’1'2 is monotone increasing in n with



Metric measure Limits = 275

respect to the Lipschitz order, so that, as n - oo, the associated pyramid ﬂ’p;z con-
verges to the O-closure of | ;- , pr:z , denoted by Tp; . We call pr;; the virtual infinite-
dimensional Gaussian space with variance A%. Call Pr~ := Pre the virtual infinite-
dimensional standard Gaussian space.

Recall that the Hopf action is the following S-action on C":

SxC"s eV, 2) —s eV Mz e,

where S is the group of unit complex numbers under multiplication. Since the pro-
]ectlonn : C" > Ck, k < n, is S'-equivariant, i.e., s (e\/jtz) = e‘ﬁtnﬁﬁ(z) for any

eVl e S1 and z € C", there exists a unique map ﬁ%}} C"/S* > C*/S* such that the
following diagram commutes:

n st nj/cl
ct —=—— C"/s

= | |7
Ck st (C"/Sl
We consider the Hopf action on I';}! by identifying R?" with C". The Hopf action is iso-
metric with respect to the Euclidean distance and also preserves the Gaussian measure
'VAZ Let
ry/s' =(C"/S', denys, 732

be the quotient space with the induced mm-structure (see S. 8.2.5). Note that this is
isometric to the Euclidean cone (cf. [4]) over a complex projective space of complex
dimension n - 1 with the Fubini-Study metric. Since the map 757, ;) : I'37'/S' >
r fz("’l) /St is 1-Lipschitz continuous and pushes 7/1” forward to 'yz(" V. the quotient
space I' f /S is monotone increasing in n with respect to the Lipschitz order. The as-
sociated pyramid CPFQ /st converges to the O-closure of | J,; CPF;, /s1» which we denote
by fPF; /Ste We pllt :Pl’oc/sl = iPFT/Sl'

8.5 Estimate of observable diameter

In this section, we give some estimates of the observable diameters of spheres and
complex projective spaces, which are little extensions of known results (see [11, 13]).
Let 0™ denotes the normalized volume measure on the sphere

S") = {xeR"™ ||x|,=71}

of radius r > 0. For k < n, we consider the restriction of the projection 7'["+1 S'(r) c
R™1 > RK, which is 1-Lipschitz continuous with respect to the geodesic distance and
also to the restriction of the Euclidean distance to S"(r).
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Recall that weak (resp. vague) convergence of measures means weak-* conver-
gence in the dual of the space of bounded continuous functions (resp. continuous
functions with compact support).

The following is well-known and the proof is elementary.

Proposition 8.5.1 (Maxwell-Boltzmann distribution law®!). For any natural number
k we have

d(m o™ | dAk

dLk dck

where ¢" is the normalized volume measure on S"(/n) and d%k means the Radon-

Nikodym derivative with respect to the k-dimensional Lebesgue measure. In particular,

asn - oo,

(T Yo" > X weakly  asn > oco.
We prove the following theorem, since we find no proof in any literature.

Theorem 8.5.2 (Normal law & la Lévy; Gromov [11]*S. 31).

Let fn : S"(v/n) > R, n = 1,2,..., be 1-Lipschitz continuous functions with respect
to the geodesic distance on S"(\/n). Assume that, for a subsequence {fn;} of {fn}, the
push-forward (fn,;)~0™ converges vaguely to a Borel measure 0 on R, and that 0. is
not identically equal to zero. Then, 0 is a probability measure and

(R’ | ¢ |s O-W) < (R’ | * ‘) '71)’

i.e., there exists a 1-Lipschitz continuous function a : R > R such that asy' = Gee.

Note that there always exists a subsequence {fy, } such that (f,)-0™ converges vaguely
to some finite Borel measure on R.

We need some claims for the proof of Theorem 8.5.2. The following theorem is
well-known.

Theorem 8.5.3 (Lévy’s isoperimetric inequality; [6, 14]). For any closed subset Q C
S™(1), we take a metric ball B, of S™(1) with 6™ (Bg) = ¢™(Q). Then we have

0" (Ur(Q)) 2 0" (Ur(Bp))

for any r > 0, where U,(Q) denotes the open r-neighborhood of Q with respect to the
geodesic distance on S"(\/n).

We assume the condition of Theorem 8.5.2. Consider a natural compactification R :=
R U {—o0, +o0} of R. Then, by replacing {fs,} with a subsequence, {(fx,)«0™} con-
verges weakly to a probability measure G 0n R. We have Geo|p = 0o and 0wo(R) +
Goo{—00, +00} = Feo(RR) = 1. We prove the following

8.1 This is also called the Poincaré limit theorem in many literature. However, there is no evidence
that Poincaré proved this (see [5]*S. 6.1).
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Lemma 8.5.4. Let x and x be two given real numbers. If y*(—oo, x| = Goo[ o0, X' | and
if 0ea{x'} = O, then

OolX €1, X +&3] 24 [Xx -1, x+ &3]

for all real numbers €1,¢&, = 0. In particular, 0 is a probability measure on R and
Oco{—00, +o0} = 0.

Proof. Weset Q. := {fn, > x } and Q- := { fn, < x }. We have Q. U Q_ = S"(/m)). Let
us prove

Ue, (Q4) N Uy (Q-) C {X =1 < fr, <X + €2 }. (8.5)

In fact, for any point & € Ue,(Q.), there is a point & € Q. such that the geodesic
distance between ¢ and ¢’ is less than &;. The 1-Lipschitz continuity of f,, proves that
fi (&) > fn, (&) — €1 = X — 1. Thus we have Ug, (Q+) C {x — €1 < fn, } and, in the same
way, Ue,(Q-) C {fn, < X + &5 }. Combining these two inclusions implies (8.5).

It follows from (8.5) and U, (Q+) U U, (Q-) = S™(\/n;) that

(Fa )« [x - €1, % +&5]
= 0"(X — &1 < fr; <X +85) 2 0" (Ue, (Q4) N Ug, (Q2))
= 0"(Ue, (Q4)) + 0" (Ug,(Q-) - 1,

where ¢"(P) means the ¢™-measure of the set of points satisfying a conditional for-
mula P. The Lévy’s isoperimetric inequality (Theorem 8.5.3) implies ™ (U, (Q+)) =
0" (Ue, (Bg,)) and 0" (Ue,(Q-)) = 0™ (Ue,(Bg_)), so that

(Fn)+ 0" [ X — 1, X + &3] 2 0" (Ue, (Bg,)) + 0™ (Ue, (B )) - 1.

It follows from oe{x} = O that 0™(Q.) converges to Feo( X , +o0] as n > co. We be-
sides have Goo( X, +00] = [ x, +o0) #0, 1. Therefore, there is a number iy such that
0"(Q:) #0,1 forall i > iy. For each i > i we have a unique real number a; satisfy-
ing v![ a;, +o0) = 0™ (Q4). The number a; converges to x as i > oe. By the Maxwell-
Boltzmann distribution law (Proposition 8.5.1),

lim 6" (Ue, (Bo.)) = Y x -1, +00)
1700
as well as
lim 0™ (Ue, (Bo.)) = (=0, x +£;].
1700
Therefore,

OoolX —€1,X +&3] 2 lirginf(fni)*ani[x' —e1, X +&]
120

2y [x - €1, +00) + 4 (—o0, x +£5] - 1
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=71[x—£1,x+52].

The first part of the lemma is obtained.

The rest of the proof is to show that 0.(R) = 1. Suppose 0-(R) < 1. Then, since
0(R) > 0, there is a non-atomic point x of 0ee such that 0 < Feo[—c0, x) < 1. We
find a real number x in such a way that v (—oo, x] = Geo[ —o0, X |. The first part of the
lemma implies 0oo[ X — €1,x +&2] = v [x — €1, x + &5 ] for all €1, &, > 0. Taking the
limit as €1, £, - +o0, we obtain 0-(R) = 1. This completes the proof. O

Lemma 8.5.5. supp 0 is a closed interval.

Proof. supp 0 is a closed set by the definition of the support of a measure. It then
suffices to prove the connectivity of supp 0. Suppose not. Then, there are numbers
x and € > 0 such that 0eo(—o0, X =€) > 0, Ooo[ X —€, X +€] = 0, and Goo( X +&, +00) >
0. There is a number x such that v}(-oo, x] = 0eo( oo, X' |. Lemma 8.5.4 shows that
Oo[X —€,x +€] 2~y [x—€,x+€] >0, which is a contradiction. The lemma has been
proved. O

Proof of Theorem 8.5.2. For any given real number x, there exists a smallest number
x satisfying 7'(—oco, x] < 0w(—o0, x']. The existence of x follows from the right-
continuity and the monotonicity of y +— 0e(—oo, y]. Setting a(x) := x we have a
function a : R - R, which is monotone nondecreasing.

We first prove the continuity of a in the following. Take any two numbers x;
and x, with x; < x. We have 4!(=o0,x1] < Ooo(—o00, a(x1)] and 71(-o0,x,] =
Ooo(—o0, a(x7)), which imply

Yx1, X212 Goo(@(x1), a(x2)). (8.6)

This shows that, as x; > a - 0 and x, > a + O for a number a, we have
Os(a(x1), a(x2)) = 0, which together with Lemma 8.5.5 implies a(x,) - a(x;) > O.
Thus, a is continuous on R.

Let us next prove the 1-Lipschitz continuity of a. We take two numbers xand € > 0
and fix them. It suffices to prove that

Aa:=alx+¢&)-alx) <e.

Claim 1. If 0o{a(x)} = O, then Aa < €.

Proof. The claim is trivial if Aa = 0. We thus assume Aa > 0. Since 0o{a(x)} = 0, we
have y1(—o0, x] = Goo( —o0, at(x)], so that Lemma 8.5.4 implies that

Ol a(x), a(x) + 8] = v [x, x + 6] 8.7)
for all 6 > 0. By (8.6) and (8.7),

Ax, x+ €] 2 0ol a(x), alx + €))
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= 0| a(x), a(x) + Aat)

= lim oelalx), alx)+ 6]
6>Aa-0

> lim ~!x,x+6]
6>Aa-0

=[x, x +Aa],

which implies Aa < €. O

We next prove that Aa < € in the case where g-.{a(x)} > 0. We may assume that Aa > 0.
Let x; := sup a”*(a(x)). It follows from a(x) < a(x + €) that x, < x + €. The continuity of
a implies that a(x:) = a(x). There is a sequence of positive numbers €; - 0 such that
O {a(xs+ + &)} = 0. By applying the claim above,

alx: +g+e)—alx: +¢) < e.

Moreover we have a(x + €) < a(x+ + & + €) and a(xs+ + &) > a(xs) = a(x) asi > oo.
Thus,
alx+¢e)-alx)<e

and so a is 1-Lipschitz continuous.

The rest is to prove that a*”yl = 0. Take any number x € a(R) and fix it. Set
x :=sup a1 (x) (< +o0). We then have a(x) = x’ provided x < +oo. Since x is the largest
number to satisfy 7' (oo, x] < Ges(—o0, x ], We have v! (oo, X | = 0ee( o0, x ], where
we agree v1(—oo, +0o] = 1. By the monotonicity of a, we obtain

ey (—oo, X1 = 7 (@ (~o0, X 1) = 7 (~o0, X] = Teo( o0, X ],

which implies that asy! = 0o because 0w is a Borel probability measure. This com-
pletes the proof. O

Proposition 8.5.6. Let X be an mm-space. Then, for any real number t > 0 and x = O,
we have
ObsDiam(tX; —x) = t ObsDiam(X; —x).

Proof. We have

ObsDiam(tX; —k) = sup{ diam(fspx; 1 - x) | f : tX > R 1-Lipschitz }
= sup{ diam(fspy; 1 - x) | t 1f : X > R 1-Lipschitz }
= sup{ diam((tg)+ux; 1 - k) | g : X > R 1-Lipschitz }
= t ObsDiam(X; -x).

This completes the proof. O
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Corollary 8.5.7. Let {rn}n2, be a sequence of positive real numbers. If rn/\/n > A as
n - oo for a real number A, then

lim ObsDiam(S" (rn); ~) = diam(v1:; 1 - ) = 2AI (1 - ©)/2),
n—>oco

for any real number k with O < x < 1, where I(r) := v1[ 0, r]. This holds for the geodesic
distance function on S™(rn) and also for the restriction to S (rn) of the Euclidean distance
function on R™.

Proof. It suffices to prove the corollary in the case where r, = \/n, because of Propo-
sition 8.5.6. We assume that r, = \/n.

The corollary for the geodesic distance function follows from the normal law a la
Lévy (Theorem 8.5.2) and the Maxwell-Boltzmann distribution law (Proposition 8.5.1).

Assume that the distance function on S"(y/n) to be Euclidean. Since the Euclidean
distance is not greater than the geodesic distance, the normal law a la Lévy still holds.
Clearly, the projection ij** : S"(v/n) > R¥ is 1-Lipschitz with respect to the Euclidean
distance function. Thus, the corollary follows from the normal law a la Lévy and the
Maxwell-Boltzmann distribution law. This completes the proof. O

Lemma 8.5.8. Let X be a metric space and G a group acting on X isometrically. Then,
for any two Borel probability measures y and v on X, we have

dP(ﬂ9 ‘7) < dP(’-'l’ V)’

where ji denotes the push-forward of u by the projection X > X/G.

Proof. Take any Borel subset A ¢ X/G and set A := n71(A), where 7 : X > X/G is the
projection. Assume that dp(u, v) < € for a real number . Since 7171 (B¢(A)) > B:(A),
we have

A(Be(A)) = pu(m ' (Be(A))) = u(Be(A)) = v(A) e = ¥(A) - €

and therefore dp(fi, V) < €. This completes the proof. O

Denote by {" the normalized volume measure on CP"(r) with respect to the Fubini-
Study metric. Note that {, = 52"*!, where 62! denotes the push-forward of 62! by
the Hopf fibration $2"*1(r) > CP(r).

Proposition 8.5.9. Let {rn};>; be a sequence of positive real numbers such that
rm/V2n+1 > Aasn > oo for a real number A. Then, for any natural number k we
have

(2™ > 32K weakly asn > oo,

where 32 : CP"(rn) € C™1/S' > C¥/SYis asin S. 8.4 and 33¥ the push-forward of
73X by the projection C* > C*/S.
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Proof. By Proposition 8.5.1, (27+2).¢*" converges weakly to 72 as n > oo. In the
following, a measure with upper bar means the push-forward by the projection to the
Hopf quotient. Since (713} 2)«{" = (3}2)«5°" = (m27+2)«02", and by Lemma 8.5.8, we
have

dp((3F ) (™, 735 < dp((T3T )™, 43K) > 0 asn > oo,

This completes the proof. O

Corollary 8.5.10. Let {rn};2; be a sequence of positive real numbers. If rn[v/2n+1 > A
as n - oo for a real number A, then

lim sup ObsDiam(CP"(ry); —k) < 2AI 1 ((1 - x)/2),

n->oo

2
linl)inf ObsDiam(CP"(rn); —x) = Adiam(([ 0, +o0 ), re” 2 dr); 1 — k).
n—>oco

These inequalities both hold for the scaled Fubini-Study metric and also for the induced
distance function from the Euclidean distance on S*™(ry).

Proof. The upper estimate follows from CP"(rn) < S*"(rn) and Corollary 8.5.7.
Since 3"*2 : CP"(rn) c C™*1/S! > C/S! is 1-Lipschitz, Proposition 8.5.9 proves

lirginf ObsDiam(CP"(rn); -x) > diam((C/S?, ’_7/%2); 1-x)
n—>oco
2
= Adiam(([ 0, +o0), re” 2dr); 1 - k).
This completes the proof. O
We conjecture that

rZ
li_;n ObsDiam(CP"(ryn); —x) = Adiam(([ 0, +o0 ), re” 2 dr); 1 — k)
n—>oco

ifrn/vV2n+1->2Aasn - oco.

8.6 Limits of spheres and complex projective spaces

In this section, we prove Theorem 8.1.1 by using several claims proved before. We need
some more lemmas.

Lemma 8.6.1. For any real number 0 with 0 < 6 < 1, we have

lim A x e R™  Ovn< x|, <07 n )} =1.
n—>oco

Proof. Considering the polar coordinates on R", we see that

ron, -t2/2
JotheT it dt

n+1 n+1 = -
¥ {XGR H|X|‘zsr}_f0°°tne*tz/2dt.
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Integrating both sides of (log(t"et/2))" = —n/t?~1 < -1 over [t, /N | with O < t < V1
yields

~(log(t"e /)" = (log(t"e 1)) | /i ~ (log(t"e /%)) < ¢ - v/m.
Integrating this again over [ t, v/n] implies
n/Ze—n/Z) < _(t - \/ﬁ)z
-

—tz/Z)

log(t"e —log(n

so that thet'/2 < n/2eM2e=(-vV*/2 and then, for any r with O < r < /7,

Vn-r vn
/ e C/2 gt < prl2e 2 / e 12 gt < p/2e /2T 12,
0 r

Stirling’s approximation implies

/t"e’tz/zdt Tl/ s'Te Van-1)ie 7.
0 0

N
N

Therefore,

n/2 ,-n/2 ,~(1-6)*n/2
lim "' { x € R™" | ||x|2 < 6V } < lim mee ¢ — -0
n—>oco

noee  /a(n-1)ie 7

The same calculation leads us to obtain
lim 4" { x € R™ | [|x]2 = 67V } = 0.
n—>oco

This completes the proof. O

For a positive real number t and a pyramid P, we put
tP:={tX|Xe?P},
where tX := (X, t dy, ux). The following lemma is obvious and the proof is omitted.

Lemma 8.6.2. Assume that a sequence of pyramids Pn,n =1, 2,..., converges weakly
to a pyramid P, and that a sequence of positive real numbers tp,,n = 1, 2, .. ., converges
to a positive real number t. Then, t,Pn converges weakly to tP as n - eo.

Proof of Theorem 8.1.1. (1) follows from Corollaries 8.5.7 and 8.5.10.

We prove (2) for S"(rn). We first assume that rp/\/n > +oo as n - oo. Take any
finitely many positive real numbers ko, k1, . .., Ky With Zfi oKi < 1, and fix them.
We find positive real numbers xg, k7, . . . , ky in such a way that k; < «; for any i and
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Zfio K; < 1. For any € > 0, there are Borel subsets Ag, A1,...,Ay C R such that
v1(4;) = k; for any i and

min dz(4;, 4) > Sep((®, Y5k, v, Ky) - €.

Without loss of generality we may assume that all A;’s are open. Let fr := 77| ( ok
S"(v/n) > R. Proposition 8.5.1 tells us that (f,)«0™ converges weakly to v as n > oo.
Since A; is open,

liminf 0" ((fa) ™ (41) = 7" (47) = ki > K;.

There is a natural number ng such that 6™((fn)"1(4;)) = ; for any i and n = ng. Since
fn is 1-Lipschitz continuous for the Riemannian metric and also for the Euclidean dis-
tance on S™(y/n), we have

dsn(\/ﬁ)((fn)_l(Ai)a (fn)_l(Aj)) > dg(4A;, Aj)~
Therefore, for any n = no,

Sep(S™"(vn); ko, - - - » k) > Sep((R, v1); Ko, -+« , Ky) — &,

which proves
lirginfSep(S"(\/ﬁ); Kos - -, Ky) = Sep((R, +1); K;), e, K}V) > 0.
n—>oco

Since rn/+/n - oo as n - oo,

I'n

vn

is divergent to infinity and so {S"(rn)} . infinitely dissipates.

We next prove the converse. Assume that {S"(rn)} infinitely dissipates and rn/v/n
is not divergent to infinity. Then, there is a subsequence {r,;} of {rn} such that
TG/ /n(j) is bounded for all j. By (8.8), {S"?(,/n(}))}; infinitely dissipates. However,
for each fixed x with O < x < 1/2, ObsDiam(S™(v/n); —k) is bounded for all n by Corol-
lary 8.5.7, and, by Proposition 8.2.9, so is Sep(S"(v/n); k, k), which contradicts that
{S"U)(\/T(D)} infinitely dissipates. This completes the proof of (2).

(2) for CP"(rp) is proved in the same way as for S™(rn) by using Proposition 8.5.9
and Corollary 8.5.10 instead of Proposition 8.5.1 and Corollary 8.5.7.

We prove (3) for S"(ry). By Lemma 8.6.2 and by I'}, = AI'", it suffices to prove it in
the case of r, = v/n. We assume that r, = v/n. Suppose that P Vo) does not converge
weakly to Pr-~ as n > oo. Then, by the compactness of II, there is a subsequence
{Psni(mn}t of {Pgn(/m} that converges weakly to a pyramid P with P #Pr-. It follows
from the Maxwell-Boltzmann distribution law (Proposition 8.5.1) that I' k belongs to P
for any k, so that Pr~ C P. We take any real number 6 with 0 < 6 < 1 and fix it. It

Sep(S™(rn); Ko, ..., KN) = Sep(S"(vn); ko, ..., KN) (8.8)
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follows from Lemma 8.6.2 that Pgn;(g, ;) converges weakly to 6P as i - oo. Define a
function fp ,, : R™! > R""! by

fon(X) = %X if ||x|[> > 6v/n,
,n X ifHXHZ < 6\/5,

for x € R™1, fo,n is 1-Lipschitz continuous with respect to the Euclidean distance. Let
o be the normalized volume measure on S"(6,/n). We consider o} as a measure on
R™! via the natural embedding S"(6/n) ¢ R™**!. From Lemma 8.6.1, we have

dp((fg. )™, o) <A™ x e R™ | ||x||]2 < 8/ } > 0asn > oo,

so that the box distance between Sy, := (R™,| - |2, (fp..)7"*!) and S"(6v/n)
converges to zero as n > oo. By Proposition 8.2.18 and Theorem 8.1.2, we have
p(Ps, . Tsn(e\/m) - 0 as n > oo. Therefore, :PSG.ni converges weakly to 0P asi > oo.
Since Sp, < (R™', | - ||l2,7™*"), we have Ps,  C Prmi C Pr~. We thus obtain
0P C Pre C P forany 6 with 0 < 8 < 1 and so P = Pr-, which is a contradiction.
This completes the proof of (3) for S™(rn).

We prove (3) for CP™(rn). The proof is similar to that for S"(r,). We may assume
that r, = v/2n + 1. Suppose that Tcpn( V) does not converge weakly to Pr-s1 as

2n+
n - oo. Then, by the compactness of II, there is a subsequence {CP"(,/2n(j) + 1}
of {CP"(v/2n + 1)}, that converges weakly to a pyramid P with P # Pr«s:. Propo-
sition 8.5.9 proves that I'’*/S! c P for any k and s0 Pr. /st C P. We take any real
number 6 with 0 < 6 < 1 and fix it. By Lemma 8.6.2, ?cpnw(o J/anG)e1) Converges

weakly to 0P as j > oo. Let fj 2n41 @ C" > C™! be as above by identifying C"**
with R?™2_ fy 5.1 is S'-equivariant and induces a map fq , : C""!/S' > C"*1/S?,
which is 1-Lipschitz continuous. Let 05”” be the normalized volume measure on
$2™1(0v/2n + 1). Since (fg,3n.1)+7*" | (93T 1S @ constant multiple of 05", the
measure (g, 50.1)72"*2| cpng /2777, 18 als0 a constant multiple of 53"**, where the up-
per bar means the push-forward of a measure by the projection to the Hopf quotient
space. We see that

(fe,zn+1)*’72"+2 = (f0,2n+2)*'_)/2n+2-
By Lemmas 8.5.8 and 8.6.1, we have
dp((fg,oni2)«7°™%, ™) < dp((fg,ane)sy™" 2, 05") >0 asn > oo,

so that the box distance between Yy , := (C™?, ||-||2, (fg,n)«7*"*?) and CP"{6+/2n + 1}
converges to zero as n - oo. The rest of the proof is the same as before. This completes
the proof of the theorem. O
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8.7 dconc-Cauchy property and box convergence

In this section, we prove Theorem 8.1.3 and prove the non-convergence property for
spheres and complex projective spaces with respect to the box distance.

Proposition 8.7.1. The virtual infinite-dimensional standard Gaussian space Pr- is not
concentrated.

Proof. Let¢,;: R" > R,i=1,2,...,n,be the functions defined by
On.i(xX1, X2, ..oy Xn) = X, (X1, X2, ..., xn) € R™.

Each ¢, ; is 1-Lipschitz continuous and we have the elements [¢,, ;] of £1(I™"). For any
different i and j,

me.n([pn,il, [Pnj]) = me.2([¢2,1], [2,2]) = me. 2 (P21, P22 +1)

for some real number t. If me..(¢2,1, ¢2,2 + t) = 0 were to hold, then ¢, 1 = ¢ > + ¢
almost everywhere, which is a contradiction. Thus, me.([¢y,], [¢n,;]) is a positive
constant independent of n, i, and j with i #j. This implies that {£1(I")}n; is not dgy-
precompact. Since I'" € Pr-, the pyramid Pr- is not concentrated. This completes the
proof. O

As adirect consequence of Proposition 8.7.1, Lemma 8.2.27, and Theorem 8.1.1, we have
the following.

Corollary 8.7.2. 1. {I'"}2; has no dconc-Cauchy subsequence.
2. If {rn} is a sequence of positive real numbers with rp//n > 1 asn > oo, then
{8™(rn)} has no dconc-Cauchy subsequence.

Proof. (1) follows from Proposition 8.7.1 and Lemma 8.2.27.

Theorem 8.1.1(3) implies that Pgx(, ) converges weakly to Pr~ as n > oo, which
together with Proposition 8.7.1 and Lemma 8.2.27 proves (2) of the corollary. This com-
pletes the proof. O

Proof of Theorem 8.1.3. Since {S"(v/n)} has no dconc-Cauchy subsequence, there exist
two subsequences {Xn} and {Yn} of {S"(v/n)} such that inf, dconc(Xn, Yn) > 0. Theo-
rem 8.1.1(3) implies that Px, and Py, both converge weakly to Pr-. This completes the
proof. O

Lemma 8.7.3. Let Xy and Yn,n =1, 2,..., be mm-spaces such that Xn < Yn for any
n. If {Yn} is O-precompact, then so is {Xn}. In particular, if { Y} is O-precompact and
if Xn concentrates to an mm-space X, then X, (J-converges to X.
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Proof. Recall (see [11]*S. 3%.14 and [21]*S. 4) that {Y,} is O-precompact if and only
if for any € > O there exists a number A(e) > 0 such that we have Borel subsets
Kn1, Kn2, ..., Kyn C Yy for each n with the property that

() N <A(e);

(ii) diamK,; <eforanyi=1,2,...,N;
(iil) diam i, Kn; < A(€);
(i) py, (Ui Kni) 21 - €.

We assume that {Y,} is O-precompact, and then have Borel subsets K,; C Y sat-
isfying (i)—(iv). Without loss of generality we may assume that all K,; are compact,
since each uy, is inner regular. By X, < Yy, we find a 1-Lipschitz continuous map
fn + Yn > Xn with (fu)spy, = px,. The sets K,; := fa(Ky;) are compact and satisfy
()-(iv), so that {Xy} is O-precompact. The first part of the lemma has been proved.
We prove the second part. Assume that { Y, } is J-precompact and that X, concen-
trates to an mm-space X. If X, does not concentrate to X, then the [J-precompactness
of {Xn} proves that it has a (J-convergent subsequence whose limit is different from
X. This contradicts that X, concentrates to X as n - oo (see Proposition 8.2.18). The
proof of the lemma is completed. O

Proposition 8.7.4. Let {rn}Z; be a sequence of positive real numbers. If rn is bounded
away from zero, then {S"(rn)}m, and {CP"(rn)}5>, both have no O-convergent subse-
quence.

Proof. Assume that ry = ¢ > O for any natural number n and for a constant c. We have
S™(c) < S™(rn) and CP"(c) < CP"(rn). According to [7], the two sequences {S"(c)}
and {CP"(c)} both have no O-convergent subsequence. By Lemma 8.7.3, {S"(rx)} and
{CP"(ry)} also have no [J-convergent subsequence. This completes the proof. O
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Christina Sormani
Scalar Curvature and Intrinsic Flat
Convergence

9.1 Introduction

Gromov proved that sequences of Riemannian manifolds with nonnegative sec-
tional curvature have subsequences which converge in the Gromov-Hausdorff sense
to Alexandrov spaces with nonnegative Alexandrov curvature [21]. Burago-Gromov-
Perelman proved that such spaces are rectifiable [11]. Building upon Gromov’s Com-
pactness Theorem, Cheeger-Colding proved that sequences of Riemannian manifolds
with nonnegative Ricci curvature have subsequences which converge in the metric
measure sense to metric measure spaces with generalized nonnegative Ricci curva-
ture which are also rectifiable [14] and [21].

Sequences of manifolds with nonnegative scalar curvature need not have subse-
quences which converge in the Gromov-Hausdorff or metric measure sense. Gromov
has suggested that perhaps under the right conditions a subsequence will converge in
the intrinsic flat sense to a metric space with generalized nonnegative scalar curvature
[24]. This is an open question: the notion of generalized scalar curvature has not yet
been defined.

Intrinsic flat convergence was first defined by the author and Wenger in [61]. The
limits obtained under this convergence are countably H™ rectifiable metric spaces
called integral current spaces. We review the definitions of these notions within this
chapter along with various continuity and compactness theorems by the author,
Perales, Portegies, Matveev, Munn [42, 45-47, 49]. We also review applications of in-
trinsic flat convergence to study sequences of manifolds with nonnegative scalar cur-
vature that arise in General Relativity by the author, Huang, Jauregui, Lee, LeFloch,
and Stavrov [28, 31, 39, 40, 57]. We present many examples and state a number of open
problems concerning limits of manifolds with nonnegative scalar curvature.

Recall that a Riemannian manifold, M™, is endowed with a metric tensor, g : TM x
TM - R. One can then define lengths of curves and distances,

1

L) - / g(C,C)V2 dt, d(p,q)=inf{LC): CO)=p, CA)=q}.  (O1)
0
If M is compact the distances are achieved as the lengths of curves called geodesics.
Given any p € M and any vector V € Tp(M) there is a geodesic,

+(t) = exp,(tV) such that 4(0) = p and 7'(0) = V. 92
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Taking e;...em € TM such that g(e;, ;) = 6; j one defines Scalar curvature to be the
trace of the Ricci curvature, and Ricci to be the trace of the Sectional curvature:

m
Scalp = Z Ricp(e;, €;) where Ricp(e;, €;) = Z Sectp(e; A e)), (9.3)
i=1 j#
. tg(e;, ej) — d(exp,(te;), expy(te;))
Sectp(e; Aej) = 13_1)1(} 6 ( 5 > . (9.4)
Scalar curvature can also be computed using volumes of balls:
. wmr™ - vol(B(p, 1))
Scal, = lrgl(')l 6(m+2) < P . (9.5)
In particular,
Scalp > 00 <= 3rp > 0 s.t. Vr < rp vol(B(p, 1)) < wmr™. (9.6)

This control on volume is too local to apply to prove any global results. All properties
of manifolds with lower bounds on their scalar curvature are built using the fact that
curvature is defined using tensors as in (9.3). While it may be tempting to define gen-
eralized positive scalar curvature on a limit space using (9.6) it is unlikely to lead to
any consequences because the limit spaces are not smooth and have no tensors. We
need a stronger definition which implies (9.6) and other properties.

Schoen and Yau applied the three dimensional version of (9.3) to study minimal
surfaces in manifolds with positive scalar curvature. They proved that a strictly stable
closed minimal surface in a manifold with Scal > 0 is diffeomorphic to a sphere in [50].
In [51], they applied minimal surface techniques to prove the Positive Mass Theorem: if
M? is an asymptotically flat Riemannian manifold with nonnegative scalar curvature
then mypy(M3) = 0. They also proved the following Positive Mass Rigidity Theorem:

Scal = 0 and mupy(M3) =0 = M isisometric to E>. 9.7)

Here E3 is Euclidean space and the ADM mass is the limit of the Hawking masses of
asymptotically expanding spheres mypy (M) = lim,., my(Z;) where

_ [Area(2) 1 2
m() = /A2 (1 / H do | . 9.8)
P

Geroch proved that if N; : S2 > M? evolves by inverse mean curvature flow and

M? has Scal = 0 then the Hawking mass, my(Ny), is nondecreasing. Huisken-Ilmanen

introduced weak inverse mean curvature flow, proving it also satisfies Geroch mono-

tonicity and limys., my(N¢) = mypy(M). They applied this to prove the Penrose In-
equality:

Mapu(M?) 2 mp(OM?) = |/ Area®) (99)
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when M? is asymptotically flat with a connected outermost minimizing boundary (e.g.
OM is a minimal surface and there are no other closed minimal surfaces in M). Bray
extended their result to have boundaries with more than one connected component
in [9]. In addition, there is the Penrose Rigidity Theorem:

mapu(M?) = my(0M?) = M is isometric to Mg, (9.10)

where Mg, , is the Riemannian Schwarschild space with mass m = m4py(M?).

In addition to Hawking mass, there are other quasilocal masses defined on mani-
folds with Scal > 0 including the Brown-York mass (which has nice properties proven
by Shi-Tam in [53]) and the Bartnik mass [4]. It is not a simple task to define and apply
these quasilocal masses on limit spaces because they all involve the mean curvatures
of surfaces. Perhaps more promising is Huisken’s new isoperimetric quasilocal mass
of aregion Q c M°,

2 Area(0Q)3/2
Q)= — 1Q) - ————— .11
myso(Q) Area(dq) (VO( ) N , (9.11)
and myso(M) = limsup,,., miso(Q;) introduced in [29]. Miao has proven that

myso(M) = mypy (M) using volume estimates of Fan-Shi-Tam in [18]. See also work
of Jauregui, Lee, Carlotto, Chodosh, and Eichmair [32] [12].

Gromov-Lawson applied the Lichnerowicz formula to prove many things (cf. [37])
including the Scalar Torus Rigidity Theorem [25] in all dimensions:

Scal = 0 and M" diffeom to a torus = M" isisom to a flat torus. (9.12)

Witten applied it to prove the Positive Mass Theorem for Spin manifolds [65].

Hamilton’s Ricci flow leads to a precise control on the scalar curvature as well as
the areas of minimal surfaces in the evolving manifolds (cf. [27]). It was applied to
prove the following rigidity theorems about minimal surfaces. Let

MinA(M?)
MinA; (M>)

inf{Area(2?) : 22 is a closed min surfin M>} and (9.13)

inf {Area(Zz) : 2 is a min noncontr sphere in M 31, (914)

Note that these invariants are infinite if there are no qualifying minimal surfaces in
M?>. Bray, Brendle, and Neves proved the Cover Splitting Rigidity Theorem:

Scal > 2 and MinA;(M>) = 471 = M’ isisomto S xR (9.15)

where i is the universal cover of M° [8]. Bray, Brendle, Eichmair and Neves proved
the RP? Rigidity Theorem in [7]: if M? is diffeomorphic to RP? then

Scal > 6 and MinA(M?) =27 = M is isom to RP>. (9.16)

They have in fact proven theorems which imply these two more simply stated theorems
(9.15)- (9.16) as corollaries.
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Recall that a rigidity theorem has a statement in the following form:
M satisfies a hypothesis = M isometric to M. (9.17)
The corresponding almost rigidity theorem (if it exists) would then be:
M almost satisfies a hypothesis =- M is close to M. (9.18)
The almost rigidity theorem can also be stated as follows:
M; closer and closer to satisfying a hypothesis = M; > Mp. (9.19)

Within we describe conjectured almost rigidity theorems for each of the rigidity theo-
rems described above. All of those conjectures remain open although some have been
proven under additional hypotheses.

First one needs to define closeness for pairs of Riemannian manifolds and con-
vergence of sequences of Riemannian manifolds. A pair of compact Riemannian man-
ifolds, M; and M,, may be mapped into a common metric space, Z, via distance pre-
serving maps ¢; : M; > Z which satisfy

dz(¢;(x), $;(V) = du;(x,y)  x,y € M;. (9.20)

Once they lie in a common metric space, Z, then one may use the Hausdorff distance
or the flat distance to measure the distance between the images with respect to the
extrinsic space, Z. We review these extrinsic distances which depend on both Z and
the location of the M; within Z in Section 9.3.

However, an intrinsic notion of distance between M; and M, can only depend on
intrinsic data about these spaces and not on how they may be embedded into some ex-
trinsic Z. Thus Gromov defined his “intrinsic Hausdorff distance” in [21], now known
as the Gromov-Hausdorff distance, by taking the infimum over all distance preserving
maps into arbitrary compact metric spaces, Z, of the Hausdorff distance, dIZJ, between
the images:

don(Mi, M) = inf 1 df(1(My), $2(M:)] By M; > 2} (921)

Many almost rigidity theorems have been proven for manifolds with nonnegative Ricci
curvature using the Gromov-Hausdorff distance (cf. [15], [13] and [55]).

For manifolds with nonnegative scalar curvature, one does not obtain Gromov-
Hausdorff closeness in the almost rigidity theorems. Counterexamples will be de-
scribed in Section 9.2. Gromov has suggested that intrinsic flat convergence may be
more well suited towards proving an Almost Rigidity for the Torus Rigidity Theorem
in [23]. Indeed some progress has been made by the author, Lee, LeFloch, Huang,
and Stavrov proving special cases of Almost Rigidity for the Positive Mass Theorem
in [39][40] [28][57].
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The intrinsic flat distance between compact oriented Riemannian manifolds was
defined by the author with Wenger in [61] with an infimum over all distance preserving
maps into arbitrary complete metric spaces, Z, of the flat distance, d%, between the
images:

iy (M1, M) = inf {dF(@ralMs), $alMaD) : b1 M; > 2} (0.22)

Intuitively this distance is measuring the filling volume between the two spaces. One
may also consider the intrinsic volume flat distance:

dyo1 (M1, M) = d5(My, M) + | vol(M1) — vol(M>)|. (9.23)

Full details about the intrinsic flat distance and limits obtained under intrinsic flat
convergence are provided in Section 9.4 after a review of Ambrosio-Kirchheim theory
in Section 9.3.

There are a few methods that can be applied to prove almost rigidity theorems. To
apply the explicit control method one provides enough controls on the M in (9.18) so
that one can explicitly construct an embedding of M and of M, into a common metric
space and explicitly estimate the distance between them. This technique was applied
to prove GH almost rigidity theorems by Colding in [15] and by Cheeger-Colding in [13].
It was also applied to prove the F almost rigidity of the Positive Mass Theorem under
additional hypotheses in joint work with Lee [39] and in joint work with Stavrov [57].
Lakzian and the author have proven a theorem which provides such a construction
and estimate if one can show M and M, are close on large regions in [36]. See Sec-
tion 9.5.

A second technique used to prove almost rigidity theorems is the compactness
and weak rigidity method. One first provides enough controls on M; in (9.19) so that a
subsequence converges to a limit space M. Then one proves the limit space satisfies
the hypothesis in some weak sense. Finally one proves the rigidity theorem in that
weak setting. This technique was applied by the author to prove a GH almost rigidity
theorem in [55] using Gromov’s Compactness Theorem, which states that

Ricj> -(n-1)and diam (M) <D = M; - M. (9.24)
Wenger’s Compactness Theorem [63] states that
diam (M;) < D, vol(M;) <V, volOM)) <A = M; —+ Meo. (9.25)

Huang, Lee and the author proved Almost Rigidity of the Positive Mass Theorem for
graph manifolds using Wenger’s Compactness Theorem combined with an Arzela-
Ascoli Theorem, and a number of other theorems concerning intrinsic flat convergence
in [28]. We will review F compactness and Arzela-Ascoli theorems in Section 9.6.

We begin with Section 9.2 surveying examples of sequences of manifolds with
nonnegative scalar curvature. These examples reveal that one cannot simply use in-
trinsic flat convergence to handle all the problems that arise when trying to prove
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almost rigidity theorems involving nonnegative scalar curvature. There is a phe-
nomenon called bubbling. One may also have tiny tunnels and construct sequences
of manifolds through a process called sewing developed by the author with Basilio
in [6], which lead to limit spaces that do not even satisfy (9.5). These examples with
bubbling and sewing have MinA(M j) - 0.

We next present the general theory of Intrinsic Flat convergence and Integral Cur-
rent Spaces, and survey the key theorems proven in this area. We begin with Section 9.3
by reviewing work of Federer-Flemming and Ambrosio-Kirchheim on integral currents
in Euclidean space and metric spaces. In Section 9.4 we rigorously define Intrinsic
Flat Convergence and Integral Current Spaces and survey known compactness theo-
rems and proposed compactness theorems. In Section 9.5 we present various meth-
ods that may be used to estimate the intrinsic flat distance between two spaces and
describe how these estimates have been used to prove almost rigidity theorems us-
ing the explicit control method. In Section 9.6 we present theorems about intrinsic flat
convergence including theorems about disappearing and converging points, converg-
ing balls, semicontinuity theorems, Arzela-Ascoli Theorems and Intrinsc Flat Volume
Convergence and mention how these results have been applied to prove almost rigidity
theorems using the compactness and weak rigidity method.

We close with Section 9.7 which includes statements of conjectures, surveys of
partial solutions to the conjectures, and recommended related problems. We dis-
cuss the Almost Rigidity of the Positive Mass Theorem, the Bartnik Conjecture, the
Almost Rigidity of the Scalar Torus Theorem, the Almost Rigidity of Rigidity Theo-
rems proven using Ricci Flow, Gromov’s Prism Conjecture and the Regularity of Limit
Spaces. Throughout one hopes to devise a generalized notion of nonnegative scalar
curvature on limit spaces. Conjectures and problems are interspersed throughout the
paper. If a reader is interested in studying any of these questions, please contact the
author. More details can be provided and the author can coordinate the research of
those working on these problems.

The author must apologize up front that there is no possible way to mention all the
fundementally important papers that have been written concerning manifolds with
scalar curvature bounds. The results mentioned here have been selected because the
author has read them and developed some idea as to how they may applied to study
the intrinsic flat convergence of manifolds with nonnegative scalar curvature.

9.2 Examples with Positive Scalar Curvature

In this section we survey examples of sequences of three dimensional Riemannian
manifolds, M;, with lower scalar curvature bounds, and describe their intrinsic flat
limits. Many of these examples were found by mathematicians interested in applica-
tions to General Relativity. Manifolds with positive scalar curvature can be viewed as
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time symmetric spacelike slices of spacetime satisfying the positive energy condition.
Such manifolds are curved by matter and can have gravity wells and/or black holes
with horizons that are minimal surfaces.

We do not provide the explicit details or the proofs for these examples but instead
provide references. We also propose new examples as open problems that could be
written up and published by an interested reader. We present these examples before
presenting intrinsic flat convergence because they provide some intuitive understand-
ing of intrinsic flat convergence, and what may occur when one has a sequence of
manifolds with nonnegative scalar curvature.

9.2.1 Examples with Wells

Arbitrarily thin arbitrarily deep wells can be constructed with positive scalar curva-
ture. By the Positive Mass Theorem, one cannot attach such wells smoothly to Eu-
clidean space. However they may be glued to spheres of constant positive sectional
curvature. In fact, the Ilmanen Example, which initially inspired the definition of in-
trinsic flat convergence, consists of a sequence of spheres with increasingly many in-
creasingly thin wells as in Figure 9.1. This sequence converges in the intrinsic flat sense
to a standard sphere because a sphere with many thin holes and a standard sphere can
be mapped into a common metric space, and the flat distance between them, which is
intuitively a filling volume between them, will be very small.

= & 3

Fig. 9.1. The Ilmanen Example. Image owned by the author.

Example 9.2.1. Lakzian has explicitly constructed sequences of spheres with one in-
creasingly thin well in [35]. He has also explicitly constructed the Ilmanen Example of
sequences of spheres with increasingly many increasingly thin wells in the same paper.
He proves both sequences F converge to the standard sphere. He proves the sequence
with one increasingly thin well converges in the GH sense to a sphere with a line segment
attached, and the Ilmanen example has no GH limit.

Example 9.2.2. In joint work with Lee, the author has constructed examples of asymp-
totically flat rotationally symmetric manifolds of positive scalar curvature with arbitrar-
ily thin and arbitrarily deep wells and mpy (M j) - 0 [39]. They have no smooth limits
and the the pointed GH limits of such examples are Euclidean spaces with line segments
of arbitrary length attached. Lee and the author have also constructed sequences which
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are not rotationally symmetric that have mpy(M;) > 0 and increasingly many increas-
ingly thin wells [38]. Such sequences have no GH converging subsequences because they
have increasingly many disjoint balls [21]. Thus almost rigidity of the positive mass the-
orem cannot be proven with GH or smooth convergence, only F convergence.

Example 9.2.3. Itis possible to construct M; with Scalar = -1/j that are diffeomorphic
to tori and contain balls of radius 1/2 that are isometric to balls in rescaled standard
spheres. This will appear in work of the author with Basilio [6]. One may then attach an
increasingly thin well of arbitrary depth to such M; that have positive scalar curvature.
These examples would F converge to a standard flat torus and would GH converge to a
standard flat torus with a line segment attached. One may also attach increasingly many
increasingly thin wells of arbitrary depth to the M; and still  converge to a standard flat
torus but there will be no GH limit of such a sequence. Thus one must use intrinsic flat
convergence to prove almost rigidity for the Scalar Torus Theorem.

9.2.2 Tunnels and Bubbling

Gromov-Lawson and Schoen-Yau constructed tunnels diffeomoerphic to S?x[0, 1] with
positive scalar curvature which attach smoothly on either end to the standard spheres
[26] [52]. These tunnels may be arbitrarily thin and long or thin and short. At the center
of the tunnel, there is a closed minimal surface diffeomorphic to a sphere. Sometimes
these tunnels are called necks.

Example 9.2.4. Using these tunnels one may construct sequences of M; which consist
of a pair of standard spheres joined by increasingly thin tunnels of length L;. If L; > 0,
then the GH and F limit can be shown to be a pair of standard spheres joined at a point
as in Figure 9.2. This effect is called bubbling. Note that in this example, MinA(M;) - 0.

Fig. 9.2. Bubbling. Image owned by the author.

Example 9.2.5. IfL; > Lo > O, then the GH limit is a pair of standard spheres joined
by a line segment of length L and the JF limit is just the pair of spheres without the line
segment with the restricted distance from the GH limit. Examples similar to these are
described by Wenger and the author in the [61]. Notice that the F limit is not geodesic.
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Example 9.2.6. In fact one may add increasingly many bubbles with increasingly short
and thin tunnels, and the sequence will have no GH limit and no JF limit. This does not
contradict Wenger’s Compactness Theorem as in (9.25) because the volume is diverging
to infinity even though the diameter is bounded and there is no boundary. Examples simi-
lar to these with many bubbles of various sizes and tunnels of various lengths converging
to rectifiable limit spaces appear in [61].

Example 9.2.7. One may also have bubbling in asymptotically flat sequences of M; with
mapm(M;) - O obtaining limits which are Euclidean planes with spheres attached. This
can be done by attaching bubbles instead of wells to the sequences in Example 9.2.2.
Such an example demonstrates that any almost rigidity theorem for the Positive Mass
Theorem must somehow avoid bubbling. In joint work with Lee, we require that the man-
ifolds have outward minimizing boundaries just as in the Penrose Inequality [39]. This is
effectively cutting off the bubbles. One could alternately eliminate bubbling by requiring
the sequence to have a uniform lower bound on the area of the smallest closed minimal
surface, MinA(M;) = Ag > 0.

Example 9.2.8. One may add a bubble to each M; of Example 9.2.3 with Scal; > -1/
that are diffeomorphic to tori and contain balls of constant sectional curvature isomet-
ric to balls in rescaled standard spheres. Such sequences would F converge to standard
flat tori with a sphere of arbitrary radius attached at a point. This will appear in work
of the author with Basilio [6]. One could eliminate such examples by requiring the se-
quence have a uniform lower bound on the area of the smallest closed minimal surface,
MinA(M]-) = Ao > 0. One cannot require that there are no closed minimal surfaces here
since the manifolds are diffeomorphic to tori.

9.2.3 Cancellation and Doubling

The next two examples are described by the author and Wenger in [60] [61]. Intrinsic
flat limit spaces may be the 0 or a rectifiable space with integer weight.

Example 9.2.9. There are sequences of manifolds Mj3 with positive scalar curvature
which have a F limit which is the 0 space, while converging in the GH sense to a standard
three sphere. This cancelling sequence can be constructed with positive scalar curvature
by taking a pair of standard three spheres and connecting them by increasingly dense in-
creasingly small tunnels. These sequences converge to the 0 space because their filling
volumes converge to 0. In fact they are the totally geodesic boundaries of four dimen-
sional manifolds whose volume converges to O.

Example 9.2.10. If in the previous example all the tunnels are cut and glued back to-
gether with reversed orientation, then the GH limit is still a standard three sphere and
the F limit is a sphere with weight two everywhere.
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9.2.4 Sewing Manifolds

In joint doctoral work of Basilio with the author and Dodziuk, the notion of sewing Rie-
mannian manifolds is introduced [5, 6]. One starts with a three dimensional manifold,
M, that contains a curve, C : [0, 1] - M, such that a tubular neighborhood around the
curve has constant positive sectional curvature. One then creates a sequence of man-
ifolds sewn along this curve. That is, short thin tunnels are attached along the curve
pulling the points on the curve closer together. The GH and J limit of such a sequence
is then the original manifold with a pulled thread along C. That is, all the points in
the image of C have been identified. One can also sew entire regions with constant
positive sectional curvature to obtain sequences converging to the original manifold
with the entire region identified as a single point. If the original manifold has positive
scalar curvature, then so does the sequence. In addition one may consider sequences
of M; and sew along curves or in regions of those M;. Using this construction, Basilio
and the author construct the following examples.

Example 9.2.11. If one takes the M; of Example 9.2.3, one may sew along curves lying
in the balls of radius 1/2 that have constant sectional curvature to obtain a sequence of
manifolds, M]'- with Scal; > ~1/j that are no longer tori but converge to a limit which is
the standard flat torus with either a contractible circle, a contractible sphere or ball of
radius 1/2 each pulled to a point. These examples demonstrate that limits of manifolds
with Scal; = ~1/j may fail to have generalized nonnegative scalar curvature in the sense
that limit in (9.5) fails to be nonnegative. These limits can be biLipschitz to tori and still
not be isometric to a flat torus. Like all examples created with this sewing construction,
MinA(M;) - 0.

9.3 Integral Currents on a Metric Space

Before we can rigorously define intrinsic flat convergence and describe the limit spaces
obtained under intrinsic flat convergence, we need to review Ambrosio and Kirch-
heim’s notion of currents and convergence of currents on a complete metric space [1].
Note that like Federer-Fleming’s earlier work on the flat and weak convergence of sub-
manifolds viewed as currents in Euclidean space, the flat and weak convergence of
Ambrosio-Kirchheim’s currents are extrinsic notions of convergence, depending very
much on the way in which the submanifold or current lies within an extrinsic space.
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9.3.1 Federer-Fleming currents on Euclidean Space
In [19] Federer and Fleming first introduced the notion of a current on Euclidean space

as a generalization of the notion of an oriented submanifold, ¢ : M > EN, which views
M as alinear functional, T = [M], on differential forms:

T(w) = [Mlw = / ¢ w. 9.26)
M

In particular

T(F dmy A~ A drm) = /(f 0 ) d(y o p1) A -+ A d(7Tm o ). (9.27)
M

Observe that this is perfectly well defined when ¢ : M > EV is only Lipschitz. This
linear functional captures the notion of boundary,

o0T(w) = /w = /da) = T(dw). (9.28)
oM M
So that
OT(fdmy A+ ANdrtm_1) = T df Admy A -+ Admtm-1). (9.29)

Federer and Fleming then studied sequences of submanifolds by considering the
weak limits of their corresponding linear functionals. They applied this to study the
Plateau Problem: searching for the submanifold of smallest area with a given bound-
ary. They proved sequences of submanifolds approaching the smallest area converge
in the weak sense to a limit which they called an integral current.

9.3.2 Ambrosio-Kirchheim Integer Rectifiable Currents

In [1], Ambrosio and Kirchheim defined currents on Euclidean space to integral cur-
rents on any complete metric space, Z. In Federer-Fleming, currents were defined as
linear functionals on differential forms [19]. Since there are no differential forms on
a metric space, Ambrosio and Kirchheim’s currents are multilinear functionals which
act on DiGeorgi’s m + 1 tuples [17]. A tuple (f, 11, ..., Tm) is in D(Z) iff f : Z > R
is a bounded Lipschitz function and 71; : Z - R are Lipschitz. These tuples have no
antisymmetry properties.

In [1] Ambrosio and Kirchheim began their work by defining currents. As we do
not need the notion of a current in this paper, we jump directly to their notion of an
integer rectifiable current applying their Theorems 9.1and 9.5 as an explanation rather
than using their definition.
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A linear functional T : D™(Z) - R is an m dimensional integer rectifiable current,
denoted T € Jn(Z) if and only if it can be parametrized as follows

T(f,ﬂl,...,ﬂm)=z Gi/.(foqbi)d(ﬂl°¢i)/\"-/\d(ﬂ'm°¢i) (930)
' A

=1

i

where 6; € Z and ¢; : A; > ¢;(4;) C Z are biLipschitz maps defined on precompact
Borel measurable sets, A; C R™, with pairwise disjoint images such that

Z 10;| Hm(pi(A;)) < oo  where Hy, is the Hausdorff measure. (9.31)
i=1
A 0 dimensional integer rectifiable current can be parametrized by a finite collection
of distinct weighted points

N
T(f) = Z 0if(p;) where 6; € Z and p; € Z. (9.32)

i=1

Observe that we then have the following antisymmetry property,

T(f, 711, evy tm) = 5gN0(0) T(f, T5(1)s +-» Mgm)) (9.33)

for any permutation o : {1,...,m} > {1,...,m}. In addition, T(f, 1, ..., Tm) = O
if f is the zero function or one of the m; is constant. So while the tuples do not have
the properties of differential forms, the action of the integer rectifiable currents on the
tuples has these properties.

Ambrosio-Kirchheim’s mass measure || T|| of a current T, is the smallest Borel mea-
sure, p, such that

)T(f,n)

< /|f|dy v (f, m) where Lip (m;) < 1. (9.34)
X

In Theorem 9.5 of [1], the mass measure is explicitly computed. For the purposes of
this paper we need only the following consequence of their theorem:
2m

m 2 Hy(4) < [|TI[(4) < - Hz(A) (9.35)

where

oo

Hr(A) = ) 16:]Hm(di(4) N A). (9.36)

i=1
Furthermore the mass measure of a O dimensional integer rectifiable current satisfies

1T]IA) = > 16 (9.37)

Di€A
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The Ambrosio-Kirchheim mass of T is defined
M) =||T||(Z). (9.38)
By the definition of the Ambrosio-Kirchheim mass we have
m
T(f, 71, ..., tm) < sup |f| | ] Lip(m) M(T). (9.39)
i=1

The restriction of a current T by a k+ 1 tuple w = (g, T1, ...Tx) € DX(Z) with k < m
is defined by

(TLw)(f, 1, .eettm) :=T(f - 8, T1s oo Tis 1y «vaTTm)- (9.40)
Given a Borel set, A,
TLA(f, 1, ...tm) := Ty - f, M1, ...7Tm) (9.41)

where 1, is the indicator function of the set. Observe that TL w is an integer rectifiable
current of dimension m - k and that

M(TL w) = || T||(4). (9.42)

Given a Lipschitzmap, ¢ : Z > Z, the push forward of a current T on Z to a current
¢4 T on Z'is given by

$eT(f, 1, mtm) == T(fo P, M1 0 @, ...7tm © ) (9.43)
which is clearly still an integer rectifiable current. Observe that
(DL, 711, ...mp)) = Ppu(TL (fo P, M1 0@, ...ty 0 ) (9.44)

and

(sT)LA = (PsT)L(1a) = ps(TL (14 0 ¢)) = p4(TL ¢ (A)). (9.45)
In (2.4) of [1], Ambrosio and Kirchheim show that

|l T|| < [Lip(¢p)]™ gl 1], (9.46)
so that when ¢ is an isometric embedding
4T = ¢4||T|| and M(T) = M(¢p4T). (9.47)

In [1][Theorem 4.6] Ambrosio and Kirchheim define the (canonical) set of a cur-
rent, T, as the collection of points in Z with positive lower density:

Set(T)={p € Z: 0 (|T|,p) >0}, (9.48)
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where the definition of lower density is

Oxm (U, p) = liminf H(Bp(1)

>0 wmrm (9.49)

When T is an integer rectifiable current then Set(T) is countably H™ rectifiable, which
means there exists a collection of biLipschitz maps, ¢; : A;- - Set(T) C Z, defined on
Borel sets A; € R™ such that

Hm <Set(T) \(J (;b,-(Al-)) =0. (9.50)
i=1

These ¢; can be taken from the parametrization of T with A; C A C A,

9.3.3 Ambrosio-Kirchheim Integral Currents

The boundary of T is defined
6T(f, 7T1,...7Tm_1) = T(l,f, T, ...ﬂm_l). (951)

Note that ¢p4(0T) = 9(¢p» T) and it can easily be shown that 00T = 0. The boundary of
an integer rectifiable current is not necessarily an integer rectifiable current.

An integer rectifiable current T € J(Z) is an integral current, denoted T € In(2),
if 0T is an integer rectifiable current. This includes the zero current

o(f, M1, ..., Tm) := 0 with 00(f, Ty, ..., Tpm_1) = 0(1, f, /1, ..., Tm_1) = O. (9.52)

Note that Ambrosio and Kirchheim define an integral current as an integer rectifiable
current whose boundary has finite mass and the more easily applied statement we
have here is their Theorem 8.6 in [1].

Given an oriented Riemannian manifold with boundary, M™, such that vol, (M) <
oo and voly,-1(0M) < oo, and given a Lipschitz map ¢ : M > Z, we can define an
integral current ¢4[M] € I,n(Z) as follows

¢#[M](f,n1,...,nm)=/(focp)d(mo¢)/\---/\d(7‘rmo¢). 9.53)
M

Note that 0¢px[M] = ¢p4[0M] where OM is the boundary of M and
M(¢ps[M]) = volm(p(M)). (9.54)

If vol;n(M) < oo and vol,,_1(0M) = oo, then [M] is only integer rectifiable and not
integral.
Whenever T is an integral current, 00T = 0, and

0 : Im(Z) > In-1(2). (9.55)
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In addition, if ¢ : Z; > Z, is Lipschitz, then by (9.43)
¢# : Im(Z1) > Im(Z,). (9.56)

The restriction of an integral current defined in (9.40) need not be an integral current.
However, the Ambrosio-Kirchheim Slicing Theorem implies that

TL B(p, r) is an integral current for almost every r > 0 (9.57)

where B(p,r) = {x : d(x,p) <r}.

9.3.4 Convergence of Currents in a Metric Space

In Definition 3.6 of [1], Ambrosio and Kirchheim state that a sequence of integral cur-
rents T; € I (Z) lying in a complete metric space, Z, is said to converge weakly to a
current T, denoted T; > T, iff the pointwise limits satisfy

1i>m Tj (f, 1, ...tm) = T(f, 711, ...7Tm) (9.58)
] oo

for all bounded Lipschitz f : Z - Rand Lipschitz zr; : Z > R. Ambrosio and Kirchheim
next observe that if T; converges weakly to T, then the boundaries converge

oT; > oT, (9.59)
and the mass is lower semicontinuous

lirg inf M(T;) > M(T). (9.60)
} oo

Thus, the weak limit of a sequence of integer rectifiable currents with a uniform upper
bound on mass is an integer rectifiable current:

Tj € In(Z), M(Tj)) < Voand T; > T = T € In(2). (9.61)

Similarly for integral currents we have
Tj € In(Z), M(T}) < Vo, M(0Tj)) <Apand T; > T = T e In(2). (9.62)

For any open set, A C Z,if T; > T then

liminf | T;{1(4) = || TI|CA). (9.63)

However, T; L A need not converge weakly to T L A (cf. Example 2.21 of [56]).
Ambrosio and Kirchheim prove the following compactness theorem:
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Theorem 9.3.1. [1] consider any complete metric space Z, a compact set K C Z and
Ag, Vo > 0. Given any sequence of integral currents T; € Iy (Z) satisfying

M(T;) < Vo, M(0T;) < Ao and Set (T;) C K, (9.64)

there exists a subsequence, Tj,, which converges weakly to T € Im(Z).

It is possible that the limit obtained in this theorem is the 0 integral current. Observe
that whenever the sequence of currents is collapsing,

M(T)) > 0, (9.65)

then by (9.39) we have

m
|T;(f, 71, ..., Tm)| < sup If| H Lip(r;) M(T;) > 0 (9.66)
i=1
and so T; converges weakly to 0.

It is also possible for T; to converge weakly to O without collapsing. This can oc-
cur due to cancellation, when the T; fold over on themselves as in Example 9.3.2. We
include this example in detail because it inspires the notion of flat convergence and
will be refered to repeatedly in this paper.

Example 9.3.2. Let Tj = ¢p;s[M] C L(E?) where

¢i(s,t) = (s, t/j, |t|bj/j) where b; = \/j2 -1 (9.67)

onM={(s,t): s e[-1,1], t € [-1, 1]}. Since M(¢h;4[M]) = vol(M) does not converge
to 0, this sequence is not collapsing. Observe that T; = A; + 0B; where

Bj=[{(x,y,2): |x| <1, ly| <1/j, z € [ly|b}, bj/jl }] € I;(E?) and (9.68)
A =A; + A + A} € L(E®) where (9.69)
4 = -[{(-1,y,2): y€[-1/j,1/jl, z € [ly|b}, bj/j1}] (9.70)
A7 = {(+1,y,2): yel-1/j,1/jl, z € [lylb;, bj/j1}] (9.71)
A = [y blj): xel-1,1], y € [-1/4,1/j]}]. (9.72)
Since
M(B)) = (4/j) and M(4)) < (2/)) + (2/)) + 4/}, (9.73)

we have Bj > 0 and A; > 0. By (9.59) we have 0B; - 00 = 0, and thus

T = Aj+ 0B; > 0. (9.74)

Sometimes part of a sequence disappears under weak convergence and part remains.
This happens in the following example:
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Example 9.3.3. Let T; = ¢pju[D?] c L(E*) withD? = {(x,y): x* +y* <1} and

Piu(x,y) = (X, y, fi(\/x2 +y2)), (9.75)

where f; : [0,1] > [0, 1] is a smooth cutoff function such that fj(r) = 1 nearr = 0
and fi(r) = O for r > 1/j. Then oT; = (,bj#[Sl] is constant and so the sequence does not
disappear. In fact T; converges weakly to Teo = (oot [D?] where

$ju(x,y) = (x,y,0) (9.76)
since Tj — Too = OB; where
Bi=[{(x,y,2): X’ +y* <1, 0= z<fi(\/ 2 +y)}]. 9.77)
Since
M(B;) < n(1/j)* > 0 (9.78)

we have B; > 0 and thus T; - Teo > 0 and Tj > Teo.

9.3.5 The Flat distance vs the Hausdorff distance

In [62], Wenger defines the flat distance between two integral currents, Tq, T, € In(2),
lying in a common complete metric space, Z, to be

df (T1, T,) = inf {M(A) + M(B): A+0B=T;-T,} (9.79)

where the infimum is taken over all A € I(Z) and B < I,,,1(Z) such that A + 0B =
T, — T,. This is the same definition given by Federer and Fleming in [19] building
on work of Whitney [64] for the flat distance in Euclidean space, where it is a norm,
|Ty — T5|,. The lack of scaling in (9.80) is a result of setting the flat distance to be a
norm on Euclidean space. A scalable version of the flat distance might be defined for
Z with a finite diameter diam (Z) = D as follows (cf. [40]):

% (Ty, Ty) = inf {DM(4) + M(B) : A+dB=T; - T,} (9.80)

Observe that if two oriented hypersurfaces share a boundary, then the flat distance
between them is bounded above by the volume between them. In Example 9.3.3, we
have

d¥ (Tj, Te) > 0 (9.81)

by taking B; as in (9.77) so that T; - Tes = 0B;. Then d%(Tj, 0) < M(B;) which converges
to 0 as j - oo by (9.78). In Example 9.3.2, we produce a sequence of integral currents
T; in Euclidean space such that

d¥ (T;,0)> 0 (9.82)
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by taking B; as in (9.68) and 4; as in (9.69) so that T; - 0 = 0B; + A;. Then df(T]-, 0) <
M(4;) + M(B;) which converges to 0 as j > eo by (9.73).
In [62], Wenger proves that when

M(T]-) < Voand M(0T) < Aq (9.83)
then weak and flat convergence are equivalent:
T; > Tif and only if dZ(T;, T) - 0. (9.84)

One should contrast the flat distance between submanifolds viewed as integral
currents with the Hausdorff distance between submanifolds viewed as subsets, X; =
¢i(M;). Note that the Hausdorff distance is defined to be

d%(X1,X5) =inf{r>0: X; C Tr(X3), X5 C Tr(X1)} (9.85)

where T/(X) = {z : Ix € Xs.t.d(x,z) < r} C Z. There is no notion of a dis-
appearing Hausdorff limit. The Hausdorff limit of a collapsing sequence of sets like
[0, 1/j] x [0, 1] c E? is easily seen to be {0} x [0, 1] ¢ E2, which is simply a lower di-
mensional set. The Hausdorfflimit of the sequence of cancelling submanifolds, ¢;(M),
in Example 9.3.2 is easily seen to be the set [-1, 1] x {0} x [0, 1]. No points in a Haus-
dorff limit can disappear. In Example 9.3.3, the Hausdorff limit of ¢; (D?) is a disk with
a line segment attached: (D? x {0}) U ({0, 0} x [0, 1]) c E>.

One reason Federer and Fleming introduced integral currents and flat conver-
gence was to solve the Plateau Problem of finding a minimal surface with a given
boundary, I'. Suppose for example that

T = {(cos(t), sin(t),0) : t € S'} c E>. (9.86)

One must find the surface ¢(D?) such that d(¢p(D?)) = I of smallest area. One may
try to find this minimal surface by taking a sequence of such surfaces, ¢,~(D2), with
area decreasing to the infimum of these areas, and look for a limit. In Example 9.3.3,
we have such a sequence with a thinner and thinner spine so that the Hausdorff limit
is a disk with a line segment attached, not a minimal surface. Even worse, one may
have a sequence of (;bj(Dz) = Y; with increasingly many increasingly dense spines as
in Figure 9.3 so that the Hausdorff limit is

Y={(xy,2): x*+y*<1, ze|o, 1]}. (9.87)

This Hausdorff limit has no notion of boundary and is no longer two dimensional.
There is no smooth or even Cy limit of such ¢;.

On the other hand the flat limit of a sequence, ¢,~(D2), with area decreasing to the
infimum of these areas does exist and is the standard disk

Poo : {(x,¥) : x>+ y2 <1} > E> with Poo(x,y) = (x,y,0). (9.88)
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Fig. 9.3. A troublesome Hausdorff limit. Image owned by the author.

This was proven in the case with one spine in Example 9.3.3. This can be seen in Fig-
ure 9.3 because the volume between the ¢;(M;) and ¢oo(M) converges to O.

Even on a compact metric space, Z, flat convergence is well suited to the Plateau
Problem, where one is given I' € I,_1(Z) and asked to find an integral current T &
In(Z), such that oT = I' and

M(T) = My = inf{M(T) : oT =T}. (9.89)

One takes T; € Im(Z) such that 0T; = I', and M(T;) > My. By Ambrosio Kirchheim’s
Compactness Theorem [Theorem 9.3.1 above] and (9.84), a subsequence converges in
the weak and flat sense to some Teo € Im(Z). Since 0T = I' by (9.59) and M(Tw) = Mg
by (9.60), we have a desired solution to the Plateau Problem.

9.4 Integral Current Spaces and Intrinsic Flat Convergence

In this section we provide the rigorous definition for the intrinsic flat convergence of a
sequence of oriented Riemannian manifolds or, more generally, a sequence of integral
current spaces [61]. It is crucial to remember that the manifolds in the sequence are
not submanifolds of any common Euclidean space. This is an intrinsic notion about
the intrinsic geometry of the Riemannian manifolds.

As described in the introduction, the intrinsic flat distance is defined much like the
Gromov-Hausdorff distance, by taking an infimum over all distance preserving maps,
¢;: M}" - Z into any common complete metric space, Z:

(M1, M2) = inf {dF ($r4lMi], dos[M2]) | (990)

where this is now rigorously defined using (9.53) and (9.80). In fact we can define the
intrinsic flat distance between M; and an abstract 0 space as well:

(M, 0) = inf {dF ($14[M11,0) } . (991)

Keep in mind that by the Kuratowski Embedding Theorem any pair of separable metric
spaces can be isometrically embedded into a Banach space, Z, so these infima are



Scalar Curvature and Intrinsic Flat Convergence = 307

always finite (cf. [61]). In [61], the author and Wenger prove that for M; compact, we
have d+(M1, M,) = Oif and only if there is an orientation preserving isometry between
them.

It is essential to remember that the ¢; are distance preserving maps or isometric
embeddings in the sense of Gromov as in (9.20). They are not Riemannian isomet-
ric embeddings which only preserve lengths of curves. For example, the Riemannian
isometry from the standard circle, S, to the boundary of the closed Euclidean disk,
D?, is not a distance preserving map. The Riemannian isometry from the standard
circle, S!, to the boundary of the hemisphere, S2, is a distance preserving map. In
Example 9.3.2 we have a single flat square, M = [-1, 1] x [-1, 1], with a sequence of
¢;: M~ [E3 which preserve lengths of curves, and yet the flat limit of the images is 0
due to cancellation. If the intrinsic flat distance were defined using such maps, then
ds(My, 0) = 0, and similarly the intrinsic flat distance between any pair of oriented
manifolds would be 0.

In this section we introduce a larger class of spaces, integral current spaces, which
are metric spaces with an additional structure. These spaces include oriented Rieman-
nian manifolds with boundary and their intrinsic flat limits. We then define the intrin-
sic flat distance between this larger class of spaces and review fundamental theorems
about intrinsic flat convergence.

9.4.1 Integral Current Spaces

Unlike the Gromov-Hausdorff distance, the intrinsic flat distance cannot be defined
between an arbitrary pair of metric spaces, M; = (Xj, dj). One needs an additional
structure which guarantees that the isometric embeddings of the M; into Z may be
viewed as integral currents. Thus the author and Wenger introduced the following
notion in [61]:

Definition 9.4.1. An m dimensional metric space M = (X, d, T) is called an integral
current space if it has an integral current structure T € In (X) where X is the metric
completion of X and Set(T) = X. Also included in the m dimensional integral current
spaces is the 0 space, denoted 0 = (9, 0, 0). We say two such spaces are equal, M1 = M5,
if there is a current preserving isometry, F : M1 > M;:

d,(F(x), F(t)) = d1(x,y) and F4T1 = T>. (9.92)

The mass of the integral current space is, M(M) = M(T). The diameter is diam (M) =
sup{d(x,v) : X,y € X} if M #0 and diam (0) = 0.
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Any m dimensional integral current space (X, d, T) is countably H™ rectifiable in the
sense that there exists biLipschitz charts ¢; : A; > X where A; C R™ are Borel and

H" (X\U ¢1~(Ai)> - 0. (9.93)
i=1
In fact these charts can be viewed as oriented with weights 6; € N as in (9.30).
Any 0 dimensional integral current space, (X, d, T) is a finite collection of points,
X ={p1,..., PN}, with a metric d and with weights 0; € Z so that T(f) = Zﬁl 0if (p;).
A compact oriented Riemannian manifold with boundary, (M™, g), is an integral
current space which X = M™, where d = dg is the standard metric on M,

dg(p, q) = inf{Lg(C) : C(0) =p, C(1) = q} (9.94)

where .
Le(C) - / 2(C 0. C ()2 at, (9.95)

0

and where T = [M] is integration over M,

T(f,nl,...,rrm)=/fdn1/\---/\dnm. (9.96)
M

In this setting M(M) = vol(M). Note that if (M4, g;) and (M5, g,) are diffeomorphic
then they have the same integral current structure up to a sign. In fact they need only
be biLipschitz equivalent. They do not have the same mass unless there is a volume
preserving diffeomorphism between them. They are not viewed as the same integral
current space unless there is an orientation preserving isometry between them.

If M is a precompact oriented Riemannian manifold with boundary, (M™, g), then
we can define an integral current space (X, d, T), by taking the metric completion X =
M, defining dg as the continuous extension to X of (9.94), and defining T € In(X)
exactly as in (9.96). Then X = Set(T) c X. This set is called the settled completion of
M, and is denoted, M. In particular

M = {xeM: lirrl)ionfvolm(B(x, nnM)/r™ > 0}. (9.97)
r

Thus if M is a manifold with a singular point removed, that point is always included in
the metric completion M but if it is a cusp singularity it is not included in the settled
completion.

The boundary of an integral current space, (X, d, T), is the integral current space:

(X, dy, T) := (Set(9T), dy, oT) (9.98)

where the distance on the boundary is dy which is restricted from the distance on the
metric completion X. If 0T = 0 then one says (X, d, T) is an integral current without
boundary. The 0 space has no boundary.
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Note that the boundary of (M, dg, [M]) when M is an oriented Riemannian man-
ifold with boundary is (0M, dg, 0[M]) endowed with the restricted distance, dg, de-
fined on M as in (9.94). It is only a geodesic space if M is totally geodesic in M. For
example, when M = D? c E?, then oM = (S!, dy2, [S']) is not a geodesic space be-
cause there are no curves whose length is equal to the distance between the points,

de2(p, @) = |p - q| < ds:(p, @) = cos (1 - |p - q|*/2). (9.99)

The boundary of the upper hemisphere, M = (S%, dsz, [S%]), is a geodesic integral

current space, 0M = (S', dg, [S']).

In [56] the author proves that a ball in an integral current space, M = (X, d, T),
with the current restricted from the current structure of M is an integral current space
itself,

S(p,7) = (Set(TLB(p,1),d, TLB(p,1)) (9.100)

for almost every r > 0. Furthermore,
B(p,r) c Set(S(p, 1)) c B(p,r) C X. (9.101)
Note that the outside of the ball, (M \ B(p, r), d, T - S(p, r)), and the sphere,
0S(p, 1) := (Set(o(TL B(p,1)),d,o(TLB(p, 1)), (9.102)
are integral current spaces for the same values of r > 0. If 0M = 0 then
Set(o(TL B(p, 1)) C {x: d(x,p) =r}. (9.103)
In [49] the author investigate the notion of the filling volume
FillVol(oM) = inf{M(N) : ON = oM} (9.104)

where the infimum is over all integral current spaces, N, such that there is a cur-
rent preserving isometry from oN to oM. This notion of filling volume does not quite
agree with Gromov’s notion of Filling Volume in [22] because in our notion there is a
larger collection of candidates, N, for filling the manifold. This is because we require
a current preserving isometry on the boundary, and because we use the Ambrosio-
Kirchheim mass. With our notion, we immediately have

M(M) = FillVol(oM). (9.105)
Applying the filling volume to balls, we have for almost every r > 0 that
[|T||(B(p, 1)) = M(T L B(p, 1)) = M(S(p, r)) = FillVol(oS(p, r)). (9.106)
In particular, if a point x € X satisfies

linl) ionf FillVol(0S(p, ))/r™ > 0 (9.107)
r
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then x € Set(T) = X. This idea was first applied jointly with Wenger in [60] before the
notion of integral current space was precisely defined in [61]. Further exploration of
filling volume and a new notion called the sliced filling volume appeared in [49] with
Portegies.

9.4.2 Intrinsic Flat Convergence

The intrinsic flat distance between integral current spaces was first defined by the
author and Wenger in [61]:

Definition 9.4.2. For M1 = (X1, d1, T1) and M, = (X2, d3, T>) € M™ let the intrinsic
flat distance be defined:

dy (My, My) := inf df (¢14T1, $24T2) » (9.108)

where the infimum is taken over all complete metric spaces (Z, d) and distance preserv-
ing maps ¢; : (X;,d;) > (Z, d).

When M; are precompact integral current spaces we prove the infimum in this defini-
tion is obtained [61][Thm 3.23] and consequently d 5 is a distance [61][Thm3.27] on the
class of precompact integral current spaces up to current preserving isometries, as in
(9.92). In particular, it is a distance on the class of oriented compact manifolds with
boundary of a given dimension.
We say
M; 5 Mu iff ds(M;, Me) - 0. (9.109)

By the definition of intrinsic flat convergence, M; 7, M. ifand only if there exists
distance preserving maps to complete metric spaces, ¢; : M; > Zj and q,’)} : Mo > Zj,
and integral currents, B; € Im+1(Z,~) and 4; € Im(Z;), such that

¢j# T] - ¢;# Teo = aB] + A] (9110)

and
dy(Mj, M) < df’ (2T, §ju T ) < M(B;) + M(4)) > 0. (9.111)

We could then replace Z; with Z} that are closures of countably H™*! rectifiable spaces
by taking
Z; = Cl(Set(B;) U Set(4))) C Z;. (9.112)

So in fact the Z in the infimum of the Definition 9.4.2 may be chosen in this class.
Note that if M; 7, M. then using the same distance preserving maps we have

$j#0T; — p40Too = 0A; (9.113)
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and
d5(OM;, M) < 7! ($540Tj, js0Tee ) < M(4)) > O, (9.114)

S0 OM; -5 OMe.
The following theorem in [61] is an immediate consequence of Gromov’s Embed-
ding Theorem and Ambrosio-Kirchheim’s Compactness Theorems:

Theorem 9.4.3. Given a sequence of precompact m dimensional integral current
spaces M; = (X;, d;, T;) such that

(X5, dj) 5 (v, dy), M(M)) < Vo and MM;) < Ao (9.115)
then a subsequence converges in the intrinsic flat sense
(Xji» dj» T) 2 (X, dx, T) (9.116)

where either (X, dy, T) is the 0 integral current space or (X, dx, T) is an m dimensional
integral current space such that X c Y with the restricted metric dy = dy.

Immediately one notes that if Y has Hausdorff dimension less than m, then (X, d, T) =
0. In Section 9.4.3 we survey theorems in which it is proven under additional hypothe-
ses that the intrinsic flat and GH limits agree. There are many examples with nonnega-
tive scalar curvature where these limits do not agree presented in [61]. In fact one may
not even have a GH converging subsequence for a sequence with an intrinsic flat limit
(see Section 9.2.1).

Gromov’s Embedding Theorem, which is applied to prove Theorem 9.4.3, states
that if (X;, d;) GH, (Xoo, dso) then there is a compact metric space Z and a collection
of isometric embeddings ¢; : X; > Z such that

d5(@;(X;), Poo(Xoe)) > 0. (9.117)

Note that without his embedding theorem one needs different Z; for each term in the
sequence, and then one would not be able to apply the Ambrosio-Kirchheim Compact-
ness Theorem (cf. Theorem 9.3.1) to complete the proof of Theorem 9.4.3.

In [61][Thms 4.2-4.3], the author and Wenger prove similar embedding theorems
for sequences which converge in the intrinsic flat sense: if

M; = (X;, dj, Tj) <5 Mo = (Xeo, doo, Too) (9.118)

then there is a common separable complete metric space, Z, and distance preserving
maps ¢; : X; > Z such that

dJZF(¢j#Tj, oot Teo) > 0. (9.119)

In the case where My = 0 then we have (9.119) as well with ¢..4 Te. = 0, and can find
z € Zand x; € X; such that ¢;(x;) = z. In fact this Z can be chosen to be the closure of
a countably H™*! rectifiable metric space and is glued together from the Z]'- in (9.112).
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These embedding theorems do not require uniform bounds on the masses or vol-
umes of the M; and 0M;. Combining them with Ambrosio-Kirchheim’s lower semicon-
tinuity of mass (9.60) we see that

M5 Mo = lim inf M(M;) = M(M<). (9.120)
In [56] the author proves lower semicontinuity of the diameter as well:
M; Ty Mo = lig glf diam (M;) > diam (M), (9.121)
In [49], the author and Portegies prove that
oM; L5 0Mw = FillVol(9M;) > FillVol(dMw). (9.122)
This idea was first observed in joint work of the author with Wenger [60]. Since
M(M) = FillVol(oM) (9.123)
one can use filling volumes to provide a lower bound on the mass of the limit

M(Mo.) = FillVol(0Mw.) = gm FillVol(oM;). (9.124)
] (==}

Portegies and the author also introduce the notion of a sliced filling volume [49]. They
prove that it is continuous with respect to intrinsic flat convergence and that it pro-
vides a lower bound for mass.

9.4.3 Compactness Theorems for Intrinsic Flat Convergence

The first compactness theorem for intrinsic flat convergence is stated by the author
with Wenger in [61]. It is a combination of Gromov’s Compactness and Embedding
Theorems with Ambrosio-Kirchheim Compactness; it states that if M; = (X;, d;, T;) sat-
isfy the hypothesis of Gromov’s Compactness Theorem and of Ambrosio-Kirchheim’s
Compactness theorem, then a subsequence converges in the GH sense and the F sense
where the J limit is a subset of the GH limit (cf. Theorem 9.4.3). There are a number
of theorems which apply Gromov’s Compactness theorem combined with this theo-
rem, and then prove the GH and F limits agree under additional hypotheses including
noncollapsing, M(M;) > Vo > 0. We call these ¥ =GH compactness theorems.

The author and Wenger prove in [61] a F =GH compactness theorem for sequences
of manifolds without boundary that either have uniform linear contractibility func-
tions or are noncollapsing with Ric = 0. Perales has extended this to allow boundaries
with various conditions on the boundary in [46]. Matveev-Portegies have extended the
result without boundary to uniform negative lower bounds on Ricci curvature in [42].
The author, Huang and Lee have proven a ¥ =GH compactness theorem for sequences
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of integral current spaces, (X, d;, T), with varying bounded distance functions d; in
the Appendix to [28]. Li and Perales have proven a ¥ =GH compactness theorem for
noncollapsing integral current spaces (X;, d;, T;) with nonnegative Alexandrov curva-
ture (including manifolds with nonnegative sectional curvature) in [41]. It is unknown
whether integral current spaces satisfying various generalized notions of Ricci curva-
ture have & =GH compactness theorems.

In the setting with Scal > 0, we do not in general have GH limits. Thus we need
compactness theorems with weaker hypotheses that do not imply GH convergence of
subsequences. Wenger’s Compactness Theorem was proven in [63] and stated in the
following form in [61]:

Theorem 9.4.4. Wenger Compactness
If M; are integral current space of dimension m satisfying the following

then there exists a subsequence M;, I Moo where Mws is an integral current spaces of
dimension m possibly 0.

Perales has applied this theorem in [47] to prove two F compactness theorems. One
assumes the given sequence of oriented manifolds satisfies

Ricj = 0 vol(oM;) < Ao Hyy, 2 Ho diam (M) < Dy (9.126)
and the other assumes the given sequence satisfies
Ric; = 0 vol(oM;) < Ao Hym 2 Ho >0 diam (0M;) < Do. (9.127)

Here H is the mean curvature with respect to the outward pointing normal. Note that
in (9.127) the only condition on the interior of the manifold is Ric > 0.

Observe that in both of these theorems, we could renormalize the manifolds to
have vol(0M;) = Ao. When Hy > 0, these sequences have Hawking mass as in (9.8)
uniformly bounded above:

Ap 1 2
mH(aM]) < Mo = 1677'[ (1 - EAOHO) . (9128)
This leads naturally to the following conjecture which could be a step towards proving
almost rigidity of the Positive Mass Theorem or Bartnik’s Conjecture [4]:

Conjecture 9.4.5. Hawking Mass Compactness
Given a sequence of three dimensional oriented manifolds M ]3 satisfying

vol(M;) < Vo vol(oM;) = Ao diam (M;) < Do (9.129)

Scal; > 0 Hapy, 20 mg(0M;) < mg (9.130)
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and either no closed interior minimal surfaces or MinA(M ]-) > Ay > 0, then a subse-
quence converges in the intrinsic flat sense

M;, Iy Meo and M(M;,) > M(Mo) (9.131)

and M. satisfies (9.130) in some generalized sense (cf. Section 9.7.5). One might replace
Hawking mass with another quasilocal mass in this conjecture.

LeFloch and the author have proven this Hawking Mass Compactness Conjecture in
the rotationally symmetric setting assuming that there are no closed interior minimal
surfaces in [40]. This is shown by proving Hj,. convergence of a subsequence of the
manifolds with a well chosen gauge, and then proving the H}, . limit is a " limit using
Theorem 9.5.2. In general it is unknown whether H ,10 . convergence implies I conver-
gence, but here there is also monotonicity of the Hawking mass to help. Since the limit
space is a rotationally symmetric manifold with a metric tensor g € Hlloc, it is possi-
ble to define generalized notions of nonnegative scalar curvature using (9.3) in a weak
sense. It is also possible to define Hawking mass and show (9.130) hold on the limit
spaces as well.

Gromov has conjectured vaguely that intrinsic flat convergence may preserve
some notion of Scal > 0 in [24] and [23]. Considering the examples and the above
conjecture, we propose the following Scalar Compactness Theorem which requires a
uniform lower bound on the area of a closed minimal surface:

Conjecture 9.4.6. Scalar Compactness
Given a sequence of oriented manifolds M ]3 with oM ]3 = 0 satisfying

vol(M;) < Vo diam(M;) <Dy Scal; 20 MinA(M;) 2 Ay >0 (9.132)
then a subsequence converges in the intrinsic flat sense
M;, L Mw and M(M;,) > M(M-.) (9.133)
and Mo has Scals > 0 in some generalized sense (cf. Section 9.7.5).

A proof of this Scalar Compactness Theorem in the rotationally symmetric case might
imitate the proof of the Hawking Compactness Theorem of the author with LeFloch,
however the work in [40] very strongly relies on the existence of a boundary to choose a
gauge. Nevertheless a very similar proof should work and would make a nice problem
for a doctoral student. Quite a different technique would be needed to handle other
settings. In the graph case as in [28] there is no H ,106 convergence.

See Section 9.7.5 for more about how generalized Scale. > O might be defined.
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9.5 Theorems which imply Intrinsic Flat Convergence

In this section we present theorems which have been applied to prove sequences of
spaces converge in the intrinsic flat sense. In the previous section we have already
presented compactness theorems which imply intrinsic flat convergence of subse-
quences. Here we present theorems where geometric constraints and relationships
between a pair of spaces are used to bound the intrinsic flat distance between them.

Before we begin, note that in Section 5 of [61], the author and Wenger proved that if
the Gromov Lipschitz distance between two Riemannian manifolds is small, then the
intrinsic flat distance is small. In particular if the manifolds are close in the Cy sense
then they are close in the intrinsic flat sense. This theorem may now be viewed as a
special case of Theorem 9.5.2 included below. More general statements about pairs of
integral current spaces with such bounds also appear in [61].

9.5.1 Using Riemannian Embeddings to estimate d4

Recall that in the definition of intrinsic flat convergence, one must find distance pre-
serving maps of the pair of manifolds into a common complete metric space, Z, before
estimating the flat distance between the images. If, however, one only has Rieman-
nian isometric embeddings of the manifolds into a common Riemannian manifold,
then one may apply the following theorem proven by Lee and the author in [39] to
estimate the intrinsic flat distance between the spaces.

Theorem 9.5.1. If ¢; : M > N™! are Riemannian isometric embeddings with em-
bedding constants Cy, where

Cy := sup |du(p, q) - dn(d(p), p(q))|, (9.134)
p,qEM

and if they are disjoint and lie in the boundary of a region W C N then

dg‘(Ml s Mz) < SM1 (VOlm(Ml) + VOlm,l(aMl)) (9135)
+Sp, (Volm(M3) + voly-1(0M3)) (9.136)
+VOlps1 (W) + voly (V) (9.137)

where V = oW \ (¢1(M1) U ¢2(M5)) and Sy, = \/Cp,(diam (M) + Cyy).

This theorem is proven in [39] by explicitly constructing a geodesic metric space,
Z=WoUWiUW, C Nx[0,Syl, (9.138)

where Wy = {(x,0): x € N} and

Wi = {(x,s): x € $;(My), s € [0, Sy 1}, (9.139)
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and by proving ¥;(x) = (¢;(x), Sy,) are distance preserving maps into Z. Then taking
B =[Wy] + [W1] - [W,]and A = Vo + V1 - V, where Vg = [{(x,0) : x € V}]and

Vi=[{(x,5): x € $;(0My), s € [0, Sy 1}1. (9.140)

With the appropriate orientations, we get ¥14[M;] — ¥,4[M;] = A + 0B. The estimate
then follows because d(M;, M;) < M(4) + M(B).

9.5.2 Smooth Convergence Away from Singular Sets

Suppose one has a pair of Riemannian manifolds containing subregions that are close
in the Cy sense. Then one can estimate the intrinsic flat distance between these man-
ifolds, using estimates on the volumes of the regions where they are different and ad-
ditional information as proven by Lakzian and the author in [36]:

Theorem 9.5.2. Suppose M, = (M, g1) and M, = (M, g,) are oriented precompact
Riemannian manifolds with diffeomorphic subregions U; C M; and diffeomorphisms
Y; : U > Uj such that the following hold

1 +e)2Yrg(V, V) < p1g1(V, V) < (1 + )’ P38,(V, V) VYV eTU, (9141

Dy, = sup{diam y, (W) : W is a connected component of U}, (9.142)
A= sup. |dum, (P1(X), Y1) = d, (200, Y2 (y))]. (9.143)
x,ye

Then the Gromov-Hausdorff distance between the metric completions is bounded,
dgu(My, M2) < a+ 2k + max { d}f (Uy, M1), dif2(Uz, M) | (9.144)

and the intrinsic flat distance between the settled completions is bounded,

dy(M7, M) < volu(My \ Uy) +voln(M; \ Us) (9.145)
+ (21_1 +a) (volm,l(aUl) + volm,l(aUz)) (9.146)
+ (21_1 +a) (volm(Ul) + volm(Uz))>. (9.147)

where a = a(e, Dy,, Dy,) converges to 0 as € - O for fixed values of Dy,, and where
h = h(e, A, Dy,, Dy,) converges to O as both € > 0 and A > O for fixed Dy,. Explicit
formulas for a(e, Dy, , Dy,) and h(e, A, Dy, , Dy,) are given in [36].

Theorem 9.5.2 is proven in [36] by explicitly constructing a common metric space
Z =M Uy, (Ux[0,2h +a]) Uy, M (9.148)

where U x [0, 2h + a] is a product manifold with a precisely given metric g, and M,
is glued to it along U; C M; which is isometric to U x {0} and M, is glued to it along
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Fig. 9.4. Estimating the intrinsic flat distance. Image owned by the author and Sajjad Lakzian.

U, C M, which is isometric to U x {2h + a} as in Figure 9.4. The metric g’ is chosen
so that ¢; : M; > Z are distance preserving. In particular g’ = dt?> + g, on U x [0, h]
where h is chosen as in the theorem statement to guarantee that there are no short
paths between points in M, that run through U x [0, 2h + a]. Similarly, g’ = dt* + g, on
Ux[a+h, a+2h). On the middle, Ux[h, a+h], there is a hemispheric warping between
the metrics g4 and g,. Once an explicit Z has been found, then an explicit A € I,(Z) is
found where M(A) is the sum of the terms in (9.145)-(9.146) and an explicit B € I;,;1(Z)
is found where M(B) is the term in (9.147). The details are easy to follow in [36].

Theorem 9.5.2 has been applied in work of the author and Lakzian to prove the ro-
tationally symmetric Hawking Mass Compactness Theorem [40]. It has been applied
by Lakzian to study Ricci flow through neck pinch singularities in [33]. It has been
applied by Lakzian in [35] to prove F convergence of sequences of manifolds which
converge smoothly away from singular sets. In particular, Lakzian proves the follow-
ing. Let M; = (M, g;) be a sequence of compact oriented Riemannian manifolds with
aset S ¢ M such that H{""1(S) = 0, and a connected precompact exhaustion, Wy, of
M\ S satisfying

Wy C Wieyy with | Wy = M\'S (9.149)
k=1

with g; converge smoothly to g on each Wy,

diamy (W) <Dy Vizj, (9.150)
volg,(0Wy) < Ao, (9.151)
and
volg,(M \ W) < V; where I}l_)l‘lolo Vi =0. (9.152)
Then

lim d5(Mj, N') = 0 (9153)
] o0
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where N’ is the settled completion of N = (M \ S, g-.) as in (9.97). If one also assumes
Ric; > H, then
gm dga(Mj, N) = 0. (9.154)
] oo

Other theorems about smooth convergence away from singular sets are proven in [35]
as well.

9.5.3 Pairs of Integral Current Spaces

The following theorem concerns pairs of integral current spaces which share the same
space, X, and the same current structure, T, but have different distance functions. This
happens, for example, when one has a pair of oriented Riemannian manifolds with an
orientation preserving diffeomorphism between them. It can also be applied to pairs of
integral current spaces with a biLipschitz current preserving map between them. The
Gromov-Hausdorff part of this theorem was proven by Gromov in [21] and the intrinsic
flat part was proven by the author with Huang and Lee in the Appendix to [28].

Theorem 9.5.3. Fix a precompact m-dimensional integral current space (X, do, T) with
oT = 0 and fix A > 0. Suppose that d is another distance on X such that

e=sup{|di(p,q) -do(p,q)|: p,qcX}. (9.155)

Then we have the following:
don (X, d1), (X, do)) = 2¢ (9.156)
ds ((X, d1, T), (X, do, T)) < 20 D2A™ 1 (2e)M(T). (9.157)

Note that the hypothesis of this theorem is satisfied when an integral current space,
(X, d, T), has an almost distance preserving map into another metric space, F : X > Y,
and one defines a new distance d; on X as d(p, q) = dy(F(p), F(g)). It was applied
by the author with Huang and Lee in [28] as one of the final steps towards proving the
almost rigidity for the Positive Mass Theorem in the graph setting.

Problem 9.5.4. It seems natural that one could apply Theorem 9.5.3 to prove a more
general theorem about pairs of integral current spaces, (X;, d;, T;), which contain a pair
of regions U; C X; with a current preserving isometry between the regions. If one simply
uses the restricted distances then there is no need for an embedding constant or a A as
in the prior two sections. However, one needs to extend the Theorem 9.5.3 to consider the
setting with boundary.
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9.6 Theorems about Intrinsic Flat Limits

In this section we assume we have a sequence, M; N Mo or M; =N M. and present
theorems about limits of points in these spaces, limits of functions on these spaces,
continuity and semicontinuity of various quantities on these spaces. Recall that we
have already mentioned a number of such results in Subsection 9.4.2 and we will be
refering to those results here as well. We close this section with a discussion of the
setting where one has intrinsic flat convergence with volume continuity.

9.6.1 Limits of Points and Points with no Limits

When studying sequences of converging Riemannian manifolds, M;, one often wishes
to understand what happens to points, x; € M;: where do they converge and when
do they disappear? One is also interested in understanding limit points, Xeco € Moo,
by considering x; € M; that converge to these points. This can easily be understood
when the M; are a sequence of converging submanifolds lying in a given space, and
it is clear that under flat convergence of submanifolds some sequences of points will
disappear in the limit. Defining converging sequences of points when M; are distinct
Riemannian manifolds is much more difficult.
Under Gromov-Hausdorff convergence

(X;, d)) L (Xeo, doo), (9.158)

one can apply Gromov’s Embedding Theorem (9.117) to define what it means to say
Xj > Xeo for x; € X; as follows: there exists a compact metric space, Z, and distance
preserving maps, ¢; : X; > Z, such that

A4 (¢j(X;), Poo(Xoo)) > 0 and dz(h;(x;), Poo(Xes)) > O. (9.159)

Note that X is not unique: if F : Xoo > Xo is an isometry then F(x.) is also a limit of
x;. This is a natural consequence of the fact that the GH distance is between isometry
classes of metric spaces. Gromov shows that

VXoo € Xoo 3X; € Xj such that X; - Xeo. (9.160)

In fact, there exist functions, H; : X.o > X;j, and distance preserving maps, ¢; : X; >
Z, satisfying (9.159) such that if x; = Hj(xe) then x; - X and

d;j(H;(x), Hj(y)) > des(x, ). (9.161)

Furthermore, for any r > 0, we have converging closed balls

Xj > Xeo = (B(xj,1),d;) SH, (B(Xes, 1), dos) (9.162)
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By the compactness of Z, there is a Bolzano-Weierstass Theorem:
Xj€X; = Jjgst.Xj, P Xeo € Xeo. (9.163)
Combining (9.161) with (9.163) we have diameter continuity:

lim diam (X;) = diam (Xe). (9.164)
J o0

See for example [10] and [56] for more details.
Now suppose we have intrinsic flat convergence,

Mj = (Xj, dj, Tj) -5 Moo = (Xeo, doo, Teo)- (9.165)

In [56], the author applied the Intrinsic Flat Embedding Theorem as in (9.119) to say a
sequence X; € X; is Cauchy if there exists a complete metric space, Z, a point, z- € Z,
and distance preserving maps, ¢; : X; > Z, such that

df (¢aTj, Poot Too) > 0 (9.166)
and ¢;(x;) > z-. One says the sequence has no limit in X if
Zoo & Poo(Xoo). (9.167)

One says the points converge x; - X in Xes (o1 respectively in Xoo) if there exists Xeo
in Xeo (or respectively in Xeo) such that zeo = (oo (Xeo):

Zoo € Poo(Xoo) = Set(Pooy Teo)  (OF rEspectively zeo € Poo(Xev)) . (9.168)

Note that x- is not unique: if F : X.. > Xo iS a current preserving isometry then
F(xs) is also a limit of x;. This is a natural consequence of the fact that the J distance
is between current preserving isometry classes of integral current spaces. Below we
will provide additional conditions (9.176) and (9.177) which demonstrate that Cauchy
sequences of points which disappear with respect to one sequence of ¢; satisfying
(9.166) cannot be Cauchy sequences of points that converge with respect to another
sequence of ¢; satisfying (9.166) and vice versa.

In [56] the author proves that if (9.165) then

VXoo € Xeo exists x; € Xj such that X; > Xe. (9.169)

In fact there exist convergence functions, H; : X = Xj, and distance preserving maps,
@; : Xj > Z, satisfying (9.166) such that Hj(xe) > x; as in (9.159) with

dj(H;(x), Hj(y)) > de(x, y) and Hj(0Ms) C 0M;. (9.170)
In fact the author proves in [56][Theorem 5.1] the following:

if M; 7 M. where M., is nonzero and precompact, (9.171)
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then there exist N; C M; such that N; S M. (9.172)

Additional properties of the N; are described there. In general, intrinsic flat limits need
not be precompact and need not have finite diameter [61].

Since Z is only complete, we do not have a simple Bolzano-Weierstrass Theorem.
In fact points may disappear under flat convergence even in a compact Z. So we do not
have continuity of diameter. However, we have semicontinuity of diameter

lirg inf diam (M;) > diam (M) (9.173)
] oo
and depth
lin_l) inf Depth(M;) > Depth(M) (9.174)
] o0
where
Depth(M) = sup {dx(x,y): x € X, y € Set(dT) } € [0, o). (9.175)

Recall that for almost every r > 0 one may view a ball in an integral current spaces
as an integral current space itself S(x,r) = (Set (T;L B(x, 1)), d, TLB(x,1)) . One

can also examine the convergence of balls when M; T Mwo.In [56] the author proves
that if x; > xe as in (9.169), then there is a subsequence j; such that

S(x;,, 1) N S(Xeo, ) #0 for almost every r > 0. (9.176)

If a Cauchy sequence of points, x; € M, has no limit in Xoo as in (9.167) then

36 >0 s.t. S(x;,, 1) o0 for almost every r € (0, 8). (9.177)

Since (9.176) and (9.177) are intrinsic notions which do not depend on a choice of dis-
tance preserving maps, one concludes that a Cauchy sequence of points which has no
limit in X. with respect to one sequence of ¢; satisfying (9.166) cannot be a Cauchy
sequence of points that converges with respect to another sequence of ¢; satisfying
(9.166), and vice versa. Far more subtle is determining when exactly a sequence of
points converges to a point in Xeo \ Xeo.

Let us further consider converging sequences of points, x; > Xw. As a conse-
quence of mass semicontinuity as in (9.60), we have for almost every r > 0

liIkr_1> inf M(S(x;,, 1)) > M(S(Xcs, 1)). (9.178)
As a consequence of (9.59), we have convergence of spheres for almost every r > 0
0S(xj,, 1) 5 98(Xeo, 1) (9.179)

Combining sphere convergence as in (9.179) with filling volume continuity as in (9.122),
Portegies and the author have proven that for almost every r > 0

FillVol(0S(x;, , 1)) —= FillVol(S(Xee, 1)) (9.180)
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as well as continuity of another notion called the sliced filling volume in [49]. In The-
orem 4.27 of that paper, this continuity is applied to determine when a sequence con-
verges in Xoo = Set(Tw). The filling volume case of this theorem observes that

M(S(Xoo, 1)) = FillVOl(0S (Xeo, 1)) = ]gm FillVol(oS(x;, , 1)), (9.181)
which implies that if there is a uniform lower bound C > 0 such that
FillVol(0S(x;, 1)) = Cr™ VjieN (9.182)

then by (9.48), X € Set(Tw) = Xes. An idea similar to this one was applied earlier in
an extrinsic way by the author and Wenger in [60]. The goal was to show that when
a sequence of manifolds has nonnegative Ricci curvature or has a linear contractibil-
ity function, then the GH and & limits agree. This method has been applied to prove
intrinsic flat and GH limits agree under a variety of different conditions by the au-
thor with Portegies, by Munn, by Perales, by Perales-Li, and by Matveev-Portegies
[41, 42, 45, 46, 49].

With only lower scalar curvature bounds on the sequence one does not in general
have GH and intrinsic flat limits that agree (see examples below). In fact one may not
have any GH limit even for a subsequence. Nevertheless this method might be applied
to determine which points in the sequence of manifolds are disappearing and which
remain.

The author and Portegies prove a Bolzano-Weierstrass Theorem for sequences of
points with bounds on their filling or sliced filling volume [49][Theorem 4.30]. One
consequence of this theorem is that if a sequence satisfies (9.181) then a subsequence
is Cauchy (using an argument involving the fact that the limit space has finite mass)
and then by the above method, the sequence converges to a point in Xe.. Thereis alsoa
Bolzano-Weierstrass Theorem for sequences of points which does not require a lower
bound on the filling volumes of spheres, but instead requires

Jro > 0 s.t. lirginf d5(S(xj,1),0) = h(r) >0 fora.e.r € (0, ro) (9.183)
] oo

to obtain a subsequence which is Cauchy and converges in X [56][Theorem 7.1]. Note
that the theorems and proofs in [56] are very easy to read. The more technically difficult
results in [49] involving filling volumes and sliced filling volumes are better in that they
provide more precise controls under weaker hypotheses.

9.6.2 Limits of Functions

Recall that when using the compactness and weak rigidity method to prove an almost
rigidity theorem as in (9.19), one proves that M; > Mo, where My is a specific given
rigid space, by first using a compactness theorem to show a subsequence, M;, > M
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and then proving Me. = M. One way to prove that Me. = My is to construct an isom-
etry between these spaces as a limit of functions from M;, to My. Theorems which
produce limits of subsequences of functions are called Arzela-Ascoli Theorems.

First let us describe what we mean by a limit function. Suppose F; : X; > Y; are
functions, and X; - X and Y; > Y in the GH or I sense. Then we say Foo : Xoo 2> Yoo
is their limit, denoted F; > Fe, if

Fj(x;j) > Foo(Xe) Whenever xj - Xoo. (9.184)

More precisely, F; > Fo if there exist convergence functions, H; : Xe - X; and H]'. :
Yo > Yj, as in (9.170) such that

FjoHj(x) = Hjo Fes(x) VX € Xes. (9.185)

The Gromov-Hausdorff Arzela-Ascoli Theorem states that if one has compact met-
ric spaces, X; ﬂ X and Y; ﬂ Yo, and if F i+ X; > Y; are equicontinuous

Ve > 0 38, > 0 such that dx,(x, x) < 8¢ = dy,(F;(x), F;(x)) <€ (9.186)

then F; > Fe where Foo : Xeo > Yoo satisfies (9.186). This theorem is a direct con-
sequence of Gromov’s Embedding Theorem combined with the standard proof of the
classical Arzela-Ascoli Theorem (cf. [56]). Furthermore, if F ; are surjective then the
limit Fes is surjective. If the F; are isometries on balls of radius ro > 0, then the limit
is an isometry on balls of radius ro > 0. This was applied by the author in joint work
with Wei to prove that the GH limits of manifolds with Ricci > 0 have universal cover-
ing spaces [58] and that the covering spectrum is continuous with respect to Gromov-
Hausdorff convergence in [59].

It is not absolutely necessary that the sequence of functions be equicontinuous.
Gromov proves the same result for ¢; almost isometries F; : X; > Y,

|dy](FJ(p), Fl(q)) - dXi(p’ q)| < Sj and Y] C Tg](X]) (9187)

with €; > 0, producing a limit Feo : Xeo > Yoo which is an isometry [21]. See also the
Burago-Burago-Ivanov text [10]. Almost isometries are applied to prove the GH almost
rigidity theorems of Colding in [15] and of Cheeger-Colding in [13] by constructing al-
most isometries from the M; to therigid space, Mo. In [55], a GH Arzela-Ascoli Theorem
which only requires almost equicontinuity is proven by the author in order to prove
another GH almost rigidity theorem.

One cannot hope for an F Arzela-Ascoli Theorem which is as powerful as the GH
Arzela-Ascoli Theorem. In Example 9.2.5 one has no limit for the geodesics +; : [0, 1] >
M; running through the increasingly thin tunnels. Nevertheless two useful Arzela-
Ascoli Theorems with additional hypotheses were proven in [56].

Suppose F; : M; > M} are (surjective) current preserving isometries on balls of

radius ro > 0 and M; I, Mw #0and M; I, M., #0. Then a subsequence of F;
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converges to Foo : Moo > M., which is also a (surjective) current preserving isometry
on balls of radius ro > 0 [56]. This theorem has been applied in joint work of the author
with Sinaei to study the intrinsic flat convergence of covering spaces and the covering
spectrum [54].

Suppose Fj : M; - Y; are equicontinuous maps as in (9.186) where M; are integral

current space and Y; are compact metric spaces such that M; T Mo #0and Y; GH,
Ye. Then F; converge to Foo : Mo - Yoo which also satisfies (9.186). Furthermore, if
F; are surjective then the limit Fo is surjective [56]. Keep in mind that this includes
equicontinuous functions, F; : M; - [a, b], and embeddings in compact regions in
Euclidean space, F; : M; > EN. This theorem has been applied jointly with Huang
and Lee to prove Almost Rigidity of the Positive Mass Theorem in the graph setting
[28].

Conjectured related Arzela-Ascoli theorems are suggested in [56] and the proofs
there are not difficult to read. These theorems are particularly useful when proving
almost rigidity theorems to try to construct isometries from the limit M.. of a subse-
quence M; to the desired rigid space, Mo.

Problem 9.6.1. Suppose F; : M; > Y has Lip(F;) < 1 with Y compact (including Rie-
mannian embeddings and graphs), and M; satisfy the hypothesis of Wenger’s Compact-

ness Theorem as in (9.125). Then we know a subsequence M; I, Moo = (Xoo, dooy Too).
We can see Fjy[M;] satisfies the hypothesis of the Ambrosio-Kirchheim Compactness
as in (9.64), so we know a subsequence Fj;[M;] converges in the flat sense to some
Seo € In(Y). If Mo #0 we know by the Arzela-Ascoli Theorem above that a subsequence,
also denoted Fj, converges to Fe : Xoo > Y. We conjecture that

Moo = (Xoo, dooy Too) With Foy Teo = Seo. (9.188)

This conjecture captures the key steps used in joint work of the author with Huang
and Lee to prove the Almost Rigidity of the Positive Mass Theorem in the graph setting
in [28]. In that proof we have MJ" which satisfy our almost rigidity conditions, show
they satisfy the hypothesis of Wenger’s Compactness Theorem, and then study their
images as graphs in Y = E™"! and obtain (9.188). Some of the techniques there may
be useful towards proving this conjecture in general.

9.6.3 Intrinsic Flat with Volume Convergence

Recall that intrinsic flat convergence does not imply volume convergence. One does
have semicontinuity, M; N Mo implies lim infj ., MM ]-) > M(M<), but even when
M; and M. are Riemannian manifolds the volumes need not converge (as seen in the
examples with cancellation). Note that all the examples presented above with wells,
bubbling and sewing do have volume convergence. We introduce the following:
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Definition 9.6.2. The intrinsic flat volume distance between two integral current
spaces, M; = (X;, d;, T;) is

dys(My, M) = ds(Mq, M) + |M(M7) - M(M)| (9.189)

So M; Y2, Me. iff M(M;) > M(Mwo) and M; -+ M. Note that points may still disap-
pear as in the [lmanen Example. However there is no cancellation.

Portegies studied the properties of M; = (X}, d;, T;) such that M; Y M. Apply-
ing his Lemma 2.7 in [48], we see that the metric measure spaces, (X;, dj, ||T;||) con-
verge in a measured sense. That is, there are distance preserving maps, ¢; : X; > Z
such that

®;l|Tj|| > ¢j||T|| weakly as measures in Z. (9.190)

Here Z is only complete and one need not have GH convergence (as in Ilmanen’s Exam-
ple). Portegies then applied this to prove that the Laplace eigenvalues of converging
sequences of manifolds are upper semicontinuous,
lim sup A (M;) < A (Moo). (9.191)
jdoo
He presents examples showing this is false without M(M;) > M(Mx).

Note that the Hawking Mass Compactness Conjecture and Scalar Compactness
Conjecture both propose that a subsequence M;, Y3, M. as is shown in the com-
pactness theorem proven jointly with LeFloch [40]. Also note that in the work of the
author with Lee, Huang, and Stavrov proving various special cases towards almost
rigidity of the Positive Mass Theorem, it is proven that M; Yi M o [391[28][57]. Matveev

and Portegies prove M;, Y3, M.. when Ricci curvature is uniformly bounded below
[42][Theorem 4.1].

Keep in mind that M;, Y3, M.. alone will not suffice to achieve generalized Scal >
0 properties on M as seen in the problematic examples involving sewing of a single
curve to a point will have volume convergence and yet the limit in (9.5) will fail to be
nonnegative for a ball about that limit point. Note however that if one assumes (9.6)
holds at every point p in every M; with a uniform lower bound on rp > ry > 0, then
(9.6) can be shown to hold with inequalities on M.

9.7 Results and Conjectures about Limits of Manifolds with
Nonnegative Scalar Curvature

In this final section of the paper we state our almost rigidity conjectures precisely and
survey known results towards proving these conjectures. We suggest special cases
which might be proven more easily. Note that completely proving any almost rigid-
ity theorem is significantly more difficult than proving the corresponding rigidity the-
orem. One must either reprove the rigidity theorem in a quantitative way obtaining
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(9.18) using the explicit control method as described in the introduction, or one must
prove the Rigidity Theorem on a generalized class of spaces obtaining (9.19) using the
compactness and weak rigidity method. Recall that we have already proposed two com-
pactness conjectures in Section 9.4.3. In the final two subsections of this paper we dis-
cuss generalized notions of nonnegative scalar curvature as proposed by Gromov and
regularity theory.

9.7.1 Almost Rigidity of the Positive Mass Theorem and the Bartnik Conjecture

Consider the class, M, of asymptotically flat three dimensional Riemannian manifolds
with nonnegative scalar curvature and no interior closed minimal surfaces and either
no boundary or the boundary is an outermost minimizing surface. This is the physi-
cally natural class of spaces used to prove the Penrose Inequality as discussed in the
introduction. By the Positive Mass Theorem, if M € M has mypy(M) = O then M is
isometric to Euclidean space. In [39], Lee and the author proposed that almost rigid-
ity for the Positive Mass Theorem should be provable using intrinsic flat convergence,
and demonstrated that it is false for GH convergence.

Conjecture 9.7.1. FixD > 0, 1o > 0. Let M} € M and let Z; C M; be special surfaces
with Area(Z;) = 4nry and o = 0B(0, 1p) C E3. We conjecture that

Mapu(Mj) >0 = dyey (Tp(E), Tp(E)) > 0, (9.192)
where Tp(2) is the tubular neighborhood of radius D around X, or alternatively
Mapu(M) >0 = dyog (Qj, Q) >0, (9.193)
where (; is the interior of Z; with Depth([)j) < D.

Note that Lee and the author were being deliberately vague as to what a special sur-
face, 2, should be in this conjecture. A number of more precisely stated special cases
of this conjecture were provided in the final section of [39] along with brief ideas as
to how one might approach the proof of the conjecture in those cases. Most of these
special cases are still open.

Lee and the author proved that (9.192) holds when M].3 have metric tensors of the
form g; = dr’+£j(r)?gs» and £; = r ™! (ro). The proof uses Geroch monotonicity and The-
orem 9.5.1 to obtain explicit controls on Tp(Z;)[39]. LeFloch and the author examined
these explicit controls in more detail in [40]. The author and Stavrov proved this con-
jecture when M]-3 are Brill-Lindquist geometrostatic manifolds and ; are large spheres
in [57]. That proof is also completed using explicit controls: bounds on the metric ten-
sor are found on carefully selected regions within the manifolds followed by an appli-
cation of Theorem 9.5.2.
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Huang, Lee and the author proved (9.193) when Q]3 C M; are graph manifolds,
which have Riemannian embeddings, ¥; : M]-3 > E* as graphs. We assumed con-
trols on the X; and other technical properties on the Mf [28]. Using the properties of
graph manifolds with Scal > 0 and mypy(M;) > 0 we first proved that vol(Q;) >
vol(B(0, rp)). We applied Wenger’s Compactness Theorem and an Arzela Ascoli Theo-
rem to prove a subsequence of the Q; I, Qoo and ¥; converge t0 Yoo : Qoo > E* with
Lip(¥-) < 1. By the lower semicontinuity of mass we showed

M(¥oo2[Qc]) < M([Qc]) < voI(B(O, 10)). (9.194)

We used the controls on X; to prove they Lipschitz converge to 0Q- and that Yeo :
000 > 0B(0, 1p) x {0} is biLipschitz. Thus 0 ¥..4[Qe] = [0B(0, o) x {0}]. Combining
this with (9.194) implies Psi..4[Q] solves the Plateau Problem. So

Y[ Qo] = [B(0, r9) x {0}] and M(¥o.[Qos]) = vol(B(O, ro))(4/3). (9.195)
This implies equality in (9.194) so ¥. must be an isometry: Q.. = B(0, ro) [28].

Remark 9.7.2. One might consider applying the Huisken isoperimetric mass as in (9.11)
to prove Conjecture 9.7.1 with X; chosen to be uniformly asymptotically spherical in M;
with mADM(M,-) - 0 so that

2 Area(0Q;)*/?
Q) = —F— [ vol(Q) - ————=Z— | >o. 1
Miso(@) Area(00;) <V°( 2 6+/7 0 (5:196)
Observe that (9.196) immediately implies
vol(Q)) > A3?[(6v/7) = (4/3)mrg = vol(B(O, o). (9.197)

So by Wenger’s Compactness Theorem a subsequence converges Q; s O By lower
semicontinuity of mass we have M(Q..) < vol(B(0, rg)).

Suppose we also assume that there exist Riemannian isometric embeddings ¥; :
Q > EN with the property that ¥; restricted to 0Q; is uniformly biLipschitz to
0B(0, rp) x {0, ..., 0}. Then exactly as in the above description of the proof in [28]
we have Q.. isometric to B(0, ro). Here the only place we used Scal > 0 was when
we replaced mypy(M;) > 0 by (9.196) applying Miao’s proof that m;so(Q) is close to
mapu(M) for large round 0Q in [18]. Note that m;5o(Q) for M> € M does not imply
Q = B(0, ry); one needs to impose some asymptotic roundness on the 0Q as well as
Scal = 0 even to obtain rigidity.

Problem 9.7.3. Shi and Tam proved in [53] that the Brown-York Mass, mgy(012), is non-
negative if Scal = 0 on Q and 0Q has positive Gauss curvature, and

mpy(d0Q)=0 = QcCE. (9.198)
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This mass (which agrees with the Liu-Yau mass in this setting) is defined using a Rie-
mannian isometric embedding ¥ : 0Q > IE3, the mean curvature, H, of 0Q C M3 and
the mean curvature, Hy, of ¥(0Q) C E? as follows:

mpy(0Q) = % / Ho - H do. (9.199)
00

The Arzela-Ascoli Theorems proven above might be helpful towards proving Conjec-
ture 9.4.5 for the Brown-York Mass, including semicontinuity of the Brown-York mass
under F convergence, and almost rigidity of the Shi-Tam Rigidity Theorem. This might
also be applied to prove the almost rigidity of the Positive Mass Theorem, or the Bartnik
Conjecture. One of the biggest difficulties here is that mean curvature must be defined in
a generalized way and controlled under intrinsic flat convergence.

Problem 9.7.4. Huisken and Ilmanen defined a weak notion of mean curvature in their
proof of the Penrose Inequality (which can also be applied to prove the Positive Mass
Theorem) [30]. Perhaps one might try to use their method to prove Almost Rigidity of
the Positive Mass Theorem. One might consider a limit space M. and attempt to define
Huisken-Ilmanen’s weak inverse mean curvature flow and prove Geroch monotonicity
on M. What regularity is needed on M-.? What notion of nonnegative scalar curvature
is required?

Recall that in [20], Geroch proved that if N; : S? > M3 evolves by smooth inverse mean
curvature flow,

%x = % where  x = N¢(p), v isthe normal to N at x, (9.200)

and H is the mean curvature of N at x, (9.201)
and M° has Scal = 0 then then the Hawking mass, my(N;), is nondecreasing:
t;>t; = my(Ny,) =2 my(Ny,). (9.202)

In [30], Huisken-Ilmanen introduced the weak inverse mean curvature flow,

Ne=0{x: u(x) <t} where divy (%) = |Vu|, (9.203)
proving it also satisfies Geroch monotonicity as in (9.202), and with the right boundary
conditions lims., my(N¢) = mapy(M). They defined a weak mean curvature for the
level sets of u to be H = Vu almost everywhere. One may naturally ask what regularity
was needed on the limit space to prove these results.

Alternatively one might apply Huisken-Ilmanen’s method on the sequence M;
rather than on M... One might consider sequences of u = u; satisfying (9.203) on M;
and consider limits u; > us, if it is difficult to define (9.203) on M itself. On each M;
one can define (9.203) and then one has my(N¢) nearly constant. This was a key step
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in the proof of the Almost Rigidity of the Positive Mass Theorem in the rotationally
symmetric case [39]. It would be interesting to investigate this even in the setting with
smooth inverse mean curvature flow. In the setting where one only has weak inverse
mean curvature flow, then the N; may skip over entire regions. In private communi-
cation with the author, Huisken has suggested that it might be possible to bound the
volume of the skipped regions using his isoperimetric masses. These same techniques
might also be applied to prove the Almost Rigidity of the Penrose Inequality.

Problem 9.7.5. Recall that the Penrose Inequality for M> € M:

Mapu(M>) = my(OM°) = |/ A2l (9.204)
and Penrose Rigidity:
mapu(M3) = my(OM?) = M is isometric to Msch,m (9.205)

where M., , is the Riemannian Schwarschild space with mass m = mypy (M 3):
Mscnm = (B2 \ {0}, (1 + 2)%6) (9.206)

Almost rigidity for the Penrose Inequality was conjectured jointly with Lee in [38] where
it was proven in the rotationally symmetric setting. This has not yet been explored for
graph manifolds nor for Brill-Lindquist Geometrostatic manifolds. These are perhaps
easy enough to assign as a first project to a doctoral student as the techniques in [28]
and [57] should directly apply. Proving it in general would involve all the same difficultes
as proving the almost rigidity for the Positive Mass Theorem and more.

9.7.2 The Bartnik Conjecture

Bartnik’s quasilocal mass of a region Qo c M> where M3 € M and OM} C Qp was
defined in [3] as an infimum of the ADM masses of extensions, M, of Qq:

mB(.Q()) = lnf{mADM(M)\ Me fPM(Q())} (9207)

where M € PM c M if it contains an isometric image of Q: Q c M. Bartnik conjec-
tured that this infimum is achieved by what he called the minimal mass extension and
that this minimal mass extension is scalar flat and static. Significant research in this
area has been completed by Corvino in [16] in which the properties of a minimal mass
extension are proven assuming it exists. Miao has searched for static extensions using
perturbative methods in [44]. To prove the minimal mass extension exists in general
one may consider the following approach:

Conjecture 9.7.6 (Bartnik Conjecture). There exists a sequence

M;j € PM(Qo) such that mapyu(M;) > mp(Qo). (9.208)
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with a limit Mj > Moo such that mapy(Ms) = mp(Qo) = lim;5e. mapm(M;), where Moo
is asymptotically flat, smooth, scalar flat and static.

By the definition of Bartnik Mass we know there is a sequence satisfying (9.208). We
propose that one may be able to prove an intrinsic flat compactness theorem for Qp ; C
M; where Qg ; = Tr(0Q) or perhaps Qg ; O Qo with well chosen 0Qg; = X ; C M;.
Note that by Wenger’s Compactness Theorem we only need

VOI(QR’]') < VR and VOl(a.QR’]') < AR (9209)

to obtain a subsequence Qg ; > Qg o since diam (Qg ;) < 2R + diam (Qo). Then we
could glue together an M., from these limit regions Qg .. and Q¢ C Mo.. Our con-
jectured Hawking mass compactness theorem would imply that M. has generalized
Scal = 0 and a well controlled Hawking mass.

However, one must be warned that an M. obtained in this manner need not be
asymptotically flat. In [38], Lee and the author proved that a sequence M; approaching
equality in the Penrose Inequality may develop a longer and longer neck. The recent
examples of Mantoulidis and Schoen which satisfy (9.208) also develop increasingly
long necks so that M; smoothly converge on regions around Qo to an M« which is not
asymptotically flat and has no ADM mass [43]. For the regions near infinity these M; are
simply Schwarzschild space. Thus a new construction is needed which shortens these
necks so that the M; are in some sense uniformly asymptotically flat. Then one could
try to prove a subsequence converges in the intrinsic flat sense to an aymptotically flat
limit.

Once one has proven M; > M. where Mo is asymptotically flat and has gener-
alized Scal > 0, then one must prove the semicontinuity of the ADM masses. In [31]
Jauregui has proven this semicontinuity in a variety of settings including intrinsic flat
convergence in the rotationally symmetric case, by applying the Hawking mass Com-
pactness Theorem proven by the author with LeFloch in [40]. Jauregui-Lee have proven
semicontinuity of the ADM mass under Cy convergence using the Huisken isoperimet-
ric mass in [32]. These techniques might apply more generally.

9.7.3 Almost Rigidity of the Scalar Torus Theorem

The Scalar Torus Theorem states any M" diffeomorphic to T" with Scal > 0 is isometric
to a flat torus. It was proven using minimal surfaces for n < 7 by Schoen and Yau in [50].
It was proven by Gromov and Lawson in all dimensions using spinors and the Lich-
nerowetz formula in [25]. Gromov proposed the following almost rigidity conjecture
vaguely in [23]. To avoid collapsing and expanding we have normalized the manifolds
with the volume and diameter bounds. To avoid bubbling, we have added the uniform
lower bound on MinA of (9.13). This conjecture is false for GH convergence as seen in
Example 9.2.3.
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Conjecture 9.7.7. Let M ]3 be diffeomorphic to T> with Scal(M]?) >-1/jand
vol(M}) = Vo diam (M) <Dy MinA(M;) > Ao > 0. (9.210)

Then a subsequence M;, N Mo where My is a flat torus. Possibly M;, VI, M.

Note that by Wenger’s Compactness Theorem, we know M;, i M, and by semi-
continuity we have diam (M) < Dy and M(Ms) < V. We do not know if M. is the 0
integral current space. So even proving that much would be interesting. Some points
will disappear as seen in Example 9.2.3, so one must find a sequence of points which
doesn’t disappear.

Even assuming that M #0 one needs to prove that it has some sort of generalized
Scal = 0 which is strong enough to prove torus rigidity. Gromov suggests a few such
notions which should be strong enough in [23] and prove C° limits of M)3 as above
satisfy these conditions. Examining his proofs and considering filling volumes and
sliced filling as defined in joint work of the author with Portegies [49] might be helpful.
Note that Bamler has proven Scal = 0 persists under C° convergence using Ricci flow
in [2].

Perhaps a more approachable problem would be to consider first M ]3 which are

graphs over the standard T° and try to prove M; 7 T3 using methods similar
to those used in joint work of the author with Huang and Lee [28]. Another possi-
bility is to consider M? with metric tensors g; = dx* + dy” + fi(x,y)dz* or g; =
aj(z)*dx* + b} (z)dy’® + dz* and first try to prove the warping functions a;, b; and f;
converge in the H}, . sense to a metric with generalized Scal > 0 as in joint work of
the author with LeFloch [40]. It is possible that spinors and the Lichnerowetz formula
might be formulated weakly for an H;, . metric tensor. More likely one can find a par-
tial differential inequality on the warping functions which implies the rigidity theorem
and can be shown to persist weakly under H}, .. Finally one can use an Arzela-Ascoli
Theorem to relate the limit space obtained under H,. convergence and the intrinsic
flat limit.

9.7.4 Almost Rigidity Theorems and Ricci Flow

Bray, Brendle and Neves proved the Cover Splitting Rigidity Theorem as in (9.15) and
Bray, Brendle, Eichmair and Neves have proven the RP? Rigidity Theorem as in (9.16)
using Ricci flow [8] [7]. Here we propose the following:

Conjecture 9.7.8 (Almost Rigidity of the RP* Rigidity Theorem).
Given a sequence of M }3 that are diffeomorphic to RP? with
Scal;> 24 MinA(M’) =27 vol(M}) < Vo diam (M) < Do (9.211)

then M? T Mo = RP? or possibly even M; Y9, M, = RP3.
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One may construct examples with wells demonstrating that M]-3 G, Rp3 may fail.

Conjecture 9.7.9 (Almost Rigidity of Cover Splitting Theorem).
Given a sequence of M }3 that contain noncontractible S* and have

Scal;> 2 MinA(M’) = 47 vol(M}) < Vo diam (M;) < Do (9.212)

F ~L .
then a subsequence M]-3k —s Mo where My is isometric to S? x R.

Problem 9.7.10. Can one construct M; with Scalar > 2j/(j - 1) that are diffeomorphic
to S? xS and contain balls of radius 1/4 that are isometric to balls in rescaled standard
spheres? If so then one can attach wells and have no GH limit.

One approach to proving these conjectures would be to use volume renormalized Ricci
flow, M; , of M; and show M; ; flows as t - oo to an M; ., which is isometric to M.
One may simplify things by assuming a smooth Ricci flow exists for all time, or try to
prove this, or attempt to deal with Ricci flow through singularities. If

dyors(M; ¢, Mjs) < € (3 - 1) where }slg(} €6)=0 (9.213)

S

where € is independant of j, then we have the conjecture. Continuity of Ricci flow with
respect to the intrinsic flat distance has been studied by Lakzian in [34] but only to
analyze the Ricci flow through a neck pinch singularity. The author believes one might
be able to obtain (9.213) constructing an explicit

Z={(x,n|x € My, r € [(1/1), (1/s)]} with g = dr* + f(1)?g; (1»)- (9.214)

Again one might consider special cases where M; are known to be warped products.

9.7.5 Gromov’s Prisms and Generalized Nonnegative Scalar Curvature

Gromov suggested in [24] that if a sequence of M; I, Moo hasScal = 0 then Moo might
have Scal > 0 in some generalized sense. In [23], Gromov proved the Gauss Bonnet
Prism Inequality for prisms in manifolds with Scal = O:

3 3
Z a; = mand Z a;=m = Pisaprismin[E> (9.215)
i=1 i=1

where a; are bounds on the dihedral angles between the sides of the prism which

are minimal surfaces. He suggests that the Prism Inequality could be used to define

generalized Scal = 0, and then be applied to prove the torus rigidity theorem on such
limit spaces.

Before we can define such a generalized notion of nonnegative scalar curvature on
integral current spaces, we would need to prove more regularity on the F limit spaces.
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Ordinarily there is no notion of angle on an integral current space, nor is an integral
current space a geodesic space. In fact it might even be the zero space. It should be
noted that [lmanen, the author and Wenger conjectured in [61][Conjecture 4.18] that “a
converging sequence of three dimensional Riemannian manifolds with positive scalar
curvature, a uniform lower bound on volume, and no interior closed minimal surfaces
converges without cancellation to a nonzero integral current space.” Combining Gro-
mov’s ideas with this one we introduce the following conjecture:

Conjecture 9.7.11. Suppose M} T M or M; Y3, M.. where Scal; > 0 and
MinA(M;) > Ao >0 vol(Mj) € [Vo, V1] € (0,00) diam (M) <Do.  (9.216)

Then we have the following:

(a) M« is a nonzero integral current space. In fact there is no cancellation without col-
lapse: if p; € M; has no limit in Moo then 36 > 0 s.t. vol(B(pj, 6)) > 0.

(b) M« is geodesic: if p, g € M there exist pj > p and q; - q with midpoints x; that
converge to X which is a midpoint between p and q in M.

(c) There is a notion of angle between geodesics emanating from a point.

(d) There is a notion of dihedral angle between two surfaces atp € 5N % C Mw.
(e) Gromov’s Gauss-Bonnet Prism Inequality as in (9.215) holds on Me.

(VD € Moo 3rp >0 s.t. Vr <1, Vp(r) = M(B(p, 1))/ (4mr3/3) < 1.

Note that (a)-(d) are regularity properties for our limit spaces. As seen in examples
above, they do not hold on limits of manifolds with Scal; > O unless the MinA(M ]-) >
Ao > 0. The notion of sliced filling volume developed in joint work with Portegies in
[49] might be helpful towards proving (a) and (b). It is quite possible that (c) is false
but that one can still prove (d) using the limit process to define the dihedral angle. In
the special case where there exist Riemannian embeddings ¥; : M; > EN, one can
use an Arzela-Ascoli Theorem to obtain ¥Ye : M; > EN. Then one can use EV to define
angles as needed in (c) or (d) and examine the semicontinuity of such angles. Note
that any Riemannian manifold satisfies (a)-(d) so they do not capture a generalized
notion of nonnegative scalar curvature.

Now (e)-(f) are properties which capture Scal > 0. Property (e) proposed by Gro-
mov needs a notion of angle so one needs to prove (d) first or use embeddings into
some large EV to even define what this means. Then one need only prove semicon-
tinuity of the angles. The power of property (e) is described in [23] including ideas
towards the possibility that (e) implies (f). Recall that (f) on a Riemannian manifold
is equivalent to Scal = 0 but was not powerful enough to prove any global properties
of such spaces. Nor is (f) continuous with respect to VolF convergence unless one as-
sumes a uniform lower bound rp > ro > O forall p € M; for all j € N. Nevertheless any
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natural notion of Scal > 0 on an integral current space ought to imply (f). Note that
Gromov also proves hyperbolic and spherical prism inequalities on spaces with lower
bounds on scalar curvature which are negative or positive, respectively. He suggests
that such such inequalities might be used to generalize these lower bounds on scalar
curvature. One might prove they imply the appropriate limit as in (9.5) on M.

Remark 9.7.12. In Remark 9.7.3 we proposed that the Brown York mass might be semi-
continuous with respect to I convergence. One might devise a way to define the Brown-
York mass, mgy(0P), where P is a prism. These definitions are likely only to involve inte-
grals of dihedral angles. It is quite possible that it would be easier to study the limits of
Brown-York masses of prisms than to even define dihedral angles on the limit spaces. If
one can do this, then might try to replace (e) with

(epy) Shi-Tam Nonnegativity of the Brown-York Mass of Prisms: mgy(0P) > 0.

Perhaps the consequences Gromov devises using (e) might be concluded from (egy).

9.7.6 Almost Rigidity of the Positive Mass Theorem and Regularity of F Limits

It should be noted that in the famous work of Cheeger-Colding on the properties of
metric measure limits of Riemannian manifolds with lower bounds on Ricci curva-
ture, a key step in proving regularity and the existence of Euclidean tangent spaces
at regular points, was the proof of their Almost Splitting Theorem [14]. In their work a
point p in a limit space M~ has a Euclidean tangent space if the sequence of rescaled
balls

(B(p, 17), d;/rj) where r; -> O (9.217)

converges in the GH sense to a ball B(0, 1) in Euclidean space. The Toponogov Split-
ting Theorem was similarly used to prove regularity results for Alexandrov Spaces by
Burago-Gromov-Perelman [11]. However, there is no splitting theorem for manifolds
with nonnegative scalar curvature.

Remark 9.7.13. Let us consider M; 7 M. where the M; satisfy conditions like those
in the proposed Scalar Compactness Conjecture,

Scal; = 0 and MinA(M;) = Ao > 0 (9.218)

and p € M. If one has proven a local version of the almost rigidity of the Positive Mass
Theorem then one can determine settings in which

B, 1)), d;/1;, (B, 1,)]) - (BO, 1), dgs, [B(O, 1)]). (9.219)

This may possibly then be applied in the place of a splitting theorem to prove some sort
of regularity on the limit space, M.
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Note that without the assumptions in (9.218), an intrinsic flat limit may have no regular
points in the sense described in (9.219). In the original paper defining intrinsic flat
convergence by the author with Wenger [61], an example of a sequence of M; is given
which converges in the intrinsic flat sense to taxicab space,

My = ([0, 1] x [0, 1], dyaui» [[0, 11 x [0, 1]]) (9.220)

where
draxi (X1, X2), (Y1, ¥2)) = X1 = y1| + X2 = 2. (9.221)

Such a space has no notion of angles and no prism properties. It is possible to imagine
how sewing methods could be used to construct a sequence of M]-3 with Scal; > -1/j
that converges to M;,,;. However, the MinA(M;) > Ao > O condition fails on such
examples. The taxi limit example in [61] satisfies MinA(M ;) = Ap > 0 but contains
points for which the scalar curvature decreases to negative infinity.

Given M as in Remark 9.7.13 one may even be able to prove that almost every
point p € M. satisfies (9.219). Thus it may well be worthwhile to examine to what
extent one may use this kind of regularity to define dihedral angles, mean curvatures,

quasilocal masses and a generalized notion of nonnegative scalar curvature on Moo.
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