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Luigi Ambrosio and Shouhei Honda
New stability results for sequences of metric
measure spaces with uniform Ricci bounds
from below

1.1 Introduction

In this paper we establish new stability properties for sequences of metric mea-
sure spaces (X, di ,mi) convergent in the measured Gromov-Hausdor� sense (mGH for
short). Even though some results are valid underweaker assumptions, to give auni�ed
treatment of the several topics treated in this paper we con�ne our discussion to se-
quences of RCD(K, ∞) metricmeasure spaces, with K ∈ R independent of i. A pointed
mGH limit of a sequence of Riemannian manifolds with a uniform lower Ricci curva-
ture bound, called Ricci limit space, gives a typical example of a RCD(K, ∞) metric
measure space. This paper provides new results even for such sequences and for the
corresponding Ricci limit spaces. Our stability results, relative to spectral properties
and Hessians, extend the ones in [33], [34] for compact Ricci limit spaces.

The stability of the curvature-dimension conditions has been treated in the semi-
nal papers [41], [48], while stability of the “Riemannian” condition (i.e. the quadratic
character of Cheeger’s energy) has been estabilished in [7]. Consider complex ob-
jects derived from the metric measure structure like derivations, Lagrangian �ows
associated to derivations, heat �ows, Hessians. It is by now quite clear that treat-
ing the stability of such objects is possible by adopting the so-called extrinsic ap-
proach (even though we do not exclude other possibilities). This approach assumes
that (Xi , di) = (X, d) are independent of i, and thatmi weakly converge tom in duality
with Cbs(X), the space of continuous functions with bounded support. We follow this
approach, also because this paper builds upon the recent papers [31] (for stability of
heat �ows and Mosco convergence of Cheeger’s energies) and [14] (for strong conver-
gence of derivations)which use the same one. See also [31, Theorem 3.15] for a detailed
comparison between the extrinsic approach and other intrinsic ones, with or without
doubling assumptions. In a broader context, see also the recent monograph [47] for
detailed analysis of convergence and concentration for metric measure structures.

Before moving to a more precise technical description of the paper’s content, we
discuss the main applications:
Spectral gap. We discuss joint continuity w.r.t.

(
p, (X, d,m)

)
of the p-spectral gaps(

λ1,p(X, d,m)
)1/p (1.1)

© 2017 Luigi Ambrosio, Shouhei Honda
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w.r.t. mGH convergence. Here, for p ∈ [1,∞), λ1,p is the �rst positive eigenvalue of
the p-Laplacian when p > 1, and Cheeger’s constant when p = 1, see (1.54) for the
precise de�nition in our setting. This extends the analysis of [31] from p = 2 to general
p and even to the casewhen p depends on i. See Theorem 1.9.4 and also Theorem 1.9.6,
dealing with the case pi → ∞, with(

λ1,∞(X, d,m)
)1/∞ := 2

diam (suppm) . (1.2)

These general continuity properties were conjectured in [33] in the Ricci limit setting,
and so we provide an a�rmative answer to the conjecture in the more general setting
of RCD(K, ∞) spaces. In particular, Theorem 1.9.4 yields that Cheeger’s constants are
continuous w.r.t. mGH convergence.

The class RCD*(K, N) of metric measure spaces has been proposed in [28] and
deeply investigated in [8], [27] and [12] in the nonsmooth setting. Recall that in the
class of smoothweighted n-dimensional Riemannianmanifolds (Mn , d, e−VvolMn ) the
RCD*(K, N) condition, n ≤ N, is equivalent to

Ric + Hess(V) − ∇V ⊗∇VN − n ≥ KI.

Analogously, it is well-known that the condition RCD(K, ∞) for (Mn , d, e−VvolMn ) is
equivalent to Ric + Hess(V) ≥ KI.

By combining the continuity of (1.1) with the compactness property of the class of
RCD*(K, N)-spaces w.r.t. the mGH convergence, we also establish a uniform bound

C1 ≤
(
λ1,p(X, d,m)

)1/p ≤ C2, (1.3)

where Ci are positive constants depending only on K, N < ∞, and two-sided bounds
of the diameter, i.e. Ci do not depend on p (Proposition 1.11.1).
Suspension theorems. The second application is related to almost spherical suspen-
sion theorems of positive Ricci curvature. For simplicity we discuss here only the case
when N ≥ 2 is an integer, but our results (as those in [48], [37], [38], [19]) cover also the
case N ∈ (1,∞). In [19] Cavalletti-Mondino proved that for any RCD*(N −1, N)-space,
the quantity (1.1) is greater than or equal than

(
λ1,p(SN , d,mN)

)1/p for any p ∈ [1,∞),
where SN is the unit sphere in RN+1, d is the standard metric of sectional curvature
1, and mN is the N-dimensional Hausdor� measure. Moreover, equality implies that
the metric measure space is isomorphic to a spherical suspension. Under our nota-
tion (1.2) as above, this observation is also true when p = ∞, which corresponds to
the Bonnet-Myers theorem in our setting (see [48] by Sturm). Note that [19] also pro-
vides rigidity results as the following one: for a �xed p ∈ [1,∞], if (λ1,p)1/p is close to(
λ1,p(SN , d,mN)

)1/p, then the space is Gromov-Hausdor� close to the spherical sus-
pension of a compact metric space, a so-called almost spherical suspension theorem.
The converse is known for p ∈ {2,∞} in [37, 38] byKetterer andwe extend the result to
general p; in addition, combining this with the joint spectral continuity result we can
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remove the p-dependence in the almost spherical suspension theorem, i.e. if (λ1,p)1/p

is close to
(
λ1,p(SN , d,mN)

)1/p for some p ∈ [1,∞], then this happens for any other
q ∈ [1,∞], see Corollary 1.11.6. This seems to be new even for compact n-dimensional
Riemannian manifolds endowed with the n-dimensional Hausdor� measure. In par-
ticular, by using Petrunin’s compatibility result [44] between Alexandrov spaces and
curvature-dimension conditions, this extensionof the result to general p alsoholds for
all �nite-dimensional Alexandrov spaces with curvature bounded below by 1, which
is also new.
Stability of Hessians and of Gigli’s measure-valued Ricci tensor. The �nal applica-
tion deals with stability of Hessians and Ricci tensor with respect to mGH conver-
gence. These notions come from the second order di�erential calculus on RCD(K, ∞)
spaces fully developed by Gigli in [29], starting from ideas from Γ-calculus. For Ricci
limit spaces, analogous stability results were estabilished in [34]. In this respect, the
main novelty of this paper is the treatment of RCD(K, ∞) spaces, dropping also the
dimensionality assumption. The main results are the stability of Hessians, see Corol-
lary 1.10.4 and Corollary 1.10.3, and a kind of localized stability of the measure-valued
Ricci tensor. In connectionwith the latter, speci�cally, we prove in Theorem 1.10.5 that
local lower bounds of the form

Ric(∇f ,∇f ) ≥ ζ |∇f |2m,

with ζ ∈ C(X) bounded from below, are stable under mGH convergence. This way,
also nonconstant bounds from below on the Ricci tensor can be proved to be stable
(see also [39] for stability results in the same spirit, obtained from a localization of the
Lagrangian de�nition of curvature/dimension bounds). On the other hand, since our
approach is extrinsic, this result becomes of interest from the intrinsic point of view
only when ζ ’s depending on the metric structure, as φ ◦ d, are considered. See also
Remark 1.10.7 for an analogous stability property of the BE(K, N) conditionwith K and
N dependent on x ∈ X.

We believe that these stability results and the tools developed in this paper could
be the basis for the analysis of the stability of the other calculus tools and concepts de-
veloped in [29], as exterior and covariant derivatives, Hodge laplacian, etc. However,
we will not pursue this point of view in this paper.
Organization of the paper. In Section 1.2 we introduce themainmeasure-theoretic pre-
liminaries. In Section 1.3 we discuss convergence of functions fi in di�erent measure
spaces relative to mi; here the main new ingredient is a notion of Lpi convergence
which also covers the case when the exponents pi converge to p ∈ [1,∞). We discuss
the case of strong convergence, and of weak convergence when p > 1. Section 1.4 re-
calls themain terminology and themain known facts about RCD(K, ∞) spaces and the
regularizing properties of the heat �ow ht. Less standard facts proved in this section
are: the formula provided in Proposition 1.4.5 for u 7→

∫
X |∇u|dm (somehow reminis-

cent of the duality tangent/cotangent bundle at the basis of [29]), of particular interest
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for the proof of lower semicontinuity properties, and the weak isoperimetric property
of Proposition 1.4.7.

In Section 1.5we enter the core of the paper, somehow “localizing” theMosco con-
vergence result of Cheeger’s energies of [31]. The main result is Theorem 1.5.7 where
we prove, among other things, that the measures |∇fi|2i mi weakly converge to |∇f |2m
whenever fi strongly converge to f in H1,2 (i.e., fi L2-strongly converge to f and the
Cheeger energies of fi converge to the Cheeger energy of f ). To prove this, the main
di�culty is the localization of the lim inf inequality of [31]; we obtain it using the re-
cent results in [14], for families of derivations with convergent L2 norms (in this case,
gradient derivations, see Theorem 1.5.6 in this paper). Section 1.6 covers the stabil-
ity properties of BV functions, the main result is that f ∈ BV(X, d,mi) whenever
fi ∈ BV(X, d,mi) L1-strongly converge to f , with L = lim inf i |Dfi|(X) < ∞. In addi-
tion, |Df |(X) ≤ L. The proof of these stability properties strongly relies on the results
of Section 1.5 and, notwithstanding thewell-estabilished Eulerian-Lagrangian duality
for Sobolev and BV spaces (see [3] for the latter spaces) it seems harder to get from the
Lagrangian point of view.

Section 1.7 covers compactness results for BV and H1,p, also in the case when p
depends on i. In the proof of these factsweuse the (local) strong L2 compactness prop-
erties for sequencesboundedH1,2 proved in [31]; the generalization from the exponent
2 to higher exponents is quite simple, while the treatment of smaller powers and the
improvement from Lploc to Lp convergence (essential for our results in Section 1.9) re-
quires the existence of uniform isoperimetric pro�les.We review the state of the art on
this topic in Theorem 1.7.2. In Section 1.8we prove Γ-convergence of the pi-Cheeger en-
ergies Chipi relative to (X, d,mi) (set equal to the total variation functional f 7→ |Df |(X)
in BV when p = 1), namely

lim inf
i→∞

Chipi (fi) ≥ Chp(f )

whenever fi Lpi -strongly converge to f , and the existence of a sequence fi with this
property satisfying lim supi Ch

i
pi (fi) ≤ Chp(f ). The only di�erence with the case p = 2

considered in [31] is that, in general, we are not able to achieve the lim inf inequality
with Lpi -weakly convergent sequences, unless a uniform isoperimetric assumption on
the spaces grants relative compactness w.r.t. strong Lpi convergence. Under this as-
sumption, Mosco and Γ-convergence coincide.

Finally, Section 1.9, Section 1.10 and Section 1.11 cover the above mentioned sta-
bility results for p-eigenvalues and eigenfunctions (using Section 1.7 and Section 1.8),
for Hessians and Ricci tensors (using Section 1.5), and the dimensional results relative
to the suspension theorems (using Section 1.9).

Acknowledgement. The �rst author acknowledges helpful conversations on the
subject of this paper with Fabio Cavalletti, AndreaMondino and Giuseppe Savaré. The
second author acknowledges the support of the JSPS Program for Advancing Strate-
gic International Networks to Accelerate the Circulation of Talented Researchers, the
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Grant-in-Aid for Young Scientists (B) 16K17585 and the warm hospitality of SNS.
The authors warmly thank the referee for the detailed reading of the paper and for the
constructive comments.

1.2 Notation and basic setting

Metric concepts. In a metric space (X, d), we denote by Br(x) and Br(x) the open and
closed balls respectively, by Cbs(X) the space of bounded continuous functions with
bounded support, by Lipbs(X) ⊂ Cbs(X) the subspace of Lipschitz functions. We use
the notation Cb(X) and Lipb(X) for bounded continuous and bounded Lipschitz func-
tions respectively.

For f : X → R we denote by Lip(f ) ∈ [0,∞] the Lipschitz constant and by lip(f )
the slope, namely

lip(f )(x) := lim sup
y→x

|f (y) − f (x)|
d(y, x) . (1.4)

We also de�ne the asymptotic Lipschitz constant by

Lipa f (x) = inf
r>0

Lip
(
f
∣∣
Br(x)

)
= lim
r→0+

Lip
(
f
∣∣
Br(x)

)
, (1.5)

which is upper semicontinuous.
Themetric algebraAbs. We associate to any separable metric space (X, d) the smallest
A ⊂ Lipb(X) containing

min{d(·, x), k} with k ∈ Q ∩ [0,∞], x ∈ D and D ⊂ X countable and dense (1.6)

which is a vector space over Q and is stable under products and lattice operations. It
is a countable set and it depends only on the choice of the set D (but this dependence
will not be emphasized in our notation, since the metric space will mostly be �xed).
We shall work with the subalgebraAbs of functions with bounded support.
Measure-theoretic notation. The Borel σ-algebra of a metric space (X, d) is denoted
B(X). The Borel signedmeasureswith �nite total variation are denoted byM(X), while
we use the notationM+(X),M+

loc(X),P(X) for nonnegative �nite Borel measures, Borel
measures which are �nite on bounded sets and Borel probability measures.

We use the standard notation Lp(X,m), Lploc(X,m) for the Lp spaces when m is
nonnegative (p = 0 is included and denotes the class ofm-measurable functions). No-
tice that, in this context where no local compactness assumption is made, Lploc means
p-integrability on bounded subsets.

Given metric spaces (X, dX) and (Y , dY ) and a Borel map f : X → Y, we denote by
f# the induced push-forward operator, mapping P(X) to P(Y), M+(X) to M+(Y) and,
if the preimage of bounded sets is bounded, M+

loc(X) to M+
loc(Y). Notice that, for all

µ ∈M+(X), f#µ is also well de�ned if f is µ-measurable.
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Convergence of measures. We say that mn ∈ Mloc(X) weakly converge to m ∈ Mloc(X)
if
∫
X v dmn →

∫
X v dm as n → ∞ for all v ∈ Cbs(X). When all the measures mn as well

asm are probability measures, this is equivalent to requiring that
∫
X v dmn →

∫
X v dm

as n → ∞ for all v ∈ Cb(X). We shall also use the following well-known proposition.

Proposition 1.2.1. If mn weakly converge to m in M+
loc(X), and if lim sup

i→∞

∫
X Θ dmi is

�nite for some Borel Θ : X → (0,∞], then

lim
i→∞

∫
X

v dmi =
∫
X

v dm (1.7)

for all v : X → R continuous with limd(x,x̄)→∞ |v|(x)/Θ(x) = 0 for some (and thus all)
x̄ ∈ X. If Θ : X → [0,∞) is continuous and

lim sup
n→∞

∫
X

Θ dmn ≤
∫
X

Θ dm < ∞,

then (1.7) holds for all v : X → R continuous with |v| ≤ CΘ for some constant C.

Metric measure space. Throughout this paper, a metric measure space is a triple
(X, d,m), where (X, d) is a complete and separable metric space andm ∈M+

loc(X).
As explained in the introduction, in this paper we always consider metric mea-

sure spaces according to the previous de�nition. When a sequence convergent in
the measured-Gromov Hausdor� sense is considered, we shall always assume (up
to an isometric embedding in a common space) that the sequence has the structure
(X, d,mi) with mi ∈ M+

loc(X) weakly convergent to m ∈ M+
loc(X). In particular, this

convention forces us to drop the condition suppm = X, used in many papers where
individual spaces are considered.

1.3 Convergence of functions

In our setting, we are dealing with a sequence (mi) ⊂ M+
loc(X) weakly convergent to

m ∈M+
loc(X). Assuming that fi in suitable Lebesgue spaces relative tomi are given, we

discuss in this section suitable notions of weak and strong convergence for fi. Moti-
vated by the convergence results of Section 1.8 and Section 1.9, we extend the analysis
of [31] and [14] to the case when the exponents pi ∈ [1,∞) are allowed to vary, with
pi → p ∈ [1,∞). For weak convergence we only consider the case p > 1 (we do not
need L1-weak convergence), while for strong convergence, in connection with the re-
sults of Section 1.6, we also consider the case p = 1.
Weak convergence. Assume that pi ∈ [1,∞) converge to p ∈ (1,∞). We say that
fi ∈ Lpi (X,mi) Lpi -weakly converge to f ∈ Lp(X,m) if fimi weakly converge to fm in
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Mloc(X), with
lim sup
i→∞

‖fi‖Lpi (X,mi) < ∞. (1.8)

For Rk-valued maps we understand the convergence componentwise.
It is obvious that Lpi -weak convergence is stable under �nite sums. The proof of

the following result is very similar to the proof when p andm are �xed, and is omitted.

Proposition 1.3.1. If fi ∈ Lpi (X,mi;Rk) Lpi -weakly converge to f ∈ Lp(X,m;Rk), then

‖f‖Lp(X,m;Rk) ≤ lim inf
i→∞

‖fi‖Lpi (X,mi;Rk).

Moreover, any sequence fi ∈ Lpi (X,mi;Rk) such that (1.8) holds admits a Lpi -weakly
convergent subsequence.

Strong convergence. We discuss the simpler case pi = p �rst. If p > 1 we say that
fi ∈ Lp(X,mi;Rk) Lp-strongly converge to f ∈ Lp(X,m;Rk) if, in addition to weak Lp-
convergence, one has lim supi ‖fi‖Lp(X,mi;Rk) ≤ ‖f‖Lp(X,m;Rk). If k = p = 1, we say that
fi ∈ L1(X,mi) L1-strongly converge to f ∈ L1(X,m) if σ ◦ fi L2-strongly converges to
σ ◦ f , where σ(z) = sign(z)

√
|z| is the signed square root.

In the following remark we see that strong convergence can be written in terms
of convergence of the probability measures naturally associated to the graphs of fi;
this also holds for vector-valued maps and we will use this fact in the proof of Propo-
sition 1.3.3.

Remark 1.3.2 (Convergence of graphs versus Lp-strong convergence). If p > 1 one
can use the strict convexity of the map z ∈ Rk 7→ |z|p to prove that Fi : X → Rk Lp-
strongly converge to F if and only if µi = (Id ×Fi)#mi weakly converge to µ = (Id ×F)#m

in duality with

Cp(X ×Rk) :=
{
ψ ∈ C(X ×Rk) : |ψ(x, z)| ≤ C|z|p for some C ≥ 0

}
(1.9)

(see for instance [5, Section 5.4], [31]).
If p = k = 1, we can use the fact that the signed square root is a homeomorphism of
R, and the equivalence estabilished in the quadratic case to get the same result.

We recall in the following proposition a few well-known properties of Lp-strong con-
vergence, see also [35], [31] for a more detailed treatment of this topic.

Proposition 1.3.3. For all p ∈ [1,∞) the following properties hold:
(a) If fi Lp-strongly converge to f the functions φ ◦ fi Lp-strongly converge to φ ◦ f for

all φ ∈ Lip(R) with φ(0) = 0.
(b) If fi , gi Lp-strongly converge to f , g respectively, then fi + gi Lp-strongly converge

to f + g.
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(c) If fi Lp-strongly (resp. Lp-weakly) converge to f , then ϕf Lp-strongly (resp. Lp-
weakly) converge to ϕf for all ϕ ∈ Cb(X) (resp. ϕ ∈ Cbs(X)).

(d) If fi L2-strongly converge to f and gi L2-weakly converge to g, then

lim
i→∞

∫
X

figi dmi =
∫
X

fg dm.

If gi are also L2-strongly convergent, then figi are L1-strongly convergent.
(e) If (gi) is uniformly bounded in L∞ and L1-strongly convergent to g, then

lim
i→∞
‖gi‖Lpi (X,mi) = ‖g‖Lp(X,m)

whenever pi ∈ [1,∞) converge to p ∈ [1,∞).

Proof. (a) In the case p > 1 this is a simple consequence of Remark 1.3.2, since µi =
(Id × fi)#mi weakly converge to µ = (Id × f )#m in duality with the space Cp(X × R) in
(1.9). Since ψ̃(x, z) = ψ(x, φ(z)) belongs to Cp(X × R) for all ψ ∈ Cp(X × R) it follows
that (Id × φ ◦ fi)#mi weakly converge to µ = (Id × φ ◦ f )#m in duality with Cp(X × R),
and then Remark 1.3.2 applies again to provide the Lp-strong convergence of φ ◦ fi to
φ ◦ f .

In the case p = 1, since σ(φ(fi)) = sign(φ ◦ fi)
√
|φ| ◦ fi, from the strong

L2-convergence of
√
φ± ◦ fi to

√
φ± ◦ f and the additivity of L2-strong convergence

(proved in the �rst line of the proof of (b), independently of (a)) we get the result.
(b) The case p > 1 is dealt with, for instance, in [35], see Corollary 3.26 and Propo-

sition 3.31 therein. In order to prove additivity for p = 1 we can reduce ourselves,
thanks to the stability under left composition proved in (a), to the sum of nonnega-
tive functions ui , vi. Since

√ui and
√vi are L2-strongly convergent, using the identity

√ui + vi =
√√ui2 +√vi2 we obtain that also√ui + vi is strongly L2-convergent.

The proof of (c) is a simple consequence of the de�nitions of Lp-strong conver-
gence, splitting φ and fi in positive and negative parts to deal also with the case p = 1.

The proof of the �rst part of statement (d) is a simple consequence of

lim inf
i
‖fi + tgi‖L2(X,mi) ≥ ‖f + tg‖L2(X,m) ∀t ∈ R,

see also Section 1.8 where a similar argument is used in connection with Mosco con-
vergence. In order to prove L1-strong convergence when also gi are L2-strongly con-
vergent, we can reduce ourselves to the case when fi and gi are nonnegative. Then,
convergence of the L2 norms of

√
figi follows by the �rst part of the statement; weak

convergence of
√
figimi to

√
fgm follows by Remark 1.3.2, with k = p = 2, Fi = (fi , gi)

and ψ(z) =
√
|z1||z2|.

For the proof of (e), let N = supi ‖gi‖L∞(X,mi) and notice �rst that (gi) is uniformly
bounded in Lpi . Hence, the lim inf inequality follows by the Lpi -weak convergence
of gi to g. The proof of the lim sup inequality follows by statement (a) with φ(z) =
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|z|p ∧ Np, which ensures that
∫
X φ(gi) dmi →

∫
X φ(g) dm = ‖g‖pLp(X,m), noticing that

pi → p implies
∫
X φ(gi) dmi −

∫
X |gi|

pi dmi → 0.

Now we turn to the general case pi → p ∈ [1,∞). We say that Lpi -strongly converge to
f if fi ∈ Lpi (X,mi), Lpi -weakly convergent to f ∈ Lp(X,m) and if for any ϵ > 0 we can
�nd an additive decomposition fi = gi + hi with

(i) (gi) uniformly bounded in L∞, and strongly L1-convergent;
(ii) supi ‖hi‖Lpi (X,mi) < ϵ.

It is obvious from the de�nition that also Lpi -strong convergence is stable under
�nite sums. In the following proposition we show that stability under composition
with Lipschitz maps φ holds and that Lpi convergence implies convergence of the Lpi
norms.

Proposition 1.3.4 (Properties of Lpi -strong convergence). The following properties
hold:
(a) If fi Lpi -strongly converge to f , the functions φ ◦ fi Lpi -strongly converge to φ ◦ f for

all φ ∈ Lip(R) with φ(0) = 0.
(b) If (fi) is Lpi -strongly convergent to f ∈ Lp(X,m), then

lim
i→∞
‖fi‖Lpi (X,mi) = ‖f‖Lp(X,m).

Proof. (a) Possibly splitting φ in positive and negative parts we can assume φ ≥ 0.
Since φ is a contraction, taking also Proposition 1.3.3(a) into account, it is immediate
to check that decompositions fi = gi + hi induce decompositions φ ◦ gi + (φ ◦ fi − φ ◦
gi) of φ ◦ fi; in addition, if ψ is any Lpi -weak limit point of (φ ◦ fi), from the lower
semicontinuity of Lpi convergence we get

‖ψ − φ ◦ g‖Lp(X,m) ≤ lim inf
i→∞

‖φ ◦ hi‖Lpi (X,mi) ≤ Lip(φ)ϵ

‖φ ◦ f − φ ◦ g‖Lp(X,m) ≤ Lip(φ)‖f − g‖Lp(X,m) ≤ Lip(φ) lim inf
i→∞

‖hi‖Lpi (X,mi)

≤ Lip(φ)ϵ,

where g denotes the Lpi -strong limit of gi. Since ϵ is arbitrary, we obtain that ψ = φ◦ f ,
and this proves the Lpi -strong convergence of fi to f .

(b) The lim inf inequality follows by weak convergence. If fi = gi + hi is a decom-
position as in (i), (ii), and if g is the Lpi -strong limit of gi, the lim sup inequality is a
direct consequence of the inequality ‖f − g‖Lp(X,m) < ϵ and of

lim
i→∞
‖gi‖Lpi (X,mi) = ‖g‖Lp(X,m),

ensured by Proposition 1.3.3(e).
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1.4 Minimal relaxed slopes, Cheeger energy and RCD(K , ∞)
spaces

In this section we recall basic facts about minimal relaxed slopes, Sobolev spaces and
heat �ow in metric measure spaces (X, d,m), see [6] and [28] for a more systematic
treatment of this topic. For p ∈ (1,∞) the p-th Cheeger energyChp : Lp(X,m) → [0,∞]
is the convex and Lp(X,m)-lower semicontinuous functional de�ned as follows:

Chp(f ) := inf

lim inf
n→∞

1
p

∫
X

Lippa(fn) dm : fn ∈ Lipb(X) ∩ Lp(X,m), ‖fn − f‖p → 0

 .

(1.10)
The original de�nition in [22] involves generalized upper gradients of fn in place of
their asymptotic Lipschitz constant, but many other pseudo gradients (upper gradi-
ents, or the slope lip(f ) ≤ Lipa(f ), which is a particular upper gradient) can be used
and all of them lead to the samede�nition. Indeed, all these pseudo gradients produce
intermediate functionals between the functional in (1.10) and the functional based on
the minimal p-weak upper gradient of [46], which are shown to be coincident in [1]
(see also the discussion in [6, Remark 5.12]).

The Sobolev spaces H1,p(X, d,m) are simply de�ned as the �niteness domains of
Chp. When endowed with the norm

‖f‖H1,p :=
(
‖f‖pLp(X,m) + pChp(f )

)1/p

these spaces are Banach, and re�exive if (X, d) is doubling (see [1]).
The case p = 2 plays an important role in the construction of the di�erentiable

structure, following [29]. For this reason we use the disinguished notation Ch = Ch2
and it can be proved that H1,2(X, d,m) is Hilbert if Ch is quadratic.

In connection with the de�nition of Ch, for all f ∈ H1,2(X, d,m) one can consider
the collection RS(f ) of all functions in L2(X,m) larger than a weak L2(X,m) limit of
Lipa(fn), with fn ∈ Lipb(X) and fn → f in L2(X,m). This collection describes a con-
vex, closed and nonempty set, whose element with smallest L2(X,m) norm is called
minimal relaxed slope and denoted by |∇f |. We use the not completely appropriate
nabla notation, instead of the notation |Df | of [29], since we will be dealing only with
quadratic Ch. Notice also that a similar construction can be applied to Chp, and pro-
vides a minimal p-relaxed gradient that can indeed depend on p (see [26]). However,
either under the doubling and Poincaré assumptions [22], or under curvature assump-
tions [30] this dependence disappears. In any case, we will only be dealing with the
2-minimal relaxed slope in this paper.

When Ch is quadratic we denote by 〈∇f ,∇g〉 the canonical symmetric bilinear
form from [H1,2(X, d,m)]2 to L1(X,m) de�ned by

〈∇f ,∇g〉 := lim
ϵ→0

|∇(f + ϵg)|2 − |∇f |2
2ϵ (1.11)
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(where the limit is understood in the L1(X,m) sense). Notice also that the expression
〈∇f ,∇g〉 still makes sense m-a.e. (i.e. up to m-negligible sets) for any f , g ∈ Lipb(X)
(not necessarily in the H1,2 space, when m(X) = ∞), since f , g coincide on bounded
sets with functions in the Sobolev class, and gradients satisfy the locality property on
open and even on Borel sets.

Because of the minimality property, |∇f | provides integral representation to Ch,
so that ∫

X

〈∇f ,∇g〉dm = lim
ϵ→0

Ch(f + ϵg) − Ch(f )
ϵ

and it is not hard to improve weak to strong convergence.

Theorem 1.4.1. For all f ∈ D(Ch) one has

Ch(f ) = 1
2

∫
X

|∇f |2 dm

and there exist fn ∈ Lipb(X) ∩ L2(X,m) with fn → f in L2(X,m) and Lipa(fn) → |∇f | in
L2(X,m). In particular, if H1,2(X, d,m) is re�exive, there exist fn ∈ Lipb(X) ∩ L2(X,m)
satisfying fn → f in L2(X,m) and |∇(fn − f )| → 0 in L2(X,m).

Most standard calculus rules can be proved, when dealing with minimal relaxed
slopes. For the purposes of this paper the most relevant ones are:
Locality on Borel sets. |∇f | = |∇g|m-a.e. on {f = g} for all f , g ∈ H1,2(X, d,m);
Pointwise minimality. |∇f | ≤ g m-a.e. for all g ∈ RS(f );
Degeneracy. |∇f | = 0 m-a.e. on f −1(N) for all f ∈ H1,2(X, d,m) and all L1-negligible
N ∈ B(R);
Chain rule. |∇(ϕ◦ f )| = |ϕ′(f )||∇f | for all f ∈ H1,2(X, d,m) and all ϕ : R → R Lipschitz
with ϕ(0) = 0.
Leibniz rule. If f , g ∈ H1,2(X, d,m) and h ∈ Lipb(X), then

〈∇f ,∇(gh)〉 = h〈∇f ,∇g〉 + g〈∇f ,∇h〉 m-a.e. in X.

Another object canonically associated to Ch and then to themetricmeasure struc-
ture is the heat �ow ht, de�ned as the L2(X,m) gradient �ow of Ch, according to the
Brezis-Komura theory of gradient �ows, see for instance [17]. This theory provides a
continuous contraction semigroup ht in L2(X,m) which, under the growth condition

m
(
Br(x̄)

)
≤ c1ec2r2

∀r > 0, (1.12)

extends to a continuous and mass preserving semigroup (still denoted ht) in all
Lp(X,m) spaces, 1 ≤ p < ∞. In addition, ht preserves upper and lower bounds with
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constants, namely f ≤ C m-a.e. (resp. f ≥ C m-a.e.) implies ht f ≤ C m-a.e. (resp. ht f ≥ C
m-a.e.) for all t ≥ 0.

We shall use ht only in the case when Ch is quadratic, as a regularizing operator.
We adopt the notation

D(∆) :=
{
f ∈ H1,2(X, d,m) : ∆f ∈ L2(X,m)

}
(1.13)

namely D(∆) is the class of functions f ∈ H1,2(X, d,m) satisfying −
∫
X vg dm =∫

X〈∇f ,∇v〉dm for all v ∈ H1,2(X, d,m), for some g ∈ L2(X,m) (and then, since g
is uniquely determined, ∆f := g). When Ch is quadratic the semigroup ht is linear
(and this property is equivalent to Ch being quadratic) and it is easily seen that

lim
t↓0

ht f = f strongly in H1,2 for all f ∈ H1,2(X, d,m).

We shall extensively use the typical regularizing properties (independent of curvature
assumptions)

ht f ∈ W1,2(X, d,m) for all f ∈ L2(X,m), t > 0 and Ch(ht f ) ≤
‖f‖2

L2(X,m)
2t , (1.14)

ht f ∈ D(∆) for all f ∈ L2(X,m), t > 0 and ‖∆ht f‖2
L2(X,m) ≤

‖f‖2
L2(X,m)
t2 , (1.15)

as well as the commutation rule ht ◦ ∆ = ∆ ◦ ht, t > 0.
Finally, we describe the class of RCD(K, ∞) metric measure spaces of [7], where

thanks to the lower bounds on Ricci curvature even stronger properties of ht can be
proved.

De�nition 1.4.2 (CD(K, ∞) and RCD(K, ∞) spaces). We say that a metric measure
space (X, d,m) satisfying the growth bound (1.12) (for some constants c1, c2 and some
x̄ ∈ X) is a RCD(K, ∞) metric measure space, with K ∈ R, if:
(a) the Relative Entropy Functional Ent(µ) : P2(X) → R ∪ {∞} given by

Ent(µ) :=
{∫

X ρ log ρ dm if µ = ρm� m;
∞ otherwise

(1.16)

where

P2(X) :=

µ ∈ P(X) :
∫
X

d2(x̄, x) dm(x) < ∞

 ,

is K-convex along Wasserstein geodesics in P2(X), namely

Ent(µt) ≤ (1 − t)Ent(µ0) + tEnt(µ1) − K2 t(1 − t)W
2
2 (µ0, µ1)

for all µ0, µ1 ∈ D(Ent) := {µ : Ent(µ) < ∞}, for some constant speed geodesic µt
from µ0 to µ1 (so, this condition forces D(Ent),W2) to be geodesic). This condition
corresponds to the CD(K, ∞) condition of [41], [48].
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(b) Ch is quadratic. This is the axiom added to the Lott-Sturm-Villani theory in [7].

Remark 1.4.3 (On the growth condition (1.12)). Notice that (1.12) is needed to give a
meaning to the integral in (1.16), as it ensures the integrability of the negative part of
ρ log ρ. On the other hand, adopting a suitable convention on the meaning to be given
to Ent in these cases of indeterminacy (so that the CD(K, ∞) condition makes sense),
it has been proved in [48] that (1.12) can be deduced from the CD(K, ∞) condition, and
that the constants ci can be estimated in terms of K and of themeasure of two concentric
balls centered at x̄ ∈ suppm.

It is not hard to prove that the support of any RCD(K, ∞) (or even CD(K, ∞) space)
is length, namely the in�mum of the length of the absolutely continuous curves con-
necting any two points x, y ∈ suppm is d(x, y). See [7] (dealing with �nite reference
measures), [9] (for the σ-�nite case) and [8] for various characterizations of the class
of RCD(K, ∞) spaces. We quote here a few results, which essentially derive from the
identi�cation of ht as the gradient �ow of Ent w.r.t. the Wasserstein distance and the
contractivity properties w.r.t. that distance.

It is proved in [7] that the formula

htg(x) :=
∫
X

g(y)dh̃tδx(y) x ∈ X, t ≥ 0

where h̃t is the dual K-contractive semigroup acting on P2(X), provides a pointwise
version of the semigroupon L2∩L∞(X,m)with better continuity properties. This result
is recalled in the next proposition. In the formula

h̃tµ :=
∫
h̃tδx dµ(x)

provides a canonical extension of h̃t to the whole of P(X), used in Proposition 1.6.3.

Proposition 1.4.4 (Regularizing properties of ht). Let (X, d,m) be a RCD(K, ∞) met-
ric measure space. Then, any f ∈ H1,2(X, d,m) with |∇f | ∈ L∞(X,m) has a Lipschitz
representative f̃ , with Lip(f̃ ) = ‖|∇f |‖L∞(X,m) and the following properties hold for all
t > 0:
(a) if f ∈ L2 ∩ L∞(X,m) one has ht f ∈ Lipb(X) ∩ H1,2(X, d,m) with

|∇ht f | = lip(ht f ) m-a.e., Lip(ht f ) ≤
1√

2I2K(t)
‖f‖L∞(X,m); (1.17)

(b) for all f ∈ H1,2(X, d,m) with |∇f | ∈ L∞(X,m) the Bakry-Émery condition holds in
the form

Lipa(ht f , x) ≤ e−Ktht|∇f |(x) ∀x ∈ X; (1.18)
(c) if µ ∈ P2(X), then h̃tµ = ftm, with∫

X

ft log ft dm ≤ 1
2I2K(t)

(
r2 +

∫
X

d2(x, x̄) dµ(x)
)
− log

(
m(Br(x̄))

)
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for all x̄ ∈ X and r > 0.

Proof. (a) is proved in [7, 8], (b) in [45]. The inequality (c) follows by Wang’s log-
Harnack inequality, see [8, Theorem 4.8] for a proof in the RCD(K, ∞) context.

In RCD(K, ∞) spaces we have a useful formula to represent the functional
∫
X |∇f |dm.

Proposition 1.4.5. For all f ∈ H1,2(X, d,m) one has that |∇f | is the essential
supremum of the family 〈∇f ,∇v〉 as v runs in the family of 1-Lipschitz functions in
H1,2(X, d,m). Moreover, for all g : X → [0,∞) lower semicontinuous, one has∫

X

|∇f |g dm = sup
∑
k

∫
X

〈∇f ,∇vk〉wk dm (1.19)

where the supremum runs among all �nite collections of 1-Lipschitz functions vk ∈
H1,2(X, d,m) and all wk ∈ Cbs(X) with

∑
k |wk| ≤ g.

Proof. The proof of the representation of |∇f | as essential supremum has been
achieved in [15, Lemma 9.2]. We sketch the argument: denoting by M the essential
supremum in the statement, one has obviously the inequalities M ≤ |∇f | m-a.e. and
|〈∇f ,∇v〉| ≤ M Lip(v) m-a.e. for all v ∈ H1,2(X, d,m) Lipschitz and bounded. By
localization, this last inequality is improved to |〈∇f ,∇v〉| ≤ MLipa(v) m-a.e. for all
v ∈ H1,2(X, d,m) Lipschitz and bounded and then a density argument provides the
inequality |〈∇f ,∇v〉| ≤ M|∇v| for all v ∈ H1,2(X, d,m) Lipschitz and bounded, which
leads to |∇f | ≤ M choosing v = f .

In order to prove (1.19) we remark that the representation of |∇f | as essential
supremum yields ∫

X

g|∇f |dm = sup
∑
k
ck
∫
Bk

〈∇f ,∇vk〉dm

where the supremum runs among all �nite Borel partitions Bk of X, constants ck ≤
infBk g and all choices of bounded 1-Lipschitz functions vk ∈ H1,2(X, d,m). By inner
regularity, the supremum is unchanged if we replace the Borel partitions by �nite fam-
ilies of pairwise disjoint compact sets Kk. In turn, these families can be approximated
by functions wk ∈ Cbs(X) with

∑
k |wk| ≤ g.

Now we recall three useful functional inequalities available in RCD(K, ∞) spaces.

Proposition 1.4.6. If (X, d,m) is a RCD(K, ∞) metric measure space, for all f ∈
Lipbs(X) one has ∫

X

|ht f − f |dm ≤ c(t, K)
∫
X

|∇f |dm (1.20)

with c(t, K) ∼
√
t as t ↓ 0.
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Proof. Fix g ∈ L∞(X,m) with ‖g‖L∞(X,m) ≤ 1 and let us estimate the derivative of t 7→∫
X ght f dm:∣∣∣∣∫

X

g∆ht f dm
∣∣∣∣ =

∣∣∣∣∫
X

ght/2∆ht/2f dm
∣∣∣∣ =
∣∣∣∣∫
X

ht/2g∆ht/2f dm
∣∣∣∣

=
∣∣∣∣∫
X

〈∇ht/2g,∇ht/2f 〉dm
∣∣∣∣ ≤ 1√

2I2K(t/2)

∫
X

|∇ht/2f |dm

≤ e−Kt/2√
2I2K(t/2)

∫
X

|∇f |dm.

By integration, and then taking the supremum w.r.t. g, we get (1.20).

When the space has �nite diameter and K ≤ 0 wewill also use, as a replacement of the
isoperimetric inequality (presently known in the RCD(K, ∞) setting onlywhen K > 0),
the following inequality, which is an easy consequence of Proposition 1.4.4(c).

Proposition 1.4.7. If (X, d,m) is a RCD(K, ∞) metric measure space with m(X) = 1,
and if D = suppm is �nite, for all ϵ > 0 we can �nd M = M(ϵ, D, K) ≥ 1 such that∫

{f≥M
∫
X f dm}

f dm ≤ ϵ
(∫
X

f dm +
∫
X

|∇f |dm
)
.

for all f ∈ Lipb(X) nonnegative.

Proof. The standard entropy inequality∫
A

g dm log
(

1
m(A)

∫
A

g dm
)
≤
∫
A

g log g dm ≤
∫
X

g log g dm + 1
em(X \ A)

provides a modulus of continuity ωE, depending only on E ≥ 0, such that g nonnega-
tive and

∫
X g log g dm ≤ E imply

∫
A g dm ≤ ωE(m(A)).

Assume �rst
∫
X f dm = 1 and let M > 0. For all t > 0 we apply Proposition 1.4.6

and Proposition 1.4.4(c) with r = D to get∫
{f≥M}

f dm ≤
∫
{f≥M}

ht f dm +
∫
X

|ht f − f |dm (1.21)

≤ ωEt (
1
M ) + c(K, t)

∫
X

|∇f |dm

with
Et = D2

I2K(t) ≥
∫
X

ht f log ht f dm.
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By a scaling argument, the inequality (1.21) implies∫
{f≥M

∫
X f dm}

f dm ≤ ωEt (
1
M )
∫
X

f dm + c(K, t)
∫
X

|∇f |dm ∀t, M > 0.

Then, given ϵ > 0 we choose �rst t > 0 su�ciently small such that c(t, K) < ϵ and then
M su�ciently large to reach our conclusion

Finally, we close this section by reminding higher order properties, strongly inspired
by Bakry’s calculus, which played a fundamental role in the recent developments of
the theory.

Proposition 1.4.8. Let (X, d,m) be a RCD(K, ∞) space. Then

‖|∇f |‖L4(X,m) ≤ c‖f‖∞‖(∆ − K
−I)f‖L2(X,m) (1.22)

for all f ∈ L∞(X,m) ∩ D(∆), and

‖∇|∇g|2‖2
L2(X,m) ≤ −

∫
X

(
2K|∇g|4 + 2|∇g|2〈∇g,∇∆g〉) dm (1.23)

for all g ∈ H1,2(X, d,m) ∩ Lipb(X) ∩ D(∆) with ∆g ∈ H1,2(X, d,m).

Proof. See [11, Theorem 3.1] for (1.22), [45, Section 3] for (1.23).

1.5 Local convergence of gradients under Mosco convergence

Themain goal of this section is to localize theMosco convergence result of [31], proving
convergence results for 〈∇ui ,∇vi〉i to 〈∇u,∇v〉 when ui are strongly convergent in
H1,2 to u, and vi areweakly convergent inH1,2 to v. When both sequences are strongly
convergent, we obtain at least the weak convergence as measures. Our main tools are
the Theorem 1.5.4 borrowed from [31] and the convergence results of [14] in the more
general context of derivations (see Theorem 1.5.6).

De�nition 1.5.1 (Mosco convergence). We say that the Cheeger energies Chi := Chmi

Mosco converge to Ch if both the following conditions hold:
(a) (Weak-lim inf). For every fi ∈ L2(X,mi) L2-weakly converging to f ∈ L2(X,m), one

has
Ch(f ) ≤ lim inf

i→∞
Chi(fi).

(b) (Strong-lim sup). For every f ∈ L2(X,m) there exist fi ∈ L2(X,mi), L2-strongly
converging to f with

Ch(f ) = lim
i→∞

Chi(fi). (1.24)
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One of the main results of [31] is that Mosco convergence holds if (X, d,mi) are
RCD(K, ∞) spaces with

mi(Br(x̄)) ≤ c1ec2r2
∀r > 0, ∀i (1.25)

for some x̄ ∈ X and c1, c2 > 0. This result holds even in the larger class of CD(K, ∞)
spaces and the uniform growth condition (1.25), that we prefer to emphasize, is actu-
ally a consequence of the local weak convergence ofmi tom and of the uniform lower
bound on Ricci curvature (see Remark 1.4.3).

Following [31], we de�ne weak and strong convergence in the Sobolev space H1,2

in a natural way, and with a variable reference measure.

De�nition 1.5.2 (Convergence in the Sobolev spaces). We say that fi ∈ H1,2(X, d,mi)
are weakly convergent in H1,2 to f ∈ H1,2(X, d,m) if fi are L2-weakly convergent to f
and supi Ch

i(fi) is �nite. Strong convergence in H1,2 is de�ned by requiring L2-strong
convergence of the functions, and that Ch(f ) = limi Chi(fi).

Notice that the sequence fi = h, with h ∈ Lipbs(X) �xed, need not be strongly con-
vergent in H1,2, as the following simple example taken from [14] shows. The reason is
that this sequence should not be considered as a constant one since the supports of
mi can well be pairwise disjoint.

Example 1.5.3. Take X = R2 endowed with the Euclidean distance, f (x1, x2) = x2 and
let

mi = iL2 (
[0, 1] × [0, 1

i ]
)
, m = H1 [0, 1] × {0}.

Then, it is easily seen that |∇f |i = 1 while |∇f | = 0.

It is immediate to check that weak convergence in H1,2 is stable under �nite sums; it
follows from (1.26) below that the same holds for strong convergence in H1,2. Also,
Theorem 1.7.4 below (borrowed from [31]) yields that weakly convergent sequences
are also L2

loc-strongly convergent, and provides conditions under which this can be
improved to L2-strong convergence.

Theorem 1.5.4 (Mosco convergence under uniform Ricci bounds). If (X, d,mi) are
RCD(K, ∞) spaces satisfying (1.25), then Chi Mosco converge to Ch. In addition

lim
i→∞

∫
X

〈∇vi ,∇wi〉i dmi =
∫
X

〈∇v,∇w〉dm, (1.26)

whenever (vi) strongly converge in H1,2 to v and (ui) weakly converge in H1,2 to u and
the heat �ows hi relative to (X, d,mi) converge to the heat �ow h relative to (X, d,m) in
the following sense:

∀t ≥ 0, hit fi L2-strongly converge to ht f whenever fi L2-strongly converge to f . (1.27)
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Proof. See [31, Theorem 6.8] for the Mosco convergence and [31, Theorem 6.11] for the
L2-strong convergence of hit fi to ht f . The proof of (1.26) is elementary: since vi + twi
weakly converge in H1,2 to v + tw for all t > 0, by Mosco convergence we have

Ch(v) + 2t
∫
X

〈∇v,∇w〉dm + t2Ch(w)

= Ch(v + tw) ≤ lim inf
i→∞

Chi(vi + twi)

= lim inf
i→∞

Chi(vi) + 2t
∫
X

〈∇vi ,∇wi〉i dmi + t2Chi(gi)

≤ Ch(v) + 2t lim inf
i→∞

∫
X

〈∇vi ,∇wi〉i dm + t2 lim sup
i→∞

Chi(wi).

Since supi Ch
i(wi) is �nite, wemay let t ↓ 0 to deduce the lim inf inequality; replacing

w by −w gives (1.26).

In the following corollary we prove standard consequences of the Mosco convergence
of Theorem 1.5.4, which re�ne (1.27) (see also [31, Corollary 6.10] for a discrete coun-
terpart of this result, involving the resolvents).

Corollary 1.5.5. Under the same assumptions of Theorem 1.5.4, one has
(a) if fi ∈ H1,2(X, d,mi), fi ∈ D(∆i) L2-strongly converge to f and ∆i fi is uniformly

bounded in L2, then f ∈ D(∆), ∆i fi L2 weakly converge to ∆f and fi strongly converge
in H1,2 to f ;

(b) for all t > 0, hit fi strongly converge in H1,2 to ht f whenever fi L2-strongly converge
to f .

Proof. (a) Using the integration by parts formula we see that fi is weakly convergent
in H1,2. Let χ ∈ H1,2(X, d,m) and let χi ∈ H1,2(X, d,mi) be strongly convergent to χ
in H1,2. Let g be a L2-weak limit point of ∆i fi as i → ∞, so that (1.26) gives (along a
subsequence, that for simplicity we do not denote explicitly)∫

X

gχ dm = lim
i→∞

∫
X

χi∆i fi dmi = − lim
i→∞

∫
X

〈∇χi ,∇fi〉i dmi = −
∫
X

〈∇χ,∇f 〉dm.

This proves f ∈ D(∆) and g = ∆f , so that compactness implies ∆i fi L2-weakly con-
verge to ∆f . We can take the limit in the integration by parts formula

∫
X |∇fi|

2
i dmi =

−
∫
X fi∆i fi dmi to prove the strong H1,2 convergence of fi to f .
Now, we can prove (b). From (1.15) we know that ∆ihit fi is bounded in L2 for all

t > 0, hence (a) provides the strong convergence in H1,2 of hit fi to ht f .

In order to localize the previous results (see in particular (1.26)) we shall use the next
theorem, proved in [14, Theorem 5.3]. It shows that any sequence (fi) strongly conver-
gent in H1,2 to f induces gradient derivations which are strongly converging to the
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gradient derivation of the limit function, using as class of test functions the family
hQ+Abs de�ned below

hQ+Abs := {hs f : f ∈ Abs, , s ∈ Q+} ⊂ Lipb(X). (1.28)

Notice that hQ+Abs depends only on the limit metricmeasure structure, and it is dense
in H1,2(X, d,m), see [14, Theorem B.1]. Notice also that, since suppm can well be a
strict subset of X, the Lipb(X) extension of f ∈ hQ+Abs is not necessarily unique, and
therefore 〈∇v,∇f 〉i might depend on this extension when v ∈ H1,2(X, d,mi) (while
〈∇v,∇f 〉 does not for v ∈ H1,2(X, d,m)). Nevertheless, the following convergence the-
orem is independent of the extension.

Theorem 1.5.6 (Strong convergence of gradients). Assume that (X, d,m) is a
RCD(K, ∞) metric measure space, that Chi are quadratic and that Mosco converge to
Ch. Let vi ∈ H1,2(X, d,mi) be strongly convergent in H1,2 to v ∈ H1,2(X, d,m).
Then, for all f ∈ hQ+Abs, 〈∇vi ,∇f 〉i L2-strongly converge to 〈∇v,∇f 〉.

Theorem 1.5.7 (Continuity of the gradient operators). Assume that (X, d,mi) are
RCD(K, ∞) metric measure spaces, let v ∈ H1,2(X, d,m) and let vi ∈ H1,2(X, d,mi)
be strongly convergent in H1,2 to v. Then:
(a) the following tightness on bounded sets holds:

lim
R→∞

lim sup
i→∞

∫
X\BR(x̄)

|∇vi|2i dmi = 0. (1.29)

(b) If wi weakly converge to w in H1,2 the measures 〈∇vi ,∇wi〉imi weakly converge in
duality with hQ+Abs to 〈∇v,∇w〉m, and if 〈∇vi ,∇wi〉i is bounded in Lp for some
p ∈ (1,∞) also weakly in Lp.

(c) If wi strongly converge to w in H1,2 then 〈∇vi ,∇wi〉i L1-strongly converge to
〈∇v,∇w〉.

Proof. (a) In order to prove (1.29) we choose χR : X → [0, 1] 1/R-Lipschitz with χR ≡ 0
on BR(x̄), χR ≡ 1 on X \ B2R(x̄) and notice that the Leibniz rule gives∫

X

|∇vi|2i χR dmi =
∫
X

〈∇vi ,∇(viχR)〉i dmi −
∫
X

〈∇vi ,∇χR〉vi dmi

so that we can use (1.26) to get

lim sup
i→∞

∫
X

|∇vi|2i χR dmi ≤
∫
X

〈∇v,∇(vχR)〉dm + 1
R

(∫
X

|∇v|2 dm
)1/2

‖v‖L2(X,m).

Using the Leibniz rule once more we get

lim sup
i→∞

∫
X

|∇vi|2i χR dmi ≤
∫
X

|∇v|2χR dm + 2
R

(∫
X

|∇v|2 dm
)1/2

‖v‖L2(X,m)
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which gives (1.29).
Let us now prove (b). Let f ∈ hQ+Abs. Using the Leibniz rule we can write∫

X

〈∇vi ,∇wi〉i f dmi = −
∫
X

〈∇vi ,∇f 〉iwi dmi +
∫
X

〈∇vi ,∇(wi f )〉i dmi

and use (1.26) together with the L2-strong convergence of 〈∇vi ,∇f 〉i to 〈∇v,∇f 〉, en-
sured by Theorem 1.5.6, to conclude the weak convergence in duality with hQ+Abs of
〈∇vi ,∇wi〉imi. Assuming in addition that 〈∇vi ,∇wi〉i satisfy a uniform Lp bound for
some p > 1, let ξ ∈ Lp(X,m) be the Lp-weak limit of a subsequence (not relabelled for
simplicity of notation). Then, (1.29) gives

lim sup
i→∞

∣∣∣∣∫
X

〈∇vi ,∇wi〉iφψR dmi −
∫
X

〈∇vi ,∇wi〉iφ dmi

∣∣∣∣ = o(R)

with φ ∈ hQ+Abs and ψR = 1 − χR ∈ Lipbs(X) with χR chosen as in the proof of (a).
Hence, we take to the limit as i → ∞ to get∣∣∣∣∫

X

ξφψR dm −
∫
X

〈∇v,∇w〉φ dm
∣∣∣∣ = o(R).

Since hQ+Abs is dense in Lq(X,m), with q dual exponent of p, we can pass to the limit
as R → ∞ and use the arbitrariness of φ to obtain that ξ = 〈∇v,∇w〉.

In order to prove (c), by polarization and the linearity of L1-strong convergence it
is not restrictive to assume vi = wi. It is then su�cient to apply (1.30) of Lemma 1.5.8
below (whose proof uses only (a), (b) of this proposition) to obtain the inequality
lim inf i

∫
A |∇fi|i dmi ≥

∫
A |∇f |dm on any open set A ⊂ X. Assume that ξ ∈ L2(X,m) is

a L2-weak limit point of |∇fi|i; from the lim inf inequality we get
∫
A ξ dm ≥

∫
A |∇f |dm

for any open set A with m(∂A) = 0. A standard approximation then gives ξ ≥ |∇f |
m-a.e. in X. Since the H1,2 strong convergence gives

lim sup
i→∞

∫
X

|∇fi|2i dmi ≤
∫
X

|∇f |2 dm ≤
∫
X

ξ2 dm,

we obtain the L2-strong convergence of |∇fi|i. Combinig the inequality above with
lim inf i ‖|∇fi|i‖L2(X,mi) ≥ ‖ξ‖L2(X,m) we obtain that ξ = |∇f |.

Lemma 1.5.8. If fi ∈ H1,2(X, d,mi) weakly converge in H1,2 to f , then

lim inf
i→∞

∫
X

g|∇fi|i dmi ≥
∫
X

g|∇f |dm (1.30)

for any lower semicontinuous g : X → [0,∞] and then

lim inf
i→∞

∫
A

|∇fi|2i dmi ≥
∫
A

|∇f |2 dm (1.31)

for any open set A ⊂ X.
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Proof. Since truncation preserves L2
loc-strong convergence and uniform L2 bounds,

in the proof of (1.30) we can assume with no loss of generality that fi are uniformly
bounded. Since any lower semicontinuous function is the monotone limit of a se-
quence of Lipschitz functions with bounded support, we also assume g ∈ Lipbs(X).
Also, taking into account the inequality |∇hit fi|i ≤ e−Kthit|∇f |i, we can estimate

lim inf
i→∞

∫
X

g|∇fi|i dmi ≥ lim inf
i→∞

∫
X

hitg|∇fi|i dmi − lim sup
i→∞

∫
X

|hitg − g||∇fi|i dmi

≥ eKt lim inf
i→∞

∫
X

g|∇hit fi|i dmi − C lim sup
i→∞

‖hitg − g‖L2(X,mi),

with C = supi(2Ch
i(fi))1/2. Since (1.20) gives

lim
t→0

lim sup
i→∞

∫
X

|hitg − g|2 dmi = 0,

this means that as soon as we have the lim inf inequality for hit fi, ht f for all t > 0, we
have it for fi, f .

Hence, possibly replacing fi by hit fi we see thanks to (1.17) that we can assume
with no loss of generality that fi are uniformly Lipschitz. Under this assumption, we
�rst prove (1.30) in the case when g = χA is the characteristic function of an open set
A ⊂ X, we �x �nitely many vk ∈ H1,2(X, d,m) with Lip(vk) ≤ 1, as well as �nitely
many wk ∈ Cbs(X) with suppwk ⊂ A and

∑
k |wk| ≤ 1. Let us also �x vk,i strongly

convergent in H1,2 to vk. Now, notice that

lim
i→∞

∫
X

〈∇fi ,∇vk,i〉iwk dmi =
∫
X

〈∇f ,∇vk〉wk dm ∀k. (1.32)

Indeed, (1.32) follows at once from the weak L2 convergence of 〈∇fi ,∇vk,i〉i to
〈∇f ,∇vk〉 provided by Theorem 1.5.7(b). Adding w.r.t. k, since Lip(vk,i) ≤ 1 and∑

k |wk| ≤ χA, from (1.19) with g ≡ χA we get (1.30).
For general g we use the formula∫

gh dµ =
∞∫

0

∫
{g>t}

h dµ dt

(with µ = mi and µ = m) and Fatou’s lemma.
The proof of (1.31) is a direct consequence of (1.30), of the superadditivity of the

lim inf operator, and of the elementary identity

∫
A

u2 dm = sup


∑
k

m(Ak)−1
(∫
Ak

|u|dm
)2
 ,

where the supremum runs among the �nite disjoint families of open subsets Ak of A
withm(Ak) > 0, of (1.30) and of the superadditivity of the lim inf operator.
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1.6 BV functions and their stability

In this section we �rst recall basic facts about BV functions in metric measure spaces.
The most important result of this section, estabilished in Theorem 8.1.1, is the exten-
sion of a well-known fact, namely the stability of BV functions under L1-strong con-
vergence, to the case when even the family of spaces is variable.

De�nition 1.6.1 (The class BV(X, d,m) and |Df |(X)). We say that f ∈ L1(X,m) be-
longs to BV(X, d,m) if there exist functions fn ∈ L1(X,m) ∩ Lipb(X) convergent to f
in L1(X,m) with

L := lim inf
n→∞

∫
X

lip(fn) dm < ∞, (1.33)

where lip(g) denotes the local Lipschitz constant of g, see (1.4). If f ∈ BV(X, d,m), the
optimal L in (1.33) (i.e. the inf of lim inf) is called total variation of f and denoted by
|Df |(X). By convention, we put |Df |(X) = ∞ if f ∈ L1 \ BV(X, d,m).

It is immediate to check from the de�nition of total variation that φ ◦ f ∈ BV(X, d,m)
for all f ∈ BV(X, d,m) and all φ : R → R 1-Lipschitz with φ(0) = 0, with

|D(φ ◦ f )|(X) ≤ |Df |(X). (1.34)

In addition, the very de�nition of |Df |(X) provides the lower semicontinuity property

|Df |(X) ≤ lim inf
n→∞

|Dfn|(X) whenever fn → f in L1(X, d,m).

Still using the lower semicontinuity, arguing as in [43], one can prove the coarea for-
mula

|Df |(X) =
∞∫

0

|Dχ{f >t}|(X) dt ∀f ∈ L1(X,m), f ≥ 0. (1.35)

In the following proposition, whose proof was suggested to the �rst author by S.
Di Marino, we provide a useful equivalent representation of |Df |(X).

Proposition 1.6.2. For all f ∈ L1(X,m) one has

|Df |(X) = inf lim inf
n→∞

∫
X

Lipa(fn) dm,

where the in�mum runs amont all fn ∈ Lipbs(X) convergent to f in L1(X,m).

Proof. By a diagonal argument it is su�cient, for any f ∈ Lipb(X) with lip(f ) ∈
L1(X,m), to �nd fn ∈ Lipbs(X) convergent to f in L1(X,m) with Lipa(fn) → g in L1(X,m)
and g ≤ lip(f ) m-a.e. in X. By a further diagonal argument, it is su�cient to �nd fn
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when f ∈ Lipbs(X). Under this assumption, we know by Theorem 1.4.1 that there ex-
ist fn ∈ Lipb(X) satisfying fn → f in L2(X,m) with Lipa(fn) → |∇f | in L2(X,m). Since
f has bounded support, also fn can be taken with equibounded support, hence both
convergences occur in L1(X,m). Since |∇f | ≤ lip(f ) m-a.e., we are done.

In the following proposition we list more properties of BV functions in RCD(K, ∞)
spaces.

Proposition 1.6.3. Let (X, d,m) be a RCD(K, ∞) space. Then, the following properties
hold:
(a) if f ∈ Lipb(X) ∩ L1(X,m) ∩ H1,2(X, d,m) one has

|Df |(X) =
∫
X

|∇f |dm; (1.36)

(b) if f ∈ BV(X, d,m) one has

|Dht f |(X) ≤ e−Kt|Df |(X); (1.37)

(c) for all f ∈ BV(X, d,m) one has∫
X

|Pt f − f |dm ≤ c(t, K)|Df |(X) (1.38)

with c(t, K) ∼
√
t as t ↓ 0.

Proof. (a) Let f ∈ Lipb(X)∩L1(X,m)∩H1,2(X, d,m) and apply (1.18) and the inequality
lip(g) ≤ Lipa(g) to get

|Dht f |(X) ≤
∫
X

|∇ht f |dm ≤ e−Kt
∫
X

|∇f |dm.

Letting t ↓ 0 provides the inequality ≤ in (a). In order to prove the converse inequality
wehave to bound frombelow the number L in (1.33) along all sequences (fn) ⊂ Lipb(X)
convergent to f in L1(X,m). It is not restrictive to assume that the lim inf is a �nite
limit and also, since f is bounded, that fn are uniformly bounded. The �niteness of∫
X |∇fn|dm gives immediately fn ∈ H1,2(X, d,m). In addition, for all t > 0 it is easily

seen that ht fn weakly converge to ht f in H1,2(X, d,m), hence the convexity of

g 7→
∫
X

|∇g|dm g ∈ H1,2(X, d,m)

and Mazur’s lemma give

L ≥ eKt lim inf
n→∞

∫
X

|∇(ht fn)|dm ≥ eKt
∫
X

|∇ht f |dm.
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We can use the lower semicontinuity of the total variation to get the inequality ≥ in (a).
The proof of (b) in the case of bounded functions uses (1.18) as in the proof of (a)

and it is omitted. The general case can be recovered by a truncation argument.
The proof of (c) is an immediate consequence of (1.20) and the de�nition of BV.

The following theorem provides the stability of the BV property under mGH-
convergence. It will be generalized in Theorem 1.8.1, butwe prefer to give a direct proof
in the BV case, while the proof of Theorem 1.8.1 will focus more on the Sobolev case.

Theorem 1.6.4 (Stability of the BV property under mGH convergence). Let (X, d,mi)
be RCD(K, ∞) spaces satisfying (1.25). If fi ∈ BV(X, d,mi) L1-strongly converge to f
with supi |Dfi|i(X) < ∞, then f ∈ BV(X, d,m) and

|Df |(X) ≤ lim inf
i→∞

|Dfi|i(X). (1.39)

Proof. In the proof it is not restrictive to assume that the functions fi are uniformly
bounded. Indeed, since the truncated functions f Ni := N ∧ fi ∨ −N L1-converge to
f N := N ∧ f ∨ −N, if we knew that fN ∈ BV(X, d,m), with

|Df N |(X) ≤ lim inf
i→∞

|Df Ni |i(X),

thenwe could apply (1.34) to f Ni and use the lower semicontinuity of the total variation
to obtain (1.39).

After this reduction to uniformly bounded sequences, let us �x t > 0 and con-
sider the functions hit fi, which are uniformly bounded, uniformly Lipschitz (thanks to
(1.17)), in H1,2(X, d,mi) and converge to ht f ∈ H1,2(X, d,m). If we were able to prove

|Dht f |(X) ≤ lim inf
i→∞

|Dhit fi|i(X) (1.40)

then we could use (1.37) to obtain

|Dht f |(X) ≤ e−Kt lim inf
i→∞

|Dfi|i(X)

andwe coulduse oncemore the lower semicontinuity of the total variation to conclude
our argument.

Thanks to these preliminary remarks, in the proof of the proposition it is
not restrictive to assume that fi are equibounded and equi-Lipschitz, with fi ∈
H1,2(X, d,mi), f ∈ H1,2(X, d,m). Assuming also with no loss of generality that the
lim inf in (1.39) is a �nite limit, we have that fi are equibounded in H1,2, so that they
converge weakly to f in H1,2. Hence, thanks to the representation (1.36) of the total
variation on Lipschitz functions, we need to prove that∫

X

|∇f |dm ≤ lim inf
i→∞

∫
X

|∇fi|i dmi . (1.41)

This is a consequence of Lemma 1.5.8 with g ≡ 1.
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1.7 Compactness in H1,p and in BV

In this section, building upon the basic compactness result in H1,2 of [31], we provide
new compactness results. In order to state them in global form (i.e. moving from Lploc-
strong to Lp-strong convergence) and in order to reach exponents p smaller than 2,
suitable uniform isoperimetric estimates along the sequence of spaces will be needed.

De�nition 1.7.1 (Isoperimetric pro�le). Assume m(X) = 1. We say that ω : (0,∞) →
(0, 1/2] is an isoperimetric pro�le for (X, d,m) if for all ϵ > 0 one has the implication

m(A) ≤ ω(ϵ) ⇒ m(A) ≤ ϵ|DχA|(X) (1.42)

for any Borel set A ⊂ X.

A stronger formulation is

m(A) ≤ Φ(|DχA|(X)) wheneverm(A) ≤ 1/2

for some Φ : [0,∞] → [0, 1] nondecreasing with Φ(0) = 0 and Φ(u) = o(u) as u ↓
0, but the formulation (1.42), which involves only the control of sets with su�ciently
small measure, is more adapted to our needs.

If (X, d,m) has ω as isoperimetric pro�le, one has the following property: for any
ϵ > 0 and any t ∈ R such thatm({f > t}) ≤ ω(ϵ), one has∫

{f≥t}

(f − t)p dm ≤ ppϵp
∫
X

lipp(f ) dm. (1.43)

In order to prove (1.43) it is su�cent to apply (1.35) to get∫
{g≥0}

g dm ≤ ϵ
∫
X

lip(g) dm wheneverm({g > 0}) ≤ ω(ϵ).

By applying this to g = [(f − t)+]p, with the Hölder inequality we reach our conclusion.
By the de�nition of Chp we also get∫
{f≥t}

(f − t)p dm ≤ pp+1ϵpChp(f ) ∀f ∈ H1,p(X, d,m) withm({f > t}) ≤ ω(ϵ). (1.44)

The following theoremprovides classes of spaces forwhich the existence of an isoperi-
metric pro�le is known. Notice that RCD(K, N) spaces with K > 0 and N < ∞ have
always �nite diameter.

Theorem 1.7.2 (Isoperimetric pro�les). The class of spaces (X, d,m) with m(X) = 1
having an isoperimetric pro�le includes:
(a) RCD(K, ∞) spaces with K > 0;
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(b) RCD(K, ∞) spaces with �nite diameter.

Proof. Statement (a) follows from Bobkov’s inequality that, when particularized to
characteristic functions, gives

√
KI(m(A)) ≤ |DχA|(X), where I is the Gaussian isoperi-

metric function. The proof given in [16, Theorem 8.5.3] can be adapted without great
di�culties to the context of RCD(K, ∞) metric measure spaces (notice that the set-
ting of Markov triples of [16], with a Γ-invariant algebra of functions, does not seem to
apply to RCD(K, ∞) spaces), see [13] for a proof.

Statement (b) is a direct consequence of Proposition 1.4.7 and of the de�nition of
BV which, choosing f = χA, grant the inequality

m(A) ≤ ϵ
(
m(A) + |DχA|(X)

)
as soon as M(ϵ, D, K)m(A) ≤ 1.

Remark 1.7.3 (Sharp isoperimetric pro�les). See also [18] for comparison results and
for adescriptionof the sharp isoperimetric pro�le in the casewhenN < ∞, in themuch
more general class of CD(K, N) spaces (assuming �niteness of the diameter when K ≤
0).

The following compactness theorem is one of themain results of [31], see Theorem 6.3
therein. We adapted the statement to our needs, adding also a compactness in L2

loc
independent of the equi-tightness condition (1.46). We say that a sequence (fi) L2

loc-
strongly converges to f if fiφ L2-strongly converges to fφ for all φ ∈ Cbs(X).

Theorem 1.7.4. Assume that (X, d,mi) are RCD(K, ∞) spaces and fi ∈ H1,2(X, d,mi)
satisfy

sup
i

∫
X

|fi|2 dmi + Chi(fi) < ∞ (1.45)

and (for some and thus all x̄ ∈ X)

lim
R→∞

lim sup
i→∞

∫
X\BR(x̄)

|fi|2 dmi = 0. (1.46)

Then (fi) has a L2-strongly convergent subsequence to f ∈ H1,2(X, d,m). In general, if
only (1.45) holds, (fi) has a subsequence L2

loc-strongly convergent to f ∈ H1,2(X, d,m).

Proof. The �rst part, as we said, is [31, Theorem 6.3]. For the second part, having
�xed x̄ ∈ X, it is su�cient to apply the �rst part to the sequences fiχR, where χR ∈
Lip(X, [0, 1]) with χR ≡ 1 on BR(x̄) and χR ≡ 0 on X \ BR+1(x̄), and then to apply a
standard diagonal argument.

Under suitable �niteness assumptions, coupled with the existence of a common
isoperimetric pro�le, we can extend this result to Lpi compactness, assuming Sobolev
or BV bounds, as follows.
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Proposition 1.7.5. Assume that (X, d,mi), (X, d,m) are RCD(K, ∞) spaces satisfying
mi(X) = 1,m(X) = 1 and with a common isoperimetric pro�le.

Assuming that pi > 1 converge to p in [1,∞) and that fi ∈ H1,pi (X, d,mi) satisfy

sup
i

∫
X

|fi|pi dmi + Chipi (fi) < ∞,

the family (fi) has a Lpi(j) -strongly convergent subsequence (fi(j)). Analogously, if pi = 1
and

sup
i

∫
X

|fi|dmi + |Dfi|i(X) < ∞,

then the family (fi) has a L1-strongly convergent subsequence (fi(j)).

Proof. By Lpi -weak compactness we can assume that the weak limit f ∈ Lp(X,m) ex-
ists.

The case pi = 2 for in�nitely many i is already covered by Theorem 1.7.4. Indeed,
the condition (1.46) is automatically satis�ed under the isoperimetric assumption,
splitting ∫

X\BR(x̄)

|fi|2 dmi ≤
∫

{|fi|≥M}

|fi|2 dmi + M2mi(X \ BR(x̄))

and using (1.44) with p = 2, letting �rst R → ∞ and then M ↑∞.
Hence, we need only to consider the cases pi > 2 for i large enough and pi < 2 for

i large enough.
In the case when pi > 2 for i large enough the proof is simpler since for any

δ > 0 we can write fi = gi + hi with ‖hi‖Lpi (X,mi) < δ, ‖gi‖L∞(X,mi) equibounded and
supi Ch

i
pi (gi) < ∞. Since 2Chi2(gi) ≤

(
piChipi (gi)

)2/pi , it follows that Chi2(gi) is bounded
aswell. Hence, bywhatwe already proved in the case p = 2 we can �nd a subsequence
gi(j) L2-strongly convergent and then (since (gi) are equibounded) Lpi -strongly conver-
gent. The decomposition fi = gi + hi can be achieved using (1.44) with p = pi, which
gives

lim
M→∞

sup
i

∫
{|fi|>M}

(|fi| −M)pi dmi = 0.

This is due to the fact that Markov’s inequality and the uniform L1 bound on fi give

lim
M→∞

sup
i

mi({|fi| > M}) = 0.

Hence, we can �rst choose ϵ > 0 su�ciently small, in such a way that

sup
i
ppi+1
i ϵpiChipi (fi) < δ

and then M in such a way that supi mi({|fi| ≥ M}) ≤ ω(ϵ), setting

gi = (fi ∨ −M) ∧M.
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In the case pi < 2 for i large enough the decomposition fi = gi + hi can still be
achieved using (1.44) (with ϵ supi |Dfi|(X) < δ in the case pi = 1). Since pi < 2, this
timewe need onemore regularization step to achieve the compactness of gi. More pre-
cisely, we write gi = (gi −hitgi) +hitgi; since hitgi are uniformly Lipschitz we obtain that
supi Ch2(hitgi) is uniformly bounded; hence, we can extract a L2-strongly convergent
(and also Lpi -strongly convergent) subsequence. It remains to prove that

lim
t↓0

lim sup
i→∞

∫
X

|gi − hitgi|pi dmi = 0. (1.47)

This is an immediate consequence of (1.38) and the uniform boundedness of (gi).

1.8 Mosco convergence of p-Cheeger energies

The de�nition of Mosco convergence can be immediately adapted to the case when
the exponent p is di�erent from 2 and even i-dependent. Adopting the convention
Ch1(f ) = |Df |(X) to include also the case p = 1, if pi ∈ [1,∞) converge to p ∈ [1,∞)
we say that the pi-Cheeger energies Chipi relative to (X, d,mi) Mosco converge to Chp,
the p-Cheeger energy relative to (X, d,m), if:

(a) (Weak-lim inf). For every fi ∈ Lpi (X,mi) Lpi -weakly converging to f ∈ Lp(X,m),
one has

Chp(f ) ≤ lim inf
i→∞

Chipi (fi).

(b) (Strong-lim sup). For every f ∈ Lp(X,m) there exist fi ∈ Lpi (X,mi) Lpi -strongly
converging to f with

Chp(f ) = lim
i→∞

Chipi (fi). (1.48)

We speak instead of Γ-convergence if the same notions of convergence occur in
(a) and (b), namely the lim inf inequality is only required along Lpi -strongly conver-
gent sequences. Obviously Mosco convergence implies Γ-convergence and we have
provided in Proposition 1.7.5 a compactness result that allows to improve, under the
assumptions on (X, d,mi) stated in the proposition, Γ to Mosco convergence.

Theorem 1.8.1. Let (X, d,mi) be RCD(K, ∞) spaces satisfying (1.25) and let (pi) ⊂
[1,∞) be convergent to p ∈ [1,∞). Then Chipi Γ-converge to Chp. Under the assump-
tion of Proposition 1.7.5 one has Mosco convergence.

Proof. lim inf inequality, p > 1. Possibly replacing fi by their Lpi approximations in-
volved in the de�nition of Chpi , we need only to prove the weaker inequality

pChp(f ) ≤ lim inf
i→∞

∫
X

Lippia (fi) dmi . (1.49)
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Assume �rst that fi are uniformly bounded in H1,2 and equi-Lipschitz. Then,
Lemma 1.5.8 and the inequality |∇f |i ≤ lip(f ) give∫

X

g|∇f |dm ≤ lim inf
i→∞

∫
X

g|∇fi|i dmi ≤ lim inf
i→∞

∫
X

glip(fi) dmi

for any g lower semicontinuous and nonnegative. This, in combination with the ele-
mentary duality identity

1
p

∫
X

|∇f |p dm = sup


∫
X

g|∇f |dm − 1
q

∫
X

gq dm : g ∈ Cbs(X), g ≥ 0

 (1.50)

with q dual exponent of p (applied also to the spaces (X, d,mi) with p = pi), provides
the inequality ∫

X

|∇f |p dm ≤ lim inf
i→∞

∫
X

Lippia (fi) dmi . (1.51)

In order to remove the additional assumptions on fi we now consider the interme-
diate case when fi are uniformly bounded in L∞ and in L2. Let us �x t > 0 and con-
sider the functions hit fi, which are uniformly bounded, uniformly Lipschitz (thanks to
(1.17)), in H1,2(X, d,mi) and weakly converge in H1,2 to ht f ∈ H1,2(X, d,m) by Theo-
rem 1.5.4. Then we can use (1.17), (1.18) and (1.51) with hit fi to get

eKpt
∫
X

Lippa(h2t f ) dm ≤
∫
X

|∇ht f |p dm ≤ e−Kpt lim inf
i→∞

∫
X

Lippia (fi) dmi .

Letting t ↓ 0 then provides (1.49).
We consider the general case fi; possibly splitting in positive and negative parts,

we assume fi ≥ 0. We consider the truncation 1-Lipschitz functions (notice that the
quadratic regularization near the origin is necessary in the case p ≥ 2, to get L2 inte-
grability)

φN(t) :=


N
2 z

2 if 0 ≤ z ≤ 1
N ;

− 1
2N + z if 1

N ≤ z ≤ N;
− 1

2N + N if N ≤ z

and f Ni := φN ◦ fi. Since f Ni Lpi -strongly converge to f N := φN ◦ f , we obtain

Chp(f N) ≤ lim inf
i→∞

Chipi (f
N
i ) ≤ lim inf

i→∞
Chipi (fi).

By letting N → ∞we reach our conclusion.
lim inf inequality, p = 1. The proof is analogous, in the case when the fi are uniformly
bounded it is su�cient to prove (1.49) for the regularized functions hit fi, ht f , without
using the duality formula (1.50). The uniform boundedness assumption on fi can be
removed as in the case p > 1, with the simpler truncations φN(z) = min{N, x}.
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lim sup inequality. For p > 1, let us consider f ∈ H1,p(X, d,m) and f N ∈ Lipbs(X) with
Lipa(f N) → |∇f | in Lp(X,m). For any N one has, by the upper semicontinuity of the
asymptotic Lipschitz constant,

lim sup
i→∞

piChipi (f
N) ≤ lim sup

i→∞

∫
X

Lippia (f N) dmi ≤
∫
X

Lippa(f N) dm.

Since f N Lpi converge to f N , by a diagonal argument, we can then de�ne fi = f N(i) with
N(i) → ∞as i → ∞in such away that fi Lpi converge to f and lim supi Ch

i
pi (fi) ≤ Chp(f ).

For p = 1 the proof is similar and uses Proposition 1.6.2.

1.9 p-spectral gap

Throughout this section we assume that m(X) = 1 when a single space is considered
and, when a sequence is considered, also mi(X) = 1. For any p ∈ [1,∞) and any
f ∈ Lp(X,m) we put

cp(f ) :=

 inf
a∈R

∫
X

|f − a|p dm

1/p

. (1.52)

Wealso recall that for any f ∈ L1(X,m) there exists amedian of f , i.e. a real number
m such that

m ({f > m}) ≤ 1
2 and m ({f < m}) ≤ 1

2 .

In the following remark we recall a few well-known facts about the minimization
problem (1.52) (see also [53, Lemma 2.2], [21]).

Remark 1.9.1. For p ∈ (1,∞), thanks to the strict convexity of z 7→ |z|p there is a unique
minimizer a in (1.52), and it is characterized by∫

X

|f − a|p−2(f − a) dm = 0.

It is also well known that, when p = 1, medians are minimizers in (1.52), the converse
seems to be less well known, so let us provide a simple proof. Assume that a is a min-
imizer and assume by contradiction that m({f > a}) > 1/2 (if m({f < a}) > 1/2 the
argument is similar). We can then �nd δ > 0 such that m({f > a + δ}) > 1/2 and a
simple computation gives∫

X

|f − (a + δ)|dm −
∫
X

|f − a|dm = δ
(
m({f < a + δ}) −m({f ≥ a + δ})

)
− 2

∫
{a<f <a+δ}

(f − a) dm < 0,

contradicting the minimality of a.
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Inparticular, for any p ∈ [1,∞) there exists aminimizer of (1.52), and itwill bedenoted
bymp(f ); by convention, it will be anymedian of f when p = 1. Analogously, whenwe
say thatmpi (fi) converge tomp(f ) we understand this convergence in the set-theoretic
sense when p = 1 (i.e. limit points of mpi (fi) are medians).

Lemma 1.9.2. Let pi converge to p in [1,∞) and let fi ∈ Lpi (X,mi) be an Lpi -strongly
convergent sequence to f ∈ Lp(X,m). Then

lim
i→∞

mpi (fi) = mp(f ) and lim
i→∞

cpi (fi) = cp(f ).

Proof. Since

lim sup
i→∞

cpi (fi) ≤ lim
i→∞

∫
X

|fi − b|pi dmi

1/pi

=

∫
X

|f − b|p dm

1/p

∀b ∈ R,

taking the in�mum w.r.t. b gives the upper semicontinuity of cpi (fi).
On the other hand, since it is easily seen that |mpi (fi)| ≤ 2‖fi‖Lpi (X,mi), the family

mpi (fi) has limit points as i → ∞, and if mpi(k) (fi(k)) → a as k → ∞ one has

lim inf
k→∞

cpi(k) (fi(k)) = lim inf
k→∞

∫
X

|fi − mpi(k) (fi(k))|
pi dmi

1/pi

=

∫
X

|f − a|p dm

1/p

≥ cp(f ). (1.53)

If we apply this to limit points of subsequences i(k) on which the lim infk cpi(k) (fi(k)) is
achieved, this gives that cpi (fi) → cp(f ). In addition, the inequality (1.53) gives that
any limit point of mpi (fi) is a minimizer.

Now, for p ∈ [1,∞) let

λ1,p(X, d,m) := inf
f

1
cpp(f )

∫
X

Lippa(f ) dm, (1.54)

where the in�mum runs among all nonconstant Lipschitz functions f on X. By the very
de�nition of Chp, the in�mum above does not change if weminimize pChp(f )/cpp(f ) in
the class of nonconstant functions f ∈ H1,p(X, d,m). Furthermore, whenever a min-
imizer exists, we may normalize it in such a way that cp(f ) = ‖f‖Lp(X,m) = 1 (i.e. the
in�mum in (1.52) is attained at a = mp(f ) = 0).

For p ∈ (1,∞), Remark 1.9.1 and thede�nition ofChp gives other characterizations
of λ1,p(X):

λ1,p(X, d,m) = inf


∫
X

Lippa(f ) dm : f ∈ Lip(X, d),
∫
X

|f |p dm = 1,
∫
X

|f |p−2f dm = 0


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= inf


∫
X

lipp(f ) dm : f ∈ Lip(X, d),
∫
X

|f |p dm = 1,
∫
X

|f |p−2f dm = 0


= inf

pChp(f ) : f ∈ H1,p(X, d,m),
∫
X

|f |p dm = 1,
∫
X

|f |p−2f dm = 0

 .

(1.55)

Remark 1.9.3. Ifm(X) = 1, let us de�ne the Cheeger constant h(X, d,m) of (X, d,m) by

h(X, d,m) := inf
A

M−(A)
m(A) ,

where the in�mum runs among all Borel subsets A of X with 0 < m(A) ≤ 1/2, and M−(A)
is the lower Minkowski content of A, namely (here Ir(A) is the open r-neighbourhood of
A)

M−(A) := lim inf
r→0+

m
(
Ir(A)

)
−m(A)

r .

Then, in [4] it has been proved that

h(X, d,m) = inf
A

|DχA|(X)
m(A) ,

where as before the in�mum runs among all Borel subsets A of X with0 < m(A) ≤ m(X)/2
(the same result holds if we use the upper Minkowski content in the de�nition of h). On
the other hand, by applying Lemma 1.9.2 withmi = m, from Proposition 1.6.2 we get

λ1,1(X, d,m) = inf
{
|Df |(X)
c1(f ) : f ∈ BV(X, d,m), f 6≡ constant

}
. (1.56)

Since c1(χA) = m(A) for m(A) ≤ 1/2, the coarea formula for BV maps shows that the
Cheeger constant h coincides also with the quantities in (1.56).

In the following theorem we prove a generalized continuity property (1.57) of the �rst
eigenvalue, allowing also the exponents pi → p ∈ [1,∞) to depend on i. As the proof
shows, this property holds even in the extreme case when diam supp(m) = 0, with the
convention

(λ1,p(X, d,m))1/p := ∞ if diam supp(m) = 0.

Note that (1.57) in the case when diam supp(m) = 0 will be used in the proof of Corol-
lary 1.11.6.

Theorem 1.9.4. Assume that (X, d,mi), (X, d,m) are RCD(K, ∞) spaces satisfying
mi(X) = 1, m(X) = 1 with a common isoperimetric pro�le (for instance either K > 0
or uniformly bounded diameters of suppmi). If pi converge to p in [1,∞), then

lim
i→∞

λ1,pi (X, d,mi) = λ1,p(X, d,m). (1.57)
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In particular the Cheeger constants are continuous w.r.t. the measured Gromov-
Hausdor� convergence.

Proof. For any f ∈ H1,p(X, d,m) with cp(f ) = ‖f‖p = 1, by Theorem 1.8.1, there exists
a sequence fi ∈ H1,pi (X, d,mi) Lpi -strongly converging to f with lim supi Ch

i
pi (fi) ≤

Chp(f ). Applying Lemma 1.9.2 yields

lim sup
i→∞

λ1,pi (X, d,mi) ≤ lim sup
i→∞

piChipi (fi)(
cpi (fi)

)pi ≤ Chp(f ).

Taking the in�mum w.r.t. f gives the upper semicontinuity of λ1,pi (X, d,mi).
In order to prove the lower semicontinuity, we can assume with no loss of gen-

erality that λ1,pi (X, d,mi) is a bounded convergent sequence. For any i ≥ 1 take
fi ∈ H1,pi (X, d,mi) with∣∣∣λ1,pi (X, d,mi) − piChipi (fi)

∣∣∣ < 1
i and cpi (fi) =

∫
X

|fi|pi dmi = 1.

By Proposition 1.7.5, without loss of generality we can assume that the Lpi -strong limit
f ∈ Lp(X,m) of fi exists. Thus, Theorem 8.1.1 gives Chp(f ) ≤ lim inf i Chipi (fi). As a con-
sequence, since Lemma 1.9.2 gives cp(f ) = ‖f‖Lp(X,m) = 1, we have

lim inf
i→∞

λ1,pi (X, d,mi) = lim inf
i→∞

piChipi (fi) ≥ pChp(f ) ≥ λ1,p(X, d,m).

For p ∈ (1,∞) and Ω ⊂ X Borel, let us denote

Λp(Ω, d,m) :=

f ∈ H1,p(X, d,m) :
∫
Ω

|f |p dm = 1, f = 0 m-a.e. on X \ Ω

 .

Accordingly,we de�ne λD1,p(Ω, d,m) as the in�mumof the p-energywithDirichlet con-
ditions

λD1,p(Ω, d,m) := inf
{
pChp(f ) : f ∈ Λp(Ω, d,m)

}
. (1.58)

Lemma 1.9.5. Let p ∈ (1,∞).
(1) For any Borel subsets Ω1, Ω2 of X withm(Ω1 ∩ Ω2) = 0, we have

λ1,p(X, d,m) ≤ max
{
λD1,p(Ω1, d,m), λD1,p(Ω2, d,m)

}
. (1.59)

(2) If p ∈ [2,∞) and f ∈ H1,p(X, d,m) is a minimizer of the right hand side of (1.54)
with mp(f ) = 0, then∫

X

〈∇f ,∇g〉|∇f |p−2 dm = λ1,p(X, d,m)
∫
X

|f |p−2fg dm (1.60)
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for any g ∈ H1,p(X, d,m). In particular, choosing g = f ± gives

λ1,p(X, d,m) = pChp(f ±)

∫
X

|f ±|p dm

−1

. (1.61)

Proof. We �rst prove (1.59). Take fi ∈ H1,p(X, d,m) with
∫
Ωi |fi|

p dm = 1 and fi = 0
m-a.e. on X \ Ωi. Then, choosing thanks to a continuity argument α ∈ R such that∫
X |f1 + αf2|p−2(f1 + αf2) dm = 0, we get

(1 + |α|p)λ1,p(X, d,m) = λ1,p(X, d,m)
(∫
Ω1

|f1|p dm +
∫
Ω2

|αf2|p dm
)

= λ1,p(X, d,m)
∫
X

|f1 + αf2|p dm (1.62)

≤ pChp(f1 + αf2) = pChp(f1) + p|α|pChp(f2).

By taking the in�mum w.r.t. f1 and f2 we obtain (1.59).
Next we prove (1.60). Let

F(s, t) :=
∫
X

|f + sg − t|p−2(f + sg − t) dm.

Then, it is easy to check that

Fs(s, t) = (p − 1)
∫
X

g|f + sg − t|p−2 dm

and that
Ft(s, t) = (1 − p)

∫
X

|f + sg − t|p−2 dm.

The implicit function theorem yields that s 7→ mp(f + sg) is di�erentiable at s = 0.
Recall that according to [30], we can represent pChp(f ) as

∫
X |∇f |

p dm, where |∇f |
is the 2-minimal relaxed slope (as always, in this paper). Then, the direct calculation
of the left hand side of

d
ds

(
pChp(f + sg)

‖(f + sg) − mp(f + sg)‖pLp(X,m)

)∣∣∣∣∣
s=0

= 0

with the di�erentiability of mp(f + sg) at s = 0 proves (1.60).

In the following stability result we need the extra assumption

lim sup
i→∞

‖fi‖Lpi (X,mi) ≤ ‖f‖L∞(X,m)

whenever pi → ∞, sup
i
‖fi‖Lpi (X,mi) +

(∫
X

|∇fi|pi dmi
)1/pi < ∞

and fi strongly Lp-converge to f for some (and thus all) p ∈ (1,∞).

(1.63)
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This is a kind of extension of Theorem 1.9.4 to the case p = ∞.We believe that it should
be possible to avoid this assumption, possibly making an additional hypothesis on
the decay rate of the common isoperimetric pro�le. Nevertheless, this assumption is
harmless for the applications of Theorem 1.9.6 below in Section 1.11. Indeed, in the
setting of Section 1.11, as soon as pi > N the functions fi and f are equibounded and
equi-Hölder on suppmi, suppm respectively; denoting by fi , f suitable equibounded
and equi-Hölder extensions of fi , f to the whole of X, the Hausdor� convergence of
suppmi to suppm and the weak convergence of fimi to fm easily imply the uniform
convergence of fi to f on suppm, so that

lim sup
i→∞

‖fi‖Lpi (X,mi) ≤ lim sup
i→∞

‖fi‖Lpi (X,m) ≤ lim sup
i→∞

‖f‖Lpi (X,m) ≤ ‖f‖L∞(X,m).

Theorem 1.9.6. Let (X, d,mi), (X, d,m) be RCD(K, ∞) metric measure spaces with
mi(X) = 1, m(X) = 1 and a common isoperimetric pro�le (e.g. either K > 0 or equi-
bounded diameters of suppmi). If pi ∈ [1,∞) diverge to∞ and (1.63) holds, one has

lim
i→∞

(
λ1,pi (X, d,mi)

)1/pi = 2
diam supp(m) . (1.64)

Proof. Let x1, x2 ∈ suppm; thanks to the weak convergence ofmi tomwe can �nd xj,i
convergent to xj as i → ∞, j = 1, 2. Let r = d(x1, x2), ri = d(x1,i , x2,i) and let us de�ne
nonnegative Lipschitz functions δj,i ∈ Lip(X, d) by

δj,i(x) := max
{ ri

2 − d(xj,i , x), 0
}
,

uniformly convergent as i → ∞ to

δj(x) := max
{ r

2 − d(xj , x), 0
}
.

Then, since {Bri/2(xj,i)}j=1,2 are nonempty disjoint subsets of X, and since δj,i are 1-
Lipschitz, for any p ∈ (1,∞), (1.59) and the Hölder inequality give that(

λ1,pi (X, d,mi)
)1/pi ≤ max

j=1,2

{(
λD1,pi

(
Bri/2(xj,i)

))1/pi
}

≤ max
j=1,2


 1

mi
(
Bri/2(xj,i)

) ∫
Bri /2(xj,i)

δpij,i dmi


−1/pi


≤ max
j=1,2


 1

mi
(
Bri/2(xj,i)

) ∫
Bri /2(xj,i)

δpj,i dmi


−1/p


for all su�ciently large i. Thus by letting i → ∞we have

lim sup
i→∞

(
λ1,pi (X, d,mi)

)1/pi ≤ max
j=1,2


 1

m
(
Br/2(xj)

) ∫
Br/2(xj)

δpj dm


−1/p

 .
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Letting p → ∞ yields

lim sup
i→∞

(
λ1,pi (X, d,mi)

)1/pi ≤ max
j=1,2
{‖δj‖−1

L∞(X,m)} = 2
r = 2

d(x1, x2) .

By minimizing w.r.t. x1 and x2 we get the lim sup inequality in (1.64).
Next we check the lim inf inequality in (1.64). We can assume with no loss of gen-

erality that the limit limi
(
λ1,pi (X, d,mi)

)1/pi exists and is �nite. For any i such that
pi > 2 take a minimizer fi ∈ H1,pi (X, d,mi) of the right hand side of (1.55) (whose ex-
istence is granted by Proposition 1.7.5). Set f̃i := f ±i /‖f ±i ‖Lpi (X,mi) and f̃i := f̃ +

i − f̃ −i . Since
Lemma 1.9.5 yields

λ1,pi (X, d,mi) = piChipi (f̃
±
i ),

by the compactness property provided by Theorem 1.8.1 we can also assume that f̃ +
i

Lp-strongly converge for all p > 1 to a nonnegative g ∈
⋂
p>1 H

1,p(X, d,m), and that
f̃ −i Lp-strongly converge for all p > 1 to a nonnegative h ∈

⋂
p>1 H

1,p(X, d,m), so that
f̃i strongly Lp-converge for all p > 1 to f = g − h. For p > 1 �xed, taking the limit as
i → ∞ in the equality

‖f̃ +
i ‖

p
Lp(X,mi)

+ ‖f̃ +
i ‖

p
Lp(X,mi)

= ‖f̃i‖pLp(X,mi)

we obtain that g = f + and h = f −.We now claim that both f + and f − have unit L∞ norm.
The proof of the upper bound is a simple consequence of the inequalities ‖f̃ ±i ‖Lp(X,mi) ≤
‖f̃ ±i ‖Lpi (X,mi) = 1 for pi ≥ p, by letting �rst i → ∞ and then p → ∞, while the proof of
the lower bound is a direct consequence of (1.63).

Theorem 1.8.1 and the inequality (actually, aswe already remarked, equality holds
under our curvature assumption, see [30]) between p-minimal relaxed slope and 2-
minimal relaxed slope |∇f | give

‖∇f ±‖Lp(X,m) ≤
(
pChp(f ±)

)1/p ≤ lim inf
i→∞

(
piChip(f ±i )

)1/pi

for any p ≥ 2, thus letting p → ∞ gives

‖|∇f ±|‖L∞(X,m) ≤ lim
i→∞

(
λ1,pi (X, d,mi)

)1/pi .

Therefore f ± have Lipschitz representatives, still denoted by f ±, with Lipschitz con-
stants at most the right hand side above. The relatively open subsets Ω± := {f ± >
0} ∩ suppm of suppm are disjoint and nonempty. Let

r(Ω±) := sup
x∈Ω±

(
inf

y∈∂Ω±∩supp(m)
d(x, y)

)
.

Using the inequality r(Ω+) + r(Ω−) ≤ diam(suppm), ensured by the length property+
of (suppm, d), we get

2
diam supp(m) ≤ max

{
1

r(Ω+) ,
1

r(Ω−)

}
. (1.65)



New stability results for sequences of metric measure spaces | 37

For δ ∈ (0, 1), take points x± ∈ Ω± with f ±(x±) ≥ 1 − δ, and take points y± ∈
∂Ω± ∩ suppm; since f ±(y±) = 0, we have

1 − δ ≤ |f ±(x±) − f ±(y±)| ≤ Lip(f ±)d(x±, y±),

so that ‖f ±‖L∞(X,m) = 1 and the arbitrariness of y± give

1 ≤ Lip(f ±)r(Ω±) ≤ lim inf
i→∞

(
λ1,pi (X, d,mi)

)1/pi · r(Ω±).

Thus
max

{
1

r(Ω+) ,
1

r(Ω−)

}
≤ lim inf

i→∞

(
λ1,pi (X, d,mi)

)1/pi (1.66)

and (1.65) and (1.66) yield the lim inf inequality in (1.64).

1.10 Stability of Hessians and Ricci tensor

Recall that derivations, according to [29] (the de�nitions being inspired by [52]), are
linear functionals b : H1,2(X, d,m) → L0(X,m) satisfying the quantitative locality
property

|b(u)| ≤ h|∇u| m-a.e. in X, for all u ∈ H1,2(X, d,m)

for some h ∈ L0(X,m). Theminimal h, up tom-negligible sets, is denoted |b|. The sim-
plest example of derivation is the gradient derivation bv(u) := 〈∇v,∇u〉 induced by
v ∈ H1,2(X, d,m), which satis�es |bv| = |∇v| m-a.e. in X. By a nice duality argument,
it has also been proved in [29, Section 2.3.1] that the L∞(X,m)-module generated by
gradient derivations is dense in the class of L2 derivations. In the language of [29],
L2-derivations correspond to L2-sections of the tangent bundle T(X, d,m) viewed as
dual of the L2-sections of cotangent bundle T*(X, d,m) (the latter built starting from
di�erentials of Sobolev functions), see [29, Section 2.3] for more details.

Even though higher order tensors will not play a big role in this paper, except for
the Hessians, let us describe the basic ingredients of the theory developed for this
purpose in [29]. In a metric measure space (X, d,m), for p ∈ [1,∞] let Lp(Trs(X, d,m))
denote the space of Lp-tensor �elds of type (r, s) on (X, d,m), de�ned as in [29]. A
tensor �eld of type (r, s) is a L∞(X,m)-multilinear map

T :
r⊗
k=1

T(X, d,m)⊗
r+s⊗
k=r+1

T*(X, d,m) → L0(X,m)

satisfying, for some g ∈ L0(X,m) a continuity property

|T(u ⊗ v)| ≤ g|u ⊗ v|HS m-a.e. in X.

w.r.t. a suitable Hilbert-Schmidt norm on the tensor products. The minimal (up to m-
negligible sets) g is denoted |T| and Lp tensor �elds correspond to tensor �elds satisy-
ing |T| ∈ Lp(X,m).
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In particular derivations correspond to (0, 1)-tensor �elds.We recall the following
facts and de�nitions:
(1) any choice of g0, . . . , gr+s ∈ W1,2(X, d,m) induces a product tensor �eld T acting
as follows

〈T,
r⊗
k=1
∇f k ⊗

r+s⊗
k=r+1

df k〉 = g0
r
Π
k=1

bf k (gk) ·
r+s
Π

k=r+1
bgk (f k)

and denoted g0⊗r
1 dg

k ⊗
⊗r+s

r+1∇g
k. Since derivations correspond to (0, 1)-tensor

�elds, we recover in particular the concept of gradient derivations.
(2) Denoting, as in [45], [29] (recall that D(∆) is de�ned as in (1.13))

TestF(X, d,m) :=
{
f ∈ Lipb(X) ∩ D(∆) : ∆f ∈ H1,2(X, d,m)

}
,

the space of �nite combinations of tensor products

STrs(X, d,m) :=


N∑
j=1

gj,0
r⊗
k=1

dgj,k ⊗
r+s⊗
k=r+1

∇gj,k : N ≥ 1, gj,i ∈ TestF(X, d,m)


is dense in Lp(Trs(X, d,m)) for p ∈ [1,∞). This is due to the fact that the very de�ni-
tion of tensor product involves a completion procedure of the class of �nite sums of
elementary products. Notice also that ht maps Lipb(X) into TestF(X, d,m) for all t > 0.
(3) If (X, d,m) is a RCD(K, ∞) space, the space W2,2(X, d,m) is de�ned in [29] to be
the space of all functions f ∈ H1,2(X, d,m) such that

2
∫
X

φHess(f )(dg ⊗ dh) = −
∫
X

〈∇f ,∇g〉div(φ∇h) dm −
∫
X

〈∇f ,∇h〉div(φ∇g) dm

−
∫
X

φ
〈
∇f ,∇〈∇g,∇h〉

〉
dm (1.67)

for φ, f , g ∈ TestF(X, d,m), with Hess(f ) a (0, 2) tensor �eld in L2. This is a Hilbert
space when endowed with the norm

‖f‖W2,2(X,d,m) :=
(
‖f‖2

H1,2(X,d,m) + ‖|Hess(f )|‖2
L2(X,m)

)1/2
.

It has been proved in [29, Corollary 3.3.9] that H1,2(X, d,m) ∩ D(∆) ⊂ W2,2(X, d,m),
with ∫

X

|Hess(f )|2 dm ≤
∫
X

(∆f )2 + K−|∇f |2 dm. (1.68)

Notice that (1.67) makes sense because of (1.23); on the other hand, as soon as f ∈
W2,2(X, d,m), by approximation the formula extends from φ ∈ TestF(X, d,m) to φ ∈
Lipb(X). In particular, in our convergence results we shall use the choice φ ∈ hQ+Abs,
where h is the semigroup relative to the limit metric measure structure. Also, arguing
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as in [29, Theorem 3.3.2(iv)], we immediately obtain that, given f ∈ H1,2(X, d,m), f ∈
W2,2(X, d,m) if and only if there is h ∈ L2(X,m) satisfying∣∣∣∣∑

k

(
−
∫
X

〈∇f ,∇gk〉div(φkψk∇hk) dm −
∫
X

〈∇f ,∇hk〉div(φkψk∇gk) dm

−
∫
X

φkψk
〈
∇f ,∇〈∇gk ,∇hk〉

〉)∣∣∣∣ ≤ ∫
X

h|
∑
k
φkψk∇gk ⊗∇hk|dm (1.69)

for any �nite collection of φk , ψk ∈ hQ+Abs, gk , hk ∈ TestF(X, d,m). In addition, the
smallest h up tom-negligible sets is precisely |Hess(f )|.

We shall also use the simpli�ed notation Hess(f )(g, h).

Remark 1.10.1. If we have �nitely many gk , hk ∈ H1,2(X, d,m) and gki , hki ∈
H1,2(X, d,mi) are strongly convergent to gk , hk in H1,2 and uniformly Lipschitz, then

|
∑
k
φk∇gki ⊗∇hki |i L2-strongly converge to |

∑
k
φk∇gk ⊗∇hk| (1.70)

for any choice of φk ∈ Cb(X). Indeed, we can use the identity

|
∑
k
φk∇gki ⊗∇hki |2i =

∑
k, l

φkφl〈∇gki ,∇gli〉i〈∇hki ,∇hli〉i

and Theorem 1.5.7(c) which provides the L1-strong convergence of 〈∇gki ,∇gli〉i to
〈∇gk ,∇gl〉; since these gradients are equibounded we can use Proposition 1.3.3(a) to
improve the convergence to L2 (actually any Lp, p < ∞) convergence, so that the prod-
ucts L1-strongly converge.

Let us consider the regularization of ht

hρ f :=
∞∫

0

ρ(s)hs f ds, (1.71)

with ρ ∈ C∞c ((0,∞)) convolution kernel and, when necessary, let us de�ne hiρ in an
analogous way. Since

∆hρ f = −
∞∫

0

ρ′(s)hs f ds if f ∈ L2(X,m), ∆hρ f =
∞∫

0

ρ(s)hs∆f ds if f ∈ D(∆),

(1.72)
it is immediately seen that hρ maps L2(X,m) into TestF(X, d,m) and retains many
properties of h, namely

sup |hρ f | ≤ sup |f |, Lip(hρ f ) ≤ eK
−τ Lip(f ), (1.73)
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(with τ = sup supp ρ) if f is bounded and/or Lipschitz, and∫
X

|∇hρ f |2 dm ≤
∫
X

|∇f |2 dm if f ∈ H1,2(X, d,m), (1.74)

∫
X

|∆hρ f |2 dm ≤
∫
X

|∆f |2 dm if f ∈ D(∆). (1.75)

Then, we de�ne

Test*F(X, d,m) :=
{
hρ
(
L2 ∩ L∞(X,m)

)
: ρ ∈ C∞c ((0,∞)) convolution kernel

}
⊂ TestF(X, d,m).

By letting ρ → δ0 it is immediately seen from (1.73), (1.74), (1.75) that the class
Test*F(X, d,m) is dense in TestF(X, d,m), namely for any f ∈ TestF(X, d,m) there
exist fn ∈ Test*F(X, d,m) strongly convergent in H1,2 to f , with sup |fn| ≤ sup |f |,
Lip(fn) ≤ Lip f , and ∆fn → ∆f strongly in H1,2.

In the next proposition we show a canonical approximation of test functions in
the class TestF(X, d,m) by test functions for the approximating metric measure struc-
tures. Notice that we do not know if condition (b) can be improved, getting strongH1,2

convergence of |∇fi|2i .

Proposition 1.10.2. Let f ∈ TestF(X, d,m). Then there exist fi ∈ Test*F(X, d,mi) with
‖fi‖L∞(X,mi) ≤ ‖f‖L∞(X,m) and supi Lip(fi) < ∞, such that fi and ∆i fi strongly converge to
f and ∆f in H1,2, respectively. Moreover, these properties yield:
(a) |∇fi|2i L1-strongly and L2

loc-strongly converge to |∇f |2;
(b) |∇fi|2i weakly converge to |∇f |2 in H1,2.

Proof. Let us assume �rst that f = hρg for some g ∈ L2 ∩ L∞(X,m) and some con-
volution kernel ρ. We de�ne fi as hiρgi, with gi L2-strongly convergent to g, with
‖gi‖L∞(X,mi) ≤ ‖g‖L∞(X,m). It is clear from the construction that ‖fi‖L∞(X,mi) ≤ ‖f‖L∞(X,m)
and that supi Lip(fi) < ∞. From (1.14) and (1.15), together with the �rst formula in (1.72)
(applied to hiρ), we obtain that both fi and ∆i fi are bounded in H1,2, and their strong
convergence is a direct consequence of Corollary 1.5.5(b) and of (1.72) again.

The weak convergence in H1,2 of |∇fi|2i to |∇f |2 follows by the apriori estimates
(1.22) and (1.23), that ensure the uniform bounds in H1,2, and by Theorem 1.5.7(c) that
identi�es the L1-strong limit (and therefore theweakH1,2 limit) as |∇f |2. Theorem1.7.4
provides the relative compactness in L2

loc of |∇fi|2i and then proves L2
loc-convergence

of |∇fi|2i to |∇f |2 as well.
When f ∈ TestF(X, d,m) we apply the previous approximation procedure to hρ f

and then we make a diagonal argument, letting ρ → δ0, noticing that the �rst iden-
tity in (1.72) grants the strong convergence in H1,2 of ∆ihiρ fi to ∆hρ f , while the second
identity in (1.72) grants

‖∆hρ f‖L2(X,m) ≤ ‖∆f‖L2(X,m), ‖∇∆hρ f‖L2(X,m) ≤ ∇∆f‖L2(X,m).
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Theorem 1.10.3 (Stability ofW2,2 regularity and weak convergence of Hessians). Let
fi ∈ W2,2(X, d,mi) with supi ‖fi‖W2,2(X,d,mi) < ∞, and assume that fi strongly converge
in H1,2 to f ∈ H1,2(X, d,m).
Then f ∈ W2,2(X, d,m) and Hessi(fi) L2-weakly converge to Hess(f ) in the following
sense: whenever gi ∈ H1,2(X, d,mi) are uniformly Lipschitz and strongly converge in
H1,2 to g ∈ H1,2(X, d,m),

Hessi(fi)(gi , gi) L2-weakly converge to Hess(f )(g, g).

In addition, |Hess(f )| ≤ H m-a.e. for any L2-weak limit point H of |Hessi(fi)|, and in
particular ∫

X

|Hess(f )|2 dm ≤ lim inf
i→∞

∫
X

|Hessi(fi)|2 dmi . (1.76)

Proof. Let g ∈ TestF(X, d,m) and let H be a L2-weak limit point of |Hessi(fi)|. Let
(gi) be provided by Proposition 1.10.2. We will �rst prove convergence of the Hessians
under this stronger convergence assumption on gi.

In order to identify the L2-weak limit of Hess(fi)(gi , gi) we want to take the limit
as i → ∞ in the expression

−2
∫
X

〈∇fi ,∇gi〉i div(φ∇gi) dmi −
∫
X

φ〈∇fi ,∇|∇gi|2i 〉i dmi

with φ ∈ hQ+Abs. Let us analyze the �rst term. Since div(φ∇gi) = φ∆igi + 〈∇gi ,∇φ〉,
this term L2-strongly converges to div(φ∇g) = φ∆g+ 〈∇g,∇φ〉. On the other hand, by
Theorem 1.5.7(b), the term 〈∇fi ,∇gi〉i L2-weakly converges to 〈∇f ,∇g〉. This proves
the convergence of the �rst term.

Let us analyze the second term. Since Proposition 1.10.2(b) shows that |∇gi|2i
weakly converge in H1,2 to |∇g|2, we can apply Theorem 1.5.7(b) again to obtain the
convergence of

∫
X φ〈∇fi ,∇|∇gi|

2
i 〉i dmi to

∫
X φ〈∇f ,∇|∇g|

2〉dm.
This completes the proof under the additional assumption on gi. In the general

case it is su�cient to apply the already proved convergence result to hiρgi, with ρ con-
volution kernel with support in (0,∞), noticing the uniform Lipschitz bound on gi
yields ∫

X

|Hess(fi)(gi , gi) − Hess(fi)(hiρgi , hiρgi)|dmi

≤
∫
X

|Hess(fi)||∇gi ⊗∇gi −∇hiρgi ⊗∇hiρgi|dmi

≤ C
∫
X

|Hess(fi)||∇gi −∇hiρgi|i dmi
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and that the strong H1,2 convergence of hiρgi to hρg yields

lim
ρ→δ0

lim sup
i→∞

∫
X

|∇gi −∇hiρgi|2i dmi = 0.

The inequality |Hess(f )| ≤ H can be proved as follows. We start from the observa-
tion that, by bilinearity,

−
∫
X

〈∇fi ,∇gi〉i div(φψ∇hi) dmi −
∫
X

〈∇fi ,∇hi〉i div(φψ∇gi) dmi−

+
∫
X

φψ
〈
∇fi ,∇〈∇gi ,∇hi〉i

〉
i dmi

converges to

−
∫
X

〈∇f ,∇g〉div(φψ∇h) dm−
∫
X

〈∇f ,∇h〉div(φψ∇g) dm−
∫
X

φψ
〈
∇f ,∇〈∇g,∇h〉

〉
dm

for any φ, ψ ∈ hQ+Abs whenever gi , hi ∈ TestF(X, d,mi) are uniformly Lipschitz and
strongly converge in H1,2 to g, h ∈ TestF(X, d,m) respectively. This, taking also Re-
mark 1.10.1 into account, enables to take the limit in (1.69) written for fi, to get∣∣∣∣∑

k

(
−
∫
X

〈∇f ,∇gk〉div(φkψk∇hk) dm −
∫
X

〈∇f ,∇hk〉div(φkψk∇gk) dm

−
∫
X

φkψk
〈
∇f ,∇〈∇gk ,∇hk〉

〉)∣∣∣∣ ≤ ∫
X

H|
∑
k
φkψk∇gk ⊗∇hk|dm

for any �nite collection of φk , ψk ∈ hQ+Abs, gk , hk ∈ TestF(X, d,m). This proves that
|Hess(f )| ≤ H m-a.e. in X.

In the next corollary we use the bounds on laplacians of fi to obtain at the same time
strong convergence in H1,2 and the uniform bound inW2,2, so that the conclusions of
Theorem 1.10.3 apply.

Corollary 1.10.4 (Weak stability of Hessians under Laplacian bounds). Let fi ∈ D(∆i)
with

sup
i

(‖fi‖L2(X,mi) + ‖∆i fi‖L2(X,mi)) < ∞

and assume that fi L2-strongly converge to f . Then f ∈ D(∆) and
(i) fi strongly converge to f in H1,2;
(ii) ∆i fi L2-weakly converge to ∆f ;
(iii) the Hessians of fi are weakly convergent to the Hessian of f as in Theorem 1.10.3.

Proof. Statements (i) and (ii) follows by Corollary 1.5.5(a), while statement (iii) is a
consequence of Theorem 1.10.3 and of (1.68).
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In the �nal part of his work [29], motivated also by the measure-valued Γ2 operator
introduced in [45], Gigli introduced a weak Ricci tensor Ric. It is a sort of measure-
valued (0, 2)-tensor,whose action ongradients of functions f ∈ TestF(X, d,m) is given
by

Ric(∇f ,∇f ) := ∆1
2 |∇f |

2 − |Hess(f )|2m − 〈∇f ,∇∆f 〉m, (1.77)

where the potentially singular part w.r.t.m comes from the distributional laplacian ∆.
The measure de�ned in (1.77) is bounded from below by K|∇f |2m and it is a capaci-
tary measure, namely it vanishes on sets with null capacity (w.r.t. the Dirichlet form
associated to Ch); hence, its duality with functions in H1,2(X, d,m) is well de�ned.

Actually,Ric can be de�ned as a bilinear form on a larger class H1,2
H (T(X, d,m)) of

vector �elds, weakly di�erentiable in a suitable sense, which includes gradient vector
�elds of functions in TestF(X, d,m); on the other hand, using the linearity property
of Proposition 3.6.9 in [29], as well as the continuity property (3.6.13) of Theorem 3.6.7,
one can prove that (1.79) holds if Ric(v, v) ≥ ζ |v|2 for all v ∈ H1,2

H (T(X, d,m)). For this
reason we con�ne ourselves to the smaller class of vector �elds.

Using the tools developed so far we are able to prove a kind of upper semiconti-
nuity, in the measure-valued sense, for Ric under measured Gromov-Hausdor� con-
vergence.

Theorem 1.10.5 (Upper semicontinuity of Ricci curvature). Assume that (X, d,mi)
are RCD(Ki , ∞) spaces satisfying

Rici(∇f ,∇f ) ≥ ζ |∇f |2i ∀f ∈ TestF(X, d,mi) (1.78)

for some ζ ∈ C(X) with ζ − bounded. Then

Ric(∇f ,∇f ) ≥ ζ |∇f |2 ∀f ∈ TestF(X, d,m). (1.79)

Proof. Setting K = sup ζ −, from (1.78) and from the characterization of RCD(K, ∞)
spaces based on Bochner’s inequality in [8] we obtain that (X, d,mi) are RCD(K, ∞)
spaces. By a truncation argument, it is not restrictive to assume that ζ ∈ Cb(X). As-
sume that f ∈ TestF(X, d,m) and let fi ∈ TestF(X, d,mi) be strongly convergent in
H1,2 to f , with supi(supX |fi| + Lip(fi)) < ∞, ∆i fi strongly convergent to ∆f in H1,2 and
|∇fi|2i weakly convergent in H1,2 to |∇f |2. "The existence of a sequence (fi) with these
properties is granted by Proposition 1.10.2.

We want to take the limit as i → ∞ in the integral formulation

−1
2

∫
X

〈∇φi ,∇|∇fi|2i 〉i dmi −
∫
X

φi|Hess(fi)|2i dmi −
∫
X

φi〈∇fi ,∇∆i fi〉i dmi

≥
∫
X

ζφi|∇fi|2i dmi (1.80)

of (1.78), with φi ∈ H1,2(X, d,mi) bounded and nonnegative, thus getting the integral
formulation of (1.79). To this aim, for φ ∈ H1,2(X, d,m), let φi be uniformly bounded,
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nonnegative and strongly convergent in H1,2 to φ. First of all, since |∇fi|2i L1-strongly
converge to |∇f |2, the right hand sides converge to

∫
X ζφ|∇f |

2 dm. Also the conver-
gence of the third term in the left hand side to

∫
X φ〈∇f ,∇∆f 〉dm is ensured by The-

orem 1.5.7(b). To handle the �rst term, we just use (1.26). Finally, in connection with
the Hessians, possibly extracting a subsequence we obtain a L2-weak limit point H of
|Hessi(fi)|, with H ≥ |Hess(f )|m-a.e. in X.

Summing up, taking the limit as i → ∞ in (1.80) one obtains the inequality

−1
2

∫
X

〈∇φ,∇|∇f |2〉dm −
∫
X

φH2 dm −
∫
X

φ〈∇f ,∇∆f 〉dm ≥
∫
X

ζφ|∇f |2 dm.

Using the inequality H ≥ |Hess(f )|m-a.e. in X we conclude the proof.

Remark 1.10.6. For any r ∈ (0, 1), it is easy to construct a sequence (gri ) of Rieman-
nian metrics on S2 with sectional curvature bounded below by 1 such that (S2, gri ) →
[0, π] ×sin S1(r) in the Gromov-Hausdor� sense, where S1(r) := {x ∈ R2; |x| = r} (the
limit space is an Alexandrov space of curvature ≥ 1). Note that [0, π] ×sin S1(r) → [0, π]
as r → 0 in the Gromov-Hausdor� sense, and that

H2(Bs(x0))
H2([0, π] ×sin S1(r)) = H2(Bs(xπ))

H2([0, π] ×sin S1(r)) = 1
2

s∫
0

sin t dt

for any s ∈ [0, π], where x0 = (0, *) and xπ = (π, *). Thus, by a diagonal argument,
there exist Riemannian metrics (gi) on S2 (in fact gi := grii for some ri → 0) with sec-
tional curvature bounded below by 1 such that (S2, gi ,H2/H2(S2)) → ([0, π], g, υ) in
the measured Gromov-Hausdor� sense, where g is the Euclidean metric and υ is the
Borel probability measure on [0, π] de�ned by

υ([r, s]) = 1
2

s∫
r

sin t dt

for any r, s ∈ [0, π] with r ≤ s. Let us consider eigenfunctions fi ∈ C∞(S2) of the �rst
positive eigenvalues of ∆i with ‖fi‖L2(S2 ,mi) = 1, where mi = H2/H2(S2) w.r.t. gi. Then,
by [24] we can assume with no loss of generality that fi strongly converge to f in H1,2,
with f eigenfunction of the �rst positive eigenvalue of ∆. It is known that ∆f = 2f and
that limi ‖|Hessi(fi) + figi|‖L2(X,mi) = 0. Moreover we can prove that f (t) = 3 cos t. Note
that these observations correspond to the Bonnet-Mayers theorem and the rigidity on
singular spaces. See [23, 24] for the proofs.

In particular limi ‖|Hessi(fi)|‖L2(S2 ,mi) = 2 limi ‖fi‖L2(S2 ,mi) = 2. On the other hand,
it was proven in [35] that gi L2-weakly converge to g on [0, π]. Thus Hess(f ) + fg = 0 in
L2. In particular ‖|Hess(f )|‖L2([0,π],υ) = ‖f‖L2([0,π],υ) = 1. Thus these facts give

lim
i→∞

Rici(∇fi ,∇fi)(S2, gi ,mi) < Ric(∇f ,∇f )([0, π], g, υ),
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i.e. the Ricci curvatures are strictly increasing even in the case when fi , |∇fi|2i , ∆i fi are
uniformly bounded, and strongly converge to f , |∇f |2, ∆f in H1,2, respectively. In this
respect, Theorem 1.10.5 might be sharp. Moreover this example also tells us that, in gen-
eral, the condition that ∆i fi L2-strongly converge to ∆f does not imply that |Hessi(fi)|
L2-strongly converge to |Hess(f )|.

Remark 1.10.7. With a very similar argument one can prove stability of the BE(K, N)
condition

1
2∆|∇f |

2 ≥ 〈∇f ,∇∆f 〉 + (∆f )2

N + K|∇f |2,

with K : X → (−∞, +∞] lower semicontinuous and bounded from below, N : X → (0,∞]
upper semicontinuous. Notice that the strategy of passing to an integral formulation,
adopted in [8, Theorem 5.8], seems to work only when K and N are constant.

1.11 Dimensional stability results

In this section only we state results that depend on the assumption N < ∞. We re-
call that the de�nition of RCD*(K, N) space has been proposed in [28] and deeply in-
vestigated and characterized in various ways in [27] (via the so-called Entropy power
functional, a dimensional modi�cation of Shannon’s logarithmic entropy) and in [12]
(via nonlinear di�usion semigroups induced by Rényi’s N-entropy), see also [8] in
connection with the stability point of view. Starting from RCD(K, ∞), the conditions
RCD*(K, N) amount to the following reinforcement of Bochner’s inequality

∆1
2 |∇f |

2 ≥ 1
N (∆f )2m + 〈∇f ,∇∆f 〉m + K|∇f |2m (1.81)

in the class TestF(X, d,m).

Proposition 1.11.1. There exist positive and �nite constants Ci(α, N), i = 1, 2, such that
for any RCD*(K, N)-space (Y , d,m) with suppm = Y,m(Y) = 1 and �nite diameter one
has

0 < C1(K(diam Y)2, N) ≤ diam Y
(
λ1,p(Y , d,m)

)1/p ≤ C2(K(diam Y)2, N) < ∞ (1.82)

for any p ∈ [1,∞].

Proof. Since the rescaled metric measure space(
Y , (diam Y)−1d,m

)
is an RCD*(K(diam Y)2, N)-space, and

λ1,p
(
Y , (diam Y)−1d,m

)
= (diam Y)p λ1,p(Y , d,m),
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it su�ces to check (1.82) under diam Y = 1.
Let M(K, N) be the set of all isometry classes of RCD*(K, N) spaces (Y , d,m) sat-

isfying suppm = Y, diam Y = 1 and m(Y) = 1. It is known that this set is sequentially
compact w.r.t. the measured Gromov-Hausdor� convergence by [8, 27]. We consider
the function F onM(K, N) × [1,∞] de�ned by

F
(

(Y , d,m), p
)

:=
(
λ1,p(Y , d,m)

)1/p .

Hence, Theorem 1.9.4 and Theorem 1.9.6 yield that F is continuous. In particular the
maximum and the minimum exist. Moreover, by the de�nition of RCD*(K, N) space
depend only on the parameters N and K. This shows (1.82).

Remark 1.11.2. The �niteness of N in Proposition 1.11.1 is essential, i.e. the estimate
C1(KR2) ≤ diam Y

(
λ1,p(Y , d,m)

)1/p ≤ C2(KR2) does not hold for RCD(K, ∞)-spaces.
Indeed, the standard n-dimensional unit sphere with the standard probability measure
(Sn , dn ,mn) satis�es

lim
n→∞

λ1,2(Sn , dn ,mn) = ∞.

For any N ∈ (1,∞) and any p ∈ [1,∞] let us denote (λN1,p)1/p the in�mum of (λ1,p)1/p

in the set M(N) of all isometry classes of RCD*(N − 1, N) probability spaces. For
p = 2 the sharp Poincaré inequality for CD*(N − 1, N)-spaces given in [48] by Sturm
yields (λN1,2)1/2 = N1/2 which coincides with (λ1,2(SN , d,mN))1/2 if N is an integer.
The Bonnet-Meyers theorem for CD*(N − 1, N)-spaces given in [48] by Sturm gives
(λN1,∞)1/∞ = 2/π which also coincides with (λ1,∞(SN , d,mN))1/∞ if N is an integer.

The following rigidity theorem is proven by Ketterer in [37, 38].

Theorem 1.11.3. For any p ∈ {2,∞}, any N ∈ (1,∞), and any RCD*(N − 1, N)-space
(Y , d,m) with suppm = Y, the equality(

λ1,p(Y , d,m)
)1/p =

(
λN1,p

)1/p

holds if and only if (Y , d,m) is isometric to the spherical suspension of an RCD*(N −
2, N − 1)-space.

Furthermore for any p ∈ {2,∞}, any N ∈ (1,∞), and any ϵ > 0 there exists δ :=
δ(p, N, ϵ) > 0 such that if an RCD*(N − 1, N)-space (Y , d,m) satis�es suppm = Y and∣∣∣(λ1,p(Y , d,m)

)1/p −
(
λN1,p

)1/p
∣∣∣ < δ,

then ∣∣∣(λ1,q(Y , d,m)
)1/q −

(
λN1,q

)1/q
∣∣∣ < ϵ,

for any q ∈ {2,∞} and there exists an RCD*(N − 2, N − 1)-space (Z, ρ, ν) such that

dGH
(

(Y , d,m), ([0, π] ×N−1
sin (Z, ρ, ν))

)
< ϵ.
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The following theorem is proven by Cavalletti-Mondino in [18, 19].

Theorem 1.11.4. We have the following.
(i) For any p ∈ [1,∞) and N ∈ N≥2, we have (λN1,p)1/p = (λ1,p(SN , dN ,mN))1/p.
(ii) For any p ∈ [1,∞), any N ∈ (1,∞) and any RCD*(N − 1, N)-space (Y , d,m) with

suppm = Y, if the equality(
λ1,p(Y , d,m)

)1/p =
(
λN1,p

)1/p .

holds, then (Y , d,m) is isometric to the spherical suspension of an RCD*(N −2, N −
1)-space.
Furthermore for any p ∈ [1,∞), any N ∈ (1,∞), and any ϵ > 0 there exists δ :=
δ(p, N, ϵ) > 0 such that if an RCD*(N − 1, N)-space (Y , d,m) satis�es suppm = Y
and ∣∣∣(λ1,p(Y , d,m)

)1/p −
(
λN1,p

)1/p
∣∣∣ < δ,

then
∣∣diam (Y , d) − π

∣∣ < ϵ.
Wenowgive amodelmetricmeasure spacewhose (λ1,p)1/p attains (λN1,p)1/p for general
N.

Proposition 1.11.5. For any N ∈ (1,∞), let ([0, π], d, υN) with d equal to the Euclidean
distance and

υN(A) := 1∫ π
0 sinN−1 t dt

∫
A

sinN−1 t dt.

Then ([0, π], d, υN) is an RCD*(N − 1, N)-space with(
λ1,p([0, π], d, υN)

)1/p = (λN1,p)1/p ∀p ∈ [1,∞].

Proof. By [19, Theorem 1.4], for any p ∈ [1,∞], (λN1,p)1/p coincides with the in�mum
in the smaller class

inf
{
λ1,p([0, π], d,m); ([0, π], d,m) ∈M(N)

}
. (1.83)

By Theorem 1.9.4 and the sequencial compactness ofM(N), there exists a Borel proba-
bilitymeasuremp on [0, π] such that (λ1,p([0, π], d,mp))1/p = (λN1,p)1/p. Then themax-
imal diameter theorem and p-Obata theorem for general N ∈ (1,∞) yield mp = υN .
This completes the proof.

As a corollary of Theorem 1.9.4 and Theorem 1.9.6, we have a generalization of Theo-
rem 1.11.3 and Theorem 1.11.4 as follows. It is worth pointing out that this is new even
in the class of smooth metric measure spaces, and shows that the parameter δ in The-
orem 1.11.4 can be chosen independently of p:
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Corollary 1.11.6. For any N ∈ (1,∞) and any ϵ > 0 there exists δ := δ(N, ϵ) > 0 such
that if an RCD*(N − 1, N) space (X, d,m) satis�es suppm = X,m(X) = 1 and∣∣∣(λ1,p(X, d,m)

)1/p −
(
λN1,p

)1/p
∣∣∣ < δ

for some p ∈ [1,∞], then ∣∣∣(λ1,q(X, d,m)
)1/q −

(
λN1,q

)1/q
∣∣∣ < ϵ

for all q ∈ [1,∞].

Proof. We �rst prove that if an RCD*(N − 1, N)-space (Y , d,m) satis�es suppm = Y
and diam (Y , d) = π, then (λ1,p(Y , d,m))1/p = (λN1,p)1/p for any p ∈ [1,∞).

By Theorem 1.11.3, there exists an RCD*(N − 2, N − 1)-space (Z, ρ, ν) such that
(Y , d,m) is isometric to ([0, π] ×N−1

sin (Z, ρ, ν)) and, from now on, we make this identi-
�cation. Note that for any f ∈ L1([0, π], υN) the function f0(y) := f (t) for y = (t, z) is
in L1(Y , d,m), and satis�es cp(f0) = cp(f ), ‖f0‖Lp = ‖f‖Lp for any f ∈ Lp([0, π], υN). In
addition ∫

Y

f0 dm =
π∫

0

f dυN . (1.84)

Let g ∈ Lip([0, π], d) with cp(g) = ‖g‖Lp = 1 (w.r.t. υN). Using the agreement of min-
imal relaxed slope with local Lipschitz constant in metric measure spaces satisfying
the doubling and (1, p)-Poincaré condition (�rst proved in [22], see also [1]), it is easy
to check that |∇g0|(t, z) = |∇g|(t) for any t ∈ (0, π), any z ∈ Z. Applying (1.84) for
f = |∇g|p yields

λ1,p(Y , d,m) ≤
∫
Y

|∇g0|p dm =
π∫

0

|∇g|p dυN .

Taking the in�mum for g with Proposition 1.11.5 yields

(λ1,p(Y , d,m))1/p = (λ1,p([0, π], d, υN))1/p = (λN1,p)1/p

because cp(g0) = ‖g0‖Lp = 1.
We are now in a position to �nish the proof of Corollary 1.11.6. The proof is done

by contradiction via a standard compactness argument. Assume that the assertion is
false. Then there exist ϵ > 0, pi ∈ [1,∞], qi ∈ [1,∞] and RCD*(N − 1, N)-spaces
(Xi , di ,mi) with suppmi = Xi andmi(Xi) = 1 such that

lim
i→∞

∣∣∣(λ1,pi (Xi , di ,mi)
)1/pi −

(
λN1,pi

)1/pi
∣∣∣ = 0

and ∣∣∣(λ1,qi (Xi , di ,mi)
)1/qi −

(
λN1,qi

)1/qi
∣∣∣ ≥ ϵ.



New stability results for sequences of metric measure spaces | 49

By the sequential compactness of M(N), without loss of generality we can assume
(after embedding isometrically (Xi , di) into a commonmetric space (X, d)), thatXi = X,
di = d and that themeasured Gromov-Hausdor� limit (X, d,m) of the spaces (X, d,mi)
exists, and is an RCD*(N − 1, N)-space. We assume also that the limits p, q ∈ [1,∞]
of pi , qi exist. Then Theorem 1.9.4 and Theorem 1.9.6 yield that(

λ1,p(X, d,m)
)1/p =

(
λN1,p

)1/p

and that (
λ1,q(X, d,m)

)1/q =6
(
λN1,q

)1/q .

This contradicts Theorem 1.11.4 with the argument above.

Bibliography

[1] L. Ambrosio, M. Colombo, S. Di Marino: Sobolev spaces in metric measure spaces: reflexivity
and lower semicontinuity of slope. Advanced Studies in Pure Mathematics, 67 (2015), 1–58.

[2] L. Ambrosio, G. Crippa: Continuity equations and ODE flows with non-smooth velocity. Proc.
Roy. Soc. Edinburgh Sect. A 144 (2014), 1191–1244.

[3] L. Ambrosio, S. DiMarino: Equivalent de�nitions of BV space and of total variation on metric
measure spaces. Journal of Functional Analysis, 266 (2014), 4150–4188.

[4] L. Ambrosio, S. DiMarino, N. Gigli: Perimeter as relaxed Minkowski content in metric measure
spaces. ArXiv preprint, 1603.08412.

[5] L. Ambrosio, N. Gigli, G. Savaré: Gradient flows in metric spaces and in the space of probabil-
ity measures, Lectures in Mathematics, ETH Zürich, Birkhäuser (2008).

[6] L. Ambrosio, N. Gigli, G. Savaré: Calculus and heat flow in metric measure spaces and ap-
plications to spaces with Ricci bounds from below, Inventiones Mathematicae, 195 (2014),
289–391.

[7] L. Ambrosio, N. Gigli, G. Savaré: Metric measure spaces with Riemannian Ricci curvature
bounded from below, Duke Math. J. 163 (2014), 1405–1490.

[8] L. Ambrosio, N. Gigli, G. Savaré: Bakry-Émery curvature-dimension condition and Riemannian
Ricci curvature bounds, Annals of Probability, 43 (2015), 339–404.

[9] L. Ambrosio, N. Gigli, A. Mondino, T. Rajala: Riemannian Ricci curvature lower bounds in metric
measure spaces with σ-�nite measure. Transactions of the AMS, 367 (2015), 4661–4701.

[10] L. Ambrosio, B. Kirchheim: Currents in metric spaces, Acta Math. 185 (2000), 1–80.
[11] L. Ambrosio, A. Mondino, G. Savaré: On the Bakry-Émery condition, the gradient estimates

and the Local-to-Global property of RCD*(K , N) metric measure spaces. Journal of Geometric
Analysis, 26 (2016), 24–56.

[12] L. Ambrosio, A. Mondino, G. Savaré: Nonlinear di�usion equations and curvature conditions in
metric measure spaces. ArXiv preprint 1509.07273.

[13] L. Ambrosio, A. Mondino: Gaussian-type isoperimetric inequalities in RCD(K , ∞) probability
spaces for positive K. Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 27 (2016), 497–514.

[14] L. Ambrosio, F. Stra, D. Trevisan: Weak and strong convergence of derivations and stability of
flows with respect to MGH convergence. ArXiv preprint 1603.05561.

[15] L. Ambrosio, D. Trevisan: Well posedness of Lagrangian flows and continuity equations in
metric measure spaces, Analysis and PDE 7 (2014), 1179–1234.



50 | Luigi Ambrosio and Shouhei Honda

[16] D. Bakry, I. Gentil, M. Ledoux: Analysis and Geometry of Markov Di�usion operators.
Grundlehren der mathematisches Wissenschaften 348, Springer, 2014

[17] H. Brezis: Opérateurs maximaux monotones et semi-groupes de contractions dans les espaces
de Hilbert. North-Holland Publishing Co., 1973.

[18] F. Cavalletti, A. Mondino: Sharp and rigid isoperimetric inequalities in metric-measure spaces
with lower Ricci curvature bounds, ArXiv preprint 1502.06465.

[19] F. Cavalletti, A. Mondino: Sharp geometric and functional inequalities in metric measure
spaces with lower Ricci curvature bounds, ArXiv preprint 1505.02061.

[20] F. Cavalletti, A. Mondino: Isoperimetric inequalities for �nite perimeter sets in metric-measure
spaces with lower Ricci curvature bounds. In progress.

[21] I. Chavel: Isoperimetric inequalities, Cambridge Tracts in Math. 145, Cambridge Univ. Press,
Cambridge, U.K. (2001).

[22] J. Cheeger: Di�erentiability of Lipschitz functions on metric measure spaces. Geom. Funct.
Anal., 9 (1999), 428–517.

[23] J. Cheeger, T. H. Colding: Lower bounds on Ricci curvature and the almost rigidity of warped
products, Ann. of Math., 144 (1996), 189–237.

[24] J. Cheeger, T. H. Colding: On the structure of spaces with Ricci curvature bounded below, III, J.
Di�erential Geom. 54 (2000), 37–74.

[25] J. Cheeger, B. Kleiner, A. Schioppa: In�nitesimal structure of di�erentiability spaces, and met-
ric di�erentiation. ArXiv preprint 1503.07348.

[26] S. Di Marino, S., G. Speight: The p-weak gradient depends on p, Proc. Amer. Math. Soc. 143
(2015), 5239–5252.

[27] M. Erbar, K. Kuwada, K.-T. Sturm: On the equivalence of the entropic curvature-dimension
condition and Bochner’s inequality on metric measure spaces, Invent. Math., 201 (2015), 993–
1071.

[28] N. Gigli: On the di�erential structure of metric measure spaces and applications. Mem. Am.
Math. Soc., 236 (2015), no. 1113.

[29] N. Gigli: Nonsmooth di�erential geometry – An approach tailored for spaces with Ricci curva-
ture bounded from below. ArXiv preprint 1407.0809. To appear on Mem. Am. Math. Soc.

[30] N. Gigli, B. Han: Independence on p of weak upper gradients on RCD spaces. ArXiv preprint
1407.7350.

[31] N. Gigli, A. Mondino, G. Savaré: Convergence of pointed non-compact metric measure spaces
and stability of Ricci curvature bounds and heat flows. Proceedings of the London Mathemati-
cal Society, 111 (2015), 1071–1129.

[32] M. Gromov: Metric structures for Riemannian and non-Riemannian spaces. Modern Birkhäuser
Classics, Birkhäuser, Boston, MA, english ed., 2007.

[33] S. Honda: Cheeger constant, p-Laplacian and Gromov-Hausdor� convergence,
arXiv:1310.0304v3.

[34] S. Honda: Elliptic PDEs on compact Ricci limit spaces and applications. arXiv:1410.3296v5, To
appear in Memoirs of the AMS.

[35] S. Honda: Ricci curvature and Lp-convergence. J. Reine Angew Math., 705 (2015), 85–154.
[36] S. Keith: A di�erentiable structure for metric measure spaces. Adv. Math., 183 (2004), 271–

315.
[37] C. Ketterer: Cones over metric measure spaces and the maximal diameter theorem, J. Math.

Pures Appl. (9) 103 (2015), 1228–1275.
[38] C. Ketterer: Obata’s rigidity theorem for metric measure spaces, Anal. Geom. Metr. Spaces, 3

(2015), 278–295.
[39] C. Ketterer: On the geometry of metric measure spaces with variable curvature bounds. ArXiv

preprint, 1506.03279.



New stability results for sequences of metric measure spaces | 51

[40] S. Lisini: Characterization of absolutely continuous curves in Wasserstein spaces. Calc. Var.
Partial Di�erential Equations, 28 (2007), 85–120.

[41] J. Lott, C. Villani: Ricci curvature for metric-measure spaces via optimal transport, Ann. of
Math., 169 (2009), 903–991.

[42] E. Milman: On the role of convexity in isoperimetry, spectral gap and concentration, Invent.
Math., 177 (2009), 1–43.

[43] M. Miranda: Functions of bounded variation on “good” metric spaces. J. Math. Pures Appl., 82
(2003), 975–1004.

[44] A. Petrunin: Alexandrov meets Lott-Villani-Sturm, Münster J. Math., 4 (2011), 53–64.
[45] G. Savaré: Self-improvement of the Bakry-Émery condition and Wasserstein contraction of the

heat flow in RCD(K , ∞) metric measure spaces. Discrete Contin. Dyn. Syst., 34 (2014), 1641–
1661.

[46] N. Shanmugalingam: Newtonian spaces: an extension of Sobolev spaces to metric measure
spaces, Rev. Mat. Iberoamericana, 16 (2000), 243–279.

[47] T. Shioya: Metric measure geometry – Gromov’s theory of convergence and concentration of
metrics and measures. IRMA Lectures in Mathematics and Theoretical Physics of the European
Mathematical Society, Vol. 25, (2016).

[48] K.-T. Sturm: On the geometry of metric measure spaces, I and II. Acta Math. 196 (2006), 65–131
and 133–177.

[49] M. Valadier: Young measures. Springer, 1990.
[50] L. Veron: Some Existence and Uniqueness Results for Solution of Some Quasilinear Elliptic

Equations on Compact Riemannian Manifolds, Colloquia Mathematica Societatis János Bolyai,
62, P.D.E., Budapest (1991), 317–352.

[51] C. Villani, Optimal transport. Old and new, vol. 338 of Grundlehren der Mathematischen Wis-
senschaften, Springer-Verlag, Berlin, 2009.

[52] N. Weaver: Lipschitz algebras and derivations. II. Exterior di�erentiation, J. Funct. Anal., 178
(2000), 64–112.

[53] J.-Y. Wu, E.-M. Wang, and Y. Zheng: First eigenvalue of the p-Laplace operator along the Ricci
flow, Ann. Global Anal. Geom. 38 (2010), 27–55.



Vladimir I. Bogachev
Surface measures in in�nite-dimensional
spaces

2.1 Introduction

There are three main constructions of surface measures in Rn with the standard
Lebesgue measure. The most general one is based on the Hausdor� measure Hn−1 of
dimension n − 1, which is a special case of the p-dimensional Hausdor� measure Hp

with 0 ≤ p ≤ n. Its role of a “surface measure” is explained by the following two fac-
tors: one, typical sets of �nite positive Hn−1-measure are surfaces of dimension n − 1,
and two, this measure coincides with other natural candidates in cases where com-
parisons are possible (in particular, it coincides with the usual Lebesgue measure on
hyperplanes). For reasonable sets, this surface measure can be obtained as a limit of
normalized volumes of metric ε-neighborhoods of these sets. There is a much older
construction that is closer to the intuitive understanding of what a surface measure
must be: it is a natural measure on a regular surface S ⊂ Rn, say, on the graph of
a smooth function f on Rn−1. This means that this surface measure arises as a limit
of �at measures on small pieces of tangent hyperplanes approximating the given sur-
face. Finally, one more construction deals with surfaces that are level sets of regular
functions and de�nes the surface measure of the set {F = t} as a certain limit of suit-
ably normalized volumes of “neighborhoods” {t − ε ≤ F ≤ t + ε}. Locally, if∇F =6 0 on
the level set, this construction coincideswith the previous one;moreover, all the three
constructions coincide in this case. However, in general, a set of �nite positive Hn−1-
measure need not be located on a surface (neither a graph nor a level set); certainly,
a level set need not be a graph even locally.

When discussing surfacemeasures in in�nite-dimensional spaces, it is customary
to recall that there are no exact analogs of Lebesgue measures in in�nite-dimensions.
This is indeed but not a major problem: there are exact in�nite-dimensional analogs
of other importantmeasures onRn, for example, Gaussian, and the local theory of sur-
face measures associated with the standard Gaussian measure on Rn does not di�er
much from the classical construction. Apparently, the principal di�culty in construct-
ing surface measures in in�nite dimensions is that such measures are related to some
intrinsic geometry of the measure but not of the space. In other words, it seems that
in many cases there is no natural canonical geometry on the space determining sur-
face measures. For example, we shall see below that the countable power R∞ of the
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real line equippedwith the countable power of the standard Gaussianmeasure carries
surface measures associated with Sobolev smooth functions; however, these surface
measures have nothing to do with the standard metric on the space R∞ (making it a
Polish space); moreover, the measure can be restricted to many (continuum of incom-
parable) weighted Hilbert spaces inR∞ of full measure and the surface measures will
be unchanged.

Surface measures on general spaces have become a popular subject of study in
recent years due to development of the Malliavin calculus, geometric measure the-
ory in metric measure spaces, and in�nite-dimensional stochastic analysis, see [1],
[2], [3], [4], [5], [6], [7], [8], [13], [15], [20], [21], [22], [24], [25], [26], [29], [37], [43],
[44], [62] and [63], where one can �nd discussions of diverse problems explicitly
or implicitly connected with surface measures in in�nite dimensions. In the Gaus-
sian case, surface measures related to Gaussian volume measures by versions of the
Gauss–Ostrogradskii formula were considered in the 1960–70s by a number of au-
thors, see, e.g., [69], [66], [67], [39], and [47]. Actually, Skorohod [66], [67] consid-
ered surfacemeasures formore general quasi-invariantmeasures. A rich theory of sur-
face measures on in�nite-dimensional spaces equipped with di�erentiable measures
was worked out by A.V. Uglanov in the 1970–80s and presented in his book [75] (see
also [73], [74], [77], and [32]). In the same years, an approach to surface measures for
Gaussian volumemeasures was developed in the framework of the Malliavin calculus
which provided e�cient tools for the study of induced measures. For this approach,
see [1], [49], [9], [10], and [11]; far reaching generalizations to the case of di�erentiable
measures were obtained in [56], [57], [58], [59], and [60]. A close construction for con-
�guration spaces was presented in [31]. Hausdor�measures associated with Gaussian
measures were studied in [36] (see also [35]); more references for the Gaussian case
can be found in [11] and [13].

The goal of this survey is to discuss several approaches to surface measures in
in�nite dimensions with a particular emphasis on the construction from the recent
paper [18] that follows Malliavin’s idea, but applies to nonlinear spaces and requires
less regularity of the function F generating the surface. This surfacemeasure on F−1(y)
is a weak limit of the measures r−1I{y<F<y+r} · θF · µ as r → 0, where θF is some weight
function (for a su�ciently regular surface, one can think of θF as the derivative of F
along the “normal to the surface”). In the Gaussian case this construction applies to
one-fold Malliavin di�erentiable functions with gradients having divergences. In the
nondegenerate case, these surfacemeasures are equivalent to the standardones.How-
ever, this approach leads to much shorter and simpler proofs; in particular, we shall
see that the existence of surface measures is proved in a few lines. We also mention
some open problems related to in�nite-dimensional surface measures. In particular,
surface measures on zero sets of polynomials have not been su�ciently studied and
this is an interesting direction of research. There are interesting connections between
surface measures and Sobolev and BV functions on in�nite-dimensional spaces, con-
nections which have been intensively studied in the last decade, see [2], [3], [6], [7],
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[8], [20], [21], [24], [48], and [51]. Finally, surface measures are important for the study
of boundary value and variational problems in in�nite dimensions, see [28] and [76].

The main construction discussed below is related to the concept of conditional
measure (recalled in the next section). It makes sense in great generality while sur-
facemeasures are usually de�ned in amore special situation, where one can consider
suitable neighborhoods of the “surfaces” {F = y} and obtain a reasonable limit after
appropriate scaling. For example, the usual surface measure in Rd arises as a limit of
the ratio of the volume of the ε-neighborhood of the surface and 2ε, as ε → 0. The
discussed construction of a surface measure σy on the level set F−1(y) is this: we in-
troduce a certain weight function θF and set∫

f (x) σy(dx) := lim
r→0

1
r

∫
{y<F<y+r}

f (x)θF(x) µ(dx)

for a suitable class of functions f (say, bounded Lipschitzian). Under our assumptions
the surface measure will be actually a weak limit of the measures

r−1I{y<F<y+r}θF · µ.

Unlike the case of conditional measures, such constructions require certain con-
straints on measures and functions in question. In the case of a Gaussian measure
µ on a locally convex space X this construction applies to a function F in the second
Sobolev classW2,2(µ) and we take θF = |DHF|2 (or θF = |DHF| in a modi�ed construc-
tion), where DHF is the Sobolev gradient of F along the Cameron–Martin space H of
the measure µ (or to a function F in the �rst Sobolev classW1,1(µ) if DHF/|DHF|H has
divergence). The weight function θF can be later dismissed provided it is su�ciently
nondegenerate; its purpose is to allow degenerate F and lower the required order of
di�erentiability of F. This approach can be also of interest for the study of surface
measures on metric measure spaces (see [27], [40], [46], and [71]).

Why is it not enough to deal with conditional measures that exist in much greater
generality? The reason is essentially the same as in the �nite-dimensional case: the
Gauss–Ostrogradskii–Stokes formula and integration by parts. This explains at once
why certain smoothness restrictions on the volume measure and the function gener-
ating level sets are needed. Another reason is that conditional measures µy depend
not only on the level sets F−1(y), but also on the image-measure µ ◦ F−1 (though, for
the induced measures with positive densities this dependence reduces to a constant
factor for each �xed y). The presented construction shares this property, but allows a
modi�cation that does not.

The paper is organized as follows. Section 2 contains notation and terminology.
In Section 3 we �rst discuss Gaussian surface measures in the �nite-dimensional case
and then explain how the same method works in in�nite dimensions. Section 4 is de-
voted to the main construction in an abstract setting and its relation to conditional
measures. Section 5 provides an additional step needed to obtain surface measures
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on every level set of a given function (not merely on almost every), which involves a
brief discussion of capacities. In Section 6we consider examples, in particular, return-
ing toGaussianmeasures. Finally, surfacemeasures of surfaces of higher codimension
are discussed in Section 7.

I am grateful to H. Airault, L. Ambrosio, G. Da Prato, N. Gigli, A. Lunardi, I.I. Mal-
ofeev, M. Röckner, and G.I. Zelenov for useful discussions. This research was sup-
ported by the Russian Science Foundation Grant 17-01-00662 at Moscow State Uni-
versity.

2.2 Notation and terminology

Let C∞b (Rd) be the class of all bounded in�nitely di�erentiable functions on Rd with
bounded derivatives, and let C∞0 (Rd) be its subclass consisting of functions with com-
pact support.

Let X be a completely regular topological space with its Borel σ-�eldB. Let µ be a
bounded nonnegative Radonmeasure onB, i.e., for every Borel set B and every ε > 0,
there is a compact set Kε ⊂ B such that µ(B\Kε) < ε (see [12] for a discussion of such
measures). Below we also use signed Radon measures, i.e., Borel measures m such
that |m| is a Radon measure, where |m| = m+ + m− is the usual total variation of m.

Functions measurable with respect to the Lebesgue completion of the measure µ
are called µ-measurable; such a function can be de�ned µ-almost everywhere µ-a.e.,
i.e., outside of a set of measure zero.

Given a a measure µ, the measure with density θ with respect to µ is denoted by
θ · µ, i.e.,

θ · µ(B) =
∫
B

θ dµ.

In some assertionswe shall assume that µ is concentrated on a countable union of
metrizable compact sets; this is always the case if the space X is Souslin ormetrizable,
or if µ is Gaussian. The main de�nition does not use this assumption and actually
applies to general probability spaces; however, the assumption becomes important in
order to compare surface measures with conditional measures, and to ensure that our
surface measures are indeed concentrated on the level sets.

Given a measurable function F : X → R or a measurable mapping F : X → Y with
values in a topological space Y, we can take the image-measure µ ◦ F−1 de�ned by the
formula

µ ◦ F−1(B) := µ(F−1(B))

on the Borel σ-�eld in R or Y, respectively.
We recall that a Radon probability measure γ on a locally convex space X is called

Gaussian if its one-dimensional images γ ◦ l−1 for all l ∈ X* are Gaussian measures on
the real line, that is, are either given by densities (2πσ)−1/2 exp(−(t − a)2/(2σ)) with
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σ > 0 or are Dirac pointmeasures. If all thesemeasures are symmetric, then γ is called
symmetric or centered; the latter is equivalent to the identity γ(B) = γ(−B) for all Borel
sets B.

The most important examples of Gaussian measures are the standard Gaussian
measure γn onRn with density (2π)−n/2 exp(−|x|2/2), the standard Gaussian measure
γ onR∞ that is the countable power of the standard Gaussianmeasure γ1 onR (which
is de�ned on the countable power R∞ of the real line, i.e., on the space of all real
sequences), and the Wiener measure on C[0, 1] or L2[0, 1], which can be de�ned as
the image of γ under the mapping

(xn) 7→
∞∑
n=1

xn
t∫

0

en(s) ds,

where {en} is an orthonormal basis in L2[0, 1]. Certainly, such a de�nition needs a
justi�cation (it turns out that this series converges in L2[0, 1] and even in C[0, 1] for
almost all x = (xn)). Other equivalent de�nitions of the Wiener measure can be found
in [11] (see also [13] and [14]).

Let γ be a centered Radon Gaussian measure on X. The Cameron–Martin space H
of γ consists of all vectors h with �nite norm

|h|H := sup{l(h) : l ∈ X*, ‖l‖L2(γ) ≤ 1}.

It is known that H with this norm is a separable Hilbert space compactly embedded
into X; the corresponding inner product is denoted by (·, ·)H . A typical example: if γ
is the standard Gaussian measure on R∞, then H = l2 with the usual Hilbert norm.

For every h ∈ H, there is a measurable linear functional ĥ, belonging to the clo-
sure of X* in L2(γ), such that

l(h) =
∫
X

l(x)ĥ(x) γ(dx) ∀ l ∈ X*.

The inner product in H can be de�ned by the formula

(h, k)H =
∫
X

ĥk̂ dγ.

An important role of the Cameron–Martin space is that it is precisely the set of all
vectors h such that the shifted measure γh de�ned by γh(B) = γ(B − h) is equivalent
to γ; the corresponding Radon–Nikodym derivative is given by the Cameron–Martin
formula

exp(ĥ − |h|2H/2). (2.1)

If a Radon probability measure µ is concentrated on a countable union of metriz-
able compact sets, then, for any µ-measurable mapping F with values in a complete
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separablemetric space Y, we can�nd the so-called conditionalmeasures µy on X such
that the function y 7→ µy(B) is µ-measurable for each B ∈ B, µy is concentrated on
F−1(y) for every y (or µ ◦ F−1-a.e. y) and µ is the integral of µy against µ ◦ F−1, which
is written as

µ = µy · µ ◦ F−1(dy),

in the sense that ∫
X

f (x) µ(dx) =
∫
Y

∫
X

f (x) µy(dx) µ ◦ F−1(dy)

for every bounded Borel function f on X; the integral exists due to the assumption of
measurability for µy, see [12, Chapter 10] or [13, Chapter 1] for details. Actually, con-
ditional measures in a weaker sense exist under more general assumptions about µ
and F.

2.3 Surface measures in the Gaussian case

We �rst consider a smooth function F on Rn equipped with the standard Gaussian
measure γn. Suppose that ∇F(x) =6 0. In this case, the level sets {F = t} are smooth
surfaces that locally look like graphs of smooth functions. They can be equipped with
usual surface (Lebesgue) measures and then Gaussian surface measures can be intro-
duced by simply multiplying these Lebesgue surface measures by the standard Gaus-
sian density. However, we are interested in globally �nite Gaussian surface measures.
To this end, we shall assume that the function |∇F(x)|−1 belongs to certain Lp(γn); the
required value of p will become clear soon.

The �rst step is to verify that the distribution function

t 7→ γn(x : F(x) < t)

is continuously di�erentiable. To show this we employ the Malliavin calculus. Let us
consider the gradient vector �eld

v(x) = ∇F(x)

and the corresponding di�erentiation

∂vg = (∇g, v).

Let ϱn be the standard Gaussian density. For every function ϕ ∈ C∞b (R) we have∫
R

ϕ′(t) γn ◦ F−1(dt) =
∫
Rn

ϕ′(F(x)) γn(dx)
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=
∫
Rn

ϕ′(F(x))∂vF(x) 1
∂vF(x) γn(dx) =

∫
Rn

∂v(ϕ ◦ F) 1
∂vF

dγn . (2.2)

Integrating by parts by means of the formula∫
Rn

∂v fψ dγn = −
∫
Rn

f∂vψ dγn
∫
Rn

fψ[div v + (v,∇ϱn/ϱn)] dγn ,

we represent the right-hand side as

−
∫
Rn

ϕ ◦ F
[
∂v
( 1
∂vF

)
+ 1
∂vF

(
div v + (v,∇ϱn/ϱn)

)]
dγn .

We have
∂vF = |∇F|2, ∂v(|∇F|2) = 2(D2F ·∇F,∇F),

∂v
( 1
∂vF

)
= −∂v|∇F|

2

|∂vF|2
= −2(D2F ·∇F,∇F)

|∇F|4 ,

where
div v + (v,∇ϱn/ϱn) = LF

and L is the Ornstein–Uhlenbeck operator de�ned by

Lf (x) = ∆f (x) − (∇f (x), x) =
n∑
i=1

[∂2
xi f (x) − xi∂xi f (x)].

Therefore, letting

g = 2(D2F ·∇F,∇F)
|∇F|4 + LF

|∇F|2 ,

we obtain ∫
R

ϕ′(t) γn ◦ F−1(dt) = −
∫
R

ϕ(t) η(dt),

where η is the imageunder F of themeasurewithdensity gwith respect to γn, provided
that ∫

Rn

|g| dγn < ∞.

This means that the generalized derivative of γn ◦F−1 is the measure η. Therefore, γn ◦
F−1 is an absolutely continuous measure and its density is η((−∞, t)). Moreover, the
measure η is also absolutely continuous, since it is obviously absolutely continuous
with respect to γn ◦ F−1. Hence γn ◦ F−1 has a continuous density ϱ1 and

‖ϱ1‖ ≤ ‖g‖L1(γn).

The integrability of the function g with respect to the standard Gaussian measure is
ensured by the integrability with respect to γn of the functions

‖D2F(x)‖/|∇F(x)|2 and |LF(x)|/|∇F(x)|2,
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where ‖D2F(x)‖ is the operator norm of the second derivative (one can also use the
Hilbert–Schmidt operator). Therefore, if the function |∇F(x)|−2−ε is γn-integrable for
some ε > 0 then, by Hölder’s inequality, it su�ces to have the γn-integrability of
‖D2F(x)‖1+2/ε, because it is equivalent to the γn-integrability of |LF(x)|1+2/ε, so that
applying Hölder’s inequality to the second function above we see that both functions
will be integrable.

Under these assumptions, the function γn(F < t) is continuously di�erentiable
and we can assign the value

ϱ1(t) := d
dt γn(F < t)

to the surface St := F−1(t). However, it is still not a surface measure but just its value
on St.

Our next step is to observe that we can de�ne a measure in a similar manner: this
measure will be the weak limit of the measures

µr(B) := (2r)−1γn(B ∩ {t − r < F < t + r})

as r → 0+. Let us recall that a sequence of Borel measures µj on Rn converges weakly
to a Borel measure µ if ∫

Rn

f dµ = lim
j→∞

∫
Rn

f dµj

for every bounded continuous function f . Moreover, for nonnegative measures it suf-
�ces if this limit exists for all bounded Lipschitz functions f (see, e.g., [13, Chapter 8]);
furthermore, it is enough if it exists for all nonnegative bounded Lipschitz functions f .

It remains to observe that our construction also works if we replace the initial
measure γn by ψγn, where ψ is a nonnegative bounded Lipschitz function. Indeed,
in our previous calculations we replace ϱn with ψϱn noting that ∇ψ(x) exists almost
everywhere and is bounded. Hence, we obtain the new functions

∂v
( ψ
∂vF

)
= ψ∂v

( 1
∂vF

)
+ (v,∇ψ)
|∇F|2 ,

g = 2ψ(D2F ·∇F,∇F)
|∇F|4 + ψLF

|∇F|2 + (∇F,∇ψ)
|∇F|2 .

This function is integrable under the previous assumptions because ψ and |∇ψ| are
bounded. Thus, the measures µr converge weakly to a bounded Borel measure σt

(when t is �xed) that we can take for a surface measure. However, this is not a true
geometric surface measure; because it depends on the function F and not on only on
the level set St. In particular, this is not the limit of normalized measures of St met-
ric neighborhoods. To obtain a true geometric surface measure, we can consider the
surface measure

σt0 := |∇F| · σt ,



60 | Vladimir I. Bogachev

which exists at least locally and is �nite if, for example, F satis�es the conditions used
above (integrability of certain rationswith the secondderivative andLF) to ensure that
σt is �nite. Moreover, these conditions can be relaxed: we need

‖D2F‖/|∇F| + |LF|/|∇F| ∈ L1(γn),

and for example, it su�ces that ‖D2F‖ ∈ L2(γn) and 1/|∇F| ∈ L2(γn). Actually, the
same reasoning as above applies to the measure |∇F| · γn in place of γn, so that in
(2.2) we have to multiply and divide by |∇F| in place of |∇F|2. This leads to a weaker
integrability condition on 1/|∇F|.

Let us show that σ0
t is locally theweak limit of themeasures (2r)−1γn(·∩Srt ), where

Srt is the metric r-neighborhood of St. This means that for every Lipschitz function
ϕ ≥ 0 with bounded support we have∫

St

ϕ dσt0 = lim
r→0

(2r)−1
∫
Srt

ϕ dγn . (2.3)

We can assume that t = 0. Let us �x ε > 0. Taking a smooth partition of unity, we
can assume that the support of ϕ is contained in a ball K centered at x0 so small that
1− ε ≤ |∇F(x)|/|∇F(x0)| ≤ 1 + ε on K. We can also assume, changing coordinates, that
∂xnF(x0) = |∇F(x0)|, 1 − ε ≤ ∂xnF(x)/∂xnF(x0) ≤ 1 + ε on K and S0 ∩ K is the graph
of a smooth function of variables x1, . . . , xn−1. For r > 0 small enough, the integral
of ϕ against σ0

0 is (2r)−1|∇F(x0)|ϕ · µ(|F| < r) up to a factor q ∈ (1 − ε, 1 + ε). The
metric r-neighborhood of S0 in K is contained in the intersection of K with the set
{|F| ≤ (1 + ε)|∇F(x0)|r}. Therefore, for r > 0 small enough we have

(2r)−1
∫
Sr0

ϕ dγn ≤ (1 + 2ε)|∇F(x0)|
∫
K

ϕ dσ0 ≤ (1 + 2ε)(1 + ε)
∫
K

ϕ dσ0
0.

On the other hand, the set {|F| < r}∩K is contained in Sqr0 with q = (1− ε)−1/|∇F(x0)|,
since if x ∈ S0 ∩ K and F(x + sen) > r, then s > r(1 − ε)−1|∇F(x0)|−1 by the equality
F(x + sen) − F(x) = s∂xnF(x + θen). Therefore,

(2r)−1|∇F(x0)|
∫
|F|<r

ϕ dγn ≤ (2r)−1|∇F(x0)|
∫
Sqr0

ϕ dγn ,

which yields that

|∇F(x0)|
∫
S0

ϕ dσ0 ≤ (1 − ε)−1 lim
r→0

(2r)−1
∫
Sr0

ϕ dγn .

These bounds yield (2.3).
We now consider a slightly modi�ed construction an advantage of which is exclu-

sion of the non-degeneracy assumption about ∇F. To this end, from the very begin-
ning we replace the original measure γn by the measure

ν := ∂vF · γn ,
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assuming that ∂vF ∈ L1(γn); however, the latter assumption can be dismissed if we
agree to deal with local surface measures. This trick enables us to write∫

R

ϕ′(t) ν ◦ F−1(dt) =
∫
Rn

ϕ′(F(x))∂vF(x) γn(dx)

=
∫
Rn

∂v(ϕ ◦ F) dγn = −
∫
Rn

ϕ ◦ F∂vϱn dx.

This shows that the generalized derivative of ν ◦ F−1 is the image under F of the mea-
sure with density −(∇F(x), x)ϱn(x) which is �nite when |∇F| ∈ L2(γn) and absolutely
continuous with respect to ν. Repeating the construction above we arrive at di�er-
ent surface measures σt1 without any non-degeneracy conditions on ∇F. Again, the
obtained surface measures are not “geometric”. To return to usual surface measures
we have to assume that ∇F =6 0 and in that case we can consider (at least locally)
the surface measures |∇F|−1 · σt1. The measures σt and σt1 are related by the equality
σt1 = |∇F|2 · σt.

Example 2.3.1. Suppose that F is a polynomial ofRn such that∇F(x) =6 0. It is known
(see, e.g., [72]) there are numbers c > 0 and α > 0 such that

|∇F(x)|2 ≥ c(1 + |x|2)−α;

hence the function |∇F|−2 belongs to all Lp(γn), p < ∞. In this case both constructions
apply and yield globally �nite surface measures on all surfaces F−1(t).

The described second construction has advantages also in the in�nite-dimensional
case because it does not involve division by ∂vF. We shall now discuss it still in the
Gaussian case but in in�nite dimensions, and then present it in full generality.

Now let γ be a centered Radon Gaussian measure on a locally convex space X.
Without loss of generality, one can assume this is the standard Gaussian measure on
R∞ or its restriction to a weighted Hilbert space of sequences x = (xn) with �nite norm( ∞∑

n=1
cnx2

n
)1/2

, cn > 0,
∞∑
n=1

cn < ∞.

The latter condition ensures this space has measure 1.
Let H be the Cameron–Martin space of γ, i.e., the usual Hilbert space l2 for the

standard Gaussian measure on R∞.
Let FC be the class of all functions of the form

f (x) = f0(l1(x), . . . , ln(x)), f0 ∈ C∞b (Rn), li ∈ X*,

which forR∞ is just the union of all classes C∞b (Rn). Functions in this class are called
smooth cylindrical.
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Using the Radon–Nikodym density expression of the shifted measure (see (2.1))
we obtain the equality∫

X

t−1[f (x + th) − f (x)] γ(dx) =
∫
X

t−1
[

exp
(
tĥ(x) − t2|h|2H/2

)
− 1
]
f (x) γ(dx)

for all f ∈ FC; hence, it follows by letting t → 0 that∫
X

∂h f (x) γ(dx) =
∫
X

f (x)ĥ(x) γ(dx), (2.4)

where
∂h f (x) := lim

t→0
t−1(f (x + th) − f (x)).

This simple formula is the basis for our construction.
The Sobolev class Wp,1(γ), p ∈ [1, +∞), is de�ned as the completion of the class

FC with respect to the Sobolev norm

‖f‖p,1 = ‖f‖Lp(γ) + ‖DH f‖Lp(γ) = ‖f‖Lp(γ) +
(∫
X

|DH f (x)|pH γ(dx)
)1/p

,

where the gradient DH f (x) ∈ H (which now plays the role of∇f (x)) is de�ned by

(DH f (x), h)H = ∂h f (x).

If {en} is an orthogonal basis in H the vector DH f (x) has coordinates ∂en f (x). For the
standard Gaussian measure on R∞ functions of class FC are just smooth functions
with bounded derivatives in �nitely many variables, and DH f (x) = ∇f (x).

One de�nes similarly the Sobolev classes Wp,1(γ, E) of mappings with values in
a separable Hilbert space E; in this case, DH f (x) is an operator between H and E, and
the Hilbert–Schmidt norm ‖ · ‖HS is used to de�ne the Sobolev norm. This means that
in place of |DH f (x)|H in the previous formula we use the quantity

‖DH f (x)‖HS =
( ∞∑
n=1
|∂en f (x)|2E

)1/2
.

As a result of completion, every Sobolev function f ∈ Wp,1(γ) obtains a gradient
DH f , an Lp-mapping with values in H. On account of (2.4) it satis�es the integration
by parts formula∫

X

ψ(x)(DH f (x), h)H γ(dx) = −
∫
X

f (x)[∂hψ(x) − ψ(x)ĥ(x)] γ(dx)

for all ψ ∈ FC. Actually, this equality extends to ψ ∈ Wq,1(γ), q = p/(p − 1). By us-
ing this directional integration by parts formula, one can show that γ is di�erentiable
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along vector �elds v ∈ Wp,1(γ, H) in the following sense: there is a function βv ∈ Lp(γ)
such that for all functions f ∈ Wp′ ,1(γ) with p′ = /(p − 1) one has∫

X

(DH f (x), v(x))H γ(dx) = −
∫
X

βv(x)f (x) γ(dx). (2.5)

In this case for v(x) =
∑∞

n=1 vn(x)en we have

βv(x) =
∞∑
n=1

(∂en v(x) − vn(x)ên(x)),

where the series converges in Lp(γ). The function βv is called the logarithmic deriva-
tive, or divergence of v with respect to γ. If v(x) = h ∈ H is constant then βv = ĥ.
Moreover, we can go a step further:∫

X

ψ(x)(DH f (x), v(x))H γ(dx) = −
∫
X

ψ(x)βv(x)f (x) γ(dx)

−
∫
X

f (x)(DHψ(x), v(x))H γ(dx), (2.6)

where f , ψ ∈ W2p′ ,1(γ) so that fψ ∈ Wp′ ,1(γ) and (2.5) can be applied to fψ.
It should be noted that (2.5) can hold (with some function βv) for a vector �eld v

not belonging to a Sobolev class; for example, there are irregular vector �elds on the
plane with zero divergence in the sense of distributions. If (2.5) holds for all smooth
cylindrical functions f then γ is called di�erentiable along the vector �eld v.

Inductively one de�nes higher Sobolev classes Wp,k(γ, E) with derivatives up to
order k; actually, we only need k = 1, 2. For example, the class Wp,2(γ) consists of
all functions f ∈ Wp,1(γ) such that DH f ∈ Wp,1(γ, H). Therefore, the measure γ is
di�erentiable (in the sense explained above) along the gradient �eld v = DHF once
F ∈ Wp,2(γ). In this case

βv = LF,

where L is the Ornstein–Uhlenbeck operator; forR∞ it is de�ned as the closure of the
operator

Lf (x) =
∑
i

[∂2
xi f (x) − xi∂xi f (x)]

on smooth cylindrical functions. However, belonging to the second Sobolev class is
not necessary for the existence of divergence of DHF. This happens already in the
�nite-dimensional case.

Now, given a function F ∈ Wp,2(γ), where γ is the standard Gaussian measure
on R∞, with some p > 1 such that

1
|DHF|2

∈ Lp
′
(γ),
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we consider the exact analogs of the two constructions of surface measures on the
level sets St = F−1(t) considered above for Rn. In the �rst construction we have the
following exact analog of (2.2):∫

R

ϕ′(t) γ ◦ F−1(dt) =
∫
X

∂v(ϕ ◦ F) 1
∂vF

dγ.

By using (2.6) and the equality

∂v(DHF(x), DHF(x))H = 2(D2
HF(x) · DHF(x), DHF(x))H ,

where D2
HF(x) · DHF(x) is the action of the operator D2

HF(x) on the vector DHF(x), we
write the right-hand side as

−
∫
X

ϕ(F)
[ βv
∂vF

− ∂2
vF

|∂vF|2
]
dγ = −

∫
X

ϕ(F)
[ LF
|DHF|2H

− 2(D2
HF · DHF, DHF)H
|DHF|4H

]
dγ.

The integral on the right exists since we have LF, ‖D2
HF‖HS ∈ Lp(γ) by the assumption

that F ∈ Wp,2(γ); hence, |LF|/|DHF|2H , ‖D2
HF‖HS/|DHF|2H ∈ L1(γ) by Hölder’s inequal-

ity. Next we show that similar equalities hold if we replace the measure γ by ψ · γ,
where ψ is a bounded function that is Lipschitz on R∞ with respect to the metric

d(x, y) =
∞∑
n=1

2−n max(|xn − yn|, 1).

To this end, we observe that such a function is Lipschitz along H, i.e.,

|ψ(x + h) − ψ(x)| ≤ L|h|H for all x ∈ R∞ and h ∈ H = l2.

Indeed, max(|hn|, 1) ≤ |h|H for all n, hence d(x + h, x) = d(h, 0) ≤ |h|H . It is known
(see [11, Section 5.11]) that this yields the inclusion ψ ∈ W s,1(γ) for all s ∈ [1, +∞) and
|DHψ|H ≤ L. Hence, in the calculations above we have to replace 1/∂vF by ψ/∂vF so
that in place of ∂v(1/∂vF) we have ∂vψ/∂vF + ψ∂v(1/∂vF). By the equality

∂vψ/∂vF = (DHψ, DHF)H/|DHF|H

and boundedness ofDHψ, this yields �nite integrals in analogous calculations. There-
fore, as in the �nite-dimensional case, the measures

B 7→ (2r)−1γ(B ∩ {t − r < F < t + r})

converge weakly to �nite measures σt as r → 0+.
Finally, in place of sets {t − r < F < t + r} we could deal with sets {t < F < t + r}

or {t ≤ F < t + r} and divide by r in place of 2r in the appropriate places; this will be
done in the next section for the sake of some minor technical simpli�cations.
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The measures σt0 can again be de�ned by the equality

σt0 = |DHF| · σt

provided that |DHF| is σt-integrable. This condition automatically ful�lled if |DHF| is
bounded or under the assumptions F ∈ W2,p(γ) and 1/|DHF|2 ∈ Lp

′
(γ) used above.

Moreover, as in the �nite-dimensional case, even weaker assumptions are su�cient:
it is enough to have

F ∈ W2,2(γ), 1/|DHF| ∈ L2(γ).

This is veri�ed by the same method with the measure |DHF| · γ in place of γ.
The second construction with the measure |DHF|2 · γ in place of γ is completely

analogous; we obtain �nite measures σt1 as weak limits of the measures

B 7→ (2r)−1(|DHF|2 · γ)(B ∩ {t − r < F < t + r}), r → 0 + .

We could also in this case deal withmeasures of the sets {t < F < t+ r} or {t ≤ F < t+ r}
divided by r.

However, now we have a problem that arises also in Rn if we do not assume the
continuity of F (which does not follow from the membership inWp,2(Rn) for large n).
Namely, we cannot assert that σt or σt1 is concentrated on St. We shall solve this prob-
lem in the next section in a general setting. To do sowe compare our surfacemeasures
with conditional measures and show that they are concentrated on the level sets St
for almost all t (with respect to the image measure). Moreover, in Section 5 we involve
Sobolev capacities to construct surface measures concentrated on the corresponding
surfaces for all t.

It is worth noting that an exact analog of the �nite-dimensional situation consid-
ered above arises under the following two conditions: (i) we restrict our measure γ
to a weighted Hilbert space Y of sequences x = (xn) with �nite norm ‖x‖Y de�ned
by ‖x‖2

Y =
∑∞

n=1 cnx
2
n, where cn > 0 and

∑∞
n=1 cn < ∞ (in this case γ(Y) = 1), (ii) F

is least twice continuously Fréchet di�erentiable on Y. In that case, the measures σt

and σt1 will be concentrated on St for each t. However, in the de�nition of an analog of
the measure σt0 we now have two non-equivalent options: we can take the measures
|DHF|H · σt or the measures ‖∇F‖Y · σt. The former corresponds to r-neighborhoods
of St with respect to the norm of H, i.e., to the sets St + rUH , where UH is the unit
ball of H; while the latter corresponds to the norm of Y. The relation to Y is, on the
one hand, natural, since γ is concentrated on Y (but not on H); however, on the other
hand, there is no preference in our choice of Y (there are too many suitable spaces).

Consider continuously Fréchet di�erentiable function F on Y with ∇F =6 0. We
can de�ne surface measures locally by considering small neighborhoods U in which
St looks like the graph of a continuously di�erentiable function G on a closed hyper-
plane Y0 in Y. This is always possible by the implicit function theorem; moreover, it
is possible to choose such a hyperplane Y0 in such a way that it is orthogonal in Y to
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a vector h from the Cameron–Martin space H. This simpli�es the previous construc-
tion, since we can take a constant vector �eld: v(x) = h. To minimize changes in the
discussed construction, it is convenient to replace γ by a measure of the form g · γ,
where g ≥ 0 is a Lipschitz function with support in a ball U0 of radius r0 such that
the ball with the twice larger radius belongs to the neighborhood U. In addition, func-
tions ψ with support in U will be taken. We can assume that ∂hF ≥ c > 0 in U, so
the function 1/∂hF is bounded in U. Hence, both constructions are applicable in this
case. In principle, if F is continuously Fréchet di�erentiable and∇F =6 0, we can intro-
duce global surface measures as possibly σ-�nite measures by summing local surface
measures.

Example 2.3.2. Let us consider the case where F = ĥ is a measurable linear func-
tional. Typically, it has no continuous version. For example, in the case of the stan-
dard Gaussianmeasure onR∞ only �nite linear combinations of coordinate functions
are continuous. Series

∑∞
n=1 cnxn with in�nitelymany nonzero coe�cients cn have no

continuous versions; the stochastic integral
1∫

0

ψ(t) dx(t)

on the Wiener space, where ψ ∈ L2[0, 1], has a continuous version precisely when
ψ has a version of bounded variation. We can assume that |h|H = 1. Then |DH ĥ|H =
|h|H = 1 and all the three surface measures σt, σt0 and σt1 coincide. They can be cal-
culated by using the connection with conditional measures that are known (see the
next section), but this can be also done directly. Let us recall that any Radon measure
is uniquely determined by its Fourier transform, i.e., the integrals of the functions
exp(il) for l ∈ X*. According to our construction, the integral of exp(il) against σt is
the limit of the expressions

(2r)−1
∫

{t−r<ĥ<t+r}

exp(il) dγ.

We can write l = cĥ + ξ , where c ∈ R, ξ = û for some u ∈ H such that ξ and ĥ are
orthogonal in L2(γ) (equivalently, (h, u)H = 0). We shall use a proper linear version
of ξ (which exists); in this case it is known that ξ (h) = (u, h)H = 0. The orthogonal
measurable linear functionals ξ and ĥ are independent Gaussian random variables,
hence

(2r)−1
∫

{t−r<ĥ<t+r}

exp(il) dγ = (2r)−1
∫

{t−r<ĥ<t+r}

exp(icĥ) dγ
∫
X

exp(iξ ) dγ

= (2r)−1(2π)−1/2
t+r∫
t−r

exp(ics) exp(−s2/2) ds
∫
X

exp(iξ ) dγ,
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which tends to
(2π)−1/2 exp(ict − t2/2) exp(−‖ξ‖2

2/2)

as r → 0. If t = 0, then we see that σ0 coincides up to the factor (2π)−1/2 with the
Gaussian measure η that is the image of γ under the linear mapping Px = x − ĥ(x)h.
Indeed, the Fourier transform of γ◦P−1 at the functional l represented as above equals∫

X

exp
(
il(x − ĥ(x)h)

)
γ(dx) =

∫
X

exp
(
i(cĥ − ξ )(x − ĥ(x)h)

)
γ(dx)

=
∫
X

exp
(
iξ (x)

)
γ(dx) = exp(−‖ξ‖2

2/2),

since ξ (h) = (u, h)H = 0. Therefore, the measure σt is the shift of the measure σ0 by
the vector th.

We conclude this section by considering an analog of “Gaussian” Hausdor�measures
associated with the geometry of the Cameron–Martin space as proposed by Feyel and
de La Pradelle in [36]. This construction begins fromRn. Recall (see [12], [33], [34], [79])
that for everym ∈ (0, n] the classical Hausdor�measure Hm is generated bymeans of
the outer measure Hδm de�ned for each set A by

Hδm(A) = inf
∞∑
j=1

Cm(diamAj)m , Cm = 2−mΓ(1/2)m/Γ(1 + m/2),

where inf is taken over all sequences of closed sets Aj of diameter atmost δwith union
containing A. The valuesHδm(A) increase as δ → 0+andhave a limit (possibly, in�nite)
denoted by Hm(A). If we apply this method with balls in place of arbitrary closed sets
the result will be the spherical Hausdor� measure Sm that is larger than Hm (on suf-
�ciently regular sets they coincide). Through this approach, the following “Gaussian
spherical Hausdor�” measures θk on Rn were introduced:

θk(B) = ϱn · Sn−k(B),

where Sn−k(B) is the limit as δ > 0+ of the in�mum of
∑∞

j=1 λn−k(Bi) over all covers of
B by closed balls of radius at most δ and λn−k(Bi) is the (n − k)-dimensional volume
of Bi measured as the (n − k)-dimensional volume of the section of Bi by a subspace
of dimension n − k passing through the center of Bi (which equals const(n − k)rn−ki ,
where ri is the radius of Bi). The number k in this notation refers to “codimension”.

The next step is to �x k and take an n-dimensional subspace Hn in H. The orthog-
onal projection Pn : H → Hn admits a measurable linear extension P̂n → X → Hn: if
e1, . . . , en is an orthonormal basis in Hn, then

P̂nx := ê1(x)e1 + · · · ên(x)en .
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Let γn be the image of γ under the measurable linear operator I − P̂n. For every Borel
(or Souslin) set A in X set

ηHnk (A) :=
∫
X

θk(Ax) γn(dx), Ax = {y ∈ Hn : x + y ∈ A}.

The section Ax is Borel in Hn if A is Borel (and is Souslin for Souslin A). In addition,
the function x 7→ θk(Ax) is measurable with respect to all Borel measures. Finally, the
Gaussian Hausdor� measure ηk of codimension k on X is de�ned as follows: ηk(A) is
the supremum of ηHnk (A) over all n-dimensional subspaces in H with n ≥ k.

These Gaussian Hausdor� measures are related to the initial Gaussian measure γ
by the following formula established in [36] and presented here for simplicity in the
case k = 1: if f ∈ Wp,2(γ) for all p ∈ [1, +∞) and f is continuous (actually, it su�ces
that f be quasi-continuous with respect to the Sobolev capacity corresponding to the
classWp,1(γ), see the next section), then∫

A

|DH f | dγ =
∫
R

η1(A ∩ {|DH f | > 0} ∩ f −1(t)) dt.

If |DH f | > 0, then we integrate η1(A ∩ f −1(t)) on the right.
Similarly to the �nite-dimensional case, an obvious advantage of Gaussian Haus-

dor� measures is that their construction is absolutely independent of any particular
representations of sets. The other side of this universality is that it is rather di�cult
to calculate surface measures of given sets; this happens already in Rn. Actually, the
last formula can help in such calculations: if |DH f | > 0 and A = B ∩ {f < s}, where B
is a Borel set and s ∈ R, then we have∫

{f <s}∩B

|DH f | dγ =
s∫

−∞

η1(B ∩ f −1(t)) dt.

Letting η1,t(B) = η1(B ∩ f −1(t)), for bounded Borel functions ϕ we obtain

∫
{f <s}

ϕ|DH f | dγ =
s∫

−∞

∫
X

ϕ dη1,t dt.

Therefore, η1(B∩ f −1(t)) can be obtained as the derivative of the distribution function
IB|DH f | · γ(f < t); this identi�es η1 on f −1(t) with the surface measure σt0 considered
above.

It is not clear whether every surface of the form S = f −1(0), where f is a contin-
uous polynomial on a Hilbert space with a Gaussian measure γ such that ∇f (x) =6 0,
has a �nite surface measure; certainly, locally all these approaches give nice surface
measures. The problem is that it is not known whether the function |∇f (x)|−p is inte-
grable (it is even unknown whether there is p > 0 for which it is integrable). Unlike
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the �nite-dimensional case, there is no lower bound of the form Q(x) ≥ c(1+ |x|2)−α for
any continuous polynomial Q > 0. It is also worth noting that zero sets of continuous
polynomials on a Hilbert space are more complicated sets than in Rn. For example,
the cardinality of the set of disjoint connected components of f −1(0) can be contin-
uum and the class of orthogonal projections of such sets coincides with the class of
all Souslin sets (see [11, Exercise 6.11.19]). A survey of results on distributions of poly-
nomials is given in [16].

2.4 Surface measures for di�erentiable measures

Here we described an abstract approach to surface measures suggested in [18], where
the proofs of some technical assertions can be found. For the reader’s convenience we
include justi�cations of the most important steps.

Let µ ≥ 0 be a �xed Radon measure on a completely regular space X and let B
be the Borel σ-algebra of X. Let F be a class of boundedB-measurable real functions.
Recall that a class of functions separatesmeasures if twomeasures coincidewhenever
they assign equal integrals to all functions in this class. We assume throughout that
F satis�es the following conditions:

(F1) F is a linear space separating Radon measures on X, and ϕ(f ) ∈ F for all
f ∈ F and all ϕ ∈ C∞b (R).

For example, if X is a metric space the class of all bounded Lipschitzian functions
on X satis�es conditions (F1). We shall see in Section 4 that this class is indeed conve-
nient for many applications.

Another example: given some class F0 of B-measurable functions, we take for F
the class of all compositionsϕ(f1, . . . , fn), where fi ∈ F0 andϕ ∈ C∞b (Rn). This class is
a linear space and is stable under compositions with C∞b -functions; certainly, we still
need the additional condition that it must separate measures (which trivially holds
if F0 is separating). See also the modi�cation of (F1) for multidimensional mappings
considered in Section 7.

It follows from (F1) that 1 ∈ F and that fg ∈ F for all f , g ∈ F. Indeed, f 2 ∈ F for
all f ∈ F, because we can take for ϕ a function in C∞b (R) that coincides with x2 on the
bounded range of f , so it remains to use the equality 2fg = (f + g)2 − f 2 − g2.

De�nition 2.4.1. A vector �eld on X (or an F-vector �eld if we need to indicate its rela-
tion to F) is a linear mapping (di�erentiation)

v : F → L1(µ), f 7→ ∂v f ,

such that
∂v(ϕ ◦ f ) = ϕ′(f )∂v f µ-a.e. (2.7)

for all f ∈ F and ϕ ∈ C∞b (R).
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Similarly we can de�ne more general vector �elds for which functions ∂v f belong to
the space L0(µ) of µ-measurable functions.

Applying (2.7) to f , g, f +g and ϕ such that ϕ(t) = t2 on a su�ciently large interval
we obtain the Leibniz rule

∂v(fg) = f∂vg + g∂v f a.e. ∀ f , g ∈ F. (2.8)

It is worth noting that ∂v1 = 0 because we can take ϕ = 1 in (2.7) or, alternatively,
we can take f = g = 1 in (2.8).

Below a �xed vector �eld v will play a role of a normal �eld on level sets (and in
some cases one can use indeed unit normal �elds).

De�nition 2.4.2. Themeasure µ is called Skorohod di�erentiable along v (with respect
to F) if there is a Radon measure dvµ onB, called the Skorohod derivative of µ along v,
such that ∫

X

∂v f (x) µ(dx) = −
∫
X

f (x) dvµ(dx) ∀ f ∈ F. (2.9)

We say that µ is Fomin di�erentiable along v if dvµ � µ; in that case the Radon–
Nikodym density of dvµ with respect to µ is denoted by βv and is called the logarithmic
derivative of µ along v or divergence of v with respect to µ.

For example, let µ be a measure on Rd with a smooth density ϱ, F be the class of
all bounded Lipschitz functions or the classes C∞b (Rd), and v be a nonzero constant
vector (so that ∂v f is the usual partial derivative). Then dvµ is given by density ∂vϱ
and βv = (∂vϱ)/ϱ, which explains the terminology. If v = 1 on the real line the usual
Lebesgue measure λ on [0, 1] regarded as a measure on R is Skorohod di�erentiable,
and d1λ = δ0 − δ1 is the di�erence of two Dirac measures and Fomin di�erentiable.

In the case of Rd with F as above, a measure µ is Skorohod di�erentiable along
all constant vectors precisely when it has a density ϱ belonging to the class BV(Rd)
of functions of bounded variation, that is, functions in L1(Rd) whose �rst order par-
tial derivatives in the sense of distributions are bounded measures (see [33], [79]); in
that case, for a constant vector v, the measure dvµ is the partial derivative of µ along
v in the sense of distributions. The measure µ is Fomin di�erentiable along all con-
stant vectors in Rd precisely when it has a density in the Sobolev class W1,1(Rd) of
integrable functions possessing integrable �rst order partial derivatives in the sense
of distributions. If µ = ϱ dx and ϱ ∈ W1,1(Rd), then for any constant vector v one also
has βv = ∂vϱ/ϱ, where we set βv = 0 on the set of zeros of ϱ. If a vector �eld v onRd is
not constant, but is bounded and Lipschitzian, then

βv = div v + ∂vϱ/ϱ.

This is also true for vector �elds belonging to appropriate Sobolev classes. For a survey
of the theory of di�erentiable measures, see [13].
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If µ is a centered Gaussian measure with the Cameron–Martin space H the mea-
sure µ is Fomin di�erentiable along the constant vector �eld h and βh = −ĥ, which is
a trivial corollary of the Cameron–Martin formula (2.1).

The original de�nition of Fomin dealt with constant vector �elds on linear spaces.
Di�erentiability of measures along non-constant vector �elds was already considered
in the 1980–1990s (sometimes implicitly) in the Malliavin calculus and its modi�ca-
tions (see [70], [30], [68], [9], and [31]); close constructions arise in relation to the so-
called “carré du champ” operators (see [23]). Obviously, to be di�erentiable depends
on F. However, in reasonable situations di�erentiability with respect to small classes
(separating measures) often yields di�erentiability with respect to larger classes. For
example, in the case of v(x) = 1 on the real line, di�erentiability with respect to C∞b
yields di�erentiability with respect to the class of bounded Lipschitz functions.

Observe that dvµ(X) = 0, which follows from (2.9) applied to f = 1, so dvµ is
necessarily a signed measure.

We need an extension of ∂v to functions outside of F.

De�nition 2.4.3. Let µ be Skorohod di�erentiable along a vector �eld v. We say that a
B-measurable function Ψ belongs toDv if Ψ ∈ L1(µ)∩ L1(dvµ) and there is a sequence
of functions fn ∈ F converging to Ψ in L1(µ) and in L1(dvµ) such that the functions ∂v fn
converge in L1(µ) to some function w and the functions fn∂vg converge in L1(µ) for each
g ∈ F. Then we set ∂vΨ := w.

Note that by convergence of {fn} in L1(µ) the sequence {fn∂vg} converges in L1(µ)
precisely when it is uniformly µ-integrable. This condition holds if {fn} converges to
Ψ in Lp(µ) for some p > 1 and all functions ∂vg for g ∈ F belong to Lq(µ), q = p/(p−1).

This de�nition is somewhat technical because we want to make it su�ciently
broad. Similar technicalities already arise on the real line if one wants to integrate
by parts unbounded functions with respect to measures with densities of bounded
variation (but not absolutely continuous) such that the derivatives can be singular.
In the case of a Fomin di�erentiable measure µ with βv ∈ L2(µ), it would be natu-
ral to say that a function Ψ ∈ L2(µ) has a Sobolev derivative ∂vΨ ∈ L2(µ) if there is
a sequence of functions fn converging to f in L2(µ) such that {∂v fn} also converges
in L2(µ). In that case, the limiting function for {∂v fn}would satisfy the integration by
parts formula. The de�nition above follows a similar idea under weaker integrability
conditions.

The function w (if it exists) is uniquely de�ned. Indeed, for each g ∈ F we have∫
X

g(x)w(x) µ(dx) = lim
n→∞

∫
X

g(x)∂v fn(x) µ(dx)

= lim
n→∞

∫
X

[∂v(gfn)(x) − fn(x)∂vg(x)] µ(dx)
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= − lim
n→∞

∫
X

(gfn)(x) dvµ(dx) −
∫
X

Ψ∂vg µ(dx)

= −
∫
X

(gΨ)(x) dvµ(dx) −
∫
X

Ψ(x)∂vg(x) µ(dx).

Therefore, the integral of gw is determined for each g ∈ F, which uniquely deter-
mines w according to Condition (F1).

Remark 2.4.4. If f is bounded a sequence {fn} with the properties mentioned in the
de�nition can be replaced by a uniformly bounded sequence; the technical condi-
tion of uniform integrability will therefore be ful�lled automatically. Indeed, taking
ζ ∈ C∞b (R) such that ζ (t) = t on an interval containing the range of f , we obtain a
new sequence gn = ζ (fn) that is uniformly bounded and converges to f in L1(µ) and
L1(dvµ). In addition, the functions ∂vgn = ζ ′(fn)∂v fn converge to ∂v f in L1(µ).

Let µ be Skorohod di�erentiable along v. We shall assume that F : X → R is a B-
measurable function such that

(F2) ψ(F) ∈ Dv for each function ψ ∈ C∞0 (R) and there is aB-measurable func-
tion ∂vF such that ∂v(ψ ◦ F) = ψ′(F)∂vF a.e. for each ψ ∈ C∞0 (R). Moreover,

∂vF ≥ 0, ∂vF ∈ L1(µ).

Set
ν := (∂vF) · µ, η := dvµ ◦ F−1. (2.10)

The measure ν is �nite and nonnegative (it can be zero). The conditional measures
on the level sets F−1(y) generated by the measure ν will be denoted by νy (in the case
where µ is concentrated on a countable union of metrizable compact sets).

We now introduce our surfacemeasures σy; it might be reasonable to use the sym-
bol σyv to emphasize dependence on v, but we omit this indication for notational sim-
plicity. The de�nition employs only the di�erentiability of the distribution functions

Φf (y) :=
∫
{F<y}

f (x) ν(dx)

at a given point. In this respect, no topological structures are needed. However, for
deriving further properties of our surface measures we shall need some additional
assumptions of topological nature. We set

ϱf (y) = Φ′f (y) = lim
h→0

Φf (y + h) − Φf (y)
h (2.11)

if a �nite limit exists.
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De�nition 2.4.5. Let y ∈ R. Suppose that Φf is di�erentiable at y for each f ∈ F and
there is a Radon measure σy onB such that∫

X

f (x) σy(dx) = ϱf (y) ∀ f ∈ F. (2.12)

Then σy is called the surface measure associated with the level set F−1(y).

Remark 2.4.6. Note that we do not require that the surface measure be concentrated
at the level set F−1(y), but under broad assumptions (see the next theorem) it is indeed
ameasure on F−1(y). In this respect, the situation is similarwith conditionalmeasures.

However, if F is continuous (whichwe do not assume) and, for every z ∈ X\F−1(y)
and every neighborhood U of z, there is a nonnegative function f ∈ F with support
in U and positive in a neighborhood of z (which is ful�lled if F contains all bounded
Lipschitz functions onametric space) then σy is automatically concentratedon F−1(y).
This is readily seen from (2.12) because we can take U such that |F(x)− y| > |F(z)− y|/2
for all x ∈ U; by (2.11) this yields ϱf (y) = 0.Hence, the integral of f against σy vanishes,
so that z does not belong to the topological support of σy.

A similar reasoning shows that σy is automatically concentrated on F−1(y) pro-
vided that F satis�es ϕ(F) ∈ F for all ϕ ∈ C∞b (R). In this case, considering suitable
functions f = ϕ(F), we obtain that the sets {F > y + 1/n} and {F < y − 1/n} have
σy-measure zero for all n ∈ N. The latter condition with compositions is ful�lled if in
the Gaussian case (see Section 3 and Section 5) we take for F the class of all bounded
functions in the Sobolev spaceW2,2(µ) and F ∈ W2,2(µ).

We shall see that the hypothesis of di�erentiability ofΦf is ful�lled if µ is Fomin di�er-
entiable along v and F satis�es (F2). In typical cases, the assumptions of this de�nition
are ensured by the following condition: the measures νr = r−1I{y<F<y+r} · ν converge
weakly as r → 0, which in turn is ensured by their uniform tightness and convergence
of the integrals against νr of bounded functions from a measure separating class. Ex-
actly this will be implemented below.

In the case of measures on locally convex spaces di�erentiable along constant
vectors, this construction is close to the ones described in [9], [10], [11] and later de-
veloped in [58]; however, in our case it requires only one-fold di�erentiability of F.
In [58] the membership of F in the second Sobolev class is required and in [29], in the
Gaussian case, also the second derivative is used (the function F is in the �rst Sobolev
class, but its appropriately scaled Malliavin gradient must be also in the �rst Sobolev
class).

The following result from [18] gives broad su�cient conditions for the existence
of surface measures and describes their connections with conditional measures.

Theorem 2.4.7. Let µ be Fomin di�erentiable along v with the logarithmic derivative
βv. Suppose that (F1) holds, a function F : X → R satis�es (F2) and µ ◦F−1 has no atoms
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(i.e., µ(F−1(y)) = 0 for all y). Assume also that at least one of the following conditions
holds:

(i) X is a complete metric space and F contains all bounded Lipschitzian functions;
(ii) the measure µ has compact support;
(iii) there exists a nonnegative function W ∈ Dv such that Wβv ,W∂vF ∈ L1(µ) and

the sets {W ≤ R} are compact for all R ≥ 0.
Then, for each y ∈ R, the Radon surface measure σy associated with F−1(y) exists.
In addition, if µ is concentrated on a countable union of metrizable compact sets,

then, for ν ◦ F−1-a.e. y, where ν = (∂vF) · µ, the surface measure σy is concentrated on
F−1(y) and we have the equality

σy = ϱ1(y) · νy ,

where ϱ1 is the density of ν ◦ F−1 and {νy} is the system of conditional measures for ν.

It follows that σy is absolutely continuous alsowith respect to the conditionalmeasure
µy for µ.

The proof will be given below after a number of auxiliary results. However, we
can say right now that in all these cases the measure σy will be obtained as the limit
of the measures r−1I{y<F<y+r} · ν in the week topology; in cases (i) and (ii) this will be
an immediate corollary of our assumptions and in case (iii) some little extra work will
be needed.

The main point is that, under the assumptions of the theorem, for every f ∈ F

the function Φf (y) is continuously di�erentiable. This can be explained immediately
in the case F ∈ F. The function Φf (y) is the distribution function of the bounded
measure

mf := (f · ν) ◦ F−1

on the real line. Therefore, it su�ces to show that this measure has a continuous den-
sity ϱf with respect to Lebesguemeasure. This will be done if we show that the deriva-
tive ofmf in the sense of generalized functions is a boundedmeasure ηf without points
of nonzero measure. Using the standard reasoning in the Malliavin calculus, we now
show that

ηf = (f · dvµ + ∂v f · µ) ◦ F−1

is the generalized derivative of mf . Let ψ ∈ C∞0 (R). We have∫
ψ′(t)mf (dt) =

∫
ψ′(t) (f · ν) ◦ F−1(dt) =

∫
X

∂v(ψ(F))(x)f (x) µ(dx)

=
∫
X

∂v(fψ(F))(x) µ(dx) −
∫
X

ψ(F(x))∂v f (x) µ(dx)

= −
∫
X

ψ(F(x))f (x) dvµ(dx) −
∫
X

ψ(F(x))∂v f (x) µ(dx) = −
∫
ψ(t) ηf (dt). (2.13)
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Finally, ηf has no points of nonzero measure if this is true for µ ◦ F−1 and dvµ � µ
(the latter is true in the case of Fomin di�erentiability). The proof below is similar, we
just need to extend (2.13) to more general functions F satisfying (F2).

Remark 2.4.8. It is worth noting that under our assumptions (F1) and (F2) the mea-
sure ν ◦ F−1 is absolutely continuous (see below), hence µ ◦ F−1 is also absolutely
continuous provided that ∂vF > 0 µ-a.e. (then µ and ν are equivalent). In particular,
in the latter case µ ◦ F−1 has no atoms. In general, of course, this is not true, since F
can be constant on a positive measure set.

Remark 2.4.9. It will be clear from the proof that if we are interested only in surface
measures on F−1(y) for y in some interval I it su�ces to have that µ(F−1(y)) = 0 only
for y ∈ I. In addition, in many cases the construction can be “localized” by replacing
µ with themeasure f ·µ, where f ∈ F has an appropriate support. In this way, one can
make assumptions about also local v, say, replacing v by f · v (note that the surface
measures in [11] are constructed locally).

The following classical concepts and facts are crucial for the proof of Theorem 2.4.7.
A sequence of Radon measures µn converges weakly to a Radon measure µ if, for

each bounded continuous function f , we have∫
X

f (x) µ(dx) = lim
n→∞

∫
X

f (x) µn(dx).

By Aleksandrov’s theorem, weak convergence of a sequence of Radon probability
measures to a Radon probability measure µ is equivalent to the relation µ(W) ≤
lim infn→∞ µn(W) for every open setW (see [12, Section 8.2]).

By LeCam’s theorem (see [12, Corollary 8.6.3]), ofr complete metric spaces, if a se-
quence of nonnegative Radonmeasures µn is such that the integrals of each bounded
Lipschitzian functionwith respect to thesemeasures converge then this sequence con-
verges weakly to some Radon measure.

Finally, it follows fromProhorov’s theorem (see [12, Section 8.6]) that if a sequence
of Radonmeasures νn on X is uniformly bounded in variation and uniformly tight, i.e.,
for every ε > 0 there is a compact set Kε such that |µn|(X\Kε) < ε for all n, and there is
a class of bounded Borel functions on X separating Radon measures such that the in-
tegrals of f against µn converge for each f in this class, then themeasures µn converge
weakly to some Radon measure µ on X (Prohorov’s theorem ensures the existence of
a Radon measure µ that is a limit point of {µn} in the weak topology and the second
condition says that this limit point is unique, hence the sequence converges weakly to
it).

Note that in order to have the uniform tightness of nonnegative Radon measures
νn it su�ces to have a nonnegative Borel functionW on X such that the sets {W ≤ R}
are compact for all R ≥ 0 and the integrals of W with respect to the measures νn are
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uniformly bounded by some number C. In that case, by the Chebyshev inequality we
have

νn(X\{W ≤ R}) ≤ CR−1.

Lemma 2.4.10. Let µ be Skorohod di�erentiable along v. Then
(i) for every f ∈ Dv, the measure (∂v f · µ) ◦ f −1 is absolutely continuous and its

distributional derivative is (f · dvµ) ◦ f −1, hence for all t we have∫
{f <t}

∂v f (x) µ(dx) =
t∫

−∞

∫
{f <s}

f (x) dvµ(dx) ds. (2.14)

(ii) ϕ(f ) ∈ Dv for each Lipschitzian function ϕ and each f ∈ F.
In addition, ϕ(f ) ∈ Dv for any continuously di�erentiable function ϕ with a

bounded derivative and any f ∈ Dv. In both cases, ∂v(ϕ ◦ f ) = ϕ′(f )∂v f µ-a.e.

For a proof, see [18].

Lemma 2.4.11. We have ψ(F) ∈ Dv for each bounded Lipschitzian function ψ on the
real line. In addition, ∂v(ψ(F)) = ψ′(F)∂vF.

The proof of this lemma is easy and can be also found in [18].

Corollary 2.4.12. Under assumptions (F1) and (F2) we have

(ν ◦ F−1)′ = η = dvµ ◦ F−1

in the sense of distributions, where ν and η are de�ned by (2.10). Hence the measure
ν ◦ F−1 has a density ϱ1 of bounded variation, moreover,

ϱ1(t) = η((−∞, t)) = dvµ(x : F(x) < t).

If µ ◦ F−1 has no atoms and µ is Fomin di�erentiable along v, then |dvµ|({F = t}) = 0
for every t, hence this density is continuous.

Moreover, for every f ∈ F we have

((f · ν) ◦ F−1)′ = (f · dvµ) ◦ F−1 + (∂v f · µ) ◦ F−1 (2.15)

and
‖((f · ν) ◦ F−1)′‖ ≤ ‖f · dvµ + ∂v f · µ‖.

If µ ◦ F−1 has no atoms then the measure (f · ν) ◦ F−1 has a continuous density ϱf of
bounded variation and

|ϱf (y)| ≤ ‖f · dvµ + ∂v f · µ‖ ≤ ‖dvµ‖ · ‖f‖∞ + ‖∂v f‖L1(µ).

Finally, if dvµ = βv · µ, where βv ∈ Lq(µ), q = p/(p − 1), then

|ϱf (y)| ≤ ‖βv‖Lq(µ)‖f‖Lp(µ) + ‖∂v f‖L1(µ). (2.16)



Surface measures in in�nite-dimensional spaces | 77

Proof. Extending (2.13), we �nd that∫
ψ′(t) (f · ν) ◦ F−1(dt) =

∫
X

∂v(ψ ◦ F)(x)f (x) µ(dx)

= −
∫
X

ψ(F(x))f (x) dvµ(dx) −
∫
X

ψ(F(x))∂v f (x) µ(dx),

which gives (2.15), hence all our assertions follow.

Remark 2.4.13. It should be noted that the “non-normalized” surfacemeasures intro-
duced above are still not true “surface measures”; they depend not only on the level
sets F−1(y) but also on the whole function F. Obviously, the whole measure depends
also on our choice of the vector �eld v. However, there is some scaling invariance of
the construction: for example, if we replace F by kF with some number k > 0, the set
F−1(0) does not change and ourmeasure σ0 respects this. The sets {0 < kF < r} are the
old sets {0 < F < r/k}, so, when evaluating the derivative of the distribution function
at zero, we have the factor k coming from ∂v(kF) and obtain the same quantity.

Nevertheless, if v also depends on F, e.g., if we take for v a suitable gradient of
F without normalization, then we loose this invariance. This is a certain disadvan-
tage of our de�nition which will be partially overcome below (by passing to surface
measures normalized by weights or by taking normalized vector �elds). One should
bear in mind that, even dealing with very nice functions F on in�nite-dimensional
spaces, the known constructions do not really de�ne surface measures on individual
level sets F−1(y). As it happens with usual nice surfaces inRd, it is still necessary that
each �xed surface be included in a special family of level sets. An important excep-
tion is the Gaussian Hausdor� measure mentioned in Section 3; as we have seen this
is a non-σ-�nite measure on all Borel sets and it is not easy to calculate its value on
individual surfaces. Another exception is a surface determined by a nondegenerate
Fréchet di�erentiable function on a Banach space (but typical in�nitely Sobolev dif-
ferentiable functions on in�nite-dimensional spaces are not even continuous). On the
other hand, by using weight functions one can obtain “geometric surface measures”
on the basis of our surface measures for a reasonable individual surface.

Proof of Theorem 2.4.7. We can assume that y = 0. We know from Corollary 2.4.12 that
for every f ∈ F the distribution function of the measure (f · ν) ◦ F−1 is di�erentiable at
zero and its derivative is ϱf (0). Clearly,

ϱf (0) = lim
n→∞

n
∫
Bn

f (x) ν(dx) = lim
n→∞

∫
X

f (x) νn(dx),

where
Bn = {0 < F < n−1} and νn := nIBn · ν.
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Certainly, in place of n−1 we can take numbers hn > 0 decreasing to zero (then the
factor n is replacedby h−1

n ). Thenonnegativemeasures νn areuniformlybounded since
their values on the whole space X converge to ϱ1(0).

If either (i), (ii) or (iii) is ful�lled, it follows that there is a bounded nonnegative
Radon measure σ0 on X such that∫

X

f (x) σ0(dx) = lim
n→∞

∫
X

f (x) νn(dx).

Indeed, in case (i) we apply Le Cam’s theorem. Note that the measures νn are Radon
and are concentrated on a common separable subspace. In case (ii) we obviously have
the uniform tightness of the measures νn, which gives a Radon limit, as explained
above.

The same is also true in case (iii) because the integrals∫
X

W(x) νn(dx) = n
∫
Bn

W(x) ν(dx)

are uniformly bounded. This follows by the same reasoning that proves the existence
of ϱ1(0), just in place of µ we take W · µ; our assumptions in (iii) are such that this
works. This completes the proof of Theorem 2.4.7.

Let us compare the constructed measures σy with the conditional measures νy,
assuming that µ is concentrated on a countable union of metrizable compact sets. It
follows from the de�nition of ϱf (y) that

+∞∫
−∞

∫
X

f (x) σy(dx) dy =
∫
X

f (x) ν(dx) =
∫
R

∫
X

f (x) νy(dx) ν ◦ F−1(dy).

The integral on the left can be written as
+∞∫
−∞

∫
X

f (x) 1
ϱ1(y) σ

y(dx) ϱ1(y)dy =
∫
R

∫
X

f (x) 1
ϱ1(y) σ

y(dx) ν ◦ F−1(dy).

Hence themeasure σy/ϱ1(y) coincides with the conditional measure νy for ν ◦F−1-a.e.
y due to our assumption thatF separatesmeasures onB, and the essential uniqueness
of conditional measures.

Remark 2.4.14. (i) The assumption that µ is concentrated onmetrizable compact sets
has not been used for the proof of existence of σy; it is only needed if we wish to com-
pare surface measures with conditional measures and localize σy on F−1(y).

(ii) In place of the sets {y < F < y+h}we could dealwith the sets {y−h < F < y+h},
but then the factor h−1 must be replaced by (2h)−1.

(iii) It follows from our construction that in cases (i) – (iii) the mapping y 7→ σy is
continuous provided that the space of probabilitymeasures is equippedwith theweak



Surface measures in in�nite-dimensional spaces | 79

topology. Indeed, according to (2.12), whenever yj → y, for each f ∈ F the integral of f
against σyj converges to the integral of f against σy; by the respective assumption this
yields weak convergence.

(iv) Although our construction of surfacemeasures is topological in the sense that
it involves weak convergence of measures and the latter depends on the initial topol-
ogy, the resultingmeasures possess certain topological invariance. Obviously, they do
not change if we continuously embed our space into a larger space. Moreover, inmany
practical situation they do not change even if we consider them on a smaller topolog-
ical space of full measure continuously embedded into the original space in such a
way that the restriction of our measure µ to this smaller space is Radon on it.

(v) Surfacemeasures are closely related to the classes BV of functions of bounded
variation. In Rn the functions of this class are precisely those functions f ∈ L1(Rn)
for which the derivatives ∂xi f in the sense of distributions are measures of bounded
variation. The indicator function IV of a domain belongs to BV precisely when the
boundary ∂V of V has �nite perimeter. For the in�nite-dimensional case, see [2]–[8],
[20], [21], [22], [24], [25], [43], [44], [48], [51], [62], and [63]. An interesting question is to
determine when level sets of a convex function (for example, a seminorm) have �nite
surfacemeasures. This question is not trivial even forGaussianmeasures andbecomes
especially challenging for convex (or logarithmically concave) measures, i.e., proba-
bility measures whose �nite-dimensional projections are measures given by densities
of the form e−V with a convex function V with respect to Lebesgue measures on a�ne
subspaces. One of the problems with suchmeasures in in�nite dimensions is that it is
not known whether they always have vectors of Skorohod di�erentiability. Returning
to theGaussian case, recall that if γ is a centeredGaussianmeasure and A is a Borel set
ofmeasure γ(A) ≥ 1/2 andΦ(a) = γ(A), whereΦ is the standardGaussiandistribution
function, then the following isoperimetric inequality holds (see, e.g., [11]):

γ(A + tUH) ≥ Φ(a + t) ∀ t ≥ 0,

where UH is the closed unit ball in the Cameron–Martin space H. Therefore,

γ(A + tUH) − γ(A)
t ≥ Φ(a + t) − Φ(t)

t .

Hence letting t → 0 we conclude that the liminf of the left-hand side is at least Φ′(a) =
ϱ(a), which is the surface measure of the half-space of γ-measure a. Therefore, half-
spaces possess minimal surface measures among sets of γ-measure a.

2.5 Fine versions of surface measures controlled by capacities

The surface measures constructed above on the basis of the Malliavin calculus have
the property that they are de�ned on “almost all” level sets similarly to conditional
measures. In this section we give some additional conditions under which there is a
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more canonical version of σy sitting on F−1(y) for each y. Here we assume that µ is
Fomin di�erentiable along v (also some higher integrability of βv will be assumed).
Note that the measures σy do not change if we take a di�erent version of F, but the
sets F−1(y) can change. We recall that, as noted above, there is no problem if F is con-
tinuous and for every point z in the complement of F−1(y) and every neighborhood
U of z there is a nonnegative continuous function of class F positive at z and having
support in U.

Another concept coming along with surface measures is capacity (see [11] or [13]).
Suppose that F is equipped with a norm ‖ · ‖F such that convergence in this norm
yields convergence in L1(µ). In practical situations, this will be often the norm of a
suitable Sobolev space Wp,1(µ), but so far no Sobolev spaces are needed. This norm
generates a capacity: for every open set U ⊂ X we de�ne its capacity associated with
F by the formula

CF(U) = inf{‖f‖F : f ∈ F, f ≥ 0, f ≥ 1 µ-a.e. on U}.

For any set B ⊂ X let

CF(B) = inf{CF(U) : U ⊃ B is open}.

Typically, capacities of the sort we consider are tight (see [61], [59], and [60]), i.e., for
each ε > 0 there is a compact set Kε such that CF(X\Kε) < ε. However, we do not
assume this property.

Recall that a function f is called CF-quasi-continuous if, for each n, there is a
closed set An such that CF(X\An) < 1/n and f |An is continuous.

It is known that each function f ∈ F has a CF-quasi-continuous version (see
[13, Section 8.13]), provided that the norm ‖ · ‖F is strictly convex. This is the case
with the Lp-norm with p ∈ (1, +∞), and, more generally, with any norm of the form
‖f‖F = ‖T−1f‖Lp(m), wherem is a probabilitymeasure and T is a bounded injective lin-
ear operator from Lp(m) to L1(µ); in particular, the latter case covers most of Sobolev
classes such asWp,1(γ) for a Gaussianmeasure γ (see Section 3). However, in place of
such assumptions we simply assume in addition to (F1) and (F2) that

(F3) F has a quasi-continuous version.

Wenow�x a quasi-continuous version of F; the results below refer to this version.

Lemma 2.5.1. Let µ be Fomin di�erentiable along v with respect to F and let (F1), (F2)
and (F3) hold. Suppose that there is p > 1 such that

‖f‖Lp(µ) + ‖∂v f‖L1(µ) ≤ ‖f‖F , f ∈ F. (2.17)

Assume also that βv ∈ Lp/(p−1)(µ). Then, for every open set W ⊂ X and any r > 0, the
measure ν = (∂vF) · µ satis�es the estimate

ν(W ∩ {y < F < y + r}) ≤ rC(µ)CF(W), C(µ) = 1 + ‖βv‖Lq(µ), q = p
p − 1 . (2.18)
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Proof. Let f ∈ F, f ≥ 0 and f ≥ 1 µ-a.e. on W. Then f ≥ 1 ν-a.e. on W, hence on
account of (2.16) and (2.17) we obtain

ν(W ∩ {y < F < y + r}) ≤
∫

W∩{y<F<y+r}

f (x) ν(dx)

≤
∫

y<F<y+r

f (x) ν(dx) ≤ rC(µ)(‖f‖Lp(µ) + ‖∂v f‖L1(µ)) ≤ rC(µ)‖f‖F ,

which yields the announced estimate by taking inf in f .

Certainly, we can always equip F with the norm given by the left-hand side of (2.17).
Moreover, this norm is strictly convex (since so is the Lp-norm) and convergence in
this norm obviously yields convergence in Lp(µ), hence in L1(µ). However, in con-
crete examples there might be other natural norms on F not related to v, e.g., certain
Sobolev norms. Quasi-continuous versions of F depend on our choice of CF, hence on
our choice of a norm on F.

Theorem 2.5.2. Suppose that in Theorem 2.4.7we have βv ∈ Lp/(p−1)(µ) for some p > 1
and that (2.17) and (F3) hold (which can be ensured by taking the norm on F de�ned by
the left-hand side of (2.17)). Then each σy is concentrated on the set F−1(y) and vanishes
on all sets of CF-capacity zero.

Proof. Let us show that σy(X\F−1(y)) = 0. We can assume again that y = 0. It su�ces
to show that σ0 vanishes on each set U := {|F| > δ}, where δ > 0. By assumption, for
each n, there is a closed set An such that CF(X\An) < 1/n and F|An is continuous. The
sets

Un = U ∩ (X\An)

are open because {|F| ≤ δ} ∩ An is closed by the continuity of the restriction F|An . We
have U ⊂

⋂∞
n=1 Un. Let k > 1/δ. Then νk(U) = 0, where, as above, νk = kI{0<F<k−1} · ν.

By the lemma we have
νk(Un) = νk(X\An) ≤ C(µ)n−1,

hence σ0(Un) ≤ C(µ)n−1, which yields that σ0(U) = 0. Note that we could not derive
this directly from the equality νk(U) = 0, because U need not be open.

We now prove that σy(B) = 0 for every set B ∈ B of zero CF-capacity. Again it
su�ces to consider the case y = 0. Let ε > 0. By de�nition, there is an open set W
containing B such that CF(W) < ε. Therefore, there is a function f ∈ F ≥ 0 such that
f ≥ 1 µ-a.e. onW and ‖f‖F < ε. It follows from the lemma that |νn(W)| ≤ εC(µ), which
yields that |σ0(W)| ≤ εC(µ). Letting ε → 0 we arrive at the desired conclusion.

In the framework described above there is no natural way of normalizing our surface
measures. One way of making the construction more invariant is this: assuming that
there is some intrinsic norm |v|H (as is the case for Gaussian measures when we use
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the norm of the Cameron–Martin space H) and |v(x)|H > 0 µ-a.e., one could use the
unit �eld v/|v|H , which leads to the weight ∂vF/|v|H in place of ∂vF. However, to avoid
possible problems with di�erentiation along this new �eld, we just assume that the
measure |v|−1

H · ν is �nite and take new measures

σy0 := |v|−1
H · νy

on the same level sets F−1(y). Thesemeasures are �nite for ν◦F−1-a.e. y, hence also for
µ ◦ F−1-a.e. y. Finally, if no weight is used, we arrive at surface measures that coincide
with conditional measures.

Remark 2.5.3. Note that for any bounded continuous function g the measure g · σy

is naturally de�ned for every y (not for almost every y). It is readily seen from Theo-
rem 2.5.2 that the same is true for any bounded quasi-continuous function g. In order
to assign �nite integrals with respect to all surface measures σy to some unbounded
functions g one can use the following trick: use surface measures generated by the
new measure g · µ. Obviously, this requires some additional assumptions about g be-
cause our approach is based on positive di�erentiable measures. However, it works if
there is p > 1 such that ∂v f ∈ Lp(µ) for all f ∈ F, βv ∈ Lp(µ), ∂vF ∈ Lp(µ), g ≥ 0 be-
longs toDv ∩ Lp

′
(µ), ∂vg ∈ Lp

′
(µ), where p′ = p/(p − 1). Using this trick separately for

g+ and g−, one can extend this to certain functions of variable sign. One can show that
if in this situation g is bounded continuous this procedure yields the usual products
g · σy.

It is also worth noting that if we apply the same construction to the original mea-
sure µ in place of ν in order to integrate by parts in the equalitywithψ′(F) wemust arti-
�cially add the factor ∂vF to obtain the expression ∂v(ψ(F)). The e�ect is that wemust
impose the assumption of di�erentiability not on µ, but on the measure (∂vF)−1 · µ. In
principle, this is quite possible but requires some extra assumptions.

In the considered situationwehave the following version of theGauss–Ostrogradskii–
Stokes formula with our non-normalized surface measure. Set

Vr = F−1(−∞, r), Sr = F−1(r).

Theorem 2.5.4. Let u be another vector �eld along which µ is di�erentiable, satisfying
the same hypotheses as v. Then∫

Vr

βu(x) µ(dx) = −
∫
Sr

∂uF(x)
∂vF(x) σ

r(dx),

provided that either the function ξ := ∂uF/∂vF is bounded quasi-continuous or ξ+ and
ξ− satisfy the additional conditions mentioned in the previous remark.

Proof. Let ψh(s) = 1 if s ≤ r, ψh(s) = 0 if s ≥ r + h, ψh(s) = C − s/h if r < s < r + h,
C = 1 + r/h. Then ψ′h(s) = −1/h in the interval (r, r + h) and ψ′h = 0 outside the closure
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of this interval. We have ∂u(ψh ◦ F) = −h−1∂uF on the set {r < F < r + h} and∫
X

ψh(F(x))βu(x) µ(dx) = −
∫
X

∂u(ψh ◦ F)(x) µ(dx) = h−1
∫

r<F<r+h

∂uF(x) µ(dx).

As h → 0, the left-hand side of this identity tends to the integral of βu over Vr and
the right-hand side tends to the surface integral of the function ∂uF/∂vF against the
surface measure σr. The latter holds if either ξ is bounded quasi-continuous or there
are surface measures associated with the new measures ξ+ · µ and ξ− · µ.

If u = v, then we have ∫
Vr

βv(x) µ(dx) = −
∫
Sr

σr(dx),

which gives the total mass of the surface.

2.6 Examples and comments

It is clear from the comments above that all our assumptions are rather general except
for the requirement of di�erentiability of µ along a suitable vector �eld. Actually, also
vector �elds of di�erentiability can be found for quite generalmeasures (see [13, Chap-
ter 11]). The only serious restriction arises if we wish to �nd this �eld in a such a way
that ∂vF is not very degenerate in order to connect our surface measures with more
traditional surface measures as explained above. For this reason we include ∂vF in
our measure. In particular, identically zero v �ts our construction pretty well and pro-
duces zero surface measures. In order to avoid such meaningless situations we now
consider some examples where for a given F one can �nd a suitable v with ∂vF > 0
µ-a.e.

Example 2.6.1. Suppose that X is a Banach space, µ is Fomin di�erentiable along a
nonzero constant vector v, and F is a continuous function on X di�erentiable along v
such that ∂vF is continuous and c1 ≤ ∂vF ≤ c2 for some positive numbers c1 and c2.
Then there exist surface measures σy on the level sets F−1(y). In addition, one can use
equivalent “traditional” surface measures |∂vF|−2 · σy. One can also use a local ver-
sion of this construction multiplying µ by a Lipschitzian bump function with a small
support in a neighborhood of a point x0 where ∂vF(x0) > 0.

In this situation we can apply both (i) and (iii) in Theorem 2.4.7. Applicability of
(i) follows from the fact that any Lipschitzian function on X is µ-a.e. di�erentiable
along v, which in turn follows from the one-dimensional case and the existence of
di�erentiable conditional measures on the straight lines x + Rv (see [13, Chapter 3]).
Case (iii) applies here ifwe take forF the same class of boundedLipschitzian functions
or the class FC of smooth cylindrical functions. Finally, forW we can take a function
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of the formW(x) = w(‖x‖), where w is an unbounded Lipschitzian su�ciently slowly
increasing function onR such thatW is µ-integrable (one can always �nd such a func-
tion).

An obvious disadvantage of constant vector �elds is that they give less chances to ob-
tain positive ∂vF. For example, if X is a Hilbert space and F is Gâteaux di�erentiable,
then itwouldbeoptimal in this respect to take v = ∇F,whichgives ∂vF(x) = ‖∇F(x)‖2.
However, even for very nice functions F there might be no natural measures di�eren-
tiable along∇F. For example, if we take F(x) = (x, x) and want to de�ne surface mea-
sures on the spheres, we have to ensure di�erentiability of µ along the �eld v(x) = x.
However, say, Gaussian measures on in�nite-dimensional spaces are not di�eren-
tiable along this �eld (see the example below). For this reason, one has to consider
vector �elds with values in suitable analogs of the Cameron–Martin space.

Example 2.6.2. Let γ be a centered Radon Gaussian measure on a locally convex
space X such that its Cameron–Martin space H is in�nite-dimensional. Then γ is not
Fomin di�erentiable along the vector �eld v(x) = x. Indeed, it su�ces to prove this for
the standard Gaussian measure γ on R∞. Suppose that βv ∈ L1(γ) is the divergence
of v. Then for every smooth cylindrical function f in variables x1, . . . , xn we have∫

X

n∑
i=1

xi∂xi f (x) γ(dx) = −
∫
X

f (x)βv(x) γ(dx).

The left-hand side equals

−
∫
X

f (x)
n∑
i=1

(1 − x2
i ) γ(dx)

by the integration by parts formula. Therefore, the function Sn(x) =
∑n

i=1(1 − x2
i )

equals the conditional expectation of the function βv with respect to the σ-�eld gener-
atedby x1, . . . , xn.We recall that the conditional expectationof an integrable function
ξ with respect to a smaller σ-algebra A is an integrable function EAξ that is measur-
able with respect toA and satis�es the identity∫

X

ηξ dγ =
∫
X

ηEAξ dγ

for all bounded functions η measurable with respect to A. By the martingale con-
vergence theorem (see, e.g., [12, Chapter 10]) the sequence of functions Sn converges
in L1(γ), but the functions 1 − x2

i are second order polynomials, hence the series of
1 − x2

i converges in all Lp(γ) (see [11, Chapter 5]). However, there is no convergence
in L2(γ), because these functions are mutually orthogonal in L2(γ) and have equal
norms.



Surface measures in in�nite-dimensional spaces | 85

Example 2.6.3. Let us return to Section 3 and consider the case of a centeredGaussian
measure µ with the Cameron–Martin space H and F belonging to the Sobolev class
W2,2(µ). In this case the vector �eld v = DHF ∈ W2,1(µ, H) has divergence βv = LF ∈
L2(µ) and ∂vF = |DHF|2H is in L1(µ).

If F ∈ Wp,2(µ) with some p ∈ (1, 2), then we can use the vector �eld

v = DHF/|DHF|2H ,

for which ∂vF = 1 (and we obtain surface measures from [29]), or the vector �eld

v = DHF/|DHF|H ,

so that v is a unit normal on the surface (but with respect to the Cameron–Martin
norm) and ∂vF = |DHF|H; now in both cases it becomes necessary to require that v
must have divergence. In the �rst case it su�ces to have ‖D2

HF‖HS/|DHF|2H ∈ Lp(µ)
and in the second case it su�ces to have ‖D2

HF‖HS/|DHF|H ∈ Lp(µ) (the corresponding
surface measures will be di�erent). It is also possible to use a less constructive (but
weaker) assumption that F ∈ W1,1(µ) andoneof these twovector �eldshasdivergence
βv ∈ L1(µ).

If X is a Banach space, thenwe can take forF the class of all bounded Lipschitzian
functions. Conditions (F1)–(F3) are readily veri�ed in this case. Actually, the case of a
general locally convex space with a Radon Gaussian measure reduces to this one by
the Tsirelson linear isomorphism theorem (see [11, Chapter 3]). If βv ∈ Lp(µ), then we
can takeF = FC (smooth cylindrical functions) and apply case (iii) in Theorem 2.4.7. If
X is sequentially complete, then forW we can take the Minkowski functional pQ of an
absolutely convex compact set Q of positive measure. It is known that pQ ∈ W r,1(µ)
for all r ≥ 1.

Actually, if one is interested only in a Gaussian measure µ on a Banach space,
then the construction of surface measures along these lines becomes straightforward
as explained in Section 3.

In particular, if DHF =6 0 a.e., our construction can be compared with surfacemea-
sures considered in [1], [49], [11], [13], and [29] (note that the latter work develops a
construction based on distribution functions related to the measure µ itself, so that
it leads to surface measures that are not invariant under scaling of F, as discussed
above). In order to come to usual surface measures one should either deal with a unit
�eld DHF/|DHF|H or deal with v = DHF, and then multiply the obtained surface mea-
sures by 1/|DHF|H .

We emphasize that for better surfaces (existing individually such as level sets of con-
tinuously Fréchet di�erentiable functions with nondegenerate derivatives) there is no
need to involve variable vector �elds DHF: it becomes much simpler to de�ne surface
measures locally by using only constant vector �elds of di�erentiability of µ as in Ex-
ample 2.6.1. In that case no second derivatives of F appear at all and in this way we
recover the existence results of [75] (even under weaker assumptions).
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In place of a Gaussian measure µ, it is possible to consider a Radon probability
measure µ on a locally convex space X that is Fomin di�erentiable along a continu-
ously embedded dense Hilbert space H. A simple example is the countable power of a
probability measure on Rwith a smooth density with compact support; then one can
take X = R∞ and H = l2 is a natural choice (the same measure can be also considered
on aweighted Hilbert space of sequences (xn) such that

∑∞
n=1 αnx

2
n < ∞, where αn > 0

and
∑∞

n=1 αn < ∞). Then one can also de�ne Sobolev classes. This situation (studied
in [58], [59], and [60]) has been the most general considered so far in the linear case.
In [29], similar results have been reproved in the Gaussian case.

Remark 2.6.4. (i) It is worth noting that the case of a Fréchet space reduces to that
of a separable re�exive Banach space, since every Radon measure on a Fréchet space
is concentrated on a compactly embedded separable re�exive space (see [12, Theo-
rem 7.12.4]). Formanymeasures on Banach spaces (Gaussian, di�erentiable), the class
of bounded Lipschitzian functions is a suitable candidate for F, since such functions
are almost everywhere di�erentiable with respect to such measures.

(ii) The class FC of smooth cylindrical functions and the larger class of bounded
Lipschitzian cylindrical functions satisfy condition (F1), but in general they do not
have the property of the whole class of bounded Lipschitzian functions that conver-
gence of integrals of such functions with respect to a sequence of probability mea-
sures ensures weak convergence of these measures (say, this is not true for in�nite-
dimensional Hilbert spaces, although is true for R∞). This is why we considered
cases (ii) and (iii) in Theorem 2.4.7. As already noted, it is possible to de�ne surface
measures locally in a suitable sense (for example, on compact sets) by replacing µ by
ζ · µ, where ζ ≥ 0 is a bump function whose support gives the desired localization. For
example, in the Gaussian case or in the case of a di�erentiable measure on a Banach
space, it is always possible to choose ζ in a such away that its support will be compact
andwill contain a given compact set, and themeasure ζ ·µwill remain Fomin di�eren-
tiable along the samedirections as µ. This approach can give local surfacemeasures in
more general situationswhere there are no global surfacemeasures. A possible way of
gluing these local surface measures is based on establishing their uniform tightness.

If X is equipped with a suitable tangent structure enabling us to consider v not as a
di�erentiation, but as a true vector �eld possessing the corresponding norm |v(x)|,
one might try to use �elds of unit length; again the question of their choice arises.

The choice v = DHF in the Gaussian case mentioned above is connected with
another natural object related to Gaussian Hausdor� measures mentioned at the end
of Section 3:H-neighborhoods of sets. Given aBorel set B, we take the set Br = B+rUH ,
whereUH is theunit ball in theCameron–Martin spaceH. The set Br in general ismuch
smaller than the usual metric r-neighborhood of B. Then, for certain “surfaces” B, the
surfacemeasure of B can be obtained as a limit of µ(Br)/r as r → 0. However, a precise
de�nition the surface measure of B is more involved.
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Among various restrictions on µ and F imposed above, certainly the most strin-
gent one is the existence of vector �elds of di�erentiability for µ. For example, inmany
cases, given a measure µ on a metric space, one can take for F the space of bounded
Lipschitzian functions; in many cases, such functions possess appropriate gradients
µ-almost everywhere, so if F is locally Lipschitzian, then the only problem is to �nd
suitable di�erentiability �elds for the measure. It is not always possible to build such
�elds from constant vector �elds (this happens already for distributions of di�usion
processes with non-constant di�usion coe�cients, see [13, Chapter 4]). It would be
interesting to study vector �elds of di�erentiability of measures in the framework of
metric measure spaces.

Remark 2.6.5. It would be interesting to study a possible analog of the Radon trans-
form associated with surface measures in the spirit of the construction developed in
[41], [42], [50], [17] for conditional measures on hyperplanes. Recall that the classical
Radon transform reconstructs a function on the plane by its integrals over all straight
lines (with Lebesgue measure). A natural in�nite-dimensional analog (considered in
the cited papers) is this: given a Radon probabilitymeasure µ, to get some information
about a functionwith given integrals with respect to conditionalmeasures µL+y on the
set L + y for all possible hyperplanes L.

2.7 Surface measures of higher codimension

In this section we consider surface measures on surfaces of higher codimension. Note
that Gaussian Hausdor� measures (see Section 3) are de�ned in a uni�ed way for ar-
bitrary codimension; other approaches exploited the fact that F was a real function.
Nevertheless, the construction developed in the previous sections also works in the
case of surfaces of higher codimension, but requires a bit more regularity of the map-
ping

F = (F1, . . . , Fd) : X → Rd

on the level sets of which we wish to de�ne surface measures. We recall that condi-
tional measures are not sensitive at all to this change, they exist even for mappings
with values in quite general in�nite-dimensional spaces.

Now we need d vector �elds v1, . . . , vd along which the measure µ is di�eren-
tiable.However, in themultidimensional case it is reasonable tomodify our conditions
on F as follows: F is a linear space separating Radon measures on X such that

ϕ(f1, . . . , fn) ∈ F ∀ f1, . . . , fn ∈ F

for all functions ϕ ∈ C∞b (Rn) with arbitrary n and

∂vi (ϕ(f1, . . . , fn)) =
n∑
j=1

∂xjϕ(f1, . . . , fn)∂vi fj .
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In order to modify condition (F2) we shall suppose that ψ(F) ∈ Dvi for all func-
tions ψ ∈ C∞0 (Rd) and each i = 1, . . . , d. This enables us to de�ne functions ∂viFj as
we have done in the one-dimensional case in (F2).

In place of ∂vF we now take the determinant ∆F of the so-called Malliavin matrix

(σij)i,j≤d , σij := ∂viFj .

Let Mij(x) = (−1)i+jmji, where mji(x) is the minor in the Malliavin matrix correspond-
ing to the element σji(x). Thus, Mij is the transposed matrix of cofactors of the Malli-
avin matrix. If the matrix (σij(x))i,j≤d is invertible, the inverse matrix will be denoted
by (γ ij(x))i,j≤d. In that case

γ ij = Mij/∆F .

Therefore, ∑
j≤d

Mij(x)σjk(x) = ∆F(x)δik , (2.19)

where δik is Kronecker’s symbol. Indeed, this is true for invertible matrices, but re-
mains valid for any matrix by approximation by invertible matrices.

In the Gaussian case considered above we take vi = DHFi, so that

σij = (DHFi , DHFj)H

and the matrix (σij)i,j≤d is nonnegative de�nite.
In place of (F2) we suppose that ∆F ≥ 0 and ∆F ∈ L1(µ). Set

ν = ∆F · µ.

Let
Ur = {x ∈ Rd : |x| < r} and Wr = {|F| < r}.

Let BV(Ur) be the space of functions of bounded variation on Ur and let Wp,1(Ur) be
the Sobolev class of functions belonging to Lp(Ur) along with their generalized �rst
order partial derivatives.

Theorem 2.7.1. (i) Suppose that fMij ∈ Dvj for all i, j ≤ d and all f ∈ F vanishing
outside of Wr. Then themeasure ν◦F−1 is absolutely continuous on Ur and has a density
ϱ of class BV(Ur). In particular, ϱ ∈ Ld/(d−1)(Ur).

If ∆F(x) =6 0 µ-a.e. on Wr, then ϱ ∈ W1,1(Ur).
(ii) If, in addition,

ui := IWr

∆F

∑
j≤d

[∂vjMij + Mijβvj ] ∈ Ls(ν) for some s > d, (2.20)

then this density ϱ belongs to Wp,1(Ur) with some p > d and has a continuous version.
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(iii) If s > 2d, then for any f ∈ F the measure (f · ν) ◦ F−1 is absolutely continuous
on Ur and has a bounded continuous density ϱf such that

sup
y∈Ur
|ϱf (y)| ≤ C

(
‖f‖L2d(ν) +

d∑
j=1
‖∂vj f‖L2d(ν)

)
, (2.21)

where C is a number that depends only on d, s, r0, ‖ui‖Ls(ν), and ‖IWrMij/∆F‖Ls(ν)),
whenever r ≤ r0 and r0 > 0 is �xed.

Proof. (i) Let ψ ∈ C∞0 (Ur). By (2.19) we have∫
Ur

∂yiψ(y) ν ◦ F−1(dy) =
∫
Wr

∂yiψ(F(x))∆F(x) µ(dx)

=
∫
X

∑
j,k≤d

Mij(x)σjk(x)[∂ykψ(F(x))] µ(dx) =
∫
X

∑
j≤d

∂vj (ψ ◦ F)(x)Mij(x) µ(dx)

= −
∑
j≤d

∫
X

(ψ ◦ F)(x)Mij(x) dvjµ(dx) −
∑
j≤d

∫
X

(ψ ◦ F)(x)∂vjMij(x) µ(dx)

= −
∑
j≤d

∫
X

(ψ ◦ F)(x)[∂vjMij(x) + Mij(x)βvj (x)] µ(dx).

The right-hand side can be written as the integral of ψwith respect to a boundedmea-
sure on Ur, hence the measure ν ◦ F−1 on Ur has a density ϱ of class BV(Ur). By the
Sobolev embedding theorem ϱ ∈ Ld/(d−1)(Ur), see, e.g., [13, Chapter 2], [33] or [79].

If the measure ν is equivalent to µ, which is the case where ∆F > 0 µ-a.e. and µ
can be written as ∆−1

F · ν, the right-hand side can be written as the integral of ψgiϱ,
where gi is the conditional expectation of the ν-integrable function −ui with respect
to the measure ν and the σ-�eld generated by F (here we also take into account that
ψ(F) = ψ(F)IWr , because ψ has support in Ur). Therefore, ϱ ∈ W1,1(Ur).

(ii) Note that for some function gi we have

∂yiϱ = giϱ.

By Jensen’s inequality for conditional expectations the inclusion |ui|s ∈ L1(ν) yields
the inclusion |gi|sϱ ∈ L1(Ur). We recall that this inequality states that

V(EAξ ) ≤ EA[V(ξ )]

for every convex function V. In particular, |EAξ |p ≤ EA[|ξ |p] for all p ≥ 1.
We now show that ∂yiϱ is better integrable under the assumptions of the last as-

sertion. Suppose that ϱ ∈ Lp(Ur) for some p ≥ 1. By Hölder’s inequality we have
giϱ ∈ Lsp/(p+s)(Ur). Therefore, ϱ ∈ Wp1 ,1(Ur) with p1 = sp/(p + s); if p1 < d by the
Sobolev embedding this yields that ϱ ∈ Lp2 (Ur) with

p2 = dp1
d − p1

= p ds
ds − p(s − d) ≥ p

ds
ds − s + d = λp, λ = ds

ds − s + d > 1.
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If p1 = d then ϱ ∈ Lq(Ur) for any q < ∞, hence ∂yiϱ ∈ W s−ε,1(Ur) for any ε > 0.
Therefore, in �nitely many steps we arrive at the situation where ∂yiϱ ∈ Wp,1(Ur)
with some p > d. Therefore, the Sobolev embedding ensures a continuous density.

(iii) It follows from the reasoning above that if we replace ν by the measure f · ν,
the generalized partial derivative of the measure (f · ν) ◦ F−1 with respect to yi will
equal the function ĝiϱ, where ĝi is the conditional expectation of the function

ûi = fui + IWr

∆F

∑
j≤d

Mij∂vj f

with respect to the measure ν and the σ-�eld generated by F. Thus, we have

∂yiϱf = ĝiϱ.

However, now we already know that ϱ is bounded continuous on Ur and it follows
from the previous step that its sup on Ur is estimated by a constant that depends on
d, s, r and the Ls(ν)-normof ui. Therefore, choosing ε > 0 such that s = 2d(d+ε)/(d−ε)
and letting t = d + ε > d, we conclude that the Lt(Ur)-norm of ∂yiϱf is estimated by a
constant depending on the indicated quantities and the Lt(ν)-norm of ûi. By Hölder’s
inequality

‖uw‖t ≤ ‖u‖s‖w‖st/(s−t),
st
s − t = 2d.

We apply this inequality with u = ui and w = f and also with u = IWrMij/∆F and
w = ∂vj f . This gives a bound on theW t,1(Ur)-norm of ϱf via

‖f‖L2d(ν) +
d∑
j=1
‖∂vj f‖L2d(ν)

multiplied by a constant, which yields the announced estimate by the Sobolev em-
bedding theorem.

We now give a constructive su�cient condition for the continuity of densities of mul-
tidimensional distributions related to µ rather than ν. This requires, however, second
derivatives of F. In the next proposition we assume that ∂vk∂vjFi can be de�ned in the
same sense as ∂vjFi above by using that ψ(∂vjF) ∈ Dvk for smooth functions on Rd

with compact support.

Theorem 2.7.2. (i) Suppose that for every r ∈ N there is εr > 0 such that the functions

exp
(
εr
∣∣∣∑
k

(γ ikβvk + ∂vkγ ik)
∣∣∣) (2.22)

are µ-integrable on the set {|F| < r}. Then the measure µ ◦ F−1 has a continuous density
without zeros.
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(ii) Suppose that for every r ∈ N there is pr > d such that the functions∣∣∣∑
k
γ ikβvk

∣∣∣pr , ∣∣∣∑
k
∂vkγ ik

∣∣∣pr
are µ-integrable on the set {|F| < r}. Then the measure µ ◦F−1 has a continuous density.

Proof. (i) We shall use the following result (see [19] or [13, Proposition 6.4.1]): if a non-
negative function ϱ on a ball U ⊂ Rd belongs to the Sobolev classW1,1(U) and there is
ε > 0 such that ϱ exp(ε|∇ϱ|/ϱ) ∈ L1(U), where we de�ne∇ϱ/ϱ = 0 on the set {ϱ = 0},
then ϱ has a continuous version that is either identically zero or positive.

Let us �x r ∈ N and let U be the open ball of radius r in Rd centered at the origin.
Let ϕ ∈ C∞0 (U). We have∫

U

∂yiϕ(y) µ ◦ F−1(dy) =
∫
X

∂yiϕ(F(x)) µ(dx) =
∫
X

∑
k,j≤d

γ ikσkj(∂yjϕ) ◦ F dµ

=
∫
X

∑
k≤d

γ ik∂vk (ϕ ◦ F) dµ = −
∫
|F|<r

∑
k≤d

ϕ ◦ F[∂vkγ ik + γ ikβvk ] dµ

= −
∫
U

ϕ(y)ηi(y) µ ◦ F−1(dy),

where ηi is the conditional expectation of the function∑
k

[∂vkγ ik + γ ikβvk ]I{|F|<r}

with respect to the measure µ and the σ-�eld generated by F. It follows that the gen-
eralized derivative of the measure µ ◦ F−1 on U in the variable yi is the measure
ηi · (µ ◦ F−1) � µ ◦ F−1. Therefore, µ ◦ F−1 on U has a density ϱ ∈ W1,1(U) and
∂yiϱ/ϱ = ηi. By our assumption (2.22) and Jensen’s inequality for conditional expec-
tations (now applied to exp), we arrive at the condition mentioned above.

(ii) If we are given that µ ◦ F−1 has a locally bounded density ϱ, then the previous
relation can be written as∫

U

∂yiϕ(y)ϱ(y) dy = −
∫
U

ϕ(y)ηi(y)ϱ(y) dy,

which means that ∂yiϱ = ηiϱ on U in the sense of distributions. We obtain again that
ϱ ∈ W1,1(U), but now we conclude that ∂yiϱ ∈ Lpr (U) by the same iteration of the
Sobolev embedding theorem as in the previous proposition. Therefore, by the Sobolev
embedding theorem ϱ has a continuous density (now it is not asserted that it is posi-
tive).

In order to ensure (2.22) in terms of the original Malliavin matrix, we note that

∂vkγ ik = ∂vk (Mik∆−1
F ) = (∂vkMik)∆−1

F − (∂vk∆F)∆−2
F .
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The �rst term is a sumof functions of the form ∆−1
F ∂vkσijw, wherew is a product of d−2

matrix elements of the Malliavin matrix. The second term is a sum of functions of the
form ∆−2

F ∂vkσijw with w as above. Therefore, it su�ces to have the µ-integrability of
the functions

exp
( εr
∆2
F
|∂vk∂vjFi| |∂vlFm|d−1

)
, exp

( εr
∆F
|βvk | |∂vlFm|d−1

)
,

on the set {|F| < r}. For example, this holds if for some δr > 0 the exponents of

δr∆−4
F , δr|∂vk∂vjFi|4, δr|∂vlFm|4d−4, δrβ2

vk

are integrable.

De�nition 2.7.3. The surface measure σy is de�ned as a Radon measure such that∫
X

f (x) σy(dx) = ϱf (y) ∀ f ∈ F.

This de�nition means that∫
X

f (x) σy(dx) = lim
r→0

1
|Ur|

∫
{|F−y|<r}

f (x) ν(dx),

where |Ur| is the usual volume of the ball Ur. The existence of the limit in the right-
hand side is theonly condition requiredby thede�nition, and this condition is ful�lled
in the situation of Theorem 2.7.1.

As in Section 4, we have to show that this relation de�nes a Radon measure.
We need also an analog of Lemma 2.5.1.

Lemma 2.7.4. Suppose that the hypotheses of case (iii) of Theorem 2.7.1 hold and

‖f‖L2d(µ) +
d∑
j=1
‖∂vj f‖L2d(µ) ≤ C0‖f‖F ∀ f ∈ F. (2.23)

Then, for every open set W ⊂ X and any r > 0, we have

ν(W ∩ {|F − y| < r}) ≤ C0C1rdCF(W), (2.24)

where C1 depends on the same quantities as in assertion (iii) of Theorem 2.7.1.

Proof. Let f ∈ F, f ≥ 0 and f ≥ 1 µ-a.e. onW. Then f ≥ 1 ν-a.e. onW, hence as in the
proof of Lemma 2.5.1 we obtain

ν(W ∩ {|F − y| < r}) ≤ rd sup
z : |z−y|<r

|ϱf (z)|,
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where ϱf is the density of the measure (f · ν) ◦ F−1. According to assertion (iii) of The-
orem 2.7.1 we can estimate the maximum of the continuous version of ϱf onWr by

‖f‖L2d(ν) +
d∑
j=1
‖∂vj f‖L2d(ν)

multiplied by some constant depending on the quantities indicated in that proposi-
tion.

Theorem 2.7.5. In the situation of Theorem 2.7.1(iii), the assertion of Theorem 2.4.7 is
true. The assertion of Theorem 2.5.2 is true as well if the condition of the previous lemma
holds and the respective quasi-continuous versions of Fi are considered.

The proof is essentially the same, however, we should note that the assumptions are
now much stronger.

As in case d = 1 we can equipFwith the norm given by the left-hand side of (2.23).
However, this is not always convenient since this norm depends on F and v. If the
Gaussian case it may be preferable to use some Sobolev norm on F. For example, if
we take vi = DHFi as in Example 2.6.3, then ∂vi f = (DH f , DHFi)H , so that ∂vi f ∈ L2d(ν)
provided that f ∈ W4d,1(µ), Fi ∈ W8d,1(µ) and ∆−1

F ∈ L8d−4(µ).
For Fomin di�erentiable measures, the above construction applies under much

broader assumptions than in [78].

Remark 2.7.6. Since σy = ϱ1(y)νy, every ν-integrableB-measurable function g is σy-
integrable for ν ◦ F−1-almost every y. This enables us to de�ne surface measures for
g · ν. Alternatively, we can use the trick described in Remark 2.5.3.

It should be noted the construction presented is chie�y oriented towards in�nite-
dimensional spaces, where typical measures are not doubling and di�er also in other
respects from measures usual in measure metric spaces. Nevertheless, it would be
interesting to compare suitable Hausdor� measures on metric measure spaces and
surface measures described above; measures di�erentiable along vector �elds and all
other objects considered above (di�erentiations, gradients, Sobolev classes, etc.) are
meaningful on such spaces (see, e.g., [27], [40], [46], [64], and [65]). In particular, if we
have a di�erentiation of the form f 7→ Γ(f , g) de�ned by a �xed function in the Dirich-
let space (see [64]) built on a probability space (X, µ) admitting a “carré du champ”
Γ(f , g) such that 2Γ(f , g) = L(fg) − fLg − gLf , where L is a Markov symmetric genera-
tor such that EΓ(f , g) = −EfLg, then we see that Lg is precisely the divergence of the
considered �eld (a similar framework is considered in [70]). In relation to constructing
vector �elds possessing divergences, which is crucial for the presented approach, the
recent paper [38] is of interest.

Finally, it would be interesting to continue investigation of surface measures
and surface Sobolev and Besov classes connected, in particular, with restrictions of



94 | Vladimir I. Bogachev

Sobolev and Besov classes on the whole space. About fractional Sobolev classes over
in�nite-dimensional spaces, see [25], [52]–[54], and [55].
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Fabio Cavalletti
An Overview of L1 optimal transportation on
metric measure spaces

3.1 Introduction

This note is a self-contained survey of the recent developments and achievements of
the L1-Optimal Transportation theory on metric measure spaces. We will focus on the
general scheme adopted in the recent papers [20, 21] where the author, together with
A. Mondino, proved a series of sharp (and in some cases even rigid and stable) geo-
metric and functional inequalities in the setting of metric measure spaces enjoying
a weak form of Ricci curvature lower bound. Roughly, the general scheme consists
in reducing the initial problem to a family of easier one-dimensional problems; as it
is probably the most relevant result obtained with this technique, we will review in
detail how to proceed to obtain the Lévy-Gromov isoperimetric inequality for metric
measure spaces verifying the Riemmanian Curvature Dimension condition (or, more
generally, essentially non-branching metric measure spaces verifying the Curvature
Dimension condition).

In [11, 18] a good analysis of theMonge problem in themetric setting treated, from
a di�erent perspective, similar questionswhose answerswere later also use in [20, 21].
We therefore believe the Monge problem and V.N. Sudakov’s approach to it (see [53])
are a good starting point for our review, and to see how L1-Optimal Transportation
naturally yields a reduction of the problem to a family of one-dimensional problems.

It is worth stressing that the dimensional reduction proposed by V. N. Sudakov
is only one possible strategy to solve the Monge problem. This problem has a long
history andmany authors contributed to obtain solutions in di�erent frameworkswith
di�erent approaches; here, we simply mention that the �rst existence result for the
Monge problem was independently obtained in [15] and in [54]. We also mention the
subsequent generalizations obtained in [1, 7, 28] and we refer to the monograph [55]
for a more complete list of results.

3.1.1 Monge problem

The original problem posed by Monge in 1781 can be restated in modern language
as follows: given two Borel probability measures µ0 and µ1 over Rd, called marginal
measures, �nd the optimal manner of transporting µ0 to µ1; the transportation of µ0
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to µ1 is understood as a map T : Rd → Rd assigning to each particle x a �nal position
T(x) ful�lling the following compatibility condition

T] µ0 = µ1, i.e. µ0(T−1(A)) = µ1(A), ∀A Borel set; (3.1)

any map T verifying the previous condition will be called a transport map. The opti-
mality requirement is stated as follows:∫

Rd

|T(x) − x| µ0(dx) ≤
∫
Rd

|T̂(x) − x| µ0(dx), (3.2)

for any other T̂ transportmap. To prove the existence of aminimizer, the �rst di�culty
ariseswhile studying theminimizationdomain, that is the set ofmaps T verifying (3.1).
Suppose µ0 = f0Ld and µ1 = f1Ld where Ld denotes the d-dimensional Lebesgue
measure; a smooth injective map T is then a transport map if and only if

f1(T(x))|det(DT)(x)| = f0(x), µ0-a.e. x ∈ Rd ,

showing a strong non-linearity of the constrain. The �rst big leap in optimal trans-
portation theory was achieved by Kantorovich considering a suitable relaxation of
the problem: to each transport map associate the probability measure (Id, T)]µ0 over
Rd ×Rd and introduce the set of transport plans

Π(µ0, µ1) :=
{
π ∈ P(Rd ×Rd) : P1 ]π = µ0, P2 ]π = µ1

}
;

where Pi : Rd × Rd → Rd is the projection on the i-th component, with i = 1, 2. By
de�nition (Id, T)]µ0 ∈ Π(µ0, µ1) and∫

Rd

|T(x) − x| µ0(dx) =
∫

Rd×Rd

|x − y|
(

(Id, T)]µ0
)

(dxdy);

then it is natural to consider the minimization of the following functional (called
Monge-Kantorovich minimization problem)

Π(µ0, µ1) 3 π 7−→ I(π) :=
∫

Rd×Rd

|x − y| π(dxdy). (3.3)

Π(µ0, µ1) is a convex subset of P(Rd × Rd) and it is compact with respect to the weak
topology - this is the big advantage of the new approach. Since the functional I is
linear, the existenceof aminimizer follows straightforwardly. Thena strategy to obtain
a solution of the original Monge problem is to start from an optimal transport plan π
and prove that it is indeed concentrated on the graph of a Borel map T; the latter is
equivalent to π = (Id, T)]µ0.
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To run this program one needs to deduce from optimality some condition on
the geometry of the support of the transport plan. This was again obtained by Kan-
torovich: he introduced a dual formulation of (3.3) and found that for any probabil-
ity measures µ0 and µ1 with �nite �rst moment, there exists a 1-Lipschitz function
ϕ : Rd → R such that

Π(µ0, µ1) 3 π is optimal ⇐⇒ π
(
{(x, y) ∈ R2d : ϕ(x) − ϕ(y) = |x − y|}

)
= 1.

At this point one needs to focus on the structure of the set

Γ :=
{

(x, y) ∈ R2d : ϕ(x) − ϕ(y) = |x − y|
}
. (3.4)

De�nition 3.1.1. A set Λ ⊂ R2d is | · |-cyclically monotone if and only if for any �nite
subset of Λ, {(x1, y1), . . . , (xN , yN)} ⊂ Λ it holds∑

1≤i≤N
|xi − yi| ≤

∑
1≤i≤N

|xi − yi+1|,

where yN+1 := y1.

Almost by de�nition, the set Γ is | · |-cyclically monotone and whenever (x, y) ∈ Γ
considering zt := (1 − t)x + ty with t ∈ [0, 1] it holds that (zs , zt) ∈ Γ, for any s ≤ t.
In particular this suggests that Γ produces a family of disjoint lines ofRd along where
the optimal transportation should move. This can be made rigorous considering the
following “relation” between points: a point x is in relation with y if, using optimal
geodesics selected by the above optimal transport problem, one can travel from x to y
or viceversa. That is, consider R := Γ ∪ Γ−1 and de�ne x ∼ y if and only if (x, y) ∈ R.
Then Rd will be decomposed (up to a set of Lebesgue-measure zero) as T ∪ Z where
T will be called the transport set and Z the set of points not moved by the optimal
transportation problem. The important property of T being that

T =
⋃
q∈Q

Xq , Xq straight line, Xq ∩ Xq′ = ∅, if q =6 q′.

Here Q is a set of indices; a convenient way to index a straight line Xq is to select an
element of Xq and call it, with an abuse of notation, q. With this choice the set Q can
be understood as a subset ofRd. Once a partition of the space is given, one obtains via
the Disintegration Theorem a corresponding decomposition of marginal measures:

µ0 =
∫
Q

µ0 q q(dq), µ1 =
∫
Q

µ1 q q(dq);

where q is a Borel probability measure over the set of indices Q ⊂ Rd. If Q enjoys a
measurability condition (see Theorem 3.2.8 for details), the conditional measures µ0 q
and µ1 q are concentrated on the straight linewith index q, i.e. µ0 q(Xq) = µ1 q(Xq) = 1,
for q-a.e. q ∈ Q.

Then a classic way to construct an optimal transport maps is to
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- consider Tq the monotone rearrangement along Xq of µ0 q to µ1 q;
- de�ne the transport map T as Tq on each Xq.

The map T will then be an optimal transport mapmoving µ0 to µ1; it is indeed easy to
check that (Id, T)]µ0 ∈ Π(µ0, µ1) and (x, T(x)) ∈ Γ for µ0-a.e. x.

The original Monge problem has been reduced to the following family of one-
dimensional problems: for each q ∈ Q �nd a minimizer of the following functional

Π(µ0 q , µ1 q) 3 π 7−→ I(π) :=
∫

Xq×Xq

|x − y| π(dxdy),

that is concentrated on the graph of a Borel function. As Xq is isometric to the real
line, whenever µ0 q does not contain any atom (i.e µ0 q(x) = 0, for all x ∈ Xq) the
monotone rearrangement Tq exists, and the existence of an optimal transport map T
constructed as before follows. The existence of a solution has been reduced, therefore,
to a regularity property of the disintegration of µ0.

As already stressed before, this approach to the Monge problem, mainly due to
V.N. Sudakov, was proposed in [53] and was later completed in the subsequent papers
[15] and [54]. See also [23] for a complete Sudakov approach to the Monge problem
when the Euclidean distance is replaced by any strictly convex norm, and [12] where
any norm is considered. In all these papers, assuming µ0 to be absolutely continuous
with respect to Ld enables su�cient regularity to solve the problem.

The Monge problem can be actually stated, and solved, in a much more general
framework. Given two Borel probability measures µ0 and µ1 over a complete and sep-
arable metric space (X, d), the notion of transportation map makes perfectly sense.
Furthermore, the optimality condition (3.2) can be naturally formulated using the dis-
tance d as a cost function instead of the Euclidean norm:∫

Rd

d(T(x), x) µ0(dx) ≤
∫
Rd

d(T̂(x), x) µ0(dx). (3.5)

The problem can be relaxed to obtain a transport plan π solution of the correspond-
ing Monge-Kantorovich minimization problem. Also, the Kantorovich duality applies
yielding the existence of a 1-Lipschitz function ϕ : X → R such that

Π(µ0, µ1) 3 π is optimal ⇐⇒ π
(
Γ
)

= 1,

where Γ := {(x, y) ∈ X × X : ϕ(x) − ϕ(y) = d(x, y)} is d-cyclically monotone.
The strategy proposed for the Euclidean problem can be adopted: decompose X as T∪
Z; Z is the set of points not moved by the optimal transportation problem and T is the
transport set and it is partitioned, up to a set of measure zero, by a family of geodesics
{Xq}q∈Q. Using the Disintegration Theorem one obtains like before a reduction of the
Monge problem to a family of one-dimensional problems

Π(µ0 q , µ1 q) 3 π 7−→ I(π) :=
∫

Xq×Xq

d(x, y) π(dxdy).
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Therefore, since Xq with distance d is isometric to an interval of the real line with
Euclidean distance, the problem is reduced to proving that for q-a.e. q ∈ Q the condi-
tional measure µ0 q does not have any atoms.

Clearly in showing such a result, besides the regularity of µ0 itself, the regularity
of the ambient space X plays a crucial role. In particular, togetherwith the localization
of the Monge problem to Xq there should come a localization of the regularity of the
space. This is the casewhen themetric space (X, d) is endowedwith a reference proba-
bilitymeasurem and the resultingmetricmeasure space (X, d,m) veri�es aweak Ricci
curvature lower bound.

In [11] we observed that if (X, d,m) veri�es the so-called measure contraction
property MCP, then for q-a.e. q ∈ Q the one-dimensional metric measure space
(Xq , d,mq) veri�esMCP aswell, wheremq is the conditionalmeasure ofmwith respect
to the family of geodesics {Xq}q∈Q. Now the assumption µ0 � m is su�cient to solve
the Monge problem. It is worth mentioning that [11] was the �rst contribution where
regularity of conditional measures were obtained in a purely non-smooth framework.
The techniques introduced in [11] also allowed us to threat such regularity issues in
the in�nite dimensional setting of Wiener space; see [16].

This short introduction should suggest that L1-Optimal Transportation allows for
an e�cient dimensional reduction together with a localization of the “smoothness” of
the space for very general metric measure spaces. We now make a short introduction
to the Lévy-Gromov isoperimetric inequality.

3.1.2 Lévy-Gromov isoperimetric inequality

The Lévy-Gromov isoperimetric inequality [35, Appendix C] can be stated as follows:
if E is a (su�ciently regular) subset of a Riemannianmanifold (MN , g) with dimension
N and Ricci bounded below by K > 0, then

|∂E|
|M| ≥

|∂B|
|S| . (3.6)

Here, B is a spherical cap in the model sphere S, i.e. the N-dimensional sphere with
constant Ricci curvature equal to K, and |M|, |S|, |∂E|, |∂B| denote the appropriate N
or N−1 dimensional volume, andwhere B is chosen so that |E|/|M| = |B|/|S|. As K > 0
bothM and S are compact and their volume is �nite; hence the previous equality and
(3.6)make sense. In other words, the Lévy-Gromov isoperimetric inequality states that
isoperimetry in (M, g) is at least as strong as in the model space S.

A general introduction on the isoperimetric problemgoes beyond the scope of this
note; a complete description of isoperimetric inequality in spaces admitting singular-
ities is quite a hard task covered mostly in [42, 44, 45]. See also [25, Appendix H] for
more details. The approaches taken are alsomanifold: for a geometricmeasure theory
approach see [43]; for the point of view of optimal transport see [29, 56]; for the con-
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nections with convex and integral geometry see [14]; for the recent quantitative forms
see [24, 31] and �nally for an overview of the more geometric aspects see [46, 48, 49].

The Lévy-Gromov isoperimetric inequality is also natural in the broader class of
metric measure spaces (m.m.s.), i.e. triples (X, d,m) where (X, d) is complete and sep-
arable andm is a Radon measure over X. Indeed the volume of a Borel set is replaced
by its m-measure, m(E); the boundary area of the smooth framework can be replaced
instead by the Minkowski content:

m+(E) := lim inf
ε↓0

m(Eε) −m(E)
ε , (3.7)

where Eε := {x ∈ X : ∃y ∈ E such that d(x, y) < ε} is the ε-neighborhood of E
with respect to themetric d; the natural analogue of “dimension N and Ricci bounded
below by K > 0” is encoded in the so-called Riemannian Curvature Dimension con-
dition, RCD*(K, N) for short. As normalization factors appear in (3.6), it is also more
convenient to directly consider the casem(X) = 1.

The Lévy-Gromov isoperimetric problem for a m.m.s. (X, d,m) with m(X) = 1 can
be formulated as follows:

Find the largest function IK,N : [0, 1] → R+ such that for every Borel subset E ⊂ X it
holds

m+(E) ≥ IK,N(m(E)),

with IK,N depending on N, K ∈ R with K > 0 and N > 1.
Then in [20] (Theorem 1.2) the author and A. Mondino proved the non-smooth

Lévy-Gromov isoperimetric inequality (3.6).

Theorem 3.1.2. (Lévy-Gromov inRCD*(K, N)-spaces, Theorem1.2 of [20])Let (X, d,m)
be an RCD*(K, N) space for some N ∈ N and K > 0 withm(X) = 1. Then for every Borel
subset E ⊂ X it holds

m+(E) ≥ |∂B||S| ,

where B is a spherical cap in the model sphere S (the N-dimensional sphere with con-
stant Ricci curvature equal to K) chosen so that |B|/|S| = m(E).

We refer to Theorem 1.2 of [20] (or Theorem 6.6) for the more general statement.
The link between Theorem 3.1.2 and the �rst part of the Introduction, where the

Monge problem was discussed, stands in the techniques used to prove Theorem 3.1.2.
The main obstacle to Lévy-Gromov type inequalities in the non-smooth metric

measure spaces setting is that the previously known proofs rely on regularity prop-
erties of isoperimetric regions and on powerful results of geometric measure the-
ory (see for instance [35, 43]) that are not at our disposal in the framework of met-
ric measure spaces. The recent paper of B. Klartag [38] allowed for a proof of the
Lévy-Gromov isoperimetric inequality, still in the framework of smooth Riemannian
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manifolds, avoiding regularity of optimal shapes and using instead an optimal trans-
portation argument involving L1-Optimal Transportation and ideas of convex geom-
etry. This approach goes back to Payne-Weinberger [47] and was later developed by
Gromov-Milman [36], Lovász-Simonovits [40] and Kannan-Lovász-Simonovits [37]; it
consists in reducing a multi-dimensional problem to easier one-dimensional prob-
lems. B. Klartag’s observed that a suitable L1-Optimal Transportation problem pro-
duces what he calls a needle decomposition (in our terminology, disintegration) that
localize (or reduce) the proof of the isoperimetric inequality to the proof of a family of
one-dimensional isoperimetric inequalities; also the regularity of the space is local-
ized.

The approach of [38] does not rely on the regularity of the isoperimetric region,
nevertheless it still heavily makes use of the smoothness of the ambient space to ob-
tain the localization. In particular, it makes use of sharp properties of the geodesics in
terms of Jacobi �elds of estimates on the second fundamental forms of suitable level
sets; all these are objects still not understood enough ingeneralmetricmeasure spaces
in order to repeat the same arguments.

Hence to apply the localization technique to the Lévy-Gromov isoperimetric in-
equality in singular spaces, structural properties of geodesics and of L1-optimal trans-
portation have to be understood also in the general framework of metric measure
spaces. Such a program started in the previous work of the author with S. Bianchini
[11] and of the author [17, 18]. Finally with A. Mondino in [20] we obtained the general
result underpinning the Lévy-Gromov isoperimetric inequality.

3.1.3 Outline

The chapter goes as follows: Section 3.2 contains all the basic material on Optimal
Transportation and the theory of Lott-Sturm-Villani spaces, that is metric measure
spaces verifying the Curvature Dimension condition, CD(K, N) for short. It also covers
some basics on isoperimetric inequality, Disintegration Theorem and selection the-
orems we will use throughout the chapter. In Section 3.3 we prove all the structure
results on the building block of L1-Optimal Transportation, the d-cyclically mono-
tone sets. Here no curvature assumption enters. In Section 3.4 we show that the afore-
mentioned sets induce a partition of almost all transport, provided the space enjoys
a stronger form of the essentially non-branching condition; we also show that each
element of the partition is a geodesic (and therefore a one-dimensional set). Section
3.5 contains all the regularity results of conditional measures of the disintegration in-
duced by the L1-Optimal Transportation problem. In particular we will present three
assumptions, each one implying the previous one, yielding three increasing levels of
regularity of the conditional measures. Finally in Section 3.6 we collect the conse-
quences of the regularity results of Section 3.5; in particular we �rst show the exis-
tence of a solution of the Monge problem under a very general regularity assumption
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(Theorem 3.6.2) and �nally we go back to the Lévy-Gromov isoperimetric inequality
(Theorem 3.6.6).

3.2 Preliminaries

In what follows we say that a triple (X, d,m) is a metric measure space, m.m.s. for
short, if (X, d) is a complete and separable metric space and m is a positive Radon
measure over X. In this paper we will only be concerned with m.m.s. with m a prob-
ability measure, that is m(X) = 1. The space of all Borel probability measures over X
will be denoted by P(X).

A metric space is a geodesic space if and only if for each x, y ∈ X there exists
γ ∈ Geo(X) so that γ0 = x, γ1 = y, with

Geo(X) := {γ ∈ C([0, 1], X) : d(γs , γt) = |s − t|d(γ0, γ1), for every s, t ∈ [0, 1]}.

It follows from the metric version of the Hopf-Rinow Theorem (see Theorem 2.5.28 of
[13]) that for complete geodesic spaces local completeness is equivalent to properness
(a metric space is proper if every closed ball is compact).

We assume the ambient space (X, d) to be proper and geodesic, hence also com-
plete and separable. Moreover we assumem to be a proability measure, i.e.m(X) = 1.

We denote by P2(X) the space of probability measures with �nite secondmoment
endowed with the L2-Wasserstein distance W2 de�ned as follows: for µ0, µ1 ∈ P2(X)
we set

W2
2 (µ0, µ1) = inf

π

∫
X×X

d2(x, y) π(dxdy), (3.8)

where the in�mum is taken over all π ∈ P(X × X) with µ0 and µ1 as the �rst and the
second marginal, called the set of transference plans. The set of transference plans
realizing the minimum in (3.8) will be called the set of optimal transference plans.
Assuming the space (X, d) to be geodesic, also the space (P2(X),W2) is geodesic.

Any geodesic (µt)t∈[0,1] in (P2(X),W2) can be lifted to a measure ν ∈ P(Geo(X)),
so that (et)] ν = µt for all t ∈ [0, 1]. Here for any t ∈ [0, 1], et denotes the evaluation
map:

et : Geo(X) → X, et(γ) := γt .

Given µ0, µ1 ∈ P2(X), we denote by OptGeo(µ0, µ1) the space of all ν ∈ P(Geo(X))
forwhich (e0, e1)] νminimizes in (3.8). If (X, d) is geodesic then the set OptGeo(µ0, µ1)
is non-empty for any µ0, µ1 ∈ P2(X). It isworth also introducing the subspace ofP2(X)
formed by all thosemeasures absolutely continuous with respect withm: it is denoted
by P2(X, d,m).
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3.2.1 Geometry of metric measure spaces

Here we brie�y recall the synthetic notions of lower Ricci curvature bounds; for more
detail we refer to [9, 39, 51, 52, 56].

In order to formulate the curvature properties for (X, d,m) we introduce the fol-
lowing distortion coe�cients: given two numbers K, N ∈ R with N ≥ 0, we set for
(t, θ) ∈ [0, 1] ×R+,

σ(t)
K,N(θ) :=



∞, if Kθ2 ≥ Nπ2,
sin(tθ

√
K/N)

sin(θ
√
K/N)

if 0 < Kθ2 < Nπ2,

t if Kθ2 < 0 and N = 0, or if Kθ2 = 0,
sinh(tθ

√
−K/N)

sinh(θ
√
−K/N)

if Kθ2 ≤ 0 and N > 0.

(3.9)

We also set, for N ≥ 1, K ∈ R and (t, θ) ∈ [0, 1] ×R+

τ(t)
K,N(θ) := t1/Nσ(t)

K,N−1(θ)(N−1)/N . (3.10)

As we will consider only the case of essentially non-branching spaces, we recall
the following de�nition.

De�nition 3.2.1. Ametric measure space (X, d,m) is essentially non-branching if and
only if for any µ0, µ1 ∈ P2(X), µ0, µ1 both absolutely continuous with respect tom, any
element of OptGeo(µ0, µ1) is concentrated on a set of non-branching geodesics.

A set F ⊂ Geo(X) is a set of non-branching geodesics if and only if for any γ1, γ2 ∈ F,
it holds:

∃ t̄ ∈ (0, 1) such that ∀t ∈ [0, t̄ ] γ1
t = γ2

t ⇒ γ1
s = γ2

s , ∀s ∈ [0, 1].

De�nition 3.2.2 (CD condition). An essentially non-branching m.m.s. (X, d,m) veri-
�es CD(K, N) if and only if for each pair µ0, µ1 ∈ P2(X, d,m) there exists ν ∈
OptGeo(µ0, µ1) such that

ϱ−1/N
t (γt) ≥ τ(1−t)

K,N (d(γ0, γ1))ϱ−1/N
0 (γ0)+τ(t)

K,N(d(γ0, γ1))ϱ−1/N
1 (γ1), ν-a.e. γ ∈ Geo(X),

(3.11)
for all t ∈ [0, 1], where (et)] ν = ϱtm.

For the general de�nition of CD(K, N) see [39, 51, 52].

Remark 3.2.3. It is worth recalling that if (M, g) is a Riemannianmanifold of dimension
n and h ∈ C2(M) with h > 0, then the m.m.s. (M, g, h vol) veri�es CD(K, N) with N ≥ n
if and only if (see Theorem 1.7 of [52])

Ricg,h,N ≥ Kg, Ricg,h,N := Ricg − (N − n)∇
2
gh

1
N−n

h 1
N−n

.
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In particular if N = n the generalized Ricci tensor Ricg,h,N = Ricg makes sense only if h
is constant.

Another important case is when I ⊂ R is any interval, h ∈ C2(I) and L1 is the one-
dimensional Lebesgue measure; then the m.m.s. (I, | · |, hL1) veri�es CD(K, N) if and
only if (

h
1
N−1
)′′

+ K
N − 1h

1
N−1 ≤ 0, (3.12)

and veri�es CD(K, 1) if and only if h is constant. Inequality (3.12) has also a non-smooth
counterpart; if we drop the smoothness assumption on h it can be proven that them.m.s.
(I, | · |, hL1) veri�es CD(K, N) if and only if

h((1− s)t0 + st1)1/(N−1) ≥ σ(1−s)
K,N−1(t1− t0)h(t0)1/(N−1) +σ(s)

K,N−1(t1− t0)h(t1)1/(N−1). (3.13)

This is the formulation in the sense of distributions of the di�erential inequality (3.12).
Recall indeed that s 7→ σ(s)

K,N−1(θ) solves f ′′ + (t1 − t0)2 K
N−1 f = 0 in the classical sense.

We also mention the more modern Riemannian curvature dimension condition
RCD*(K, N). In the in�nite dimensional case, i.e. N = ∞, it was introduced in [5]. The
class RCD*(K, N) with N < ∞ has been proposed in [33] and deeply investigated in
[3, 26] and [8].We refer to these papers and references therein for a general account on
the synthetic formulation of Ricci curvature lower bounds for metric measure spaces.

Here we only mention that the RCD*(K, N) condition is an enforcement of the
so-called reduced curvature dimension condition, denoted by CD*(K, N), that has
been introduced in [9]: in particular the additional condition is for the Sobolev space
W1,2(X,m) to be a Hilbert space, see [4, 5, 33].

The reduced CD*(K, N) condition asks for the same inequality (3.11) of CD(K, N)
but the coe�cients τ(t)

K,N(d(γ0, γ1)) and τ(1−t)
K,N (d(γ0, γ1)) are replaced by σ(t)

K,N(d(γ0, γ1))
and σ(1−t)

K,N (d(γ0, γ1)), respectively.
Hence while the distortion coe�cients of the CD(K, N) condition are formally ob-

tained imposing one direction with linear distortion and N − 1 directions a�ected by
curvature, the CD*(K, N) condition imposes the same volume distortion in all the N
directions.

For both de�nitions there is a local version that is of some relevance to our analy-
sis. Here we state only the local formulation CD(K, N), being clear what would be the
one for CD*(K, N).

De�nition 3.2.4 (CDloc condition). An essentially non-branching m.m.s. (X, d,m) sat-
is�es CDloc(K, N) if for any point x ∈ X there exists a neighborhood X(x) of x such that
for each pair µ0, µ1 ∈ P2(X, d,m) supported in X(x) there exists ν ∈ OptGeo(µ0, µ1)
such that (3.11) holds true for all t ∈ [0, 1]. The support of (et)] ν is not necessarily con-
tained in the neighborhood X(x).

One of themain properties of the reduced curvature dimension condition is the global-
ization one: under the essentially non-branching property, CD*loc(K, N) and CD*(K, N)
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are equivalent (see [9, Corollary 5.4]), i.e. the CD*-condition veri�es the local-to-global
property.

We also recall a few relations between CD and CD*. It is known by [32, Theorem
2.7] that, if (X, d,m) is a non-branching metric measure space verifying CD(K, N) and
µ0, µ1 ∈ P(X) with µ0 absolutely continuous with respect to m, then there exists a
unique optimal map T : X → X such that (id, T)] µ0 realizes the minimum in (3.8)
and the set OptGeo(µ0, µ1) contains only one element. The same proof holds if one
replaces the non-branching assumption with themore general one of essentially non-
branching, see for instance [34].

3.2.2 Isoperimetric pro�le function

Given am.m.s. (X, d,m) as above and aBorel subset A ⊂ X, let Aε denote the ε-tubular
neighborhood

Aε := {x ∈ X : ∃y ∈ A such that d(x, y) < ε}.

The Minkowski (exterior) boundary measurem+(A) is de�ned by

m+(A) := lim inf
ε↓0

m(Aε) −m(A)
ε . (3.14)

The isoperimetric pro�le, denoted by I(X,d,m), is de�ned as the pointwise maximal
function so thatm+(A) ≥ I(X,d,m)(m(A)) for every Borel set A ⊂ X; that is

I(X,d,m)(v) := inf
{
m+(A) : A ⊂ X Borel, m(A) = v

}
. (3.15)

If K > 0 and N ∈ N, by the Lévy-Gromov isoperimetric inequality (3.6) we know
that, for N-dimensional smooth manifolds having Ricci ≥ K, the isoperimetric pro�le
function is bounded below by the one N-dimensional round sphere of suitable radius.
In other words, themodel isoperimetric pro�le function is that of SN . For N ≥ 1, K ∈ R
arbitrary real numbers the situation is more complicated, and just recently E. Milman
[41] discovered what is the model isoperimetric pro�le. We refer to [41] for all the de-
tails. Herewe just recall the relevance of isoperimetric pro�le functions form.m.s. over
(R, | · |): given K ∈ R, N ∈ [1, +∞) and D ∈ (0, +∞], consider the function

IK,N,D(v) := inf
{
µ+(A) : A ⊂ R, µ(A) = v, µ ∈ FK,N,D

}
, (3.16)

where FK,N,D denotes the set of µ ∈ P(R) such that supp(µ) ⊂ [0, D] and µ = h · L1

with h ∈ C2((0, D)) satisfying(
h

1
N−1
)′′

+ K
N − 1h

1
N−1 ≤ 0 if N ∈ (1,∞), h ≡ const if N = 1. (3.17)

Then from [41, Theorem 1.2, Corollary 3.2] it follows that for N-dimensional smooth
manifolds having Ricci ≥ K, with K ∈ R arbitrary real number, and diameter D, the
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isoperimetric pro�le function is bounded belowby IK,N,D and the bound is sharp. This
also justi�es the notation.

Going back to non-smooth metric measure spaces (what follows is taken from
[20]), it is necessary to consider the following broader family of measures:

FsK,N,D := {µ ∈ P(R) : supp(µ) ⊂ [0, D], µ = hµL1,
hµ veri�es (3.13) and is continuous if N ∈ (1,∞), hµ ≡ const if N = 1},

and the corresponding comparison synthetic isoperimetric pro�le:

IsK,N,D(v) := inf
{
µ+(A) : A ⊂ R, µ(A) = v, µ ∈ FsK,N,D

}
,

where µ+(A) denotes theMinkowski content de�ned in (3.14). The termsynthetic refers
to µ ∈ FsK,N,D meaning that the Ricci curvature bound is satis�ed in its synthetic for-
mulation: if µ = h · L1, then h veri�es (3.13).

We have already seen that FK,N,D ⊂ FsK,N,D; actually one can prove that IsK,N,D
coincides with its smooth counterpart IK,N,D for every volume v ∈ [0, 1] via a smooth-
ing argument. We therefore need the following approximation result. In order to state
it let us recall that a standard molli�er in R is a non negative C∞(R) function ψ with
compact support in [0, 1] such that

∫
R ψ = 1.

Lemma 3.2.5 (Lemma 6.2, [20]). Let D ∈ (0,∞) and let h : [0, D] → [0,∞) be a con-
tinuous function. Fix N ∈ (1,∞) and for ε > 0 de�ne

hε(t) := [h
1
N−1 *ψε(t)]N−1 :=

∫
R

h(t − s)
1
N−1 ψε(s) ds

N−1

=

∫
R

h(s)
1
N−1 ψε(t − s) ds

N−1

,

(3.18)
where ψε(x) = 1

εψ(x/ε) and ψ is a standard molli�er function. The following properties
hold:
1. hε is a non-negative C∞ function with support in [−ε, D + ε];
2. hε → h uniformly as ε ↓ 0, in particular hε → h in L1.
3. If h satis�es the convexity condition (3.32) corresponding to the above �xed N > 1

and some K ∈ R then also does hε. In particular hε satis�es the di�erential inequal-
ity (3.17).

Using this approximation one can prove the following

Theorem 3.2.6 (Theorem 6.3, [20]). For every v ∈ [0, 1], K ∈ R, N ∈ [1,∞), D ∈
(0,∞] it holds IsK,N,D(v) = IK,N,D(v).

3.2.3 Disintegration of measures

We include here a version of the Disintegration Theorem that we will use. We will fol-
low Appendix A of [10] where a self-contained approach (and a proof) of the Disinte-
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gration Theorem in countably generated measure spaces can be found. An even more
general version can be found in Section 452 of [30].

Recall that a σ-algebra is countably generated if there exists a countable family of
sets so that the σ-algebra coincides with the smallest σ-algebra containing them.

Given a measurable space (X,X), i.e. X is a σ-algebra of subsets of X, and a func-
tionQ : X → Q, with Q general set, we can endow Q with the push forward σ-algebra
Q of X:

C ∈ Q ⇐⇒ Q−1(C) ∈ X,

which could be also de�ned as the biggest σ-algebra on Q such thatQ is measurable.
Moreover given a probability measure m on (X,X), de�ne a probability measure q on
(Q,Q) by push forward viaQ, i.e. q := Q]m.

This general scheme �ts with the following situation: given a measure space
(X,X,m), suppose a partition of X is given in the form {Xq}q∈Q, Q is the set of indices
andQ : X → Q is the quotient map, i.e.

q = Q(x) ⇐⇒ x ∈ Xq .

Following the previous scheme,we can also consider the quotient σ-algebraQ and the
quotient measure q obtaining the quotient measure space (Q,Q, q).

De�nition 3.2.7. A disintegration ofm consistent withQ is a map

Q 3 q 7−→ mq ∈ P(X,X)

such that the following hold:
1. for all B ∈ X, the mapm·(B) is q-measurable;
2. for all B ∈ X, C ∈ Q satis�es the consistency condition

m
(
B ∩Q−1(C)

)
=
∫
C

mq(B) q(dq).

A disintegration is strongly consistent with respect to Q if for q-a.e. q ∈ Q we have
mq(Q−1(q)) = 1. The measuresmq are called conditional probabilities.

When the map Q is induced by a partition of X as before, we will directly say that
the disintegration is consistent with the partition, meaning that the disintegration is
consistent with the quotient mapQ associated to the partition X = ∪q∈QXq.

We now describe the Disintegration Theorem.

Theorem 3.2.8 (Theorem A.7, Proposition A.9 of [10]). Assume that (X,X, ρ) is a
countably generated probability space and X = ∪q∈QXq is a partition of X.

Then the quotient probability space (Q,Q, q) is essentially countably generated and
there exists a unique disintegration q 7→ mq consistent with the partition X = ∪q∈QXq.

IfX contains all singletons, then the disintegration is strongly consistent if and only
if there exists anm-section S ∈ X such that the σ-algebra S containsB(S).
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We now expand on the statement of Theorem 3.2.8.
In themeasure space (Q,Q, q), the σ-algebraQ is essentially countably generated if, by
de�nition, there exists a countable family of sets Qn ⊂ Q such that for any C ∈ Q there
exists Ĉ ∈ Q̂, where Q̂ is the σ-algebra generated by {Qn}n∈N, such that q(C ∆ Ĉ) = 0.

Uniqueness is understood in the following sense: if q 7→ m1
q and q 7→ m2

q are two
consistent disintegrations thenm1

q = m2
q for q-a.e. q ∈ Q.

Finally, a set S is a section for the partition X = ∪qXq if for any q ∈ Q there exists
a unique xq ∈ S ∩ Xq. A set Sm is anm-section if there exists Y ⊂ X withm(X \ Y) = 0
such that the partition Y = ∪q(Xq∩Y) has section Sm. Once a section (or anm-section)
is given, one can obtain themeasurable space (S, S) by pushing forward the σ-algebra
X on S via the map that associates to any Xq 3 x 7→ xq = S ∩ Xq.

3.3 Transport set

The following setting is �xed once and for all:

(X, d,m) is a �xed metric measure space withm(X) = 1 such that
the ambient metric space (X, d) is geodesic and proper (hence complete and

separable).

Letϕ : X → Rbe any1-Lipschitz function.Herewepresent someuseful results (all
of them already presented in [11]) concerning the d-cyclicallymonotone set associated
with ϕ:

Γ := {(x, y) ∈ X × X : ϕ(x) − ϕ(y) = d(x, y)}, (3.19)

that can be seen as the set of pairs moved by ϕ with maximal slope. Recall that
a set Λ ⊂ X × X is said to be d-cyclically monotone if for any �nite set of points
(x1, y1), . . . , (xN , yN) it holds

N∑
i=1

d(xi , yi) ≤
N∑
i=1

d(xi , yi+1),

with the convention that yN+1 = y1.
The following lemma is a consequence of the d-cyclically monotone structure of

Γ.

Lemma 3.3.1. Let (x, y) ∈ X × X be an element of Γ. Let γ ∈ Geo(X) be such that γ0 = x
and γ1 = y. Then

(γs , γt) ∈ Γ ,

for all 0 ≤ s ≤ t ≤ 1.
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Proof. Take 0 ≤ s ≤ t ≤ 1 and note that

ϕ(γs) − ϕ(γt) = ϕ(γs) − ϕ(γt) + ϕ(γ0) − ϕ(γ0) + ϕ(γ1) − ϕ(γ1)
≥ d(γ0, γ1) − d(γ0, γs) − d(γt , γ1)
= d(γs , γt).

The claim follows.

Then, it is natural to consider the set of geodesics G ⊂ Geo(X) such that

γ ∈ G ⇐⇒ {(γs , γt) : 0 ≤ s ≤ t ≤ 1} ⊂ Γ ,

that is G := {γ ∈ Geo(X) : (γ0, γ1) ∈ Γ}. We now recall some basic de�nitions of the
L1-optimal transportation theory that will be needed to describe the structure of Γ.

De�nition 3.3.2. We de�ne the set of transport rays by

R := Γ ∪ Γ−1,

where Γ−1 := {(x, y) ∈ X × X : (y, x) ∈ Γ}. The sets of initial points and �nal points are
de�ned respectively by

a :={z ∈ X : @ x ∈ X, (x, z) ∈ Γ , d(x, z) > 0},
b :={z ∈ X : @ x ∈ X, (z, x) ∈ Γ , d(x, z) > 0}.

The set of end points is a ∪ b. We de�ne the subset of X, transport set with end points:

Te = P1(Γ \ {x = y}) ∪ P1(Γ−1 \ {x = y}).

where {x = y} stands for {(x, y) ∈ X2 : d(x, y) = 0}.

A few comments are in order. Notice that R coincides with {(x, y) ∈ X × X : |ϕ(x) −
ϕ(y)| = d(x, y)}; the name transport set with end points for Te is motivated by how
later on we will consider a more regular subset of Te that will be called transport set;
moreover if x ∈ X is moved forward but not backward by ϕ, this is translated in x ∈ Γ
and x 6∈ Γ−1; in any case it belongs to Te.

We also introduce the following notation to be used throughout the paper; we set
Γ(x) := P2(Γ ∩ ({x} × X)) and Γ−1(x) := P2(Γ−1 ∩ ({x} × X)). In general if F ⊂ X × X, we
set F(x) = P2(F ∩ ({x} × X)).

Remark 3.3.3. Here we discuss the measurability of the sets introduced in De�nition
3.3.2. Since ϕ is 1-Lipschitz, Γ is closed and therefore Γ−1 and R are closed as well. More-
over by assumption the space is proper, since the sets Γ , Γ−1, R are σ-compact (count-
able union of compact sets).

Then we look at the sets of initial and �nal points:

a = P2
(
Γ ∩ {(x, z) ∈ X × X : d(x, z) > 0}

)c , b = P1
(
Γ ∩ {(x, z) ∈ X × X : d(x, z) > 0}

)c .
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Since {(x, z) ∈ X × X : d(x, z) > 0} = ∪n{(x, z) ∈ X × X : d(x, z) ≥ 1/n}, it follows
that both a and b are the complement of σ-compact sets. Hence a and b are Borel sets.
Reasoning as before, it follows that Te is a σ-compact set.

Lemma 3.3.4. Let π ∈ Π(µ0, µ1) with π(Γ) = 1; then

π(Te × Te ∪ {x = y}) = 1.

Proof. It is enough to observe that if (z, w) ∈ Γ with z =6 w, then w ∈ Γ(z) and z ∈
Γ−1(w); therefore

(z, w) ∈ Te × Te .

Hence Γ \ {x = y} ⊂ Te × Te. Since π(Γ) = 1, the claim follows.

As a consequence, µ0(Te) = µ1(Te) and any optimal map T such that T]µ0xTe= µ1xTe
can be extended to an optimal map T ′ with T

′

]µ0 = µ1 with the same cost by setting

T ′(x) =
{
T(x), if x ∈ Te

x, if x 6∈ Te .
(3.20)

It can be proved that the set of transport rays R induces an equivalence relation on
a subset ofTe. It is su�cient to remove fromTe the branchingpoints of geodesics. Then
using curvature properties of the space, one can prove that such branching points all
havem-measure zero.

3.3.1 Branching structures in the Transport set

What follows was �rst presented in [18]. Consider the sets of respectively forward and
backward branching points

A+ := {x ∈ Te : ∃z, w ∈ Γ(x), (z, w) 6∈ R},
A− := {x ∈ Te : ∃z, w ∈ Γ(x)−1, (z, w) 6∈ R}. (3.21)

The sets A± are σ-compact sets. Indeed since (X, d) is proper, any open set is σ-
compact. The main motivation for the de�nition of A+ and A− is contained below.

Theorem 3.3.5. The set of transport rays R ⊂ X × X is an equivalence relation on the
set

Te \ (A+ ∪ A−) .

Proof. First, for all x ∈ P1(Γ), (x, x) ∈ R. If x, y ∈ Te with (x, y) ∈ R, then by de�nition
of R, it follows straightforwardly that (y, x) ∈ R.
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Therefore, the only property needing a proof is transitivity. Let x, z, w ∈ Te \
(A+ ∪ A−) be such that (x, z), (z, w) ∈ R with x, z and w distinct points. The claim
is (x, w) ∈ R. So we have 4 di�erent possibilities: the �rst one is

z ∈ Γ(x), w ∈ Γ(z).

This immediately implies w ∈ Γ(x) and therefore (x, w) ∈ R. The second possibility is

z ∈ Γ(x), z ∈ Γ(w),

that can be rewritten as (z, x), (z, w) ∈ Γ−1. Since z 6∈ A−, necessarily (x, w) ∈ R. Third
possibility:

x ∈ Γ(z), w ∈ Γ(z),

and since z 6∈ A+ it follows that (x, w) ∈ R. The last case is

x ∈ Γ(z), z ∈ Γ(w),

and therefore x ∈ Γ(w), hence (x, w) ∈ R and the claim follows.

Next, we show that each equivalence class of R is formed by a single geodesic.

Lemma 3.3.6. For any x ∈ T and z, w ∈ R(x) there exists γ ∈ G ⊂ Geo(X) such that

{x, z, w} ⊂ {γs : s ∈ [0, 1]}.

If γ̂ ∈ G enjoys the same property, then(
{γ̂s : s ∈ [0, 1]} ∪ {γs : s ∈ [0, 1]}

)
⊂ {γ̃s : s ∈ [0, 1]}

for some γ̃ ∈ G.

Since G = {γ ∈ Geo(X) : (γ0, γ1) ∈ Γ}, Lemma 3.3.6 states that if we �x an element
x in Te \ (A+ ∪ A−) and we pick two elements z, w in the same equivalence class of x,
then these three points will align on a geodesic γ whose image is again all contained
in the same equivalence class R(x).

Proof. Assume that x, z and w are all distinct points (otherwise the claim follows triv-
ially). We consider di�erent cases.
First case: z ∈ Γ(x) and w ∈ Γ−1(x).
By d-cyclical monotonicity

d(z, w) ≤ d(z, x) + d(x, w) = ϕ(w) − ϕ(z) ≤ d(z, w).

Hence z, x and w lie on a geodesic.
Second case: z, w ∈ Γ(x).
Without loss of generality assume ϕ(x) ≥ ϕ(w) ≥ ϕ(z). Since in the proof of Lemma
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3.4.2 we have already excluded the case ϕ(w) = ϕ(z), we assume ϕ(x) > ϕ(w) > ϕ(z).
Then if no geodesics γ ∈ Gwith γ0 = x and γ1 = z and γs = w exist, there will be γ ∈ G
with (γ0, γ1) = (x, z) and s ∈ (0, 1) such that

ϕ(γs) = ϕ(w), γs ∈ Γ(x), γs =6 w.

As observed in the proof of Lemma 3.4.2, this would imply that (γs , w) 6∈ R and since
x 6∈ A+ this would be a contradiction. Hence the second case follows.

The remaining two cases follow under the same reasoning, exchanging the role of
Γ(x) with the one of Γ−1(x). The second part of the statement now easily follows.

3.4 Cyclically monotone sets

Following Theorem 3.3.5 and Lemma 3.3.6, the next step is to prove that both A+ and
A− have m-measure zero, (in other words, branching happens on rays with zero m-
measure). From the statement of this property, it is clear that some regularity as-
sumption on (X, d,m) should play a role. We will indeed assume the space to enojoy
a stronger form of essentially non-branching. Recall that the latter is formulated in
terms of geodesics of (P2(X),W2), a d2-cyclically monotone set, while we need regu-
larity for the d-cyclicallymonotone set Γ. Hence it is necessary to include d2-cyclically
monotone sets as subsets of d-cyclically monotone sets.

We present here a strategy introduced by the author in [17, 18] from where all the
material presented in this section is taken. Section 3.4.1 contains results from [11]while
Section 3.4.2 is taken from [20].

Lemma 3.4.1 (Lemma 4.6 of [17]). Let ∆ ⊂ Γ be any set so that:

(x0, y0), (x1, y1) ∈ ∆ ⇒ (ϕ(y1) − ϕ(y0)) · (ϕ(x1) − ϕ(x0)) ≥ 0.

Then ∆ is d2-cyclically monotone.

Proof. It follows directly from the hypothesis of the lemma that the set

Λ := {(ϕ(x), ϕ(y)) : (x, y) ∈ ∆} ⊂ R2

is monotone in the Euclidean sense. Since Λ ⊂ R2, it is then a standard fact that Λ
is also | · |2-cyclically monotone, where | · | denotes the modulus. We nevertheless
include a short proof: there exists a maximal monotone multivalued function F such
that Λ ⊂ graph(F) and its domain is an interval, say (a, b) with a and b possibly
in�nite; moreover, apart from countably many x ∈ R, the set F(x) is a singleton. Then
the following function is well de�ned:

Ψ(x) :=
x∫
c

F(s)ds,
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where c is any �xed element of (a, b). Then observe that

Ψ(z) − Ψ(x) ≥ y(z − x), ∀ z, x ∈ (a, b),

where y is any element of F(x). In particular this implies that Ψ is convex and F(x) is
a subset of its sub-di�erential. In particular Λ is | · |2-cyclically monotone.
Then for {(xi , yi)}i≤N ⊂ ∆, since ∆ ⊂ Γ, it holds

N∑
i=1

d2(xi , yi) =
N∑
i=1
|ϕ(xi) − ϕ(yi)|2

≤
N∑
i=1
|ϕ(xi) − ϕ(yi+1)|2

≤
N∑
i=1

d2(xi , yi+1),

where the last inequality is given by the 1-Lipschitz regularity of ϕ. The claim follows.

To study the set of branching points is necessary to relate points of branching to
geodesics. In the next Lemma, using Lemma 3.3.1, we observe that once a branch-
ing happens there exist two distinct geodesics, both contained in Γ(x), that are not in
relation in the sense of R.

Lemma 3.4.2. Let x ∈ A+. Then there exist two distinct geodesics γ1, γ2 ∈ G such that
- (x, γ1

s ), (x, γ2
s ) ∈ Γ for all s ∈ [0, 1];

- (γ1
s , γ2

s ) 6∈ R for all s ∈ [0, 1];
- ϕ(γ1

s ) = ϕ(γ2
s ) for all s ∈ [0, 1].

Moreover both geodesics are non-constant.

Proof. From the de�nition of A+ there exists z, w ∈ Te such that z, w ∈ Γ(x) and
(z, w) 6∈ R. Since z, w ∈ Γ(x), from Lemma 3.3.1 there exist two geodesics γ1, γ2 ∈ G
such that

γ1
0 = γ2

0 = x, γ1
1 = z, γ2

1 = w.

Since (z, w) 6∈ R, necessarily both z and w are di�erent from x, and x is not a �nal
point, that is x 6∈ b. So the previous geodesics are not constant. Since z and w can be
exchanged, we can also assume that ϕ(z) ≥ ϕ(w). Since z ∈ Γ(x), ϕ(x) ≥ ϕ(z) and by
continuity there exists s2 ∈ (0, 1] such that

ϕ(z) = ϕ(γ2
s2 ).

Note that z =6 γ2
s2 , otherwise w ∈ Γ(z) and therefore (z, w) ∈ R. Moreover still (z, γ2

s2 ) 6∈
R. Indeed if the contrary was true, then

0 = |ϕ(z) − ϕ(γ2
s2 )| = d(z, γ2

s2 ),



An Overview of L1 optimal transportation | 117

that is a contradiction with z =6 γ2
s2 .

Therefore, by continuity there exists δ > 0 such that

ϕ(γ1
1−s) = ϕ(γ2

s2(1−s)), d(γ1
1−s , γ2

s2−s) > 0,

for all 0 ≤ s ≤ δ.
Hence reapplying the previous argument (γ1

1−s , γ2
s2(1−s)) 6∈ R. The curve γ1 and γ2

of the claim are then obtained by properly restricting and rescaling the geodesics γ1

and γ2 considered so far.

The previous correspondence between branching points and pairs of branching
geodesics can be proved to bemeasurable.Wewillmake use of the following selection
result, Theorem 5.5.2 of [50]. We again refer to [50] for some preliminaries on analytic
sets.

Theorem 3.4.3. Let X and Y be Polish spaces, F ⊂ X × Y analytic, and A be the σ-
algebra generated by the analytic subsets of X. Then there is an A-measurable section
u : P1(F) → Y of F.

Recall that given F ⊂ X × Y, a section u of F is a function from P1(F) to Y such that
graph(u) ⊂ F.

Lemma 3.4.4. There exists an A-measurable map u : A+ 7→ G × G such that if u(x) =
(γ1, γ2) then

- (x, γ1
s ), (x, γ2

s ) ∈ Γ for all s ∈ [0, 1];
- (γ1

s , γ2
s ) 6∈ R for all s ∈ [0, 1];

- ϕ(γ1
s ) = ϕ(γ2

s ) for all s ∈ [0, 1].
Moreover both geodesics are non-constant.

Proof. Since G = {γ ∈ Geo(X) : (γ0, γ1) ∈ Γ} and Γ ⊂ X × X is closed, the set G is a
complete and separable metric space. Consider now the set

F := {(x, γ1, γ2) ∈ Te × G × G : (x, γ1
0 ), (x, γ2

0 ) ∈ Γ}

∩
(
X × {(γ1, γ2) ∈ G × G : d(γ1

1 , γ2
1 ) > 0}

)
∩
(
X × {(γ1, γ2) ∈ G × G : d(γ1

0 , γ2
0 ) > 0}

)
∩
(
X × {(γ1, γ2) ∈ G × G : d(γ1

0 , γ1
1 ) > 0}

)
∩
(
X × {(γ1, γ2) ∈ G × G : ϕ(γ1

i ) = ϕ(γ2
i ), i = 0, 1}

)
.

It follows from Remark 3.3.3 that F is σ-compact. To avoid possible intersections in
interior points of γ1 with γ2 we consider the following map:

h : G × G → [0,∞)
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(γ1, γ2) 7→ h(γ1, γ2) := min
s∈[0,1]

d(γ1
s , γ2

s ).

From the compactness of [0, 1], we deduce the continuity of h. Therefore

F̂ := F ∩ {(x, γ1, γ2) ∈ X × G × G : h(γ1, γ2) > 0}

is a Borel set and from Lemma 3.4.2,

F̂ ∩ ({x} × G × G) =6 ∅

for all x ∈ A+. By Theorem 3.4.3 we infer the existence of anA-measurable selection u
of F̂. Since A+ = P1(F̂) and if u(x) = (γ1, γ2), then

d(γ1
s , γ2

s ) > 0, ϕ(γ1
s ) = ϕ(γ2

s ),

for all s ∈ [0, 1], and therefore (γ1
s , γ2

s ) 6∈ R for all s ∈ [0, 1]. The claim follows.

We are ready to prove the following

Proposition 3.4.5. Let (X, d,m) be am.m.s. such that for any µ0, µ1 ∈ P(X) with µ0 �
m any optimal transference plan for W2 is concentrated on the graph of a function. Then

m(A+) = m(A−) = 0.

Proof. Step 1.
Suppose by contradiction that m(A+) > 0. By de�nition of A+, thanks to Lemma 3.4.2
and Lemma 3.4.4, for every x ∈ A+ there exist two non-constant geodesics γ1, γ2 ∈ G
such that

- (x, γ1
s ), (x, γ2

s ) ∈ Γ for all s ∈ [0, 1];
- (γ1

s , γ2
s ) 6∈ R for all s ∈ [0, 1];

- ϕ(γ1
s ) = ϕ(γ2

s ) for all s ∈ [0, 1].

Moreover the map A+ 3 x 7→ u(x) := (γ1, γ2) ∈ G2 isA-measurable.
By inner regularity of compact sets (or by Lusin’s Theorem), possibly selecting a

subset of A+ still with strictly positive m-measure, we can assume that the previous
map is continuous and in particular the functions

A+ 3 x 7→ ϕ(γ ij ) ∈ R, i = 1, 2, j = 0, 1

are all continuous. Set

αx := ϕ(γ1
0 ) = ϕ(γ2

0 ), βx := ϕ(γ1
1 ) = ϕ(γ2

1 )

and note that αx > βx. Now we want to show the existence of a subset B ⊂ A+, still
withm(B) > 0, such that

sup
x∈B

βx < inf
x∈B

αx .
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By continuity of α and β, a set B verifying the previous inequality can be obtained by
considering the set A+ ∩ Br(x), for x ∈ A+ with r su�ciently small. Since m(A+) > 0,
form-a.e. x ∈ A+ the set A+∩Br(x) has positivem-measure. So the existence of B ⊂ A+
enjoying the aforementioned properties follows.

Step 2.
Let I = [c, d] be a non trivial interval such that

sup
x∈B

βx < c < d < inf
x∈B

αx .

Then, by construction, for all x ∈ B the image of the composition of the geodesics γ1

and γ2 with ϕ contains the interval I:

I ⊂ {ϕ(γ is) : s ∈ [0, 1]}, i = 1, 2.

Fix any point inside I, say c, and consider for any x ∈ B the value s(x) such that
ϕ(γ1

s(x)) = ϕ(γ2
s(x)) = c. We can now de�ne on B two transport maps T1 and T2 by

B 3 x 7→ T i(x) := γ is(x), i = 1, 2.

Accordingly we de�ne the transport plan

η := 1
2

(
(Id, T1)]mB + (Id, T2)]mB

)
,

wheremB := m(B)−1mxB.
Step 3.

The support of η is d2-cyclically monotone. To prove it we will use Lemma 3.4.1. The
measure η is concentrated on the set

∆ := {(x, γ1
s(x)) : x ∈ B} ∪ {(x, γ2

s(x)) : x ∈ B} ⊂ Γ .

Take any two pairs (x0, y0), (x1, y1) ∈ ∆ and notice that by de�nition:

ϕ(y1) − ϕ(y0) = 0.

Therefore, trivially
(
ϕ(y1) − ϕ(y0)

) (
ϕ(x1) − ϕ(x0)

)
= 0, and Lemma 3.4.1 can be ap-

plied to ∆. Hence η is optimal with (P1)]η � m and is not induced by a map; this is a
contradiction with the assumption. It follows thatm(A+) = 0. The claim for A− follows
in the same manner.

Remark 3.4.6. If the space is itself non-branching, then Proposition 3.4.5 can be proved
more directly under the assumption (A.1), that will be introduced at the beginning of
Section 3.5. Recall that (X, d,m) is non-branching if for any γ1, γ2 ∈ Geo such that

γ1
0 = γ2

0 , γ1
t = γ2

t ,

for some t ∈ (0, 1), implies that γ1
1 = γ2

1 . In particular the following statement holds
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Let (X, d,m) be non-branching and assume moreover (A.1) to hold. Then

m(A+) = m(A−) = 0.

For the proof of this statement (that goes beyond the scope of this note) we refer to [11],
Lemma 5.3. The same comment will also apply to the next Theorem 3.4.7.

The set
T := Te \ (A+ ∪ A−) (3.22)

will be called the transport set. Since Te , A+ and A− are σ-compact sets, notice that T
is a countable intersection of σ-compact sets and in particular Borel.

Theorem 3.4.7 (Theorem 5.5, [18]). Let (X, d,m) be such that for any µ0, µ1 ∈ P(X)
with µ0 � m any optimal transference plan for W2 is concentrated on the graph of a
function. Then the set of transport rays R ⊂ X × X is an equivalence relation on the
transport set T and

m(Te \ T) = 0.

To summarize,wehave shown that given ad-monotone set Γ, the set of all those points
moved by Γ, denoted Te, can be written, neglecting a set of m-measure zero, as the
union of a family of disjoint geodesics. The next step is to decompose the reference
measurem restricted to T with respect to the partition given by R, where each equiva-
lence class is given by

[x] = {y ∈ T : (x, y) ∈ R}.

Denoting the set of equivalence classes byQ, we can apply theDisintegration Theorem
(see Theorem 3.2.8) to themeasure space (T,B(T),m) and obtain the disintegration of
m consistent with the partition of T in rays:

mxT=
∫
Q

mq q(dq),

where q is the quotient measure.

3.4.1 Structure of the quotient set

In order to use the strength of the Disintegration Theorem to localize themeasure, one
needs to obtain a strongly consistent disintegration. Following the last part of Theorem
3.2.8, it is necessary to build a section S of T together with ameasurable quotient map
with image S.

Proposition 3.4.8 (Q is locally contained in level sets of ϕ). It is possible to construct
a Borel quotient mapQ : T → Q such that the quotient set Q ⊂ X can be written locally
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as a level set of ϕ in the following sense:

Q =
⋃
i∈N

Qi , Qi ⊂ ϕ−1(αi),

where αi ∈ Q, Qi is analytic and Qi ∩ Qj = ∅, for i =6 j.

Proof. Step 1.
For each n ∈ N, consider the set Tn of those points x having ray R(x) longer than 1/n,
i.e.

Tn := P1{(x, z, w) ∈ Te × Te × Te : z, w ∈ R(x), d(z, w) ≥ 1/n} ∩ T.

It is easily seen that T =
⋃
n∈N Tn and that Tn is Borel: the set Te is σ-compact and

therefore its projection is again σ-compact.
Moreover if x ∈ Tn , y ∈ T and (x, y) ∈ R then also y ∈ Tn: for x ∈ Tn there exists

z, w ∈ Te with z, w ∈ R(x) and d(z, w) ≥ 1/n. Since x ∈ T necessarily z, w ∈ T. Since
R is an equivalence relation on T and y ∈ T, it follows that z, w ∈ R(y). Hence y ∈ Tn.
In particular, Tn is the union of all those maximal rays of T with length at least 1/n.

Using the same notation, we have T = ∪n∈NTn with Tn Borel, saturated with re-
spect to R; each ray of Tn is longer than 1/n and Tn ∩ Tn′ = ∅ if n =6 n′.

Now we consider the following saturated subsets of Tn: for α ∈ Q

Tn,α := P1
(
R ∩

{
(x, y) ∈ Tn × Tn : ϕ(y) = α − 1

3n
})

∩ P1
(
R ∩

{
(x, y) ∈ Tn × Tn : ϕ(y) = α + 1

3n
})

, (3.23)

and we claim that
Tn =

⋃
α∈Q

Tn,α . (3.24)

We show the above identity by double inclusion. First note that (⊃) holds trivially.
For the converse inclusion (⊂) observe that for each α ∈ Q, the set Tn,α coincides with
the family of those rays R(x) ∩ Tn such that there exist y+, y− ∈ R(x) satisfying

ϕ(y+) = α − 1
3n , ϕ(y−) = α + 1

3n . (3.25)

Then we need to show that any x ∈ Tn also veri�es x ∈ Tn,α for a suitable α ∈ Q. Fix
x ∈ Tn; since R(x) is longer than 1/n, there exist z, y+, y− ∈ R(x) ∩ Tn such that

ϕ(y−) − ϕ(z) = 1
2n , ϕ(z) − ϕ(y+) = 1

2n .

Consider now the geodesic γ ∈ G such that γ0 = y− and γ1 = y+. By continuity of
[0, 1] 3 t 7→ ϕ(γt) it follows the existence of 0 < s1 < s2 < s3 < 1 such that

ϕ(γs3 ) = ϕ(γs2 ) − 1
3n , ϕ(γs1 ) = ϕ(γs2 ) + 1

3n , ϕ ∈ Q.
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This concludes the proof of identity (3.24).
Step 2.

By the above construction, one can check that for each α ∈ Q the level set ϕ−1(α) is
a quotient set for Tn,α, i.e. Tn,α is formed by disjoint geodesics each one intersecting
ϕ−1(α) in exactly one point. Equivalently, ϕ−1(α) is a section for the partition of Tn
induced by R.

Moreover Tn,α is obtained as the projection of a Borel set and it is therefore ana-
lytic.
Since Tn,α is saturated with respect to R either Tn,α ∩ Tn,α′ = ∅ or Tn,α = Tn,α′ . Hence,
removing the unnecessary α, we can assume that T =

⋃
n∈N,α∈Q Tn,α, is a partition.

Then we characterizeQ : T → T de�ning its graph as follows:

graph(Q) :=
⋃

n∈N,α∈Q
Tn,α ×

(
ϕ−1(α) ∩ Tn,α

)
.

Notice that graph(Q) is analytic and therefore Q : T → Q is Borel (see Theorem 4.5.2
of [50]). The claim follows.

Corollary 3.4.9. The following strongly consistent disintegration formula holds true:

mxT=
∫
Q

mq q(dq), mq(Q−1(q)) = 1, q-a.e. q ∈ Q. (3.26)

Proof. From Proposition 3.4.8 there exists an analytic quotient set Q with Borel quo-
tient map Q : T → Q. In particular Q is a section and the push-forward σ-algebra of
B(T) on Q containsB(Q). From Theorem 3.2.8 (3.26) follows.

Remark 3.4.10. One can improve the regularity of the disintegration formula (3.26) as
follows. From inner regularity of Borel measures there exists S ⊂ Q σ-compact such that
q(Q \ S) = 0. The subset R−1(S) ⊂ T is again σ-compact, indeed

R−1(S) = {x ∈ T : (x, q) ∈ R, q ∈ S} = P1({(x, q) ∈ T × S : (x, q) ∈ R})
= P1(T × S ∩ R) = P1(Te × S ∩ R)

and the regularity follows. Notice that R−1(S) is formed by non-branching rays andm(T \
R−1)(S)) = q(Q \ S) = 0. Hence we have proved that the transport set with end points Te
admits a saturated, partitioned by disjoint rays, σ-compact subset of full measure with
σ-compact quotient set. Since in what follows wewill not use the de�nition (3.22), we will
denote this set by T and its quotient set by Q.

For ease of notation Xq := Q−1(q). The next goalwill be to deduce regularity properties
for the conditional measuresmq. The next function will be of some help.

De�nition 3.4.11 (De�nition 4.5, [11]). [Ray map] De�ne the ray map

g : Dom(g) ⊂ Q ×R → T
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via the formula:

graph(g) :=
{

(q, t, x) ∈ Q × [0, +∞) × T : (q, x) ∈ Γ , d(q, x) = t
}

∪
{

(q, t, x) ∈ Q × (−∞, 0] × T : (x, q) ∈ Γ , d(x, q) = t
}

= graph(g+) ∪ graph(g−).

Hence the ray map associates to each q ∈ Q and t ∈ Dom (g(q, ·)) ⊂ R the unique
element x ∈ T such that (q, x) ∈ Γ at distance t from q if t is positive or the unique
element x ∈ T such that (x, q) ∈ Γ at distance −t from q if t is negative. By de�ni-
tion Dom(g) := g−1(T). Notice that from Remark 3.4.10 it is not restrictive to assume
graph(g) to be σ-compact. In particular the map g is Borel.

Next we list a few (trivial) regularity properties enjoyed by g.

Proposition 3.4.12. The following holds.
- g is a Borel map.
- t 7→ g(q, t) is an isometry and if s, t ∈ Dom (g(q, ·)) with s ≤ t then

(g(q, s), g(q, t)) ∈ Γ;
- Dom(g) 3 (q, t) 7→ g(q, t) is bijective onQ−1(Q) = T, and its inverse is

x 7→ g−1(x) =
(
Q(x), ±d(x,Q(x))

)
whereQ is the quotient map previously introduced and the positive or negative sign
depends on (x,Q(x)) ∈ Γ or (Q(x), x) ∈ Γ.

Observe that from Lemma 3.3.1, Dom (g(q, ·)) is a convex subset of R (i.e. an inter-
val) for any q ∈ Q. Using the ray map g, we will review in Section 3.5 how to prove
that the q-a.e. conditional measure mq is absolutely continuous with respect to the
1-dimensional Hausdor� measure on Xq provided (X, d,m) enjoys weak curvature
properties. The other main use of the ray map g was presented in Section 7 of [11]
where it was used to build the 1-dimensionalmetric currents in the sense of Ambrosio-
Kirchheim (see [6]) associated to T.

It is worth noticing that so far, besides the assumption of Proposition 3.4.5, no
extra assumptions on the geometry of the space were used. In particular, given two
probability measures µ0 and µ1 with �nite �rst moment, the associated transport set
allows for the decomposition of the reference measure m in one-dimensional condi-
tional measuresmq, i.e. formula (3.26) holds.

3.4.2 Balanced transportation

Herewewant to underline that the disintegration (or one-dimensional localization) of
m induced by the L1-Optimal Transportation problem between µ0 and µ1 is actually a
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localization of the Monge problem.We will present this fact by considering a function
f : X → R such that∫

X

f (x)m(dx) = 0,
∫
X

|f (x)|d(x, x0)m(dx) < ∞,

and considering µ0 := f+ m and µ1 := f−m, where f± denote the positive and the nega-
tive parts of f . We can also assume µ0, µ1 ∈ P(X) and study the Monge minimization
problem between µ0 and µ1. This setting is equivalent to study the general Monge
problem assuming both µ0, µ1 � m; indeed, note that µ0 and µ1 can always be as-
sumed to be concentrated on disjoint sets (see [11] for details).

If ϕ is an associated Kantorovich potential producing as before the transport set
T, we have a disintegration ofm as follows:

mxT=
∫
Q

mq q(dq), mq(Xq) = 1, q-a.e. q ∈ Q.

Then the natural localization of the Monge problem would be to consider for every
q ∈ Q the Monge minimization problem between

µ0 q := f+ mq , µ1 q := f−mq ,

in the metric space (Xq , d) (that is isometric via the ray map g to an interval of Rwith
the Euclidean distance). To check that this family of problems makes sense we need
to prove the following

Lemma 3.4.13. It holds that for q-a.e. q ∈ Q one has
∫
X f mq = 0.

Proof. Since for both µ0 and µ1 the set Te \ T is negligible (µ0, µ1 � m), for any Borel
set C ⊂ Q

µ0(Q−1(C)) = π
(

(Q−1(C) × X) ∩ Γ \ {x = y}
)

= π
(

(X ×Q−1(C)) ∩ Γ \ {x = y}
)

= µ1(Q−1(C)), (3.27)

where the second equality follows from the fact that T does not branch: indeed since
µ0(T) = µ1(T) = 1, then π

(
(Γ \ {x = y}) ∩ T × T

)
= 1 and therefore if x, y ∈ T and

(x, y) ∈ Γ, then necessarilyQ(x) = Q(y); that is, they belong to the same ray. It follows
that

(Q−1(C) × X) ∩ (Γ \ {x = y}) ∩ (T × T) = (X ×Q−1(C)) ∩ (Γ \ {x = y}) ∩ (T × T),

and (3.27) follows.
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Since f has null mean value it holds
∫
X f+(x)m(dx) = −

∫
X f−(x)m(dx), which com-

bined with (3.27) implies that for each Borel C ⊂ Q∫
C

∫
Xq

f (x)mq(dx)q(dq) =
∫
C

∫
Xq

f+(x)mq(dx)q(dq) −
∫
C

∫
Xq

f−(x)mq(dx)q(dq)

=

∫
X

f+(x)m(dx)

−1 (
µ0(Q−1(C)) − µ1(Q−1(C))

)
= 0.

Therefore for q-a.e. q ∈ Q the integral
∫
f mq vanishes and the claim follows.

It can be proven in greater generality and without assuming µ1 � m that the Monge
problem is localized once a strongly consistent disintegration of m restricted to the
transport ray is obtained. See [11] for details.

3.5 Regularity of conditional measures

We now review regularity and curvature properties ofmq. This section contains a col-
lection of results spread across [11, 17, 18] and [20]. Here, we try to provide a uni�ed
presentation. We will inspect three increasing levels of regularity: for q-a.e. q ∈ Q

(R.1) mq has no atomic part, i.e.mq({x}) = 0, for any x ∈ Xq;
(R.2) mq is absolutely continuous with respect toH1xXq= g(q, ·)]L1;
(R.3) mq = g(q, ·)](hq L1) veri�es CD(K, N), i.e. the m.m.s. (R, | · |, hq L1) veri�es

CD(K, N).

We will review how to obtain (R.1), (R.2), (R.3) starting from the following three in-
creasing regularity assumptions on the space:

(A.1) if C ⊂ T is compact withm(C) > 0, thenm(Ct) > 0 for uncountably many t ∈ R;
(A.2) if C ⊂ T is compactwithm(C) > 0, thenm(Ct) > 0 for a set of t ∈ RwithL1-positive

measure;
(A.3) the m.m.s. (X, d,m) veri�es CD(K, N).

Given a compact set C ⊂ X, we indicate with Ct its translation along the transport
set at distance with sign t, see the following De�nition 3.5.1.

We will see that: (A.1) implies (R.1), (A.2) implies (R.2) and (A.3) implies (R.3).
Actually we will also show a variant of (A.3) (assuming MCP instead of CD) implies a
variant of (R.3) (MCP instead of CD).

Even if we do not always state it, assumptions (A.1) and (A.2) are not hypothe-
sis on the smoothness of the space but on the regularity of the set Γ and therefore on
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the Monge problem itself; they should both be read as: for µ0 and µ1 probability mea-
sures over X, assume the existence of a 1-Lipschitz Kantorovich potential ϕ such that the
associated transport set T veri�es (A.1) (or (A.2)).

3.5.1 Atomless conditional probabilities

The results presented here are taken from [11].

De�nition 3.5.1. Let C ⊂ T be a compact set. For t ∈ R de�ne the t-translation Ct of C
by

Ct := g
(
{(q, s + t) : (q, s) ∈ g−1(C)}

)
.

Since C ⊂ T is compact, g−1(C) ⊂ Q ×R is σ-compact (graph(g) is σ-compact) and the
same holds true for

{(q, s + t) : (q, s) ∈ g−1(C)}.

Since
Ct = P3(graph(g) ∩ {(q, s + t) : (q, s) ∈ g−1(C)} × T),

it follows that Ct is σ-compact (projection of σ-compact sets is again σ-compact).
Moreover the set B := {(t, x) ∈ R × T : x ∈ Ct} is Borel and therefore by Fubini’s
Theorem the map t 7→ m(Ct) is Borel. It follows that (A.1) makes sense.

Proposition 3.5.2 (Proposition 5.4, [11]). Assume (A.1) to hold and the space to be non-
branching. Then (R.1) holds true, that is for q-a.e. q ∈ Q the conditional measuremq has
no atoms.

Proof. The partition in trasport rays and the associated disintegration are well de-
�ned, see Remark 3.4.6. From the regularity of the disintegration and the fact that
q(Q) = 1, we can assume that the map q 7→ mq is weakly continuous on a compact set
K ⊂ Q with q(Q \K) < ε such that the length of the ray Xq, denoted by L(Xq), is strictly
larger than ε for all q ∈ K. It is enough to prove the proposition on K.

Step 1.
From the continuity of K 3 q 7→ mq ∈ P(X) w.r.t. the weak topology, it follows that the
map

q 7→ C(q) :=
{
x ∈ Xq : mq({x}) > 0

}
= ∪n

{
x ∈ Xq : mq({x}) ≥ 2−n

}
is σ-closed, i.e. its graph is a countable union of closed sets: in fact, if (qm , xm) → (y, x)
andmqm ({xm}) ≥ 2−n, thenmq({x}) ≥ 2−n by upper semi-continuity on compact sets.

Hence K is Borel, and by the Lusin Theorem (Theorem 5.8.11 of [50]) it is the count-
able unionof Borel graphs: setting in this case ci(q) = 0,we can consider themasBorel
functions on K and order them w.r.t. Γ in the following sense:

mq,atomic =
∑
i∈Z

ci(q)δxi(q), (xi(q), xi+1(q)) ∈ Γ , i ∈ Z,
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with K 3 q 7→ xi(q) Borel.
Step 2.

De�ne the sets
Sij(t) :=

{
q ∈ K : xi(q) = g

(
g−1(xj(q)) + t

)}
,

Since K ⊂ Q, to de�ne Sij(t) we are using the graph(g)∩Q×R×T, which is σ-compact:
hence graph(Sij) is analytic. For Aj := {xj(q), q ∈ K} and t ∈ R+ we have that

m((Aj)t) =
∫
K

mq((Aj)t) q(dq) =
∫
K

mq,atomic((Aj)t) q(dq)

=
∑
i∈Z

∫
K

ci(q)δxi(q)
(
g(g−1(xj(q)) + t)

)
q(dq) =

∑
i∈Z

∫
Sij(t)

ci(q) q(dq),

and we have used that Aj ∩ Xq is a singleton. Then for �xed i, j ∈ N, again from the
fact that Aj ∩ Xq is a singleton

Sij(t) ∩ Sij(t′) =
{
Sij(t) t = t′,
∅ t 6= t′,

and therefore the cardinality of the set
{
t : q(Sij(t)) > 0

}
has to be countable. On the

other hand,
m((Aj)t) > 0 ⇒ t ∈

⋃
i

{
t : q(Sij(t)) > 0

}
,

contradicting (A.1).

3.5.2 Absolute continuity

The results presented here are taken from [11]. The condition (A.2) can be stated also
in the following way: for every compact set C ⊂ T

m(C) > 0 ⇒
∫
R

m(Ct)dt > 0.

Lemma 3.5.3. Letm be a Radon measure and

mq = rq g(q, ·)]L1 + ωq , ωq ⊥ g(q, ·)]L1

be the Radon-Nikodym decomposition of mq w.r.t. g(q, ·)]L1. Then there exists a Borel
set C ⊂ X such that

L1
(
P2
(
g−1(C) ∩ ({q} ×R))

))
= 0,

and ωq = mqxC for q-a.e. q ∈ Q.
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Proof. Consider the measure λ = g](q ⊗ L1), and compute the Radon-Nikodym de-
composition

m = Dm
Dλ λ + ω.

Then there exists a Borel set C such that ω = mxC and λ(C) = 0. The set C proves
the Lemma. Indeed C = ∪q∈QCq where Cq = C ∩ R(q) is such that mqxCq= ωq and
g(q, ·)]L1(Cq) = 0 for q-a.e. q ∈ Q.

Theorem 3.5.4 (Theorem 5.7, [11]). Assume (A.2) to hold and the space to be non-
branching. Then (R.2) holds true, that is for q-a.e. q ∈ Q the conditional measure mq
is absolute continuous with respect to g(q, ·)]L1.

The proof is based on the following simple observation.
Let η be a Radonmeasure onR. Suppose that for all A ⊂ RBorel with η(A) > 0 it holds∫

R+

η(A + t)dt = η ⊗ L1({(x, t) : t ≥ 0, x − t ∈ A}
)
> 0.

Then η � L1.

Proof. The proof will use Lemma 3.5.3: take C the set constructed in Lemma 3.5.3 and
suppose by contradiction that

m(C) > 0 and q⊗ L1(g−1(C)) = 0.

In particular, for all t ∈ R it follows that

q⊗ L1(g−1(Ct)) = 0.

By the Fubini-Tonelli Theorem

0 <
∫
R+

m(Ct) dt =
∫
R+

( ∫
g−1(Ct)

(g−1)]m(dq dτ)
)
dt

=
(

(g−1)]m⊗ L1)({(q, τ, t) : (q, τ) ∈ g−1(T), (q, τ − t) ∈ g−1(C)
})

≤
∫
Q×R

L1({τ − g−1(C ∩Q−1(q))
})

(g−1)]m(dq dτ)

=
∫
Q×R

L1(g−1(C ∩Q−1(q))
)

(g−1)]m(dq dτ)

=
∫
Q

L1(g−1(C ∩Q−1(y))
)
q(dy) = 0.

That gives a contradiction.

The proof of Theorem 3.5.4 inspired the de�nition of inversion points and of inversion
plan as presented in [19], in particular see Step 2. of the proof of Theorem 5.3 of [19].
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3.5.3 Weak Ricci curvature bounds: MCP(K , N)

The presentation of the following results is taken from [18]. The same results were
proved in [11] using more involved arguments and di�erent notation.

In this sectionwe assume in addition themetricmeasure space to satisfy themea-
sure contraction propertyMCP(K, N). Recall that the space is also assumed to be non-
branching.

Lemma 3.5.5. For each Borel C ⊂ T and δ ∈ R the set

(C × {ϕ = δ}) ∩ Γ ,

is d2-cyclically monotone.

Proof. The proof follows straightforwardly from Lemma 3.4.1. The set (C × {ϕ = c})∩Γ
is trivially a subset of Γ and whenever

(x0, y0), (x1, y1) ∈ (C × {ϕ = δ}) ∩ Γ ,

then (ϕ(y1) − ϕ(y0)) · (ϕ(x1) − ϕ(x0)) = 0.

We can deduce the following

Corollary 3.5.6. For each Borel C ⊂ T and δ ∈ R de�ne

Cδ := P1((C × {ϕ = δ}) ∩ Γ).

Ifm(Cδ) > 0, there exists a unique ν ∈ OptGeo such that

(e0)] ν = m(Cδ)−1mxCδ , (e0, e1)](ν)
(

(C × {ϕ = δ}) ∩ Γ
)

= 1. (3.28)

From Corollary 3.5.6, we infer the existence of a map TC,δ depending on C and δ such
that (

Id, TC,δ
)
]

(
m(Cδ)−1mxCδ

)
= (e0, e1)]ν.

Taking advantage of the raymap g, we de�ne a convex combination between the iden-
tity map and TC,δ as follows:

Cδ 3 x 7→
(
TC,δ

)
t (x) ∈ {z ∈ Γ(x) : d(x, z) = t · d(x, TC,δ(x))}.

Since C ⊂ T, the map
(
TC,δ

)
t is well de�ned for all t ∈ [0, 1]. We then de�ne the

evolution of any subset A of Cδ in the following way:

[0, 1] 3 t 7→
(
TC,δ

)
t (A).

In particular from now on we will adopt the following notation:

At :=
(
TC,δ

)
t (A), ∀A ⊂ Cδ , A compact.

So for any Borel C ⊂ T compact and δ ∈ R we have de�ned an evolution for compact
subsets of Cδ. The de�nition of the evolution depends both on C and δ.
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Remark 3.5.7. Here we spend a few lines on the measurability of the maps involved
in the de�nition of evolution of sets (assuming for simplicity C to be compact). First
note that since Γ is closed and C is compact, we can prove that also Cδ is compact.
Indeed from the compactness of C we obtain that ϕ is bounded on C and then, since C is
bounded, it follows that also C ×{ϕ = c}∩ Γ is bounded. Since X is proper, compactness
follows. Moreover

graph(TC,δ) = (C × {ϕ = δ}) ∩ Γ ,

hence TC,δ is continuous. Moreover(
TC,δ

)
t (A) = P2

(
{(x, z) ∈ Γ ∩ (A × X) : d(x, z) = t · d(x, TC,δ(x))}

)
,

hence if A is compact, the same hold for
(
TC,δ

)
t (A) and

[0, 1] 3 t 7→ m(
(
TC,δ

)
t (A))

ism-measurable.

The next result gives quantitative information on the behavior of the map t 7→ m(At).
The statement will be given assuming the lower bound on the generalized Ricci cur-
vature K to be positive. Analogous estimates holds for any K ∈ R.

Proposition 3.5.8. For each compact C ⊂ T and δ ∈ R such thatm(Cδ) > 0, it holds

m(At) ≥ (1 − t) · inf
x∈A

sin
(

(1 − t)d(x, TC,δ(x))
√
K/(N − 1)

)
sin
(
d(x, TC,δ(x))

√
K/(N − 1)

)
N−1

m(A), (3.29)

for all t ∈ [0, 1] and A ⊂ Cδ compact set.

Proof. The proof of (3.29) is obtained by the standard method of approximation with
Dirac deltas of the secondmarginal. Even though similar arguments already appeared
many times in literature, in order to be self-contained, we include all the details. For
ease of notation T = TC,δ and C = Cδ.

Step 1.
Consider a sequence {yi}i∈N ⊂ {ϕ = δ} dense in T(C). For each I ∈ N, de�ne the
family of sets

Ei,I := {x ∈ C : d(x, yi) ≤ d(x, yj), j = 1, . . . , I},

for i = 1, . . . , I. Then for all I ∈ N, by the same argument of Lemma 3.5.5, the set

ΛI :=
I⋃
i=1
Ei,I × {yi} ⊂ X × X,

isd2-cyclicallymonotone. Consider thenAi,I := A∩Ei,I and the approximate evolution

Ai,I,t := {z ∈ X : d(z, yi) = (1 − t)d(x, yi), x ∈ Ai,I};
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notice that Ai,I,0 = Ai,I . Then byMCP(K, N) it holds

m(Ai,I,t) ≥ (1 − t) · inf
x∈Ai,I

sin
(

(1 − t)d(x, xi)
√
K/(N − 1)

)
sin
(
d(x, xi)

√
K/(N − 1)

)
N−1

m(Ai,I).

Taking the sum over i ≤ I in the previous inequality implies

∑
i≤I

m(Ai,I,t) ≥ (1 − t) · inf
x∈A

sin
(

(1 − t)d(x, TI(x))
√
K/(N − 1)

)
sin
(
d(x, TI(x))

√
K/(N − 1)

)
N−1

m(A),

where TI(x) := yi for x ∈ Ei,I . From d2-cyclically monotonicity and the non-branching
of the space, up to a set ofmeasure zero, themap TI iswell de�ned, i.e.m(Ei,I∩Ej,I) = 0
for i =6 j. It follows that for each I ∈ Nwe can remove a set of measure zero from A and
obtain

Ai,I,t ∩ Aj,I,t = ∅, i =6 j.

As before consider also the interpolatedmap TI,t and observe that AI,t = TI,t(A). Since
also A is compact we obtain

m(AI,t) ≥ (1 − t) · min
x∈A

sin
(

(1 − t)d(x, TI(x))
√
K/(N − 1)

)
sin
(
d(x, TI(x))

√
K/(N − 1)

)
N−1

m(A).

Step 2.
Since C is a compact set, for every I ∈ N the set ΛI is compact as well and it is a subset
of C×{ϕ = δ} that can be assumed to be compact aswell. By compactness, there exists
a subsequence In and a compact set Θ ⊂ C × {ϕ = δ} compact such that

lim
n→∞

dH(ΛIn , Θ) = 0,

where dH is the Hausdor� distance. Since the sequence {yi}i∈N is dense in {ϕ = δ}
and C ⊂ T is compact, by de�nition of Ei,I , necessarily for every (x, y) ∈ Θ it holds

ϕ(x) + ϕ(y) = d(x, y), ϕ(y) = δ.

Hence Θ ⊂ Γ ∩ C × {ϕ = δ} and this in particular implies, by upper semicontinuity of
m along converging sequences of closed sets, that

m(At) ≥ lim sup
n→∞

m(AIn ,t) .

The claim follows.

As the goal is to localize curvature conditions, we �rst need to prove that almost every
conditional probability is absolutely continuous with respect to the one dimensional



132 | Fabio Cavalletti

Hausdor� measure restricted to the correct geodesic. One way is to prove that Propo-
sition 3.5.8 implies (A.2) and then apply Theorem 3.5.4 to obtain (R.2) (approach used
in [11]). Another option is to repeat verbatim the proof of Theorem 3.5.4 substituting
the translation with the evolution considered in Proposition 3.5.8 and to observe that
the claim follows (approach used in [18]). So we take for granted the following.

Proposition 3.5.9. Assume the non-branching m.m.s. (X, d,m) to satisfy MCP(K, N).
Then (R.2) holds true, that is for q-a.e. q ∈ Q the conditional measure mq is absolute
continuous with respect to g(q, ·)]L1.

To�x thenotation,wenowhaveproved the existence of aBorel function h : Dom (g) →
R+ such that

mxT = g]
(
h q⊗ L1

)
(3.30)

Using standard arguments, estimate (3.29) can be localized at the level of the density
h: for each compact set A ⊂ T∫

P2(g−1(At))

h(q, s)L1(ds)

≥ (1 − t)
(

inf
τ∈P2(g−1(A))

sin((1 − t)|τ − σ|
√
K/(N − 1))

sin(|τ − σ|
√
K/(N − 1))

)N−1 ∫
P2(g−1(A))

h(q, s)L1(ds),

for q-a.e. q ∈ Q such that g(q, σ) ∈ T. Then using a change of variables, one obtains
that for q-a.e. q ∈ Q:

h(q, s + |s − σ|t) ≥
(

sin((1 − t)|s − σ|
√
K/(N − 1))

sin(|s − σ|
√
K/(N − 1))

)N−1

h(y, s),

for L1-a.e. s ∈ P2(g−1(R(q))) and σ ∈ R such that s + |σ − s| ∈ P2(g−1(R(q))). We can
rewrite the estimate in the following way:

h(q, τ) ≥
(

sin((σ − τ)
√
K/(N − 1))

sin((σ − s)
√
K/(N − 1))

)N−1

h(q, s),

for L1-a.e. s ≤ τ ≤ σ such that g(q, s), g(q, τ), g(q, σ) ∈ T. Since an evolution can be
also considered backwardly, we have proved the result below.

Theorem 3.5.10 (Localization ofMCP, Theorem 9.5 of [11]). Assume the non-
branching m.m.s. (X, d,m) to satisfyMCP(K, N). For q-a.e. q ∈ Q it holds:(

sin((σ+ − τ)
√
K/(N − 1))

sin((σ+ − s)
√
K/(N − 1))

)N−1

≤ h(q, τ)
h(q, s) ≤

(
sin((τ − σ−)

√
K/(N − 1))

sin((s − σ−)
√
K/(N − 1))

)N−1

,

for σ− < s ≤ τ < σ+ such that their image via g(q, ·) is contained in R(q).
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In particular from Theorem 3.5.10 we deduce that

{t ∈ Dom (g(q, ·)) : h(q, t) > 0} = Dom (g(q, ·)), (3.31)

such a set is convex and t 7→ h(q, t) is locally Lipschitz continuous.

3.5.4 Weak Ricci curvature bounds: CD(K , N)

The results presented here are taken from [20].
We now turn to proving that the conditional probabilities inherit the synthetic

Ricci curvature lower bounds, that is, (A.3) implies (R.3). Actually, it is enough to as-
sume the space locally satis�es such a lower bound to obtain a global synthetic Ricci
curvature lower bound on almost every 1-dimensional metric measure space.

Since under the essentially non-branching condition CDloc(K, N) implies
MCP(K, N) and existence and uniqueness of optimal transport maps, see [22], we can
already assume (3.30) and (3.31) to hold. In particular t 7→ hq(t) is locally Lipschitz
continuous, where for ease of notation hq = h(q, ·).

Theorem 3.5.11 (Theorem 4.2 of [20]). Let (X, d,m) be an essentially non-branching
m.m.s. verifying the CDloc(K, N) condition for some K ∈ R and N ∈ [1,∞).

Then for any 1-Lipschitz function ϕ : X → R, the associated transport set Γ induces
a disintegration of m restricted to the transport set verifying the following inequality: if
N > 1

for q-a.e. q ∈ Q the following curvature inequality holds:

hq((1 − s)t0 + st1)1/(N−1) ≥ σ(1−s)
K,N−1(t1 − t0)hq(t0)1/(N−1) + σ(s)

K,N−1(t1 − t0)hq(t1)1/(N−1),
(3.32)

for all s ∈ [0, 1] and for all t0, t1 ∈ Dom (g(q, ·)) with t0 < t1. If N = 1, for q-a.e. q ∈ Q
the density hq is constant.

Proof. We �rst consider the case N > 1.
Step 1.

Thanks to Proposition 3.4.8, without any loss of generality we can assume that the
quotient set Q (identi�edwith the set {g(q, 0) : q ∈ Q}) is locally a subset of a level set
of the map ϕ inducing the transport set, i.e. there exists a countable partition {Qi}i∈N
with Qi ⊂ Q Borel set such that

{g(q, 0) : q ∈ Qi} ⊂ {x ∈ X : ϕ(x) = αi}.

It is clearly su�cient to prove (3.32) on each Qi; so �x ī ∈ N and for ease of notation
assume α ī = 0 and Q = Q ī. As Dom (g(q, ·)) is a convex subset ofR, we can also restrict
to a uniform subinterval

(a0, a1) ⊂ Dom (g(q, ·)), ∀ q ∈ Qi ,
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for some a0, a1 ∈ R. Again without any loss of generality we also assume a0 < 0 < a1.
Consider any a0 < A0 < A1 < a1 and L0, L1 > 0 such that A0 + L0 < A1 and

A1 + L1 < a1. Then de�ne the following two probability measures

µ0 :=
∫
Q

g(q, ·)]
(

1
L0

L1x[A0 ,A0+L0]

)
q(dq), µ1 :=

∫
Q

g(q, ·)]
(

1
L1

L1x[A1 ,A1+L1]

)
q(dq).

Since g(q, ·) is an isometry one can also represent µ0 and µ1 in the following way:

µi :=
∫
Q

1
Li
H1x{g(q,t) : t∈[Ai ,Ai+Li ]} q(dq)

for i = 0, 1. Both µi are absolutely continuous with respect tom and µi = ϱim with

ϱi(g(q, t)) = 1
Li
hq(t)−1, ∀ t ∈ [Ai , Ai + Li].

Moreover from Lemma 3.4.1 it follows that the curve [0, 1] 3 s 7→ µs ∈ P(X) de�ned
by

µs :=
∫
Q

1
Ls

H1x{g(q,t) : t∈[As ,As+Ls ]} q(dq)

where
Ls := (1 − s)L0 + sL1, As := (1 − s)A0 + sA1

is the unique L2-Wasserstein geodesic connecting µ0 to µ1. Again one has µs = ϱsm
and can also write its density in the following way:

ϱs(g(q, t)) = 1
Ls
hq(t)−1, ∀ t ∈ [As , As + Ls].

Step 2.
By CDloc(K, N) and the essentially non-branching property one has: for q-a.e. q ∈ Qi

(Ls)
1
N hq((1 − s)t0 + st1)

1
N ≥ τ(1−s)

K,N (t1 − t0)(L0)
1
N hq(t0)

1
N + τ(s)

K,N(t1 − t0)(L1)
1
N hq(t1)

1
N ,

for L1-a.e. t0 ∈ [A0, A0 + L0], t1 obtained as the image of t0 through the monotone
rearrangement of [A0, A0 + L0] to [A1, A1 + L1], and every s ∈ [0, 1]. If t0 = A0 + τL0,
then t1 = A1 + τL1. Also A0 and A1 + L1 should be taken close enough to verify the
local curvature condition.

Then we can consider the previous inequality for s = 1/2, include the explicit
formula for t1, and obtain:

(L0 + L1)
1
N hq(A1/2 + τL1/2)

1
N

≥ σ(1/2)
K,N−1(A1 − A0 + τ|L1 − L0|)

N−1
N
{

(L0)
1
N hq(A0 + τL0)

1
N + (L1)

1
N hq(A1 + τL1)

1
N
}
,
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for L1-a.e. τ ∈ [0, 1], where we used the notation A1/2 := A0+A1
2 , L1/2 := L0+L1

2 . Now
observing that the map s 7→ hq(s) is continuous, the previous inequality also holds
for τ = 0:

(L0 + L1)
1
N hq(A1/2)

1
N ≥ σ(1/2)

K,N−1(A1 − A0)
N−1
N
{

(L0)
1
N hq(A0)

1
N + (L1)

1
N hq(A1)

1
N
}
, (3.33)

for all A0 < A1 with A0, A1 ∈ (a0, a1), all su�ciently small L0, L1 and q-a.e. q ∈ Q,
with the exceptional set depending on A0, A1, L0 and L1.

Notice that (3.33) depends in a continuous way on A0, A1, L0 and L1. It follows
that there exists a common exceptional set N ⊂ Q such that q(N) = 0 and for each
q ∈ Q \ N, for all A0, A1, L0 and L1 the inequality (3.33) holds true. Then one can
make the following (optimal) choice

L0 := L hq(A0) 1
N−1

hq(A0) 1
N−1 + hq(A1) 1

N−1
, L1 := L hq(A1) 1

N−1

hq(A0) 1
N−1 + hq(A1) 1

N−1
,

for any L > 0 su�ciently small, and obtain that

hq(A1/2)
1
N−1 ≥ σ(1/2)

K,N−1(A1 − A0)
{
hq(A0)

1
N−1 + hq(A1)

1
N−1
}
. (3.34)

Nowone canobserve that (3.34) is precisely the inequality requested forCD*loc(K, N−1)
to hold. As stated in Section 3.2.1, the reduced curvature-dimension condition veri�es
the local-to-global property. In particular, see [22, Lemma 5.1, Theorem 5.2], if a
function veri�es (3.34) locally, then it also satis�es it globally. Hence hq also veri�es
the inequality requested for CD*(K, N − 1) to hold, i.e. for q-a.e. q ∈ Q, the density hq
veri�es (3.32).

Step 3.
For the case N = 1, repeat the same construction of Step 1. and obtain for q-a.e. q ∈ Q

(Ls)hq((1 − s)t0 + st1) ≥ (1 − s)L0hq(t0) + sL1hq(t1),

for any s ∈ [0, 1] and L0 and L1 su�ciently small. As before, we deduce for s = 1/2
that

L0 + L1
2 hq(A1/2) ≥ 1

2
(
L0hq(A0) + L1hq(A1)

)
.

Now taking L0 = 0 or L1 = 0, it follows that necessarily hq has to be constant.

According to Remark 3.2.3, Theorem 3.5.11 can be alternatively stated as follows.

If (X, d,m) is an essentially non-branching m.m.s. verifying CDloc(K, N) and ϕ : X → R
is a 1-Lipschitz function, then the corresponding decomposition of the space in maximal
rays {Xq}q∈Q produces a disintegration {mq}q∈Q ofm so that for q-a.e. q ∈ Q,

the m.m.s. (Dom (g(q, ·)), | · |, hqL1) veri�es CD(K, N).
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Accordingly, one says that the disintegration q 7→ mq is a CD(K, N) disintegration.
The disintegration obtained with L1-Optimal Transportation is also balanced in

the sense of Section 3.4.2. This additional information together with what proved so
far is summarized below.

Theorem 3.5.12 (Theorem 5.1 of [20]). Let (X, d,m) be an essentially non-branching
metric measure space verifying the CDloc(K, N) condition for some K ∈ R and N ∈
[1,∞). Let f : X → R be m-integrable such that

∫
X f m = 0 and assume the existence of

x0 ∈ X such that
∫
X |f (x)|d(x, x0)m(dx) < ∞.

Then the space X can be written as the disjoint union of two sets Z and T with T ad-
mitting a partition {Xq}q∈Q and a corresponding disintegration of mxT , {mq}q∈Q such
that:
– For anym-measurable set B ⊂ T it holds

m(B) =
∫
Q

mq(B) q(dq),

where q is a probability measure over Q de�ned on the quotient σ-algebra Q.
– For q-almost every q ∈ Q, the set Xq is a geodesic and mq is supported on it. More-

over q 7→ mq is a CD(K, N) disintegration.
– For q-almost every q ∈ Q, it holds

∫
Xq f mq = 0 and f = 0 m-a.e. in Z.

The proof is just a collection of already proven statements. We include it for the
reader’s convenience.

Proof. Consider
µ0 := f+m

1∫
f+m

, µ1 := f−m
1∫
f−m

,

where f± stands for the positive and negative part of f , respectively. From the summa-
bility assumption on f it follows the existence of ϕ : X → R, 1-Lipschitz Kantorovich
potential for the pair of marginal probabilities µ0, µ1. Since the m.m.s. (X, d,m) is es-
sentially non-branching, the transport set T is partitioned by the rays:

mT =
∫
Q

mq q(dq), mq(Xq) = 1, q − a.e. q ∈ Q;

moreover (X, d,m) veri�es CDloc and therefore Theorem 3.5.11 implies that q 7→ mq is
a CD(K, N) disintegration. Lemma 3.4.13 implies that∫

Xq

f (x)mq(dx) = 0.

Moreover, note that f has necessarily to be zero in X \ T. Take indeed any B ⊂ X \ T
compact with m(B) > 0 and assume f =6 0 over B. Then possibly taking a subset, we
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can assume f > 0 over B and therefore µ0(B) > 0. Since

µ0 =
∫
Q

µ0 qq(dq), µ0 q(Xq) = 1,

necessarily B cannot be a subset of X \ T yielding a contradiction. All the claims are
proved.

3.6 Applications

Here we will summarize some applications of the results proved so far, in particular
of Proposition 3.5.2 and Theorem 3.5.11.

3.6.1 Solution of the Monge problem

We review how the regularity of conditional probabilities of the one-dimensional dis-
integration allows for the construction of a solution to the Monge problem. In partic-
ular we will see how Proposition 3.5.2 leads to an optimal map T. First we recall the
one dimensional result for the Monge problem [56].

Theorem 3.6.1. Let µ0, µ1 be probability measures on R, µ0 with no atoms, and let

H(s) := µ0((−∞, s)), F(t) := µ1((−∞, t)),

be the left-continuous distribution functions of µ0 and µ1 respectively. Then the following
holds.
1. The non decreasing function T : R → R ∪ [−∞, +∞) de�ned by

T(s) := sup
{
t ∈ R : F(t) ≤ H(s)

}
maps µ0 to µ1. Moreover any other non decreasing map T ′ such that T ′]µ0 = µ1
coincides with T on the support of µ0 up to a countable set.

2. If φ : [0, +∞] → R is non decreasing and convex, then T is an optimal transport
relative to the cost c(s, t) = φ(|s− t|). Moreover T is the unique optimal transference
map if φ is strictly convex.

Theorem 3.6.2 (Theorem 6.2 of [11]). Let (X, d,m) be a non-branching metric measure
space and consider µ0, µ1 ∈ P(X) with �nite �rst moment. Assume the existence of a
Kantorovich potential ϕ such that the associated transport set T veri�es (A.1). Assume
µ0 � m.

Then there exists a Borel map T : X → X such that∫
X

d(x, T(X)) µ0(dx) = min
π∈Π(µ0 ,µ1)

∫
X×X

d(x, y) π(dxdy).
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Theorem 3.6.2 was presented in [11] assuming the space to be non-branching, while
here we assume essentially non-branching.

Proof. Step 1. One dimensional reduction of µ0.
Let ϕ : X → R be the Kantorovich potential from the assumptions and T the corre-
sponding transport set. Accordingly

mxT=
∫
Q

mq q(dq),

with mq(Xq) = 1 for q-a.e. q ∈ Q. Moreover from (A.1) for q-a.e. q ∈ Q the conditional
mq has no atoms, i.e.mq({z}) = 0 for all z ∈ X. From Lemma 3.3.4, we can assume that
µ0(Te) = µ1(Te) = 1. Since µ0 = ϱ0m, with ϱ0 : X → [0,∞), from Theorem 3.3.5 we
have µ0(T) = 1. Hence

µ0 =
∫
Q

ϱ0mq q(dq) =
∫
Q

µ0 q q0(dq), µ0 q := ϱ0mq

∫
X

ϱ0(x)mq(dx)

−1

,

and q0 = Q]µ0. In particular µ0, q has no atoms and µ0 q(Xq) = 1.
Step 2. One dimensional reduction of µ1.

As we are notmaking any assumption on µ1 we cannot exclude that µ1(Te \T) > 0 and
therefore to localize µ1 one cannot proceed as for µ0. Consider therefore an optimal
transport plan πwith π(Γ) = 1. Since π(T×Te) = 1 and a partition of T is given, we can
consider the following family of sets {Xq ×Te}q∈Q as a partition of T ×Te; note indeed
that Xq × Te ∩ Xq′ ∩ Te = ∅ if q =6 q′. The domain of the quotient mapQ : T → Q can be
trivially extended to T × Te by saying thatQ(x, z) = Q(x) and observing that

Q] π(I) = π
(
Q−1(I)

)
= π

(
Q−1(I) × Te

)
= µ0(Q−1(I)) = q0(I).

In particular this implies that

π =
∫
Q

πq q0(dq), πq(Xq × Te) = 1, for q0-a.e. q ∈ Q.

Then applying the projection

µ0 = P1 ]π =
∫
Q

P1 ](πq) q0(dq),

and by uniqueness of disintegration P1 ](πq) = µ0 q for q0-a.e. q ∈ Q. Thenwe can �nd
a localization of µ1 as follows:

µ1 = P2 ]π =
∫
Q

P2 ](πq) q0(dq) =
∫
Q

µ1 q q0(dq),
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where by de�nition we posed µ1 q := P2 ](πq) and by construction µ1 q(Xq) =
µ0 q(Xq) = 1.

Step 3. Solution to the Monge problem.
For each q ∈ Q consider the distribution functions

H(q, t) := µ0 q((−∞, t)), F(q, t) := µ1 q((−∞, t)),

where for ease of notation µi q = g(q, ·)−1
] µi q for i = 0, 1. Then de�ne T̂, as Theorem

3.6.1 suggests, by
T̂(q, s) :=

(
q, sup

{
t : F(q, t) ≤ H(q, s)

})
.

Note that since H is continuous (µ0 q has no atoms), the map s 7→ T̂(q, s) is well-
de�ned. Then de�ne the transport map T : T → X as g ◦ T̂ ◦ g−1. It is fairly easy to
observe that

T] µ0 =
∫
Q

(
g ◦ T̂ ◦ g−1

)
]
µ0 q q0(dq) =

∫
Q

µ1 q q0(dq) = µ1;

moreover (x, T(x)) ∈ Γ and therefore the graphof T isd-cyclicallymonotone; therefore
the map T is optimal. Extend T to X as the identity.

It remains to show that it is Borel. First observe that, possibly taking a compact
subset of Q, the map q 7→ (µ0 q , µ1 q) can be assumed to be weakly continuous; it
follows that the maps

Dom (g) 3 (q, t) 7→ H(q, t) := µ0 q((−∞, t)), (q, t) 7→ F(q, t) := µ1 q((−∞, t))

are lower semicontinuous. Then for A Borel,

T̂−1(A × [t, +∞)) =
{

(q, s) : q ∈ A, H(q, s) ≥ F(q, t)
}
∈ B(Q ×R),

and therefore the same applies for T.

If (X, d,m) veri�esMCP then it also veri�es (A.1), see Proposition 3.5.9. So we have the
following

Corollary 3.6.3 (Corollary 9.6 of [11]). Let (X, d,m) be a non-branchingmetricmeasure
space verifying MCP(K, N). Let µ0 and µ1 be probability measures with �nite �rst mo-
ment and µ0 � m. Then there exists a Borel optimal transport map T : X → X solution
to the Monge problem.

Corollary 3.6.3 in particular implies the existence of solutions to the Monge problem
in the Heisenberg groupwhen µ0 is assumed to be absolutely continuous with respect
to the left-invariant Haar measure.

Theorem 3.6.4 (Monge problem in the Heisenberg group). Consider (Hn , dc ,L2n+1),
the n-dimensional Heisenberg group endowed with the Carnot-Carathéodory distance
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dc and the (2n + 1)-Lebesgue measure that coincide with the Haar measure on (Hn , dc)
under the identi�cation Hn ' R2n+1. Let µ0 and µ1 be two probability measures with
�nite �rst moment and µ0 � L2n+1. Then there exists a Borel optimal transport map
T : X → X solution to the Monge problem.

Remark 3.6.5. The techniques used so farwere successfully usedalso to threat themore
general case of in�nite dimensional spaces with curvature bound, see [16] where the
existence of solutions for theMongeminimization problem in theWiener space is proved.
Note that the material presented in the previous sections can be obtained also without
assuming the existence of a 1-Lipschitz Kantorovich potential (e.g. the Wiener space);
the decomposition of the space in geodesics and the associated disintegration of the
reference measures can be obtained starting from a generic d-cyclically monotone set.
For all the details see [11].

3.6.2 Isoperimetric inequality

We now turn to the second main application of techniques reviewed so far, the Lévy-
Gromov isoperimetric inequality in singular spaces. The results of this section are
taken from [20, 21].

Theorem 3.6.6 (Theorem 1.2 of [20]). Let (X, d,m) be a metric measure space with
m(X) = 1, verifying the essentially non-branching property and CDloc(K, N) for some
K ∈ R, N ∈ [1,∞). Let D be the diameter of X, possibly assuming the value∞.

Then for every v ∈ [0, 1],

I(X,d,m)(v) ≥ IK,N,D(v),

where IK,N,D is the model isoperimetric pro�le de�ned in (3.16).

Proof. First of all we can assume D < ∞ and therefore m ∈ P2(X): indeed from the
Bonnet-Myers Theorem if K > 0 then D < ∞, and if K ≤ 0 and D = ∞ then the model
isoperimetric pro�le (3.16) trivializes, i.e. IK,N,∞ ≡ 0 for K ≤ 0.

For v = 0, 1 one can take as competitor the empty set and the whole space respec-
tively, so it trivially holds

I(X,d,m)(0) = I(X,d,m)(1) = IK,N,D(0) = IK,N,D(1) = 0.

Fix then v ∈ (0, 1) and let A ⊂ X be an arbitrary Borel subset of X such thatm(A) = v.
Consider them-measurable function f (x) := χA(x) − v and notice that

∫
X f m = 0. Thus

f veri�es the hypothesis of Theorem 3.5.12 and noticing that f is never null, we can
decompose X = Y ∪ T with

m(Y) = 0, mxT=
∫
Q

mq q(dq),
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with mq = g(q, ·)]
(
hq · L1); moreover, for q-a.e. q ∈ Q, the density hq veri�es (3.32)

and ∫
X

f (z)mq(dz) =
∫

Dom (g(q,·))

f (g(q, t)) · hq(t)L1(dt) = 0.

Therefore

v = mq(A ∩ {g(q, t) : t ∈ R}) = (hqL1)(g(q, ·)−1(A)), for q-a.e. q ∈ Q. (3.35)

For every ε > 0 we then have

m(Aε) −m(A)
ε = 1

ε

∫
T

χAε\A m(dx) = 1
ε

∫
Q

∫
X

χAε\A mq(dx)

 q(dq)

=
∫
Q

1
ε

 ∫
Dom (g(q,·))

χAε\A hq(t)L1(dt)

 q(dq)

=
∫
Q

(
(hqL1)(g(q, ·)−1(Aε)) − (hqL1)(g(q, ·)−1(A))

ε

)
q(dq)

≥
∫
Q

(
(hqL1)((g(q, ·)−1(A))ε) − (hqL1)(g(q, ·)−1(A))

ε

)
q(dq),

where the last inequality is given by the inclusion (g(q, ·)−1(A))ε ∩ supp(hq) ⊂
g(q, ·)−1(Aε).
Recalling (3.35) together with hqL1 ∈ FsK,N,D, by Fatou’s Lemma we get

m+(A) = lim inf
ε↓0

m(Aε) −m(A)
ε

≥
∫
Q

(
lim inf
ε↓0

(hqL1)((g(q, ·)−1(A))ε) − (hqL1)(g(q, ·)−1(A))
ε

)
q(dq)

=
∫
Q

(
(hqL1)+(g(q, ·)−1(A))

)
q(dq)

≥
∫
Q

IsK,N,D(v) q(dq)

= IK,N,D(v),

where in the last equality we used Theorem 3.2.6.

From the de�nition of IK,N,D, see (3.16), and the smooth results of E. Milman in [41],
the estimates proved in Theorem 3.6.6 are sharp.
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Furthermore, the 1-dimensional localization technique allows for rigidity in the
following sense: if for some v ∈ (0, 1) it holds I(X,d,m)(v) = IK,N,π(v), then (X, d,m) is
a spherical suspension. It is worth underlining that to obtain such a result (X, d,m) is
assumed to be in the more regular class of RCD-spaces.

Furthermore, one can prove an almost rigidity statement: if (X, d,m) is an
RCD*(K, N) space such that I(X,d,m)(v) is close to IK,N,π(v) for some v ∈ (0, 1), this
forces X to be close, in the measure-Gromov-Hausdor� distance, to a spherical sus-
pension. What follows is Corollary 1.6 of [20].

Theorem 3.6.7. (Almost equality in Lévy-Gromov implies mGH-closeness to a spher-
ical suspension) For every N ∈ [2,∞), v ∈ (0, 1), ε > 0 there exists δ̄ = δ̄(N, v, ε) > 0
such that the following hold. For every δ ∈ [0, δ̄], if (X, d,m) is an RCD*(N −1− δ, N + δ)
space satisfying

I(X,d,m)(v) ≤ IN−1,N,π(v) + δ,

then there exists an RCD*(N − 2, N − 1) space (Y , dY ,mY ) withmY (Y) = 1 such that

dmGH(X, [0, π] ×N−1
sin Y) ≤ ε.

We refer to [20] for the precise rigidity statement (Theorem 1.4, [20]) and for the proof of
Theorem1.4 andCorollary 1.6 of [20]. See also [20] for theprecisede�nitionof spherical
suspension.We conclude by recalling that 1-dimensional localizationwas used also in
[21] to obtain sharp versions of several functional inequalities (e.g. Brunn-Minkowski,
spectral gap, Log-Sobolev etc.) in the class of CD(K, N)-spaces. See [21] for details.
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Guido De Philippis, Andrea Marchese, and Filip Rindler
On a conjecture of Cheeger

4.1 Introduction

In [7] Cheeger, proved that in every doubling metric measure space (X, ρ, µ) satisfy-
ing a Poincaré inequality Lipschitz functions are di�erentiable µ-almost everywhere.
More precisely, he showed the existence of a family {(Ui , φi)}i∈N of Borel charts (that
is, Ui ⊂ X is a Borel set, X =

⋃
i Ui up to a µ-negligible set, and φi : X → Rd(i) is Lip-

schitz) such that for every Lipschitz map f : X → R at µ-almost every x0 ∈ Ui there
exists a unique (co-)vector df (x0) ∈ Rd(i) with

lim sup
x→x0

∣∣f (x) − f (x0) − df (x0) · (φ(x) − φ(x0))
∣∣

ρ(x, x0) = 0.

This fact was later axiomatized by Keith [15], leading to the notion of Lipschitz di�er-
entiability space, see Section 4.2 below.

Cheeger also conjectured that the push-forward of the reference measure µ under
every chart ϕi has to be absolutely continuous with respect to the Lebesgue measure,
that is,

(φi)#(µ Ui)� Ld(i) ,

see [7, Conjecture 4.63]. Some consequences of this fact concerning existence of bi-
Lipschitz embeddings of X into someRN are detailed in [7, Section 14], also see [8, 9].

Let us assume that (X, ρ, µ) = (Rd , ρE, ν) with ρE the Euclidean distance and ν a
positive Radonmeasure, is a Lipschitz di�erentiability space when equipped with the
(single) identity chart (note that it follows a-posteriori from the validity of Cheeger’s
conjecture that no mapping into a higher-dimensional space can be a chart in a Lips-
chitz di�erentiability structure ofRd). In this case the validity of Cheeger’s conjecture
reduces to the validity of the (weak) converse of Rademacher’s theorem, which states
that a positive Radon measure ν on Rd with the property that all Lipschitz functions
are di�erentiable ν-almost everywhere must be absolutely continuous with respect to
Ld. Actually, it is well known to experts that this converse of Rademacher’s theorem
implies Cheeger’s conjecture in any metric space, see for instance [15, Section 2.4], [6,
Remark 6.11], and [12].
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The (strong) converse of Rademacher’s theorem has been known to be true in R
since the work of Zahorski [21], where he characterized the sets E ⊂ R that are sets of
non-di�erentiability points of some Lipschitz function. In particular, he proved that
for every Lebesgue negligible set E ⊂ R there exists a Lipschitz function which is
nowhere di�erentiable on E.

The same result for maps f : Rd → Rd has been proved by Alberti, Csörnyei &
Preiss for d = 2 as a consequence of a deep structural result for negligible sets in the
plane [1, 2]. In 2011, Csörnyei & Jones [14] announced the extension of the above result
to every Euclidean space. For Lipschitz maps f : Rd → Rm with m < d the situation is
fundamentally di�erent and there exists a null set such that every Lipschitz function
is di�erentiable at at least one point from that set, see [17, 18]. We �nally remark that
the weak converse of Rademacher’s theorem inR2 can also be obtained by combining
the results of [4] and [5], see [5, Remark 6.2 (iv)].

Recently, a result concerning the singular structure of measures satisfying a dif-
ferential constraint was proved in [10]. When combinedwith themain result of [5] this
proves the weak converse of Rademacher’s theorem in any dimension, see [10, Theo-
rem 1.14].

In this note we detail how the results in [5, 10] in conjunction with Bate’s result
on the existence of a su�cient number of independent Alberti representations in a
Lipschitz di�erentiability space [6] imply Cheeger’s conjecture; see Section 4.2 for the
relevant de�nitions.

Theorem 4.1.1. Let (X, ρ, µ) be a Lipschitz di�erentiability space and let (U, ϕ) be a
d-dimensional chart. Then, ϕ#(µ U)� Ld .

Note that by the same arguments of this paper Cheeger’s conjecture would also follow
from the results announced in [1] and [14].

After we �nished writing this note we learned that similar results have been
proved by Kell and Mondino [16] and by Gigli and Pasqualetto [13].

4.2 Setup

4.2.1 Lipschitz di�erentiability spaces

Throughout this chapter, the triple (X, ρ, µ)will alwaysdenote ametricmeasure space,
that is, (X, ρ) is a separable, complete metric space and µ ∈M+(X) is a positive Radon
measure on X.

We call a pair (U, φ) such thatU ⊂ X is a Borel set andφ : X → Rd is Lipschitz, a d-
dimensional chart or simply a d-chart. A function f : X → R is said to be di�erentiable
with respect to a d-chart (U, φ) at x0 ∈ U if there exists a unique (co-)vector df (x0) ∈
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Rd such that

lim sup
x→x0

∣∣f (x) − f (x0) − df (x0) · (φ(x) − φ(x0))
∣∣

ρ(x, x0) = 0.

We call a metric measure space (X, ρ, µ) a Lipschitz di�erentiability space (also
called a metric measure space that admits a measurable di�erentiable structure) if
there exists a countable family of d(i)-charts (Ui , φi) (i ∈ N) such that X =

⋃
i Ui and

any Lipschitz map f : X → R is di�erentiable with respect to every (Ui , φi) at µ-almost
every point x0 ∈ Ui.

4.2.2 Alberti representations

We denote by Γ(X) the set of curves in X, that is, the set of all Lipschitz maps
γ : Dom γ → X, for which the domain Dom γ ⊂ R is non-empty and compact. Note
that we are not requiring Dom γ to be an interval and thus the set Γ(X) is sometimes
also called the set of curve fragments on X. We equip Γ(X) with the Hausdor� metric
distH on graphs and we consider it as a subspace of the Polish space

K =
{
K ⊂ R × X : K compact

}
, (4.1)

endowed with the Hausdor� metric. Moreover, by arguing as in [19, Lemma 2.20], it is
easy to see that Γ(X) is an Fσ-subset ofK, i.e. a countable union of closed sets.

The decomposition of a measure into a family of 1-dimensional Hausdor� mea-
sures supported on curves leads to the notion of Alberti representation. First intro-
duced in [4] for the study of the rank-one property of BV-derivatives, this decomposi-
tion has turned out to be a key tool in the study of di�erentiability properties of Lips-
chitz functions, see for instance [1, 2, 5, 6].

De�nition 4.2.1. Let (X, ρ, µ) be ametric measure space. An Alberti representation of
µ on a µ-measurable set A ⊂ X is a parameterized family (µγ)γ∈Γ(X) of positive Borel
measures µγ ∈M+(X) with

µγ � H1 Im γ,

together with a Borel probability measure π ∈ P(Γ(X)) such that

µ(B) =
∫
µγ(B) dπ(γ) for all Borel sets B ⊂ A. (4.2)

Here, the measurability of the integrand is part of the requirement of being an Alberti
representation.

Remark 4.2.2. Note that this de�nition is slightly di�erent from the one in [6, De�ni-
tion 2.2] since there the set Γ(X) consists of bi-Lipschitz curves. Clearly, the existence
of a representation in the sense of [6] implies the existence of a representation in our
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sense and this will su�ce for our purposes. Let us, however, point out that the converse
holds true as well. Indeed, the part of γ that contributes to the integral in (4.2) can be
decomposed into countably many bi-Lipschitz pieces, see [19, Remark 2.17].

We will further need the notion of independent Alberti representations of a measure.
Let C ⊂ Rd be a closed, convex, one-sided cone, i.e. a set of the form

C :=
{
v ∈ Rd : v · w ≥ (1 − θ)‖v‖

}
for some w ∈ Sd−1 and θ ∈ (0, 1). With a Lipschitz map ϕ : X → Rd, we say that an
Alberti representation

∫
νγ dπ(γ) has φ-directions in C if

(φ ◦ γ)′(t) ∈ C \ {0} for π-a.e. curve γ andH1-a.e. t ∈ Dom γ.

A number of m Alberti representations of µ are φ-independent if there are linearly in-
dependent cones C1, . . . , Cm such that the i’thAlberti representation hasφ-directions
in Ci. Here, linear independence of the cones C1, . . . , Cm means that any collection of
vectors vi ∈ Ci\{0} is linearly independent. In the case X = Rd wewill always consider
ϕ = Id.

One of the main results of [6] asserts that a Lipschitz di�erentiability space nec-
essarily admits many independent Alberti representations, also cf. [5, Theorem 1.1].
Recall that according to Remark 4.2.2 any representation in the sense of [6] is also a
representation in the sense of De�nition 4.2.1.

Theorem 4.2.3. Let (X, ρ, µ) be a Lipschitz di�erentiability space with a d-chart
(U, φ). Then, there exists a countable decomposition

U =
⋃
k∈N

Uk , Uk ⊂ U Borel sets,

such that every µ Uk has d φ-independent Alberti representations.

A proof of this theorem can be found in [6, Theorem 6.6].

4.2.3 One-dimensional currents

To use the results of [10] we need a link between Alberti representations and 1-
dimensional currents. Recall that a 1-dimensional current T inRd is a continuous lin-
ear functional on the space of smooth and compactly supported di�erential 1-forms
on Rd. The boundary of T, ∂T is the distribution (0-current) de�ned via 〈∂T, f 〉 :=
〈T, df 〉 for every smooth and compactly supported function f : Rd → R. The mass of
T, denoted by M(T), is the supremum of 〈T, ω〉 over all 1-forms ω such that |ω| ≤ 1
everywhere. A current T is called normal if both T and ∂T have �nite mass; we denote
the set of normal 1-currents by N1(Rd).
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By the Radon–Nikodým theorem, a 1-dimensional current T with �nite mass can
be written in the form T = ~T‖T‖ where ‖T‖ is a �nite positive measure and ~T is a
vector �eld in L1(Rd , ‖T‖) with |~T(x)| = 1 for ‖T‖-almost every x ∈ Rd. In particular,
the action of T on a smooth and compactly supported 1-form ω is given by

〈T, ω〉 =
∫
Rd

〈ω(x), ~T(x)〉 d‖T‖(x) .

An integer-multiplicity recti�able 1-current (in the following called simply recti�-
able 1-current) T = JE, τ,mK is a 1-current which acts on 1-forms ω as

〈T, ω〉 =
∫
E

〈ω(x), τ(x)〉m(x) dH1(x) ,

where E is a 1-recti�able set, τ(x) is a unit vector spanning the approximate tangent
space Tan(E, x) and m is an integer-valued function such that

∫
E m dH1 < ∞. More

information on currents can be found in [11].
The relation between Alberti representations and normal 1-currents is partially

encoded in the following decomposition theorem, due to Smirnov [20].

Theorem 4.2.4. Let T = ~T‖T‖ ∈ N1(Rd) be a normal 1-current with |~T(x)| = 1 for
‖T‖-almost every x. Then, there exists a family of recti�able 1-currents

Tγ = JEγ , τγ , 1K, γ ∈ Γ ,

where Γ is a measure space endowed with a �nite positive Borel measure π ∈ M+(Γ),
such that the following assertions hold:
(i) T can be decomposed as

T =
∫
Γ

Tγ dπ(γ)

and
M(T) =

∫
Γ

M(Tγ) dπ(γ) =
∫
Γ

H1(Eγ) dπ(γ) ;

(ii) τγ(x) = ~T(x) forH1-almost every x ∈ Eγ and for π-almost every γ ∈ Γ;
(iii) ‖T‖ can be decomposed as

‖T‖ =
∫
Γ

µγ dπ(γ) ,

where each µγ is the restriction ofH1 to the 1-recti�able set Eγ .

An Alberti representation of an Euclidean measure splits it into measures concen-
trated on “fragments” of curves. In general, these fragments cannot be glued together
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to obtain a 1-dimensional normal current since the boundary may have in�nite mass.
Nevertheless, the “holes” of every curve appearing in an Alberti representation of a
measure ν ∈ M+(Rd) can be “�lled” in such a way as to produce a normal 1-current
T with ν � ‖T‖. Moreover, if the representation has directions in a cone C then the
constructed normal current T has orienting vector ~T in C \ {0} almost everywhere
(with respect to ‖T‖). Indeed, we have the following lemma, which is essentially [5,
Corollary 6.5]; it can be interpreted as a partial converse to Theorem 4.2.4:

Lemma 4.2.5. Let ν ∈ M+(Rd) be a �nite Radon measure. If there is an Alberti repre-
sentation ν =

∫
νγ dπ(γ)with directions in a cone C, then there exists a normal1-current

T ∈ N1(Rd) such that ~T(x) ∈ C \ {0} for ‖T‖-almost every x ∈ Rd and ν � ‖T‖.

Proof. For the purpose of illustration we sketch the proof.
Step 1. Given ν as in the statement, we claim that there exists a normal 1-current

T = ~T‖T‖ with M(T) ≤ 1 and M(∂T) ≤ 2 such that ~T(x) ∈ C, for ‖T‖-almost every x
and that ν is not singular with respect to ‖T‖.

The claim follows from the proof of [5, Lemma 6.12]. For the sake of completeness
let us present the main line of reasoning. By arguing as in Step 1 of the proof of [5,
Lemma 6.12], to every γ ∈ Γ(Rd) with γ′(t) ∈ C and a Borel measure νγ � H1 Im γ

we can associate a 1-Lipschitz map ψνγ : [0, 1] → Rd satisfying

νγ(Im(ψνγ )) > 0 and ψ′νγ (t) ∈ C \ {0} forH1-a.e. t ∈ [0, 1].

This map can moreover be chosen such that γ 7→ ψνγ coincides with a Borel measur-
able map π-almost everywhere once we endow the set of curves with the topology of
uniform convergence, see Step 3 in the proof of [5, Lemma 6.12].

Let Tνγ := JImψνγ , τψνγ , 1K be the recti�able 1-current associated to ψνγ and set

T :=
∫
Tνγ dπ(γ) .

Since ψνγ is 1-Lipschitz,H1(Imψνγ ) ≤ 1 and thusM(T) ≤ 1. Moreover, for all smooth
compactly supported functions f : Rd → R we have

〈∂T, f 〉 = 〈T, df 〉 =
∫
f (ψνγ (1)) − f (ψνγ (0)) dπ(γ) ,

so thatM(∂T) ≤ 2.
By assumption, ~T(x) ∈ C \ {0} for ‖T‖-almost every x ∈ Rd. To show that ‖T‖ and

ν are not mutually singular, for π-almost every γ set

ν′γ := νγ Im ψνγ and ν′ :=
∫
ν′γ dπ(γ) ,

so that ν′ =6 0 and ν′ ≤ ν. We will now establish that ν′ � ‖T‖, for which we will prove
that ν and ‖T‖ are not mutually singular. Let E ⊂ Rd be such that ‖T‖(E) = 0. Using

T =
∫

JImψνγ , τψνγ , 1K dπ(γ) with τψνγ =
ψ′νγ
|ψ′νγ |

∈ C ,
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we get
H1(Imψνγ ∩ E) = 0 for π-a.e. γ.

Since by de�nition νγ � H1 Im γ, we have that ν′γ � H1 Imψνγ . Thus, ν′(E) = 0.

Step 2. Let us de�ne

T :=
{
T ∈ N1(Rd) : M(T) ≤ 1,M(∂T) ≤ 2 and ~T ∈ C ‖T‖-a.e.

}
and

Tν :=
{
T ∈ T : ν and T are not singular

}
.

Note that if C = { v ∈ Rd : v · w ≥ (1 − θ)‖v‖ } for some w ∈ Sd−1, θ ∈ (0, 1), then
~T ∈ C almost everywhere implies that

‖T‖ ≥ T · w ≥ (1 − θ)‖T‖ (4.3)

as measures (here we are identifying T with an Rd-valued Radon measure and use
the pointwise scalar product). Moreover, as a consequence of the Radon–Nikodým
theorem, for every T ∈ Tν we may write

ν = g‖T‖‖T‖ + νs‖T‖ with νs‖T‖ ⊥ ‖T‖ ,
∫
g‖T‖ d‖T‖ > 0 .

Let us set M := supT∈Tν
∫
g‖T‖ d‖T‖ > 0 and let Tk ∈ Tν be a sequence with∫

g‖Tk‖ d‖Tk‖ → M.

De�ne
T :=

∑
k

2−kTk

and note that T ∈ T. Moreover, by (4.3), ‖Tk‖ � ‖T‖ for all k ∈ N, so that there exist
hk : Rd → R with∫

E

hk d‖T‖ =
∫
E

g‖Tk‖ d‖Tk‖ ≤ ν(E) for all Borel sets E ⊂ Rd.

In particular, T ∈ Tν and hk ≤ g‖T‖. Set mk = max1≤j≤k hj. By the monotone conver-
gence theorem, mk → m∞ ≤ g‖T‖ in L1(Rd , ‖T‖) and

M ≤ lim
k→∞

∫
mk d‖T‖ =

∫
m∞ d‖T‖ ≤

∫
g‖T‖ d‖T‖ ≤ M.

Hence, M is actually a maximum and it is attained by T.
Wenowclaim that ν � ‖T‖. Indeed, assumeby contradiction that ν = g‖T‖ d‖T‖+

νs‖T‖ with νs‖T‖ =6 0. Since the Alberti representation of ν induces an Alberti represen-
tation of νs‖T‖, we can apply Step 1 to �nd a normal 1-current

S ∈ Tνs‖T‖ ⊂ Tν
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such that νs‖T‖ and ‖S‖ are notmutually singular. In particular, if ν = g‖S‖ d‖S‖+νs‖S‖,
then there exists a Borel set F ⊂ Rd such that

‖T‖(F) = 0 and
∫
F

g‖S‖ d‖S‖ > 0. (4.4)

Let us de�ne W := (T + S)/2 and note that by (4.3) it holds that ‖T‖, ‖S‖ � ‖W‖ so
thatW ∈ Tν. Moreover, there are functions hT , hS ≤ g‖W‖ such that∫

E

hT d‖W‖ =
∫
E

g‖T‖ d‖T‖ ,
∫
E

hS d‖W‖ =
∫
E

g‖S‖ d‖S‖

for all Borel sets E. However, for F as in (4.4) we obtain

M ≥
∫
Rd

g‖W‖ d‖W‖ ≥
∫
Rd

g‖T‖ d‖T‖ +
∫
F

g‖S‖ d‖S‖ > M,

a contradiction.

4.3 Proof of Cheeger’s conjecture

The key tool to prove Cheeger’s conjecture is the following result from [10, Corol-
lary 1.12]:

Theorem 4.3.1. Let T1 = ~T1‖T1‖, . . . , Td = ~Td‖Td‖ ∈ N1(Rd) be 1-dimensional nor-
mal currents. Let ν ∈M+(Rd) be a positive Radon measure such that
(i) ν � ‖Ti‖ for i = 1, . . . , d, and
(ii) span{~T1(x), . . . , ~Td(x)} = Rd for ν-almost every x.
Then, ν � Ld.

Combining the above result with Lemma 4.2.5 we immediately get the following:

Lemma 4.3.2. Let ν ∈M+(Rd) have d independent Alberti representations. Then, ν �
Ld.

Proof. Denote by C1, . . . , Cd independent cones such that there are d Alberti repre-
sentations having directions in these cones. By Lemma 4.2.5 there are d normal 1-
dimensional currents T1 = ~T1‖T1‖, . . . , Td = ~Td‖Td‖ ∈ N1(Rd) such that

ν � ‖Ti‖ for i = 1, . . . , d,

and ~Ti(x) ∈ Ci for ν-almost every x ∈ Rd. By the independence of the cones,

span
{
~T1(x), . . . , ~Td(x)

}
= Rd for ν-a.e. x ∈ Rd.

This implies ν � Ld via Theorem 4.3.1.
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In order to use the above result to prove Theorem 8.1.1 one also needs the following
“push-forward lemma”.

Lemma 4.3.3. Let (X, ρ, µ) be a Lipschitz di�erentiability space with a d-chart (U, φ).
If µ U has d φ-independent Alberti representations, then also the push-forward
φ#(µ U) ∈M+(Rd) has d independent Alberti representations.

Proof. It is enough to show that if there exists a representation of the form µ U =∫
µγ dπ(γ) with φ-directions in a cone C (i.e. such that (ϕ ◦ γ)′(t) ∈ C \ {0} for almost

all t ∈ Dom γ and for π-almost every γ), then we can build an Alberti representation

φ#(µ U) =
∫
νγ̄ dπ̄(γ̄) with π̄ ∈ P(Γ(Rd)),

with γ̄′(t) ∈ C \ {0} for π̄-almost every γ̄ and almost every t ∈ Dom γ̄. To this end con-
sider the map Φ : Γ(X) → Γ(Rd) given by Φ(γ) := φ ◦ γ and let π̄ := Φ#π ∈M+(Γ(Rd)).
Note that, by the very de�nition of the push-forward measure, for π̄-almost every γ̄ it
holds that γ̄ = ϕ ◦ γ for some γ ∈ Γ(X).

By considering π as a probability measure de�ned on the Polish spaceK de�ned
in (4.1), and noting that π is concentrated on Γ(X), we can apply the disintegration
theorem for measures [3, Theorem 5.3.1] to show that for π̄-almost every γ̄ there exists
a Borel probability measure ηγ̄ concentrated on Φ−1(γ̄) and such that

π(A) =
∫
ηγ̄(A) dπ̄(γ̄) for all Borel sets A ⊂ Γ(X).

Note also that, by the disintegration theorem, the map γ̄ 7→ ηγ̄ is Borel measurable.
Let us now set

νγ̄ :=
∫

Φ−1(γ̄)

φ#(µγ) dηγ̄(γ).

Clearly, we have the representation

φ#(µ U) =
∫
νγ̄ dπ̄(γ̄)

and γ̄′(t) = (ϕ ◦ γ)′(t) ∈ C \ {0} for π̄-almost every γ̄ and almost every t ∈ Dom γ̄.
Hence, to conclude the proof we only have to show that

νγ̄ � H1 Im γ̄ for π̄-a.e. γ̄.

Let E be a set with H1(E ∩ Im γ̄) = 0. Since γ̄′(t) =6 0 for almost every t ∈ Dom γ, the
area formula implies that L1(γ̄−1(E)) = 0. If γ ∈ Φ−1(γ̄), say γ̄ = ϕ ◦ γ, then

H1(ϕ−1(E) ∩ Im γ) ≤ H1(γ(γ̄−1(E))) = 0 for all γ ∈ Φ−1(γ̄).

Hence, µγ(ϕ−1(E)) = 0 for all γ ∈ Φ−1(γ̄) which immediately gives

νγ̄(E) =
∫

Φ−1(γ̄)

µγ(ϕ−1(E)) dηγ̄(γ) = 0 .
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This concludes the proof.

Proof of Theorem 8.1.1. Let (U, φ) be a d-chart. By Theorem 4.2.3 there are d φ-
independent Alberti representations of µ Uk, where U =

⋃
k∈N Uk is the decompo-

sition from Bate’s theorem. Then, via Lemma 4.3.3, the push-forward φ#(µ Uk) also
has d independent Alberti representations. Finally, Lemma 4.3.2 yields φ#(µ Uk)�
Ld and this concludes the proof.
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Tom Leinster and Mark W. Meckes
The magnitude of a metric space: from
category theory to geometric measure theory

5.1 Introduction

Magnitude is a numerical isometric invariant of metric spaces. Its de�nition arises by
viewing a metric space as a kind of enriched category— an abstract structure that ap-
pears more algebraic than geometric in nature — and adapting a construction from
the intersection of category theory and homotopy theory. One would hardly expect,
from such a provenance, that magnitude would have any strong relationship to geom-
etry as usually conceived. Surprisingly, however,magnitude turns out to encodemany
invariants from integral geometry and geometric measure theory, including volume,
capacity, dimension, and intrinsic volumes. This paper will give an overview of the
theory of magnitude, from its category-theoretic genesis to its connections with these
geometric quantities.

We beginwith a brief overview of the history ofmagnitude so far. The grandparent
of magnitude is the Euler characteristic of a topological space, which is a natural ana-
logue of the cardinality of a �nite set. To each category there is associated a topological
space called its classifying space. In [16], a formula was found for the Euler character-
istic of the classifying space of a suitably nice �nite category; applying this formula
to less nice categories (for which the Euler characteristic of the classifying space need
not exist) yielded a new cardinality-like invariant of categories, again called the Euler
characteristic of a �nite category.

Categories are a special case of a more general family of structures, enriched cat-
egories, which encompass both categories with additional structure (like linear cate-
gories) and, surprisingly, metric spaces. In [19, 23], the de�nition of Euler character-
istic of a category was generalized to enriched categories, renamed magnitude, then
re-specialized to �nite metric spaces. The �rst paper to be written on magnitude [23]
focused on the asymptotic behavior of themagnitudes of �nite approximations to spe-
ci�c compact subsets of Euclidean space. The results there hinted strongly that mag-
nitude is closely related to geometric quantities including volume and fractal dimen-
sion; numerical computations in [40] gave further evidence of these relationships.

Tom Leinster: School of Mathematics, University of Edinburgh, James Clerk Maxwell Building, Peter
Guthrie Tait Road, Edinburgh EH9 3FD, United Kingdom, E-mail: Tom.Leinster@ed.ac.uk
Mark W. Meckes: Department of Mathematics, Applied Mathematics, and Statistics, Case
Western Reserve University, 10900 Euclid Ave., Cleveland, Ohio 44106, U.S.A., email:
mark.meckes@case.edu

© 2017 Tom Leinster and Mark W. Meckes
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 3.0 License.



Magnitude: from categories to geometric measure theory | 157

In [41], a de�nition was proposed for the magnitude of certain compact metric
spaces, and connections were found between magnitude and some intrinsic volumes
of Riemannian manifolds. Shortly thereafter, the paper [19] appeared which laid out
for the �rst time the general theory of the magnitude of �nite metric spaces; and [27]
which put the asymptotic approach of [23] for studying magnitude of compact spaces
on �rm footing, and showed that it also coincides with the de�nition used in [41].

The paper [28] introduced yet another equivalent approach tomagnitude for com-
pact spaces, which makes magnitude more accessible to a wide variety of analytic
techniques. Using a result from potential theory, [28] showed in particular that mag-
nitude can be used to recover the Minkowski dimension of a compact set in Euclidean
space. Following the approach of [28], the paper [3] applied Fourier analysis to show
thatmagnitude also recovers volume in Euclidean space, and applied PDE techniques
to compute precisely magnitudes of Euclidean balls.

This paper aims to serve as a guide to the path from the de�nition of the Euler
characteristic of a �nite category, to the geometric results of [28] and [3] onmagnitude
in Euclidean space. It also includes a number of new results, in particular a signi�-
cant partial result toward a conjecture from [19] relatingmagnitude in `n1 to a family of
intrinsic volumes adapted to the `1 metric, as well as generalizations of several regu-
larity results for magnitude from Euclidean space to more general normed spaces. In
order to reach the results of geometric interest as quickly as possible, we omit many
results from the papers named above, and depart signi�cantly at some points from
the historical development of ideas. We give complete proofs only for the new results,
and for a few known results for whichwe take amore direct approach than in previous
papers.

Section 5.2 begins with the de�nition of the Euler characteristic of a �nite cate-
gory, and leads up to the magnitude of a �nite metric space and its basic properties.
Section 5.3 covers the de�nition of the magnitude of a compact space, its basic prop-
erties, and the results on magnitude of manifolds. Section 5.4 covers magnitude in
(quasi)normed spaces, particularly `n1 and Euclidean space, and contains the new re-
sults of this paper. Finally, in section 5.5, we discuss a number of open problems about
magnitude.

Before moving on, we need to mention two threads in the story of magnitude
which have been ignored above and will make only brief appearances in this paper.
The �rst is the magnitude of a graph, viewed as a metric space with the shortest-path
distance between vertices. This subject has been developed in [20], which in particu-
lar investigated its relationship to classical, combinatorial graph invariants, and [8],
which found that the magnitude of graphs is the Euler characteristic associated to a
gradedhomology theory for graphs. The second thread is the connection ofmagnitude
to quantifying biodiversity and maximum entropy problems. This is actually related
with the historically �rst appearance of the magnitude of a metric space in the liter-
ature, in [35], and was developed in [17, 22]; section 5.3.3 will take half a step in the
direction of these connections.
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5.2 Finite metric spaces

Here we explain the origins of the notion of magnitude. There is a simple combi-
natorial de�nition of the magnitude or Euler characteristic of a �nite category (sec-
tion 5.2.2), which extends in a natural way to a more general class of structures, the
enriched categories (section 5.2.3). Aswe show, this general invariant is closely related
to several existing invariants of size. Specializing it in a di�erent direction gives the
de�nition of the magnitude of a �nite metric space (sections 5.2.4 and 5.2.5).

In order to do any of this, we �rst need to de�ne the magnitude of a matrix.

5.2.1 The magnitude of a matrix

Recall that a semiring is a “ring without negatives”, that is, an abelian group (writ-
ten additively) with an associative operation of multiplication that distributes over
addition. Let k be a commutative semiring (always assumed to have a multiplicative
identity 1) and A a �nite set, and let Z ∈ kA×A be a squarematrix over k indexed by the
elements of A. A weighting on Z is a column vector w ∈ kA satisfying Zw = e, where
e is the column vector of 1s, and a coweighting on Z is a row vector v ∈ kA satisfying
vZ = eT. That is, ∑

b∈A
Z(a, b)wb = 1 for every a ∈ A

and ∑
a∈A

vaZ(a, b) = 1 for every b ∈ A.

If w is a weighting and v a coweighting on Z then∑
a∈A

wa = eTw = vZw = ve =
∑
a∈A

va .

When Z admits both aweighting and a coweighting, wemay therefore de�ne themag-
nitude |Z| of Z to be the common quantity

∑
a wa =

∑
a va, for any weighting w and

coweighting v.
An important special case is when Z is invertible. Then Z has a unique weighting

and a unique coweighting, and its magnitude is the sum of the entries of Z−1:

|Z| =
∑
a,b∈A

Z−1(a, b). (5.1)

An even more special case is that of positive de�nite matrices:

Proposition 5.2.1. Let Z ∈ RA be a positive de�nite matrix. Then

|Z| = sup
0=6 x∈RA

(
∑

a xa)2

xTZx ,
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and the supremum is attained exactly when x is a scalarmultiple of the uniqueweighting
on Z.

This follows swiftly from the Cauchy–Schwarz inequality [19, Proposition 2.4.3].

5.2.2 The Euler characteristic of a �nite category

A category can be viewed as a directed graph (allowing multiple parallel edges) to-
gether with an associative, unital operation of composition. The vertices of the graph
are the objects of the category, and for each pair (a, b) of vertices, the edges from a to
b in the graph are the maps from a to b in the category, which form a set Hom(a, b).
Thus, composition de�nes a function Hom(a, b) × Hom(b, c) → Hom(a, c) for each
a, b, c, and there is a loop 1a ∈ Hom(a, a) on each vertex a. Although in many cate-
gories of interest, the collections of objects andmaps form in�nite sets or even proper
classes,wewill be considering�nite categories: thosewith only �nitelymany objects
and maps.

Let A be a �nite category, with set of objects obA. The Euler characteristic of A
is the magnitude of the matrix ZA ∈ Qob A×ob A given by ZA(a, b) = #Hom(a, b) (where
# denotes cardinality), whenever this magnitude is de�ned.

For example, ifA has nomaps other than identities then ZA is the identity and the
Euler characteristic ofA is simply the number of objects. More generally, any partially
ordered set (P, ≤) gives rise to a category A whose objects are the elements of P, and
with onemap a → bwhen a ≤ b and none otherwise. In a theorymade famous by Rota
[30], every �nite partially ordered set P has associated with it a Möbius function µ,
which is de�ned on pairs (a, b) of elements of P such that a ≤ b, and takes values inZ.
It generalizes the classical Möbius function, and the construction above for categories
generalizes it further still: µ(a, b) = Z−1

A (a, b) whenever a ≤ b, and the de�nition of
Euler characteristic of a category extends the existing de�nition for ordered sets [16,
Proposition 4.5].

To any small category A there is assigned a topological space, called its classify-
ing space. The name “Euler characteristic” is largely justi�ed by the following result.

Theorem 5.2.2 ([16, Proposition 2.11]). Let A be a �nite category. Under appropriate
conditions (which imply, in particular, that the Euler characteristic of the classifying
space of A is de�ned), the Euler characteristic of the category A is equal to the Euler
characteristic of its classifying space.

Euler characteristic for �nite categories enjoys many properties analogous to those
enjoyed by topological Euler characteristic [16, Section 2]. For instance, categorical
Euler characteristic is invariant under equivalence (mirroring homotopy invariance in
the topological setting), and is additivewith respect to disjoint union of categories and
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multiplicative with respect to products. There is even an analogue of the topological
formula for the Euler characteristic of the total space of a �bration.

Schanuel [33] argued that Euler characteristic for topological spaces is closely
analogous to cardinality for sets. For instance, it has analogous additivity and mul-
tiplicativity properties, it satis�es the inclusion-exclusion principle (under hypothe-
ses), and, indeed, it reduces to cardinality for �nite discrete spaces. Similarly, the re-
sults described above suggest that Euler characteristic for �nite categories is the cate-
gorical analogue of cardinality.

5.2.3 Enriched categories

A monoidal category is a category V equipped with an associative binary operation
⊗ (which is formally a functorV×V → V) and a unit object1 ∈ V. The associativity and
unit axioms are only required to hold up to suitably coherent isomorphism; see [26]
for details.

Typical examples of monoidal categories (V,⊗, 1) are the categories (Set, ×, {*})
of setswith cartesian product and (FDVectK ,⊗, K) of �nite-dimensional vector spaces
over a �eld K. A less obvious example is the ordered set ([0,∞], ≥). As a category, its
objects are the nonnegative reals together with∞, there is one map x → y when x ≥ y,
and there are none otherwise. It is monoidal with⊗ = + and 1 = 0.

Let V = (V,⊗, 1) be a monoidal category. The de�nition of category enriched in
V, orV-category, is obtained from the de�nition of ordinary category by requiring that
the hom-sets are no longer sets but objects ofV. Thus, a (small)V-category A consists
of a set obAof objects, an objectHom(a, b) ofV for each a, b ∈ obA, and operations of
composition and identity satisfying appropriate axioms [10]. The composition consists
of a map

Hom(a, b)⊗ Hom(b, c) → Hom(a, c)

in V for each a, b, c ∈ obA, while the identities are provided by amap 1 → Hom(a, a)
for each a ∈ obA.

Examples 5.2.3. 1. When V = Set (with monoidal structure as above), a V-category
is an ordinary (small) category.

2. When V = VectK , a V-category is a linear category, that is, a category in which
each hom-set carries the structure of a vector space, and composition is bilinear.

3. When V = [0,∞], a V-category is a generalized metric space [14, 15]. That is, a
V-category consists of a set A of objects or points together with, for each a, b ∈ A,
a real number Hom(a, b) = d(a, b) ∈ [0,∞], satisfying the axioms

d(a, b) + d(b, c) ≥ d(a, c), d(a, a) = 0
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(a, b, c ∈ A). Such spaces are more general than classical metric spaces in three
ways:∞ is permitted as a distance, the separation axiom d(a, b) = 0 =⇒ a = b is
dropped, and, most signi�cantly, d is not required to be symmetric.

4. The category V = ([0,∞], ≥) can alternatively be given the monoidal structure
(max, 0). A V-category is then a generalized ultrametric space, that is, a general-
izedmetric space satisfying the stronger triangle inequality max{d(a, b), d(b, c)} ≥
d(a, c).

To de�ne the magnitude of an enriched category, we start with a monoidal category
(V,⊗, 1) together with a commutative semiring k and a map | · | : obV → k, with the
property that |X| = |Y| whenever X ∼= Y, and satisfying the multiplicativity axioms
|X ⊗ Y| = |X| · |Y| and |1| = 1.

De�nition 5.2.4. Let A be a V-category with only �nitely many objects.
1. The similarity matrix ofA is the obA×obAmatrix ZA over k de�ned by ZA(a, b) =∣∣Hom(a, b)

∣∣.
2. A (co)weighting on A is a (co)weighting on ZA, and A has magnitude if ZA does.

Itsmagnitude is then |A| = |ZA|.

Examples 5.2.5. 1. Let V be the monoidal category (FinSet, ×, {*}) of �nite sets. Let
k = Q, and for X ∈ FinSet, let |X| ∈ Q be the cardinality of X. Then we obtain
a notion of magnitude for �nite categories; it is exactly the Euler characteristic of
section 5.2.2.

2. Let V be the monoidal category FDVectK of �nite-dimensional vector spaces over
a �eld K. Let k = Q, and for X ∈ FDVectK , put |X| = dim X ∈ Q. Then we obtain
a notion of magnitude for linear categories with �nitely many objects and �nite-
dimensional hom-spaces. As shown in [5], this invariant is closely related to the
Euler form of an associative algebra, de�ned homologically.

3. Let V = [0,∞], with monoidal structure (+, 0). Let k = R, and for x ∈ [0,∞], put
|x| = e−x. (We have little choice about this: themultiplicativity axioms force |x| = Cx

for some constant C, at least assuming that |·| is to be measurable. We will address
the one degree of freedom here through the introduction of magnitude functions in
the next section.) Thenwe obtain a notion of themagnitude |A| ∈ R of a �nitemetric
space |A|, examined in detail later.

4. Let V = [0,∞], now with monoidal structure (max, 0). Let k = R, and de�ne |·| :
[0,∞] → R to be either the indicator function of [0, 1] or that of [0, 1). It is shown
in Section 8 of [28] that these are essentially the only possibilities for |·|, and that
the resulting magnitude of a �nite ultrametric space is simply the number of balls of
radius 1 (closed or open, respectively) needed to cover it. It is also shown that this
leads naturally to the notion of ε-entropy or ε-capacity.
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The multiplicativity condition |X ⊗ Y| = |X| · |Y| on objects of V has so far not been
used.However, it implies a similarmultiplicativity condition on categories enriched in
V. In the case of metric spaces, this reduces to Proposition 5.2.8 below; for the general
statement, see [19, Proposition 1.4.3].

5.2.4 The magnitude of a �nite metric space

Concretely, the magnitude |A| of a �nite metric space (A, d) is the magnitude of the
matrix Z = ZA ∈ RA×A given by ZA(a, b) = e−d(a,b), if that is de�ned. Taking advantage
of the symmetry of ZA to simplify slightly, this means the following. A vector w ∈ RA

is a weighting for A if ZAw = e, where e ∈ RA is the column vector of 1s, and if a
weighting for A exists, then themagnitude of A is

|A| =
∑
a∈A

wa .

This is not a classical invariant, or one that appears to have previously been ex-
plored mathematically prior to the work cited in the introduction. Neither is it wholly
new. In a probabilistic analysis of the bene�ts of highly diverse ecosystems, Solow and
Polasky [35] derived a lower bound on the bene�t and identi�ed one term, which they
called the “e�ective number of species”, as especially interesting. Although it was not
thoroughly investigated in [35], this term is exactly our magnitude. The reader is re-
ferred to [17, 19, 21, 22] for more information about this connection.

Not every �nitemetric space possesses a weighting or, therefore, has well-de�ned
magnitude. One large and important class of spaces which always does is the subject
of section 5.2.5. The next two results give additional examples.

From now on, to simplify the statements of results, all metric spaces and all com-
pact sets in a metric space are assumed to be nonempty.

Proposition 5.2.6 (([23, Theorem 2] and [19, Proposition 2.1.3])). Let (A, d) be a �nite
metric space, and suppose thatwhenever a, b ∈ Awith a =6 b,wehave d(a, b) > log(#A−
1). Then A possesses a positive weighting, and |A| is therefore de�ned.

Ametric space (A, d) is called homogeneous if its isometry group acts transitively on
the points of A.

Proposition 5.2.7 ([36]; see also [19, Proposition 2.1.5]). If (A, d) is a �nite homoge-
neous metric space and a0 ∈ A is any �xed point, then A possesses a positive weighting
and

|A| = (#A)2∑
a,b∈A e−d(a,b) = #A∑

a∈A e−d(a,a0) .
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For metric spaces (A, dA) and (B, dB), we denote by A ×1 B the set A ×B equipped with
the metric

d
(

(a, b), (a′, b′)
)

= dA(a, a′) + dB(b, b′).

Proposition 5.2.8 ([19, Proposition 2.3.6]). Suppose that (A, dA) and (B, dB) are �nite
metric spaces with weightings w ∈ RA and v ∈ RB respectively. Then x ∈ RA×B given by
x(a,b) = wavb is a weighting for A ×1 B, and |A ×1 B| = |A| |B|.

Proposition 5.2.8 has a generalization, Theorem 2.3.11 of [19], which is an analogue for
magnitude of the formula for the Euler characteristic of the total space of a �bration.

As noted earlier, there is an arbitrary choice of scale implicit in the de�nition of
magnitude: we could choose any other base for the exponent in place of e−1. To deal
with this, we will often work with the whole family of metric spaces {tA}t>0, where
tA denotes the metric space (A, td). We will sometimes also let 0A denote a one-point
space. The (partially de�ned) function t 7→ |tA| is called the magnitude function of
A.

Proposition 5.2.9 ([19, Proposition 2.2.6]). Let (A, d) be a �nite metric space.
1. |tA| is de�ned for all but �nitely many t > 0.
2. For su�ciently large t, |tA| is an increasing function of t.
3. limt→∞ |tA| = #A.

Proposition 5.2.9 supports the interpretation of the magnitude |tA| as the “e�ective
number of points” in A, when viewed at a scale determined by t. (We recall Solow and
Polasky’s interpretation of |A| as the “e�ective number of species”.) However, the hy-
potheses of the propositions above also highlight the counterintuitive behaviors that
magnitude may exhibit. In particular, there exists a metric space A such that each of
the following holds:

1. |tA| is unde�ned for some t > 0.
2. |tA| is decreasing for some t > 0.
3. |tA| < 0 for some t > 0.
4. There exists a B ⊆ A such that |tB| > |tA| for some t > 0.

We need not look that hard to �nd such an ill-behaved space: the complete bipartite
graph K3,2, equipped with the shortest path metric, has all these unpleasant proper-
ties; see Example 2.2.7 of [19]. In the next section we will consider a class of spaces
which avoids most of these pathologies.

We end this section by noting that the issue of scale can be dealt with in a more
elegant way if A is the vertex set of a graph and d is the shortest path metric, or more
generally,whenever d is integer-valued. By (5.1), in this situation |tA| is a rational func-
tion of q = e−t. More directly, if one restricts attention to such spaces, the semiring k in
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the previous section can be taken to be the ringQ(q) of rational functions in a formal
variable q. Then the matrix ZA ∈ (Q(q))A×A is always invertible, so the magnitude |A|
is always de�ned as an element ofQ(q); see section 2 of [20].

5.2.5 Positive de�nite metric spaces

As noted in section 5.2.1, a positive de�nite matrix Z always has magnitude, given
by Proposition 5.2.1. We will now explore the consequences of this observation for
magnitude of metric spaces.

A �nite metric space (A, d) is said to be positive de�nite if the associated matrix
ZA is positive de�nite, and is said to be of negative type if ZtA is positive semide�nite
for every t > 0. It can be shown [27, Theorem 3.3] that if (A, d) is of negative type,
then in fact ZtA is positive de�nite, and hence tA is a positive de�nite space. A general
metric space is said to be positive de�nite or of negative type, respectively, if every
�nite subspace is.

The strange turn of terminology here is due to the negative sign in e−d. Negative
type has several other equivalent formulations, and is an important property in the
theory of metric embeddings (see, e.g., [4, 6, 39]). The fact that negative type appears
naturally when considering magnitude is a hint that magnitude does in fact connect
with more classical topics in geometry.

The following result is an immediate consequence of Proposition 5.2.1 and the def-
inition of magnitude.

Proposition 5.2.10 ([19, Proposition 2.4.3]). If A is a �nite positive de�nite metric
space, then the magnitude |A| is de�ned, and

|A| = max
0 =6 x∈RA

(∑
a∈A xa

)2

xTZAx
,

and the supremum is attained exactly when x is a scalarmultiple of the uniqueweighting
on A.

A �rst application of Proposition 5.2.10 is Proposition 5.2.6, which is proved by show-
ing that for large enough t, ZtA is positive de�nite.

Corollary 5.2.11 (Corollaries 2.4.4 and 2.4.5 of [19]). If A is a �nite positive de�nitemet-
ric space and ∅ =6 B ⊆ A, then 1 ≤ |B| ≤ |A|.

Proposition 5.2.10 will also be one of our main tools in the extension of magnitude to
compact spaces in section 5.3.

Proposition 5.2.10 and its consequences would be of little interest without a large
supply of interesting examples of positive de�nite spaces. Many are collected in the
following result; we refer to [27, Theorem 3.6] for references and further examples.
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Theorem 5.2.12. The followingmetric spaces are of negative type, and thus magnitude
is de�ned for all their �nite subsets.
1. `np, the set Rn equipped with the metric derived from the `p-norm, for n ≥ 1 and

1 ≤ p ≤ 2;
2. Lebesgue space Lp[0, 1], for 1 ≤ p ≤ 2;
3. round spheres (with the geodesic distance);
4. real and complex hyperbolic space;
5. ultrametric spaces;
6. weighted trees.

Furthermore, some natural operations on positive de�nite spaces yield new positive
de�nite spaces.

Proposition 5.2.13 ([19, Lemma 2.4.2]).
1. Every subspace of a positive de�nite metric space is positive de�nite.
2. If A and B are positive de�nite metric spaces, then A ×1 B is positive de�nite.

On the other hand, many spaces of geometric interest are not of negative type, and
many natural operations fail to preserve positive de�niteness; see [27, Section 3.2] for
examples and references.

5.3 Compact metric spaces

Despite strong and growing interest in the geometry of �nite metric spaces (see e.g.
[25]), it is natural to try to de�ne an invariant of metric spaces, like magnitude, more
generally. The most obvious context is that of compact spaces. The general de�nition
of the magnitude of an enriched category does not help us here; nonetheless, several
strategies present themselves, including approximating a compact space by�nite sub-
spaces and generalizing the notion of a weighting to compact spaces. In section 5.3.1
we will see that there is a canonical (hence “correct”) extension of magnitude from �-
nitemetric spaces to compact positive de�nite spaces,which can be formulated in sev-
eralways. In section 5.3.2wewill investigate a generalization ofweightings to compact
spaces, and see that this approach to de�ning magnitude agrees with the former one.
This approach is of more limited scope, but often gives the easiest approach to com-
puting magnitude; using it, we will see that magnitude knows about at least some in-
trinsic volumes of certain Riemannian manifolds. Finally, section 5.3.3 will introduce
another invariant, maximumdiversity, which is closely related tomagnitude, andwill
be a crucial tool in proving the connection betweenmagnitude andMinkowski dimen-
sion.
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5.3.1 Compact positive de�nite spaces

To justify the “correctness” of our de�nition of magnitude for compact positive de�-
nite spaces, we need a topology on the family of (isometry classes of) compact metric
spaces. Recall that the Hausdor� metric dH on the family of compact subsets of a
metric space X is given by

dH(A, B) = max
{

sup
a∈A

d(a, B), sup
b∈B

d(b, A)
}
.

The Gromov–Hausdor� distance between two compact metric spaces A and B is

dGH(A, B) = inf dH
(
ϕ(A), ψ(B)

)
,

where the in�mum is over all metric spaces X and isometric embeddings ϕ : A → X
and ψ : B → X. This de�nes a metric on the family of isometry classes of compact
metric spaces; see [7, Chapter 3].

The following result follows from the proof of [27, Theorem 2.6], although our def-
initions are organized rather di�erently in that paper. We give amore streamlined ver-
sion of the argument from [27].

Proposition 5.3.1. The quantity

M(A) = sup
{∣∣∣A′∣∣∣ ∣∣∣ A′ ⊆ A, A′ �nite} (5.2)

is lower semicontinuous as a function of A (taking values in [0,∞]), on the class of com-
pact positive de�nite metric spaces equipped with the Gromov–Hausdor� topology.

Proof. Suppose �rst that dGH(A, B) < δ for �nite positive de�nite spaces A and B,
and let w ∈ RA be a weighting for A. There is a function f : A → B such that∣∣∣d(f (a), f (a′)) − d(a, a′)

∣∣∣ < 2δ for all a, a′ ∈ A. De�ne v ∈ RB by vb =
∑

a∈f −1(b) wa,

and Zf ∈ RA×A by Zf (a, a′) = e−d(f (a),f (a′)). Then vTZBv = wTZfw, and so∣∣∣wTZAw − vTZBv
∣∣∣ =
∣∣∣wT(ZA − Zf )w

∣∣∣ ≤ ‖w‖2
1
∥∥ZA − Zf∥∥∞ < 2 ‖w‖2

1 δ.

Thus by Proposition 5.2.10,

|B| ≥
(
∑

b vb)2

vTZBv
≥

(
∑

a wa)2

wTZAw + 2 ‖w‖2
1 δ

= |A|2

|A| + 2 ‖w‖2
1 δ
≥ |A| − 2 ‖w‖2

1 δ. (5.3)

Now for general A, assume for simplicity that M(A) < ∞ (the case M(A) = ∞ is
handled similarly). Given ε > 0, pick a �nite subset A′ ⊂ A such that

∣∣∣A′∣∣∣ ≥ M(A) − ε,

and let w ∈ RA
′
be a weighting for A′. If dGH(A, B) < δ, then there is a �nite subset

B′ ⊆ B such that dGH(A′, B′) < δ, and so by (5.3),

M(B) ≥
∣∣∣B′∣∣∣ ≥ ∣∣∣A′∣∣∣ − 2 ‖w‖2

1 δ ≥ M(A) − ε − 2 ‖w‖2
1 δ.

Therefore M(B) ≥ M(A) − 2ε when dGH(A, B) is su�ciently small.



Magnitude: from categories to geometric measure theory | 167

Corollary 5.2.11 implies that M(A) = |A| when A itself is �nite and positive de�-
nite. Proposition 5.3.1 thus implies �rst of all that magnitude is lower semicontinu-
ous (l.s.c.) on the class of �nite positive de�nite metric spaces. It follows that there
is a canonical extension of magnitude to the class of compact positive de�nite met-
ric spaces, namely, themaximal l.s.c. extension. Proposition 5.3.1 furthermore implies
that this extension is precisely the function M in (5.2). For a compact positive de�-
nite metric space (A, d), we therefore de�ne the magnitude |A| to be the value of the
supremum M(A) in (5.2).

Thusmagnitude is lower semicontinuous on the class of compact positive spaces.
This cannot be improved to continuity in general, even for the class of �nite spaces
of negative type. Examples 2.2.8 and 2.4.9 in [19] discuss a space A of negative type
with six points, such that |tA| = 6/(1 + 4e−t); thus limt→0+ |tA| = 6/5, whereas the
space tA itself converges to a one-point space. On the other hand, magnitude is con-
tinuous when restricted to certain classes of spaces, as we will see in Corollary 5.3.13
and Theorem 5.4.15 below.

Proposition 5.3.1, Proposition 5.2.8, andCorollary 5.2.11 yield the following results.

Proposition 5.3.2 ([19, Lemma 3.1.3]). If A is a compact positive de�nite metric space
and ∅ =6 B ⊆ A, then 1 ≤ |B| ≤ |A|.

Proposition 5.3.3 ([27, Corollary 2.7]). Let A be a compact positive de�nite metric
space, and let {Ak} be any sequence of compact subsets of A such that Ak

k→∞−−−→ A
in the Hausdor� topology. Then |A| = limk→∞ |Ak|.

Proposition 5.3.4 ([19, Proposition 3.1.4]). If A and B are compact positive de�nite
metric spaces, then |A ×1 B| = |A| |B|.

Proposition 5.3.1 justi�es the above de�nition of magnitude as the “correct” one
for a compact positive de�nite space A. Nevertheless, for both aesthetic and prac-
tical reasons, it is desirable to be able to work directly with A itself, as opposed
to approximations of A by �nite subspaces. Two di�erent, more direct approaches
to de�ning magnitude for compact positive de�nite spaces were developed in [27,
28]. In essence, these papers introduced two di�erent topologies on the space{
w ∈ RA

∣∣∣ suppw is �nite
}
. The topology used in [27] has the advantage of being

more familiar, whereas the topology in [28] has the advantage of being better suited to
the analysis of magnitude. In particular, the topology used in [28] can be dualized in
a way that presents a new set of tools to study magnitude. In the pursuit of our goal of
proceeding as quickly as possible to geometric results, here we will go straight to the
dual version.

Recall that a positive de�nite kernel on a space X is a function K : X × X → C
such that, for every �nite set A ⊆ X, the matrix [K(a, b)]a,b∈A ∈ CA×A is positive
de�nite. Given a positive de�nite kernel on X, the reproducing kernel Hilbert space
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(RKHS) H on X with kernel K is the completion of the linear span of the functions
kx(y) = K(x, y) with respect to the inner product given by

〈kx , ky〉H = K(x, y)

(see [2]). If f ∈ H, then f (x) = 〈f , kx〉H for every x ∈ X, and consequently∣∣f (x)
∣∣ ≤ ‖f‖H ‖kx‖H = ‖f‖H

√
K(x, x) (5.4)

by the Cauchy–Schwarz inequality.
Now if (X, d) is a positive de�nite metric space, then K(x, y) = e−d(x,y) is a positive

de�nite kernel on X. We will refer to the corresponding RKHS as the RKHSH for X.

Theorem 5.3.5 ([28, Theorem 4.1 and Proposition 4.2]). Let X be a positive de�nite
metric space, and let A ⊆ X be compact. Then |A| < ∞ if and only if there exists a
function h ∈ H such that h ≡ 1 on A. In that case,

|A| = inf
{
‖h‖2

H

∣∣∣ h ∈ H, h ≡ 1 on A
}
.

The in�mum is achieved for a unique function h. If f ∈ H also satis�es f ≡ 1 on A, then
|A| = 〈f , h〉H.

Proof. First observe that ifw ∈ RB for a �nite subset B ⊆ X, and fw =
∑

b∈B wbe
−d(·,b),

then
wTZBw =

∑
a,b∈B

wae−d(a,b)wb = ‖fw‖2
H . (5.5)

Now suppose that |A| < ∞. If B ⊆ A is �nite and w ∈ RB, then by Proposition
5.2.10, (5.5), and the de�nition of |A|,(∑

b∈B
wb
)2
≤ |B| ‖fw‖2

H ≤ |A| ‖fw‖2
H .

Thus the linear functional fw 7→
∑

b∈B wb on the subspace{
fw
∣∣∣ w ∈ RB , B ⊆ A �nite

}
⊆ H has norm at most

√
|A|. Therefore there is a

function h ∈ H with ‖h‖2
H = |A| such that∑
b∈B

wb = 〈fw , h〉H =
∑
b∈B

wbh(b)

for every fw; taking fw = e−d(·,a) for a ∈ A yields h(a) = 1.
Next suppose that there exists an h ∈ H such that h ≡ 1 on A. Then for any �nite

subset B ⊆ A and w ∈ RB, by the Cauchy–Schwarz inequality,∣∣∣∣∑
b∈B

wb
∣∣∣∣ = |〈h, fw〉| ≤ ‖h‖H ‖fw‖H .
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Equation (5.5) and Proposition 5.2.10 then imply that |B| ≤ ‖h‖2
H, and so by de�nition

|A| ≤ ‖h‖2
H.

The above arguments prove both the “if and only if” statement and the in�mum
expression for |A|. The last two statements follow from elementary Hilbert space ge-
ometry.

We will call the unique function h which achieves the in�mum in Theorem 5.3.5 the
potential function of A. Theorem 5.3.5 will prove its worth in sections 5.4.3 and 5.4.4
below.

For now, we consider what has happened to weightings, which were central to
the original category-inspired de�nition of magnitude, but have vanished from the
scene in Theorem 5.3.5. Weightings of �nite subspaces of X are naturally identi�ed
with elements of the dual spaceH*, if we restrain ourselves from the usual impulse to
identify H* with H itself. We can then identify a weighting of a compact subspace A
with �nite magnitude as an element ofH*, speci�cally the element ofH* represented
by the potential function h. See [28] for details.

5.3.2 Weight measures

Proposition 5.3.1 may justify the de�nition of magnitude adopted in the previous sec-
tion as the canonical correct de�nition, but it has two de�ciencies. First, it applies
only to positive de�nite spaces, and second, it lies quite far from the original category-
inspiredde�nition, being fundamentally based instead on the reformulation inPropo-
sition 5.2.10. The second drawback is to some extent addressed in the last paragraph
of the previous section, though still only for positive de�nite spaces.

In this section we discuss another approach to de�ning magnitude for compact
metric spaces, �rst used in [41], which more closely parallels the original de�nition
for �nite spaces.

Aweight measure on a compact metric space (A, d) is a �nite signed Borel mea-
sure µ on A such that ∫

A

e−d(a,b) dµ(b) = 1

for every a ∈ A.
A �nite metric space A possesses a weight measure µ if and only if it possesses a

weighting w ∈ RA, with the correspondence given by wa = µ({a}). The magnitude of
A is in that case

|A| =
∑
a∈A

wa = µ(A).

This suggests de�ning themagnitude of a compactmetric space to be |A| = µ(A) when-
ever A possesses a weight measure µ. The following result shows that doing so agrees
with the de�nition adopted in the previous section, whenever both de�nitions apply.
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Proposition 5.3.6 ([27, Theorem 2.3]). Suppose that A is a compact positive de�nite
metric space with weight measure µ. Then |A| = µ(A).

Proof. For any �nite signed measure µ on A and f ∈ H,∣∣∣∣∫ f dµ
∣∣∣∣ ≤ ‖f‖∞ ‖µ‖TV ≤ ‖f‖H ‖µ‖TV

by (5.4) (since K(x, x) = 1 here), where ‖µ‖TV denotes the total variation norm of µ.
Therefore f 7→

∫
f dµ is a bounded linear functional onH, representedby some g ∈ H.

So for each a ∈ A,

1 =
∫
e−d(a,b) dµ(b) =

〈
e−d(·,b), g

〉
H

= g(a).

Then by the last statement of Theorem 5.3.5, if h is the potential function of A, then

|A| = 〈g, h〉H =
∫
h dµ = µ(A).

In fact it can be shown that g = h in the proof above.
We therefore de�ne the magnitude of a compact metric space A with a weight

measure µ to be |A| := µ(A), with Proposition 5.3.6’s assurance that when A is positive
de�nite, this de�nition is consistent with the previous one.

A �rst nontrivial example is a compact interval [a, b] ⊆ R. A straightforward com-
putation (see [41, Theorem 2]) shows that

µ[a,b] = 1
2 (δa + λ[a,b] + δb) (5.6)

is a weight measure for [a, b], where δx denotes the point mass at x and λ[a,b] denotes
Lebesgue measure restricted to [a, b]. It follows that∣∣[a, b]

∣∣ = 1 + b − a
2 . (5.7)

See [32] for a contention that (up to the 1
2 scaling factor) this is the “correct” size of an

interval. In any case, the appearance of the length (b − a) gives the �rst compelling
evidence that magnitude knows about genuinely “geometric” information for in�nite
spaces.

The following easy consequence of Fubini’s theorem further extends the reach of
Propositions 5.2.8 and 5.3.4.

Proposition 5.3.7. If µA and µB are weight measures on compact metric spaces A and
B, then µA ⊗ µB is a weight measure on A ×1 B, and so |A ×1 B| = |A| |B|.

The chief drawback to the de�nition of magnitude in terms of weight measures is that
many interesting spaces do not possess weight measures. For example, the results of
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[3] imply that balls in `3
2 do not possess weightmeasures (rather, their weightings turn

out to be higher-order distributions), and numerical computations in [40] suggest that
squares and discs in `2

2 also do not possess weight measures.
On the other hand, the following result can be interpreted as saying that compact

positive de�nite spaces “almost” possess weight measures.

Proposition 5.3.8 ([27, Theorems 2.3 and 2.4]). If A is a compact positive de�nite met-
ric space, then

|A| = sup

 µ(A)2∫
A
∫
A e−d(a,b) dµ(a) dµ(b)

∣∣∣∣∣∣ µ ∈ M(A),
∫
A

∫
A

e−d(a,b) dµ(a) dµ(b) =6 0

 ,

where M(A) denotes the space of �nite signed Borel measures on A. The supremum is
attained if and only if A possesses a weight measure; in that case it is attained precisely
by scalar multiples of weight measures.

One positive result about the existence of weight measures is the following.

Proposition 5.3.9 ([27, Lemma 2.8 and Corollary 2.10]). Suppose (A, d) is a compact
positive de�nite space, and that each �nite A′ ⊆ A possesses a weighting with positive
components. Then A possesses a positive weight measure.

The hypothesis of Proposition 5.3.9 is satis�ed, for example, by all compact subsets
ofR and by all compact ultrametric spaces (see Theorem 5.4.1 below and [19, Proposi-
tion 2.4.18]). Since Proposition 5.3.9 applies only to positive de�nite spaces, it does not
extend the scope of magnitude beyond that of the previous section. Nevertheless, the
existence of a positive weight measure makes it much easier to compute magnitude,
and has other theoretical consequences which will come up in the next section.

The following generalization of Proposition 5.2.7 gives another large class of
spaces which possess weight measures.

Lemma 5.3.10 ([41, Theorem 1]). Let A be a compact homogeneousmetric space. Then
A possesses a weight measure, which is a scalar multiple of the unique isometry-
invariant probability measure µ on A. Furthermore,

|A| =

∫
A

∫
A

e−d(a,b) dµ(a) dµ(b)

−1

.

Using Lemma 5.3.10, Willerton explicitly computed the magnitudes of round spheres
with the geodesic metric: for n even, the magnitude of the n-sphere with radius R is

2
1 + e−πR

[
1 +
(
R
1

)2
][

1 +
(
R
3

)2
]
· · ·
[

1 +
(

R
n − 1

)2
]
,



172 | T. Leinster and M. Meckes

and there is a similar formula for odd n; see [41, Theorem 7].
Lemma 5.3.10 is particularly useful in analyzing the magnitude function of a ho-

mogeneous space A, since it implies that tA possesses a weight measure for every
t > 0, which is moreover independent of t (up to normalization). In the particular case
of a homogeneous Riemannian manifold, Willerton proved the following asymptotic
results. (We note that most homogeneous manifolds are not of negative type, so that
tA need not be positive de�nite; see [12].)

Theorem 5.3.11 ([41, Theorem 11]). Suppose that (M, d) is an n-dimensional homoge-
neous Riemannian manifold equipped with its geodesic distance d. Then

|tM| = 1
n!ωn

(
vol(M)tn + n + 1

6 tsc(M)tn−2 + O(tn−4)
)

as t → ∞,

where vol denotes Riemannian volume, tsc denotes total scalar curvature, and ωn is the
volume of the n-dimensional unit ball in `n2.

In particular, if M is a homogeneous Riemannian surface, then

|tM| = area(M)
2π t2 + χ(M) + O(t−2) as t → ∞,

where χ(M) denotes the Euler characteristic of M.

Theorem 5.3.11 shows in particular that the magnitude function of a homogeneous
Riemannian manifold determines both its volume and its total scalar curvature.

We note that most Riemannian manifolds are neither homogeneous nor positive
de�nite, and it is so far not clear how to de�ne their magnitude.

5.3.3 Maximum diversity

Proposition 5.3.8 suggests considering, for a compactmetric space (A, d), the quantity

|A|+ := sup
{

µ(A)2∫
A
∫
A e−d(a,b) dµ(a) dµ(b)

∣∣∣∣∣ µ ∈ M+(A), µ =6 0
}

= sup
µ∈P(A)

∫
A

∫
A

e−d(a,b) dµ(a) dµ(b)

−1

, (5.8)

whereM+(A) is the space of �nite positive Borel measures on A, and P(A) is the space
of Borel probability measures on A. We refer to |A|+ as the maximum diversity of
A, for reasons that will be described shortly. Maximum diversity lacks the category-
theoretic motivation of magnitude, but it turns out to have its own interesting inter-
pretations, and to be both intimately related to magnitude and easier to analyze in
certain respects.
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Regarding interpretation, suppose that A is �nite, the points of A represent
species in some ecosystem, and that e−d(a,b) ∈ (0, 1] represents the “similarity” of
two species a, b ∈ A. If µ ∈ P(A) gives the relative abundances of species, then∫

A

∫
A

e−d(a,b) dµ(a) dµ(b)

−1

gives a way of quantifying the “diversity” of the ecosystem which is sensitive to both
the abundances of the species and the similarities between them; see [21] for extensive
discussion of a much larger family of diversities that this �ts into. It is this interpreta-
tion that motivates the name “maximum diversity”.

There are multiple connections between magnitude and maximum diversity. The
most obvious is that, by Proposition 5.3.8, |A|+ ≤ |A| for any compact positive de�nite
space A. Moreover, Proposition 5.3.8 implies that |A|+ = |A| if A is positive de�nite
and possesses a positive weight measure; Proposition 5.3.9 and Lemma 5.3.10 indicate
some families of such spaces. Finally, as we will see in Corollary 5.4.23 below, if A ⊆
`n2, then the inequality |A|+ ≤ |A| can be reversed, up to a (dimension-dependent)
multiplicative constant. We will see applications of all these connections below.

Amore subtle connection betweenmaximum diversity andmagnitude, which we
will not discuss here, is proved in the main result of [17, 22].

We nowmove on toways inwhichmaximumdiversity is better behaved thanmag-
nitude. One is that the supremum in (5.8) is always achieved, unlike the one in Propo-
sition 5.3.8. This is a consequence of the compactness of P(A) in the weak-* topology;
see [27, Proposition 2.9] (this fact is used in the proof of Proposition 5.3.9 above). An-
other is the following improvement, for maximum diversity, of Proposition 5.3.1.

Proposition 5.3.12 ([27, Proposition 2.11]). The maximum diversity |A|+ is continuous
as a function of A, on the class of compact metric spaces equipped with the Gromov–
Hausdor� topology.

Corollary 5.3.13 ([27, Corollary 2.12]). Themagnitude |A| is continuous as a function of
A, on the class of compact positive de�nite metric spaces which possess positive weight
measures, equipped with the Gromov–Hausdor� topology.

In particular, magnitude is continuous on the class of compact subsets ofR, and on
the class of compact ultrametric spaces.

The next result shows how the asymptotic behavior of |tA|+ is relatively easy to an-
alyze. Recall that the covering number N(A, ε) is the minimum number of ε-balls
required to cover A, and that theMinkowski dimension of A may be de�ned as

dimMink A := lim
ε→0+

N(A, ε)
log(1/ε) (5.9)



174 | T. Leinster and M. Meckes

whenever this limit exists. The idea of the proof of Proposition 5.3.14 below is simply
that when t is large and ε is small, the supremum over P(A) de�ning |tA|+ is approxi-
mately attained by ameasure uniformly supported on the centers of amaximal family
of disjoint ε-balls in A.

Proposition 5.3.14 ([28, Theorem 7.1]). If A is a compact metric space, then

lim
t→∞

log |tA|+
log t = dimMink A. (5.10)

Proposition 5.3.14 should be interpreted as saying that the limit on the left hand side
of (5.10) exists if and only if dimMink A exists. Moreover, if the limit is replaced with a
lim inf or lim sup, the left hand side of (5.10) is equal to the so-called lower or upper
Minkowski dimension of A, respectively, de�ned by modifying (5.9) in the same way.

Since |A|+ ≤ |A| for any compact positive de�nite space, Proposition 5.3.14 gives
a lower bound for the growth rate of the magnitude function for a compact space of
negative type. Moreover, in Euclidean space `n2, Proposition 3.12 and the rough equiv-
alence of magnitude and maximum diversity mentioned above will be used to show
that Minkowski dimension can be recovered from magnitude; see Theorem 5.4.24 be-
low. (Proposition 7.5 of [28] proves the same fact for compact homogeneous metric
spaces, using Lemma 5.3.10 above.)

5.4 Magnitude in normed spaces

In this section we will specialize magnitude to compact subsets of �nite-dimensional
vector spaces with translation-invariant metrics. It is in these settings that we �nd the
strongest connections between magnitude and geometry. In section 5.4.1, we �nd a
quite complete description of themagnitude of an arbitrary compact set A ⊆ R; in par-
ticular, |A| depends only on the Lebesguemeasure of A and the sizes of the “gaps” in A
(Corollary 5.4.3). In section 5.4.2, we show that in `n1, magnitude can be used to recover
`1 analogues of the classical intrinsic volumes of a convexbody (Theorem5.4.6). In sec-
tion 5.4.3, we apply Fourier analysis to the study of magnitude, when Rn is equipped
with a norm (or more generally, a p-norm) which makes it a positive de�nite metric
space. In particular, we �nd that magnitude is continuous on convex bodies in such
spaces (Theorem 5.4.15). Finally, in section 5.4.4, we specialize these tools to the most
familiar normed space, the Euclidean space `n2. In that setting the Fourier-analytic per-
spective of section 5.4.3 uncovers connections with partial di�erential equations and
potential theory. Among other results, we will see that in Euclidean space, magnitude
knows about volume (Theorem 5.4.14) and Minkowski dimension (Theorem 5.4.24),
although there are frustratingly few compact sets in `n2 whose exact magnitudes are
known (see Theorem 5.4.21).
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Corollary 5.4.3 and the material of section 5.4.2 are new. Most of the results of sec-
tion 5.4.3 were previously proved for Euclidean space, but are new in the generality
discussed here.

5.4.1 Magnitude in R

In the real line R, magnitude can be analyzed in great detail thanks to the order
structure underlying the metric structure. Namely, if a < b < c, then Z(a, c) =
Z(a, b)Z(b, c), where we recall that Z(a, b) = e−d(a,b). This simple fact lies behind
the proof of the next result.

Theorem 5.4.1 ([23, Theorem 4] and [19, Proposition 2.4.13]). Given real numbers
a1 < a2 < · · · < aN , the weighting w of A = {a1, . . . , aN} is given by

wai = 1
2

(
tanh ai − ai−1

2 + tanh ai+1 − ai
2

)
for 2 ≤ i ≤ N − 1, and

wa1 = 1
2

(
1 + tanh a2 − a1

2

)
, waN = 1

2

(
1 + tanh aN − aN−1

2

)
.

Consequently,

|A| = 1 +
N∑
i=2

tanh ai − ai−1
2 .

Theorem 5.4.1, together with Proposition 5.3.3, was used to give the �rst derivation of
the magnitude of an interval; see [23, Theorem 7] and [19, Theorem 3.2.2].

As mentioned above, by Proposition 5.3.9, Theorem 5.4.1 implies that every com-
pact subset ofRpossesses aweightmeasure. Furthermore, as noted inCorollary 5.3.13,
this implies that magnitude onR is continuous with respect to the Gromov–Hausdor�
topology.

The last part of the following corollary appears,with additional technical assump-
tions, as [41, Lemma 3].

Corollary 5.4.2. Suppose that A, B ⊆ R are compact with a = supA ≤ inf B = b. Then

|A ∪ B| = |A| + |B| − 1 + tanh b − a2 .

Consequently, if C ⊆ R is compact and [a, b] ⊆ C, then∣∣C \ (a, b)
∣∣ = |C| − b − a2 + tanh b − a2 .

Proof. The �rst claim follows immediately from Theorem 5.4.1 in the case that A and B
are �nite, and then follows for general compact sets by continuity. The second equality
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follows by writing C = A ∪ [a, b] ∪ B, where A = C ∩ (−∞, a] and B = C ∩ [b, ∞), then
applying the �rst equality twice and (5.7).

Corollary 5.4.2, togetherwith continuity and the knowledge of themagnitude of a com-
pact interval, can be used to compute the magnitude of any compact set A ⊆ R, since
A can be written as

A = [a, b] \
⋃
i

(ai , bi), (5.11)

where {(ai , bi)} is a �nite or countable collection of disjoint subintervals of [a, b].

Corollary 5.4.3. If A ⊆ R is compact, then

|A| = 1 + vol1 A
2 +

∑
i

tanh bi − ai2 ,

where ai and bi are as in (5.11).

Another proof of Corollary 5.4.3 can be given using [19, Proposition 3.2.3]. As an appli-
cation of Corollary 5.4.3, we obtain themagnitude of the length ` ternary Cantor set C`
(see [23, Theorem 10], [41, Theorem 4]):

|C`| = 1 + 1
2

∞∑
i=1

tanh `

2 · 3i
.

5.4.2 Magnitude in the `1-norm

Themagnitude of subsets ofRn is generallymost tractable whenwe equipRn with the
`1-norm. Although that may not be the norm of primary geometric interest, it provides
a testing ground for questions that are more di�cult to settle in Euclidean space.

We have already seen that `n1, like `n2, is of negative type (Theorem 5.2.12). The key
di�erence is Proposition 5.3.4, the multiplicativity of magnitude with respect to the `1
product. Since we already know the magnitude of intervals, this immediately allows
us to calculate the magnitude of boxes in `n1. Unions of boxes can then be used to
approximate more complex subsets, as we shall see.

Explicitly, a box
∏n
i=1[ai , ai + Li] in `n1 has magnitude

∏n
i=1(1 + Li/2). It follows

that |tA| → 1 as t → 0+ for boxes A. But then monotonicity of magnitude (Proposition
5.3.2) implies a more general result:

Proposition 5.4.4. If A ⊆ `n1 is compact, then limt→0+ |tA| = 1.

(In `n2, this is much harder to prove; see Theorem 5.4.18.) Proposition 5.4.4 and The-
orem 5.4.17 together imply that the magnitude function t 7→ |tA| is continuous on
[0,∞).
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Our formula for the magnitude of a box in `n1 can be rewritten in terms of the in-
trinsic volumes V0, V1, . . . (de�ned in, for instance, Chapter 7 of [11] or Chapter 4 of
[34]). Recall that Vi(A) is the canonical i-dimensionalmeasure of a convex set A ⊆ Rn,
and that the intrinsic volumes are characterized by Steiner’s polynomial formula

vol(A + rBn) =
n∑
i=0

ωn−iVi(A)rn−i

(Proposition 9.2.2 of [11] or Equation 4.1 of [34]), whereBn is the unit Euclidean n-ball
and ωj = vol(Bj). For boxes A ⊆ `n1, the formula above can be rewritten as

|A| =
n∑
i=0

Vi(A)
2i

, (5.12)

either by direct calculation or by noting that
∣∣[0, L]

∣∣ = 1 + V1([0, L])/2 and using the
multiplicative property of the intrinsic volumes (Theorem 9.7.1 of [11]). Hence the mag-
nitude function of a box A is a polynomial

|tA| =
n∑
i=0

Vi(A)
2i

ti

whose coe�cients are (up to known factors) the intrinsic volumes of A, and whose
degree is its dimension. In particular, the magnitude function of a box determines all
of its intrinsic volumes and its dimension.

In fact, such a result is true for amuch larger class of subsets of `n1 than just boxes.
To show this, we must adapt the classical notion of intrinsic volume to `n1, following
[18].

First recall that a metric space A is geodesic if for any a, b ∈ A there exists a
distance-preserving map γ : [0, d(a, b)] → A such that γ(0) = a and γ(d(a, b)) = b.
The geodesic subsets of `n2 are the convex sets. The geodesic subsets of `n1, called the `1-
convex sets [18], include the convex sets and much else besides (such as L shapes).
In this setting, there is a Steiner-type theorem in which balls are replaced by cubes
(Theorem6.2 of [18]): for any `1-convex compact set A ⊆ `n1, writingCn = [−1/2, 1/2]n,

vol(A + rCn) =
n∑
i=0

V ′i(A)rn−i (5.13)

where V ′0(A), . . . , V ′n(A) depend only on A.
The functions V ′0, V ′1, . . . on the class of `1-convex compact sets are called the

`1-intrinsic volumes [18]. They are valuations (that is, �nitely additive), continuous
with respect to the Hausdor� metric, and invariant under isometries of `n1. There is a
well-developed integral geometry of `1-convex sets [18], closely parallel to the classi-
cal integral geometry of convex sets; for instance, there is a Hadwiger-type theorem
for `1-intrinsic volumes.
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Although the intrinsic and `1-intrinsic volumes are not in general equal, they co-
incide for boxes A, giving

|A| =
n∑
i=0

V ′i(A)
2i

, |tA| =
n∑
i=0

V ′i(A)
2i

ti (5.14)

(the latter because V ′i is homogeneous of degree i). It is this relationship, not (5.12),
that generalizes from boxes to a much larger class of sets.

Conjecture 5.4.5 ([19, Conjecture 3.4.10]). For all compact `1-convex sets A ⊆ `n1,

|A| =
n∑
i=0

V ′i(A)
2i

.

We will prove the following parts of this conjecture:

Theorem 5.4.6.
1. |A| ≤

∑n
i=0 2−iV ′i(A) for all compact `1-convex sets A ⊆ `n1.

2. |A| =
∑n

i=0 2−iV ′i(A) for all convex bodies A ⊆ `n1.
3. |A| =

∑2
i=0 2−iV ′i(A) for all compact convex sets A ⊆ `2

1.

(A convex body is a compact convex set with nonempty interior.)
For the proof, we will use some special classes of box. A pixel in Rn is a unit

cube
∏n
i=1[ai , ai + 1] with integer coordinates ai. More generally, a subpixel is a box∏n

i=1[ai , bi] with ai ∈ Z and bi ∈ {ai , ai + 1}. Note that the intersection of two sub-
pixels is either a subpixel or empty.

Equation (5.6) and Proposition 5.3.7 imply that for any box B =
∏
i[ai , bi] in `

n
1, the

product measure µB =
∏n
i=1 µ[ai ,bi ] is a weight measure on B.

Lemma 5.4.7. There is a unique function

{�nite unions of subpixels in Rn} → {signed Borel measures on Rn}
A 7→ µA

extending the de�nition above for subpixels and satisfying supp µA ⊆ A, µ∅ = 0, and
µA∪B = µA + µB − µA∩B whenever A and B are �nite unions of subpixels.

Proof. By the extension theorem of Groemer (Theorem 6.2.1 of [34]), it su�ces to show
that for any subpixels B1, . . . , Bm such that B1 ∪ · · · ∪ Bm is a subpixel,

µB1∪···∪Bm =
∑
k≥0

(−1)k
∑

1≤j0<···<jk≤m
µBj0∩···∩Bjk .

But B1 ∪ · · ·∪ Bm is only a subpixel if some Bj contains all the others, and in that case
the sum telescopes and the proof is trivial.
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A subset A of `n1 is 1-pixelated if it is a �nite union of pixels; then λA is said to be
λ-pixelated. A set is pixelated if it is λ-pixelated for some λ > 0.

Proposition 5.4.8. Let A ⊆ `n1 be an `1-convex pixelated set. Then µA as given in
Lemma 5.4.7 is a weight measure on A.

Proof. We may harmlessly assume that A is 1-pixelated. The result holds when either
n = 0 or A is a single pixel. So, we may assume inductively that n ≥ 1, that A contains
at least two pixels, and that the result holds for `1-convex 1-pixelated sets of smaller
dimension or fewer pixels than A.

Fix a ∈ A. Wemay assumewithout loss of generality that at least two of the pixels
in A di�er in their last coordinates, that supb∈A bn = 1, and that a belongs to some
pixel of A whose center has negative last coordinate. Write A− for the union of the
pixels in A whose centers have negative last coordinates, and similarly A+. Thus, a ∈
A− and the center of every pixel in A+ has last coordinate 1/2. Both A− and A+ are `1-
convex 1-pixelated sets (by Lemma3.3 of [18]), and A−∩A+ is a �nite union of subpixels
(though need not be pixelated).

We have to show that ∫
Rn

Z(a, b) dµA(b) = 1.

Since µA = µA+ + µA− − µA+∩A− and µA− is a weight measure on A− (by inductive hy-
pothesis), an equivalent statement is that∫

Rn

Z(a, b) dµA+ (b) =
∫
Rn

Z(a, b) dµA−∩A+ (b). (5.15)

Write π : Rn → Rn−1 for orthogonal projection onto the �rst (n − 1) coordinates, and
write a′ = (π(a), 0) = (a1, . . . , an−1, 0). Then Z(a, b) = Z(a, a′)Z(a′, b) for b ∈ A+,
so (5.15) is equivalent to∫

Rn

Z(a′, b) dµA+ (b) =
∫
Rn

Z(a′, b) dµA−∩A+ (b).

We analyze each side in turn. First, A+ = (πA+) × [0, 1], so it follows from Proposition
5.3.7 that µA+ = µπA+ ⊗ µ[0,1]. Using this and the fact that µ[0,1] is a weight measure on
[0, 1], we �nd that the left-hand side is equal to∫

Rn−1

Z(π(a), c) dµπA+ (c). (5.16)

Next, µA−∩A+ is supported onRn−1 ×{0}, and π(A−∩A+) = πA−∩πA+ (by Corollary 2.5
of [18]), which together imply that the right-hand side is equal to∫

Rn−1

Z(π(a), c) dµπA−∩πA+ (c). (5.17)
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Hence it su�ces to show that the integrals (5.16) and (5.17) are equal. Since µπA =
µπA− + µπA+ − µπA−∩πA+ , an equivalent statement is that∫

Rn−1

Z(π(a), c) dµπA(c) =
∫

Rn−1

Z(π(a), c) dµπA− (c). (5.18)

But πA and πA− are 1-pixelated sets of dimension n − 1, and are `1-convex (by Corol-
lary 1.12 of [18]), so our inductive hypothesis implies that µπA and µπA− areweightmea-
sures on them. Since π(a) ∈ πA− ⊆ πA, both sides of (5.18) are equal to 1, completing
the proof.

Our proof of Theorem 5.4.6 rests on the following result:

Proposition 5.4.9. |A| =
∑n

i=0 2−iV ′i(A) for all pixelated `1-convex sets A ⊆ `n1.

Proof. Assume that A is 1-pixelated, and write A as a union
⋃m
j=1 Bj of pixels. Also

writeW =
∑n

i=0 2−iV ′i; then |B| = W(B) whenever B is a box or the empty set. Proposi-
tions 5.3.6 and 5.4.8 together with the valuation property ofW give

|A| = µA(Rn) =
∑
k≥0

(−1)k
∑

1≤j0<···<jk≤m
µBj0∩···∩Bjk (Rn)

=
∑
k≥0

(−1)k
∑

1≤j0<···<jk≤m

∣∣Bj0 ∩ · · · ∩ Bjk ∣∣
=
∑
k≥0

(−1)k
∑

1≤j0<···<jk≤m
W(Bj0 ∩ · · · ∩ Bjk ) = W(A),

as required.

Proof of Theorem 5.4.6. For part (1), let A ⊆ `n1 be a compact `1-convex set. For each
λ > 0, let Aλ be the smallest λ-pixelated set containing A. Then Aλ is `1-convex (by
Proposition 3.1 of [18]), and Aλ → A in the Hausdor� metric as λ → 0. The result
now follows from Proposition 5.4.9, continuity of the `1-intrinsic volumes, and the
monotonicity of magnitude (Proposition 5.3.2).

For (2), let A ⊆ `n1 be a compact convex set with 0 in its interior. Given ε > 0, we
can choose α < 1 such that dH(αA, A) < ε. But by convexity, αA is a subset of the
interior of A, so we can choose λ > 0 such that αAλ ⊆ A. Thus, we have a pixelated
`1-convex subset B = αAλ of A satisfying dH(B, A) < ε. Arguing as in part (1) but ap-
proximating from the inside rather than the outside, we obtain the opposite inequality
|A| ≥

∑ V ′i(A)
2i . (Alternatively, use Theorem 5.4.15 below.)

For (3), the only nontrivial case remaining is that of a line segment, which is
straightforward.
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5.4.3 The Fourier-analytic perspective

In the real line, the study of magnitude is facilitated by the order structure of R; in
`n1 we can exploit the algebraic structure of `1 products. In general normed spaces
the most obvious special feature is translation-invariance. It will therefore come as
no surprise that Fourier analysis is our key tool in that setting. This approach was
developed in [28] for `n2, but with some additional e�ort we can work not only with
more general norms but with the broader class of p-(quasi)norms for 0 < p ≤ 1.

Let 0 < p ≤ 1. A p-norm on a real vector space V is a function ‖·‖ : V → R such
that

– ‖v‖ ≥ 0 for every v ∈ V, with equality only if v = 0;
– ‖tv‖ = |t| ‖v‖ for every t ∈ R and v ∈ V;
– ‖v + w‖p ≤ ‖v‖p + ‖w‖p for every v, w ∈ V.

Thus a 1-normed space is simply a normed space. A principal example of a p-normed
space for p < 1 is Lp[0, 1] with ‖f‖ =

(∫ 1
0
∣∣f (x)

∣∣p dx)1/p.
If (V , ‖·‖) is a p-normed space, then dp(v, w) = ‖v − w‖p is a metric on V. Con-

versely, if d is any translation-invariant, symmetric, positively homogeneous metric
on a real vector space V, then ‖v‖ = d(v, 0) de�nes a p-norm on V, where p ∈ (0, 1] is
the degree of homogeneity of d.

The following classical result, which goes back to Lévy [24] (see also [13, Theorem
6.6]), identi�es which �nite-dimensional p-normed spaces are positive de�nite metric
spaces (and hence, by homogeneity, of negative type).

Theorem 5.4.10. Let 0 < p ≤ 1, let ‖·‖ be a p-norm onRn, and equipRn with themetric
dp(x, y) = ‖x − y‖p. Then (Rn , dp) is a positive de�nite metric space if and only if there
is a linear map T : Rn → Lp[0, 1] such that ‖Tx‖p = ‖x‖ for every x ∈ Rn.

Theorem 5.4.10 implies in particular that Lp[0, 1] and `np are positive de�nite with the
metric dp for 0 < p ≤ 1. We recall from Theorem 5.2.12 that Lq[0, 1] and `nq are also
positive de�nite, with the usual metric, for 1 ≤ q ≤ 2.

To simplify the statements of results:

For the rest of this section, ‖·‖will always denote a p-norm onRn such that (Rn , dp) is a positive
de�nite metric space.

Wewillmake use of the function Fp : Rn → Rde�ned by Fp(x) = e−‖x‖
p
, and denote by

B =
{
x ∈ Rn

∣∣ ‖x‖ = 1
}
the unit ball of ‖·‖. For f ∈ L1(Rn), we adopt the convention

that the Fourier transform of f is given by f̂ (x) =
∫
Rn f (y)e−2πi〈x,y〉 dy.

A key observation is that Fp is the Fourier transform of a p-stable probability dis-
tribution. Proposition 5.4.11 collects some crucial facts which follow from results from
the literature on stable random processes.
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Proposition 5.4.11.
1. There is a constant c > 0 (depending on the p-norm ‖·‖) such that F̂p(x) ≥ c(1 +
‖x‖2)−(1+p)n for every x ∈ Rn.

2. For each x ∈ Rn, F̂p(tx) is nonincreasing as a function of t ≥ 0. In particular,∥∥F̂p∥∥∞ = F̂p(0) = Γ
( n
p + 1

)
volB.

Proof. It follows from Theorem 5.4.10 and Bochner’s theorem that F̂p is the density of
a p-stable distribution µ on Rn.

By a theorem of Lévy (see [13, Lemma 6.4]), there is a symmetric measure σ on
Sn−1 such that

‖x‖p =
∫
Sn−1

|〈x, θ〉|p dσ(θ);

since ‖x‖ =6 0 for x =6 0, the support of σ is not contained in any proper subspace ofRn.
Then σ is a positive scalar multiple of the spherical part of the Lévy measure of µ (cf.
[31, Section 14]). Since σ is symmetric and not supported in a proper subspace of Rn,
the linear span of its support is all of Rn, and [38, Theorem 1.1(iii)] then implies the
�rst claim.

Corollary 4.2 of [9] implies that every symmetric stable distribution on Rn is uni-
modal in the sense de�ned in [9] and hence n-unimodal in the sense de�ned in [29]
(see discussion on p. 80 and p. 84 of [9]). The second claim then follows from [29,
Theorem 6].

As in section 5.3.1, for a �nite set B ⊆ Rn and w ∈ RB, wewrite fw(x) =
∑

b∈B wbFp(x−
b). Recall that the RKHS H of the metric space (Rn , dp) is the completion of the span
of such functions fw with respect to the norm given by

‖fw‖2
H =

∑
a,b∈B

wawbFp(a−b) =
∫
Rn

F̂p(x)

∣∣∣∣∣∑
b∈B

wbe2πi〈x,b〉
∣∣∣∣∣

2

dx =
∫
Rn

1
F̂p(x)

∣∣∣f̂w(x)
∣∣∣2 dx.

Observe that the Fourier inversion theorem may be used here since F̂p is the density
of a random variable, hence integrable.

From here, standard arguments imply the following.

Proposition 5.4.12. The RKHS of (Rn , dp) is

H =

f ∈ L2(Rn)

∣∣∣∣∣∣
∫
Rn

1
F̂p(x)

∣∣∣f̂ (x)
∣∣∣2 dx < ∞

 ,

with norm given by
‖f‖2

H =
∫
Rn

1
F̂p(x)

∣∣∣f̂ (x)
∣∣∣2 dx.

The Schwartz space S(Rn) is contained inH.
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The dual space ofH is naturally identi�ed with the space of tempered distributions{
ϕ ∈ S′(Rn)

∣∣∣ ϕ̂ ∈ L2
(
F̂p(x) dx

)}
.

Thus weightings for compact subsets of (Rn , dp) can be identi�ed as tempered distri-
butions satisfying aweak smoothness condition, althoughwewill notmakeuse of this
fact here. Note that, since F̂p is integrable, this space of distributions includes all �nite
signed measures on Rn, so that weight measures �t gracefully into this perspective.

This concrete identi�cation of the RKHS of (Rn , dp), together with Proposition
5.4.11, make it possible to use Fourier analysis to prove a number of nice properties
of magnitude in these spaces, including the following fundamental fact.

Proposition 5.4.13. Let A ⊆ (Rn , dp) be compact. Then

volA
Γ
( n
p + 1

)
volB

≤ |A| < ∞.

Proof. By Proposition 5.4.12,H contains functions which are uniformly equal to 1 on
A, so the �niteness follows from Theorem 5.3.5.

For the lower bound, let h be the potential function of A. By Theorem 5.3.5, Propo-
sition 5.4.12, Proposition 5.4.11(2), and Plancherel’s theorem,

|A| = ‖h‖2
H ≥

∥∥ĥ∥∥2
2

Γ( np + 1) volB = ‖h‖2
2

Γ( np + 1) volB ≥ volA
Γ( np + 1) volB .

The �niteness statement in Proposition 5.4.13 was proved in Theorem 3.4.8 and Propo-
sition 3.5.3 of [19] for `n1 and `n2, and in somewhat greater generality in [27, Theorem
4.3]. The lower bound was proved in [19, Theorem 3.5.6] for p = 1 and [27, Theorem
4.5] for the general case.5.1 The proof here follows the approach used in [28] for `n2 (see
Proposition 5.6 and the remarks following Corollary 5.3 there).

We now consider the behavior of magnitude functions in (Rn , dp). We must be
careful about a subtle notational issuewhen p < 1. Recall that for ametric space (A, d)
and t > 0, we denote by tA the metric space (A, td), which in the present context is
di�erent from the usual interpretation of tA. Therefore we will introduce the notation
t · A = {ta | a ∈ A} for A ⊆ Rn. Not that when A ⊆ Rn is equipped with the metric
dp(x, y) = ‖x − y‖p associated to a p-norm, the metric space tA is isometric to the set
t1/p · A ⊆ Rn equipped with dp.

The next result shows that magnitude knows about volume in all �nite-
dimensional positive de�nite p-normed spaces. This generalizes [3, Theorem 1] for
Euclidean space `n2.

5.1 Theorem 4.5 in the published version of [27] is misstated in the case p < 1; see the current arXiv
version for a correct statement.
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Theorem 5.4.14. If A ⊆ (Rn , dp) is compact, then

lim
t→∞

|tA|
tn/p

= lim
t→∞

|t · A|
tn = volA

Γ
( n
p + 1

)
volB

.

Proof. Proposition 5.4.13 implies that

|t · A| ≥ vol(t · A)
Γ
( n
p + 1

)
volB

= tn volA
Γ
( n
p + 1

)
volB

for every t > 0. Now suppose that h ∈ H satis�es h ≡ 1 on A, and let ht(x) = h(x/t).
Then by Theorem 5.3.5 and Proposition 5.4.12,

|t · A|
tn ≤

∫
Rn

1
F̂p(x)

∣∣∣ĥt(x)
∣∣∣2 dx =

∫
Rn

1
F̂p(x/t)

∣∣∣ĥ(x)
∣∣∣2 dx. (5.19)

Proposition 5.4.11(2), the monotone convergence theorem, and Plancherel’s theorem
imply that

lim
t→∞

∫
Rn

1
F̂p(x/t)

∣∣∣ĥ(x)
∣∣∣2 dx = ‖h‖2

2
Γ
( n
p + 1

)
volB

.

By Theorem 5.4.12, there exist functions h ∈ H with h ≡ 1 on A such that ‖h‖2
2 is

arbitrarily close to volA (cf. the proof of [3, Theorem 1]), which completes the proof.

The next theorem is the major known continuity result (as opposed to mere
semicontinuity) for magnitude.

Theorem 5.4.15. Denote byKn the class of nonempty compact subsets ofRn, equipped
with the Hausdor� metric dH induced by dp, and suppose that A ∈ Kn is star-shaped
with respect to some point in its interior. Then magnitude, as a function Kn → R, is
continuous at A.

Proof. ByProposition 5.3.1, we only need to show thatmagnitude is upper semicontin-
uous at A. Letting h be the potential function of A, (5.19) and Proposition 5.4.12 imply
that |t · A| ≤ tn |A| for t ≥ 1. By translation-invariance, we may assume that A is star-
shaped about 0 and r1/p · B ⊆ A for some r > 0. Now if B ∈ Kn and dH(A, B) < ε,
then

B ⊆ A + ε1/p ·B ⊆
(

1 +
( ε
r
)1/p

)
· A,

and so |B| ≤
(

1 +
( ε
r
)1/p)n |A|. Thus magnitude is upper semicontinuous at A.

The family of sets A in Theorem 5.4.15 is slightly larger than what are sometimes
called “star bodies”, and of course includes all convex bodies. It is unknown, how-
ever, whether magnitude is continuous when restricted to compact convex sets which
are not required to have nonempty interior.
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The �nal result in this section shows that, in positive de�nite p-normed spaces,
magnitude can be computed from potential functions simply by integrating, as op-
posed to computing the (more complicated)H-norm.

Theorem 5.4.16. Let A ⊆ (Rn , dp)be compact, and suppose that the potential function
h ∈ H of A is integrable. Then

|A| = 1
Γ
( n
p + 1

)
volB

∫
Rn

h(x) dx.

Proof. Fix an even function f ∈ S(Rn) with f ≡ 1 on some open neighborhood of the
origin. Set fk(x) = f (x/k) and ϕk = f̂k/F̂p for k ∈ N. Then ϕk ∈ L1(Rn) and∥∥∥ϕ̂k∥∥∥∞ ≤ ‖ϕk‖1 =

∫
Rn

1
F̂p(x/k)

∣∣∣f̂ (x)
∣∣∣ dx ≤ ∫

Rn

1
F̂p(x)

∣∣∣f̂ (x)
∣∣∣ dx < ∞

by Proposition 5.4.11(2). Furthermore, for every x ∈ Rn,

ϕ̂k(x) =
∫
Rn

e−2πi〈x,y/k〉 f̂ (y)
F̂p(y/k)

dy k→∞−−−→
∫
Rn

f̂ (y)
F̂p(0)

dy = f (0)
Γ
( n
p + 1

)
volB

= 1
Γ
( n
p + 1

)
volB

by the dominated convergence theorem.
By the last part of Theorem 5.3.5, for su�ciently large k,

|A| = 〈h, fk〉H =
∫
Rn

ĥ(x)ϕk(x) dx =
∫
Rn

h(x)ϕ̂k(x) dx

by Parseval’s identity, and the claim now follows by the dominated convergence the-
orem.

5.4.4 Magnitude in Euclidean space

Finally, we specialize the tools of section 5.4.3 to the setting of Euclidean space `n2,
where they become even more powerful, allowing one to prove much more re�ned
results about continuity, asymptotics, and exact values of magnitude than in more
general normed spaces.

We will write simply F(x) = e−‖x‖2 , and let Bn
R =

{
x ∈ Rn

∣∣ ‖x‖2 ≤ R
}
. In this

setting we have the explicit formula

F̂(x) = n!ωn
(1 + 4π2 ‖x‖2

2)(n+1)/2
, (5.20)

where ωn = voln(Bn
1) (see [37, Theorem 1.14]). This implies that the RKHS H for `n2 is

the classical Sobolev space

H(n+1)/2(Rn) =

f ∈ L2(Rn)

∣∣∣∣∣∣
∫
Rn

(1 + 4π2 ‖x‖2
2)(n+1)/2

∣∣∣f̂ (x)
∣∣∣2 dx < ∞

 ,
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and that ‖f‖2
H = 1

n!ωn ‖f‖
2
H(n+1)/2 .

A �rst application of this observation is the following, proved for `n2 in [28, Corol-
lary 5.5].

Theorem 5.4.17. If A is a compact subset of `n1 or `n2, then the magnitude function t 7→
|tA| is continuous on (0,∞).

Sketch of proof. For `n2, using (5.20) one can show that |tA| ≥ 1
t |A| for t ≥ 1, along the

lines of (5.19). For `n1, if we let G(x) = e−‖x‖1 =
∏n
i=1 e

−|xi|, then the n = 1 case of (5.20)
implies that

Ĝ(x) =
n∏
i=1

2
1 + 4π2x2

i
,

and a similar argument yields that |tA| ≥ t−n |A| for t ≥ 1.
In either case, (5.19) shows that |tA| ≤ tn |A|. Together, these estimates imply that

the magnitude function of A is continuous on (0,∞); see Theorem 5.4 and Corollary
5.5 of [28].

The most signi�cant consequence of (5.20) is that when n is odd, 1/F̂ is the symbol of
a di�erential operator on Rn. In particular, when f : Rn → R is smooth,

‖f‖2
H(n+1)/2 =

∫
Rn

f (x)
[
(I − ∆)(n+1)/2f

]
(x) dx, (5.21)

where I is the identity operator and ∆ is the Laplacian on Rn. This opens the door to
using di�erential equations techniques to study magnitude. A �rst application is the
proof of the following result.

Theorem 5.4.18 ([3, Theorem 1]). If A ⊆ `n2 is compact, then limt→0+ |tA| = 1.

Sketch of proof. By Proposition 5.3.2, it su�ces to show that lim supR→0+
∣∣Bn

R
∣∣ ≤ 1; it

further su�ces, by embedding `n2 in `n+1
2 if necessary, to assume that n is odd. For

0 < R < 1 we can choose smooth functions fR such that

fR(x) =
{

1 if ‖x‖2 ≤ R,
eRe−‖x‖2 if ‖x‖2 ≥

√
R

and the derivatives of fR are su�ciently small for R ≤ ‖x‖2 ≤
√
R that, using (5.21),

‖fR‖2
H(n+1)/2 = ‖f0‖2

H(n+1)/2 + o(1) = n!ωn + o(1)

when R → 0; see the proof of [3, Theorem 1]. By Theorem 5.3.5, this completes the
proof.

Together with Theorem 5.4.17, this shows that the magnitude function of a compact
A ⊆ `n2 is continuous on [0,∞). Recall that this result is false for general metric spaces
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A of negative type [19, Example 2.2.8], but it does also hold for A ⊆ `n1 (Proposi-
tion 5.4.4). A monotone convergence argument would prove the same result in a p-
normed space if supx F̂p(x)/F̂p(2x) < ∞.

More signi�cantly, we obtain the following conditions on the potential function of
a compact set A ⊆ `n2, which provide the starting point for the only known approach
for explicit computation of magnitude for a convex body in `n2 when n > 1. This result
follows by considering the Euler–Lagrange equation of the minimization problem in
Theorem 5.3.5, and applying elliptic regularity.

Theorem 5.4.19 (Proposition 5.7 and Corollary 5.8 of [28]). Suppose that n is odd and
A ⊆ `n2 is compact. Then the potential function h of A is C∞ on Rn \ A, and satis�es

(I − ∆)(n+1)/2h(x) = 0 (5.22)

on Rn \ A.

To indicate the usefulness of this observation, we show how Theorem 5.4.19 can be
used to quickly compute themagnitude of an interval in [a, b] ⊆ R. By Theorem 5.4.19,
the potential function h satis�es h − h′′ = 0 outside [a, b]. The boundary conditions
h(x) = 1 for a ≤ x ≤ b and h(x) → 0 when |x| → ∞ (since h ∈ H1(Rn)) imply that

h(x) =


ex−a if x < a,
1 if a ≤ x ≤ b,
eb−x if x > b.

Then by Theorem 5.4.16, ∣∣[a, b]
∣∣ = 1

2

∫
R

h(x) dx = 1 + b − a
2 ,

in agreement with (5.7). A more involved, but still elementary computation yields an-
other proof of Corollary 5.4.3.

For higher dimensions, Barceló and Carbery [3] analyzed the minimization prob-
lem in more depth, and proved the following result using standard techniques of the
theory of partial di�erential equations.

Proposition 5.4.20 (See Proposition 2 and Lemma 4 of [3]). Suppose that n andmare
positive integers, and A ⊆ Rn is a convex body.
1. There is a unique function f ∈ Hm(Rn) such that

(I − ∆)m f (x) = 0 on Rn \ A

weakly and f ≡ 1 on A.
2. If ∂A is piecewise C1 and f ∈ Hm(Rn), then all derivatives of f up to order m − 1

vanish on ∂A (in the sense of traces of Sobolev functions).
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Together with Theorems 5.4.16 and 5.4.19, Proposition 5.4.20 reduces the computation
of magnitudes (in many cases) to the solution of a PDE boundary value problem. In
general, of course, solving a PDE boundary value problem is no simple matter. But
in the case that A = Bn

R is a Euclidean ball, rotational symmetry reduces the partial
di�erential equation to an ordinary di�erential equation on [R, ∞), albeit of high de-
gree. Barceló and Carbery gave an algorithm for solving the resulting ODE boundary
value problem, and hence determining the potential function h of Bn

R, for every odd
dimension n and radius R > 0. From there, Theorem 5.4.16 can be used to compute the
magnitude Bn

R. (In [3] the magnitude was found by computing ‖h‖2
H(n+1)/2 using (5.21),

since Theorem 5.4.16 had not yet been proved; Theorem 5.4.16 makes the computation
much simpler.) This approach yields the following.

Theorem 5.4.21 (Theorems 2, 3, and 4 of [3]). For every R > 0,∣∣∣B3
R

∣∣∣ = 1 + 2R + R2 + 1
6R

3

and ∣∣∣B5
R

∣∣∣ = 24 + 72R2 + 35R3 + 9R4 + R5

8(R + 3) + 1
120R

5.

In general, when n is odd, themagnitude
∣∣Bn

R
∣∣ is a rational function of R > 0with rational

coe�cients.

Barceló and Carbery also give an explicit formula for
∣∣B7

R
∣∣. We recall that they also

determined the asymptotics of
∣∣Bn

R
∣∣ when R → 0 and R → ∞ in [3, Theorem 1], stated

above in Theorems 5.4.18 and 5.4.14. To date, odd-dimensional balls are the only con-
vex bodies in Euclidean space whose exact magnitudes are known.

It was previously conjectured in [23] that for a compact convex set A ⊆ `n2,

|A| =
n∑
i=0

Vi(A)
i!ωi

, (5.23)

where V0, . . . , Vn denotes the classical intrinsic volumes. Theorem 5.4.21 implies that
(5.23) holds for balls in `3

2, but is false in dimensions n ≥ 5.
To put this conjecture in context, observe that (5.23) is a Euclidean version of Con-

jecture 5.4.5 in `n1. Note that 2i = i!ω′i , where ω′i denotes the volume of the unit ball in
`i1, tightening the analogy between (5.23) and Conjecture 5.4.5. At the time that (5.23)
was proposed, it was known to hold for n = 1, and was supported by numerical com-
putations in n = 2 [40]. Furthermore, some cases of Conjecture 5.4.5 in `n1 (contained
in Theorem 5.4.6) were known to be true.

Several interesting questions remain open, most obviously whether (5.23) holds
for n ≤ 4. Noting that (5.23) is equivalent to

|tA| =
n∑
i=0

Vi(A)
i!ωi

ti , (5.24)
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Proposition 5.4.13 and Theorem 5.4.14 say that (5.24) is true to top order for sets of
positive volume when t → ∞, and Theorem 5.4.18 shows that (5.23) predicts the cor-
rect behavior when t → 0. One could ask whether (5.24) is approximately true in
some sharper asymptotic senses. Note that Theorem 5.3.11 is a Riemannian analogue
of a weak asymptotic version of (5.24). Barceló and Carbery also raise the question of
whether (5.23) holds if magnitude is replaced by a suitable modi�cation which coin-
cides with magnitude in `n2 for n ≤ 3. We mention another related question in section
5.5.

The �nal major consequence of the concrete identi�cation of H for Euclidean
space is the realization thatmagnitude andmaximumdiversity, in the setting of `n2, are
actually classical notions of capacity, well-known in potential theory. The formal sim-
ilarity between magnitude and maximum diversity on the one hand, and capacity on
the other, is clear from the de�nitions (cf. section 1.1 of [3]). But in `n2, magnitude and
maximum diversity almost precisely reproduce classically studied forms of capacity.

Speci�cally, (5.20) and [1, Theorem 2.2.7] imply that for a compact set A ⊆ `n2,
|A|+ = 1

n!ωn C(n+1)/2(A), where

Cα(A) := inf
{
‖f‖2

Hα
∣∣∣ f ∈ S(Rn), f ≥ 1 on A

}
,

is the Bessel capacity of A of order α. An alternative notion of capacity, which natu-
rally arises in the study of removability of singularities (see [1, Section 2.7]), is

Nα(A) := inf
{
‖f‖2

Hα
∣∣∣ f ∈ S(Rn), f ≥ 1 on a neighborhood of A

}
.

By Theorem5.3.5, |A| ≤ 1
n!ωn N(n+1)/2(A). In fact onewould expect |A| = 1

n!ωn N(n+1)/2(A);
this appears not to be the case for arbitrary compact A, but happily the comparison
we have will be enough for our purpose.

Beforemoving on, we pause to observe that, althoughwe have just seen that mag-
nitude and its cousin maximum diversity �t into classical families of capacities, they
both just fail to �t into the parameter range which is of relevance for classical appli-
cations. As alluded to above, capacities are frequently used to quantify “exceptional”
sets; sets of capacity 0 are a frequent substitute for sets of measure 0 when study-
ing singularities. However, Cα(A) and Nα(A) are bounded below by positive constants
whenever α > n/2. So from the point of view of classical potential theory, magni-
tude and maximum diversity are rather pathological. Nevertheless, the following re-
sult from potential theory, whose main classical application is to show that Cα(A) = 0
if and only if Nα(A) = 0, also applies in our setting.

Proposition 5.4.22 ([1, Theorem 3.3.4]). For each n and each α > 0 there is a constant
κn,α ≥ 1 such that, for every compact set A ⊆ `n2,

Cα(A) ≤ Nα(A) ≤ κn,αCα(A).
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Corollary 5.4.23 ([28, Corollary 6.2]). For each n there is a constant κn ≥ 1 such that,
for every compact set A ⊆ `n2,

|A|+ ≤ |A| ≤ κn |A|+ .

The signi�cance of Corollary 5.4.23 is that, althoughmaximumdiversity is no easier to
compute explicitly than magnitude, in some ways its rough behavior is easier to ana-
lyze. For example, it is natural to conjecture that the magnitude function t 7→ |tA| is
increasing for a compact space A of negative type. It is unknown whether this is true.
On the other hand, it is obvious that t 7→ |tA|+ is increasing, and Corollary 5.4.23 there-
fore implies that the magnitude function of a compact set A ⊆ `n2 is at least bounded
above and below by constant multiples of an increasing function.

Amore substantial consequence of Corollary 5.4.23 is the following result, which,
like Theorem 5.4.14, shows that the category-theoretically inspired notion of magni-
tude turns out to encode quantities of fundamental importance in geometry.

Theorem 5.4.24 ([28, Corollary 7.4]). If A ⊆ `n2 is compact, then

lim
t→∞

log |tA|
log t = dimMink A.

Theorem 5.4.24, which should be interpreted in the same sense as Proposition 5.3.14,
follows immediately from Proposition 5.3.14 and Corollary 5.4.23. Another interesting
aspect of this result is that, as noted above, classically Proposition 5.4.22 is of inter-
est primarily for sets of capacity 0, or more generally for small sets; here it is instead
applied to large sets.

5.5 Open problems

There are many interesting open problems about magnitude. These include extend-
ing partial results discussed above, as well as some quite basic questions about the
behavior of magnitude. We mention several of them below.

1. Does every compact positive de�nite space (or space of negative type) have �nite
magnitude?
Proposition 5.4.13 implies that every compact subset of a �nite dimensional posi-
tive de�nite normed (or p-normed) spacehas �nitemagnitude, so that the obvious
place to look for a counterexample is in in�nite dimensions. Essentially the only
in�nite-dimensional spaces whose magnitudes are known are boxes in `1, which
just miss being a counterexample:∣∣∣∣∣

∞∏
i=1

[0, ri]
∣∣∣∣∣ =

∞∏
i=1

(
1 + ri

2

)
.
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The condition ‖r‖1 < ∞,which both guarantees that this in�nite-dimensional box
lies in `1 and is compact, is also equivalent to the �niteness of the product on the
right-hand side.

2. Ismagnitude continuous on the class of compact sets in a positive de�nite normed
(or p-normed) space? What if we assume the space is �nite-dimensional, or we
restrict to geodesic sets, or convex sets?
Recall thatmagnitude is continuous on convex bodies in a �nite-dimensional pos-
itive de�nite p-normed space (Theorem 5.4.15), but is not continuous on the class
of compact spaces of negative type (Examples 2.2.8 and 2.4.9 of [19]).

3. Is Conjecture 5.4.5 true? Is it at least true for compact convex sets A ⊆ `n1?
In light of Theorem 5.4.6, Conjecture 5.4.5 is equivalent to the continuity of mag-
nitude on compact, geodesic (i.e., `1-convex) sets in `n1. Similarly, if magnitude is
continuous on compact convex sets in `n1, then Theorem 5.4.6 would imply that
Conjecture 5.4.5 holds for compact convex sets.

4. Does the magnitude function of a convex body A ⊆ `n2 determine its intrinsic vol-
umes? What about a homogeneous compact Riemannian manifold?

5. Does it hold that ∣∣t(A ∪ B)
∣∣ +
∣∣t(A ∩ B)

∣∣ − |tA| − |tB| → 0

as t → ∞ for compact, convex sets A, B ⊆ `n2 (or in more general normed spaces)
such that A ∪ B is convex?
For convex bodies in `n1, the left-hand side of the above is 0 for every t, as a con-
sequence of Theorem 5.4.6; the same would be true in `n2 if (5.23) were true.

6. Does Theorem 5.4.24 hold for arbitrary compact spaces of negative type?
Theorem5.4.24 applies to compact subsets of `n2. Asmentioned earlier, Proposition
7.5 of [28] shows that the conclusion of Theorem 5.4.24 also holds for compact ho-
mogeneousmetric spaces. In addition, Theorem 5.4.14 implies that the conclusion
of Theorem 5.4.24 holds for compact subsets of positive n-dimensional volume in
an n-dimensional positive de�nite p-normed space; hence it holds, for example,
for compact convex sets in any positive de�nite p-normed space.
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Christian Léonard
On the convexity of the entropy along entropic
interpolations

Introduction

Displacement convexity of relative entropy plays a crucial role in the Lott-Sturm-
Villani (LSV) theory of curvature lower bounds ofmetricmeasure spaces [31, 41, 42, 44]
and the related Ambrosio-Gigli-Savaré gradient �ow approach [1, 2].

Let us explain shortly what is meant by displacement convexity of the relative en-
tropy. Let (X, d,m) be a metric measure space and P(X) denote the space of all Borel
probability measures on X. The distance d is the basic ingredient to construct the dis-
placement interpolations and the positive measure m is used as the relative entropy
reference measure, de�ned by H(µ|m) :=

∫
X log(dµ/dm) dµ ∈ (∞,∞], µ ∈ P(X). Dis-

placement convexity means that along any displacement interpolation [µ0, µ1]disp =
(µt)0≤t≤1 between two probability measures µ0 and µ1, the entropy

H(t) := H(µt|m), 0 ≤ t ≤ 1

of the interpolation as a function of time admits some convexity lower bound.
Let us recall brie�y what displacement interpolations are. The Wasserstein pseudo-
distance W2 is the square root of the optimal quadratic transport cost between µ0
and µ1 ∈ P(X) given by W2

2 (µ0, µ1) := infπ
∫
X2 d2 dπ where the in�mum is taken

over all the couplings π ∈ P(X2) of µ0 and µ1. It becomes a distance on the subset
P2(X) of all µ ∈ P(X) such that

∫
X d

2(xo , x) µ(dx) < ∞, for some xo ∈ X. Displace-
ment interpolations are the geodesics of the metric space (P2(X),W2). They were in-
troduced inMcCann’s PhD thesis [33] togetherwith the notion of displacement convex-
ity of the entropy. Related convex inequalities turn out to be functional and geometric
inequalities (Brunn-Minkowski, Prekopa-Leindler, Borell-Brascamp-Lieb, logarithmic
Sobolev, Talagrand inequalities), see [12, 34].
As a typical result, it is known [12, 38, 43] that a Riemannian manifold has a nonneg-
ative Ricci curvature if and only if t 7→ H(µt| vol) is convex along any displacement
interpolation (µt)0≤t≤1.

An important hypothesis of the LSV theory is that the metric space is geodesic.
This rules discrete spaces out. Something newmust be found to develop an analogue
of this theory in the discrete setting. Several attempts in this direction were proposed
recently. Maas and Mielke [18, 19, 32, 35, 36] have discovered a Riemannian distance
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on the set of probability measures such that the evolution of continuous-time Markov
chains on a graph are gradient �ows of some entropy with respect to this distance.
Bonciocat and Sturm in [7] and Gozlan, Roberto, Samson and Tetali in [23] proposed
two di�erent types of interpolations on the set of probability measures on a discrete
metric measure graph which play the role of displacement interpolations in the LSV
theory. The author recently proposed in [29] a general procedure for constructing dis-
placement interpolations on graphs by slowing down another type of interpolation,
called entropic interpolation.

Entropic interpolations are the main actors of the present paper. Analogously
to the displacement interpolations which solve dynamical transport problems, they
solve dynamical entropy minimization problems. Although related to the purpose of
this article, [29] is mainly concerned with the slowing down asymptotic to build dis-
placement – rather than entropic – interpolations. Displacement interpolations are
connected to optimal transport, while entropic interpolations are connected to mini-
mal entropy.

In this article, we consider the entropic interpolations in their own right, without
slowing down. The goal remains the same: studying convexity of the entropy along
these interpolations to derive curvature lower bounds of someMarkov generators and
state spaces. Our main result states that along any entropic interpolation [µ0, µ1] =
(µt)0≤t≤1 between two probability measures µ0 and µ1, the �rst and second derivatives
of the relative entropy H(t) := H(µt|m) of µt with respect to some reference measure
m can be written as

H′(t) =
∫
X

(
−→
Θψt −

←−
Θϕt) dµt , H′′(t) =

∫
X

(
−→
Θ 2ψt +

←−
Θ 2ϕt) dµt . (6.1)

The arrows on Θ and Θ2 are related to the forward and backward directions of time.
The functions ϕ and ψ depend on the endpoints µ0 and µ1, but the nonlinear op-
erators

−→
Θ ,
←−
Θ ,
−→
Θ 2 and

←−
Θ 2 only depend on some reference m-stationary Markov pro-

cess. For instance, when this process is the Brownian di�usion with generator L =
(∆ −∇V ·∇)/2 on a Riemannian manifold with m = e−V vol its reversing measure, we
show that

−→
Θ =

←−
Θ = Γ/2,

−→
Θ 2 =

←−
Θ 2 = Γ2/2 (6.2)

are respectively half the carré du champ Γu := L(u2) − 2uLu and the iterated carré du
champ Γ2u := LΓu − 2Γ(u, Lu) which were introduced by Bakry and Émery in their
article [5] on hypercontractive di�usion processes. In the discrete case, these opera-
tors are not linked to Γ and Γ2 anymore but they depend on L in a di�erent manner,
see (6.16) and (6.17). In the Riemannian case, Γ2 is related to the Ricci curvature via
Bochner’s formula (6.34). This is themain connectionbetweengeometry anddisplace-
ment convexity. Because of the tight relation (6.2) between (Θ, Θ2) and (Γ , Γ2) in the
Riemannian case, it is natural to expect that (Θ, Θ2) has also some geometric content
in the discrete case. Does it allow for an e�cient de�nition of curvature of graphs? This
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question is left open in the present paper. However, based on Θ and Θ2, we give a uni-
�ed proof of the logarithmic Sobolev inequality on manifolds and a modi�ed version
on graphs. This is a clue in favor of the relevance of the entropic interpolations.

An advantage of the entropic calculus, compared to its displacement analogue, is
that entropic interpolations are regular in general. This is in contrast with displace-
ment interpolations. Otto’s informal calculus provides heuristics that need to be rig-
orously proved by means of alternate methods on the other hand, entropic interpo-
lations allow for a direct rigorous calculus. As a matter of fact, it is proved in [26, 29]
that displacement interpolations are semiclassical limits of entropic interpolations:
entropic interpolations are regular approximations of displacement interpolations.

The entropic approach is not only available for reversible reference Markov dy-
namics, but also for stationary dynamics (in the reversible case, the time arrows on Θ
and Θ2 disappear).

The article’s point of view is probabilistic. Its basic ingredients are measures
on path spaces: typically, Brownian di�usions on manifolds and random walks on
graphs. The Markov property plays a crucial role and we take advantage of its time
symmetry. Recall that it states that conditionally on the knowledge of the present
state, past and future events are independent. In particular, a time-reversed Markov
process is still Markov. Time-reversal stands in the core of our approach (even when
the reference stochastic process is assumed to be reversible); it explains the forward
and backward arrows on Θ and Θ2. In contrast with analytic approaches, very few
probabilistic attempts have been implemented to explore geometric and functional
inequalities. In this respect, let us cite the contributions of Cattiaux [10] and Fontbona
and Jourdain [22] where stochastic calculus is central. In the present article, stochas-
tic calculus is secondary. The symmetry of the Markov property allows us to proceed
with basic measure theoretical technics.

The drawback of the entropic interpolations in the discrete setting is that the sec-
ond derivative of the entropy along the interpolations is di�cult to handle in practice,
see Proposition 6.4.4 for instance. As a consequence, no speci�c examples based on
random walks on graphs are treated in the present article. There is still some (hard)
work to do to proceed in this direction.

Outline of the chapter

The article is organized as follows. Entropic interpolations are discussed in Section
6.1. In particular, we describe their dynamics. This allows us to write their equation of
motion and derive our main abstract result (6.1) in Section 6.2. This abstract result is
exempli�ed with Brownian di�usion processes in Section 6.3 and random walks on a
countable graph in Section 6.4. A uni�ed proof of an entropy-entropy production in-
equality (logarithmic Sobolev inequality), in both the Riemannian and discrete graph
settings, is given in Section 6.5 in connectionwith convergence to equilibrium. The sta-
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tionary non-reversible case is investigated. In Section 6.6,we propose heuristics based
on thought experiments in order to grasp the link between entropic and displacement
interpolations. Finally, we address several open questions related to curvature and
entropic interpolations, keeping in mind the LSV theory of geodesic measure spaces
as a guideline. This article is a preliminary step and these open questions should be
seen as part of a program toward an analogue of the LSV theory that is available in a
discrete setting.

Notation

For any measurable space Y, we denote by P(Y) and M+(Y) the sets of all probabil-
ity measures and positive measures on Y. Let Ω = D([0, 1], X) be the space of all
right-continuous and left-limited paths from the time interval [0, 1] taking their val-
ues in a Polish state space X endowed with its Borel σ-�eld. The canonical process
X = (Xt)0≤t≤1 is de�ned by Xt(ω) = ωt ∈ X for all 0 ≤ t ≤ 1 and ω = (ωt)0≤t≤1 ∈ Ω.
As usual, Ω is endowed with the canonical σ-�eld σ(Xt , 0 ≤ t ≤ 1) generated by the
canonical process6.1. For any T ⊂ [0, 1] and any positive measure Q on Ω, we denote
XT = (Xt)t∈T , QT = (XT)#Q, σ(XT) is the σ-�eld generated by XT . In particular, for
each t ∈ [0, 1], Qt = (Xt)#Q ∈ M+(X) and Q01 = (X0, X1)#Q ∈ M+(X2).

6.1 Entropic interpolation

Entropic interpolations arede�nedand their equations ofmotionarederived. The con-
tinuous and discrete space cases are both imbedded in the same abstract setting. This
prepares the next sectionwhere the �rst and second derivatives of H(t) := H(µt|m) are
calculated.

(f , g)-transform of a Markov process

The h-transform of aMarkov processwas introduced byDoob [16] in 1957. It is revisited
and slightly extended in two directions:

1. We consider a two-sided version of the h-transform, which we call (f , g)-
transform, taking advantage of the invariance of theMarkov propertywith respect
to time reversal;

6.1 The canonical process is the standard naming by probabilists of the evaluation process of the
analysts. The usual Skorokhod topology of the path space is useless in this article; only its measurable
structure is used.
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2. We extend the notion of Markov property to unbounded positive measures on Ω,
having in mind two typical examples:
– The reversibleWiener process onRn , i.e. the law of the Brownianmotionwith

Lebesgue measure as its initial law;
– The reversible simple random walk on a countable locally �nite graph.

Assumptions on R

We specify some R ∈ M+(Ω) which we call the reference path measure and we assume
that it is Markov and m-stationary6.2 where m ∈ M+(X) is a σ-�nite positive measure
on X. See De�nitions .0.4 and .0.7 at the appendix 6.6.

De�nition 6.1.1 ((f , g)-transform). Let f0, g1 : X → [0,∞) be two nonnegative func-
tions such that f0 ∈ Lp(m) and g1 ∈ Lp

*
(m) with p, p* ∈ [1,∞] and 1/p+ 1/p* = 1. The

(f , g)-transform P ∈ P(Ω) of R associated with the couple of functions (f0, g1) is de�ned
by

P := f0(X0)g1(X1) R ∈ P(Ω) (6.3)

with
∫
X2 f0(x)g1(y) R01(dxdy) = 1 for P to be a probability measure.

Note that f0(X0)g1(X1) ∈ L1(R). Indeed, denoting F = f0(X0) and G = g1(X1), we
see with R0 = R1 = m that ‖F‖Lp(R) = ‖f0‖Lp(m), ‖G‖Lp* (R) = ‖g1‖Lp* (m)and ER(FG) ≤
‖F‖p‖G‖p* = ‖f0‖p‖g1‖p* < ∞.

Remarks 6.1.2. Let us write some easy facts about (f , g)-transforms and h-transforms.
(a) Taking f0 = ρ0 and g1 = 1 gives us P = ρ0(X0)R which is the path measure with

initial marginal µ0 = ρ0 m ∈ P(X) and the same forward Markov dynamics as R.
(b) Symmetrically, choosing f0 = 1 and g1 = ρ1 corresponds to P = ρ1(X1)R which is

the path measure with �nal marginal µ1 = ρ1 m ∈ P(X) and the same backward
Markov dynamics as R.

(c) Doob’s h-transform is an extension of item (b). It is de�ned by P = h(Xτ) R[0,τ] where
τ is a stopping time and h is such that P is a probability measure.

Let us denote the backward and forward Markov transition kernels of R by{ ←−r (s, ·; t, z) := R(Xs ∈ · | Xt = z), 0 ≤ s ≤ t ≤ 1,
−→r (t, z; u, ·) := R(Xu ∈ · | Xt = z), 0 ≤ t ≤ u ≤ 1,

6.2 This stationarity assumption is not necessary and one could replacem by Rt everywhere. It simply
makes things more readable and shortens some computations.
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and for m-almost all z ∈ X,{
ft(z) := ER(f0(X0) | Xt = z) =

∫
X f0(x)←−r (0, dx; t, z)

gt(z) := ER(g1(X1) | Xt = z) =
∫
X
−→r (t, z; 1, dy) g1(y).

(6.4)

The relation between (f0, g1) and the endpoint marginals µ0, µ1 ∈ P(X) is
ρ0 = f0g0, m-a.e.

ρ1 = f1g1, m-a.e.
(6.5)

where the density functions ρ0 and ρ1 are de�ned by
{
µ0 = ρ0 m
µ1 = ρ1 m

. The system

of equations (6.5) was exhibited by Schrödinger in 1931 [39] in connection with the
entropy minimization problem (Sdyn) below.

Entropic interpolation

Let us introduce the main notion of this article.

De�nition 6.1.3 (Entropic interpolation). Let P ∈ P(Ω) be the (f , g)-transform of R
given by (6.3). Its �ow of marginal measures

µt := (Xt)#P ∈ P(X), 0 ≤ t ≤ 1,

is called the R-entropic interpolation between µ0 and µ1 in P(X) and is denoted by

[µ0, µ1]R := (µt)t∈[0,1].

When the context is clear, we simply write [µ0, µ1], dropping the superscript R.

Next theorem tells us that µt is absolutely continuous with respect to the reference
measure m on X. We denote by

ρt := dµt/dm, 0 ≤ t ≤ 1,

its density with respect to m.
Identities (6.5) extend to all 0 ≤ t ≤ 1 as next result shows.

Theorem 6.1.4. Let P ∈ P(Ω) be the (f , g)-transform of R given by (6.3). Then, P is
Markov and for all 0 ≤ t ≤ 1, µt = ρt m with

ρt = ftgt , m-a.e. (6.6)
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Proof. Without getting into detail, the proof works as follows. As m = Rt ,

ρt(z) := dPt
dRt

(z) = ER
[
dP
dR |Xt = z

]
= ER

[
f0(X0)g1(X1)|Xt = z

]
= ER

[
f0(X0)|Xt = z

]
ER
[
g1(X1)|Xt = z

]
=: ftgt(z).

The Markov property of R at the last but one equality is essential in this proof. For
more detail, see [28, Thm. 3.4].

With (6.6), we see that an equivalent analytical de�nition of [µ0, µ1]R is as follows.

Theorem 6.1.5. The entropic interpolation [µ0, µ1]R satis�es µt = ρt m with

ρt(z) =
∫
X

f0(x)←−r (0, dx; t, z)
∫
X

−→r (t, z; 1, dy) g1(y), for m-a.e. z ∈ X, (6.7)

for each 0 ≤ t ≤ 1.

Marginal flows of bridges are (possibly degenerate) entropic interpolations

Let us have a look at the R-entropic interpolation between the Dirac measures δx and
δy.

(a) When R01(x, y) > 0, [δx , δy]R is the time marginal �ow (Rxyt )0≤t≤1 of the bridge

Rxy(·) := R(· | X0 = x, X1 = y), x, y ∈ X.

Indeed, taking µ0 = δx and µ1 = δy , a solution (f0, g1) of (6.5) is f0 = 1x/R01(x, y)
and g1 = 1y . It follows that the corresponding (f , g)-transform is f0(X0)g1(X1) R =
R01(x, y)−11{X0=x,X1=y} R = Rxy .

(b) When R01(x, y) = 0, [δx , δy]R is unde�ned. Indeed, De�nition 6.1.3 implies that
µ0, µ1 � m. Let us take the sequences of functions f n0 = c−1

n 1B(x,1/n) and
gn1 = 1B(y,1/n) with B(x, r) the open ball centered at x with radius r and cn =
R01(B(x, 1/n) × B(y, 1/n)) > 0 the normalizing constant which is assumed to be
positive for all n ≥ 1. The corresponding (f , g)-transform of R is the conditioned
probability measure Pn = R(· | X0 ∈ B(x, 1/n), X1 ∈ B(y, 1/n)) which converges
as n tends to in�nity to the bridge Rxy under some assumptions, see [11] for in-
stance. As a natural extension, one can see [δx , δy]R as the time marginal �ow
t 7→ Rxyt of the bridge Rxy.

(c) When the transition kernels are absolutely continuous with respect to m, i.e.
−→r (t, z; 1, dy) = −→r (t, z; 1, y)m(dy), for all (t, z) ∈ [0, 1) × X and←−r (0, dx; t, z) =
←−r (0, x; t, z)m(dx), for all (t, z) ∈ (0, 1] × X, then the density functions are
equal: −→r = ←−r := r. This comes from the m-stationarity of R since R((Xt , Xt′ ) ∈
dzdz′) = R(Xt ∈ dz)R(Xt′ ∈ dz′ | Xt = z) = m(dz)−→r (t, z; t′, z′)m(dz′)
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and similarly R((Xt , Xt′ ) ∈ dzdz′) = R(Xt′ ∈ dz′)R(Xt ∈ dz | Xt′ = z′) =
m(dz′)←−r (t, z; t′, z′)m(dz). Now, (6.7) extends as

dRxyt
dm (z) = r(0, x; t, z)r(t, z; 1, y)

r(0, x; 1, y) , 0 < t < 1.

(d) Note that in general, for any intermediate time 0 < t < 1, Rxyt is not a Dirac mass.
This is in contrast with the standard displacement interpolation [δx , δy]disp whose
typical form is δγxyt where γxy is the constant speedgeodesic between x and ywhen
this geodesic is unique.

Any entropic interpolation is a mixture of marginal �ows of bridges. This is ex-
pressed in (6.63). For a proof, see [28].

Schrödinger problem

The notion of entropic interpolation is related to the entropy minimization problem
(Sdyn) below. In order to state this problem properly, let us �rst recall an informal def-
inition of the relative entropy

H(p|r) :=
∫

log(dp/dr) dp ∈ (−∞,∞]

of the probability measure p with respect to the reference σ-�nite measure r; see ap-
pendix 6.6 for further detail. The dynamical Schrödinger problem associated with the
reference path measure R ∈ M+(Ω) is

H(P|R) → min; P ∈ P(Ω) : P0 = µ0, P1 = µ1. (Sdyn)

It consists of minimizing the relative entropy H(P|R) of the path probability measure
P with respect to the reference path measure R subject to the constraints P0 = µ0 and
P1 = µ1 where µ0, µ1 ∈ P(X) are prescribed initial and �nal marginals.

We shall need a little bit more than f0, g1 ∈ L2(m) what follows. The following set
of assumptions implies that some relative entropies are �nite, and will be invoked in
Theorem 6.1.7 below.

Assumptions 6.1.6. In addition to f0, g1 ∈ L2(m) and the normalization condition∫
X2 f0(x)g1(y) R01(dxdy) = 1, the functions f0 and g1 entering the de�nition of the (f , g)-

transform P of R given in (6.3) satisfy∫
X2

[log+ f0(x) + log+ g1(y)]f0(x)g1(y) R01(dxdy) < ∞, (6.8)

where log+ h := 1{h>1} log h, and as a convention 0 log 0 = 0.
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Theorem 6.1.7. Under the Assumptions 6.1.6, the (f , g)-transform P of R which is de-
�ned in (6.3) is the unique solution of (Sdyn)where the prescribed constraints µ0 = ρ0 m
and µ1 = ρ1 m are chosen to satisfy (6.5).

Proof. See [28, Thm. 3.3].

Note that the solution of (Sdyn) may not be a (f , g)-transform of R. More detail about
the Schrödinger problem can be found in the survey paper [28].

[µ, µ]R is not constant in time

One must be careful when employing the term interpolation with regard to entropic
interpolations because in general when µ0 = µ1 =: µ the interpolation [µ, µ]R is not
constant in time. Let us give two examples.

(a) Suppose that R01(x, x) > 0. Then the solution of (Sdyn) with µ0 = µ1 = δx is the
bridge Rxx and [δx , δx]R is the marginal �ow (Rxxt )0≤t≤1 which is not constant in
general.

(b) Consider R to be the reversible Brownianmotion on a compact connectedRieman-
nian manifold X without boundary. Starting from µ at time t = 0, the entropic
minimizer P is such that µt := Pt gets closer to the invariant volume measure
m = vol on the time interval [0,1/2] and then goes back to µ on the remaining time
period [1/2,1]. Let us show this. On the one hand, under our assumptions on the
manifold, assuming that the Ricci curvature is strictly positive and with Theorem
6.3.5 below, it is easy to show that the function t ∈ [0, 1] 7→ H(t) := H(µt| vol)
is strictly convex whenever µ =6 vol. And on the other hand, a time reversal argu-
ment tells us that H(t) = H(1 − t), 0 ≤ t ≤ 1. Therefore, the only constant entropic
interpolation is [vol, vol]R .

[µ, µ]disp is constant in time

Unlike the entropic interpolation [µ, µ]R, McCann’s displacement interpolation
[µ, µ]disp has the pleasant property of being constant in time. See (6.61) below for
the de�nition of the displacement interpolation and compare with the representation
(6.63) of the entropic interpolation.

Forward and backward stochastic derivatives of a Markov measure

Since P isMarkov, its dynamics is characterized by either its forward stochastic deriva-
tive and its initial marginal µ0, or its backward stochastic derivative and its �nal
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marginal µ1. Before computing these derivatives, let us recall some basic facts about
these notions.

Let Q ∈ M+(Ω) be a Markov measure. Its forward stochastic derivative ∂ +
−→L Q is

de�ned by

[∂t +
−→L Qt ](u)(t, z) := lim

h↓0
h−1EQ

(
u(t + h, Xt+h) − u(t, Xt) | Xt = z

)
for any measurable function u : [0, 1] × X → R in the set Dom

−→L Q for which this limit
exists Qt-a.e. for all 0 ≤ t < 1. In fact this de�nition is only approximate, we give it
here as a support for understanding the relation between the forward and backward
derivatives. For a precise statement see [25, §. 2]. Since the time reversed Q* of Q is still
Markov, Q admits a backward stochastic derivative −∂ +

←−L Q which is de�ned by

[−∂t +
←−L Qt ]u(t, z) := lim

h↓0
h−1EQ

(
u(t − h, Xt−h) − u(t, Xt) | Xt = z

)
for any measurable function u : [0, 1] × X → R in the set Dom

←−L Q for which this limit
existsQt-a.e. for all 0 < t ≤ 1.When the function u only depends on the space variable:
z 7→ u(z), one denotes for all 0 < t < 1 and z ∈ X,

−→L tu(z) := lim
h↓0

h−1EQ
(
u(Xt+h) − u(Xt) | Xt = z

)
,

←−L tu(z) := lim
h↓0

h−1EQ
(
u(Xt−h) − u(Xt) | Xt = z

)
.

Notice that
←−L Qt =

−→L Q
*

1−t , 0 < t ≤ 1.

It is proved in [25, §. 2] that these stochastic derivatives are extensions of the extended
forward and backward generators of Q in the semimartingale sense, see [15]. In par-
ticular, they o�er us a natural way for computing the generators.

Forward and backward dynamics of the entropic interpolation

The dynamics in both time directions of [µ0, µ1]R are speci�ed by the stochastic
derivatives

−→A :=
−→L P and

←−A :=
←−L P of the Markov measure P ∈ P(Ω) which appears in

De�nition 6.1.3. For simplicity, we also denote
−→L R =

−→L and
←−L R =

←−L and assume that
R is stationary, i.e. θh#R[a+h,b+h] = R[0,b−a] for all 0 ≤ a ≤ b ≤ b + h ≤ 1, where θh is the
time-shift de�ned for all t by Xt ◦ θh = Xt−h . This implies that

−→L t =
−→L , ←−L t =

←−L , ∀0 ≤ t ≤ 1,

meaning that the forward and backward transition mechanisms of R do not depend
on t.

To derive the expressions of
−→A and

←−A , we need to introduce the carré du champ Γ
of both R and its time reversed R*. The exact de�nition of the extended carré du champ
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Γ and its domain is given in [25, Def. 4.10]. Restricting to functions u, v on X such that
u, v and uv are in Dom

−→L , we recover the standard de�nition{ −→Γ (u, v) :=
−→L (uv) − u−→L v − v−→L u

←−Γ (u, v) :=
←−L (uv) − u←−L v − v←−L u

When R is a reversible path measure, we denote L =
−→L =

←−L and Γ =
−→Γ =

←−Γ ,
dropping the useless time arrows.

Remark 6.1.8. In the standard Bakry-Émery setting [4, 5], X is a Riemannian manifold
and one considers the self-adjoint Markov di�usion generator on L2(X, e−V vol) given
by L̃ = ∆ −∇V ·∇, with vol the volume measure and V : X → R a regular function. The
usual de�nition of the carré du champ of L̃ is Γ̃(u, v) := [L̃(uv) − uL̃v − vL̃u]/2. In the
present paper, Γ is not divided by 2 and we consider L = L̃/2, i.e.

L = (−∇V ·∇ + ∆)/2, (6.9)

which corresponds to an SDE driven by a standard Brownian motion. Consequently,
Γ(u, v) = Γ̃(u, v) = ∇u ·∇v.

In general, even if R is a reversible path measure, the prescribedmarginal constraints
enforce a time-inhomogeneous transition mechanism: the forward and backward
derivatives (∂t+

−→A t)0≤t≤1 and (−∂t+
←−A t)0≤t≤1 of P depend explicitly on t. It is known (see

[25] for instance) that for any function u : X → R belonging to some class of regular
functions to be made precise,

−→A tu(z) =
−→L u(z) +

−→Γ (gt , u)(z)
gt(z) , (t, z) ∈ [0, 1) × X,

←−A tu(z) =
←−L u(z) +

←−Γ (ft , u)(z)
ft(z) , (t, z) ∈ (0, 1] × X,

(6.10)

where f and g are de�ned as in (6.4). Because of (6.6), for any t no division by zero
occurs µt-a.e. For (6.10) to be meaningful, it is necessary that the functions f and g
are regular enough for ft and gt to be in the domains of the carré du champ operators.
In the remainder of the paper, we shall only be concerned with Brownian di�usion
processes and randomwalks for which the class of regular functions will be speci�ed,
see Sections 6.3 and 6.4.

Going back to (6.4), we see that the processes ft(Xt) and gt(Xt) are respectively
backward and forward local R-martingales. In terms of stochastic derivatives, this is
equivalent to{

(−∂t +
←−L )f (t, z) = 0, 0 < t ≤ 1,

f0, t = 0,

{
(∂t +

−→L )g(t, z) = 0, 0 ≤ t < 1,
g1, t = 1,

(6.11)

where these identities hold µt-almost everywhere for almost all t.
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Assumptions 6.1.9. We assume that the kernels−→r ,←−r that appear in (6.4) are (a) pos-
itivity improving and (b) regularizing:
(a) For all (t, z) ∈ (0, 1) × X,−→r (t, z; 1, ·)� m and←−r (0, ·; t, z)� m.
(b) The functions (f0, g1) and the kernels−→r ,←−r are such that (t, z) 7→ f (t, z), g(t, z) are

twice t-di�erentiable classical solutions of the parabolic PDEs (6.11).

Assumption (a) implies that for any 0 < t < 1, ft and gt are positive everywhere. In
particular, we see with (6.6) that µt ∼ m. Assumption (b) will be made precise later in
speci�c settings. It will be used when computing time derivatives of t 7→ µt .

Mainly because we are going to study the relative entropy H(µt|m) =∫
X log(ftgt) dµt , it is sometimes worthwhile to express

−→A and
←−A in terms of the loga-

rithms of f and g :{
ϕt(z) := log ft(z) = log ER(f0(X0) | Xt = z), (t, z) ∈ (0, 1] × X
ψt(z) := log gt(z) = log ER(g1(X1) | Xt = z), (t, z) ∈ [0, 1) × X.

(6.12)

In analogywith the Kantorovich potentials which appear in the optimal transport the-
ory, we call ϕ and ψ the Schrödinger potentials. Under Assumption 6.1.9-(b), they are
classical solutions of the “second order” Hamilton-Jacobi-Bellman (HJB) equations{

(−∂t +
←−B )ϕ = 0, 0 < t ≤ 1,

ϕ0 = log f0, t = 0,

{
(∂t +

−→B )ψ = 0, 0 ≤ t < 1,
ψ1 = log g1, t = 1,

(6.13)

where the non-linear operators
−→B and

←−B are de�ned by{ −→B u := e−u−→L eu ,
←−B v := e−v←−L ev ,

for any functions u, v such that eu ∈ Dom
−→L and ev ∈ Dom

←−L . Let us introduce the
notation { −→A θ :=

−→L + e−θ−→Γ (eθ , ·)
←−A θ :=

←−L + e−θ←−Γ (eθ , ·)

which allows us to rewrite (6.10) as
−→A t =

−→A ψt and
←−A t =

←−A ϕt , emphasizing their
dependence on the Schrödinger potentials.

Forward-backward systems

The complete dynamics of [µ0, µ1]R is described by a forward-backward system. We
see that{

(−∂−t +
−→A *ψt )µ = 0, 0 < t ≤ 1,

µ0, t = 0,
where

{
(∂+
t +
−→B )ψ = 0, 0 ≤ t < 1,

ψ1 = log g1, t = 1,
(6.14)
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and A* is the algebraic adjoint of A :
∫
X Au dµ =:

〈
u, A*µ

〉
. The evolution equation

for µ is understood in the weak sense, in duality with respect to a large enough class
of regular functions u. Similarly,{

(∂+
t +
←−A *ϕt )µ = 0, 0 ≤ t < 1,

µ1, t = 1,
where

{
(−∂−t +

←−B )ϕ = 0, 0 < t ≤ 1,
ϕ0 = log f0, t = 0.

(6.15)

We have denoted ∂+ and ∂− the right and left time-derivatives but we will drop the
superscripts + and - in the rest of the paper.
The boundary data for the systems (6.14) and (6.15) are respectively (µ0, g1) and
(f0, µ1).

6.2 Second derivative of the entropy

The aim of this section is to provide basic formulas to study the convexity of the en-
tropy

t ∈ [0, 1] 7→ H(t) := H(µt|m) ∈ [0,∞)

as a function of time, along the entropic interpolation [µ0, µ1]R associated with the
(f , g)-transform P of R de�ned by (6.3). The interpolation [µ0, µ1]R is speci�ed by its
endpoint data (µ0, µ1) de�ned by (6.5). We have also seen in (6.14) and (6.15) that it is
speci�ed by either (µ0, g1) or (f0, µ1).

Basic rules of calculus and notation

We are going to use the subsequent rules of calculus and notation where we drop the
subscript t as often as possible. Assumption 6.1.9 is used in a signi�cant way: it allows
us to work with everywhere de�ned derivatives.

– ρt = ftgt m, ϕ := log f , ψ := log g.
The �rst identity is Theorem 6.1.4. The others are notation changes well de�ned
everywhere under Assumption 6.1.9.

– u̇ := ∂tu, µ̇ := ∂tµ, 〈u, η〉 :=
∫
X u dη.

These are simplifying notation.
– The �rst line of the following equalities is (6.10) and the other ones are de�nitions:

−→A u =
−→L u +

−→Γ (g, u)/g
−→B u := e−u−→L eu
−→
C u :=

−→B u −−→L u
,


←−A u =

←−L u +
←−Γ (f , u)/f

←−B u := e−u←−L eu
←−
C u :=

←−B u −←−L u.
– 〈u, µ̇〉 = 〈

−→A u, µ〉 = 〈−
←−A u, µ〉.

These identities hold since µ is the time-marginal �ow of the Markov law P whose
forward and backward derivatives are

−→A and
←−A .
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– A short way for writing (6.11) and (6.13) is:{
ġ = −

−→L g
ψ̇ = −

−→B ψ
,

{
ḟ =

←−L f
ϕ̇ =

←−B ϕ.

Entropy production

By Assumption 6.1.9, the evolution PDEs (6.11) and (6.13) are de�ned in the classical
sense, and the functions

−→I and
←−I below are well de�ned.

De�nition 6.2.1 (Forward and backward entropy production). For each 0 ≤ t ≤ 1, we
de�ne respectively the forward and backward entropy production at time t along the
interpolation [µ0, µ1]R by 

−→I (t) :=
∫
X
−→
Θψt dµt

←−I (t) :=
∫
X
←−
Θϕt dµt

where for any regular enough function u,
−→
Θu := e−u−→Γ (eu , u) −

−→
C u

←−
Θu := e−u←−Γ (eu , u) −

←−
C u.

(6.16)

Calling the functions
−→I and

←−I “entropy production” is justi�ed by Corollary 6.2.4 be-
low.

We shall see in Section 6.3 that in the reversible Brownian di�usion setting where
R is associated with the generator (6.9) we have

−→
Θu =

←−
Θu = Γ(u)/2

with no dependence on t and as usual, one simply writes Γ(u) := Γ(u, u).

Proposition 6.2.2. Suppose that the Assumptions 6.1.6 and 6.1.9 hold. The �rst deriva-
tive of t 7→ H(t) is

d
dt H(µt|m) =

−→I (t) −←−I (t), 0 < t < 1.

Proof. With Theorem6.1.4 and the relative entropy de�nition,we immediately see that
H(t) = 〈log ρ, µ〉 = 〈ϕ + ψ, µ〉. It follows from our basic rules of calculus that

H′(t) =
〈
ϕ̇ + ψ̇, µ

〉
+ 〈ϕ + ψ, µ̇〉 = 〈

←−B ϕ −−→B ψ, µ〉 +
〈
−
←−Aϕ +

−→Aψ, µ
〉
.

The point here is to apply the forward operators
−→A =

−→A ψ ,
−→B to ψ and the backward

operators
←−A =

←−A ϕ ,
←−B to ϕ. This is the desired result since (

−→A − −→B )ψ =
−→
Θψ and

(
←−A −←−B )ϕ =

←−
Θϕ.
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Notice that
〈
ϕ̇ + ψ̇, µ

〉
= 〈∂t log ρ, µ〉 = 〈ρ̇/ρ, µ〉 = 〈ρ̇,m〉 = (d/dt) 〈ρ,m〉 = 0. Hence,〈

ϕ̇ + ψ̇, µ
〉

= 〈
←−B ϕ −−→B ψ, µ〉 = 0.

As an immediate consequence of this Proposition 6.2.2, we obtain the following
Corollary 6.2.4 about the dynamics of heat �ows.

De�nitions 6.2.3 (Heat �ows).
(a) We call forward heat �ow the time marginal �ow of the (f , g)-transform described

in Remark 6.1.2-(a). It corresponds to f0 = ρ0 and g1 = 1, i.e. to P = ρ0(X0) R.
(b) We call backward heat �ow the timemarginal �ow of the (f , g)-transform described

in Remark 6.1.2-(b). It corresponds to f0 = 1 and g1 = ρ1, i.e. to P = ρ1(X1) R.

Corollary 6.2.4.
(a) Along any forward heat �ow (µt)0≤t≤1, we have: d

dtH(µt|m) = −
←−I (t), 0 < t < 1.

(b) Along any backward heat �ow (µt)0≤t≤1, we have: d
dtH(µt|m) =

−→I (t), 0 < t < 1.

Second derivative

The computations in this subsection are informal and the underlying regularity hy-
potheses are kept fuzzy. We assume that the Markov measure R is nice enough for the
Schrödinger potentials ϕ and ψ to be in the domains of the compositions of the oper-
ators L, Γ , A, B and C which are going to appear below. To keep formulas to a reason-
able size, we have assumed that R ism-stationary. The informal results that are stated
below in Claims 1 and 2 will turn later in Sections 6.3 and 6.4 into formal statements
in speci�c settings. We introduce

−→
Θ 2u :=

−→L
−→
Θu + e−u−→Γ

(
eu ,
−→
Θu
)

+ e−u−→Γ (eu , u)
−→B u − e−u−→Γ (eu−→B u, u),

←−
Θ 2u :=

←−L
←−
Θu + e−u←−Γ

(
eu ,
←−
Θu
)

+ e−u←−Γ (eu , u)
←−B u − e−u←−Γ (eu←−B u, u),

(6.17)
provided that the function u is such that these expressions are well de�ned. It will be
shown in Section 6.3, see (6.30), that in the Brownian di�usion setting where R is as-

sociatedwith the generators
{ −→L =

−→
b ·∇ + ∆/2

←−L =
←−
b ·∇ + ∆/2

, we have
{ −→

Θ 2 =
−→Γ 2/2

←−
Θ 2 =

←−Γ 2/2
,

where { −→Γ 2(u) :=
−→L−→Γ (u) − 2

−→Γ (
−→L u, u),

←−Γ 2(u) :=
←−L←−Γ (u) − 2

←−Γ (
←−L u, u),

(6.18)

are the forward and backward iterated carré du champ operators.

Remark 6.2.5. We keep the notation of Remark 6.1.8. In the standard Bakry-Émery set-
ting, the iterated carré du champ of L̃ = ∆ −∇V ·∇ is Γ̃2(u) = [L̃(Γ̃(u)) − 2Γ̃(u, L̃u)]/2.
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In the present paper, we consider L = L̃/2 instead of L̃ and we have already checked in
Remark 6.1.8 that Γ̃ = Γ . Consequently, Γ2 = Γ̃2.

Introducing these de�nitions is justi�ed by the following claim.

Claim 1 (Informal result). Assume that R is m-stationary. Then,

d2

dt2H(µt|m) =
〈←−
Θ 2ϕt +

−→
Θ 2ψt , µt

〉
, ∀0 < t < 1.

Proof. Starting from H(t) = 〈ρ log ρ,m〉 gives H′(t) = 〈1 + log ρ, µ̇〉 = 〈log ρ, µ̇〉 =〈
−
←−Aϕ +

−→Aψ, µ
〉
and H′′(t) = d

dt

〈
−
←−Aϕ, µ

〉
+ d
dt

〈−→Aψ, µ〉 with

d
dt
〈
−
←−Aϕ, µ

〉
=

〈
←−A 2ϕ −←−A ϕ̇ − ←̇−Aϕ, µ

〉
=

〈
←−A (
←−A −←−B )ϕ −

(←−Γ (ḟ , ·)
f − ḟ

f 2
←−Γ (f , ·)

)
ϕ, µ

〉

=
〈
←−A (
←−A −←−B )ϕ −

(←−Γ (
←−L f , ·)
f −

←−L f
f 2
←−Γ (f , ·)

)
ϕ, µ

〉

=
〈
←−A
(←−Γ (f , ·)

f −
←−
C
)
ϕ −

(←−Γ (
←−L f , ·)
f −

←−B ϕ
←−Γ (f , ·)
f

)
ϕ, µ

〉
=

〈←−
Θ 2ϕ, µ

〉
.

Similarly, we obtain

d
dt
〈−→Aψ, µ〉 =

〈
−→A 2ψ +

−→A ψ̇ +
−̇→Aψ, µ

〉
=

〈
−→A (
−→A −−→B )ψ +

(−→Γ (ġ, ·)
g − ġ

g2
−→Γ (g, ·)

)
ψ, µ

〉

=
〈
−→A (
−→A −−→B )ψ −

(−→Γ (
−→L g, ·)
g −

−→L g
g2
−→Γ (g, ·)

)
ψ, µ

〉
=

〈−→
Θ 2ψ, µ

〉
, (6.19)

which completes the proof of the claim.

Gathering Proposition 6.2.2 and Claim 1, we obtain the following

Claim 2 (Informal result). When R is m-stationary, for all 0 < t < 1,
d
dt H(µt|m) =

〈−→
Θψt −

←−
Θϕt , µt

〉
,

d2

dt2H(µt|m) =
〈−→
Θ 2ψt +

←−
Θ 2ϕt , µt

〉
.
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6.3 Brownian di�usion process

As a �rst step, we compute informally the operators Θ and Θ2 associated with the
Brownian di�usion process on X = Rn whose forward and backward generators are
given for all 0 ≤ t ≤ 1 by

−→L =
−→
b ·∇ + ∆/2,

←−L =
←−
b ·∇ + ∆/2. (6.20)

Here, z 7→
−→
b (z),

←−
b (z) ∈ Rn are the forward and backward drift vector �elds. The term

“informally” means that we suppose that
−→
b and

←−
b satisfy some unstated growth and

regularity properties which ensure the existence of R and also that Assumptions 6.1.9
are satis�ed.
Then, we consider reversible Brownian di�usion processes on a compact manifold.

Dynamics of the entropic interpolations

The associated nonlinear operators are
−→B u = ∆u/2 +

−→
b ·∇u + |∇u|2/2,

←−B u = ∆u/2 +←−
b ·∇u + |∇u|2/2 and

−→Γ (u, v) =
←−Γ (u, v) = ∇u ·∇v for any t and u, v ∈ C2(Rn). The

expressions { −→A t = ∆/2 + (
−→
b +∇ψt) ·∇,

←−A t = ∆/2 + (
←−
b +∇ϕt) ·∇,

of the forward and backward derivatives tell us that the density µt(z) := dµt/dz solves
the following forward-backward system of parabolic PDEs{

(∂t − ∆/2)µt(z) +∇ · (µt(
−→
b +∇ψt))(z) = 0, (t, z) ∈ (0, 1] × X

µ0, t = 0,

where ψ solves the HJB equation{
(∂t + ∆/2 +

−→
b ·∇)ψt(z) + |∇ψt(z)|2/2 = 0, (t, z) ∈ [0, 1) × X

ψ1 = log g1, t = 1.
(6.21)

In the reverse time direction of time, we obtain{
(−∂t − ∆/2)µt(z) +∇ · (µt(

←−
b +∇ϕt))(z) = 0, (t, z) ∈ [0, 1) × X

µ1, t = 1,

where ϕ solves the HJB equation{
(−∂t + ∆/2 +

←−
b ·∇)ϕt(z) + |∇ϕt(z)|2/2 = 0, (t, z) ∈ (0, 1] × X

ϕ0 = log f0, t = 0.
(6.22)

We �x log g1 = −∞ on the set where g1 vanishes, and the boundary condition at time
t = 1 must be understood as limt↑1 ψt = log g1. Similarly, we have also limt↓0 ϕt =
log f0 in [−∞,∞).
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Because of the stochastic representation formulas (6.4), the functions ϕ and ψ
are the unique viscosity solutions of the above Hamilton-Jacobi-Bellman equations,
see [20, Thm. II.5.1]. The existence of these solutions is ensured by the Assumptions
6.1.6.

Remarks 6.3.1.
(a) In general, ϕ and ψ might not be classical solutions of their respective HJB equa-

tions; the gradients∇ψ and∇ϕ are not de�ned in the usual sense. One has to con-
sider the notion of P-extended gradient: ∇̃P , that is introduced in [25]. The com-
plete description of the Markov dynamics of P is a special case of [25, Thm. 5.4]:
the forward and backward drift vector �elds of the canonical process under P are
respectively

−→
b + ∇̃Pψt and

←−
b + ∇̃Pϕt .

(b) Suppose that the stationary measure m associated with R is equivalent to the
Lebesgue measure. Then, the forward and backward drift �elds

−→
b and

←−
b are re-

lated to m as follows. Particularizing the evolution equations with µt = m and
∇ψ = ∇ϕ = 0, we see that the requirement that R is m-stationary implies that{

∇ · (m {vos −∇ log
√
m}) = 0

∇ · (m vcu) = 0
(6.23)

for all t, where m(x) := dm/dx, these identities are considered in the weak sense
and {

vos := (
−→
b +
←−
b )/2

vcu := (
−→
b −
←−
b )/2

are respectively the osmotic and the (forward) current velocities of R thatwere intro-
duced by E. Nelson in [37]. In fact, the �rst equation in (6.23) is satis�ed in a stronger
way, since the duality formula associated to time reversal [21] is

vos = ∇ log
√
m. (6.24)

An interesting situation is given by
−→
b = −∇V/2 + b⊥ where V : Rn → R is C2 and the

drift vector �eld b⊥ satis�es
∇ · (e−Vb⊥) = 0. (6.25)

It is easily seen that
m = e−VLeb

is the stationary measure of R. Moreover, with (6.24), we also obtain{ −→
b = −∇V/2 + b⊥←−
b = −∇V/2 − b⊥

,
{
vos = −∇V/2
vcu = b⊥

. (6.26)

In dimension 2, choosing b⊥ = eV (−∂yU, ∂xU) with U : R2 → R aC2-regular function,
solves (6.25). Regardless of the dimension, b⊥ = eVS∇U, where S is a constant skew-
symmetric matrix and U : Rn → R a C2-regular function, is also a possible choice. In
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dimension 3 one can take b⊥ = eV ∇ ∧ A where A : R3 → R3 is a C2-regular vector
�eld.

Computing Θ and Θ2

Our aim is to compute the operators
−→
Θ ,
←−
Θ ,
−→
Θ 2 and

←−
Θ 2 of the Brownian di�usion pro-

cess R with the forward and backward derivatives given by (6.20) and (6.26):{ −→L = (−∇V ·∇ + ∆)/2 + b⊥ ·∇,←−L = (−∇V ·∇ + ∆)/2 − b⊥ ·∇,
(6.27)

where ∇ · (eVb⊥) = 0. For simplicity, we drop the arrows and the index t during the
intermediate computations.

Computation of Θ

Wehave Γ(u) = e−uΓ(eu , u) = |∇u|2 and Cu = |∇u|2/2. Therefore,Θu = Cu = Γ(u)/2 =
|∇u|2/2. This gives { −→

Θ tψt = |∇ψt|2/2,
←−
Θ tϕt = |∇ϕt|2/2,

(6.28)

and the entropy productions are written as follows, for all 0 < t < 1,

−→I (t) = 1
2

∫
X

|∇ψt|2 dµt ,

←−I (t) = 1
2

∫
X

|∇ϕt|2 dµt .

(6.29)

Recall that ft , gt > 0, µt-a.e. : for all 0 < t < 1.

Computation of Θ2

Since R is a di�usion, Γ is a derivation i.e. Γ(uv, w) = uΓ(v, w) + vΓ(u, w), for any
regular enough functions u, v andw. In particular, the two last terms in the expression
of Θ2u simplify:

e−uΓ(euBu, u) − e−uΓ(eu , u)Bu = Γ(Bu, u) = Γ(Lu, u) + Γ(Cu, u),

and we get Θ2u = LΓ(u)/2 + Γ(Cu, u) − Γ(Lu, u) − Γ(Cu, u) = LΓ(u)/2 − Γ(Lu, u). This
means that { −→

Θ 2 =
−→Γ 2/2,

←−
Θ 2 =

←−Γ 2/2.
(6.30)
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They are precisely half the iterated carré du champ operators
−→Γ 2 and

←−Γ 2 de�ned at
(6.18). The iterated carré du champ Γo2 of Lo = ∆/2 is

Γo2(u) = ‖∇2u‖2
HS =

∑
i,j

(∂iju)2

where ∇2u is the Hessian of u and ‖∇2u‖2
HS = tr ((∇2u)2) is its squared

Hilbert-Schmidt norm. As Γ2(u) = Γo2(u) − 2∇b(∇u,∇u) where 2∇b(∇u,∇u) =
2
∑

i,j ∂ibj ∂iu∂ju = [∇ +∇*]b(∇u,∇u) with∇*b the adjoint of∇b, it follows that{ −→Γ 2(u) = ‖∇2u‖2
HS + (∇2V − [∇ +∇*]b⊥)(∇u,∇u),

←−Γ 2(u) = ‖∇2u‖2
HS + (∇2V + [∇ +∇*]b⊥)(∇u,∇u).

(6.31)

Regularity problems

To make Claim 2 a rigorous statement, one needs to rely upon regularity hypotheses
such as Assumptions 6.1.9. If one knows that f0, g1,

−→
b and

←−
b are such that the lin-

ear parabolic equations (6.11) admit positive C2,2((0, 1) × X)-regular solutions then we
are done. Verifying this is a standard (rather di�cult) problem which is solved under
various hypotheses. Rather than giving details about this PDE problem which can be
solved by means of Malliavin calculus, we present an example in next subsection.

Working with classical solutions is probably too demanding. The operators Θ and
Θ2 are functions of ∇u and the notion of gradient can be extended as in [25] in con-
nection with the notion of extended stochastic derivatives, see Remark 6.3.1-(a). Fur-
thermore, when working with integrals with respect to time, for instance when con-
sidering integrals of the entropy production (see Section 6.5), or in situations where
H(t) is known to be twice di�erentiable almost everywhere (e.g. H(t) is the sum of a
twice di�erentiable function and a convex function), it would be enough to consider
dt-almost everywhere de�ned extended gradients. This program is not initiated in the
present paper.

Reversible Brownian di�usion process on a Riemannian manifold X

We give some detail about the standard Bakry-Émery setting that already appeared in
Remark 6.1.8. It corresponds to the case where b⊥ = 0. Let us take

m = e−V vol (6.32)

where V ∈ C2 satis�es
∫
X e

−V(x) vol(dx) < ∞. The m-reversible Brownian di�usion
process R ∈ M+(Ω) is the Markov measure with the initial (reversing) measure m and
the semigroup generator

L = (−∇V ·∇ + ∆)/2.
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The reversible Brownian motion Ro ∈ M+(Ω) corresponds to V = 0. Its stochastic
derivatives are

−→L o =
←−L o = ∆/2 (6.33)

and vol is its reversing measure. Since Ro is the unique solution to its ownmartingale
problem, there is a unique R which is both absolutely continuous with respect to Ro

and m-reversible.

Lemma 6.3.2. In fact R is speci�ed by

R = exp

−[V(X0) + V(X1)]/2 +
∫

[0,1]

[
∆V(Xt)/4 − |∇V(Xt)|2/8

]
dt

 Ro .

Proof. To see this, let us de�ne R̂ by means of dR̂/dRo := e−V(X0)Z1 where
Zt = exp

(∫ t
0 −
∇V

2 (Xs) · dXs − 1
2
∫ t

0 |
∇V

2 (Xs)|2
)

is a local positive forward Ro-
martingale. Since

∫
X e

−V(z) vol(dz) < ∞, it follows that t 7→ e−V(X0)Zt is a forward
Ro-supermartingale. In particular its expectation t 7→ ERo [e−V(X0)Zt] is a decreasing
function so that R̂(Ω) = ERo (e−V(X0)Z1) ≤ ERo (e−V(X0)Z0) =

∫
X e

−V(z) vol(dz) < ∞.
On the other hand, since both Ro and dR̂/dRo are invariant with respect to the time
reversal X*: X*t := X1−t, t∈[0,1], R̂ is also invariant with respect to time reversal:
(X*)#R̂ = R̂. In particular, its endpoint marginals are equal: R̂0 = R̂1. Consequently,
R̂[0,t] doesn’t send mass to a cemetery point † outside X as time increases, for other-
wise its terminal marginal R̂1 would give a positive mass to †, in contradiction with
R̂0(†) = 0 and R̂0 = R̂1. Hence, Z is a genuine forward Ro-martingale. With Itô’s for-
mula, we see that dZt = −Zt∇ V

2 (Xt) · dXt , Ro-a.e. and by Girsanov’s theory we know
that R̂ is a (unique) solution to the martingale problem associated with the generator
L = (−∇V ·∇ + ∆)/2. Finally, we take R = R̂ and it is easy to check that L is symmetric
in L2(m), which implies that m is reversing.

Remark 6.3.3. When L is given by (6.33), for any non-zero nonnegative functions
f0, g1 ∈ L2(vol), the smoothing e�ect of the heat kernels −→r and←−r in (6.4) allows us
to de�ne classical gradients ∇ψt and ∇ϕt for all t in [0, 1) and (0, 1] respectively. We
see that∇ψt and∇ϕt are the forward and backward drift vector �elds of the canonical
process under P.

The next result proposes a general setting where Assumptions 6.1.9 are satis�ed. The
manifold X is assumed to be compact to avoid integrability troubles.

Proposition 6.3.4. Suppose that X is a compact Riemannian manifold without bound-
ary and V : X → R is C4-regular. Then, for any C2-regular function u : X → R, the
function (t, x) 7→ u(t, x) := ER[u(Xt) | X0 = x] belongs to C1,2((0, 1) × X).
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In particular, if in addition X is assumed to be connected and f0 and g1 are non-
zero nonnegative C2-regular functions, the functions f and g de�ned in (6.4) and their
logarithms ϕ and ψ are classical solutions of (6.11) and (6.13).

Proof. For any path ω ∈ Ω and any 0 ≤ t ≤ 1, we denote

Zt(ω) := exp

−[V(ω0) + V(ωt)]/2 +
t∫

0

[
∆V(ωs)/4 − |∇V(ωs)|2/8

]
ds

 .

With Lemma 6.3.2 we see that for all 0 ≤ t ≤ 1, Zt = dR[0,t]
dRo[0,t]

and

u(t, x) = ERo [u(Xt)Z1 | X0 = x]
ERo [Z1 | X0 = x] = eV(x)E[u(Bxt )Zt(Bx)]

where (Bxs )0≤s≤1 is a Brownian motion starting from x under some abstract probabil-
ity measure whose expectation is denoted by E. By means of parallel transport, it
is possible to build on any small enough neighborhood U of x a coupling such that
x′ ∈ U 7→ Bx

′
is almost surely continuous with respect to the uniform topology on

Ω. This coupling corresponds to Bx = x + B0 in the Euclidean case. The announced
x-regularity is a consequence of our assumptions which allow us to di�erentiate (in
the usual deterministic sense) in the variable x under the expectation sign E. On the
other hand, the t-regularity is a consequence of stochastic di�erentiation: apply Itô’s
formula to u(Bxt ) and take advantage of the martingale property of Zt(Bx).

With regard to the last statement, the connectivity assumption implies the posi-
tivity of f and g on (0, 1) × X if f0 and g1 are nonnegative and not vanishing every-
where.

We gave detail on the proof of Proposition 6.3.4 because of its ease. Nonetheless, in
view of Remark 6.3.3, the requirement that f0 and g1 are C2 is not optimal. However,
this restriction will not be harmful when investigating convexity properties of the en-
tropy along interpolations.

In view of Proposition 6.3.4, we remark that under its assumptions the functions
ft , gt belong to the domain of the carré du champ operator. Hence, for any 0 < t < 1,
the stochastic derivatives of P are well-de�ned on C2(X) and equal to{ −→A t = ∆/2 +∇(−V/2 + ψt) ·∇,←−A t = ∆/2 +∇(−V/2 + ϕt) ·∇.

Here, ψ and ϕ are respectively the classical solutions (compare with Remark 6.3.1-(a))
of the HJB equations (6.21) and (6.22) with

−→
b =
←−
b = −∇V/2.

Bochner’s formula relates the iterated carré du champ Γo2 of Lo = ∆/2 and the Ricci
curvature:

Γo2(u) = ‖∇2u‖2
HS + Ric(∇u) (6.34)
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where ∇2u is the Hessian of u and ‖∇2u‖2
HS = tr ((∇2u)2) is its squared Hilbert-

Schmidt norm. As Γ2(u) = Γo2(u) − [∇ +∇*]b(∇u), it follows that

Γ2(u) = ‖∇2u‖2
HS + (Ric +∇2V)(∇u). (6.35)

Theorem 6.3.5 (Reversible Brownian di�usion process). Let the reference Markov
measure R be associated with L given in (6.9) on a compact connected Riemannian
manifold X without boundary. It is assumed that V : X → R is C4-regular and f0, g1
are non-zero nonnegative C2-regular functions. Then, along the entropic interpolation
[µ0, µ1]R associated with R, f0 and g1, we have for all 0 < t < 1,

d
dt H(µt|e−V vol) =

〈
1
2

(
|∇ψt|2 − |∇ϕt|2

)
, µt
〉
,

d2

dt2H(µt|e−V vol) =
〈

1
2

(
Γ2(ψt) + Γ2(ϕt)

)
, µt
〉

where ψ and ϕ are the classical solutions of the HJB equations (6.21) and (6.22) with−→
b =
←−
b = −∇V/2, Γ(u) = |∇u|2 and Γ2 is given by (6.35).

Proof. The assumptions imply that f0 and g1 satisfy (6.8), and they allow us to ap-
ply Proposition 6.3.4; hence, Assumptions 6.1.9 are satis�ed and Claim 2 is a rigorous
result.

6.4 Random walk on a graph

Nowwe take as our referencemeasureR a continuous-timeMarkovprocess ona count-
able state space X with a graph structure (X,∼). The set X of all vertices is equipped
with the graph relation x ∼ y which signi�es that x and y are adjacent, i.e. {x, y} is a
non-directed edge. The degree nx := # {y ∈ X, x ∼ y} of each x ∈ X is the number of
its neighbors. It is assumed that (X,∼) is locally �nite, i.e. nx < ∞ for all x ∈ X, and
also that (X,∼) is connected. This means that for any couple (x, y) ∈ X2 of di�erent
states, there exists a �nite chain (z1, . . . , zk) in X such that x ∼ z1 ∼ z2 · · · ∼ zk ∼ y.
In particular nx ≥ 1, for all x ∈ X.

Dynamics of the entropic interpolation

A (time homogeneous) random walk on (X,∼) is a Markov measure with forward
derivative ∂ +

−→L de�ned for any function u ∈ RX by

−→L u(x) =
∑
y:x∼y

(uy − ux)
−→J x(y) =:

∫
X

Dxu d
−→J x , 0 ≤ t < 1, x ∈ X,
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where
−→J x(y) is the instantaneous frequency of forward jumps from x to y,

Dxu(y) = Du(x, y) := u(y) − u(x)

is the discrete gradient and
−→J x =

∑
y:x∼y

−→J x(y) δy ∈ M+(X), 0 ≤ t < 1, x ∈ X

is the forward jump kernel. Similarly, one denotes its backward derivative by
←−L u(x) =

∫
X

Dxu d
←−J x , x ∈ X, u ∈ RX .

For them-stationaryMarkovmeasure Rwith stochastic derivatives
−→L and

←−L , the time-
reversal duality formula is

m(x)
−→J x(y) = m(y)

←−J y(x), ∀x ∼ y ∈ X.

The expressions
−→L u and

←−L u can be seen as the matrices{ −→L =
(
1{x∼y}

−→J x(y) − 1{x=y}
−→J x(X)

)
x,y∈X←−L =

(
1{x∼y}

←−J x(y) − 1{x=y}
←−J x(X)

)
x,y∈X

(6.36)

acting on the column vector u = [ux]x∈X . Therefore, the solutions f and g of (6.11) are

f (t) = et
←−L f0, g(t) = e(1−t)−→L g1,

where f : t ∈ [0, 1] 7→ [fx]x∈X(t) ∈ RX and g : t ∈ [0, 1] 7→ [gx]x∈X(t) ∈ RX are column
vectors, whenever these exponential matrices are well-de�ned.

Let us compute the operators B, Γ and A. By a direct computation, we obtain for
all 0 < t < 1 and x ∈ X,{ −→B u(x) =

∫
X(eDxu − 1) d−→J x ,

←−B u(x) =
∫
X(eDxu − 1) d←−J x ,

{ −→Γ (u, v)(x) =
∫
X DxuDxv d

−→J x ,
←−Γ (u, v)(x) =

∫
X DxuDxv d

←−J x ,

and 

−→A tu(x) =
∫
X Dxu e

Dxψt d−→J x =
∑
y:x∼y

[u(y) − u(x)] gt(y)
gt(x)

−→J x(y),

←−A tu(x) =
∫
X Dxu e

Dxϕt d←−J x =
∑
y:x∼y

[u(y) − u(x)] ft(y)
ft(x)

←−J x(y).

The matrix representation of these operators is

−→A t =
−→A (gt) =

(
1{x∼y}

gt(y)
gt(x)

−→J x(y) − 1{x=y}
∑
z:z∼x

gt(z)
gt(x)

−→J x(z)
)
x,y∈X

←−A t =
←−A (ft) =

(
1{x∼y}

ft(y)
ft(x)

←−J x(y) − 1{x=y}
∑
z:z∼x

ft(z)
ft(x)

←−J x(z)
)
x,y∈X

.
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The forward-backward systems describing the evolution of [µ0, µ1]R are

µt = µ0
−−→exp

 t∫
0

−→A
(←−−exp

( 1∫
s

−→L r dr
)
g1
)
ds


= µ1

←−−exp

 1∫
t

←−A
(−−→exp

( s∫
0

←−L r dr
)
f0
)
ds

, 0 ≤ t ≤ 1

where the measures µ0, µ1 are seen as row vectors and the functions f0, g1 as column
vectors, and the ordered exponentials are de�ned by

−−→exp
( s∫

0

Mr dr
)

:= Id +
∑
n≥1

∫
0≤r1≤···≤rn≤s

Mrn · · ·Mr1 dr1 · · · drn ,

←−−exp
( 1∫
s

Mr dr
)

:= Id +
∑
n≥1

∫
s≤r1≤···≤rn≤1

Mr1 · · ·Mrn dr1 · · · drn .

Derivatives of the entropy

In the discrete setting, no spatial regularity is required for a function to be in the do-
main of the operators L, Γ , . . . The only required regularity is that functions f and g
de�ned by (6.4) are twice di�erentiable with respect to t on the open interval (0, 1).
This is ensured by the following lemma.

Lemma 6.4.1. Consider f0, g1 as in De�nition 6.1.1 and suppose that f0, g1 ∈ L1(m) ∩
L2(m) where the stationary measure m charges every point of X. Then, under the as-
sumption that

sup
x∈X
{
−→J x(X) +

←−J x(X)} < ∞, (6.37)

for each x ∈ X, t 7→ f (t, x) and t 7→ g(t, x) are C∞-regular on (0, 1).

Proof. For any 0 ≤ t ≤ 1, ft and gt are well-de�ned Pt-a.e., where P is given by (6.3).
But, as R is an irreducible random walk, for each 0 < t < 1, “Pt-a.e.” is equiva-
lent to “everywhere”. Since f0 ∈ L1(m) and R is m-stationary, we have

∫
X ft dm =

ERER[f0(X0) | Xt] = ER(f0(X0)) =
∫
X f0 dm < ∞, implying that ft ∈ L1(m). As

supx
←−J x(X) < ∞,

←−L is a bounded operator on L1(m). This implies that t ∈ (0, 1) 7→
ft = −−→exp

( ∫ s
0
←−L r dr

)
f0 ∈ L1(m) is di�erentiable and (d/dt)k ft =

←−L k ft for any k. As m
charges every point, we also see that t ∈ (0, 1) 7→ ft(x) ∈ R is in�nitely di�erentiable
for every x. A similar proof works with g instead of f .

As an important consequence of Lemma 6.4.1 for our purpose, we see that the state-
ment of Claim 2 is rigorous in the present discrete setting.



Entropic interpolations | 219

Theorem 6.4.2. Let R be an m-stationary random walk with jump measures−→J and←−J
which satisfy (6.37). Along any entropic interpolation [µ0, µ1]R associated with a couple
(f0, g1) as in De�nition 6.1.1 and such that f0, g1 ∈ L1(m) ∩ L2(m), we have for all 0 <
t < 1,

d
dt H(µt|m) =

∑
x∈X

(−→
Θψt −

←−
Θϕt

)
(x) µt(x),

d2

dt2H(µt|m) =
∑
x∈X

(−→
Θ 2ψt +

←−
Θ 2ϕt

)
(x) µt(x)

where the expressions of
−→
Θψt and

←−
Θϕt are given in (6.38) and the expressions of

−→
Θ 2ψt

and
←−
Θ 2ϕt are given in Proposition 6.4.4 below.

Computing Θ and Θ2

Our aimnow is to compute the operators
−→
Θ ,
←−
Θ ,
−→
Θ 2 and

←−
Θ 2 for a general randomwalk

R. We use the shorthand notation
∫
X a(x, y) Jx(dy) = [

∫
X a dJ](x) and drop the arrows

and the index t during intermediate computations. The Hamilton-Jacobi operator is
Bu := e−uLeu =

∫
X(eDu − 1) dJ which gives

Cu := (B − L)u =
∫
X

θ(Du) dJ

where the function θ is de�ned by

θ(a) := ea − a − 1, a ∈ R.

Compare Cu = |∇u|2/2, noting that θ(a) = a2/2 + oa→0(a2). The convex conjugate θ*
of θ will be used in a moment. It is given by

θ*(b) =


(b + 1) log(b + 1) − b, b > −1,
1, b = −1,
∞, b < −1.

Computation of Θ

The carré du champ is Γ(u, v) =
∫
X DuDv dJ so that e−uΓ(eu , u) =

∫
X Du(eDu − 1) dJ.

Since a(ea − 1) − θ(a) = aea − ea + 1 = θ*(ea − 1), with Θu := e−uΓ(eu , u) − Cu, we
obtain 

−→
Θψt(x) =

∑
y:x∼y

θ*
(
Dgt(x, y)
gt(x)

)
−→J x(y),

←−
Θϕt(x) =

∑
y:x∼y

θ*
(
Dft(x, y)
ft(x)

)
←−J x(y),

(6.38)
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where we used eDψt(x,y) − 1 = Dgt(x, y)/gt(x) and eDϕt(x,y) − 1 = Dft(x, y)/ft(x). The
ratioDg/g should be seen as the discrete logarithmic derivative of g. Recall that gt > 0,
µt-a.e. : we do not divide by zero. Compare with Θψ = |∇g/g|2/2, remarking that
θ*(b) = b2/2 + ob→0(b2).

Entropy production

The entropy productions are
−→I (t) =

∑
(x,y):x∼y θ*

(
Dgt(x,y)
gt(x)

)
µt(x)

−→J x(y),
←−I (t) =

∑
(x,y):x∼y θ*

(
Dft(x,y)
ft(x)

)
µt(x)

←−J x(y).
(6.39)

Computation of Θ2

Unlike the di�usion case, nowelcome cancellations occur. The carré du champ Γ is not
a derivation anymore since Γ(uv, w) − [uΓ(v, w) + vΓ(u, w)] = uvLw +

∫
X DuDvDw dJ.

Furthermore, we also loose the simplifying identity C = Θ. To give a readable expres-
sion of Θ2, it is necessary to introduce some simplifying shorthand notation:

∑
x→y F(ϱa) =

∫
X F(Du(x, y)) Jx(dy)∑

x→y;x→y′ F(ϱa, ϱa′) =
∫
X2 F(Du(x, y), Du(x, y′)) Jx(dy)Jx(dy′)∑

x→y→z F(ϱa, b) =
∫
X2 F(Du(x, y), Du(y, z)) Jx(dy)Jy(dz)∑

x→y→z F(ϱa, c) =
∫
X2 F(Du(x, y), Du(x, z)) Jx(dy)Jy(dz).

where we have denoted


ϱa = Du(x, y)
ϱa′ = Du(x, y′)
b = Du(y, z)
c = Du(x, z)

. Notice that
∑

x→y→z F(c) =

∫
X F(Du(x, z)) J2

x (dz) with J2
x (dz) :=

∫
y∈X Jx(dy)Jy(dz) and ϱa + b = c.

b

b

b

x

y

z

y′

a

b

c

a′b

We also de�ne the function

h(a) := θ*(ea − 1) = aea − ea + 1, a ∈ R. (6.40)
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Lemma 6.4.3. For any function u ∈ RX and any x ∈ X,

Θu(x) =
∑
x→y

h(ϱa),

Θ2u(x) =
(∑
x→y

(eϱa − 1)
)2

+
∑
x→y

[Jy(X) − Jx(X)]h(ϱa)

+
∑
x→y→z

[2eϱah(b) − h(c)].

Proof. The �rst identity is (6.38). Let us look at Θ2u(x). Rather than using formula
(6.17), for an explicit formulation ofΘ2 in termsof J, it will be easier to goback to (6.19):
−→
Θ 2ψt =

−→A 2
t ψt + d

dt (
−→A tψt) with

−→A tu =
∫
X Du e

Dψt d−→J and ψ̇ = −
−→B ψ = −

∫
X(eDψ −

1) d−→J .
Making use of Aψ(x) =

∑
x→y ϱae

ϱa and ψ̇(x) =
∑

x→y −(eϱa − 1), we see that

A2ψ(x) =
∫
X

(Aψy − Aψx)eDψ(x,y) Jx(dy)

=
∑
x→y→z

eϱabeb −
∑

x→y;x→y′
eϱaϱa′eϱa

′

d
dt (Aψ)(x) =

∫
X

(Dψ(x, y)eDψ(x,y) + eDψ(x,y))(ψ̇y − ψ̇x) Jx(dy)

= −
∑
x→y→z

(ϱaeϱa + ϱa)(eb − 1) +
∑

x→y;x→y′
(ϱaeϱa + ϱa)(eϱa

′
− 1)

where ϱa, ϱa′ and b are taken with u = ψ. This shows that

Θ2u(x) =
∑
x→y→z

eϱabeb−(ϱaeϱa+eϱa)(eb−1)−
∑

x→y;x→y′
eϱaϱa′eϱa

′
−(ϱaeϱa+eϱa)(eϱa

′
−1)

The functions de�ning the integrands rewrite as follows

eabeb − (aea + ea)(eb − 1) = h(a) + 2eah(b) − h(c) with c = a + b,

eaa′ea
′
− (aea + ea)(ea

′
− 1) = (ea − 1)h(a′) − h(a)(ea

′
− 1)

+ h(a′) − (ea − 1)(ea
′
− 1).

Hence, ∑
x→y;x→y′

eϱaϱa′eϱa
′
− (ϱaeϱa + eϱa)(eϱa

′
− 1)

=
∑

x→y;x→y′
(eϱa − 1)h(ϱa′) −

∑
x→y;x→y′

h(ϱa)(eϱa
′
− 1) +

∑
x→y;x→y′

h(ϱa′)

−
∑

x→y;x→y′
(eϱa − 1)(eϱa

′
− 1)
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= Jx(X)
∑
x→y

h(ϱa) −

∑
x→y

(eϱa − 1)

2

and the desired result follows.

Lemma 6.4.3 leads us to the following evaluations.

Proposition 6.4.4. Consider f0, g1 as in De�nition 6.1.1 and suppose that f0, g1 ∈
L1(m) ∩ L2(m) where the stationary measure m charges every point of X. Also assume
that−→J ,←−J satisfy (6.37). Then,

−→
Θ 2ψt(x) =

(∑
y:x∼y

(eDψt(x,y) − 1)
−→J x(y)

)2

(6.41)

+
∑
y:x∼y

[
−→J y(X) −

−→J x(X)]θ*
(
eDψt(x,y) − 1

)−→J x(y)

+
∑

(y,z):x∼y∼z

[
2θ*

(
eDψt(y,z) − 1

)−→A t,x(y)
−→J y(z)

− θ*
(
eDψt(x,z) − 1

) −→J x(y)
−→J y(z)

]
and

←−
Θ 2ϕt(x) =

(∑
y:x∼y

(eDϕt(x,y) − 1)
←−J x(y)

)2

(6.42)

+
∑
y:x∼y

[
←−J y(X) −

←−J x(X)]θ*
(
eDϕt(x,y) − 1

)←−J x(y)

+
∑

(y,z):x∼y∼z

[
2θ*

(
eDϕt(y,z) − 1

)←−A t,x(y)
←−J y(z)

− θ*
(
eDϕt(x,z) − 1

) ←−J x(y)
←−J y(z)

]
where

−→A t,x(y) = eDψt(x,y)−→J x(y) = gt(y)
gt(x)

−→J x(y),

←−A t,x(y) = eDϕt(x,y)←−J x(y) = ft(y)
ft(x)

←−J x(y)

are the forward and backward jump frequencies of P = f0(X0)g1(X1) R.

Reversible random walks

Let us take a positive measure m =
∑

x∈X mx δx ∈ M+(X) with mx > 0 for all x ∈ X. It
is easily checked with the detailed balance condition

m(dx)Jx(dy) = m(dy)Jy(dx) (6.43)
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which characterizes the reversibility of m that the jump kernel

Jx =
∑
y:x∼y

s(x, y)
√
my/mx δy , (6.44)

where s(x, y) = s(y, x) > 0 for all x ∼ y, admits m as a reversing measure. As (X,∼) is
assumed to be connected, the random walk is irreducible and the reversing measure
is unique up to a multiplicative constant.

Examples 6.4.5. Let us present the simplest examples of reversible random walks.
(a) Reversible counting randomwalk. The simplest example is provided by the count-

ing jump kernel Jx =
∑

y:x∼y δy ∈ P(X), x ∈ X which admits the counting measure
m =

∑
x δx as a reversing measure: take mx = 1 and s(x, y) = 1 in (6.44).

(b) Reversible simple random walk. The simple jump kernel is Jx = 1
nx
∑

y:x∼y δy ∈
P(X), x ∈ X. The measure m =

∑
x nxδx is a reversing measure: take mx = nx and

s(x, y) = (nxny)−1/2 in (6.44).

The dynamics of R is as follows. Once the walker is at x, one starts an exponential
random clock with frequency Jx(X). When the clock rings, the walker jumps at ran-
dom onto a neighbor of x according to the probability law Jx(X)−1∑

y:x∼y J(x; y) δy .
This procedure goes on and on. Since R is reversible, we have

−→J =
←−J = J and the for-

ward and backward frequencies of jumps of the (f , g)-transform P = f0(X0)g1(X1) R
are respectively

−→A x(y) = gt(y)
gt(x) Jx(y) and

←−A x(y) = ft(y)
ft(x) Jx(y).

As a direct consequence of Theorem 6.4.2 and Proposition 6.4.4, we obtain the
following result.

Theorem 6.4.6. Let R be an m-reversible random walk with jump measure J which is
given by (6.44) and satis�es

sup
x∈X

Jx(X) < ∞.

Then, along any entropic interpolation [µ0, µ1]R associated with a couple (f0, g1) as in
De�nition 6.1.1 and such that f0, g1 ∈ L1(m) ∩ L2(m), we have for all 0 < t < 1,

d
dt H(µt|m) =

∑
x∈X

[Θψt − Θϕt](x) µt(x),

d2

dt2H(µt|m) =
∑
x∈X

[Θ2ψt + Θ2ϕt](x) µt(x)

where the expressions of Θψt and Θϕt are given in (6.38) and the expressions of Θ2ψt
and Θ2ϕt are given in Proposition 6.4.4 (drop the useless time arrows).
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Remarks 6.4.7.
(a) For the above condition supx∈X Jx(X) < ∞ to be satis�ed, it su�ces that for some

0 < c, σ < ∞, we have for all x ∼ y ∈ X,{
my/ny ≤ cmx/nx ,
0 < s(x, y)√nxny ≤ σ,

(6.45)

with the notation of (6.44).
(b) In the special case where f0 = ρ0 and g1 = 1 corresponding to the forward heat �ow

– see De�nition 6.2.3 – we obtain

d
dt H(µt|m) = −

∑
x∼y

Dρt(x, y)D(log ρt)(x, y)m(x)Jx(y),

d2

dt2H(µt|m) =
∑
x

{
Lρt(x)L(log ρt)(x) + (Lρt(x))2

ρt(x)

}
m(x).

The �rst identity is the well-known entropy production formula and the second one
was proved in [8].

6.5 Convergence to equilibrium

This section is dedicated to the detailed proofs of already known results such as the
(modi�ed) logarithmic Sobolev inequality in Theorem 6.5.8. Its motivation is two-
pronged: (i) the proof of the convergence result Theorem 6.5.2 is usually omitted as
part of the standard folklore, and (ii) it is interesting to look at heat �ows as special
entropic interpolations.

In this section R is anm-stationaryMarkov probabilitymeasure on the path space

Ω = D([0,∞), X)

built on the unbounded time interval ([0,∞) and m is assumed to be a probability
measure (and so is R). We are interested in the convergence as t tends to in�nity of the
forward heat �ow

µt := (Xt)#(ρ0(X0) R) ∈ P(X), t ≥ 0, (6.46)

where ρ0 = dµ0/dm is the initial density. We are going to prove by implementing the
“stochastic process strategy” of the present paper, that under some hypotheses, the
following convergence to equilibrium

lim
t→∞

µt = m

holds. As usual, the function t 7→ H(µt|m) is an e�cient Lyapunov function of the
dynamics.
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Stationary dynamics

Let us �rst make the basic assumptions precise.

Assumptions 6.5.1. The stationarymeasurem is aprobabilitymeasure andweassume
the following.
(a) Brownian di�usion. The forward derivative is

−→L =
−→
b ·∇ + ∆/2

on a connected Riemannian manifold X without boundary. The initial density ρ0 :=
dµ0/dm is regular enough for ρt(z) = dµt/dm(z) to be positive and twice di�eren-
tiable in t and z on (0,∞) × X.

(b) Random walk. The forward derivative is
−→L u(x) =

∑
y:x∼y

[u(y) − u(x)]
−→J x(y)

on the countable locally �nite connected graph (X,∼). We assume that (6.37) holds:
supx{

−→J x(X) +
←−J x(X)} < ∞.

The point in the following Theorem 6.5.2 is that no reversibility is required. We de�ne

I(µ|m) :=
∫
X

←−
Θ (log ρ) dµ ∈ [0,∞], µ = ρ m ∈ P(X).

We have seen in (6.28) and (6.38) that
←−
Θ ≥ 0 (notice that θ* ≥ 0), this shows that

I(µ|m) ≥ 0.

Theorem 6.5.2. The Assumptions 6.5.1 are supposed to hold together with Θ2 ≥ 0.
Then, limt→∞ I(µt|m) = 0.
Let us assume in addition that

←−
Θ 2 ≥ κ

←−
Θ for some constant κ > 0 (6.47)

and that the initial density ρ0 := dµ0/dm is bounded: supX ρ0 < ∞.
Then, limt→∞ H(µt|m) = 0.

Remark 6.5.3. The total variation norm of a signed measure η on X is de�ned by
‖η‖TV := |η|(X) and the Csiszár-Kullback-Pinsker inequality is 1

2‖µ − m‖
2
TV ≤ H(µ|m),

for any µ ∈ P(X). Therefore we have limt→∞ ‖µt − m‖TV = 0.

Proof. The main idea of this proof is to consider the forward heat �ow (µt)t≥0 as an
entropic interpolation, see De�nition 6.2.3, and to apply Claim 2. It will be seen that
the general regularity hypotheses of the theorem ensure that this claim becomes a
rigorous statement.
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Instead of restricting time to [0, 1], we allow it to be in [0, T], T > 0, and let T
tend to in�nity. We denote ρt := dµt/dm. Since µ is the time-marginal �ow of P =
ρ0(X0) R, we have f0 = ρ0 and gT = 1. This implies that gt = 1 and ft = ρt . Indeed,
gt(z) = ER[gT(XT) | Xt = z] = ER(1 | Xt = z) = 1 and ft(z) = ER[f0(X0) | Xt = z] =
ER[ρ0(X0) | Xt = z] = ER[dP/dR | Xt = z] = dPt/dRt(z) = dPt/dm(z) =: ρt(z).
Therefore, ψt = 0, ϕt = log ρt , for all 0 ≤ t ≤ T. Our assumptions guarantee that for all
t > 0, ϕt is regular enough to use our previous results about “Θ2-calculus”. Denoting
H(t) = H(µt|m), with Corollary 6.2.4, we see that

−H′(t) =
←−I (t) :=

∫
X

←−
Θ (log ρt) dµt =: I(µt|m).

As I(·|m) ≥ 0, H is decreasing. Of course, H(0) − H(T) =
∫ T

0 I(µt|m) dt. Now, we let
T tend to in�nity. As H is non-negative and decreasing, it admits a limit H(∞) :=
limT→∞ H(T) and the integral in

H(0) − H(∞) =
∞∫

0

I(µt|m) dt (6.48)

is convergent, implying with d
dt I(µt|m) = −Θ2(ϕt) ≤ 0 that limt→∞ I(µt|m) = 0. This

proves the �rst assertion of the theorem.
As ρ0 is assumed to be bounded, for all t we have

ρt(Xt) = ER(ρ0 | Xt) ≤ sup ρ0 < ∞. (6.49)

This will be used below.

Di�usion setting. By (6.29) with ϕt = ρt , this limit implies that
limt→∞

∫
X |∇
√ρt|2 d vol = 0. Poincaré’s inequality tells us that for any open bounded

connected domain U with a smooth boundary, there exists a constant CU such that
‖√ρt − 〈

√ρt〉U‖L2(U) ≤ CU‖∇
√ρt‖L2(U) for all t, where 〈√ρt〉U :=

∫
U
√ρt d vol / vol(U).

It follows that limt→∞ ‖
√ρt − 〈

√ρt〉U‖L2(U) = 0 which in turns implies that

lim
t→∞

ρt = c (6.50)

everywhere on X for some constant c ≥ 0.
Let us prove this last claim. By Bienaymé-Chebychev’s inequality, a vanishing vari-
ance along a sequence of random variables implies convergence in measure towards
a constant. On the other hand, the exponential rate of convergence ensured by our
assumption (6.47) implies with the Borel-Cantelli lemma that this limit is almost sure
on U . Finally, as ρ is continuous on (0,∞) ×X and X is connected, we can extend this
convergence to the whole space.
As supt H(µt|m) ≤ H(µ0|m) < ∞, the set {µt , t ≥ 0} is uniformly tight and therefore
relatively compact with respect to the narrow topology on P(X). It follows from (6.50)



Entropic interpolations | 227

that limt→∞ ρt = 1 everywhere. Finally, the uniform bound (6.49) allows us to apply
the Lebesgue dominated convergence theorem to assert limt→∞ H(µt|m) = 0, which
is the desired result.

Random walk setting. Since limt→∞ I(µt|m) = 0, we obtain

lim
t→∞

∑
(x,y):x∼y

ρt(x)θ*
(
ρt(y)/ρt(x) − 1

)
m(x)

←−J x(y) = 0. (6.51)

For some constant C > 0, we have

aθ*(b/a − 1) ≥ C (b − a)2

a , if b/a ≤ 2.

We see that the convergence to zero of the left-hand side implies the convergence of
b − a to zero when on a domain such that a is bounded. This will be applied with
a = ρt(x) which is bounded in virtue of (6.49).
When b/a ≥ 2 and a ≥ 2, the left hand side cannot be close to zero. Finally, the re-
maining case when b/a ≥ 2 and a ≤ 2 is controlled by considering the symmetric term
bθ*(a/b − 1) which also appears in the series in the limit (6.51), reverting x and y; re-
call that

←−J x(y) > 0 ⇔
←−J y(x) > 0. As bθ*(a/b − 1) ≥ b ≥ 2a ≥ 0, the convergence of

the left-hand term to zero implies the convergence of a and b to 0. Therefore, the limit
(6.51) implies that for all adjacent x and y ∈ X, limt→∞(ρt(x) − ρt(y)) = 0.
It follows from (6.49) the countability of X and the connectedness of the graph, that
there exists a sequence of times (tk) tending to in�nity and a non-negative number c
such that limk ρtk (x) = c for all x ∈ X. The same argument as in the di�usion setting
leads us to the relative compactness of {µt; t ≥ 0} and in particular of (µtk ). It follows
that limk ρtk (x) = 1 for all x. Finally, as t 7→ H(µt|m) ≥ 0 is decreasing, it admits a limit
as t tends to in�nity and we obtain: limt H(µt|m) = limk H(µtk |m) = 0 where the last
identity follows as in the di�usion setting from the dominated convergence theorem.
This completes the proof of the theorem.

Theorem 6.5.4. The Assumptions 6.5.1 are supposed to hold. Then, under the addi-
tional hypotheses that H(µ0|m) < ∞ and (6.47) i.e.

←−
Θ 2 ≥ κ

←−
Θ for some κ > 0, we have

I(µt|m) ≤ I(µ0|m)e−κt , t ≥ 0 (6.52)
H(µt|m) ≤ H(µ0|m)e−κt , t ≥ 0 (6.53)

and the following functional inequality

H(ρm|m) ≤ κ−1I(ρm|m), (6.54)

holds for any nonnegative function ρ : X → [0,∞) such that
∫
X ρ dm = 1, which in the

di�usion setting (a) is also assumed to be C2-regular.

Proof of Theorem 6.5.4. Wealready sawduring theproof of Theorem6.5.2 that our gen-
eral assumptions allow us to apply Θ2-calculus: Claim 2 is rigorous with ϕt = log ρt .
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This gives:
←−I (t) = −H′(t) =

∫
X
←−
Θ (log ρt) dµt and

←−I ′(t) = −H′′(t) = −
∫
X
←−
Θ 2(log ρt) dµt .

The inequality (6.47) implies that
←−I ′(t) ≤ −κ←−I (t), for all t ≥ 0. Integrating leads to

←−I (t) ≤←−I (0)e−κt , t ≥ 0, which is (6.52).
Let us assume for a while, in addition to (6.47), that supX ρ0 < ∞. It is proved in

Theorem 6.5.2 that under this restriction, H(∞) = 0. With (6.48) and (6.52), we see that

H(µ0|m) = H(0) =
∞∫

0

←−I (t) dt ≤←−I (0)
∞∫

0

e−κt dt =
←−I (0)/κ.

A standard approximation argument based on the sequence ρn = (ρ∧n)/
∫
X(ρ∧n) dm

and Fatou’s lemma: H(ρm|m) ≤ lim infn H(ρnm|m), allows to extend this inequality to
unbounded ρ. This proves (6.54).
Plugging µt instead of µ0 into (6.54), one sees that H(t) ≤←−I (t)/κ = −H′(t)/κ. Integrat-
ing leads to H(t) ≤ H(0)e−κt, which is (6.53).

Remark 6.5.5 (About time reversal). The backward arrows in (6.47) suggest that time
reversal is tightly related to this convergence to stationarity. Let us propose an infor-
mal interpretation of this phenomenon. The forward entropy production −→I (t) vanishes
along the forward heat �ow (µt)t≥0 since −→I (t) =

∫
X
−→
Θψt dµt and ψ = 0. Similarly∫

X
−→
Θ 2ψt dµt = 0. No work is needed to drift along the heat �ow. In order to evaluate

the rate of convergence, one must measure the strength of the drift toward equilibrium.
To do so “one has to face the wind” and measure the work needed to reach µ0 when
starting from m, reversing time.

Remarks 6.5.6 (About
←−
Θ 2 ≥ κ

←−
Θ ).

(a) In the di�usion setting, (6.47) can be written
←−Γ 2 ≥ κΓ .

When−→L is the reversible forward derivative (6.9), this is the standard Bakry-Émery
curvature condition CD(κ, ∞), see [4, 5]. Further detail is given below at Theorem
6.5.8.

(b) In the random walk setting, we see with Lemma 6.4.3 that (6.47) can be written( ∑
y:x∼y

(eϱay − 1)
←−J x(y)

)2
+
∑
y:x∼y

[
←−J y(X) −

←−J x(X)]h(ϱay)
←−J x(y)

+
∑

(y,z):x∼y∼z

[2eϱayh(cz − ϱay) − h(cz)]
←−J x(y)

←−J y(z) (6.55)

≥ κ
∑
y:x∼y

h(ϱay)
←−J x(y)

for all x ∈ X and any numbers ϱay , cz ∈ R, (y, z) : x ∼ y ∼ z, where h(a) :=
θ*(ea − 1) = aea − ea + 1, a ∈ R, see (6.40).
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(c) An inspection of the proof of Theorem 6.5.4 shows that the integrated version of
(6.47): ∫

X

←−
Θ 2(ρ) dµ ≥ κ

∫
X

←−
Θ (ρ) dµ, µ = ρm ∈ P(X)

is su�cient.

In the di�usion setting (6.27) on X = Rn, we know through (6.31) that (6.47) becomes

‖∇2u‖2
HS +

(
∇2V + [∇ +∇*]b⊥

)
(∇u) ≥ κ|∇u|2

for any su�ciently regular function u. This Γ2-criterion was obtained by Arnold,
Carlen and Ju [3]; see also the paper [24] by Hwang, Hwang-Ma and Sheu for a related
result. These results are recovered in the recent paper [22] by Fontbona and Jourdain
who implement a stochastic process approach, slightly di�erent from the present ar-
ticle’s one but where time reversal also plays a crucial role, see Remark 6.5.5.

Reversible dynamics

More precisely, we are concernedwith the following already encounteredm-reversible
generators L.

(a) On a Riemannian manifold X, see (6.9):

L = (−∇V ·∇ + ∆)/2 (6.56)

with the reversing measure m = e−V vol.
(b) On a graph (X,∼), see (6.44):

Lu(x) =
∑
y:x∼y

[u(y) − u(x)]s(x, y)
√
my/mx (6.57)

with s(x, y) = s(y, x) > 0 for all x ∼ y.

Let us recall our hypotheses.

Assumptions 6.5.7. It is required that the reversing measure m is a probability mea-
sure.
The assumptions (a) and (b) below allow us to apply respectively Theorems 6.3.5 and
6.4.6.
(a) The Riemannianmanifold X is compact connected without boundary and L is given

by (6.56). We assume that V : X → R is C4-regular and without loss of generality
that V is normalized by an additive constant such that m = e−V vol is a probability
measure.
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(b) The countable graph (X,∼) is assumed to be locally �nite and connected. The gener-
ator L is given by (6.57), and the equilibriumprobabilitymeasure m and the function
s satisfy (6.45).

Reversibility allows for a simpli�ed expression of I(·|m). Indeed, as ρΘ(log ρ) =
L(ρ log ρ − ρ) − log ρ Lρ, we obtain∫

X

Θ(log ρ)ρ dm =
∫
X

L(ρ log ρ − ρ) dm −
∫
X

log ρ Lρ dm = 1
2

∫
X

Γ(ρ, log ρ) dm

where the last equality follows from the symmetry of L in L2(m) (a consequence of the
m-reversibility of R), whenever (ρ, log ρ) ∈ Dom Γ . Therefore,

I(µ|m) = I(µ|m) := 1
2

∫
X

Γ(ρ, log ρ) dm. (6.58)

It is the Fisher information of µ with respect to m. A direct computation shows that

(a) in the di�usion setting (a),

I(µ|m) = 1
2

∫
X

|∇ log ρ|2 dµ = 1
2

∫
X

|∇ρ|2
ρ dm = 2

∫
X

|∇
√ρ|2 dm;

(b) in the random walk setting (b),

I(µ|m) = 1
2

∑
(x,y):x∼y

[ρ(y) − ρ(x)][log ρ(y) − log ρ(x)]m(x)Jx(y).

Theorem 6.5.4 becomes

Theorem 6.5.8. The Assumptions 6.5.7 are supposed to hold. Then, under the addi-
tional hypotheses that H(µ0|m) < ∞ and (6.47):

←−
Θ 2 ≥ κ

←−
Θ for some κ > 0, we have

I(µt|m) ≤ I(µ0|m)e−κt , t ≥ 0
H(µt|m) ≤ H(µ0|m)e−κt , t ≥ 0

and the following (modi�ed) logarithmic Sobolev inequality

H(µ|m) ≤ κ−1I(µ|m), (6.59)

for any µ ∈ P(X) which in the di�usion setting (a) is also restricted to be such that
dµ/dm is C2-regular.

In the di�usion setting (a), Theorem6.5.8 is covered by thewell-known result by Bakry
and Émery [5]. Inequality (6.59) is the standard logarithmic Sobolev inequality and
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(6.47):
←−
Θ 2 ≥ κ

←−
Θ for some κ > 0, is the usual Γ2-criterion: Γ2 ≥ κΓ . In the randomwalk

setting (b), inequality (6.59) is a modi�ed logarithmic Sobolev inequality which was
introduced by Bobkov and Tetali [6] in a general setting, andwas already employed by
Dai Pra, Paganoni andPosta [13] in the context of Gibbsmeasures onZd . Later Caputo,
Dai Pra and Posta [8, 9, 14] have derived explicit criteria for (6.59) to be satis�ed in
speci�c settings related to Gibbs measures of particle systems. These criteria are close
in spirit to (6.47).

6.6 Some open questions about curvature and entropic
interpolations

Wehave seen in Section 6.5 that convergence to equilibrium is obtainedby considering
heat �ows. The latter are the simplest entropic interpolations since f = 1 or g = 1. In
the present section, general entropic interpolations are needed to explore curvature
properties of Markov generators and their underlying state space X by means of the
main result of the article:

H′(t) =
∫
X

1
2 (
−→
Θψt −

←−
Θϕt) dµt , H′′(t) =

∫
X

1
2 (
−→
Θ 2ψt +

←−
Θ 2ϕt) dµt .

Convexity properties of the entropy along displacement interpolations are funda-
mental for the Lott-Sturm-Villani (LSV) theory of lower bounded curvature of metric
measure spaces [31, 41, 42, 44]. An alternative approach would be to replace displace-
ment interpolations with entropic interpolations, taking advantage of the analogy be-
tween these two types of interpolations. Although this program is interesting in itself,
it can be further motivated by the following remarks.

1. Entropic interpolations are more regular than displacement interpolations.
2. Displacement interpolations are (semiclassical) limits of entropic interpolations,

see [26, 29].
3. Entropic interpolations work equally well in continuous and discrete settings

while LSV theory fails in the discrete setting (see below).

With respect to (1), note that the dynamics of an entropic interpolation share
the regularity of the solutions f and g of the backward and forward “heat equa-
tions” (6.11). Their logarithms, the Schrödinger potentials ϕ and ψ, solve second order
Hamilton-Jacobi-Bellman equations. This is in contrast with a displacement interpo-
lation whose dynamics are driven by the Kantorovich potentials (analogues of ϕ and
ψ) which are solutions of �rst order Hamilton-Jacobi equations. Entropic interpola-
tions are linked to regularizing dissipative PDEs, while displacement interpolations
are linked to transport PDEs. More detail about these relations is given in [28].
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In practice, once the regularity of the solutions of the dissipative linear PDEs (6.11)
is ensured, the rules of calculus that are displayed at the beginning of Section 6.2 are
e�cient. Again, this is in contrast with Otto’s calculus which only yields heuristics
about displacement interpolations.

With respect to (3), recall that we have seen in Theorems 6.5.4 and 6.5.8 uni�ed
proofs of entropy-entropy production inequalities, available in the di�usion and ran-
dom walk settings.

In order to provide a better understanding of the analogy between displacement
and entropic interpolations,we start describing two thought experiments. Then, keep-
ing the LSV strategy as a guideline, we raise a few open questions about the use of
entropic interpolations in connection with curvature problems on Riemannian mani-
folds and graphs.

Thought experiments

Let us describe two thought experiments.

– Schrödinger’s hot gas experiment. The dynamical Schrödinger problem (see (Sdyn)
in Section 6.1) is a formalization of Schrödinger’s thought experiment which was
introduced in [39]. Ask a perfect gas of particles living in a Riemannian manifold
X which are in contact with a thermal bath to start from a con�guration pro�le
µ0 ∈ P(X) at time t = 0and to endupat theunlikely pro�le µ1 ∈ P(X) at time t = 1.
For instance the gasmaybe constitutedof undistinguishablemesoscopic particles
(e.g. grains of pollen) with a randommotion communicated by numerous shocks
with the microscopic particles of the thermal bath (e.g. molecules of hot water).
Large deviation considerations lead to the following conclusion. In the (thermo-
dynamical) limit of in�nitelymanymesoscopic particles, themost likely trajectory
of the whole mesoscopic particle system from µ0 to µ1 is the R-entropic interpo-
lation [µ0, µ1]R where R describes the randommotion of the non-interacting (the
gas is assumed to be perfect) mesoscopic particles. Typically, R describes a Brow-
nian motion as in Schrödinger’s original papers [39, 40]. For more detail see [28,
§. 6] for instance.

– Cold gas experiment. The same thought experiment is also described in [44,
pp. 445-446] in a slightly di�erent setting where it is called the lazy gas experi-
ment. The only di�erence with Schrödinger’s thought experiment is that no ther-
mal bath enters the game. The perfect gas is cold so that the paths of the particles
are Riemannian geodesics in order to minimize the average kinetic action of the
whole system: entropy minimization is replaced by quadratic optimal transport.
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Connection between entropic and displacement interpolations

It is shown in [26, 29] that displacement interpolations are limits of entropic interpo-
lations when the frequency of the random elementary motions encrypted by R tends
down to zero. With the above thought experiment in mind, this corresponds to a ther-
mal bath whose density tends down to zero. Replacing the hot water by an increas-
ingly rare�ed gas, at the zero-temperature limit, the entropic interpolation [µ0, µ1]R

is replaced by McCann’s displacement interpolation [µ0, µ1]disp.

Cold gas experiment

As the gas is (absolutely) cold, the particle sample paths are regular and determinis-
tic. The trajectory of the mass distribution of the cold gas is the displacement inter-
polation [µ0, µ1]disp which is the time marginal �ow of a probability measure P on Ω
concentrated on geodesics:

P =
∫
X2

δγxy π(dxdy) ∈ P(Ω) (6.60)

where π ∈ P(X2) is an optimal transport plan between µ0 and µ1, see [28]. Therefore,

µt = Pt =
∫
X2

δγxyt π(dxdy) ∈ P(X), 0 ≤ t ≤ 1, (6.61)

where for simplicity it is assumed that there is a unique minimizing geodesic γxy be-
tween x and y (otherwise, one is allowed to replace δγxy with any probability concen-
trated on the set of all minimizing geodesics from x to y).

In a positively curved manifold, several geodesics starting from the same point
have a tendency to approach each other. Therefore, it is necessary that the gas initially
spreads out to thwart its tendency to concentrate. Otherwise, it would not be possible
to reach a largely spread target distribution. The left side of Figure 6.1 (taken from [44])
depicts this phenomenon. This is also the case for the right side as one can verify by
reversing time. The central part is obtained by interpolating between the initial and
�nal segments of the geodesics.

On the other hand, in a negatively curved manifold, several geodesics starting
from the same point have a tendency to depart form each other. Therefore, it is neces-
sary that the gas initially concentrates to thwart its tendency to spread out. Otherwise,
it would not be possible to reach a condensed target distribution.
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Fig. 6.1. The cold gas experiment. Positive curvature

b
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t = 0 0 < t < 1 t = 1

b
b
b
b

Fig. 6.2. The cold gas experiment. Negative curvature

Schrödinger’s hot gas experiment

As the gas is hot, the particle sample paths are irregular and random. The trajectory
of the mass distribution of the hot gas is the entropic interpolation [µ0, µ1]R . An R-
entropic interpolation is the timemarginal �ow of a probabilitymeasure P onΩwhich
is a mixture of bridges of R:

P =
∫
X2

Rxy π(dxdy) ∈ P(Ω) (6.62)

where π ∈ P(X2) is the unique minimizer of η 7→ H(η|R01) among all η ∈ P(X2) with
prescribed marginals µ0 and µ1, see [28]. Therefore,

µt = Pt =
∫
X2

Rxyt π(dxdy) ∈ P(X), 0 ≤ t ≤ 1. (6.63)
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Comparing (6.60) and (6.62), one sees that the deterministic evolution δγxy is replaced
by the random evolution Rxy . The grey leaf in Figure 6.3 is a symbol for the (say) 95%-
support of the bridge Rxy . It spreads around the geodesic γxy and in general the sup-
port of Rxyt for each intermediate time 0 < t < 1 is the whole space X.

b

x

y

γxy

Rxy

b

t = 0 t = 1

Fig. 6.3. Hot gas experiment with µ0 = δx and µ1 = δy

At a lower temperature, Rxy is closer to δγxy , see Figure 6.4.

x

y
γxy

Rxy

b

t = 0 t = 1

Fig. 6.4. Hot gas experiment with µ0 = δx and µ1 = δy . At a lower temperature

Andeventually, at zero temperature Rxymust be replacedby its deterministic limit
δγxy . Figure 6.5 is a superposition of Figures 6.2 and 6.3. It describes the hot gas exper-
iment in a negative curvature manifold.

Figures 6.3, 6.4 and 6.5 are only suggestive pictures describing most visited space
areas.

Open questions

As far as one is interested in the curvature of the metric measure space (X, d,m),
rather than in the curvature of some Markov generator

−→L such as in Section 6.5, it
seems natural to restrict our attention to a reversible reference path measure R. For
instance when looking at a Riemannian manifold X considered as a metric measure
space (X, d,m) with the Riemannianmetric d and the weightedmeasurem = e−V vol,
the e�cient choice with respect to LSV theory is to take R as the reversible Markov
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t = 0 t = 1

Fig. 6.5. The not so lazy gas experiment in a negative curvature manifold

measure with generator L = (∆ −∇V ·∇)/2 (or any positive multiple) and initial mea-
sure m.

A representative result in the case where the reference measure m is the volume
measure (V = 0) is that relative entropy is convex along any displacement interpola-
tion in aRiemannianmanifoldwith anonnegativeRicci curvature. Based onMcCann’s
seminal work [33, 34] and Otto’s heuristic calculus, Otto and Villani have conjectured
this result in [38]. This was proved by Cordero-Erausquin, McCann and Schmucken-
schläger in [12]. The converse is also true, as was shown later by Sturm and von Re-
nesse [43].

In the same spirit, an immediate consequence of Theorem 6.3.5 is the following

Corollary 6.6.1. Let Ro be the reversible Brownian motion on a connected Riemannian
manifold X without boundary.
Suppose that the Ricci curvature is non-negative. Then, along any entropic interpolation
[µ0, µ1]R

o
associated with Ro and f0, g1 ∈ L2(vol) such that (6.8) holds, the entropy

t ∈ [0, 1] 7→ H(µt| vol) ∈ R is a convex function.

Notice that in Theorem 6.3.5, X is assumed to be compact and f0, g1 must be C2. This
was assumed to ensure the regularity of the interpolation (Proposition 6.3.4). However,
in the present setting this regularity follows from the regularity of the heat kernel.

Open questions 6.6.2.
(a) Is the converse of Corollary 6.6.1 true?
(b) Is there a way to de�ne a notion of κ-convexity on P(X) along entropic interpola-

tions: H(µt) ≤ (1 − t)H(µ0) + tH(µ1) − κC(µ0, µ1)t(1 − t)/2, 0 ≤ t ≤ 1? What term
C(µ0, µ1) should replace the quadratic transport cost W2

2 (µ0, µ1) of the LSV and
AGS (Ambrosio, Gigli and Savaré [1, 2]) theories?

(c) Is there a notion of “entropic gradient �ow” related to entropic interpolations that
would be similar to a gradient �ow and would allow interpreting heat �ows as “en-
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tropic gradient �ows” of the entropy? This question might be related to the previous
one: the entropic cost C(µ0, µ1) could play the role of a squared distance on P(X).

The LSV theory requires themetric space (X, d) to be geodesic. Consequently, discrete
metric graphs are ruled out. Alternative approaches are necessary to develop a theory
of lower bounded curvature on discrete metric graphs.

1. Bonciocat and Sturm [7] have obtained precise results for a large class of pla-
nar graphs by introducing the notion of h-approximate t-midpoint interpolations:
d(x0, xt) ≤ td(x0, x1)+h, d(xt , x1) ≤ (1−t)d(x0, x1)+hwhere typically h is of order
1.

2. Erbar and Maas [18, 32] and independently Mielke [35, 36] have shown that the
evolution of a reversible random walk on a graph is the gradient �ow of an en-
tropy for somedistance onP(X), andderived curvature bounds for discrete graphs
by following closely the gradient �ow strategy developed by Ambrosio, Gigli and
Savaré [1] in the setting of the LSV theory.

3. Recently, Gozlan, Roberto, Samson and Tetali [23] obtained curvature bounds by
studying the convexity of entropy along binomial interpolations. On a geodesic
(x := z0, z1, . . . , zd(x,y) =: y) for the standard graph distance d, the binomial in-
terpolation is de�ned by µt(zk) = B(d(x, y), t)(k), 0 ≤ k ≤ d(x, y), 0 ≤ t ≤ 1, where

B(n, p)(k) =
(
n
k

)
pk(1 − p)n−k is the usual binomial weight.

We know by Lemma 6.4.3 that

Θ2u(x) =
(
Bu(x)

)2
+
∑
y:x∼y

[Jy(X) − Jx(X)]h
(
Du(x, y)

)
Jx(y)

+
∑

(y,z):x∼y∼z

[
2eDu(x,y)h

(
Du(y, z)

)
− h
(
Du(x, z)

)]
Jx(y)Jy(z)

(6.64)

where Bu(x) =
∑

y:x∼y(eDu(x,y) − 1) Jx(y) and h(a) := θ*(ea − 1) = aea − ea + 1, a ∈ R.
In the di�usion setting where L = (∆ − ∇V · ∇)/2, we have seen in Section 6.3 that
Θ2 = Γ2/2 where Γ2 is given by the Bochner formula

Γ2(u) = ‖∇2u‖2
HS +∇2V(∇u) + Ric(∇u). (6.65)

Open questions 6.6.3.
1. In view of (6.64) and (6.65), is (6.64) a Bochner formula? Where is the curvature?
2. Are the following de�nitions relevant?

(a) The m-reversible random walk generator L has curvature bounded below by
κ ∈ R if ∑

x
Θ2(u)(x)m(x) ≥ κ

∑
x
Θ(u)(x)m(x), ∀u.
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(b) The in�mum of the curvature at x ∈ X of the Markov generator L is

curvL(x) := inf
u
Θ2(u)
Θ(u) (x).

A de�nition of curvature should be justi�ed by its usefulness in terms of rate of con-
vergence to equilibrium, concentration of measure or isoperimetric behavior.

Let us indicate thatwith the discrete Laplacian Lu(x) = [u(x+1)−2u(x)+u(x−1)]/2
on Z, a rather tedious computation leads to the desired �atness result: curvL(x) = 0,
for all x ∈ Z.

A. Basic de�nitions

This appendix section is part of articles [27, 30]. We repeat it here for the reader’s con-
venience.

Markov measures

We slightly extend the notion of Markov property to unbounded positive measures on
Ω.

De�nitions .0.4. Any positive measure on Ω is called a path measure. Let Q be a path
measure.
(a) It is said to be a conditionable path measure if for any 0 ≤ t ≤ 1, Qt is a σ-�nite

measure on X.
(b) It is said to be a Markov measure if it is conditionable and for all 0 ≤ t ≤ 1 and

B ∈ σ(X[t,1]), we have: Q(B | X[0,t]) = Q(B | Xt).

When Q has an in�nite mass, the notion of conditional expectation must be handled
with care. We refer to the following de�nition.

De�nition .0.5 (Conditional expectation). Let φ : Ω → Y be a measurable map. Sup-
pose that φ#Q is a σ-�nite measure on Y . Then, for any f ∈ Lp(Q) with p = 1, 2 or∞,
the conditional expectation of f knowing φ is the unique (up to Q-a.e. equality) function
EQ(f | φ) := θf (φ) ∈ Lp(Q) such that for all measurable function h on Y in Lp* (m) where
1/p + 1/p* = 1, we have

∫
Ω h(φ)f dQ =

∫
Ω h(φ)θf (φ) dQ.

It is essential in this de�nition that the measure φ#Q is σ-�nite on Y; otherwise, we
can’t invoke theRadon-Nikodym theoremwhenproving the existenceof θf . Inspecting
the above de�nition of a Markov measure, one sees that it is necessary that Q[0,t] and
Qt are σ-�nite for all t ∈ [0, 1] for the corresponding conditional expectations to be
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de�ned. Nonetheless, this is warranted by the requirement that Q is conditionable, as
shown by the following result.

Lemma .0.6. Let Q be a pathmeasure and T ⊂ [0, 1]. For QT to be σ-�nite, it is enough
that Qto is σ-�nite for some to ∈ T.

Proof. Let to ∈ T be such that Qto is σ-�nite with (Xn)n≥1 an increasing sequence of
measurable subsets of X such that Qto (Xn) < ∞ and ∪n≥1Xn = X. Then, QT is also
σ-�nite since QT(Xto ∈ Xn) = Qto (Xn) for all n ≥ 1 and ∪n≥1[XT(Ω) ∩ {Xto ∈ Xn}] =
XT(Ω).

Consequently, for any Markov measure Q and any T ⊂ [0, 1], the conditional expec-
tation EQ(· | XT) is well-de�ned; since Ω is a Polish space, there exists a regular
conditional probability kernel Q(· | XT) : Ω → P(Ω) such that for all f ∈ L1(Q),
EQ(f | XT) =

∫
Ω f dQ(· | XT), see [17, Thm. 10.2.2].

Stationary path measures

Let us make precise a couple of other known notions.

De�nitions .0.7. Let Q be a path measure.
(a) It is said to be stationary if for all 0 ≤ t ≤ 1, Qt = m, for some m ∈ M(X). One says

that Q is m-stationary.
(b) It is said to be reversible if for any subinterval [a, b] ⊂ [0, 1], we have

(rev[a,b])#Q[a,b] = Q[a,b] where rev[a,b] is the time reversal on [a, b] which is de�ned
by rev[a,b][η](t) = η([a + b − t]+) for any η ∈ D([a, b], X), t ∈ [a, b].

A reversible pathmeasure is stationary.When Q is reversible, one sometimes says that
m = Q0 = Q1 is a reversing measure for the forward kernel (Q(· | X0 = x); x ∈ X), or
the backward kernel (Q(· | X1 = y); y ∈ X) or shortly for Q. One also says that Q is
m-reversible to emphasize the role of the reversing measure.

Relative entropy

This subsection is a short part of [27, §. 2] which we refer to for more detail. Let r be
some σ-�nite positivemeasure on some space Y. The relative entropyof theprobability
measure p with respect to r is loosely de�ned by

H(p|r) :=
∫
Y

log(dp/dr) dp ∈ (−∞,∞], p ∈ P(Y) (6.66)
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if p � r, and H(p|r) = ∞ otherwise. More precisely, when r is a probability measure,
we have

H(p|r) =
∫
Y

h(dp/dr) dr ∈ [0,∞], p, r ∈ P(Y)

with h(a) = a log a − a + 1 ≥ 0 for all a ≥ 0, (take h(0) = 1). Hence, the de�nition
(6.66) is meaningful. If r is unbounded, one must restrict the de�nition of H(·|r) to
some subset of P(Y) as follows. As r is assumed to be σ-�nite, there exist measurable
functionsW : Y → [1,∞) such that

zW :=
∫
Y

e−W dr < ∞. (6.67)

De�ne the probability measure rW := z−1
W e−W r so that log(dp/dr) = log(dp/drW ) −

W − log zW . It follows that for any p ∈ P(Y) satisfying
∫
Y W dp < ∞, the formula

H(p|r) := H(p|rW ) −
∫
Y

W dp − log zW ∈ (−∞,∞]

is a meaningful de�nition of the relative entropy which is coherent in the following
sense. If

∫
Y W

′ dp < ∞ for another measurable function W ′ : Y → [0,∞) such that
zW ′ < ∞, then H(p|rW ) −

∫
Y W dp − log zW = H(p|rW ′ ) −

∫
Y W

′ dp − log zW ′ ∈ (−∞,∞].
Therefore, H(p|r) is well-de�ned for any p ∈ P(Y) such that

∫
Y W dp < ∞ for some

measurable nonnegative functionW verifying (6.67).
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Nageswari Shanmugalingam
Brief survey on ∞-Poincaré inequality and
existence of ∞-harmonic functions

7.1 Introduction

Recent work on analysis in metric measure spaces saw the development of Sobolev-
type function theory and associated potential theory in the non-smooth setting ofmet-
ricmeasure spaces. A signi�cant part of this development is based on the theory of up-
per gradients �rst proposed by Heinonen and Koskela in [21], see [5] for potential the-
ory based on this notion, and [22] for the corresponding study of metric space-valued
Sobolev-type function theory in non-smooth settings.

In much of the above-mentioned analysis the basic requirements on the metric
measure space under study are that the measure should be doubling and support a
p-Poincaré inequality for some �xed p with 1 ≤ p < ∞. The weakest of all the p-
Poincaré inequalities is the ∞-Poincaré inequality. The paper [9] proved an analog
of Rademacher’s theorem for metric measure spaces whose measure is doubling and
supports a p-Poincaré inequality for some 1 ≤ p < ∞ and showed that for such metric
measure spaces, the minimal p-weak upper gradient of a Lipschitz function f on the
metric space is its pointwise Lipschitz constant function Lip f . The conclusions of [9]
did not dependon the precise value of p. Furthermore, it is known that spaces Xwhose
measure is doubling and supports a p-Poincaré inequality are quasiconvex, that is,
there is a constant C ≥ 1 such that whenever x, y ∈ X there is a recti�able curve in
X with end points x, y with length `(γ) ≤ C d(x, y). Again, this consequence does not
depend on the precise value of p.

It was therefore natural to ask whether one could obtain the results of [9] for met-
ric measure spaces whose measure is doubling and supports an ∞-Poincaré inequal-
ity. The series of papers [12–16, 18] studied metric measure spaces equipped with a
doubling measure supporting an ∞-Poincaré inequality, with this goal in mind. The
purpose of this present article is to give an overview of the results obtained in these
papers.

Throughout this article we will assume that the metric space X is complete and
that themeasure µ on X is a Radonmeasure and is doubling, that is, there is a constant
Cd ≥ 1 such that whenever x ∈ X and r > 0, we have

0 < µ(B(x, 2r)) ≤ Cd µ(B(x, r)) < ∞.
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The structure of this paper is as follows. In Section 2 we describe the basic notions
needed to study�rst order calculus in themetric setting. In Section 3wedescribe prop-
erties related to spaces supporting an ∞-Poincaré inequality, and in Section 4 we de-
scribe results from [15] demonstrating that, unlike in [26], one needs only∞-Poincaré
inequality in order to know existence and uniqueness of ∞-harmonic functions with
prescribed Lipschitz boundary data. The �nal section, Section 5, will give examples
demonstrating sharpness of the results in the previous section.

7.2 Background

In the non-smooth metric setting (including weighted Euclidean spaces and sub-
Riemannian manifolds) the derivative of a function is not available. However, there
are some possible notions that take on the role ofmagnitude of the derivative. Of these
possible notions, the notion of (weak) upper gradients, developed in [21], has the so-
called strong locality property.

De�nition 7.2.1. Given a function f : X → R, we say that a non-negative Borel-
measurable function g : X → [0,∞] is an upper gradient of f if whenever γ is a non-
constant compact recti�able curve in X,

|f (y) − f (x)| ≤
∫
γ

g ds, (7.1)

where x and y denote the two end points of γ.

See [2] or [22] formore on path integrals, and [5, 19–22] formore on the notion of upper
gradients.

De�nition 7.2.2. Let 1 ≤ p ≤ ∞. A non-negative Borel-measurable function g : X →
[0,∞] is a p-weak upper gradient of f if the collection Γ of all non-constant compact
recti�able curves γ forwhich (7.1) fails has p-modulus zero, that is, there is a non-negative
Borel measurable function ρ ∈ Lp(X) such that for each γ ∈ Γ we have

∫
γ
ρ ds = ∞.

It was shown in [12] that a family Γ of non-constant compact recti�able curves in X
has ∞-modulus zero if and only if there is a non-negative Borel measurable function
ρ on X with ρ = 0 µ-a.e. in X such that

∫
γ
ρ ds = ∞ whenever γ ∈ Γ. For 1 ≤ p < ∞

such a strong result does not hold, but in this case Γ has p-modulus zero if and only
if there is a non-negative Borel measurable function ρ ∈ Lp(X) such that

∫
γ
ρ ds = ∞

for each γ ∈ Γ, see [29].
For 1 ≤ p ≤ ∞ we set Dp(f ) to be the collection of all p-weak upper gradients of

f that also belong to Lp(X). For 1 < p < ∞, the uniform convexity of Lp(X) together
with the lattice properties and convexity property of Dp(f ) imply the existence of a
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“minimal" function gf ∈ Dp(f ) such that whenever g ∈ Dp(f ), we have gf ≤ g µ-a.e. in
X.

Remark 7.2.3. It turns out that the existenceof such gf ∈ Dp(f ) holds for all 1 ≤ p ≤ ∞,
see [31, Theorem 4.6]. We can say even more for the case p = ∞. From the work of [12]
mentioned above, we can modify every g ∈ D∞(f ) on a set of µ-measure zero such
that the modi�ed function is an upper gradient of f . Thus, without loss of generality,
we may assume that every function in D∞(f ) is an upper gradient of f .

It was shown in [34] and [5] that if f is a measurable function with a p-weak upper
gradient g ∈ Dp(f ), and if f is constant on an open set U ⊂ X, then gχX\U ∈ Dp(f ).
This property, called the strong locality property of p-weak upper gradients, is highly
useful in the development of potential theory in the metric setting, see [5].

De�nition 7.2.4. For 1 ≤ p < ∞we say that X supports a p-Poincaré inequality if there
are constants C > 0 and λ ≥ 1 such that whenever f ∈ Lp(X) and g ∈ Dp(X), for all balls
B = B(x, r) ⊂ X we have

∫
B

|f − fB| dµ ≤ C r

∫
λB

gp dµ

1/p

.

Here fB := µ(B)−1 ∫
B f dµ =:

∫
B f dµ is the average of f on the ball B, and λB := B(x, λr).

We say that X supports an∞-Poincaré inequality if there are constants C > 0 and λ ≥ 1
such that whenever f ∈ L∞(X) and g ∈ D∞(X), for all balls B = B(x, r) ⊂ X we have∫

B

|f − fB| dµ ≤ C r ‖g‖L∞(λB).

The Sobolev-type function spaces under consideration here are the Newton-Sobolev
spaces, �rst developed in [34].

De�nition 7.2.5. The set Ñ1,p(X) is the collection of all functions f : X → R such that
f ∈ Lp(X) and Dp(f ) is non-empty. For functions f ∈ Ñ1,p(X) we set

‖f‖N1,p(X) := ‖f‖Lp(X) + inf
g∈Dp(f )

‖g‖Lp(X).

From the above discussion it is clear that when f ∈ Ñ1,p(X),

‖f‖N1,p(X) = ‖f‖Lp(X) + ‖gf ‖Lp(X).

We say that f1 ∼ f2 if f1, f2 ∈ Ñ1,p(X) and ‖f1 − f2‖N1,p(X) = 0. It was shown in [34]
that if f1, f2 ∈ Ñ1,p(X), then f1 ∼ f2 if and only if f1 = f2 µ-a.e. in X and that ∼ is an
equivalence relation on Ñ1,p(X).
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De�nition 7.2.6. The Newton-Sobolev space N1,p(X) is the collection of all equivalence
classes of functions from Ñ1,p(X) from the equivalence relation∼.

It was shown in [34] and [12] that N1,p(X) is a Banach space when equipped with the
norm ‖ · ‖N1,p(X).

A function f : X → R is said to be L-Lipschitz on X if for all x, y ∈ X we have
|f (x) − f (y)| ≤ L d(x, y). For such functions f and x ∈ X, we set

Lip f (x) = lim
r→0

sup
x= 6y∈B(x,r)

|f (x) − f (y)|
d(x, y)

and call this the pointwise Lipschitz constant function of f . For A ⊂ X we set

LIP(f , A) = sup
x,y∈A,x= 6y

|f (x) − f (y)|
d(x, y) .

Note that Lip f is an upper gradient of the Lipschitz function f , see for example [20].
The Sobolev-type spaces studied in [9] are also based on the notion of upper gradients,
combined with the idea of relaxation. It was shown in [34] that when 1 < p < ∞ the
Sobolev-type space of [9] agrees with the above N1,p(X). Combining the results of [9]
with [34] it is seen that if X supports a p-Poincaré inequality for some 1 ≤ p < ∞ and f
is Lipschitz continuous on X, then gf = Lip f µ-a.e. in X. Thus gf in this case becomes
independent of the choice of p. More speci�cally, Lip f is the minimal q-weak upper
gradient of f in the class Dq(f ) for all q ≥ p.

If X supports a p-Poincaré inequality for some 1 ≤ p < ∞, then by Hölder’s in-
equality it follows that X supports a q-Poincaré inequality for all p ≤ q ≤ ∞. It is a
highly non-trivial result of Keith and Zhong [27] that if X is complete (recall that we
also assume the measure to be doubling in our paper), and X supports a p-Poincaré
inequality for some 1 < p < ∞, then there is some q ∈ [1, p) such that X supports a
q-Poincaré inequality. The exposition of the proof of this result, given in [22], shows
that q depends only on p and the doubling and p-Poincaré constants of µ and X. Such
Gehring-type self-improvement is highly useful in regularity theory for p-harmonic
functions in the metric setting, see for example [28], [5], and [22].

De�nition 7.2.7. Let Ω ⊂ X be a bounded domain such that X\Ω has positivemeasure,
and let f : X → R be in N1,p(X). For 1 < p < ∞ we say that a function u ∈ N1,p(X) with
u = f on X \ Ω is p-harmonic in Ω with boundary data f if whenever ϕ ∈ N1,p(X) with
ϕ = f on X \ Ω, we have

‖gu‖Lp(Ω) ≤ ‖gϕ‖Lp(Ω). (7.2)

Because of the strongly local nature of p-weak upper gradients (that is, if two func-
tions in N1,p(X) agree on a Borel set, then theirminimal p-weak upper gradients agree
almost everywhere on that set, see [34] or [5, Lemma 2.19], and the local nature of in-
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tegrals, we see that ∫
X

gpϕ dµ =
∫

supt(ϕ−u)

gpϕ dµ +
∫

X\supt(ϕ−u)

gpu dµ.

Therefore, u is a p-harmonic function on Ω with boundary data f if and only if u = f
on X \Ω andwhenever V ⊂ Ω is an open set and ϕ ∈ N1,p(X) such that ϕ = u on X \V,
we have

‖gu‖Lp(V) ≤ ‖gϕ‖Lp(V).

While the notion of p-harmonicity from (7.2) will not yield a local notion of ∞-
harmonicity when p → ∞, the above notion does. Thus we have the following de�-
nition of ∞-harmonicity.

De�nition 7.2.8. We say that u ∈ N1,∞(X) is ∞-harmonic in Ω with boundary data
f ∈ N1,∞(X) if u = f on X \Ω and whenever V ⊂ Ω is an open set and ϕ ∈ N1,∞(X) such
that ϕ = u on X \ V, we have

‖gu‖L∞(V) ≤ ‖gϕ‖L∞(V).

With the above de�nition, a function u that is ∞-harmonic in Ω is also ∞-harmonic
in every subdomain U of Ω, that is, ∞-harmonicity is a local property.

Note that a function f is in N1,∞(X) if and only if ‖f‖L∞(X) = esssupx∈X|f (x)| is
�nite and if it has an∞-weak upper gradient g such that ‖g‖L∞(X) is also �nite. We do
not claim that in general such functions are Lipschitz continuous on X; the paper [12]
has examples of functions in N1,∞(X) that fail to be Lipschitz continuous on X. As we
will see in the next section, if X in addition supports an ∞-Poincaré inequality, then
indeed such functions must be Lipschitz continuous on X.

Unlike ∞-harmonicity, the notion of minimal Lipschitz extension is not a local
property. A Lipschitz function u : Ω → R is said to be a minimal Lipschitz extension
of f = u|∂Ω if

LIP(u, Ω) ≤ LIP(u, ∂Ω) = LIP(f , ∂Ω). (7.3)

For every Lipschitz function w : Ω → R, we always have that

LIP(w, Ω) ≥ LIP(w, ∂Ω),

and hence the minimality of u in the above de�nition. Every Lipschitz function f :
∂Ω → R has a minimal Lipschitz extension to Ω, as demonstrated by McShane [32].
In fact, the proof given in [32] also shows the non-uniqueness of such extension, for
both the following two extensions are minimal Lipschitz extensions to Ω:

u+(x) = inf{f (y) + L d(x, y) : y ∈ ∂Ω},
u−(x) = sup{f (y) − L d(x, y) : y ∈ ∂Ω}.
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Here L = LIP(f , ∂Ω). In the seminal paper [3] Aronsson sought the optimal extensions
that are minimal Lipschitz extensions locally as well; that is, (7.3) is satis�ed not only
for Ω but also for every non-empty open subset U of Ω (by replacing Ωwith U in (7.3)).
Functions satisfying this condition are called absolute minimal Lipschitz extensions,
or AMLEs for short.

It was shown in [3] that AMLEs F in Euclidean domains satisfy ∆∞F = 0, that is,
they are ∞-harmonic. Here,

∆∞F =
n∑

i,j=1

∂F
∂xi

∂F
∂xj

∂2F
∂xi∂xj

is the∞-Laplacian of F. Indeed, a function on an Euclidean domain is an AMLE if and
only if it is ∞-harmonic, see for example [11] or [4, Theorem 4.13].

There are at least twoways of constructing AMLEs in the Euclidean setting, see [3]
or [4] for a general overview of the topic. The �rst of the two methods employed in [3]
uses a Perronmethod (which, in [4] is also called comparison with cones) and requires
only the knowledge of the metric, see [25] for the extension of this method to metric
spaces that are length spaces. The second method employed in [3] was to construct
an ∞-harmonic extension, and since ∞-harmonicity and the AMLE property concide
in the Euclidean setting, this construction will also yield an AMLE. This latter method
used the non-linear potential theory to construct p-harmonic extensions up of the Lip-
schitz boundary data f : ∂Ω → R for 1 < p < ∞, and showed that there exists a se-
quence pk → ∞ forwhich upk converges uniformly to a limiting Lipschitz function u∞,
which was then shown to be∞-harmonic. This method was extended to the setting of
doubling metric measure spaces supporting a p-Poincaré inequality for some �nite
p in [26] to construct ∞-harmonic extensions of the boundary data f . It was shown
in [26] that if the underlying metric measure space satis�es a p-weak Fubini property
(see Section 4), then ∞-harmonic functions are AMLEs. In Section 4 we will explain
how to construct∞-harmonic functions and describe some connections between AM-
LEs and∞-harmonic functions in the setting ofmetricmeasure spaces that support an
∞-Poincaré inequality but might not support any p-Poincaré inequality for any �nite
p ≥ 1. In Section 5 we will describe examples of such metric measure spaces (such as
the Sierpinski Carpet).

7.3 Characterizations of ∞-Poincaré inequality

The notion of p-modulus zero family of curves, as described in De�nition 7.2.2, is ex-
tended to the notion of p-modulus as an outer measure on the collection of all recti�-
able curves in X as follows.

De�nition 7.3.1. Let Γ be a family of recti�able curves in X, and let A(Γ) denote the
collection of all non-negative Borel measurable functions ρ on X such that

∫
γ
ρ ds ≥ 1
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for each γ ∈ Γ. For 1 ≤ p < ∞, it is traditional to set

Modp(Γ) = inf
ρ∈A(Γ)

∫
X

ρp dµ,

see [20] for example. For p = ∞we extend the above notion by considering the p-th root
of Modp and letting p → ∞:

Mod∞(Γ) = inf
ρ∈A(Γ)

‖ρ‖L∞(X).

Recall that X is a complete metric space equipped with a doubling measure µ. The
following characterizations of∞-Poincaré inequality were established in [13] and [14].
In what follows, we will automatically assume that every recti�able path (and these
are the only paths we will consider in this article) is arc-length parametrized.

Theorem 7.3.2. ([14, Theorem 3.1], [13, Theorem 4.7]) Let X be complete, connected,
and µ be doubling. Then the following are equivalent:
1. X supports an∞-Poincaré inequality.
2. There exist constants C, λ ≥ 1 such that if f ∈ L∞(X) with an upper gradient g ∈
L∞(X), then f is C‖g‖L∞(X)-Lipschitz continuous on X and is C‖g‖L∞(λB)-Lipschitz
continuous on each ball B ⊂ X.

3. There is a constant C ≥ 1 such that for all N ⊂ X with µ(N) = 0 and x, y ∈ X with
x = 6 y, there is a recti�able curve γ with end points x, y such that `(γ) ≤ Cd(x, y) and
H1(γ−1(N)) = 0.

4. There is a constant C ≥ 1 such that whenever x, y ∈ X are two distinct points, setting
Γ(x, y, C) to be the collection of all recti�able curves γ in X with end points x, y such
that `(γ) ≤ C d(x, y), we have

Mod∞(Γ(x, y, C)) > 0.

5. There is a constant C ≥ 1 such that whenever x, y ∈ X are two distinct points, with
Γ(x, y, C) as above we have

1
C d(x, y) ≤ Mod∞(Γ(x, y, C)) ≤ C

d(x, y) .

Note that while Property (4) gives only a qualitative control of the ∞-modulus of the
family Γ(x, y, C), Property (5) gives quantitative control. Property (3) on the other hand
is a purely geometric measure-theoretic property; thus it is clear that ∞-Poincaré in-
equality is a geometric measure-theoretic notion.

Remark 7.3.3. As a consequence of the above theorem, more speci�cally Property (2)
of the theorem, we know that if f : X → R has an ∞-weak upper gradient g in X and
that g ≤ L µ-a.e. in X, then f is CL-Lipschitz continuous on X. This is of particular use
to us in Section 4.
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Observe also that if X does not support any ∞-Poincaré inequality, then for each
positive integer n we can �nd two distinct points xn , yn ∈ X and a set Nn ⊂ X
with µ(Nn) = 0 such that Nn separates xn from yn, that is, every recti�able curve γ
in X with end points xn , yn and with `(γ) ≤ n d(xn , yn) must see Nn as a large set
(H1(γ−1(Nn)) > 0). One can always choose Nn to be independent of n by replacing
Nn with N :=

⋃
k∈N Nk. It would be interesting to knowwhether one can choose xn , yn

to be also independent of n. In Section 5 we will give an example (Sierpiński Carpet)
of a complete doubling metric measure space X for which there is a set N ⊂ X with
µ(N) = 0 such that every pair of distinct points x, y ∈ X plays the role of xn , yn in the
above discussion.

We now compare the above result regarding ∞-Poincaré inequality to analogous
results concerning p-Poincaré inequalities for �nite p ≥ 1. For the sake of brevity, we
focus onmetric measure spaces whosemeasure µ is Ahlfors Q-regular for some Q ≥ 1,
that is, there is a constant C ≥ 1 such that whenever x ∈ X and 0 < r < 2diam (X),

rQ
C ≤ µ(B(x, r)) ≤ C rQ .

A metric measure space supports a 1-Poincaré inequality if and only if it supports a
relative isoperimetric inequality, that is, with P(E, A) denoting the perimeter measure
of the set E ⊂ X inside an open set A ⊂ X (see for example [1]),

min{µ(B ∩ E), µ(B \ E)} ≤ C rad(B) P(E, λB)

for all balls B ⊂ X. Theperimetermeasure P(E, B) is comparable to the co-dimension1
Hausdor�measure of thepart of themeasure-theoretic boundaryof E that is contained
in B when E is of �nite perimeter in the sense of [1], that is,

P(E, B) ≈ lim
r→0+

inf
{∑

i∈I

µ(Bi)
rad(Bi)

: I ⊂ N, each Bi is a ball, E∩B ⊂
⋃
i∈I
Bi , rad(Bi) ≤ r

}
.

An Ahlfors Q-regular metric measure space supports a Q-Poincaré inequality if and
only if it is a Q-Loewner space in the sense of Heinonen and Koskela [21]. A space is
Q-Loewner if there is a decreasing homeomorphism ϕ : (0,∞) → (0,∞) such that
whenever F, K ⊂ X are two compact connected sets with at least two points each such
that F∩K is empty, then the p-modulus of the family of all recti�able curves in X with
one end point in F and the other in K is at least ϕ(d(F, K)/diam (F) ∧ diam (K)). Com-
pared to the above characterization of 1-Poincaré inequality, the characterizaton of Q-
Poincaré inequality ismore intimately connectedwith the number of recti�able curves
in X, and is more similar to Property (5) of Theorem 7.3.2 above. A re�nement of the
argument found in [21] would allow us to re�ne the notion of Q-Loewner property by
letting us to restrict attention to C-quasiconvex curves (as in the sense of Properties (4)
and (5) above) connecting F to K. In the Q-Loewner property one needs the quantita-
tive lower bound for the p-modulus of the relevant family of curves; surprisingly, from



∞-Poincaré inequality and existence of ∞-harmonic functions | 251

Property (4) of Theorem7.3.2we know that a characterization of∞-Poincaré inequality
only requires that the ∞-modulus of the relevant family of curves be positive.

This connection between the amount of recti�able curves in X and the support of
p-Poincaré inequality becomes stronger when p > Q.

Proposition 7.3.4 ([14, Theorem 5.1(3)]). Suppose that X is Ahlfors Q-regular and that
p > Q. Then X supports a p-Poincaré inequality if and only if there is a constant C ≥ 1
such that whenever x, y ∈ X are two distinct points, then

Modp(Γ(x, y, C)) ≥ 1
C d(x, y)p−Q

.

Note that the lower bound above for Modp(Γ(x, y, C))1/p tends to the lower bound
found in Property (4) of Theorem 7.3.2. This gives us hope that other geometric prop-
erties related to p-Poincaré inequalities persist also for ∞-Poincaré inequality. Unfor-
tunately this is not the case. Properties such as persistence of p-Poincaré inequalities
under pointedmeasuredGromov-Hausdor� limits, self-improvement of p-Poincaré in-
equality to q-Poincaré inequality for some q < p when p > 1, Rademacher-type dif-
ferentiability of Lipschitz functions in the sense of Cheeger [9] all fail for spaces that
support ∞-Poincaré inequality but no p-Poincaré inequality for any �nite p ≥ 1. We
will describe some examples regarding this in Section 5. These examples are from [18]
and [14].

Now we revert back to our standing assumptions that X is complete and µ is dou-
bling. If X supports a p-Poincaré inequality and Ω ⊂ X is a uniform domain, then Ω
supports a p-Poincaré inequality, see [6]. A domain Ω is a uniform domain if there is a
constant C ≥ 1 such that whenever x, y ∈ Ω there is a curve γ, called a uniform curve,
with end points x, y such that `(γ) ≤ C d(x, y) and whenever z is a point in γ, and γx,z,
γy,z are two subcurves of γ with end points x, z and y, z respectively, we have

min{`(γx,z), `(γy,z)} ≤ C dist(z, X \ Ω).

No geometric characterization is known for domains in X that would inherit the prop-
erty of supporting a p-Poincaré inequality for 1 ≤ p < ∞. However, we have the fol-
lowing geometric characterization for inheritance of ∞-Poincaré inequality.

Lemma 7.3.5. Suppose that X supports an∞-Poincaré inequality. Let Ω ⊂ X be a do-
main such that the restriction of µ to Ω is doubling. Then Ω, equippedwith the restriction
of the measure µ and the metric d to Ω, supports an∞-Poincaré inequality if and only
if it is quasiconvex.

Recall that a set A ⊂ X is quasiconvex if there is a constant C ≥ 1 such that whenever
x, y ∈ A there is a recti�able curve γ inAwith endpoints x, y such that `(γ) ≤ C d(x, y).
Since this characterization has not appeared in any other current literature, we pro-
vide its proof here. The proof relies heavily on the characterization (3) of Theorem7.3.2.



252 | N. Shanmugalingam

As stated, this theorem requires X to be complete. However, it does remain valid when
X is locally complete as well, as demonstrated in [14]. If X is complete and Ω is a do-
main in X, then Ω is necessarily locally complete.

Proof. Let N ⊂ Ω such that µ(N) = 0, and x, y ∈ Ω. By assumption, there is a qua-
siconvex curve γ in Ω connecting x to y. For each point z ∈ γ, there exists rz > 0
such that B(z, 2Crz) ⊂ Ω, where C is the constant for X from Theorem 7.3.2(3) (which
exists because X supports an ∞-Poincaré inequality). The collection of balls B(z, rz)
forms a cover of the compact set γ, and so there is a �nite subcover, say Bi = B(zi , ri),
i = 1, · · · , k. Let ai be the location at which γ �rst enters Bi, and bi be the last time γ
exits Bi. Note that

k∑
i=1

d(ai , bi) ≤ 2`(γ) ≤ 2Cd(x, y).

Now we use the fact that X supports an ∞-Poincaré inequality (see Theorem 7.3.2(3))
to �nd a quasiconvex curve βi (with `(βi) ≤ Cd(ai , bi)) connecting ai to bi such that
βi ⊂ 2CBi ⊂ Ω and H1(β−1

i (N)) = 0. Let γ0 be the concatenation of the curves βi,
i = 1, · · · , k. Then `(γ0) ≤ 2C2d(x, y) and γ0 lies in Ω and connects x to y, with
H1(γ−1

0 (N)) = 0. By Theorem 7.3.2(3), the support of an∞-Poincaré inequality follows.
Conversely, if Ω supports an ∞-Poincaré inequality, then by Theorem 7.3.2 we

know that Ω has to be quasiconvex. This completes the proof.

7.4 Existence of ∞-harmonic extensions of Lipschitz functions

Throughout this section we will assume in addition to the doubling property of µ that
µ also supports an ∞-Poincaré inequality.

We �x a bounded domain Ω ⊂ X such that µ(X \ Ω) > 0, and an L-Lipschitz
function f : X → R. In this section we seek to �nd a function u ∈ N1,∞(X) that is
∞-harmonic in Ω and u = f on X \ Ω.

The de�nition of ∞-harmonic functions can be found in De�nition 7.2.8 above.
From Remark 7.2.3 we know that the minimal ∞-weak upper gradient gf of a function
f with gf ∈ L∞(X) can be modi�ed on a set of measure zero such that the modi�ed
function is an upper gradient of f . Thus from now on gf will denote such a minimal
upper gradient of f .

De�nition 7.4.1. The space N1,∞
0 (Ω) consists of all the functions v ∈ N1,∞(X) that sat-

isfy v = 0 on X \ Ω.

It follows from De�nition 7.2.8 that a function u ∈ N1,∞(X) is ∞-harmonic in Ω if and
only if for each v ∈ N1,∞

0 (X), we have

‖gu‖L∞(supt(v)∩Ω) ≤ ‖gu+v‖L∞(supt(v)∩Ω). (7.4)
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Note that Lipschitz functions belong to N1,p
loc (X) for each 1 ≤ p ≤ ∞, and hence if

X supports a p-Poincaré inequality, for ∞ > q ≥ p one can �nd a Hölder continuous
q-harmonic function on Ω that agrees with f in X \ Ω, with Hölder continuity con-
stant dependent solely on q, the doubling constant and the constants related to the
Poincaré inequality, and the bound on f and the Lipschitz constant of f . The uniform
limit of a subsequence of the sequence of q-harmonic functions, as q → ∞, will yield
an ∞-harmonic function that solves the above-stated problem, see for example [26].
There aremany complete doublingmetricmeasure spaces that support an∞-Poincaré
inequality but support no p-Poincaré inequality for any �nite p ≥ 1. For such spaces
this approachmight fail to give an∞-harmonic function. In [15] onemodi�es the above
approach by considering the following rather than q-harmonic functions.

From now on, L will denote the essential supremum ‖gf ‖L∞(X) of the minimal ∞-
weak upper gradient of f .

De�nition 7.4.2. We �x L > 0 as above, and set N1,∞
L (X) to be the collection of all

functions u on X that have an upper gradient g with ‖g‖L∞(X) ≤ L. For u ∈ N1,∞
L (X) the

set DL(u) is the collection of all upper gradients g of u such that ‖g‖L∞(X) ≤ L.

Functions in N1,∞
L (X) might not be L-Lipschitz, but given that X supports an ∞-

Poincaré inequality, they are CL-Lipschitz where C is the constant given by the ∞-
Poincaré inequality on X.

De�nition 7.4.3. Fix 1 < p < ∞. For u ∈ N1,∞(X) we set IpL (u) := infg∈DL(u)
∫
Ω g

p dµ,
and let

Jpf = inf
u∈N1,∞(X) : u=f on X\Ω

IpL (u).

In the above, if u ∈ N1,∞(X) but DL(u) is empty, then IpL (u) = ∞.
Note that Jpf ≤ IL(f )p ≤ Lpµ(Ω) < ∞, and so we can �nd a sequence uk ∈ N1,∞

L (X)
with uk = f on X\Ω such that limk IpL (uk) = Jpf . Since each uk is CL-Lipschitz, the family
{uk}k is equicontinuous on X, and since uk = f on X\ΩwithΩ bounded, it follows that
the family is also equibounded on X. Thus an application of the Arzelà-Ascoli theorem
allows us to, by passing to a subsequence if necessary, �nd a CL-Lipschitz function up
on X such that uk → up uniformly on X.

It was shown in [15] that Jpf = IpL (up) and that up ∈ N1,∞
L (X) with up = f on X \ Ω.

It was also shown there that such up is unique given f . This uniqueness result was
used to show that solutions up satisfy a weak comparison principle: if F ∈ N1,∞

L (X)
such that f ≤ F on X \ Ω, then the solution Up associated with the boundary data F
satis�es up ≤ Up on Ω. In the proof of this comparison principle the local nature of the
Lp-integral was a key tool.

The next step was to �x a monotone increasing sequence {pk}k with 1 < pk < ∞
and for each k ∈ N consider upk as above. By passing to a subsequence if necessary, it
was possible to obtain auniform limitϕ of the equicontinuous equibounded sequence
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{upk}k of CL-Lipschitz functions, and show that ϕ is ∞-harmonic in Ω. Thus we have
the following theorem (recall the standing assumption for this section that X supports
an ∞-Poincaré inequality).

Theorem 7.4.4 ([15]). The function ϕ is∞-harmonic in Ω with ϕ ∈ N1,∞(X) and ϕ = f
on X \ Ω.

Thenext natural question to ask iswhether∞-harmonic functions are necessarily AM-
LEs. It was shown in [15] that this is not the case, see the next section for a description
of this example. In [26] itwas shown that if themetricmeasure space satis�es a p-weak
Fubini property, then ∞-harmonic functions are AMLEs and that AMLEs are also ∞-
harmonic.

De�nition 7.4.5. Let 1 ≤ p ≤ ∞. A metric measure space is said to satisfy a p-weak Fu-
bini property if there are positive constants C and τ0 such that whenever 0 < τ < τ0
and B1, B2 ⊂ X are measurable sets with positive measure such that d(B1, B2) >
τ max{diam (B1), diam (B2)}, then Modp(Γ(B1, B2, τ) > 0 where Γ(B1, B2, τ) is the
collection of all recti�able curves γ in X with one end point in B1, the other in B2, and
`(γ) < d(B1, B2) + Cτ.

A space satisfying a p-weak Fubini property will necessarily satisfy a q-weak Fubini
property for each p ≤ q ≤ ∞. The following simple geometric characterization of ∞-
weak Fubini property, akin to that of Theorem 7.3.2(3), holds. No such characterization
is known to hold for p-weak Fubini property for �nite p ≥ 1. Note also by Theorem 7.3.2
that if X satis�es an∞-weak Fubini property, then X supports an∞-Poincaré inequal-
ity.

Lemma 7.4.6 ([15]). X satis�es an ∞-weak Fubini property if and only if for every set
N ⊂ X with µ(N) = 0, every ε > 0, and every pair of distinct points x, y ∈ X, there is a
recti�able curve γ with end points x, y such that `(γ) ≤ d(x, y) + ε andH1(γ−1(N)) = 0.

Theorem 7.4.7 ([15]). If X satis�es an∞-weak Fubini property and f : X → R belongs
to N1,∞(X), then every∞-harmonic extension of f to Ω is also an AMLE. Furthermore,
every AMLE of f to Ω is necessarily∞-harmonic in Ω.

The ∞-weak Fubini property is not an unreasonable property to consider, as the fol-
lowing proposition shows. Given a set N ⊂ X with µ(N) = 0 we set the function
dN : X × X → [0,∞] as follows:

dN(x, y) = inf{`(γ) : γ is recti�able with end points x, y andH1(γ−1(N)) = 0}.

If X supports an ∞-Poincaré inequality, then by Property (3) of Theorem 7.3.2 we see
that dN is a metric on X and that d(x, y) ≤ dN(x, y) ≤ C d(x, y). We set

dµ(x, y) := sup{dN(x, y) : N ⊂ X with µ(N) = 0}.
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By above, if X supports an∞-Poincaré inequality, then dµ is biLipschitz equivalent to
the original metric d.

Proposition 7.4.8 ([15]). If X supports an∞-Poincaré inequality, then the metric mea-
sure space (X, dµ , µ) satis�es an∞-weak Fubini property.

Thus if X supports an ∞-Poincaré inequality, then the class of AMLEs and the class
of ∞-harmonic functions with respect to the metric dµ are the same class and this
class is non-empty. It was shown in [24] and [33] that AMLEs of Lipschitz boundary
functions in a geodesic space are unique. It follows then that if X supports an∞-weak
Fubini property, then dµ = d and so∞-harmonic extensions of Lipschitz functions are
unique.

Going one step further, it was shown in [15] that the class of∞-harmonic functions
with respect to the metric d and the class of ∞-harmonic functions with respect to the
metric dµ coincide if X supports an ∞-Poincaré inequality. Hence even if X does not
satisfy an ∞-weak Fubini property, uniqueness of ∞-harmonic functions in (X, d, µ)
follows under the uniqueness of ∞-harmonic functions in (X, dµ , µ). We will demon-
strate in the next section that if the ∞-weak Fubini property fails, then ∞-harmonic
extensions need not be unique even if the metric space is a geodesic space. We do
not know whether if X is a geodesic space supporting an ∞-Poincaré inequality then
dµ = d.

7.5 Examples

In this section we give some examples that show the optimality of the results pre-
sented in this paper. We begin with an example of a complete metric measure space
whose measure is doubling and is quasiconvex, but does not support any∞-Poincaré
inequality.

Example 7.5.1. Let X be the Sierpiński carpet, equipped with the Euclidean metric
and the natural Hausdor� measure µ = Hlog(8)/ log(3). Then µ is doubling, and indeed
is Ahlfors log(8)/ log(3)-regular. Furthermore, X is

√
2-quasiconvex. However, by the

results of [7] X cannot support an∞-Poincaré inequality. Indeed, the projection of the
measure µ to [0, 1] via the �rst coordinate projection map yields a measure µ0 that
is singular with respect to the 1-dimensional Lebesgue measure L1 on [0, 1] (see [7]).
Thus there is a set N1 ⊂ [0, 1] with µ0(N1) = 0 but L1(N1) = 1, and since both µ0
and L1 are Radon measures, we can even choose N to be a Borel set. Denoting by
Π1 : X → [0, 1] the �rst coordinate projection map, we de�ne a function f : X → R by

f (x) :=
Π1(x)∫
0

χN1 (t) dt.
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It is easy to see that f is
√

2-Lipschitz continuous on X and that g = χN1 ◦ Π1 is an
upper gradient of f , see for example [13, Lemma 4.13]. Therefore f ∈ N1,∞(X), and we
note that f is non-constant on X (since N1 has full measure in [0, 1] with respect toL1,
the measure with respect to which the above integral was taken). On the other hand,
X = B((0, 0), 2) ∩ X =: B, and we have that

∫
B |f − fB| dµ > 0 but ‖g‖L∞(λB) = 0; hence

X cannot support any ∞-Poincaré inequality.

The above example shows that one needs the full strength of Property (3) of Theo-
rem 7.3.2 in order to characterize ∞-Poincaré inequality.

The next two examples explore the Sierpinski carpet further in the context of ∞-
harmonic functions and AMLEs, see [15] for more details.

Example 7.5.2. If X satis�es the stronger requirement of ∞-weak Fubini property, it
is directly seen that dµ = d on X. As explained above, the Sierpiński carpet does
not support any ∞-Poincaré inequality and hence cannot satisfy any ∞-weak Fu-
bini property. Since the length metric on this carpet is biLipschitz equivalent to the
Euclidean metric, it follows that the above statement holds also when the carpet is
equipped with the length metric. Recall the set N1 from Example 7.5.1 above, and let
N = (Π−1

1 (N1) ∪ Π−1
2 (N1)) ∩ X where X is the carpet. Here Π1 and Π2 are the �rst co-

ordinate and the second coordinate projection maps from the carpet to [0, 1]. Note
that µ(N) = 0, but given any curve γ in the carpet with end points x, y such that
(x1, x2) = x = 6 y = (y1, y2), we must have

H1(γ−1(N)) ≥ max{H1(Π1◦γ(γ−1(N))),H1(Π2◦γ(γ−1(N)))} ≥ max{|x1−y1|, |x2−y2|} > 0.

It follows that dN(x, y) = ∞, and so dµ = 6 d in the carpet.

Example 7.5.3. The Sierpiński carpet also gives a situation where an ∞-harmonic
function is not necessarily an AMLE. To construct such a function, set g := χN , where
N is the set given in Example 7.5.2. Let E := {0} × [0, 1], and for points x = (x1, x2) in
the carpet we de�ne

f (x) := inf
γ

∫
γ

g ds,

where the in�mum is over all recti�able curves γ in the carpet with one end point at x
and the other at E. Note that f is zero on E, but for x =6 E we have f (x) ≥ x1 > 0. Hence
f is non-constant. From [15] we know that f is

√
2-Lipschitz on the carpet with respect

to the Euclidean metric, and is 1-Lipschitz with respect to the length metric on X. Its
minimal∞-weakupper gradient gf satis�es gf ≤ g µ-almost everywhere, and so by the
fact that µ(N) = 0, we have ‖gf ‖L∞(X) ≤ ‖g‖L∞(X) = 0, and therefore f is automatically
∞-harmonic in the carpet. However, LIP(f , X) > 0 because f is non-constant. Let Ω be
the domain X \ E; then f is not AMLE in Ω since the only AMLE extension of the zero
function on E = ∂Ω is the zero extension.
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We next turn our attention to examples related to spaces supporting an ∞-Poincaré
inequality.

Example 7.5.4. In this example we describe ametric measure space that is complete,
doubling, supports an ∞-Poincaré inequality, but does not support any p-Poincaré
inequality for any �nite p ≥ 1. The details regarding this example can be found in [18,
Example 3.7].

Let Q1 = [0, 1]2, and let Q2 be the set obtained from Q1 in the �rst step of the
construction of the Sierpiński carpet, that is, Q2 is obtained from Q1 by �rst dividing
Q1 into 9 equal squares, each of side length 1/3, and then removing the middle open
square (1/3, 2/3)2. Note that Q2 is the union of 8 squares, each of side length 1/3.
Q3 is obtained from Q2 by repeating the above process for each of the 8 squares that
make up Q2 to obtain 82 squares, each of side length 1/32. Proceeding inductively,
for each positive integer n we have a union of 8n closed squares, each of side length
1/3n, making up the set Qn. Note that the Sierpinski carpet is the set

⋂
n∈N Qn. In

this example we are not interested in this carpet, as we saw in the previous examples
that the carpet does not support any ∞-Poincaré inequality. Instead we consider the
complete set X ⊂ [0,∞) × [0, 1] ⊂ R2 given by

X =
⋃
n∈N

Qn + (n − 1, 0).

Thus X is obtained from the strip [0,∞) × [0, 1] by removing the �rst middle-third
square from the �rst unit square [0, 1]2 in the strip, removing the �rst and second
steps of the construction of the carpet from the second unit square [1, 2] × [0, 1] and
so on. The metric on X is the Euclidean metric, but the measure µ is not the Lebesgue
measure L2 restricted to X (since this would fail to be doubling on X at large scales),
but the following measure: for each n ∈ N we set

µn =
(

9
8

)n−1
L2|Qn+(n−1,0),

and set
µ =

∑
n∈N

µn .

Then X, equipped with the Euclidean metric and the measure µ, is doubling and is
complete. It is directly veri�able by the use of Fubini theorem that X satis�es Prop-
erty (3) of Theorem 7.3.2 (with constant C =

√
2), and so X supports an ∞-Poincaré

inequality.
Suppose that X supports a p-Poincaré inequality for some �nite p ≥ 1. The do-

mains Qn + (n − 1, 0) are uniform domains in X with uniformity constant 2; hence,
it support a p-Poincaré inequality with constants that do not depend on n, see [6].
Thus the spaces Xn := Qn, equipped with the Euclidean metric and the measure
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νn := ( 9
8 )n−1L2|Qn will be doubling and support a p-Poincaré inequality, with the rele-

vant constants independent of n. Note that the Sierpiński carpet is the pointed (at the
point (0, 0) ∈ X) measured Gromov-Hausdor� limit of the sequence (Xn , dEuc , νn , pn)
with pn = (0, 0), and so by a result of Cheeger [9] (see also [22, Chapter 11]) the Sierpin-
ski carpet should support a p-Poincaré inequality aswell andhence should support an
∞-Poincaré inequality. Since this is not possible (see Example 7.5.1 above), it follows
that X does not support any p-Poincaré inequality for any �nite p ≥ 1 either.

The above example serves two purposes. It shows that the self-improvement property
of Keith and Zhong [27] does not hold for p = ∞, and it also shows that the support of
an∞-Poincaré inequality does not persist under pointedmeasuredGromov-Hausdor�
limits. Indeed, the sequence of spaces (Xn , νn) each support an ∞-Poincaré inequal-
ity with associated constants independent of n, but this sequence converges under
Gromov-Hausdor� limit to the Sierpinski carpet equipped with its natural Hausdor�
measure, which in turn does not support an ∞-Poincaré inequality.

The technique of sphericalization, studied in [8, 16, 17, 23, 30], applied to the
above-constructed X yields a compact doubling metric measure space supporting an
∞-Poincaré inequality (see [16]) but no p-Poincaré inequality for any �nite p ≥ 1. The
failure of supporting a�nite p-Poincaré inequality happens locally andasymptotically
at one point in this compact space, and so the results of [26] do not apply in this space
when the domain of interest contains this bad point in it.

The �nal example of this section deals with the lack of Rademacher-type di�eren-
tiability for spaces that support ∞-Poincaré inequality but no better.

Example 7.5.5. Since the Euclidean spaceR, equippedwith the LebesguemeasureL1

and the Euclideanmetric, supports a 1-Poincaré inequality, it clearly also supports an
∞-Poincaré inequality. Let ν be a singular doubling measure on R (for example, the
Riesz product measure, see [36], [18, Section 4], or [35, page 40, Section 8.8(a)]). Then
the measure µ = L1 + ν is a doubling measure which, by Theorem 7.3.2(3) and by the
fact that null sets for µ are necessarily null sets for L1, also supports an ∞-Poincaré
inequality.

Since ν is singular to L1, there is a set N ⊂ R with L1(N) = 0 such that ν(N) > 0.
By a result of Choquet [10], there is a Lipschitz function f on R that is not Euclidean
di�erentiable anywhere inN. Suppose that X = R, equippedwith the Euclideanmetric
and themeasure µ, supports a Cheeger type di�erentiable structure as in [9]. Then, the
Cheeger di�erential Df exists µ-almost everywhere in R, and hence as shown in [14,
Example 4.7], (note that N must have in�nitely many points as ν cannot have �nite
support) f has to be Euclidean di�erentiable at ν-almost every point in N, which vio-
lates the choice of f .
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Takashi Shioya
Metric measure limits of spheres and complex
projective spaces

8.1 Introduction

Gromov [11]*S. 31
2 developed the metric measure geometry based on the idea of con-

centration of measure phenomenon due to Lévy andMilman (see [14–17]). This is par-
ticularly useful to study a family of spaceswith unbounded dimensions. Ametricmea-
sure space (or mm-space for short) is a triple (X, dX , µX), where (X, dX) is a complete
separable metric space and µX a Borel probability measure on X. Gromov de�ned the
observable distance, say dconc(X, Y), between two mm-spaces X and Y by the di�er-
ence between 1-Lipschitz functions on X and those on Y, and studied the geometry
of the space of mm-spaces, say X, with metric dconc. (In [11], the observable distance
function is denoted by H1Lι1.) The observable distance is muchmore useful than the
Gromov-Hausdor� distance to study a sequence of spaces with unbounded dimen-
sions. We say that a sequence of mm-spaces Xn, n = 1, 2, . . . , concentrates to an mm-
space X if Xn dconc-converges to X as n → ∞.

We have a speci�c natural compacti�cation, say Π, of (X, dconc). The space Π con-
sists of pyramids,where apyramid is a directed subfamily ofXwith respect to anatural
order relation ≺, called the Lipschitz order. X ≺ Y holds if there exists a 1-Lipschitz
continuous map from Y to X that pushes µY forward to µX. For a given mm-space
X ∈ X, the set of X′ ∈ X with X′ ≺ X is a pyramid, denoted by PX. We call PX the
pyramid associated with X. The space Π has a natural compact topology such that the
map

ι : X 3 X 7−→ PX ∈ Π
is a topological embedding map. The image ι(X) is dense in Π and so Π is a compact-
i�cation of X.

It follows that X ≺ Y if and only if PX ⊂ PY , namely the Lipschitz order ≺ on X

extends to the inclusion relation on Π. X itself is a maximal element of Π, and a one-
point mm-space corresponds to a minimal element of Π. A sequence of mm-spaces is
a Lévy family if and only if it concentrates to the one-point mm-space. A sequence of
mm-spaces in�nitely dissipates if and only if the sequence of the associated pyramids
converges to the maximal element X.

It is interesting to study concrete examples of nontrivial sequences of mm-spaces
and their limits (in Π and in X), where ‘nontrivial’ means that it neither is a Lévy
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family, dissipates, nor �-converges, where � denotes the box distance function on
X, which is an elementary metric on X and satis�es dconc ≤ �. We remark that there
are very few nontrivial examples that are studied in detail before. All such known
examples are of the type of product spaces (see [11]*S. 31

2 .49,56). In this paper, we
study two examples of the non-product type, spheres and complex projective spaces
withunboundeddimensions. Those are also the�rst discovered examples of sequence
with the property that the limit space is drastically di�erent from the spaces in the se-
quence.

We present some de�nitions needed to state our main theorems. The precise de�-
nitions are given in S. 8.4. Let γ∞ be the in�nite-dimensional standard Gaussian mea-
sure onR∞. We call Γ∞ := (R∞, ‖ · ‖2, γ∞) the in�nite-dimensional standard Gaussian
space, where ‖ · ‖2 denotes the l2 norm on R∞ (which takes values in [ 0, +∞ ]). Note
that γ∞ is not a Borel measure with respect to the l2 norm (cf. [2]*S. 2.3) and that Γ∞ is
not an mm-space. Nevertheless we have the associated pyramid PΓ∞ . We call PΓ∞ the
virtual in�nite-dimensional standard Gaussian space. In the sameway,we consider the
in�nite-dimensional centered Gaussian measure γ∞λ2 with variance λ2, λ > 0, and de-
�ne the virtual in�nite-dimensional Gaussian space PΓ∞

λ2
as a pyramid. PΓ∞

λ2
coincides

with the scale change of PΓ∞ of factor λ. We consider the Hopf action on Γ∞λ2 by iden-
tifying R∞ with C∞. The Hopf action is isometric with respect to the l2 norm and also
preserves γ∞λ2 . The quotient space Γ∞λ2 /S1 has a natural measure and a metric. We also
have the associated pyramid PΓ∞

λ2 /S1 . Let Sn(r) be the n-dimensional sphere in Rn+1

centered at the origin and of radius r > 0. We equip the Riemannian distance func-
tion or the restriction of the Euclidean distance function with Sn(r). We also equip the
normalized volume measure with Sn(r). Then Sn(r) is an mm-space. We consider the
Hopf quotient

CPn(r) := S2n+1(r)/S1

that has a natural mm-structure induced from that of S2n+1(r) (see S. 8.2.5). This is
topologically an n-dimensional complex projective space. Note that, if the distance
function on S2n+1(r) is assumed to be Riemannian, then the distance function on
CPn(r) coincides with that induced from the Fubini-Study metric scaled with factor
r.

One of our main theorems in this paper is stated as follows.

Theorem 8.1.1. Let {rn}∞n=1 be a given sequence of positive real numbers, and let λn :=
rn/
√
n (resp. λn := rn/

√
2n + 1). Then we have the following (1), (2), and (3).

1. λn → 0 as n → ∞ if and only if {Sn(rn)}∞n=1 (resp. {CPn(rn)}∞n=1) is a Lévy family.
2. λn → +∞ as n → ∞ if and only if {Sn(rn)}∞n=1 (resp.
{CPn(rn)}∞n=1) in�nitely dissipates.

3. Assume that λn → λ as n → ∞ for a positive real number λ. Then, as n → ∞, PSn(rn)
(resp. PCPn(rn)) converges to PΓ∞

λ2
(resp. PΓ∞

λ2 /S1 ).
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(1) and (2) both hold for the Riemannian metric (resp. the scaled Fubini-Study metric)
and also for the Euclidean distance function (resp. the distance induced from the Eu-
clidean). (3) holds only for for the Euclidean distance function (resp. the distance in-
duced from the Euclidean).

Theorem 8.1.1 is analogous to phase transition phenomena in statistical mechanics.
If rn is bounded away from zero, then {Sn(rn)}∞n=1 and {CPn(rn)}∞n=1 both have

no�-convergent subsequence (see Proposition 8.7.4). The theorem also holds for any
subsequence of {n}. We have the same statement as in Theorem 8.1.1 also for real and
quaternionic projective spaces in the same way.

(1) of Theorem 8.1.1 follows essentially from the works of Lévy and Milman (see
[10]*S. 1.1 for the proof of (1) for spheres). For (1), we give some �ne estimates of the
observable diameter (Corollaries 8.5.7 and 8.5.10) by using the normal law à la Lévy
(Theorem 8.5.2).

(2) follows from a discussion using the Maxwell-Boltzmann distribution law
(Proposition 8.5.1).

(3) is the most important part of the theorem. It follows from the Maxwell-
Boltzmann distribution law that the limit pyramid of (the Hopf quotient of) spheres
contains the (Hopf quotient of) virtual Gaussian space. For the proof of the reverse in-
clusion, we de�ne ametric ρ on the spaceΠ of pyramids compatiblewith the topology
on Π (see De�nition 8.3.4) that satis�es the following theorem.

Theorem 8.1.2. For any two mm-spaces X and Y, we have

ρ(PX ,PY ) ≤ dconc(X, Y),

i.e., the embedding map ι : X 3 X 7→ PX ∈ Π is 1-Lipschitz continuous with respect to
dconc and ρ.

Applying this theorem, we prove the reverse inclusion. We give an outline of the proof
of the reverse inclusion for spheres with rn =

√
n. The key point of the proof is to

show that the (n + 1)-dimensional standard Gaussian measure of the Euclidean ball,
say Bn+1

θ , centered at the origin and with radius θ
√
n converges to zero as n → ∞ for

any �xed 0 < θ < 1 (see Lemma 8.6.1). Since the measure of Bn+1
θ is almost equal

to zero for large n, we ignore this part of Γn and consider the central projection from
Rn+1 \ Bn+1

θ to the boundary Sn(θ
√
n) of Bn+1

θ , which proves Sn(θ
√
n) ≺ Γn+1 \ Bn+1

θ
and so PSn(θ

√
n) ⊂ PΓn+1\Bn+1

θ
. The box distance between Γn+1 and Γn+1 \ Bn+1

θ can be
estimated by the measure γn+1(Bn+1

θ ). Thus, applying Theorem 8.1.2 proves

lim
n→∞

PSn(θ
√
n) ⊂ lim

n→∞
PΓn+1\Bn+1

θ
= lim
n→∞

PΓn+1 = PΓ∞ .

As θ → 1, we obtain the reverse inclusion.
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Note that Gromov [11]*S. 31
2 gave only the notion of convergence of pyramids and

did not de�ne the topology on Π. Note also that there exists no metric on Π (strongly)
equivalent to dconc. In fact we have the following as a consequence of Theorem 8.1.1.

Theorem 8.1.3. There exist mm-spaces Xn and Yn, n = 1, 2, . . . , such that
1. dconc(Xn , Yn) is bounded away from zero;
2. the associated pyramids PXn and PYn both converge to a common pyramid as n →
∞.

After this paper had been completed, we have the following progress. In [19], we study
the phase transition phenomenon appeared in Theorem 8.1.1 for a general sequence
of mm-spaces. Using a criterion of the phase transition in the observable diameter, we
investigate several sequences of manifolds. For the phase transition property of the
product spaces, we refer to [20]. In [22], we determine the limits of Stiefel manifolds
and �ag manifolds as the dimension diverges to in�nity. A main part of this paper is
also explained in [21].

8.2 Preliminaries

In this section, we give the de�nitions and the facts stated in [11]*S. 3 1
2 . In [11]*S. 3 1

2 ,
many details are omitted. We refer to [8, 9, 18, 21] for such details. The reader is ex-
pected to be familiar with basic measure theory and metric geometry (cf. [1, 3, 4, 12]).

8.2.1 mm-Isomorphism and Lipschitz order

De�nition 8.2.1 (mm-Space). Let (X, dX) be a complete separable metric space and
µX a Borel probability measure on X. We call the triple (X, dX , µX) an mm-space. We
sometimes say that X is an mm-space, in which case the metric and the measure of X
are respectively indicated by dX and µX .

De�nition 8.2.2 (mm-Isomorphism). Two mm-spaces X and Y are said to be mm-
isomorphic to each other if there exists an isometry f : supp µX → supp µY such that
f*µX = µY , where f*µX is the push-forward of µX by f . Such an isometry f is called an
mm-isomorphism. Denote by X the set of mm-isomorphism classes of mm-spaces.

Any mm-isomorphism between mm-spaces is automatically surjective, even if we do
not assume it.

Note that X is mm-isomorphic to (supp µX , dX , µX).We assume that an mm-space
X satis�es

X = supp µX
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unless otherwise stated.

De�nition 8.2.3 (Lipschitz order). Let X and Y be two mm-spaces. We say that X
(Lipschitz) dominates Y and write Y ≺ X if there exists a 1-Lipschitz map f : X → Y
satisfying

f*µX = µY .

We call the relation≺ on X the Lipschitz order.

The Lipschitz order≺ is a partial order relation on X.

8.2.2 Observable diameter

The observable diameter is one of the most fundamental invariants of an mm-space.

De�nition 8.2.4 (Partial and observable diameter). Let X be an mm-space. For a real
number α, we de�ne the partial diameter diam (X; α) = diam (µX; α) of X to be the in-
�mum of diam A, where A ⊂ X runs over all Borel subsets with µX(A) ≥ α and diam A
denotes the diameter of A. For a real number κ > 0, we de�ne the observable diameter
of X to be

ObsDiam(X; −κ) := sup{ diam(f*µX; 1 − κ) |
f : X → R is 1-Lipschitz continuous }.

De�nition 8.2.5 (Lévy family). A sequence of mm-spaces Xn, n = 1, 2, . . . , is called a
Lévy family if

lim
n→∞

ObsDiam(Xn; −κ) = 0

for any κ > 0.

Proposition 8.2.6. If X ≺ Y, then

ObsDiam(X; −κ) ≤ ObsDiam(Y; −κ)

for any κ > 0.

8.2.3 Separation distance

De�nition 8.2.7 (Separation distance). Let X be an mm-space. For any real numbers
κ0, κ1, · · · , κN > 0 with N ≥ 1, we de�ne the separation distance

Sep(X; κ0, κ1, · · · , κN)
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of X as the supremum of mini =6 j dX(Ai , Aj) over all sequences of N + 1 Borel sub-
sets A0, A2, · · · , AN ⊂ X satisfying that µX(Ai) ≥ κi for all i = 0, 1, · · · , N, where
dX(Ai , Aj) := infx∈Ai ,y∈Aj dX(x, y). If there exists no sequence A0, . . . , AN ⊂ X with
µX(Ai) ≥ κi, i = 0, 1, · · · , N, then we de�ne

Sep(X; κ0, κ1, · · · , κN) := 0.

Lemma 8.2.8. Let X and Y be two mm-spaces. If X is dominated by Y, then we have,
for any real numbers κ0, . . . , κN > 0,

Sep(X; κ0, . . . , κN) ≤ Sep(Y; κ0, . . . , κN).

Proposition 8.2.9. For anymm-space X and any real numbers κ and κ′ with κ > κ′ > 0,
we have

ObsDiam(X; −2κ) ≤ Sep(X; κ, κ), (1)

Sep(X; κ, κ) ≤ ObsDiam(X; −κ′). (2)

8.2.4 Box distance and observable distance

De�nition 8.2.10 (Prokhorov distance). The Prokhorov distance dP(µ, ν) between
two Borel probability measures µ and ν on a metric space X is de�ned to be the in-
�mum of ε > 0 satisfying

µ(Uε(A)) ≥ ν(A) − ε (8.1)

for any Borel subset A ⊂ X, where

Uε(A) := { x ∈ X | dX(x, A) < ε }.

The Prokhorov metric is a metrization of weak convergence of Borel probability mea-
sures on X provided that X is a separable metric space.

De�nition 8.2.11 (me). Let (X, µ) be ameasure space and Y ametric space. For two µ-
measurable maps f , g : X → Y, we de�ne meµ(f , g) to be the in�mum of ε ≥ 0 satisfying

µ({ x ∈ X | dY (f (x), g(x)) > ε }) ≤ ε. (8.2)

We sometimes write me(f , g) by omitting µ.

meµ is a metric on the set of µ-measurable maps from X to Y by identifying two maps
if they are equal µ-a.e.
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Lemma 8.2.12. Let X be a topological space with a Borel probability measure µ and Y
a metric space. For any two µ-measurable maps f , g : X → Y, we have

dP(f*µ, g*µ) ≤ meµ(f , g).

De�nition 8.2.13 (Parameter). Let I := [ 0, 1 ) and let X be an mm-space. A map ϕ :
I → X is called a parameter of X if ϕ is a Borel measurable map such that

ϕ*L1 = µX ,

where L1 denotes the one-dimensional Lebesgue measure on I.

Any mm-space has a parameter.

De�nition 8.2.14 (Box distance). We de�ne the box distance �(X, Y) between two
mm-spaces X and Y to be the in�mum of ε ≥ 0 satisfying that there exist parameters
ϕ : I → X, ψ : I → Y, and a Borel subset I0 ⊂ I such that

|ϕ*dX(s, t) − ψ*dY (s, t) | ≤ ε for any s, t ∈ I0; (1)
L1(I0) ≥ 1 − ε, (2)

where ϕ*dX(s, t) := dX(ϕ(s), ϕ(t)) for s, t ∈ I.

The box distance function� is a complete separable metric on X.

Proposition 8.2.15. Let X be a complete separable metric space. For any two Borel
probability measures µ and ν on X, we have

�((X, µ), (X, ν)) ≤ 2 dP(µ, ν).

De�nition 8.2.16 (Observable distance dconc(X, Y)). Denote by Lip1(X) the set of 1-
Lipschitz continuous functions on an mm-space X. For any parameter ϕ of X, we set

ϕ* Lip1(X) := { f ◦ ϕ | f ∈ Lip1(X) }.

We de�ne the observable distance dconc(X, Y) between two mm-spaces X and Y by

dconc(X, Y) := inf
ϕ,ψ

dH(ϕ* Lip1(dX), ψ* Lip1(dY )),

where ϕ : I → X and ψ : I → Y run over all parameters of X and Y, respectively,
and where dH is the Hausdor� distance with respect to the metric meL1 . We say that a
sequence of mm-spaces Xn, n = 1, 2, . . . , concentrates to an mm-space X if Xn dconc-
converges to X as n → ∞.

Proposition 8.2.17. Let {Xn}∞n=1 be a sequence of mm-spaces. Then, {Xn} is a Lévy
family if and only if Xn concentrates to a one-point mm-space as n → ∞.
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Proposition 8.2.18. For any two mm-spaces X and Y we have

dconc(X, Y) ≤ �(X, Y).

8.2.5 Quotient space

Let X be a metric space and G a group acting on X isometrically. We de�ne a pseudo-
metric on the quotient space X/G by

dX/G([x], [y]) := inf
x′∈[x],y′∈[y]

dX(x′, y′), [x], [y] ∈ X/G.

We call dX/G the pseudo-metric on X/G induced from dX. If every orbit in X of G is
closed, then dX/G is a metric.

Assume that we have a Borel measure µX on X. Then, we call the measure µX/G :=
π*µX the measure on X/G induced from µX, where π : X → X/G is the natural projec-
tion.

8.2.6 Pyramid

De�nition 8.2.19 (Pyramid). A subset P ⊂ X is called a pyramid if it satis�es the fol-
lowing (1), (2), and (3).
1. If X ∈ P and if Y ≺ X, then Y ∈ P.
2. For any twomm-spaces X, X′ ∈ P, there exists anmm-space Y ∈ P such that X ≺ Y

and X′ ≺ Y.
3. P is nonempty and�-closed.

We denote the set of pyramids by Π.
For an mm-space X we de�ne

PX := { X′ ∈ X | X′ ≺ X }.

We call PX the pyramid associated with X.

It is trivial that X is a pyramid.
InGromov’s book [11], thede�nitionof apyramid is only by (1) and (2) ofDe�nition

8.2.19. We here put (3) as an additional condition for the Hausdor� property of Π.

De�nition 8.2.20 (Weak convergence). Let Pn ,P ∈ Π, n = 1, 2, . . . . We say that Pn
converges weakly to P as n → ∞ if the following (1) and (2) are both satis�ed.
1. For any mm-space X ∈ P, we have

lim
n→∞
�(X,Pn) = 0.
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2. For any mm-space X ∈ X \ P, we have

lim inf
n→∞

�(X,Pn) > 0.

Theorem 8.2.21. The set Π of pyramids is sequentially compact, i.e., any sequence of
pyramids has a subsequence that converges weakly to a pyramid.

Proposition 8.2.22. For given mm-spaces X and Xn, n = 1, 2, . . . , the following (1)
and (2) are equivalent to each other.
1. Xn concentrates to X as n → ∞.
2. PXn converges weakly to PX as n → ∞.

Dissipation is an opposite notion to concentration.

De�nition 8.2.23 (In�nite dissipation). Let Xn, n = 1, 2, . . . , be mm-spaces. We say
that {Xn} in�nitely dissipates if for any real numbers κ0, κ1, . . . , κN > 0 with

∑N
i=0 κi <

1, the separation distance
Sep(Xn; κ0, κ1, . . . , κN)

diverges to in�nity as n → ∞.

Proposition 8.2.24. Let Xn, n = 1, 2, . . . , be mm-spaces. Then, {Xn} in�nitely dissi-
pates if and only if PXn converges to X as n → ∞.

Let X be an mm-space. Denote by L1(X) the quotient of Lip1(X) by the R-action:

R × Lip1(X) 3 (t, f ) 7→ t + f ∈ Lip1(X).

The R-action on Lip1(X) is isometric with respect to the metric me. We denote also by
‘me’ the induced metric on L1(X) from ‘me’. We see that me([f ], [g]) = inft∈R me(f +
t, g) = me(f + t0, g) for some t0 ∈ R.

Lemma 8.2.25. For any two mm-spaces X and Y we have

dGH(L1(X),L1(Y)) ≤ dconc(X, Y),

where dGH denotes the Gromov-Hausdor� distance function.

De�nition 8.2.26. We say that a pyramid P is concentrated if {L1(X)}X∈P is dGH-
precompact.

Lemma 8.2.27. Let P be a pyramid. Then the following (1) and (2) are equivalent to
each other.
1. P is concentrated.
2. P is the weak limit of {PXn} for some dconc-Cauchy sequence {Xn} of mm-spaces.
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8.3 Metric on the space of pyramids

The purpose of this section is to de�ne a metric ρ on Π compatible with weak conver-
gence such that the embedding map

ι : X 3 X 7−→ PX ∈ Π

is a 1-Lipschitz continuous with respect to dconc on X.

De�nition 8.3.1 (M(N),M(N, R), X(N, R)). Let N be a natural number and R a non-
negative real number. Denote by M(N) the set of Borel probability measures on RN

equipped with the Prokhorov metric dP, and set

M(N, R) := { µ ∈M(N) | supp µ ⊂ BNR },

where BNR := { x ∈ RN | ‖x‖∞ ≤ R } and ‖ · ‖∞ denotes the l∞ norm on RN . We de�ne

X(N, R) := { (BNR , ‖ · ‖∞, µ) | µ ∈M(N, R) }.

Note thatM(N, R) and X(N, R) are compact with respect to dP and�, respectively.

De�nition 8.3.2 (N-Measurement). Let X be an mm-space, N a natural number, and
R a nonnegative real number. We de�ne

M(X;N) := { Φ*µX | Φ : X → (RN , ‖ · ‖∞) is 1-Lipschitz },

M(X;N, R) := { µ ∈M(X;N) | supp µ ⊂ BNR }.

We callM(X;N) (resp.M(X;N, R)) the N-measurement (resp. (N, R)-measurement) of
X.

The N-measurementM(X;N) is a closed subset ofM(N) and the (N, R)-measurement
M(X;N, R) is a compact subset ofM(N).

The following lemma is claimed in [11]*S. 31
2 without proof. Since the lemma is

important for the de�nition of ρ, we give a sketch of proof (the detailed proof is lengthy
and contained in the book [21]).

Lemma 8.3.3 ([11]*S. 31
2 ). For given pyramidsP andPn, n = 1, 2, . . . , the following (1)

and (2) are equivalent to each other.
1. Pn converges weakly to P as n → ∞.
2. For any natural number k, the set Pn ∩ X(k, k) Hausdor� converges to P ∩ X(k, k)

as n → ∞, where the Hausdor� distance is induced from the box metric.

Sketch of proof. We prove ‘(1) =⇒ (2)’. Suppose that Pn converges weakly to P, but
Pn ∩ X(k, k) does not Hausdor� converge to P ∩ X(k, k) for some k. We then �nd a
subsequence {Pni} of {Pn} in such away that lim infn→∞ dH(Pn∩X(k, k),P∩X(k, k)) >
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0. SinceX(k, k) is�-compact and by replacing {Pni}with a subsequence,Pni∩X(k, k)
Hausdor� converges to some compact subset P∞ ⊂ X(k, k) di�erent from P∩X(k, k).
Since any mm-space X ∈ P∞ is the limit of some Xi ∈ Pni ∩ X(k, k), i = 1, 2, . . . , the
set P∞ is contained in P, so that P∞ ⊂ P∩X(k, k). For any mm-space X ∈ P∩X(k, k),
there is a sequence of mm-spaces Xi ∈ Pni �-converging to X as i → ∞.We are able to
�nd a sequence of mm-spaces X′i ∈ X(k, k) with X′i ≺ Xi that �-converges to X. Since
X′i ∈ Pni ∩X(k, k), the space X belongs to P∞. Thus we have P∞ = P ∩X(k, k). This is
a contradiction.

We prove ‘(2) =⇒ (1)’. We assume (2). Let P∞ be the set of the limits of conver-
gent sequences of mm-spaces Xn ∈ Pn, and P∞ the set of the limits of convergent
subsequences of mm-spaces Xn ∈ Pn. We have P∞ ⊂ P∞ in general. We shall prove
P∞ = P∞ = P.

To prove P ⊂ P∞, we take any mm-space X ∈ P. Since P ∩
⋃∞
N=1 X(N, N) is �-

dense inP, there is a sequence of mm-spaces Xi ∈ P∩
⋃∞
N=1 X(N, N) that�-converges

to X. For each i we �nd a natural number Ni with Xi ∈ X(Ni , Ni). By (2), there is a
sequence of mm-spaces Xin ∈ Pn ∩X(Ni , Ni), n = 1, 2, . . . , that�-converges to Xi for
each i. There is a sequence in → ∞ such that Xinn �-converges to X, so that X belongs
to P∞. We obtain P ⊂ P∞.

To prove P∞ ⊂ P, we take any mm-space X ∈ P∞. X is approximated by some
XN = (RN , ‖ · ‖∞, µN), µN ∈ M(X;N). It is easy to see that for any R > 0 there is a
unique nearest point projection πR : RN → BNR with respect to the l∞ norm. πR is
1-Lipschitz continuous with respect to the l∞ norm. Since (πR)*µN → µN weakly as
R → +∞, X is approximated by some X′ ∈ X(N, R) with X′ ≺ X. By the �-closedness
of P, it su�ces to prove that X′ belongs to P. It follows from X ∈ P∞ that there are
sequences ni → ∞ and Xi ∈ Pni , i = 1, 2, . . . , such that Xi �-converges to X. We �nd
a sequence of mm-spaces X′i with X′i ≺ Xi that �-converges to X′. We are also able to
�nd a sequence X′′i ∈ X(N, R) such that X′′i ≺ X′i for any i and X′′i converges to X′ as
i → ∞. Since Pni is a pyramid, X′′i belongs to Pni . By (2), X′ is an element of P. We thus
obtain P = P∞ = P∞.

We prove the weak convergence Pn → P. Let us verify the �rst condition of De�-
nition 8.2.20. Take any mm-space X ∈ P. Since X ∈ P∞, there is a sequence of mm-
spaces Xn ∈ Pn, n = 1, 2, . . . , that�-converges to X. Therefore,

lim sup
n→∞

�(X,Pn) ≤ lim
n→∞
�(X, Xn) = 0.

Let us verify the second condition of De�nition 8.2.20. Suppose that
lim infn→∞�(X,Pn) = 0 for an mm-space X. It su�ces to prove that X belongs
to P. We �nd a subsequence {Pni} of {Pn} in such a way that limi→∞�(X,Pni ) = 0.
There is an mm-space Xi ∈ Pni for each i such that Xi �-converges to X as i → ∞.
Therefore, X belongs to P∞ = P.

This completes the proof.
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De�nition 8.3.4 (Metric on the space of pyramids). De�ne, for a natural number k
and for two pyramids P and P′,

ρk(P,P′) := 1
4k dH(P ∩ χ(k, k),P′ ∩ χ(k, k)),

ρ(P,P′) :=
∞∑
k=1

2−kρk(P,P′).

Note that 1/(4k) in the de�nition of ρk is necessary for the proof of Theorem 8.1.2.

Proposition 8.3.5. ρ is a metric on the space Π of pyramids that is compatible with
weak convergence. Π is compact with respect to ρ.

Proof. We �rst prove that ρ is a metric. Since � ≤ 1, we have ρk ≤ 1/(4k) for each k
and then ρ ≤ 1/4. Each ρk is a pseudo-metric on Π and so is ρ. If ρ(P,P′) = 0 for two
pyramids P and P′, then ρk(P,P′) = 0 for any k, which implies P = P′ (see Lemma
8.3.3). Thus, ρ is a metric on Π.

We next prove the compatibility of the metric ρ with weak convergence in Π. It
follows from Lemma 8.3.3 that a sequence of pyramids Pn, n = 1, 2, . . . , converges
weakly to a pyramid P if and only if limn→∞ ρk(Pn ,P) = 0 for any k, which is also
equivalent to limn→∞ ρ(Pn ,P) = 0.

Since Π is sequentially compact (see Theorem 8.2.21), it is compact with respect
to ρ. This completes the proof.

The rest of this section is devoted to the proof of Theorem 8.1.2.

Lemma 8.3.6. Let X and Y be two mm-spaces. For any natural number N we have

dH(M(X;N),M(Y;N)) ≤ N · dconc(X, Y),

where the Hausdor� distance dH is de�ned with respect to the Prokhorov metric dP.

Proof. Assume that dconc(X, Y) < ε for a real number ε. There are two parameters
ϕ : I → X and ψ : I → Y such that

dH(ϕ* Lip1(X), ψ* Lip1(Y)) < ε. (8.3)

Let us prove thatM(X;N) ⊂ BNε(M(Y;N)). Take any F*µX ∈ M(X;N), where F : X →
(RN , ‖ · ‖∞) is a 1-Lipschitz map. Setting (f1, . . . , fN) := F we have fi ∈ Lip1(X) and so
fi ◦ ϕ ∈ ϕ* Lip1(X). By (8.3), there is a function gi ∈ Lip1(Y) such that me(fi ◦ ϕ, gi ◦
ψ) < ε. Since G := (g1, . . . , gN) : Y → (RN , ‖ · ‖∞) is 1-Lipschitz, we have G*µY ∈
M(Y;N). We prove dP(F*µX , G*µY ) ≤ Nε in the following. For this, it su�ces to prove
F*µX(Bε(A)) ≥ G*µY (A) − Nε for any Borel subset A ⊂ RN . Since F*µX = (F ◦ ϕ)*L1

and G*µY = (G ◦ ψ)*L1, we have

F*µX(Bε(A)) = L1((F ◦ ϕ)−1(Bε(A))), G*µY (A) = L1((G ◦ ψ)−1(A)).
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It is su�cient to prove

L1((G ◦ ψ)−1(A) \ (F ◦ ϕ)−1(Bε(A))) ≤ Nε.

If we take s ∈ (G ◦ ψ)−1(A) \ (F ◦ ϕ)−1(Bε(A)), then G ◦ ψ(s) ∈ A and F ◦ ϕ(s) ∈6 Bε(A)
together imply

‖F ◦ ϕ(s) − G ◦ ψ(s)‖∞ > ε

and therefore

L1((G ◦ ψ)−1(A) \ (F ◦ ϕ)−1(Bε(A))) ≤ L1({ s ∈ I | ‖F ◦ ϕ(s) − G ◦ ψ(s)‖∞ > ε })

= L1
( N⋃
i=1
{ s ∈ I | |fi ◦ ϕ(s) − gi ◦ ψ(s)| > ε }

)

≤
N∑
i=1

L1({ s ∈ I | |fi ◦ ϕ(s) − gi ◦ ψ(s)| > ε })

≤ Nε,

where the last inequality follows from me(fi ◦ ϕ, gi ◦ ψ) < ε. We thus obtain
dP(F*µX , G*µY ) ≤ Nε, so that M(X;N) ⊂ BNε(M(Y;N)). Since this also holds if we
exchange X and Y, we have

dH(M(X;N),M(Y;N)) ≤ Nε.

This completes the proof.

Lemma 8.3.7. Let X and Y be two mm-spaces. Then, for any natural number N and
nonnegative real number R we have

dH(M(X;N, R),M(Y;N, R)) ≤ 2 dH(M(X;N),M(Y;N)),

where the Hausdor� distance dH is de�ned with respect to the Prokhorov metric dP on
M(N)

Proof. Let ε := dH(M(X;N),M(Y;N)). For any measure µ ∈ M(X;N, R) there is a
measure ν ∈M(Y;N) such that dP(µ, ν) ≤ ε. This implies

ν(Bε(BNR )) ≥ µ(BNR ) − ε = 1 − ε. (8.4)

Let π = πR : RN → BNR be the nearest point projection. This is 1-Lipschitz and satis�es
π|BNR = IdBNR .We have π*ν ∈M(Y;N, R). By Lemma8.2.12 and (8.4), we see dP(π*ν, ν) ≤
meν(π, IdRN ) ≤ ε and hence

dP(µ, π*ν) ≤ dP(µ, ν) + dP(ν, π*ν) ≤ 2ε,
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so that M(X;N, R) ⊂ B2ε(M(Y;N, R)). Exchanging X and Y yields M(Y;N, R) ⊂
B2ε(M(X;N, R)). We thus obtain

dH(M(X;N, R),M(Y;N, R)) ≤ 2ε.

This completes the proof.

Lemma 8.3.8. Let X and Y be two mm-spaces, N a natural number, and R a nonnega-
tive real number. Then we have

dH(PX ∩ X(N, R),PY ∩ X(N, R)) ≤ 2 dH(M(X;N, R),M(Y;N, R)).

Proof. The lemma follows from Proposition 8.2.15.

Proof of Theorem 8.1.2. By Lemmas 8.3.8, 8.3.6, and 8.3.7,

dH(PX ∩ X(N, R),PY ∩ X(N, R))
≤ 2dH(M(X;N, R),M(Y;N, R))
≤ 4dH(M(X;N),M(Y;N)) ≤ 4N dconc(X, Y),

so that ρk(PX ,PY ) ≤ dconc(X, Y) for any k. This completes the proof of the theorem.

8.4 Gaussian space and Hopf quotient

In this section we present the precise de�nitions of the spaces which appeared in The-
orem 8.1.1.

For λ > 0, let γnλ2 denote the n-dimensional centered Gaussian measure on Rn with
variance λ2, i.e.,

γnλ2 (A) := 1
(2πλ2) n2

∫
A

e−
1

2λ2 ‖x‖
2
2 dx

for a Lebesgue measurable subset A ⊂ Rn, where dx is the Lebesgue measure on Rn

and ‖·‖2 the l2 (or Euclidean) normonRn.Weput γn := γn1 , which is the n-dimensional
standard Gaussianmeasure onRn. Note that the n-th productmeasure of γ1

λ2 coincides
with γnλ2 .We call themm-space Γnλ2 := (Rn , ‖·‖2, γnλ2 ) the n-dimensional Gaussian space
with variance λ2. Call Γn := Γn1 the n-dimensional standard Gaussian space. For k ≤ n,
we denote by πnk : Rn → Rk the natural projection, i.e.,

πnk (x1, x2, . . . , xn) := (x1, x2, . . . , xk), (x1, x2, . . . , xn) ∈ Rn .

Since the projection πnn−1 : Γnλ2 → Γn−1
λ2 is 1-Lipschitz continuous and measure-

preserving for any n ≥ 2, the Gaussian space Γnλ2 is monotone increasing in n with
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respect to the Lipschitz order, so that, as n → ∞, the associated pyramid PΓn
λ2

con-
verges to the�-closure of

⋃∞
n=1 PΓnλ2

, denoted by PΓ∞
λ2
. We call PΓ∞

λ2
the virtual in�nite-

dimensional Gaussian space with variance λ2. Call PΓ∞ := PΓ∞1 the virtual in�nite-
dimensional standard Gaussian space.

Recall that the Hopf action is the following S1-action on Cn:

S1 ×Cn 3 (e
√
−1t , z) 7−→ e

√
−1tz ∈ Cn ,

where S1 is the group of unit complex numbers under multiplication. Since the pro-
jection π2n

2k : Cn → Ck, k ≤ n, is S1-equivariant, i.e., π2n
2k (e

√
−1tz) = e

√
−1tπ2n

2k (z) for any
e
√
−1t ∈ S1 and z ∈ Cn, there exists a unique map π̄2n

2k : Cn/S1 → Ck/S1 such that the
following diagram commutes:

Cn S1
−−−−−→ Cn/S1

π2n
2k

y yπ̄2n
2k

Ck S1
−−−−−→ Ck/S1

We consider the Hopf action on Γ2n
λ2 by identifyingR2n withCn. The Hopf action is iso-

metricwith respect to the Euclideandistance andalso preserves theGaussianmeasure
γ2n
λ2 . Let

Γ2n
λ2 /S1 = (Cn/S1, dCn/S1 , γ̄2n

λ2 )

be the quotient space with the induced mm-structure (see S. 8.2.5). Note that this is
isometric to the Euclidean cone (cf. [4]) over a complex projective space of complex
dimension n − 1 with the Fubini-Study metric. Since the map π̄2n

2(n−1) : Γ2n
λ2 /S1 →

Γ2(n−1)
λ2 /S1 is 1-Lipschitz continuous and pushes γ̄2n

λ2 forward to γ̄2(n−1)
λ2 , the quotient

space Γ2n
λ2 /S1 is monotone increasing in n with respect to the Lipschitz order. The as-

sociated pyramid PΓ2n
λ2 /S1 converges to the�-closure of

⋃∞
n=1 PΓ2n

λ2 /S1 , which we denote
by PΓ∞

λ2 /S1 . We put PΓ∞/S1 := PΓ∞1 /S1 .

8.5 Estimate of observable diameter

In this section, we give some estimates of the observable diameters of spheres and
complex projective spaces, which are little extensions of known results (see [11, 13]).

Let σn denotes the normalized volume measure on the sphere

Sn(r) := { x ∈ Rn+1 | ‖x‖2 = r }

of radius r > 0. For k ≤ n, we consider the restriction of the projection πn+1
k : Sn(r) ⊂

Rn+1 → Rk, which is 1-Lipschitz continuous with respect to the geodesic distance and
also to the restriction of the Euclidean distance to Sn(r).
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Recall that weak (resp. vague) convergence of measures means weak-* conver-
gence in the dual of the space of bounded continuous functions (resp. continuous
functions with compact support).

The following is well-known and the proof is elementary.

Proposition 8.5.1 (Maxwell-Boltzmann distribution law8.1). For any natural number
k we have

d(πn+1
k )*σn

dLk
→ dγk
dLk

as n → ∞,

where σn is the normalized volume measure on Sn(
√
n) and d

dLk means the Radon-
Nikodym derivative with respect to the k-dimensional Lebesgue measure. In particular,

(πn+1
k )*σn → γk weakly as n → ∞.

We prove the following theorem, since we �nd no proof in any literature.

Theorem 8.5.2 (Normal law à la Lévy; Gromov [11]*S. 31
2 ).

Let fn : Sn(
√
n) → R, n = 1, 2, . . . , be 1-Lipschitz continuous functions with respect

to the geodesic distance on Sn(
√
n). Assume that, for a subsequence {fni} of {fn}, the

push-forward (fni )*σni converges vaguely to a Borel measure σ∞ on R, and that σ∞ is
not identically equal to zero. Then, σ∞ is a probability measure and

(R, | · |, σ∞) ≺ (R, | · |, γ1),

i.e., there exists a 1-Lipschitz continuous function α : R → R such that α*γ1 = σ∞.

Note that there always exists a subsequence {fni} such that (fni )*σni converges vaguely
to some �nite Borel measure on R.

We need some claims for the proof of Theorem 8.5.2. The following theorem is
well-known.

Theorem 8.5.3 (Lévy’s isoperimetric inequality; [6, 14]). For any closed subset Ω ⊂
Sn(1), we take a metric ball BΩ of Sn(1) with σn(BΩ) = σn(Ω). Then we have

σn(Ur(Ω)) ≥ σn(Ur(BΩ))

for any r > 0, where Ur(Ω) denotes the open r-neighborhood of Ω with respect to the
geodesic distance on Sn(

√
n).

We assume the condition of Theorem 8.5.2. Consider a natural compacti�cation R̄ :=
R ∪ {−∞, +∞} of R. Then, by replacing {fni} with a subsequence, {(fni )*σni} con-
verges weakly to a probability measure σ̄∞ on R̄. We have σ̄∞|R = σ∞ and σ∞(R) +
σ̄∞{−∞, +∞} = σ̄∞(R̄) = 1. We prove the following

8.1 This is also called the Poincaré limit theorem in many literature. However, there is no evidence
that Poincaré proved this (see [5]*S. 6.1).
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Lemma 8.5.4. Let x and x′ be two given real numbers. If γ1( −∞, x ] = σ̄∞[ −∞, x′ ] and
if σ∞{x′} = 0, then

σ∞[ x′ − ε1, x′ + ε2 ] ≥ γ1[ x − ε1, x + ε2 ]

for all real numbers ε1, ε2 ≥ 0. In particular, σ∞ is a probability measure on R and
σ̄∞{−∞, +∞} = 0.

Proof. We set Ω+ := { fni ≥ x′ } and Ω− := { fni ≤ x′ }. We have Ω+ ∪ Ω− = Sni (√ni). Let
us prove

Uε1 (Ω+) ∩ Uε2 (Ω−) ⊂ { x′ − ε1 < fni < x′ + ε2 }. (8.5)

In fact, for any point ξ ∈ Uε1 (Ω+), there is a point ξ ′ ∈ Ω+ such that the geodesic
distance between ξ and ξ ′ is less than ε1. The 1-Lipschitz continuity of fni proves that
fni (ξ ) > fni (ξ ′) − ε1 ≥ x′ − ε1. Thus we have Uε1 (Ω+) ⊂ { x′ − ε1 < fni } and, in the same
way, Uε2 (Ω−) ⊂ { fni < x′ + ε2 }. Combining these two inclusions implies (8.5).

It follows from (8.5) and Uε1 (Ω+) ∪ Uε2 (Ω−) = Sni (√ni) that

(fni )*σni [ x′ − ε1, x′ + ε2 ]

= σni (x′ − ε1 ≤ fni ≤ x′ + ε2) ≥ σni (Uε1 (Ω+) ∩ Uε2 (Ω−))
= σni (Uε1 (Ω+)) + σni (Uε2 (Ω−)) − 1,

where σni (P) means the σni -measure of the set of points satisfying a conditional for-
mula P. The Lévy’s isoperimetric inequality (Theorem 8.5.3) implies σni (Uε1 (Ω+)) ≥
σni (Uε1 (BΩ+ )) and σni (Uε2 (Ω−)) ≥ σni (Uε2 (BΩ− )), so that

(fni )*σni [ x′ − ε1, x′ + ε2 ] ≥ σni (Uε1 (BΩ+ )) + σni (Uε2 (BΩ− )) − 1.

It follows from σ∞{x′} = 0 that σni (Ω+) converges to σ̄∞( x′, +∞ ] as n → ∞. We be-
sides have σ̄∞( x′, +∞ ] = γ1[ x, +∞ ) =6 0, 1. Therefore, there is a number i0 such that
σni (Ω+) =6 0, 1 for all i ≥ i0. For each i ≥ i0 we have a unique real number ai satisfy-
ing γ1[ ai , +∞ ) = σni (Ω+). The number ai converges to x as i → ∞. By the Maxwell-
Boltzmann distribution law (Proposition 8.5.1),

lim
i→∞

σni (Uε1 (BΩ+ )) = γ1[ x − ε1, +∞ )

as well as
lim
i→∞

σni (Uε2 (BΩ− )) = γ1( −∞, x + ε2 ].

Therefore,

σ∞[ x′ − ε1, x′ + ε2 ] ≥ lim inf
i→∞

(fni )*σni [ x′ − ε1, x′ + ε2 ]

≥ γ1[ x − ε1, +∞ ) + γ1( −∞, x + ε2 ] − 1
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= γ1[ x − ε1, x + ε2 ].

The �rst part of the lemma is obtained.
The rest of the proof is to show that σ∞(R) = 1. Suppose σ∞(R) < 1. Then, since

σ∞(R) > 0, there is a non-atomic point x′ of σ∞ such that 0 < σ̄∞[ −∞, x′ ) < 1. We
�nd a real number x in such a way that γ1( −∞, x ] = σ̄∞[ −∞, x′ ]. The �rst part of the
lemma implies σ∞[ x′ − ε1, x′ + ε2 ] ≥ γ1[ x − ε1, x + ε2 ] for all ε1, ε2 ≥ 0. Taking the
limit as ε1, ε2 → +∞, we obtain σ∞(R) = 1. This completes the proof.

Lemma 8.5.5. supp σ∞ is a closed interval.

Proof. supp σ∞ is a closed set by the de�nition of the support of a measure. It then
su�ces to prove the connectivity of supp σ∞. Suppose not. Then, there are numbers
x′ and ε > 0 such that σ∞( −∞, x′ − ε ) > 0, σ∞[ x′ − ε, x′ + ε ] = 0, and σ∞( x′ + ε, +∞ ) >
0. There is a number x such that γ1( −∞, x ] = σ∞( −∞, x′ ]. Lemma 8.5.4 shows that
σ∞[ x′ − ε, x′ + ε ] ≥ γ1[ x − ε, x + ε ] > 0, which is a contradiction. The lemma has been
proved.

Proof of Theorem 8.5.2. For any given real number x, there exists a smallest number
x′ satisfying γ1( −∞, x ] ≤ σ∞( −∞, x′ ]. The existence of x′ follows from the right-
continuity and the monotonicity of y 7→ σ∞( −∞, y ]. Setting α(x) := x′ we have a
function α : R → R, which is monotone nondecreasing.

We �rst prove the continuity of α in the following. Take any two numbers x1
and x2 with x1 < x2. We have γ1( −∞, x1 ] ≤ σ∞( −∞, α(x1) ] and γ1( −∞, x2 ] ≥
σ∞( −∞, α(x2) ), which imply

γ1[ x1, x2 ] ≥ σ∞( α(x1), α(x2) ). (8.6)

This shows that, as x1 → a − 0 and x2 → a + 0 for a number a, we have
σ∞( α(x1), α(x2) ) → 0, which together with Lemma 8.5.5 implies α(x2) − α(x1) → 0.
Thus, α is continuous on R.

Let us next prove the 1-Lipschitz continuity of α. We take two numbers x and ε > 0
and �x them. It su�ces to prove that

∆α := α(x + ε) − α(x) ≤ ε.

Claim 1. If σ∞{α(x)} = 0, then ∆α ≤ ε.

Proof. The claim is trivial if ∆α = 0. We thus assume ∆α > 0. Since σ∞{α(x)} = 0, we
have γ1( −∞, x ] = σ∞( −∞, α(x) ], so that Lemma 8.5.4 implies that

σ∞[ α(x), α(x) + δ ] ≥ γ1[ x, x + δ ] (8.7)

for all δ ≥ 0. By (8.6) and (8.7),

γ1[ x, x + ε ] ≥ σ∞( α(x), α(x + ε) )
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= σ∞[ α(x), α(x) + ∆α )
= lim
δ→∆α−0

σ∞[ α(x), α(x) + δ ]

≥ lim
δ→∆α−0

γ1[ x, x + δ ]

= γ1[ x, x + ∆α ],

which implies ∆α ≤ ε.

Wenext prove that ∆α ≤ ε in the casewhere σ∞{α(x)} > 0.Wemayassume that ∆α > 0.
Let x+ := sup α−1(α(x)). It follows from α(x) < α(x+ ε) that x+ < x+ ε. The continuity of
α implies that α(x+) = α(x). There is a sequence of positive numbers εi → 0 such that
σ∞{α(x+ + εi)} = 0. By applying the claim above,

α(x+ + εi + ε) − α(x+ + εi) ≤ ε.

Moreover we have α(x + ε) ≤ α(x+ + εi + ε) and α(x+ + εi) → α(x+) = α(x) as i → ∞.
Thus,

α(x + ε) − α(x) ≤ ε

and so α is 1-Lipschitz continuous.
The rest is to prove that α*γ1 = σ∞. Take any number x′ ∈ α(R) and �x it. Set

x := sup α−1(x′) (≤ +∞). We then have α(x) = x′ provided x < +∞. Since x is the largest
number to satisfy γ1( −∞, x ] ≤ σ∞( −∞, x′ ], we have γ1( −∞, x ] = σ∞( −∞, x′ ], where
we agree γ1( −∞, +∞ ] = 1. By the monotonicity of α, we obtain

α*γ1( −∞, x′ ] = γ1(α−1( −∞, x′ ]) = γ1( −∞, x ] = σ∞( −∞, x′ ],

which implies that α*γ1 = σ∞ because σ∞ is a Borel probability measure. This com-
pletes the proof.

Proposition 8.5.6. Let X be an mm-space. Then, for any real number t > 0 and κ ≥ 0,
we have

ObsDiam(tX; −κ) = tObsDiam(X; −κ).

Proof. We have

ObsDiam(tX; −κ) = sup{ diam(f*µX; 1 − κ) | f : tX → R 1-Lipschitz }
= sup{ diam(f*µX; 1 − κ) | t−1f : X → R 1-Lipschitz }
= sup{ diam((tg)*µX; 1 − κ) | g : X → R 1-Lipschitz }
= tObsDiam(X; −κ).

This completes the proof.
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Corollary 8.5.7. Let {rn}∞n=1 be a sequence of positive real numbers. If rn/
√
n → λ as

n → ∞ for a real number λ, then

lim
n→∞

ObsDiam(Sn(rn); −κ) = diam(γ1
λ2 ; 1 − κ) = 2λI−1((1 − κ)/2),

for any real number κ with 0 < κ < 1, where I(r) := γ1[ 0, r ]. This holds for the geodesic
distance function on Sn(rn)andalso for the restriction to Sn(rn)of theEuclideandistance
function on Rn.

Proof. It su�ces to prove the corollary in the case where rn =
√
n, because of Propo-

sition 8.5.6. We assume that rn =
√
n.

The corollary for the geodesic distance function follows from the normal law à la
Lévy (Theorem 8.5.2) and the Maxwell-Boltzmann distribution law (Proposition 8.5.1).

Assume that the distance function on Sn(
√
n) to be Euclidean. Since the Euclidean

distance is not greater than the geodesic distance, the normal law à la Lévy still holds.
Clearly, the projection πn+1

k : Sn(
√
n) → Rk is 1-Lipschitz with respect to the Euclidean

distance function. Thus, the corollary follows from the normal law à la Lévy and the
Maxwell-Boltzmann distribution law. This completes the proof.

Lemma 8.5.8. Let X be a metric space and G a group acting on X isometrically. Then,
for any two Borel probability measures µ and ν on X, we have

dP(µ̄, ν̄) ≤ dP(µ, ν),

where µ̄ denotes the push-forward of µ by the projection X → X/G.

Proof. Take any Borel subset Ā ⊂ X/G and set A := π−1(Ā), where π : X → X/G is the
projection. Assume that dP(µ, ν) < ε for a real number ε. Since π−1(Bε(Ā)) ⊃ Bε(A),
we have

µ̄(Bε(Ā)) = µ(π−1(Bε(Ā))) ≥ µ(Bε(A)) ≥ ν(A) − ε = ν̄(Ā) − ε

and therefore dP(µ̄, ν̄) ≤ ε. This completes the proof.

Denote by ζ n the normalized volume measure on CPn(r) with respect to the Fubini-
Study metric. Note that ζn = σ̄2n+1, where σ̄2n+1 denotes the push-forward of σ2n+1 by
the Hopf �bration S2n+1(r) → CPn(r).

Proposition 8.5.9. Let {rn}∞i=1 be a sequence of positive real numbers such that
rn/
√

2n + 1 → λ as n → ∞ for a real number λ. Then, for any natural number k we
have

(π̄2n+2
2k )*ζ n → γ̄2k

λ2 weakly as n → ∞,

where π̄2n+2
2k : CPn(rn) ⊂ Cn+1/S1 → Ck/S1 is as in S. 8.4 and γ̄2k

λ2 the push-forward of
γ2k
λ2 by the projection Ck → Ck/S1.
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Proof. By Proposition 8.5.1, (π2n+2
2k )*σ2n converges weakly to γ2k

λ2 as n → ∞. In the
following, a measure with upper bar means the push-forward by the projection to the
Hopf quotient. Since (π̄2n+2

2k )*ζ n = (π̄2n+2
2k )*σ̄2n = (π2n+2

2k )*σ2n, and by Lemma 8.5.8, we
have

dP((π̄2n+2
2k )*ζ n , γ̄2k

λ2 ) ≤ dP((π2n+2
2k )*σ2n , γ2k

λ2 ) → 0 as n → ∞.

This completes the proof.

Corollary 8.5.10. Let {rn}∞i=1 bea sequence of positive real numbers. If rn/
√

2n + 1 → λ
as n → ∞ for a real number λ, then

lim sup
n→∞

ObsDiam(CPn(rn); −κ) ≤ 2λI−1((1 − κ)/2),

lim inf
n→∞

ObsDiam(CPn(rn); −κ) ≥ λdiam(([ 0, +∞ ), re−
r2
2 dr); 1 − κ).

These inequalities both hold for the scaled Fubini-Study metric and also for the induced
distance function from the Euclidean distance on S2n+1(rn).

Proof. The upper estimate follows from CPn(rn) ≺ S2n(rn) and Corollary 8.5.7.
Since π̄2n+2

2 : CPn(rn) ⊂ Cn+1/S1 → C/S1 is 1-Lipschitz, Proposition 8.5.9 proves

lim inf
n→∞

ObsDiam(CPn(rn); −κ) ≥ diam((C/S1, γ̄2
λ2 ); 1 − κ)

= λdiam(([ 0, +∞ ), re−
r2
2 dr); 1 − κ).

This completes the proof.

We conjecture that

lim
n→∞

ObsDiam(CPn(rn); −κ) = λdiam(([ 0, +∞ ), re−
r2
2 dr); 1 − κ)

if rn/
√

2n + 1 → λ as n → ∞.

8.6 Limits of spheres and complex projective spaces

In this section, we prove Theorem8.1.1 by using several claims proved before.We need
some more lemmas.

Lemma 8.6.1. For any real number θ with 0 < θ < 1, we have

lim
n→∞

γn+1{ x ∈ Rn+1 | θ
√
n ≤ ‖x‖2 ≤ θ−1√n } = 1.

Proof. Considering the polar coordinates on Rn, we see that

γn+1{ x ∈ Rn+1 | ‖x‖2 ≤ r } =
∫ r

0 t
ne−t

2/2 dt∫∞
0 tne−t2/2 dt

.
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Integrating both sides of (log(tne−t
2/2))′′ = −n/t2 −1 ≤ −1 over [ t,

√
n ] with 0 < t ≤

√
n

yields

−(log(tne−t
2/2))′ = (log(tne−t

2/2))′|t=√n − (log(tne−t
2/2))′ ≤ t −

√
n.

Integrating this again over [ t,
√
n ] implies

log(tne−t
2/2) − log(nn/2e−n/2) ≤ − (t −

√
n)2

2 ,

so that tne−t
2/2 ≤ nn/2e−n/2e−(t−

√
n)2/2 and then, for any r with 0 ≤ r ≤

√
n,

√
n−r∫

0

tne−t
2/2 dt ≤ nn/2e−n/2

√
n∫

r

e−t
2/2 dt ≤ nn/2e−n/2e−r

2/2.

Stirling’s approximation implies
∞∫

0

tne−t
2/2 dt = 2

n−1
2

∞∫
0

s
n−1

2 e−s ds ≈
√
π(n − 1)

n
2 e−

n−1
2 .

Therefore,

lim
n→∞

γn+1{ x ∈ Rn+1 | ‖x‖2 ≤ θ
√
n } ≤ lim

n→∞

nn/2e−n/2e−(1−θ)2n/2
√
π(n − 1) n2 e− n−1

2
= 0.

The same calculation leads us to obtain

lim
n→∞

γn+1{ x ∈ Rn+1 | ‖x‖2 ≥ θ−1√n } = 0.

This completes the proof.

For a positive real number t and a pyramid P, we put

tP := { tX | X ∈ P },

where tX := (X, t dX , µX). The following lemma is obvious and the proof is omitted.

Lemma 8.6.2. Assume that a sequence of pyramidsPn, n = 1, 2, . . . , convergesweakly
to a pyramidP, and that a sequence of positive real numbers tn, n = 1, 2, . . . , converges
to a positive real number t. Then, tnPn converges weakly to tP as n → ∞.

Proof of Theorem 8.1.1. (1) follows from Corollaries 8.5.7 and 8.5.10.
We prove (2) for Sn(rn). We �rst assume that rn/

√
n → +∞ as n → ∞. Take any

�nitely many positive real numbers κ0, κ1, . . . , κN with
∑N

i=0 κi < 1, and �x them.
We �nd positive real numbers κ′0, κ′1, . . . , κ′N in such a way that κi < κ′i for any i and
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∑N
i=0 κ

′
i < 1. For any ε > 0, there are Borel subsets A0, A1, . . . , AN ⊂ R such that

γ1(Ai) ≥ κ′i for any i and

min
i =6 j dR(Ai , Aj) > Sep((R, γ1); κ′0, . . . , κ′N) − ε.

Without loss of generality we may assume that all Ai’s are open. Let fn := πn1|Sn(
√
n) :

Sn(
√
n) → R. Proposition 8.5.1 tells us that (fn)*σn converges weakly to γ1 as n → ∞.

Since Ai is open,
lim inf
n→∞

σn((fn)−1(Ai)) ≥ γ1(Ai) ≥ κ′i > κi .

There is a natural number n0 such that σn((fn)−1(Ai)) ≥ κi for any i and n ≥ n0. Since
fn is 1-Lipschitz continuous for the Riemannianmetric and also for the Euclidean dis-
tance on Sn(

√
n), we have

dSn(
√
n)((fn)−1(Ai), (fn)−1(Aj)) ≥ dR(Ai , Aj).

Therefore, for any n ≥ n0,

Sep(Sn(
√
n); κ0, . . . , κN) > Sep((R, γ1); κ′0, . . . , κ′N) − ε,

which proves

lim inf
n→∞

Sep(Sn(
√
n); κ0, . . . , κN) ≥ Sep((R, γ1); κ′0, . . . , κ′N) > 0.

Since rn/
√
n → ∞ as n → ∞,

Sep(Sn(rn); κ0, . . . , κN) = rn√
n

Sep(Sn(
√
n); κ0, . . . , κN) (8.8)

is divergent to in�nity and so {Sn(rn)}∞n=1 in�nitely dissipates.
We next prove the converse. Assume that {Sn(rn)} in�nitely dissipates and rn/

√
n

is not divergent to in�nity. Then, there is a subsequence {rn(j)} of {rn} such that
rn(j)/

√
n(j) is bounded for all j. By (8.8), {Sn(j)(

√
n(j))}j in�nitely dissipates. However,

for each �xed κ with 0 < κ < 1/2, ObsDiam(Sn(
√
n); −κ) is bounded for all n by Corol-

lary 8.5.7, and, by Proposition 8.2.9, so is Sep(Sn(
√
n); κ, κ), which contradicts that

{Sn(j)(
√
n(j))} in�nitely dissipates. This completes the proof of (2).

(2) for CPn(rn) is proved in the same way as for Sn(rn) by using Proposition 8.5.9
and Corollary 8.5.10 instead of Proposition 8.5.1 and Corollary 8.5.7.

We prove (3) for Sn(rn). By Lemma 8.6.2 and by Γnλ2 = λΓn, it su�ces to prove it in
the case of rn =

√
n. We assume that rn =

√
n. Suppose that PSn(

√
n) does not converge

weakly to PΓ∞ as n → ∞. Then, by the compactness of Π, there is a subsequence
{PSni (√ni)} of {PSn(

√
n)} that converges weakly to a pyramid P with P =6 PΓ∞ . It follows

from the Maxwell-Boltzmann distribution law (Proposition 8.5.1) that Γk belongs to P

for any k, so that PΓ∞ ⊂ P. We take any real number θ with 0 < θ < 1 and �x it. It
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follows from Lemma 8.6.2 that PSni (θ√ni) converges weakly to θP as i → ∞. De�ne a
function fθ,n : Rn+1 → Rn+1 by

fθ,n(x) :=


θ
√
n

‖x‖2
x if ‖x‖2 > θ

√
n,

x if ‖x‖2 ≤ θ
√
n,

for x ∈ Rn+1. fθ,n is 1-Lipschitz continuous with respect to the Euclidean distance. Let
σnθ be the normalized volume measure on Sn(θ

√
n). We consider σnθ as a measure on

Rn+1 via the natural embedding Sn(θ
√
n) ⊂ Rn+1. From Lemma 8.6.1, we have

dP((fθ,n)*γn+1, σnθ ) ≤ γn+1{ x ∈ Rn+1 | ‖x‖2 < θ
√
n } → 0 as n → ∞,

so that the box distance between Sθ,n := (Rn+1, ‖ · ‖2, (fθ,n)*γn+1) and Sn(θ
√
n)

converges to zero as n → ∞. By Proposition 8.2.18 and Theorem 8.1.2, we have
ρ(PSθ,n ,PSn(θ

√
n)) → 0 as n → ∞. Therefore, PSθ,ni converges weakly to θP as i → ∞.

Since Sθ,n ≺ (Rn+1, ‖ · ‖2, γn+1), we have PSθ,n ⊂ PΓn+1 ⊂ PΓ∞ . We thus obtain
θP ⊂ PΓ∞ ⊂ P for any θ with 0 < θ < 1 and so P = PΓ∞ , which is a contradiction.
This completes the proof of (3) for Sn(rn).

We prove (3) for CPn(rn). The proof is similar to that for Sn(rn). We may assume
that rn =

√
2n + 1. Suppose that PCPn(

√
2n+1) does not converge weakly to PΓ∞/S1 as

n → ∞. Then, by the compactness of Π, there is a subsequence {CPn(j)(
√

2n(j) + 1)}j
of {CPn(

√
2n + 1)}n that converges weakly to a pyramid P with P =6 PΓ∞/S1 . Propo-

sition 8.5.9 proves that Γ2k/S1 ⊂ P for any k and so PΓ∞/S1 ⊂ P. We take any real
number θ with 0 < θ < 1 and �x it. By Lemma 8.6.2, PCPn(j)(θ

√
2n(j)+1) converges

weakly to θP as j → ∞. Let fθ,2n+1 : Cn+1 → Cn+1 be as above by identifying Cn+1

with R2n+2. fθ,2n+1 is S1-equivariant and induces a map f̄θ,n : Cn+1/S1 → Cn+1/S1,
which is 1-Lipschitz continuous. Let σ2n+1

θ be the normalized volume measure on
S2n+1(θ

√
2n + 1). Since (fθ,2n+1)*γ2n+2|S2n+1(θ

√
2n+1) is a constant multiple of σ2n+1

θ , the
measure (fθ,2n+1)*γ2n+2|CPn(θ

√
2n+1) is also a constant multiple of σ̄2n+1

θ , where the up-
per bar means the push-forward of a measure by the projection to the Hopf quotient
space. We see that

(fθ,2n+1)*γ2n+2 = (f̄θ,2n+2)*γ̄2n+2.

By Lemmas 8.5.8 and 8.6.1, we have

dP((f̄θ,2n+2)*γ̄2n+2, σ̄2n+1
θ ) ≤ dP((fθ,2n+1)*γ2n+2, σ2n+1

θ ) → 0 as n → ∞,

so that the boxdistance between Yθ,n := (Cn+1, ‖·‖2, (f̄θ,n)*γ̄2n+2) andCPn{θ
√

2n + 1}
converges to zero as n → ∞. The rest of the proof is the same as before. This completes
the proof of the theorem.
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8.7 dconc-Cauchy property and box convergence

In this section, we prove Theorem 8.1.3 and prove the non-convergence property for
spheres and complex projective spaces with respect to the box distance.

Proposition 8.7.1. The virtual in�nite-dimensional standardGaussian spacePΓ∞ is not
concentrated.

Proof. Let ϕn,i : Rn → R, i = 1, 2, . . . , n, be the functions de�ned by

ϕn,i(x1, x2, . . . , xn) := xi , (x1, x2, . . . , xn) ∈ Rn .

Each ϕn,i is 1-Lipschitz continuous andwe have the elements [ϕn,i] ofL1(Γn). For any
di�erent i and j,

meγn ([ϕn,i], [ϕn,j]) = meγ2 ([ϕ2,1], [ϕ2,2]) = meγ2 (ϕ2,1, ϕ2,2 + t)

for some real number t. If meγ2 (ϕ2,1, ϕ2,2 + t) = 0 were to hold, then ϕ2,1 = ϕ2,2 + t
almost everywhere, which is a contradiction. Thus, meγn ([ϕn,i], [ϕn,j]) is a positive
constant independent of n, i, and jwith i =6 j. This implies that {L1(Γn)}∞n=1 is not dGH-
precompact. Since Γn ∈ PΓ∞ , the pyramidPΓ∞ is not concentrated. This completes the
proof.

As a direct consequence of Proposition 8.7.1, Lemma8.2.27, andTheorem8.1.1,wehave
the following.

Corollary 8.7.2. 1. {Γn}∞n=1 has no dconc-Cauchy subsequence.
2. If {rn} is a sequence of positive real numbers with rn/

√
n → 1 as n → ∞, then

{Sn(rn)} has no dconc-Cauchy subsequence.

Proof. (1) follows from Proposition 8.7.1 and Lemma 8.2.27.
Theorem 8.1.1(3) implies that PSn(rn) converges weakly to PΓ∞ as n → ∞, which

together with Proposition 8.7.1 and Lemma 8.2.27 proves (2) of the corollary. This com-
pletes the proof.

Proof of Theorem 8.1.3. Since {Sn(
√
n)} has no dconc-Cauchy subsequence, there exist

two subsequences {Xn} and {Yn} of {Sn(
√
n)} such that infn dconc(Xn , Yn) > 0. Theo-

rem 8.1.1(3) implies that PXn and PYn both converge weakly to PΓ∞ . This completes the
proof.

Lemma 8.7.3. Let Xn and Yn, n = 1, 2, . . . , be mm-spaces such that Xn ≺ Yn for any
n. If {Yn} is �-precompact, then so is {Xn}. In particular, if {Yn} is �-precompact and
if Xn concentrates to an mm-space X, then Xn �-converges to X.
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Proof. Recall (see [11]*S. 31
2 .14 and [21]*S. 4) that {Yn} is �-precompact if and only

if for any ε > 0 there exists a number ∆(ε) > 0 such that we have Borel subsets
Kn1, Kn2, . . . , KnN ⊂ Yn for each n with the property that

(i) N ≤ ∆(ε);
(ii) diamKni ≤ ε for any i = 1, 2, . . . , N;
(iii) diam

⋃n
i=1 Kni ≤ ∆(ε);

(iv) µYn (
⋃n
i=1 Kni) ≥ 1 − ε.

We assume that {Yn} is �-precompact, and then have Borel subsets Kni ⊂ Yn sat-
isfying (i)–(iv). Without loss of generality we may assume that all Kni are compact,
since each µYn is inner regular. By Xn ≺ Yn, we �nd a 1-Lipschitz continuous map
fn : Yn → Xn with (fn)*µYn = µXn . The sets K′ni := fn(Kni) are compact and satisfy
(i)–(iv), so that {Xn} is�-precompact. The �rst part of the lemma has been proved.

We prove the second part. Assume that {Yn} is�-precompact and that Xn concen-
trates to an mm-space X. If Xn does not concentrate to X, then the�-precompactness
of {Xn} proves that it has a �-convergent subsequence whose limit is di�erent from
X. This contradicts that Xn concentrates to X as n → ∞ (see Proposition 8.2.18). The
proof of the lemma is completed.

Proposition 8.7.4. Let {rn}∞i=1 be a sequence of positive real numbers. If rn is bounded
away from zero, then {Sn(rn)}∞n=1 and {CPn(rn)}∞n=1 both have no �-convergent subse-
quence.

Proof. Assume that rn ≥ c > 0 for any natural number n and for a constant c. We have
Sn(c) ≺ Sn(rn) and CPn(c) ≺ CPn(rn). According to [7], the two sequences {Sn(c)}
and {CPn(c)} both have no�-convergent subsequence. By Lemma 8.7.3, {Sn(rn)} and
{CPn(rn)} also have no�-convergent subsequence. This completes the proof.
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Christina Sormani
Scalar Curvature and Intrinsic Flat
Convergence

9.1 Introduction

Gromov proved that sequences of Riemannian manifolds with nonnegative sec-
tional curvature have subsequences which converge in the Gromov-Hausdor� sense
to Alexandrov spaces with nonnegative Alexandrov curvature [21]. Burago-Gromov-
Perelman proved that such spaces are recti�able [11]. Building upon Gromov’s Com-
pactness Theorem, Cheeger-Colding proved that sequences of Riemannian manifolds
with nonnegative Ricci curvature have subsequences which converge in the metric
measure sense to metric measure spaces with generalized nonnegative Ricci curva-
ture which are also recti�able [14] and [21].

Sequences of manifolds with nonnegative scalar curvature need not have subse-
quences which converge in the Gromov-Hausdor� or metric measure sense. Gromov
has suggested that perhaps under the right conditions a subsequence will converge in
the intrinsic �at sense to ametric spacewith generalized nonnegative scalar curvature
[24]. This is an open question: the notion of generalized scalar curvature has not yet
been de�ned.

Intrinsic �at convergence was �rst de�ned by the author and Wenger in [61]. The
limits obtained under this convergence are countably Hm recti�able metric spaces
called integral current spaces. We review the de�nitions of these notions within this
chapter along with various continuity and compactness theorems by the author,
Perales, Portegies, Matveev, Munn [42, 45–47, 49]. We also review applications of in-
trinsic �at convergence to study sequences of manifolds with nonnegative scalar cur-
vature that arise in General Relativity by the author, Huang, Jauregui, Lee, LeFloch,
and Stavrov [28, 31, 39, 40, 57].We presentmany examples and state a number of open
problems concerning limits of manifolds with nonnegative scalar curvature.

Recall that a Riemannianmanifold,Mm, is endowedwith ametric tensor, g : TM×
TM → R. One can then de�ne lengths of curves and distances,

L(C) =
1∫

0

g(C′, C′)1/2 dt, d(p, q) = inf{L(C) : C(0) = p, C(1) = q}. (9.1)

If M is compact the distances are achieved as the lengths of curves called geodesics.
Given any p ∈ M and any vector V ∈ Tp(M) there is a geodesic,

γ(t) = expp(tV) such that γ(0) = p and γ′(0) = V . (9.2)
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Taking e1...em ∈ TM such that g(ei , ej) = δi,j one de�nes Scalar curvature to be the
trace of the Ricci curvature, and Ricci to be the trace of the Sectional curvature:

Scalp =
m∑
i=1

Ricp(ei , ei) where Ricp(ei , ei) =
∑
j 6 =i

Sectp(ei ∧ ej), (9.3)

Sectp(ei ∧ ej) = lim
t→0

6
( tg(ei , ej) − d(expp(tei), expp(tej))

t3

)
. (9.4)

Scalar curvature can also be computed using volumes of balls:

Scalp = lim
r→0

6(m + 2)
(
ωmrm − vol(B(p, r))

ωmrm+2

)
. (9.5)

In particular,

Scalp > 00 ⇐⇒ ∃rp > 0 s.t. ∀r < rp vol(B(p, r)) < ωmrm . (9.6)

This control on volume is too local to apply to prove any global results. All properties
of manifolds with lower bounds on their scalar curvature are built using the fact that
curvature is de�ned using tensors as in (9.3). While it may be tempting to de�ne gen-
eralized positive scalar curvature on a limit space using (9.6) it is unlikely to lead to
any consequences because the limit spaces are not smooth and have no tensors. We
need a stronger de�nition which implies (9.6) and other properties.

Schoen and Yau applied the three dimensional version of (9.3) to study minimal
surfaces in manifolds with positive scalar curvature. They proved that a strictly stable
closedminimal surface in amanifoldwith Scal ≥ 0 is di�eomorphic to a sphere in [50].
In [51], they appliedminimal surface techniques to prove the PositiveMass Theorem: if
M3 is an asymptotically �at Riemannian manifold with nonnegative scalar curvature
then mADM(M3) ≥ 0. They also proved the following Positive Mass Rigidity Theorem:

Scal ≥ 0 and mADM(M3) = 0 ⇒ M3 is isometric to E3. (9.7)

Here E3 is Euclidean space and the ADM mass is the limit of the Hawking masses of
asymptotically expanding spheres mADM(M) = limr→∞ mH(Σr) where

mH(Σ) =
√

Area(Σ)
16π

1 − 1
16π

∫
Σ

H2 dσ

 . (9.8)

Geroch proved that if Nt : S2 → M3 evolves by inverse mean curvature �ow and
M3 has Scal ≥ 0 then the Hawking mass,mH(Nt), is nondecreasing. Huisken-Ilmanen
introduced weak inverse mean curvature �ow, proving it also satis�es Geroch mono-
tonicity and limt→∞ mH(Nt) = mADM(M). They applied this to prove the Penrose In-
equality:

mADM(M3) ≥ mH(∂M3) =
√

Area(Σ)
16π (9.9)
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whenM3 is asymptotically �at with a connected outermost minimizing boundary (e.g.
∂M is a minimal surface and there are no other closed minimal surfaces in M). Bray
extended their result to have boundaries with more than one connected component
in [9]. In addition, there is the Penrose Rigidity Theorem:

mADM(M3) = mH(∂M3) ⇒ M3 is isometric to MSch,m (9.10)

where MSch,m is the Riemannian Schwarschild space with mass m = mADM(M3).
In addition to Hawking mass, there are other quasilocal masses de�ned on mani-

folds with Scal ≥ 0 including the Brown-York mass (which has nice properties proven
by Shi-Tam in [53]) and the Bartnik mass [4]. It is not a simple task to de�ne and apply
these quasilocal masses on limit spaces because they all involve the mean curvatures
of surfaces. Perhaps more promising is Huisken’s new isoperimetric quasilocal mass
of a region Ω ⊂ M3,

mISO(Ω) = 2
Area(∂Ω)

(
vol(Ω) − Area(∂Ω)3/2

6
√
π

)
, (9.11)

and mISO(M) = lim supr→∞ mISO(Ωr) introduced in [29]. Miao has proven that
mISO(M) = mADM(M) using volume estimates of Fan-Shi-Tam in [18]. See also work
of Jauregui, Lee, Carlotto, Chodosh, and Eichmair [32] [12].

Gromov-Lawson applied the Lichnerowicz formula to prove many things (cf. [37])
including the Scalar Torus Rigidity Theorem [25] in all dimensions:

Scal ≥ 0 and Mn di�eom to a torus ⇒ Mn is isom to a �at torus. (9.12)

Witten applied it to prove the Positive Mass Theorem for Spin manifolds [65].
Hamilton’s Ricci �ow leads to a precise control on the scalar curvature as well as

the areas of minimal surfaces in the evolving manifolds (cf. [27]). It was applied to
prove the following rigidity theorems about minimal surfaces. Let

MinA(M3) = inf{Area(Σ2) : Σ2 is a closed min surf in M3} and (9.13)
MinA1(M3) = inf{Area(Σ2) : Σ2 is a min noncontr sphere in M3}. (9.14)

Note that these invariants are in�nite if there are no qualifying minimal surfaces in
M3. Bray, Brendle, and Neves proved the Cover Splitting Rigidity Theorem:

Scal ≥ 2 and MinA1(M3) = 4π ⇒ M̃3 is isom to S2 ×R (9.15)

where M̃3 is the universal cover of M3 [8]. Bray, Brendle, Eichmair and Neves proved
the RP3 Rigidity Theorem in [7]: if M3 is di�eomorphic to RP3 then

Scal ≥ 6 and MinA(M3) = 2π ⇒ M3 is isom to RP3. (9.16)

Theyhave in fact proven theoremswhich imply these twomore simply stated theorems
(9.15)- (9.16) as corollaries.
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Recall that a rigidity theorem has a statement in the following form:

M satis�es a hypothesis ⇒ M isometric to M0. (9.17)

The corresponding almost rigidity theorem (if it exists) would then be:

M almost satis�es a hypothesis ⇒ M is close to M0. (9.18)

The almost rigidity theorem can also be stated as follows:

Mj closer and closer to satisfying a hypothesis ⇒ Mj → M0. (9.19)

Within we describe conjectured almost rigidity theorems for each of the rigidity theo-
rems described above. All of those conjectures remain open although some have been
proven under additional hypotheses.

First one needs to de�ne closeness for pairs of Riemannian manifolds and con-
vergence of sequences of Riemannianmanifolds. A pair of compact Riemannianman-
ifolds, M1 and M2, may be mapped into a common metric space, Z, via distance pre-
serving maps ϕi : Mi → Z which satisfy

dZ(ϕj(x), ϕj(y)) = dMj (x, y) x, y ∈ Mj . (9.20)

Once they lie in a common metric space, Z, then one may use the Hausdor� distance
or the �at distance to measure the distance between the images with respect to the
extrinsic space, Z. We review these extrinsic distances which depend on both Z and
the location of the Mi within Z in Section 9.3.

However, an intrinsic notion of distance betweenM1 andM2 can only depend on
intrinsic data about these spaces and not on how theymay be embedded into some ex-
trinsic Z. Thus Gromov de�ned his “intrinsic Hausdor� distance” in [21], now known
as the Gromov-Hausdor� distance, by taking the in�mum over all distance preserving
maps into arbitrary compact metric spaces, Z, of the Hausdor� distance, dZH , between
the images:

dGH(M1,M2) = inf
Z,ϕi

{
dZH(ϕ1(M1), ϕ2(M2))|ϕi : Mi → Z

}
. (9.21)

Many almost rigidity theorems have been proven formanifoldswith nonnegative Ricci
curvature using the Gromov-Hausdor� distance (cf. [15], [13] and [55]).

For manifolds with nonnegative scalar curvature, one does not obtain Gromov-
Hausdor� closeness in the almost rigidity theorems. Counterexamples will be de-
scribed in Section 9.2. Gromov has suggested that intrinsic �at convergence may be
more well suited towards proving an Almost Rigidity for the Torus Rigidity Theorem
in [23]. Indeed some progress has been made by the author, Lee, LeFloch, Huang,
and Stavrov proving special cases of Almost Rigidity for the Positive Mass Theorem
in [39][40] [28][57].
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The intrinsic �at distance between compact oriented Riemannian manifolds was
de�ned by the authorwithWenger in [61] with an in�mumover all distance preserving
maps into arbitrary complete metric spaces, Z, of the �at distance, dZF , between the
images:

dF(M1,M2) = inf
Z,ϕi

{
dZF(ϕ1#[M1], ϕ2#[M2]) : ϕi : Mi → Z

}
. (9.22)

Intuitively this distance is measuring the �lling volume between the two spaces. One
may also consider the intrinsic volume �at distance:

dvol F(M1,M2) = dF(M1,M2) + | vol(M1) − vol(M2)|. (9.23)

Full details about the intrinsic �at distance and limits obtained under intrinsic �at
convergence are provided in Section 9.4 after a review of Ambrosio-Kirchheim theory
in Section 9.3.

There are a fewmethods that can be applied to prove almost rigidity theorems. To
apply the explicit control method one provides enough controls on the M in (9.18) so
that one can explicitly construct an embedding ofM and ofM0 into a commonmetric
space and explicitly estimate the distance between them. This technique was applied
to prove GH almost rigidity theorems by Colding in [15] and by Cheeger-Colding in [13].
It was also applied to prove the F almost rigidity of the Positive Mass Theorem under
additional hypotheses in joint work with Lee [39] and in joint work with Stavrov [57].
Lakzian and the author have proven a theorem which provides such a construction
and estimate if one can show M and M0 are close on large regions in [36]. See Sec-
tion 9.5.

A second technique used to prove almost rigidity theorems is the compactness
and weak rigidity method. One �rst provides enough controls on Mj in (9.19) so that a
subsequence converges to a limit spaceM∞. Then one proves the limit space satis�es
the hypothesis in some weak sense. Finally one proves the rigidity theorem in that
weak setting. This technique was applied by the author to prove a GH almost rigidity
theorem in [55] using Gromov’s Compactness Theorem, which states that

Ricj ≥ −(n − 1) and diam (Mj) ≤ D ⇒ Mjk
GH−→ M∞. (9.24)

Wenger’s Compactness Theorem [63] states that

diam (Mj) ≤ D, vol(Mj) ≤ V, vol(∂Mj) ≤ A ⇒ Mjk
F−→ M∞. (9.25)

Huang, Lee and the author proved Almost Rigidity of the Positive Mass Theorem for
graph manifolds using Wenger’s Compactness Theorem combined with an Arzela-
Ascoli Theorem, and anumber of other theorems concerning intrinsic �at convergence
in [28]. We will review F compactness and Arzela-Ascoli theorems in Section 9.6.

We begin with Section 9.2 surveying examples of sequences of manifolds with
nonnegative scalar curvature. These examples reveal that one cannot simply use in-
trinsic �at convergence to handle all the problems that arise when trying to prove
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almost rigidity theorems involving nonnegative scalar curvature. There is a phe-
nomenon called bubbling. One may also have tiny tunnels and construct sequences
of manifolds through a process called sewing developed by the author with Basilio
in [6], which lead to limit spaces that do not even satisfy (9.5). These examples with
bubbling and sewing have MinA(Mj) → 0.

We next present the general theory of Intrinsic Flat convergence and Integral Cur-
rent Spaces, and survey thekey theoremsproven in this area.WebeginwithSection9.3
by reviewingwork of Federer-Flemming andAmbrosio-Kirchheimon integral currents
in Euclidean space and metric spaces. In Section 9.4 we rigorously de�ne Intrinsic
Flat Convergence and Integral Current Spaces and survey known compactness theo-
rems and proposed compactness theorems. In Section 9.5 we present various meth-
ods that may be used to estimate the intrinsic �at distance between two spaces and
describe how these estimates have been used to prove almost rigidity theorems us-
ing the explicit control method. In Section 9.6 we present theorems about intrinsic �at
convergence including theorems about disappearing and converging points, converg-
ing balls, semicontinuity theorems, Arzela-Ascoli Theorems and Intrinsc Flat Volume
Convergence andmentionhow these results havebeenapplied to prove almost rigidity
theorems using the compactness and weak rigidity method.

We close with Section 9.7 which includes statements of conjectures, surveys of
partial solutions to the conjectures, and recommended related problems. We dis-
cuss the Almost Rigidity of the Positive Mass Theorem, the Bartnik Conjecture, the
Almost Rigidity of the Scalar Torus Theorem, the Almost Rigidity of Rigidity Theo-
rems proven using Ricci Flow, Gromov’s Prism Conjecture and the Regularity of Limit
Spaces. Throughout one hopes to devise a generalized notion of nonnegative scalar
curvature on limit spaces. Conjectures and problems are interspersed throughout the
paper. If a reader is interested in studying any of these questions, please contact the
author. More details can be provided and the author can coordinate the research of
those working on these problems.

The authormust apologize up front that there is no possibleway tomention all the
fundementally important papers that have been written concerning manifolds with
scalar curvature bounds. The results mentioned here have been selected because the
author has read them and developed some idea as to how they may applied to study
the intrinsic �at convergence of manifolds with nonnegative scalar curvature.

9.2 Examples with Positive Scalar Curvature

In this section we survey examples of sequences of three dimensional Riemannian
manifolds, Mj, with lower scalar curvature bounds, and describe their intrinsic �at
limits. Many of these examples were found by mathematicians interested in applica-
tions to General Relativity. Manifolds with positive scalar curvature can be viewed as
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time symmetric spacelike slices of spacetime satisfying the positive energy condition.
Such manifolds are curved by matter and can have gravity wells and/or black holes
with horizons that are minimal surfaces.

We do not provide the explicit details or the proofs for these examples but instead
provide references. We also propose new examples as open problems that could be
written up and published by an interested reader. We present these examples before
presenting intrinsic �at convergence because they provide some intuitive understand-
ing of intrinsic �at convergence, and what may occur when one has a sequence of
manifolds with nonnegative scalar curvature.

9.2.1 Examples with Wells

Arbitrarily thin arbitrarily deep wells can be constructed with positive scalar curva-
ture. By the Positive Mass Theorem, one cannot attach such wells smoothly to Eu-
clidean space. However they may be glued to spheres of constant positive sectional
curvature. In fact, the Ilmanen Example, which initially inspired the de�nition of in-
trinsic �at convergence, consists of a sequence of spheres with increasingly many in-
creasingly thinwells as in Figure 9.1. This sequence converges in the intrinsic �at sense
to a standard sphere because a spherewithmany thin holes and a standard sphere can
bemapped into a commonmetric space, and the �at distance between them, which is
intuitively a �lling volume between them, will be very small.

Fig. 9.1. The Ilmanen Example. Image owned by the author.

Example 9.2.1. Lakzian has explicitly constructed sequences of spheres with one in-
creasingly thin well in [35]. He has also explicitly constructed the Ilmanen Example of
sequences of spheres with increasingly many increasingly thin wells in the same paper.
He proves both sequences F converge to the standard sphere. He proves the sequence
with one increasingly thin well converges in the GH sense to a sphere with a line segment
attached, and the Ilmanen example has no GH limit.

Example 9.2.2. In joint work with Lee, the author has constructed examples of asymp-
totically �at rotationally symmetric manifolds of positive scalar curvature with arbitrar-
ily thin and arbitrarily deep wells and mADM(Mj) → 0 [39]. They have no smooth limits
and the the pointed GH limits of such examples are Euclidean spaces with line segments
of arbitrary length attached. Lee and the author have also constructed sequences which
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are not rotationally symmetric that have mADM(Mj) → 0 and increasingly many increas-
ingly thin wells [38]. Such sequences have no GH converging subsequences because they
have increasingly many disjoint balls [21]. Thus almost rigidity of the positive mass the-
orem cannot be proven with GH or smooth convergence, only F convergence.

Example 9.2.3. It is possible to construct Mj with Scalar ≥ −1/j that are di�eomorphic
to tori and contain balls of radius 1/2 that are isometric to balls in rescaled standard
spheres. This will appear in work of the author with Basilio [6]. One may then attach an
increasingly thin well of arbitrary depth to such Mj that have positive scalar curvature.
These examples would F converge to a standard �at torus and would GH converge to a
standard �at toruswith a line segment attached. Onemay also attach increasinglymany
increasingly thin wells of arbitrary depth to the Mj and stillF converge to a standard �at
torus but there will be no GH limit of such a sequence. Thus one must use intrinsic �at
convergence to prove almost rigidity for the Scalar Torus Theorem.

9.2.2 Tunnels and Bubbling

Gromov-LawsonandSchoen-Yau constructed tunnels di�eomoerphic toS2×[0, 1]with
positive scalar curvature which attach smoothly on either end to the standard spheres
[26] [52]. These tunnelsmay be arbitrarily thin and long or thin and short. At the center
of the tunnel, there is a closed minimal surface di�eomorphic to a sphere. Sometimes
these tunnels are called necks.

Example 9.2.4. Using these tunnels one may construct sequences of Mj which consist
of a pair of standard spheres joined by increasingly thin tunnels of length Lj. If Lj → 0,
then the GH and F limit can be shown to be a pair of standard spheres joined at a point
as in Figure 9.2. This e�ect is called bubbling. Note that in this example, MinA(Mj) → 0.

Fig. 9.2. Bubbling. Image owned by the author.

Example 9.2.5. If Lj → L∞ > 0, then the GH limit is a pair of standard spheres joined
by a line segment of length L and the F limit is just the pair of spheres without the line
segment with the restricted distance from the GH limit. Examples similar to these are
described by Wenger and the author in the [61]. Notice that the F limit is not geodesic.
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Example 9.2.6. In fact one may add increasingly many bubbles with increasingly short
and thin tunnels, and the sequence will have no GH limit and no F limit. This does not
contradict Wenger’s Compactness Theorem as in (9.25) because the volume is diverging
to in�nity even though the diameter is bounded and there is no boundary. Examples simi-
lar to thesewithmany bubbles of various sizes and tunnels of various lengths converging
to recti�able limit spaces appear in [61].

Example 9.2.7. Onemayalso have bubbling in asymptotically �at sequences of Mj with
mADM(Mj) → 0 obtaining limits which are Euclidean planes with spheres attached. This
can be done by attaching bubbles instead of wells to the sequences in Example 9.2.2.
Such an example demonstrates that any almost rigidity theorem for the Positive Mass
Theoremmust somehow avoid bubbling. In joint work with Lee, we require that theman-
ifolds have outwardminimizing boundaries just as in the Penrose Inequality [39]. This is
e�ectively cutting o� the bubbles. One could alternately eliminate bubbling by requiring
the sequence to have a uniform lower bound on the area of the smallest closed minimal
surface, MinA(Mj) ≥ A0 > 0.

Example 9.2.8. One may add a bubble to each Mj of Example 9.2.3 with Scalj ≥ −1/j
that are di�eomorphic to tori and contain balls of constant sectional curvature isomet-
ric to balls in rescaled standard spheres. Such sequences would F converge to standard
�at tori with a sphere of arbitrary radius attached at a point. This will appear in work
of the author with Basilio [6]. One could eliminate such examples by requiring the se-
quence have a uniform lower bound on the area of the smallest closed minimal surface,
MinA(Mj) ≥ A0 > 0. One cannot require that there are no closed minimal surfaces here
since the manifolds are di�eomorphic to tori.

9.2.3 Cancellation and Doubling

The next two examples are described by the author and Wenger in [60] [61]. Intrinsic
�at limit spaces may be the 0 or a recti�able space with integer weight.

Example 9.2.9. There are sequences of manifolds M3
j with positive scalar curvature

which have aF limit which is the 0 space, while converging in the GH sense to a standard
three sphere. This cancelling sequence can be constructedwith positive scalar curvature
by taking a pair of standard three spheres and connecting themby increasingly dense in-
creasingly small tunnels. These sequences converge to the 0 space because their �lling
volumes converge to 0. In fact they are the totally geodesic boundaries of four dimen-
sional manifolds whose volume converges to 0.

Example 9.2.10. If in the previous example all the tunnels are cut and glued back to-
gether with reversed orientation, then the GH limit is still a standard three sphere and
the F limit is a sphere with weight two everywhere.
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9.2.4 Sewing Manifolds

In joint doctoralwork of Basiliowith the author andDodziuk, thenotion of sewingRie-
mannianmanifolds is introduced [5, 6]. One starts with a three dimensionalmanifold,
M, that contains a curve, C : [0, 1] → M, such that a tubular neighborhood around the
curve has constant positive sectional curvature. One then creates a sequence of man-
ifolds sewn along this curve. That is, short thin tunnels are attached along the curve
pulling the points on the curve closer together. The GH and F limit of such a sequence
is then the original manifold with a pulled thread along C. That is, all the points in
the image of C have been identi�ed. One can also sew entire regions with constant
positive sectional curvature to obtain sequences converging to the original manifold
with the entire region identi�ed as a single point. If the original manifold has positive
scalar curvature, then so does the sequence. In addition one may consider sequences
of Mj and sew along curves or in regions of those Mj. Using this construction, Basilio
and the author construct the following examples.

Example 9.2.11. If one takes the Mj of Example 9.2.3, one may sew along curves lying
in the balls of radius 1/2 that have constant sectional curvature to obtain a sequence of
manifolds, M′j with Scalj ≥ −1/j that are no longer tori but converge to a limit which is
the standard �at torus with either a contractible circle, a contractible sphere or ball of
radius 1/2 each pulled to a point. These examples demonstrate that limits of manifolds
with Scalj ≥ −1/j may fail to have generalized nonnegative scalar curvature in the sense
that limit in (9.5) fails to be nonnegative. These limits can be biLipschitz to tori and still
not be isometric to a �at torus. Like all examples created with this sewing construction,
MinA(Mj) → 0.

9.3 Integral Currents on a Metric Space

Beforewe can rigorously de�ne intrinsic �at convergence anddescribe the limit spaces
obtained under intrinsic �at convergence, we need to review Ambrosio and Kirch-
heim’s notion of currents and convergence of currents on a complete metric space [1].
Note that like Federer-Fleming’s earlier work on the �at andweak convergence of sub-
manifolds viewed as currents in Euclidean space, the �at and weak convergence of
Ambrosio-Kirchheim’s currents are extrinsic notions of convergence, depending very
much on the way in which the submanifold or current lies within an extrinsic space.
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9.3.1 Federer-Fleming currents on Euclidean Space

In [19] Federer and Fleming �rst introduced the notion of a current on Euclidean space
as a generalizationof thenotionof anoriented submanifold,ϕ : M → EN ,which views
M as a linear functional, T = [M], on di�erential forms:

T(ω) = [M]ω =
∫
M

ϕ*ω. (9.26)

In particular

T(f dπ1 ∧ · · · ∧ dπm) =
∫
M

(f ◦ ϕi) d(π1 ◦ ϕ1) ∧ · · · ∧ d(πm ◦ ϕm). (9.27)

Observe that this is perfectly well de�ned when ϕ : M → EN is only Lipschitz. This
linear functional captures the notion of boundary,

∂T(ω) =
∫
∂M

ω =
∫
M

dω = T(dω). (9.28)

So that
∂T(f dπ1 ∧ · · · ∧ dπm−1) = T(1 df ∧ dπ1 ∧ · · · ∧ dπm−1). (9.29)

Federer and Fleming then studied sequences of submanifolds by considering the
weak limits of their corresponding linear functionals. They applied this to study the
Plateau Problem: searching for the submanifold of smallest area with a given bound-
ary. They proved sequences of submanifolds approaching the smallest area converge
in the weak sense to a limit which they called an integral current.

9.3.2 Ambrosio-Kirchheim Integer Recti�able Currents

In [1], Ambrosio and Kirchheim de�ned currents on Euclidean space to integral cur-
rents on any complete metric space, Z. In Federer-Fleming, currents were de�ned as
linear functionals on di�erential forms [19]. Since there are no di�erential forms on
a metric space, Ambrosio and Kirchheim’s currents are multilinear functionals which
act on DiGeorgi’s m + 1 tuples [17]. A tuple (f , π1, ..., πm) is in Dm(Z) i� f : Z → R
is a bounded Lipschitz function and πi : Z → R are Lipschitz. These tuples have no
antisymmetry properties.

In [1] Ambrosio and Kirchheim began their work by de�ning currents. As we do
not need the notion of a current in this paper, we jump directly to their notion of an
integer recti�able current applying their Theorems 9.1 and 9.5 as an explanation rather
than using their de�nition.
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A linear functional T : Dm(Z) → R is anm dimensional integer recti�able current,
denoted T ∈ Im(Z) if and only if it can be parametrized as follows

T(f , π1, ..., πm) =
∞∑
i=1

θi ∫
Ai

(f ◦ ϕi) d(π1 ◦ ϕi) ∧ · · · ∧ d(πm ◦ ϕi)

 (9.30)

where θi ∈ Z and ϕi : Ai → ϕi(Ai) ⊂ Z are biLipschitz maps de�ned on precompact
Borel measurable sets, Ai ⊂ Rm, with pairwise disjoint images such that

∞∑
i=1
|θi|Hm(ϕi(Ai)) < ∞ whereHm is the Hausdor� measure. (9.31)

A 0 dimensional integer recti�able current can be parametrized by a �nite collection
of distinct weighted points

T(f ) =
N∑
i=1

θi f (pi) where θi ∈ Z and pi ∈ Z. (9.32)

Observe that we then have the following antisymmetry property,

T(f , π1, ..., πm) = sgn(σ) T(f , πσ(1), ..., πσ(m)) (9.33)

for any permutation σ : {1, ...,m} → {1, ...,m}. In addition, T(f , π1, ..., πm) = 0
if f is the zero function or one of the πi is constant. So while the tuples do not have
the properties of di�erential forms, the action of the integer recti�able currents on the
tuples has these properties.

Ambrosio-Kirchheim’smassmeasure ‖T‖ of a current T, is the smallest Borelmea-
sure, µ, such that∣∣∣T (f , π)

∣∣∣ ≤ ∫
X

|f |dµ ∀ (f , π) where Lip (πi) ≤ 1. (9.34)

In Theorem 9.5 of [1], the mass measure is explicitly computed. For the purposes of
this paper we need only the following consequence of their theorem:

m−m/2HT(A) ≤ ||T||(A) ≤ 2m
ωm

HT(A) (9.35)

where

HT(A) =
∞∑
i=1
|θi|Hm(ϕi(Ai) ∩ A). (9.36)

Furthermore the mass measure of a 0 dimensional integer recti�able current satis�es

||T||(A) =
∑
pi∈A
|θi|. (9.37)
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The Ambrosio-Kirchheim mass of T is de�ned

M (T) = ||T|| (Z) . (9.38)

By the de�nition of the Ambrosio-Kirchheim mass we have

T(f , π1, ..., πm) ≤ sup |f |
m∏
i=1

Lip(πi)M(T). (9.39)

The restriction of a current T by a k + 1 tuple ω = (g, τ1, ...τk) ∈ Dk(Z) with k < m
is de�ned by

(T ω)(f , π1, ...πm) := T(f · g, τ1, ...τk , π1, ...πm). (9.40)

Given a Borel set, A,

T A(f , π1, ...πm) := T(1A · f , π1, ...πm) (9.41)

where 1A is the indicator function of the set. Observe that T ω is an integer recti�able
current of dimension m − k and that

M(T ω) = ||T||(A). (9.42)

Given a Lipschitzmap,ϕ : Z → Z′, the push forward of a current T on Z to a current
ϕ#T on Z′is given by

ϕ#T(f , π1, ...πm) := T(f ◦ ϕ, π1 ◦ ϕ, ...πm ◦ ϕ) (9.43)

which is clearly still an integer recti�able current. Observe that

(ϕ#T) (f , π1, ...πk)) = ϕ#(T (f ◦ ϕ, π1 ◦ ϕ, ...πk ◦ ϕ)) (9.44)

and
(ϕ#T) A = (ϕ#T) (1A) = ϕ#(T (1A ◦ ϕ)) = ϕ#(T ϕ−1(A)). (9.45)

In (2.4) of [1], Ambrosio and Kirchheim show that

||ϕ#T|| ≤ [Lip(ϕ)]mϕ#||T||, (9.46)

so that when ϕ is an isometric embedding

||ϕ#T|| = ϕ#||T|| andM(T) = M(ϕ#T). (9.47)

In [1][Theorem 4.6] Ambrosio and Kirchheim de�ne the (canonical) set of a cur-
rent, T, as the collection of points in Z with positive lower density:

Set (T) = {p ∈ Z : Θ*m (‖T‖, p) > 0}, (9.48)
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where the de�nition of lower density is

Θ*m (µ, p) = lim inf
r→0

µ(Bp(r))
ωmrm

. (9.49)

When T is an integer recti�able current then Set(T) is countablyHm recti�able, which
means there exists a collection of biLipschitz maps, ϕi : A′i → Set(T) ⊂ Z, de�ned on
Borel sets A′i ∈ Rm such that

Hm

(
Set(T) \

∞⋃
i=1
ϕi(Ai)

)
= 0. (9.50)

These ϕi can be taken from the parametrization of T with A′i ⊂ Ai ⊂ Āi.

9.3.3 Ambrosio-Kirchheim Integral Currents

The boundary of T is de�ned

∂T(f , π1, ...πm−1) := T(1, f , π1, ...πm−1). (9.51)

Note that ϕ#(∂T) = ∂(ϕ#T) and it can easily be shown that ∂∂T = 0. The boundary of
an integer recti�able current is not necessarily an integer recti�able current.

An integer recti�able current T ∈ Im(Z) is an integral current, denoted T ∈ Im(Z),
if ∂T is an integer recti�able current. This includes the zero current

0(f , π1, ..., πm) := 0 with ∂0(f , π1, ..., πm−1) = 0(1, f , π1, ..., πm−1) = 0. (9.52)

Note that Ambrosio and Kirchheim de�ne an integral current as an integer recti�able
current whose boundary has �nite mass and the more easily applied statement we
have here is their Theorem 8.6 in [1].

Given an oriented Riemannianmanifold with boundary,Mm, such that volm(M) <
∞ and volm−1(∂M) < ∞, and given a Lipschitz map ϕ : M → Z, we can de�ne an
integral current ϕ#[M] ∈ Im(Z) as follows

ϕ#[M](f , π1, ..., πm) =
∫
M

(f ◦ ϕ) d(π1 ◦ ϕ) ∧ · · · ∧ d(πm ◦ ϕ). (9.53)

Note that ∂ϕ#[M] = ϕ#[∂M] where ∂M is the boundary of M and

M(ϕ#[M]) = volm(ϕ(M)). (9.54)

If volm(M) < ∞ and volm−1(∂M) = ∞, then [M] is only integer recti�able and not
integral.

Whenever T is an integral current, ∂∂T = 0, and

∂ : Im(Z) → Im−1(Z). (9.55)
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In addition, if ϕ : Z1 → Z2 is Lipschitz, then by (9.43)

ϕ# : Im(Z1) → Im(Z2). (9.56)

The restriction of an integral current de�ned in (9.40) need not be an integral current.
However, the Ambrosio-Kirchheim Slicing Theorem implies that

T B(p, r) is an integral current for almost every r > 0 (9.57)

where B(p, r) = {x : d(x, p) < r}.

9.3.4 Convergence of Currents in a Metric Space

In De�nition 3.6 of [1], Ambrosio and Kirchheim state that a sequence of integral cur-
rents Tj ∈ Im (Z) lying in a complete metric space, Z, is said to converge weakly to a
current T, denoted Tj → T, i� the pointwise limits satisfy

lim
j→∞

Tj (f , π1, ...πm) = T (f , π1, ...πm) (9.58)

for all bounded Lipschitz f : Z → R andLipschitz πi : Z → R. Ambrosio andKirchheim
next observe that if Tj converges weakly to T, then the boundaries converge

∂Tj → ∂T, (9.59)

and the mass is lower semicontinuous

lim inf
j→∞

M(Tj) ≥ M(T). (9.60)

Thus, the weak limit of a sequence of integer recti�able currents with a uniform upper
bound on mass is an integer recti�able current:

Tj ∈ Im(Z), M(Tj) ≤ V0 and Tj → T ⇒ T ∈ Im(Z). (9.61)

Similarly for integral currents we have

Tj ∈ Im(Z), M(Tj) ≤ V0, M(∂Tj) ≤ A0 and Tj → T ⇒ T ∈ Im(Z). (9.62)

For any open set, A ⊂ Z, if Tj → T then

lim inf
j→∞

||Tj||(A) ≥ ||T||(A). (9.63)

However, Tj A need not converge weakly to T A (cf. Example 2.21 of [56]).
Ambrosio and Kirchheim prove the following compactness theorem:
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Theorem 9.3.1. [1] consider any complete metric space Z, a compact set K ⊂ Z and
A0, V0 > 0. Given any sequence of integral currents Tj ∈ Im (Z) satisfying

M(Tj) ≤ V0,M(∂Tj) ≤ A0 and Set
(
Tj
)
⊂ K, (9.64)

there exists a subsequence, Tji , which converges weakly to T ∈ Im(Z).

It is possible that the limit obtained in this theorem is the 0 integral current. Observe
that whenever the sequence of currents is collapsing,

M(Tj) → 0, (9.65)

then by (9.39) we have

|Tj(f , π1, ..., πm)| ≤ sup |f |
m∏
i=1

Lip(πi)M(Tj) → 0 (9.66)

and so Tj converges weakly to 0.
It is also possible for Tj to converge weakly to 0 without collapsing. This can oc-

cur due to cancellation, when the Tj fold over on themselves as in Example 9.3.2. We
include this example in detail because it inspires the notion of �at convergence and
will be refered to repeatedly in this paper.

Example 9.3.2. Let Tj = ϕj#[M] ⊂ I2(E3) where

ϕj(s, t) =
(
s, t/j, |t|bj/j

)
where bj =

√
j2 − 1 (9.67)

on M = {(s, t) : s ∈ [−1, 1], t ∈ [−1, 1]}. SinceM(ϕj#[M]) = vol(M) does not converge
to 0, this sequence is not collapsing. Observe that Tj = Aj + ∂Bj where

Bj = [{(x, y, z) : |x| ≤ 1, |y| ≤ 1/j, z ∈ [|y|bj , bj/j] }] ∈ I3(E3) and (9.68)

Aj = A−j + A+
j + A0

j ∈ I2(E3) where (9.69)

A−j = −[{ (−1, y, z) : y ∈ [−1/j, 1/j], z ∈ [|y|bj , bj/j ] }] (9.70)
A+
j = [{ (+1, y, z) : y ∈ [−1/j, 1/j], z ∈ [|y|bj , bj/j ] }] (9.71)
A0
j = [{ (x, y, bj/j ) : x ∈ [−1, 1], y ∈ [−1/j, 1/j] }]. (9.72)

Since
M(Bj) ≤ (4/j) andM(Aj) ≤ (2/j) + (2/j) + 4/j, (9.73)

we have Bj → 0 and Aj → 0. By (9.59) we have ∂Bj → ∂0 = 0, and thus

Tj = Aj + ∂Bj → 0. (9.74)

Sometimes part of a sequence disappears under weak convergence and part remains.
This happens in the following example:
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Example 9.3.3. Let Tj = ϕj#[D2] ⊂ I2(E3) with D2 = {(x, y) : x2 + y2 ≤ 1} and

ϕj#(x, y) = (x, y, fj(
√
x2 + y2)), (9.75)

where fj : [0, 1] → [0, 1] is a smooth cuto� function such that fj(r) = 1 near r = 0
and fj(r) = 0 for r ≥ 1/j. Then ∂Tj = ϕj#[S1] is constant and so the sequence does not
disappear. In fact Tj converges weakly to T∞ = ϕ∞#[D2] where

ϕj#(x, y) = (x, y, 0) (9.76)

since Tj − T∞ = ∂Bj where

Bj = [{(x, y, z) : x2 + y2 ≤ 1, 0 ≤ z ≤ fj(
√
x2 + y2)}]. (9.77)

Since
M(Bj) ≤ π(1/j)2 → 0 (9.78)

we have Bj → 0 and thus Tj − T∞ → 0 and Tj → T∞.

9.3.5 The Flat distance vs the Hausdor� distance

In [62],Wenger de�nes the �at distance between two integral currents, T1, T2 ∈ Im(Z),
lying in a common complete metric space, Z, to be

dZF (T1, T2) = inf
{
M(A) + M(B) : A + ∂B = T1 − T2

}
(9.79)

where the in�mum is taken over all A ∈ Im(Z) and B ∈ Im+1(Z) such that A + ∂B =
T1 − T2. This is the same de�nition given by Federer and Fleming in [19] building
on work of Whitney [64] for the �at distance in Euclidean space, where it is a norm,
|T1 − T2|[. The lack of scaling in (9.80) is a result of setting the �at distance to be a
norm on Euclidean space. A scalable version of the �at distance might be de�ned for
Z with a �nite diameter diam (Z) = D as follows (cf. [40]):

dZDF (T1, T2) = inf
{
DM(A) + M(B) : A + ∂B = T1 − T2

}
(9.80)

Observe that if twoorientedhypersurfaces share a boundary, then the�at distance
between them is bounded above by the volume between them. In Example 9.3.3, we
have

dE
3

F (Tj , T∞) → 0 (9.81)

by taking Bj as in (9.77) so that Tj −T∞ = ∂Bj. Then dZF(Tj , 0) ≤ M(Bj) which converges
to 0 as j → ∞ by (9.78). In Example 9.3.2, we produce a sequence of integral currents
Tj in Euclidean space such that

dE
3

F (Tj , 0) → 0 (9.82)
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by taking Bj as in (9.68) and Aj as in (9.69) so that Tj − 0 = ∂Bj + Aj. Then dZF(Tj , 0) ≤
M(Aj) + M(Bj) which converges to 0 as j → ∞ by (9.73).

In [62], Wenger proves that when

M(Tj) ≤ V0 andM(∂T) ≤ A0 (9.83)

then weak and �at convergence are equivalent:

Tj → T if and only if dZF(Tj , T) → 0. (9.84)

One should contrast the �at distance between submanifolds viewed as integral
currents with the Hausdor� distance between submanifolds viewed as subsets, Xi =
ϕi(Mi). Note that the Hausdor� distance is de�ned to be

dZH(X1, X2) = inf{r > 0 : X1 ⊂ Tr(X2), X2 ⊂ Tr(X1)} (9.85)

where Tr(X) = {z : ∃x ∈ X s.t. d(x, z) < r} ⊂ Z. There is no notion of a dis-
appearing Hausdor� limit. The Hausdor� limit of a collapsing sequence of sets like
[0, 1/j] × [0, 1] ⊂ E2 is easily seen to be {0} × [0, 1] ⊂ E2, which is simply a lower di-
mensional set. TheHausdor� limit of the sequence of cancelling submanifolds,ϕj(M),
in Example 9.3.2 is easily seen to be the set [−1, 1] × {0} × [0, 1]. No points in a Haus-
dor� limit can disappear. In Example 9.3.3, the Hausdor� limit of ϕj(D2) is a disk with
a line segment attached: (D2 × {0}) ∪ ({0, 0} × [0, 1]) ⊂ E3.

One reason Federer and Fleming introduced integral currents and �at conver-
gence was to solve the Plateau Problem of �nding a minimal surface with a given
boundary, Γ. Suppose for example that

Γ = {(cos(t), sin(t), 0) : t ∈ S1} ⊂ E3. (9.86)

One must �nd the surface ϕ(D2) such that ∂(ϕ(D2)) = Γ of smallest area. One may
try to �nd this minimal surface by taking a sequence of such surfaces, ϕj(D2), with
area decreasing to the in�mum of these areas, and look for a limit. In Example 9.3.3,
we have such a sequence with a thinner and thinner spine so that the Hausdor� limit
is a disk with a line segment attached, not a minimal surface. Even worse, one may
have a sequence of ϕj(D2) = Yj with increasingly many increasingly dense spines as
in Figure 9.3 so that the Hausdor� limit is

Y = {(x, y, z) : x2 + y2 ≤ 1, z ∈ [0, 1]}. (9.87)

This Hausdor� limit has no notion of boundary and is no longer two dimensional.
There is no smooth or even C0 limit of such ϕj.

On the other hand the �at limit of a sequence, ϕj(D2), with area decreasing to the
in�mum of these areas does exist and is the standard disk

ϕ∞ : {(x, y) : x2 + y2 ≤ 1} → E3 with ϕ∞(x, y) = (x, y, 0). (9.88)
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Fig. 9.3. A troublesome Hausdor� limit. Image owned by the author.

This was proven in the case with one spine in Example 9.3.3. This can be seen in Fig-
ure 9.3 because the volume between the ϕj(Mj) and ϕ∞(M∞) converges to 0.

Even on a compact metric space, Z, �at convergence is well suited to the Plateau
Problem, where one is given Γ ∈ Im−1(Z) and asked to �nd an integral current T ∈
Im(Z), such that ∂T = Γ and

M(T) = M0 = inf{M(T) : ∂T = Γ}. (9.89)

One takes Tj ∈ Im(Z) such that ∂Tj = Γ, and M(Tj) → M0. By Ambrosio Kirchheim’s
Compactness Theorem [Theorem 9.3.1 above] and (9.84), a subsequence converges in
the weak and �at sense to some T∞ ∈ Im(Z). Since ∂T∞ = Γ by (9.59) andM(T∞) = M0
by (9.60), we have a desired solution to the Plateau Problem.

9.4 Integral Current Spaces and Intrinsic Flat Convergence

In this section we provide the rigorous de�nition for the intrinsic �at convergence of a
sequence of oriented Riemannianmanifolds or,more generally, a sequence of integral
current spaces [61]. It is crucial to remember that the manifolds in the sequence are
not submanifolds of any common Euclidean space. This is an intrinsic notion about
the intrinsic geometry of the Riemannian manifolds.

Asdescribed in the introduction, the intrinsic �at distance is de�nedmuch like the
Gromov-Hausdor� distance, by taking an in�mum over all distance preserving maps,
ϕj : Mm

j → Z into any common complete metric space, Z:

dF(M1,M2) = inf
Z,ϕj

{
dZF
(
ϕ1#[M1], ϕ2#[M2]

)}
(9.90)

where this is now rigorously de�ned using (9.53) and (9.80). In fact we can de�ne the
intrinsic �at distance between M1 and an abstract 0 space as well:

dF(M1, 0) = inf
Z,ϕj

{
dZF
(
ϕ1#[M1], 0

)}
. (9.91)

Keep inmind that by the Kuratowski Embedding Theoremany pair of separablemetric
spaces can be isometrically embedded into a Banach space, Z, so these in�ma are
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always �nite (cf. [61]). In [61], the author and Wenger prove that for Mj compact, we
have dF(M1,M2) = 0 if and only if there is an orientation preserving isometry between
them.

It is essential to remember that the ϕj are distance preserving maps or isometric
embeddings in the sense of Gromov as in (9.20). They are not Riemannian isomet-
ric embeddings which only preserve lengths of curves. For example, the Riemannian
isometry from the standard circle, S1, to the boundary of the closed Euclidean disk,
D2, is not a distance preserving map. The Riemannian isometry from the standard
circle, S1, to the boundary of the hemisphere, S2

+, is a distance preserving map. In
Example 9.3.2 we have a single �at square, M = [−1, 1] × [−1, 1], with a sequence of
ϕj : M → E3 which preserve lengths of curves, and yet the �at limit of the images is 0
due to cancellation. If the intrinsic �at distance were de�ned using such maps, then
dF(M1, 0) = 0, and similarly the intrinsic �at distance between any pair of oriented
manifolds would be 0.

In this sectionwe introduce a larger class of spaces, integral current spaces,which
aremetric spaceswith an additional structure. These spaces include oriented Rieman-
nianmanifolds with boundary and their intrinsic �at limits. We then de�ne the intrin-
sic �at distance between this larger class of spaces and review fundamental theorems
about intrinsic �at convergence.

9.4.1 Integral Current Spaces

Unlike the Gromov-Hausdor� distance, the intrinsic �at distance cannot be de�ned
between an arbitrary pair of metric spaces, Mj = (Xj , dj). One needs an additional
structure which guarantees that the isometric embeddings of the Mj into Z may be
viewed as integral currents. Thus the author and Wenger introduced the following
notion in [61]:

De�nition 9.4.1. An m dimensional metric space M = (X, d, T) is called an integral
current space if it has an integral current structure T ∈ Im

(
X̄
)
where X̄ is the metric

completion of X and Set(T) = X. Also included in the m dimensional integral current
spaces is the0 space, denoted0 = (∅, 0, 0).We say two such spaces are equal, M1 = M2,
if there is a current preserving isometry, F : M1 → M2:

d2(F(x), F(t)) = d1(x, y) and F#T1 = T2. (9.92)

The mass of the integral current space is, M(M) = M(T). The diameter is diam (M) =
sup{d(x, y) : x, y ∈ X} if M =6 0 and diam (0) = 0.
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Any m dimensional integral current space (X, d, T) is countablyHm recti�able in the
sense that there exists biLipschitz charts ϕi : Ai → X where Ai ⊂ Rm are Borel and

Hm
(
X \

∞⋃
i=1
ϕi(Ai)

)
= 0. (9.93)

In fact these charts can be viewed as oriented with weights θi ∈ N as in (9.30).
Any 0 dimensional integral current space, (X, d, T) is a �nite collection of points,
X = {p1, ..., pN}, with a metric d and with weights θi ∈ Z so that T(f ) =

∑N
i=1 θi f (pi).

A compact oriented Riemannian manifold with boundary, (Mm , g), is an integral
current space which X = Mm, where d = dg is the standard metric on M,

dg(p, q) = inf{Lg(C) : C(0) = p, C(1) = q} (9.94)

where

Lg(C) =
1∫

0

g(C′(t), C′(t))1/2 dt, (9.95)

and where T = [M] is integration over M,

T(f , π1, ..., πm) =
∫
M

f dπ1 ∧ · · · ∧ dπm . (9.96)

In this setting M(M) = vol(M). Note that if (M1, g1) and (M2, g2) are di�eomorphic
then they have the same integral current structure up to a sign. In fact they need only
be biLipschitz equivalent. They do not have the same mass unless there is a volume
preserving di�eomorphism between them. They are not viewed as the same integral
current space unless there is an orientation preserving isometry between them.

IfM is a precompact oriented Riemannianmanifold with boundary, (Mm , g), then
we can de�ne an integral current space (X, d, T), by taking the metric completion X̄ =
M̄, de�ning dg as the continuous extension to X̄ of (9.94), and de�ning T ∈ Im(X̄)
exactly as in (9.96). Then X = Set(T) ⊂ X̄. This set is called the settled completion of
M, and is denoted, M′. In particular

M′ = {x ∈ M̄ : lim inf
r→0

volm(B(x, r) ∩M)/rm > 0}. (9.97)

Thus ifM is amanifold with a singular point removed, that point is always included in
the metric completion M̄ but if it is a cusp singularity it is not included in the settled
completion.

The boundary of an integral current space, (X, d, T), is the integral current space:

∂ (X, dX , T) :=
(

Set (∂T) , dX̄ , ∂T
)

(9.98)

where the distance on the boundary is dX̄ which is restricted from the distance on the
metric completion X̄. If ∂T = 0 then one says (X, d, T) is an integral current without
boundary. The 0 space has no boundary.
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Note that the boundary of (M, dg , [M]) when M is an oriented Riemannian man-
ifold with boundary is (∂M, dg , ∂[M]) endowed with the restricted distance, dg, de-
�ned on M as in (9.94). It is only a geodesic space if ∂M is totally geodesic in M. For
example, when M = D2 ⊂ E2, then ∂M = (S1, dE2 , [S1]) is not a geodesic space be-
cause there are no curves whose length is equal to the distance between the points,

dE2 (p, q) = |p − q| < dS1 (p, q) = cos−1(1 − |p − q|2/2). (9.99)

The boundary of the upper hemisphere, M =
(
S2

+, dS2
+
, [S2

+]
)
, is a geodesic integral

current space, ∂M =
(
S1, dS1 , [S1]

)
.

In [56] the author proves that a ball in an integral current space, M = (X, d, T),
with the current restricted from the current structure ofM is an integral current space
itself,

S(p, r) :=
(

Set(T B(p, r)), d, T B (p, r)
)

(9.100)

for almost every r > 0. Furthermore,

B(p, r) ⊂ Set(S(p, r)) ⊂ B̄(p, r) ⊂ X. (9.101)

Note that the outside of the ball, (M \ B(p, r), d, T − S(p, r)), and the sphere,

∂S(p, r) :=
(

Set(∂(T B(p, r))), d, ∂(T B (p, r))
)
, (9.102)

are integral current spaces for the same values of r > 0. If ∂M = 0 then

Set(∂(T B(p, r))) ⊂ {x : d(x, p) = r}. (9.103)

In [49] the author investigate the notion of the �lling volume

FillVol(∂M) = inf{M(N) : ∂N = ∂M} (9.104)

where the in�mum is over all integral current spaces, N, such that there is a cur-
rent preserving isometry from ∂N to ∂M. This notion of �lling volume does not quite
agree with Gromov’s notion of Filling Volume in [22] because in our notion there is a
larger collection of candidates, N, for �lling the manifold. This is because we require
a current preserving isometry on the boundary, and because we use the Ambrosio-
Kirchheim mass. With our notion, we immediately have

M(M) ≥ FillVol(∂M). (9.105)

Applying the �lling volume to balls, we have for almost every r > 0 that

||T||(B(p, r)) = M(T B(p, r)) = M(S(p, r)) ≥ FillVol(∂S(p, r)). (9.106)

In particular, if a point x ∈ X̄ satis�es

lim inf
r→0

FillVol(∂S(p, r))/rm > 0 (9.107)
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then x ∈ Set(T) = X. This idea was �rst applied jointly with Wenger in [60] before the
notion of integral current space was precisely de�ned in [61]. Further exploration of
�lling volume and a new notion called the sliced �lling volume appeared in [49] with
Portegies.

9.4.2 Intrinsic Flat Convergence

The intrinsic �at distance between integral current spaces was �rst de�ned by the
author and Wenger in [61]:

De�nition 9.4.2. For M1 = (X1, d1, T1) and M2 = (X2, d2, T2) ∈ Mm let the intrinsic
�at distance be de�ned:

dF (M1,M2) := inf dZF (ϕ1#T1, ϕ2#T2) , (9.108)

where the in�mum is taken over all complete metric spaces (Z, d) and distance preserv-
ing maps ϕj :

(
X̄j , dj

)
→ (Z, d).

WhenMj are precompact integral current spaces we prove the in�mum in this de�ni-
tion is obtained [61][Thm 3.23] and consequently dF is a distance [61][Thm3.27] on the
class of precompact integral current spaces up to current preserving isometries, as in
(9.92). In particular, it is a distance on the class of oriented compact manifolds with
boundary of a given dimension.

We say
Mj

F−→ M∞ i� dF(Mj ,M∞) → 0. (9.109)

By the de�nition of intrinsic �at convergence, Mj
F−→ M∞ if and only if there exists

distance preserving maps to complete metric spaces, ϕj : Mj → Zj and ϕ′j : M∞ → Zj,
and integral currents, Bj ∈ Im+1(Zj) and Aj ∈ Im(Zj), such that

ϕj#Tj − ϕ′j#T∞ = ∂Bj + Aj (9.110)

and
dF(Mj ,M∞) ≤ dZjF

(
ϕj#Tj , ϕ′j#T∞

)
≤ M(Bj) + M(Aj) → 0. (9.111)

We could then replace Zj with Z′j that are closures of countablyHm+1 recti�able spaces
by taking

Z′j = Cl(Set(Bj) ∪ Set(Aj)) ⊂ Zj . (9.112)

So in fact the Z in the in�mum of the De�nition 9.4.2 may be chosen in this class.
Note that if Mj

F−→ M∞ then using the same distance preserving maps we have

ϕj#∂Tj − ϕ′j#∂T∞ = ∂Aj (9.113)
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and
dF(∂Mj , ∂M∞) ≤ dZjF

(
ϕj#∂Tj , ϕ′j#∂T∞

)
≤ M(Aj) → 0. (9.114)

So ∂Mj
F−→ ∂M∞.

The following theorem in [61] is an immediate consequence of Gromov’s Embed-
ding Theorem and Ambrosio-Kirchheim’s Compactness Theorems:

Theorem 9.4.3. Given a sequence of precompact m dimensional integral current
spaces Mj =

(
Xj , dj , Tj

)
such that(

X̄j , dj
) GH−→ (Y , dY ) , M(Mj) ≤ V0 and M(∂Mj) ≤ A0 (9.115)

then a subsequence converges in the intrinsic �at sense(
Xji , dji , Tji

) F−→ (X, dX , T) (9.116)

where either (X, dX , T) is the 0 integral current space or (X, dX , T) is an m dimensional
integral current space such that X ⊂ Y with the restricted metric dX = dY .

Immediately one notes that if Y has Hausdor� dimension less thanm, then (X, d, T) =
0. In Section 9.4.3 we survey theorems in which it is proven under additional hypothe-
ses that the intrinsic �at andGH limits agree. There aremany exampleswith nonnega-
tive scalar curvature where these limits do not agree presented in [61]. In fact one may
not even have a GH converging subsequence for a sequence with an intrinsic �at limit
(see Section 9.2.1).

Gromov’s Embedding Theorem, which is applied to prove Theorem 9.4.3, states
that if

(
Xj , dj

) GH−→ (X∞, d∞) then there is a compact metric space Z and a collection
of isometric embeddings ϕj : Xj → Z such that

dZH(ϕj(Xj), ϕ∞(X∞)) → 0. (9.117)

Note that without his embedding theorem one needs di�erent Zj for each term in the
sequence, and then onewould not be able to apply the Ambrosio-KirchheimCompact-
ness Theorem (cf. Theorem 9.3.1) to complete the proof of Theorem 9.4.3.

In [61][Thms 4.2-4.3], the author and Wenger prove similar embedding theorems
for sequences which converge in the intrinsic �at sense: if

Mj =
(
Xj , dj , Tj

) F−→ M0 = (X∞, d∞, T∞) , (9.118)

then there is a common separable complete metric space, Z, and distance preserving
maps ϕj : Xj → Z such that

dZF(ϕj#Tj , ϕ∞#T∞) → 0. (9.119)

In the case where M0 = 0 then we have (9.119) as well with ϕ∞#T∞ = 0, and can �nd
z ∈ Z and xj ∈ Xj such that ϕj(xj) = z. In fact this Z can be chosen to be the closure of
a countablyHm+1 recti�able metric space and is glued together from the Z′j in (9.112).
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These embedding theorems do not require uniform bounds on the masses or vol-
umes of theMj and ∂Mj. Combining themwith Ambrosio-Kirchheim’s lower semicon-
tinuity of mass (9.60) we see that

Mj
F−→ M∞ ⇒ lim inf

i→∞
M(Mi) ≥ M(M∞). (9.120)

In [56] the author proves lower semicontinuity of the diameter as well:

Mj
F−→ M∞ ⇒ lim inf

i→∞
diam (Mi) ≥ diam (M∞), (9.121)

In [49], the author and Portegies prove that

∂Mj
F−→ ∂M∞ ⇒ FillVol(∂Mj) → FillVol(∂M∞). (9.122)

This idea was �rst observed in joint work of the author with Wenger [60]. Since

M(M) ≥ FillVol(∂M) (9.123)

one can use �lling volumes to provide a lower bound on the mass of the limit

M(M∞) ≥ FillVol(∂M∞) = lim
j→∞

FillVol(∂Mj). (9.124)

Portegies and the author also introduce the notion of a sliced �lling volume [49]. They
prove that it is continuous with respect to intrinsic �at convergence and that it pro-
vides a lower bound for mass.

9.4.3 Compactness Theorems for Intrinsic Flat Convergence

The �rst compactness theorem for intrinsic �at convergence is stated by the author
with Wenger in [61]. It is a combination of Gromov’s Compactness and Embedding
TheoremswithAmbrosio-KirchheimCompactness; it states that ifMj = (Xj , dj , Tj) sat-
isfy the hypothesis of Gromov’s Compactness Theorem and of Ambrosio-Kirchheim’s
Compactness theorem, then a subsequence converges in the GH sense and theF sense
where the F limit is a subset of the GH limit (cf. Theorem 9.4.3). There are a number
of theorems which apply Gromov’s Compactness theorem combined with this theo-
rem, and then prove the GH andF limits agree under additional hypotheses including
noncollapsing,M(Mj) ≥ V0 > 0. We call these F =GH compactness theorems.

The author andWenger prove in [61] aF =GH compactness theorem for sequences
of manifolds without boundary that either have uniform linear contractibility func-
tions or are noncollapsing with Ric ≥ 0. Perales has extended this to allow boundaries
with various conditions on the boundary in [46]. Matveev-Portegies have extended the
result without boundary to uniform negative lower bounds on Ricci curvature in [42].
The author, Huang and Lee have proven aF =GH compactness theorem for sequences
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of integral current spaces, (X, dj , T), with varying bounded distance functions dj in
the Appendix to [28]. Li and Perales have proven a F =GH compactness theorem for
noncollapsing integral current spaces (Xj , dj , Tj) with nonnegative Alexandrov curva-
ture (includingmanifolds with nonnegative sectional curvature) in [41]. It is unknown
whether integral current spaces satisfying various generalized notions of Ricci curva-
ture have F =GH compactness theorems.

In the setting with Scal ≥ 0, we do not in general have GH limits. Thus we need
compactness theorems with weaker hypotheses that do not imply GH convergence of
subsequences. Wenger’s Compactness Theorem was proven in [63] and stated in the
following form in [61]:

Theorem 9.4.4. Wenger Compactness
If Mj are integral current space of dimension m satisfying the following

M(Mj) ≤ V0 M(∂Mj) ≤ A0 diam (Mj) ≤ D0 (9.125)

then there exists a subsequence Mjk
F−→ M∞ where M∞ is an integral current spaces of

dimension m possibly 0.

Perales has applied this theorem in [47] to prove two F compactness theorems. One
assumes the given sequence of oriented manifolds satis�es

Ricj ≥ 0 vol(∂Mj) ≤ A0 H∂Mj ≥ H0 diam (Mj) ≤ D0 (9.126)

and the other assumes the given sequence satis�es

Ricj ≥ 0 vol(∂Mj) ≤ A0 H∂Mj ≥ H0 > 0 diam (∂Mj) ≤ D0. (9.127)

Here H is the mean curvature with respect to the outward pointing normal. Note that
in (9.127) the only condition on the interior of the manifold is Ric ≥ 0.

Observe that in both of these theorems, we could renormalize the manifolds to
have vol(∂Mj) = A0. When H0 ≥ 0, these sequences have Hawking mass as in (9.8)
uniformly bounded above:

mH(∂Mj) ≤ m0 =
√

A0
16π

(
1 − 1

16π A0H2
0

)
. (9.128)

This leads naturally to the following conjecturewhich could be a step towards proving
almost rigidity of the Positive Mass Theorem or Bartnik’s Conjecture [4]:

Conjecture 9.4.5. Hawking Mass Compactness
Given a sequence of three dimensional oriented manifolds M3

j satisfying

vol(Mj) ≤ V0 vol(∂Mj) = A0 diam (Mj) ≤ D0 (9.129)

Scalj ≥ 0 H∂Mj ≥ 0 mH(∂Mj) ≤ m0 (9.130)
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and either no closed interior minimal surfaces or MinA(Mj) ≥ A1 > 0, then a subse-
quence converges in the intrinsic �at sense

Mjk
F−→ M∞ and M(Mjk ) → M(M∞) (9.131)

and M∞ satis�es (9.130) in some generalized sense (cf. Section 9.7.5). One might replace
Hawking mass with another quasilocal mass in this conjecture.

LeFloch and the author have proven this Hawking Mass Compactness Conjecture in
the rotationally symmetric setting assuming that there are no closed interior minimal
surfaces in [40]. This is shown by proving H1

loc convergence of a subsequence of the
manifolds with a well chosen gauge, and then proving the H1

loc limit is a F limit using
Theorem 9.5.2. In general it is unknown whether H1

loc convergence implies F conver-
gence, but here there is alsomonotonicity of the Hawkingmass to help. Since the limit
space is a rotationally symmetric manifold with a metric tensor g ∈ H1

loc, it is possi-
ble to de�ne generalized notions of nonnegative scalar curvature using (9.3) in a weak
sense. It is also possible to de�ne Hawking mass and show (9.130) hold on the limit
spaces as well.

Gromov has conjectured vaguely that intrinsic �at convergence may preserve
some notion of Scal ≥ 0 in [24] and [23]. Considering the examples and the above
conjecture, we propose the following Scalar Compactness Theorem which requires a
uniform lower bound on the area of a closed minimal surface:

Conjecture 9.4.6. Scalar Compactness
Given a sequence of oriented manifolds M3

j with ∂M3
j = 0 satisfying

vol(Mj) ≤ V0 diam (Mj) ≤ D0 Scalj ≥ 0 MinA(Mj) ≥ A1 > 0 (9.132)

then a subsequence converges in the intrinsic �at sense

Mjk
F−→ M∞ and M(Mjk ) → M(M∞) (9.133)

and M∞ has Scal∞ ≥ 0 in some generalized sense (cf. Section 9.7.5).

A proof of this Scalar Compactness Theorem in the rotationally symmetric case might
imitate the proof of the Hawking Compactness Theorem of the author with LeFloch,
however thework in [40] very strongly relies on the existence of a boundary to choose a
gauge. Nevertheless a very similar proof should work and would make a nice problem
for a doctoral student. Quite a di�erent technique would be needed to handle other
settings. In the graph case as in [28] there is no H1

loc convergence.
See Section 9.7.5 for more about how generalized Scal∞ ≥ 0 might be de�ned.
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9.5 Theorems which imply Intrinsic Flat Convergence

In this section we present theorems which have been applied to prove sequences of
spaces converge in the intrinsic �at sense. In the previous section we have already
presented compactness theorems which imply intrinsic �at convergence of subse-
quences. Here we present theorems where geometric constraints and relationships
between a pair of spaces are used to bound the intrinsic �at distance between them.

Beforewebegin, note that in Section 5 of [61], the author andWenger proved that if
the Gromov Lipschitz distance between two Riemannian manifolds is small, then the
intrinsic �at distance is small. In particular if the manifolds are close in the C0 sense
then they are close in the intrinsic �at sense. This theorem may now be viewed as a
special case of Theorem 9.5.2 included below. More general statements about pairs of
integral current spaces with such bounds also appear in [61].

9.5.1 Using Riemannian Embeddings to estimate dF

Recall that in the de�nition of intrinsic �at convergence, one must �nd distance pre-
servingmaps of the pair of manifolds into a common complete metric space, Z, before
estimating the �at distance between the images. If, however, one only has Rieman-
nian isometric embeddings of the manifolds into a common Riemannian manifold,
then one may apply the following theorem proven by Lee and the author in [39] to
estimate the intrinsic �at distance between the spaces.

Theorem 9.5.1. If ϕi : Mm
i → Nm+1 are Riemannian isometric embeddings with em-

bedding constants CMi where

CM := sup
p,q∈M

|dM(p, q) − dN(ϕ(p), ϕ(q))|, (9.134)

and if they are disjoint and lie in the boundary of a region W ⊂ N then

dF(M1,M2) ≤ SM1

(
volm(M1) + volm−1(∂M1)

)
(9.135)

+SM2

(
volm(M2) + volm−1(∂M2)

)
(9.136)

+ volm+1(W) + volm(V) (9.137)

where V = ∂W \
(
ϕ1(M1) ∪ ϕ2(M2)

)
and SMi =

√
CMi (diam (Mi) + CMi ).

This theorem is proven in [39] by explicitly constructing a geodesic metric space,

Z = W0 ∪W1 ∪W2 ⊂ N × [0, SM], (9.138)

whereW0 =
{

(x, 0) : x ∈ N
}
and

Wi =
{

(x, s) : x ∈ ϕi(Mi), s ∈ [0, SMi ]
}
, (9.139)
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and by proving ψi(x) = (ϕi(x), SMi ) are distance preserving maps into Z. Then taking
B = [W0] + [W1] − [W2] and A = V0 + V1 − V2 where V0 = [{(x, 0) : x ∈ V}] and

Vi = [
{

(x, s) : x ∈ ϕi(∂Mi), s ∈ [0, SMi ]
}

]. (9.140)

With the appropriate orientations, we get ψ1#[M1] − ψ2#[M2] = A + ∂B. The estimate
then follows because dF(M1,M2) ≤ M(A) + M(B).

9.5.2 Smooth Convergence Away from Singular Sets

Suppose one has a pair of Riemannianmanifolds containing subregions that are close
in the C0 sense. Then one can estimate the intrinsic �at distance between these man-
ifolds, using estimates on the volumes of the regions where they are di�erent and ad-
ditional information as proven by Lakzian and the author in [36]:

Theorem 9.5.2. Suppose M1 = (M, g1) and M2 = (M, g2) are oriented precompact
Riemannian manifolds with di�eomorphic subregions Ui ⊂ Mi and di�eomorphisms
ψi : U → Ui such that the following hold

(1 + ϵ)−2ψ*2g2(V , V) < ψ*1g1(V , V) < (1 + ϵ)2ψ*2g2(V , V) ∀V ∈ TU, (9.141)

DUi = sup{diam Mi (W) : W is a connected component of Ui}, (9.142)

λ = sup
x,y∈U

|dM1 (ψ1(x), ψ1(y)) − dM2 (ψ2(x), ψ2(y))|. (9.143)

Then the Gromov-Hausdor� distance between the metric completions is bounded,

dGH(M̄1, M̄2) ≤ a + 2h̄ + max
{
dM1
H (U1,M1), dM2

H (U2,M2)
}

(9.144)

and the intrinsic �at distance between the settled completions is bounded,

dF(M′1,M′2) ≤ volm(M1 \ U1) + volm(M2 \ U2) (9.145)
+
(

2h̄ + a
) (

volm−1(∂U1) + volm−1(∂U2)
)

(9.146)

+
(

2h̄ + a
) (

volm(U1) + volm(U2))
)
. (9.147)

where a = a(ϵ, DU1 , DU2 ) converges to 0 as ϵ → 0 for �xed values of DUi , and where
h = h(ϵ, λ, DU1 , DU2 ) converges to 0 as both ϵ → 0 and λ → 0 for �xed DUi . Explicit
formulas for a(ϵ, DU1 , DU2 ) and h(ϵ, λ, DU1 , DU2 ) are given in [36].

Theorem 9.5.2 is proven in [36] by explicitly constructing a common metric space

Z = M1 tU1 (U × [0, 2h̄ + a]) tU2 M2 (9.148)

where U × [0, 2h̄ + a] is a product manifold with a precisely given metric g′, and M1
is glued to it along U1 ⊂ M1 which is isometric to U × {0} and M2 is glued to it along
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Fig. 9.4. Estimating the intrinsic flat distance. Image owned by the author and Sajjad Lakzian.

U2 ⊂ M2 which is isometric to U × {2h̄ + a} as in Figure 9.4. The metric g′ is chosen
so that ϕi : Mi → Z are distance preserving. In particular g′ = dt2 + g1 on U × [0, h̄]
where h̄ is chosen as in the theorem statement to guarantee that there are no short
paths between points inM1 that run through U × [0, 2h̄+a]. Similarly, g′ = dt2 + g2 on
U×[a+ h̄, a+2h̄]. On themiddle, U×[h̄, a+ h̄], there is a hemispheric warping between
themetrics g1 and g2. Once an explicit Z has been found, then an explicit A ∈ Im(Z) is
foundwhereM(A) is the sum of the terms in (9.145)-(9.146) and an explicit B ∈ Im+1(Z)
is found whereM(B) is the term in (9.147). The details are easy to follow in [36].

Theorem 9.5.2 has been applied in work of the author and Lakzian to prove the ro-
tationally symmetric Hawking Mass Compactness Theorem [40]. It has been applied
by Lakzian to study Ricci �ow through neck pinch singularities in [33]. It has been
applied by Lakzian in [35] to prove F convergence of sequences of manifolds which
converge smoothly away from singular sets. In particular, Lakzian proves the follow-
ing. Let Mj = (M, gj) be a sequence of compact oriented Riemannian manifolds with
a set S ⊂ M such that Hn−1(S) = 0, and a connected precompact exhaustion, Wk, of
M \ S satisfying

W̄k ⊂ Wk+1 with
∞⋃
k=1

Wk = M \ S (9.149)

with gj converge smoothly to g∞ on eachWk,

diam Mj (Wk) ≤ D0 ∀i ≥ j, (9.150)

volgj (∂Wk) ≤ A0, (9.151)

and
volgj (M \Wk) ≤ Vk where lim

k→∞
Vk = 0. (9.152)

Then
lim
j→∞

dF(M′j , N ′) = 0 (9.153)
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where N ′ is the settled completion of N = (M \ S, g∞) as in (9.97). If one also assumes
Ricj ≥ H, then

lim
j→∞

dGH(Mj , N̄) = 0. (9.154)

Other theorems about smooth convergence away from singular sets are proven in [35]
as well.

9.5.3 Pairs of Integral Current Spaces

The following theorem concerns pairs of integral current spaceswhich share the same
space, X, and the same current structure, T, but have di�erent distance functions. This
happens, for example, when one has a pair of oriented Riemannianmanifolds with an
orientationpreservingdi�eomorphismbetween them. It can also be applied to pairs of
integral current spaces with a biLipschitz current preserving map between them. The
Gromov-Hausdor� part of this theoremwas proven by Gromov in [21] and the intrinsic
�at part was proven by the author with Huang and Lee in the Appendix to [28].

Theorem 9.5.3. Fix a precompact m-dimensional integral current space (X, d0, T)with
∂T = 0 and �x λ > 0. Suppose that d1 is another distance on X such that

ϵ = sup
{
|d1(p, q) − d0(p, q)| : p, q ∈ X

}
. (9.155)

Then we have the following:

dGH
(

(X, d1), (X, d0)
)
≤ 2ϵ (9.156)

dF
(

(X, d1, T), (X, d0, T)
)
≤ 2(m+1)/2λm+1(2ϵ)M(T). (9.157)

Note that the hypothesis of this theorem is satis�ed when an integral current space,
(X, d, T), has an almost distance preservingmap into anothermetric space, F : X → Y,
and one de�nes a new distance d1 on X as d1(p, q) = dY (F(p), F(q)). It was applied
by the author with Huang and Lee in [28] as one of the �nal steps towards proving the
almost rigidity for the Positive Mass Theorem in the graph setting.

Problem 9.5.4. It seems natural that one could apply Theorem 9.5.3 to prove a more
general theorem about pairs of integral current spaces, (Xi , di , Ti), which contain a pair
of regions Ui ⊂ Xi with a current preserving isometry between the regions. If one simply
uses the restricted distances then there is no need for an embedding constant or a λ as
in the prior two sections. However, one needs to extend the Theorem 9.5.3 to consider the
setting with boundary.
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9.6 Theorems about Intrinsic Flat Limits

In this section we assume we have a sequence,Mj
GH−→ M∞ orMj

F−→ M∞ and present
theorems about limits of points in these spaces, limits of functions on these spaces,
continuity and semicontinuity of various quantities on these spaces. Recall that we
have already mentioned a number of such results in Subsection 9.4.2 and we will be
refering to those results here as well. We close this section with a discussion of the
setting where one has intrinsic �at convergence with volume continuity.

9.6.1 Limits of Points and Points with no Limits

When studying sequences of converging Riemannianmanifolds,Mj, one oftenwishes
to understand what happens to points, xj ∈ Mj: where do they converge and when
do they disappear? One is also interested in understanding limit points, x∞ ∈ M∞,
by considering xj ∈ Mj that converge to these points. This can easily be understood
when the Mj are a sequence of converging submanifolds lying in a given space, and
it is clear that under �at convergence of submanifolds some sequences of points will
disappear in the limit. De�ning converging sequences of points when Mj are distinct
Riemannian manifolds is much more di�cult.

Under Gromov-Hausdor� convergence

(Xj , dj)
GH−→ (X∞, d∞), (9.158)

one can apply Gromov’s Embedding Theorem (9.117) to de�ne what it means to say
xj → x∞ for xj ∈ Xj as follows: there exists a compact metric space, Z, and distance
preserving maps, ϕj : Xj → Z, such that

dZH(ϕj(Xj), ϕ∞(X∞)) → 0 and dZ(ϕj(xj), ϕ∞(x∞)) → 0. (9.159)

Note that x∞ is not unique: if F : X∞ → X∞ is an isometry then F(x∞) is also a limit of
xj. This is a natural consequence of the fact that the GH distance is between isometry
classes of metric spaces. Gromov shows that

∀ x∞ ∈ X∞ ∃ xj ∈ Xj such that xj → x∞. (9.160)

In fact, there exist functions, Hj : X∞ → Xj, and distance preserving maps, ϕj : Xj →
Z, satisfying (9.159) such that if xj = Hj(x∞) then xj → x∞ and

dj(Hj(x), Hj(y)) → d∞(x, y). (9.161)

Furthermore, for any r > 0, we have converging closed balls

xj → x∞ ⇒
(
B̄(xj , r), dj

) GH−→
(
B̄(x∞, r), d∞

)
. (9.162)
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By the compactness of Z, there is a Bolzano-Weierstass Theorem:

xj ∈ Xj ⇒ ∃jk s.t. xjk → x∞ ∈ X∞. (9.163)

Combining (9.161) with (9.163) we have diameter continuity:

lim
j→∞

diam (Xj) = diam (X∞). (9.164)

See for example [10] and [56] for more details.
Now suppose we have intrinsic �at convergence,

Mj = (Xj , dj , Tj)
F−→ M∞ = (X∞, d∞, T∞). (9.165)

In [56], the author applied the Intrinsic Flat Embedding Theorem as in (9.119) to say a
sequence xj ∈ Xj is Cauchy if there exists a complete metric space, Z, a point, z∞ ∈ Z,
and distance preserving maps, ϕj : Xj → Z, such that

dZF
(
ϕj#Tj , ϕ∞#T∞

)
→ 0 (9.166)

and ϕj(xj) → z∞. One says the sequence has no limit in X̄∞ if

z∞ 6∈ ϕ∞(X̄∞). (9.167)

One says the points converge xj → x∞ in X∞ (or respectively in X̄∞) if there exists x∞
in X∞ (or respectively in X̄∞) such that z∞ = ϕ∞(x∞):

z∞ ∈ ϕ∞(X∞) = Set(ϕ∞#T∞)
(
or respectively z∞ ∈ ϕ∞(X̄∞)

)
. (9.168)

Note that x∞ is not unique: if F : X∞ → X∞ is a current preserving isometry then
F(x∞) is also a limit of xj. This is a natural consequence of the fact that the F distance
is between current preserving isometry classes of integral current spaces. Below we
will provide additional conditions (9.176) and (9.177) which demonstrate that Cauchy
sequences of points which disappear with respect to one sequence of ϕj satisfying
(9.166) cannot be Cauchy sequences of points that converge with respect to another
sequence of ϕj satisfying (9.166) and vice versa.

In [56] the author proves that if (9.165) then

∀ x∞ ∈ X̄∞ exists xj ∈ Xj such that xj → x∞. (9.169)

In fact there exist convergence functions,Hj : X∞ → Xj, anddistancepreservingmaps,
ϕj : Xj → Z, satisfying (9.166) such that Hj(x∞) → xj as in (9.159) with

dj(Hj(x), Hj(y)) → d∞(x, y) and Hj(∂M∞) ⊂ ∂Mj . (9.170)

In fact the author proves in [56][Theorem 5.1] the following:

if Mj
F−→ M∞ where M∞ is nonzero and precompact, (9.171)
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then there exist Nj ⊂ Mj such that Nj
GH−→ M̄∞. (9.172)

Additional properties of theNj are described there. In general, intrinsic �at limits need
not be precompact and need not have �nite diameter [61].

Since Z is only complete, we do not have a simple Bolzano-Weierstrass Theorem.
In fact pointsmay disappear under �at convergence even in a compact Z. Sowe do not
have continuity of diameter. However, we have semicontinuity of diameter

lim inf
j→∞

diam (Mj) ≥ diam (M∞) (9.173)

and depth
lim inf
j→∞

Depth(Mj) ≥ Depth(M∞) (9.174)

where
Depth(M) = sup

{
dX(x, y) : x ∈ X, y ∈ Set(∂T)

}
∈ [0,∞]. (9.175)

Recall that for almost every r > 0 onemay view a ball in an integral current spaces
as an integral current space itself S(x, r) =

(
Set
(
Tj B(x, r)

)
, d, T B (x, r)

)
. One

can also examine the convergence of balls whenMj
F−→ M∞. In [56] the author proves

that if xj → x∞ as in (9.169), then there is a subsequence jk such that

S(xjk , r)
F−→ S(x∞, r) =6 0 for almost every r > 0. (9.176)

If a Cauchy sequence of points, xj ∈ Mj, has no limit in X̄∞ as in (9.167) then

∃δ > 0 s.t. S(xjk , r)
F−→ 0 for almost every r ∈ (0, δ). (9.177)

Since (9.176) and (9.177) are intrinsic notions which do not depend on a choice of dis-
tance preservingmaps, one concludes that a Cauchy sequence of points which has no
limit in X̄∞ with respect to one sequence of ϕj satisfying (9.166) cannot be a Cauchy
sequence of points that converges with respect to another sequence of ϕj satisfying
(9.166), and vice versa. Far more subtle is determining when exactly a sequence of
points converges to a point in X̄∞ \ X∞.

Let us further consider converging sequences of points, xj → x∞. As a conse-
quence of mass semicontinuity as in (9.60), we have for almost every r > 0

lim inf
k→∞

M(S(xjk , r)) ≥ M(S(x∞, r)). (9.178)

As a consequence of (9.59), we have convergence of spheres for almost every r > 0

∂S(xjk , r)
F−→ ∂S(x∞, r) (9.179)

Combining sphere convergence as in (9.179)with �lling volume continuity as in (9.122),
Portegies and the author have proven that for almost every r > 0

FillVol(∂S(xjk , r))
F−→ FillVol(∂S(x∞, r)) (9.180)
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as well as continuity of another notion called the sliced �lling volume in [49]. In The-
orem 4.27 of that paper, this continuity is applied to determine when a sequence con-
verges in X∞ = Set(T∞). The �lling volume case of this theorem observes that

M(S(x∞, r)) ≥ FillVol(∂S(x∞, r)) = lim
k→∞

FillVol(∂S(xjk , r)), (9.181)

which implies that if there is a uniform lower bound C > 0 such that

FillVol(∂S(xj , r)) ≥ Crm ∀j ∈ N (9.182)

then by (9.48), x∞ ∈ Set(T∞) = X∞. An idea similar to this one was applied earlier in
an extrinsic way by the author and Wenger in [60]. The goal was to show that when
a sequence of manifolds has nonnegative Ricci curvature or has a linear contractibil-
ity function, then the GH and F limits agree. This method has been applied to prove
intrinsic �at and GH limits agree under a variety of di�erent conditions by the au-
thor with Portegies, by Munn, by Perales, by Perales-Li, and by Matveev-Portegies
[41, 42, 45, 46, 49].

With only lower scalar curvature bounds on the sequence one does not in general
have GH and intrinsic �at limits that agree (see examples below). In fact one may not
have any GH limit even for a subsequence. Nevertheless this methodmight be applied
to determine which points in the sequence of manifolds are disappearing and which
remain.

The author and Portegies prove a Bolzano-Weierstrass Theorem for sequences of
points with bounds on their �lling or sliced �lling volume [49][Theorem 4.30]. One
consequence of this theorem is that if a sequence satis�es (9.181) then a subsequence
is Cauchy (using an argument involving the fact that the limit space has �nite mass)
and then by the abovemethod, the sequence converges to a point in X∞. There is also a
Bolzano-Weierstrass Theorem for sequences of points which does not require a lower
bound on the �lling volumes of spheres, but instead requires

∃r0 > 0 s.t. lim inf
j→∞

dF(S(xj , r), 0) ≥ h(r) > 0 for a.e. r ∈ (0, r0] (9.183)

to obtain a subsequence which is Cauchy and converges in X̄∞ [56][Theorem 7.1]. Note
that the theoremsandproofs in [56] are very easy to read. Themore technically di�cult
results in [49] involving�lling volumesand sliced�lling volumesarebetter in that they
provide more precise controls under weaker hypotheses.

9.6.2 Limits of Functions

Recall that when using the compactness and weak rigidity method to prove an almost
rigidity theorem as in (9.19), one proves that Mj → M0, where M0 is a speci�c given
rigid space, by �rst using a compactness theorem to show a subsequence, Mjk → M∞
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and then proving M∞ = M0. One way to prove that M∞ = M0 is to construct an isom-
etry between these spaces as a limit of functions from Mjk to M0. Theorems which
produce limits of subsequences of functions are called Arzela-Ascoli Theorems.

First let us describe what we mean by a limit function. Suppose Fj : Xj → Yj are
functions, and Xj → X∞ and Yj → Y∞ in theGHorF sense. Thenwe say F∞ : X∞ → Y∞
is their limit, denoted Fj → F∞, if

Fj(xj) → F∞(x∞) whenever xj → x∞. (9.184)

More precisely, Fj → F∞ if there exist convergence functions, Hj : X∞ → Xj and H′j :
Y∞ → Yj, as in (9.170) such that

Fj ◦ Hj(x) = H′j ◦ F∞(x) ∀x ∈ X∞. (9.185)

The Gromov-Hausdor� Arzela-Ascoli Theorem states that if one has compact met-
ric spaces, Xj

GH−→ X∞ and Yj
GH−→ Y∞, and if Fj : Xj → Yj are equicontinuous

∀ϵ > 0 ∃δϵ > 0 such that dXj (x, x
′) < δϵ ⇒ dYj (Fj(x), Fj(x′)) ≤ ϵ (9.186)

then Fj → F∞ where F∞ : X∞ → Y∞ satis�es (9.186). This theorem is a direct con-
sequence of Gromov’s Embedding Theorem combined with the standard proof of the
classical Arzela-Ascoli Theorem (cf. [56]). Furthermore, if Fj are surjective then the
limit F∞ is surjective. If the Fj are isometries on balls of radius r0 > 0, then the limit
is an isometry on balls of radius r0 > 0. This was applied by the author in joint work
with Wei to prove that the GH limits of manifolds with Ricci ≥ 0 have universal cover-
ing spaces [58] and that the covering spectrum is continuous with respect to Gromov-
Hausdor� convergence in [59].

It is not absolutely necessary that the sequence of functions be equicontinuous.
Gromov proves the same result for ϵj almost isometries Fj : Xj → Yj,

|dYj (Fj(p), Fj(q)) − dXj (p, q)| < εj and Yj ⊂ Tεj (Xj) (9.187)

with ϵj → 0, producing a limit F∞ : X∞ → Y∞ which is an isometry [21]. See also the
Burago-Burago-Ivanov text [10]. Almost isometries are applied to prove the GH almost
rigidity theorems of Colding in [15] and of Cheeger-Colding in [13] by constructing al-
most isometries from theMj to the rigid space,M0. In [55], a GHArzela-Ascoli Theorem
which only requires almost equicontinuity is proven by the author in order to prove
another GH almost rigidity theorem.

One cannot hope for an F Arzela-Ascoli Theorem which is as powerful as the GH
Arzela-Ascoli Theorem. In Example 9.2.5 one has no limit for the geodesics γj : [0, 1] →
Mj running through the increasingly thin tunnels. Nevertheless two useful Arzela-
Ascoli Theorems with additional hypotheses were proven in [56].

Suppose Fj : Mj → M′j are (surjective) current preserving isometries on balls of
radius r0 > 0 and Mj

F−→ M∞ =6 0 and M′j
F−→ M′∞ =6 0. Then a subsequence of Fj



324 | Christina Sormani

converges to F∞ : M∞ → M′∞ which is also a (surjective) current preserving isometry
on balls of radius r0 > 0 [56]. This theoremhas been applied in joint work of the author
with Sinaei to study the intrinsic �at convergence of covering spaces and the covering
spectrum [54].

Suppose Fj : Mj → Yj are equicontinuousmaps as in (9.186) whereMj are integral
current space and Yj are compact metric spaces such that Mj

F−→ M∞ =6 0 and Yj
GH−→

Y∞. Then Fj converge to F∞ : M∞ → Y∞ which also satis�es (9.186). Furthermore, if
Fj are surjective then the limit F∞ is surjective [56]. Keep in mind that this includes
equicontinuous functions, Fj : Mj → [a, b], and embeddings in compact regions in
Euclidean space, Fj : Mj → EN . This theorem has been applied jointly with Huang
and Lee to prove Almost Rigidity of the Positive Mass Theorem in the graph setting
[28].

Conjectured related Arzela-Ascoli theorems are suggested in [56] and the proofs
there are not di�cult to read. These theorems are particularly useful when proving
almost rigidity theorems to try to construct isometries from the limit M∞ of a subse-
quence Mj to the desired rigid space, M0.

Problem 9.6.1. Suppose Fj : Mj → Y has Lip(Fj) ≤ 1 with Y compact (including Rie-
mannian embeddings and graphs), and Mj satisfy the hypothesis of Wenger’s Compact-
ness Theorem as in (9.125). Then we know a subsequence Mj

F−→ M∞ = (X∞, d∞, T∞).
We can see Fj#[Mj] satis�es the hypothesis of the Ambrosio-Kirchheim Compactness
as in (9.64), so we know a subsequence Fj#[Mj] converges in the �at sense to some
S∞ ∈ Im(Y). If M∞ =6 0we knowby the Arzela-Ascoli Theoremabove that a subsequence,
also denoted Fj, converges to F∞ : X∞ → Y. We conjecture that

M∞ = (X∞, d∞, T∞) with F∞#T∞ = S∞. (9.188)

This conjecture captures the key steps used in joint work of the author with Huang
and Lee to prove the Almost Rigidity of the Positive Mass Theorem in the graph setting
in [28]. In that proof we have Mm

j which satisfy our almost rigidity conditions, show
they satisfy the hypothesis of Wenger’s Compactness Theorem, and then study their
images as graphs in Y = Em+1 and obtain (9.188). Some of the techniques there may
be useful towards proving this conjecture in general.

9.6.3 Intrinsic Flat with Volume Convergence

Recall that intrinsic �at convergence does not imply volume convergence. One does
have semicontinuity, Mj

F−→ M∞ implies lim inf j→∞M(Mj) ≥ M(M∞), but even when
Mj andM∞ are Riemannian manifolds the volumes need not converge (as seen in the
examples with cancellation). Note that all the examples presented above with wells,
bubbling and sewing do have volume convergence. We introduce the following:



Scalar Curvature and Intrinsic Flat Convergence | 325

De�nition 9.6.2. The intrinsic �at volume distance between two integral current
spaces, Mj = (Xj , dj , Tj) is

dVF(M1,M2) = dF(M1,M2) + |M(M1) −M(M2)| (9.189)

So Mj
VF−→ M∞ i�M(Mj) → M(M∞) and Mj

F−→ M∞. Note that points may still disap-
pear as in the Ilmanen Example. However there is no cancellation.

Portegies studied the properties of Mj = (Xj , dj , Tj) such that Mj
VF−→ M∞. Apply-

ing his Lemma 2.7 in [48], we see that the metric measure spaces, (Xj , dj , ||Tj||) con-
verge in a measured sense. That is, there are distance preserving maps, ϕj : Xj → Z
such that

ϕj||Tj|| → ϕj||T∞|| weakly as measures in Z. (9.190)

Here Z is only complete and one neednot haveGH convergence (as in Ilmanen’s Exam-
ple). Portegies then applied this to prove that the Laplace eigenvalues of converging
sequences of manifolds are upper semicontinuous,

lim sup
j→∞

λk(Mj) ≤ λk(M∞). (9.191)

He presents examples showing this is false withoutM(Mj) → M(M∞).
Note that the Hawking Mass Compactness Conjecture and Scalar Compactness

Conjecture both propose that a subsequence Mjk
VF−→ M∞ as is shown in the com-

pactness theorem proven jointly with LeFloch [40]. Also note that in the work of the
author with Lee, Huang, and Stavrov proving various special cases towards almost
rigidity of the PositiveMass Theorem, it is proven thatMj

VF−→ M0 [39][28][57]. Matveev
and Portegies prove Mjk

VF−→ M∞ when Ricci curvature is uniformly bounded below
[42][Theorem 4.1].

Keep inmind thatMjk
VF−→ M∞ alone will not su�ce to achieve generalized Scal >

0 properties on M∞ as seen in the problematic examples involving sewing of a single
curve to a point will have volume convergence and yet the limit in (9.5) will fail to be
nonnegative for a ball about that limit point. Note however that if one assumes (9.6)
holds at every point p in every Mj with a uniform lower bound on rp ≥ r0 > 0, then
(9.6) can be shown to hold with inequalities on M∞.

9.7 Results and Conjectures about Limits of Manifolds with
Nonnegative Scalar Curvature

In this �nal section of the paper we state our almost rigidity conjectures precisely and
survey known results towards proving these conjectures. We suggest special cases
which might be proven more easily. Note that completely proving any almost rigid-
ity theorem is signi�cantly more di�cult than proving the corresponding rigidity the-
orem. One must either reprove the rigidity theorem in a quantitative way obtaining
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(9.18) using the explicit control method as described in the introduction, or one must
prove the Rigidity Theorem on a generalized class of spaces obtaining (9.19) using the
compactness andweak rigiditymethod. Recall thatwe have already proposed two com-
pactness conjectures in Section 9.4.3. In the �nal two subsections of this paper we dis-
cuss generalized notions of nonnegative scalar curvature as proposed by Gromov and
regularity theory.

9.7.1 Almost Rigidity of the Positive Mass Theorem and the Bartnik Conjecture

Consider the class,M, of asymptotically �at three dimensional Riemannianmanifolds
with nonnegative scalar curvature and no interior closed minimal surfaces and either
no boundary or the boundary is an outermost minimizing surface. This is the physi-
cally natural class of spaces used to prove the Penrose Inequality as discussed in the
introduction. By the Positive Mass Theorem, if M ∈ M has mADM(M) = 0 then M is
isometric to Euclidean space. In [39], Lee and the author proposed that almost rigid-
ity for the Positive Mass Theorem should be provable using intrinsic �at convergence,
and demonstrated that it is false for GH convergence.

Conjecture 9.7.1. Fix D > 0, r0 > 0. Let M3
j ∈ M and let Σj ⊂ M3

j be special surfaces
with Area(Σj) = 4πr2

0 and Σ∞ = ∂B(0, r0) ⊂ E3. We conjecture that

mADM(Mj) → 0 ⇒ dVolF
(
TD(Σj), TD(Σ∞)

)
→ 0, (9.192)

where TD(Σ) is the tubular neighborhood of radius D around Σ, or alternatively

mADM(Mj) → 0 ⇒ dVolF
(
Ωj , Ω∞

)
→ 0, (9.193)

where Ωj is the interior of Σj with Depth(Ωj) ≤ D.

Note that Lee and the author were being deliberately vague as to what a special sur-
face, Σj, should be in this conjecture. A number of more precisely stated special cases
of this conjecture were provided in the �nal section of [39] along with brief ideas as
to how one might approach the proof of the conjecture in those cases. Most of these
special cases are still open.

Lee and the author proved that (9.192) holds when M3
j have metric tensors of the

form gj = dr2+fj(r)2gS2 and Σj = r−1(r0). The proof usesGerochmonotonicity andThe-
orem 9.5.1 to obtain explicit controls on TD(Σj)[39]. LeFloch and the author examined
these explicit controls in more detail in [40]. The author and Stavrov proved this con-
jecturewhenM3

j are Brill-Lindquist geometrostaticmanifolds and Σj are large spheres
in [57]. That proof is also completed using explicit controls: bounds on the metric ten-
sor are found on carefully selected regions within themanifolds followed by an appli-
cation of Theorem 9.5.2.
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Huang, Lee and the author proved (9.193) when Ω3
j ⊂ Mj are graph manifolds,

which have Riemannian embeddings, Ψj : M3
j → E4 as graphs. We assumed con-

trols on the Σj and other technical properties on the M3
j [28]. Using the properties of

graph manifolds with Scal ≥ 0 and mADM(Mj) → 0 we �rst proved that vol(Ωj) →
vol(B(0, r0)). We applied Wenger’s Compactness Theorem and an Arzela Ascoli Theo-
rem to prove a subsequence of the Ωj

F−→ Ω∞ and Ψj converge to Ψ∞ : Ω∞ → E4 with
Lip(Ψ∞) ≤ 1. By the lower semicontinuity of mass we showed

M(Ψ∞#[Ω∞]) ≤ M([Ω∞]) ≤ vol(B(0, r0)). (9.194)

We used the controls on Σj to prove they Lipschitz converge to ∂Ω∞ and that Ψ∞ :
∂Ω∞ → ∂B(0, r0) × {0} is biLipschitz. Thus ∂Ψ∞#[Ω∞] = [∂B(0, r0) × {0}]. Combining
this with (9.194) implies Psi∞#[Ω∞] solves the Plateau Problem. So

Ψ∞#[Ω∞] = [B(0, r0) × {0}] andM(Ψ∞#[Ω∞]) = vol(B(0, r0))(4/3). (9.195)

This implies equality in (9.194) so Ψ∞ must be an isometry: Ω∞ = B(0, r0) [28].

Remark 9.7.2. One might consider applying the Huisken isoperimetric mass as in (9.11)
to prove Conjecture 9.7.1 with Σj chosen to be uniformly asymptotically spherical in Mj
with mADM(Mj) → 0 so that

mISO(Ωj) = 2
Area(∂Ωj)

(
vol(Ωj) −

Area(∂Ωj)3/2

6
√
π

)
→ 0. (9.196)

Observe that (9.196) immediately implies

vol(Ωj) → A3/2
0 /(6

√
π) = (4/3)πr3

0 = vol(B(0, r0)). (9.197)

So byWenger’s Compactness Theorem a subsequence converges Ωj
F−→ Ω∞. By lower

semicontinuity of mass we haveM(Ω∞) ≤ vol(B(0, r0)).
Suppose we also assume that there exist Riemannian isometric embeddings Ψj :

Ωj → EN with the property that Ψj restricted to ∂Ωj is uniformly biLipschitz to
∂B(0, r0) × {0, ..., 0}. Then exactly as in the above description of the proof in [28]
we have Ω∞ isometric to B(0, r0). Here the only place we used Scal ≥ 0 was when
we replaced mADM(Mj) → 0 by (9.196) applying Miao’s proof that mISO(Ω) is close to
mADM(M) for large round ∂Ω in [18]. Note that mISO(Ω) for M3 ∈ M does not imply
Ω = B(0, r0); one needs to impose some asymptotic roundness on the ∂Ω as well as
Scal ≥ 0 even to obtain rigidity.

Problem 9.7.3. Shi and Tam proved in [53] that the Brown-YorkMass, mBY (∂Ω), is non-
negative if Scal ≥ 0 on Ω and ∂Ω has positive Gauss curvature, and

mBY (∂Ω) = 0 ⇒ Ω ⊂ E3. (9.198)
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This mass (which agrees with the Liu-Yau mass in this setting) is de�ned using a Rie-
mannian isometric embedding Ψ : ∂Ω → E3, the mean curvature, H, of ∂Ω ⊂ M3 and
the mean curvature, H0, of Ψ(∂Ω) ⊂ E3 as follows:

mBY (∂Ω) = 1
8π

∫
∂Ω

H0 − H dσ. (9.199)

The Arzela-Ascoli Theorems proven above might be helpful towards proving Conjec-
ture 9.4.5 for the Brown-York Mass, including semicontinuity of the Brown-York mass
under F convergence, and almost rigidity of the Shi-Tam Rigidity Theorem. This might
also be applied to prove the almost rigidity of the Positive Mass Theorem, or the Bartnik
Conjecture. One of the biggest di�culties here is that mean curvature must be de�ned in
a generalized way and controlled under intrinsic �at convergence.

Problem 9.7.4. Huisken and Ilmanen de�ned a weak notion of mean curvature in their
proof of the Penrose Inequality (which can also be applied to prove the Positive Mass
Theorem) [30]. Perhaps one might try to use their method to prove Almost Rigidity of
the Positive Mass Theorem. One might consider a limit space M∞ and attempt to de�ne
Huisken-Ilmanen’s weak inverse mean curvature �ow and prove Geroch monotonicity
on M∞. What regularity is needed on M∞? What notion of nonnegative scalar curvature
is required?

Recall that in [20], Geroch proved that ifNt : S2 → M3 evolves by smooth inversemean
curvature �ow,

d
dt x = ν

H where x = Nt(p), ν is the normal to Nt at x, (9.200)

and H is the mean curvature of Nt at x, (9.201)

and M3 has Scal ≥ 0 then then the Hawking mass, mH(Nt), is nondecreasing:

t2 > t1 ⇒ mH(Nt2 ) ≥ mH(Nt1 ). (9.202)

In [30], Huisken-Ilmanen introduced the weak inverse mean curvature �ow,

Nt = ∂{x : u(x) < t} where divM
(
∇u
|∇u|

)
= |∇u|, (9.203)

proving it also satis�es Gerochmonotonicity as in (9.202), andwith the right boundary
conditions limt→∞ mH(Nt) = mADM(M). They de�ned a weak mean curvature for the
level sets of u to be H = ∇u almost everywhere. Onemay naturally askwhat regularity
was needed on the limit space to prove these results.

Alternatively one might apply Huisken-Ilmanen’s method on the sequence Mj
rather than on M∞. One might consider sequences of u = uj satisfying (9.203) on Mj
and consider limits uj → u∞, if it is di�cult to de�ne (9.203) onM∞ itself. On eachMj
one can de�ne (9.203) and then one has mH(Nt) nearly constant. This was a key step
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in the proof of the Almost Rigidity of the Positive Mass Theorem in the rotationally
symmetric case [39]. It would be interesting to investigate this even in the setting with
smooth inverse mean curvature �ow. In the setting where one only has weak inverse
mean curvature �ow, then the Nt may skip over entire regions. In private communi-
cation with the author, Huisken has suggested that it might be possible to bound the
volume of the skipped regions using his isoperimetric masses. These same techniques
might also be applied to prove the Almost Rigidity of the Penrose Inequality.

Problem 9.7.5. Recall that the Penrose Inequality for M3 ∈M:

mADM(M3) ≥ mH(∂M3) =
√

Area(Σ)
16π (9.204)

and Penrose Rigidity:

mADM(M3) = mH(∂M3) ⇒ M3 is isometric to MSch,m (9.205)

where MSch,m is the Riemannian Schwarschild space with mass m = mADM(M3):

MSch,m =
(
R3 \ {0}, (1 + m

2r )2δ
)
. (9.206)

Almost rigidity for the Penrose Inequality was conjectured jointly with Lee in [38] where
it was proven in the rotationally symmetric setting. This has not yet been explored for
graph manifolds nor for Brill-Lindquist Geometrostatic manifolds. These are perhaps
easy enough to assign as a �rst project to a doctoral student as the techniques in [28]
and [57] should directly apply. Proving it in general would involve all the same di�cultes
as proving the almost rigidity for the Positive Mass Theorem and more.

9.7.2 The Bartnik Conjecture

Bartnik’s quasilocal mass of a region Ω0 ⊂ M3 where M3
0 ∈ M and ∂M3

0 ⊂ Ω0 was
de�ned in [3] as an in�mum of the ADMmasses of extensions, M, of Ω0:

mB(Ω0) = inf{mADM(M)|M ∈ PM(Ω0)} (9.207)

where M ∈ PM ⊂ M if it contains an isometric image of Ω: Ω ⊂ M. Bartnik conjec-
tured that this in�mum is achieved by what he called theminimal mass extension and
that this minimal mass extension is scalar �at and static. Signi�cant research in this
area has been completed by Corvino in [16] in which the properties of a minimal mass
extension are proven assuming it exists. Miao has searched for static extensions using
perturbative methods in [44]. To prove the minimal mass extension exists in general
one may consider the following approach:

Conjecture 9.7.6 (Bartnik Conjecture). There exists a sequence

Mj ∈ PM(Ω0) such that mADM(Mj) → mB(Ω0). (9.208)
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with a limit Mj → M∞ such that mADM(M∞) = mB(Ω0) = limj→∞ mADM(Mj), where M∞
is asymptotically �at, smooth, scalar �at and static.

By the de�nition of Bartnik Mass we know there is a sequence satisfying (9.208). We
propose that onemaybe able to prove an intrinsic �at compactness theorem forΩR,j ⊂
Mj where ΩR,j = TR(∂Ω) or perhaps ΩR,j ⊃ Ω0 with well chosen ∂ΩR,j = ΣR,j ⊂ Mj.
Note that by Wenger’s Compactness Theorem we only need

vol(ΩR,j) ≤ VR and vol(∂ΩR,j) ≤ AR (9.209)

to obtain a subsequence ΩR,j → ΩR,∞ since diam (ΩR,j) ≤ 2R + diam (Ω0). Then we
could glue together an M∞ from these limit regions ΩR,∞ and Ω0 ⊂ M∞. Our con-
jectured Hawking mass compactness theorem would imply that M∞ has generalized
Scal ≥ 0 and a well controlled Hawking mass.

However, one must be warned that an M∞ obtained in this manner need not be
asymptotically �at. In [38], Lee and the author proved that a sequenceMj approaching
equality in the Penrose Inequality may develop a longer and longer neck. The recent
examples of Mantoulidis and Schoen which satisfy (9.208) also develop increasingly
long necks so thatMj smoothly converge on regions around Ω0 to anM∞ which is not
asymptotically �at andhasnoADMmass [43]. For the regionsnear in�nity theseMj are
simply Schwarzschild space. Thus a new construction is neededwhich shortens these
necks so that the Mj are in some sense uniformly asymptotically �at. Then one could
try to prove a subsequence converges in the intrinsic �at sense to an aymptotically �at
limit.

Once one has proven Mj → M∞ where M∞ is asymptotically �at and has gener-
alized Scal ≥ 0, then one must prove the semicontinuity of the ADM masses. In [31]
Jauregui has proven this semicontinuity in a variety of settings including intrinsic �at
convergence in the rotationally symmetric case, by applying the Hawking mass Com-
pactness Theoremprovenby the authorwithLeFloch in [40]. Jauregui-Leehaveproven
semicontinuity of the ADMmass under C0 convergence using the Huisken isoperimet-
ric mass in [32]. These techniques might apply more generally.

9.7.3 Almost Rigidity of the Scalar Torus Theorem

The Scalar Torus Theorem states anyMn di�eomorphic toTn with Scal ≥ 0 is isometric
to a�at torus. Itwasprovenusingminimal surfaces for n ≤ 7bySchoenandYau in [50].
It was proven by Gromov and Lawson in all dimensions using spinors and the Lich-
nerowetz formula in [25]. Gromov proposed the following almost rigidity conjecture
vaguely in [23]. To avoid collapsing and expanding we have normalized themanifolds
with the volume and diameter bounds. To avoid bubbling, we have added the uniform
lower bound on MinA of (9.13). This conjecture is false for GH convergence as seen in
Example 9.2.3.
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Conjecture 9.7.7. Let M3
j be di�eomorphic to T3 with Scal(M3

j ) ≥ −1/j and

vol(M3
j ) = V0 diam (M3

j ) ≤ D0 MinA(M3
j ) ≥ A0 > 0. (9.210)

Then a subsequence Mjk
F−→ M0 where M0 is a �at torus. Possibly Mjk

VF−→ M0.

Note that by Wenger’s Compactness Theorem, we know Mjk
F−→ M∞, and by semi-

continuity we have diam (M∞) ≤ D0 andM(M∞) ≤ V0. We do not know if M∞ is the 0
integral current space. So even proving that much would be interesting. Some points
will disappear as seen in Example 9.2.3, so one must �nd a sequence of points which
doesn’t disappear.

Even assuming thatM∞ =6 0 one needs to prove that it has some sort of generalized
Scal ≥ 0 which is strong enough to prove torus rigidity. Gromov suggests a few such
notions which should be strong enough in [23] and prove C0 limits of M3

j as above
satisfy these conditions. Examining his proofs and considering �lling volumes and
sliced �lling as de�ned in jointwork of the authorwith Portegies [49]might be helpful.
Note that Bamler has proven Scal ≥ 0 persists under C0 convergence using Ricci �ow
in [2].

Perhaps a more approachable problem would be to consider �rst M3
j which are

graphs over the standard T3 and try to prove M3
j

F−→ T3 using methods similar
to those used in joint work of the author with Huang and Lee [28]. Another possi-
bility is to consider M3

j with metric tensors gj = dx2 + dy2 + fj(x, y)dz2 or gj =
aj(z)2dx2 + b2

j (z)dy2 + dz2 and �rst try to prove the warping functions aj , bj and fj
converge in the H1

loc sense to a metric with generalized Scal ≥ 0 as in joint work of
the author with LeFloch [40]. It is possible that spinors and the Lichnerowetz formula
might be formulated weakly for an H1

loc metric tensor. More likely one can �nd a par-
tial di�erential inequality on thewarping functionswhich implies the rigidity theorem
and can be shown to persist weakly under H1

loc. Finally one can use an Arzela–Ascoli
Theorem to relate the limit space obtained under H1

loc convergence and the intrinsic
�at limit.

9.7.4 Almost Rigidity Theorems and Ricci Flow

Bray, Brendle and Neves proved the Cover Splitting Rigidity Theorem as in (9.15) and
Bray, Brendle, Eichmair and Neves have proven the RP3 Rigidity Theorem as in (9.16)
using Ricci �ow [8] [7]. Here we propose the following:

Conjecture 9.7.8 (Almost Rigidity of the RP3 Rigidity Theorem).
Given a sequence of M3

j that are di�eomorphic to RP3 with

Scalj ≥ 6j
j−1 MinA(M3) = 2π vol(M3

j ) ≤ V0 diam (M3
j ) ≤ D0 (9.211)

then M3
j

F−→ M0 = RP3 or possibly even M3
j
VF−→ M0 = RP3.
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One may construct examples with wells demonstrating that M3
j

GH−→ RP3 may fail.

Conjecture 9.7.9 (Almost Rigidity of Cover Splitting Theorem).
Given a sequence of M3

j that contain noncontractible S2 and have

Scalj ≥ 2j
j−1 MinA(M3) = 4π vol(M3

j ) ≤ V0 diam (M3
j ) ≤ D0 (9.212)

then a subsequence M3
jk

F−→ M0 where M̃0 is isometric to S2 ×R.

Problem 9.7.10. Can one construct Mj with Scalar ≥ 2j/(j − 1) that are di�eomorphic
to S2 ×S1 and contain balls of radius 1/4 that are isometric to balls in rescaled standard
spheres? If so then one can attach wells and have no GH limit.

One approach to proving these conjectureswould be to use volume renormalized Ricci
�ow, Mj,t, of Mj and show Mj,t �ows as t → ∞ to an Mj,∞ which is isometric to M0.
One may simplify things by assuming a smooth Ricci �ow exists for all time, or try to
prove this, or attempt to deal with Ricci �ow through singularities. If

dVolF(Mj,t ,Mj,s) < ϵ
(1
t −

1
s
)
where lim

δ→0
ϵ(δ) = 0 (9.213)

where ϵ is independant of j, thenwe have the conjecture. Continuity of Ricci �owwith
respect to the intrinsic �at distance has been studied by Lakzian in [34] but only to
analyze the Ricci �ow through a neck pinch singularity. The author believes onemight
be able to obtain (9.213) constructing an explicit

Z = {(x, r)| x ∈ Mj,(1/r), r ∈ [(1/t), (1/s)]} with g = dr2 + f (r)2gj,(1/r). (9.214)

Again one might consider special cases where Mj are known to be warped products.

9.7.5 Gromov’s Prisms and Generalized Nonnegative Scalar Curvature

Gromov suggested in [24] that if a sequence ofMj
F−→ M∞ has Scal ≥ 0 thenM∞might

have Scal ≥ 0 in some generalized sense. In [23], Gromov proved the Gauss Bonnet
Prism Inequality for prisms in manifolds with Scal ≥ 0:

3∑
i=1

αi ≥ π and
3∑
i=1

αi = π ⇒ P is a prism in E3 (9.215)

where αi are bounds on the dihedral angles between the sides of the prism which
are minimal surfaces. He suggests that the Prism Inequality could be used to de�ne
generalized Scal ≥ 0, and then be applied to prove the torus rigidity theorem on such
limit spaces.

Beforewe cande�ne such a generalizednotion of nonnegative scalar curvature on
integral current spaces, we would need to provemore regularity on theF limit spaces.
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Ordinarily there is no notion of angle on an integral current space, nor is an integral
current space a geodesic space. In fact it might even be the zero space. It should be
noted that Ilmanen, the author andWenger conjectured in [61][Conjecture 4.18] that “a
converging sequence of three dimensional Riemannianmanifolds with positive scalar
curvature, a uniform lower bound on volume, and no interior closedminimal surfaces
converges without cancellation to a nonzero integral current space.” Combining Gro-
mov’s ideas with this one we introduce the following conjecture:

Conjecture 9.7.11. Suppose M3
j

F−→ M∞ or M3
j
VF−→ M∞ where Scalj ≥ 0 and

MinA(Mj) ≥ A0 > 0 vol(Mj) ∈ [V0, V1] ⊂ (0,∞) diam (Mj) ≤ D0. (9.216)

Then we have the following:

(a) M∞ is a nonzero integral current space. In fact there is no cancellation without col-
lapse: if pj ∈ Mj has no limit in M̄∞ then ∃δ > 0 s.t. vol(B(pj , δ)) → 0.

(b) M∞ is geodesic: if p, q ∈ M∞ there exist pj → p and qj → q with midpoints xj that
converge to x∞ which is a midpoint between p and q in M∞.

(c) There is a notion of angle between geodesics emanating from a point.

(d) There is a notion of dihedral angle between two surfaces at p ∈ Σ ∩ Σ′ ⊂ M∞.

(e) Gromov’s Gauss-Bonnet Prism Inequality as in (9.215) holds on M∞.

(f) ∀p ∈ M∞ ∃rp > 0 s.t. ∀r < rp Vp(r) = M(B(p, r))/(4πr3/3) ≤ 1.

Note that (a)-(d) are regularity properties for our limit spaces. As seen in examples
above, they do not hold on limits of manifolds with Scalj ≥ 0 unless the MinA(Mj) ≥
A0 > 0. The notion of sliced �lling volume developed in joint work with Portegies in
[49] might be helpful towards proving (a) and (b). It is quite possible that (c) is false
but that one can still prove (d) using the limit process to de�ne the dihedral angle. In
the special case where there exist Riemannian embeddings Ψj : Mj → EN , one can
use an Arzela-Ascoli Theorem to obtain Ψ∞ : Mj → EN . Then one can use EN to de�ne
angles as needed in (c) or (d) and examine the semicontinuity of such angles. Note
that any Riemannian manifold satis�es (a)-(d) so they do not capture a generalized
notion of nonnegative scalar curvature.

Now (e)-(f) are properties which capture Scal ≥ 0. Property (e) proposed by Gro-
mov needs a notion of angle so one needs to prove (d) �rst or use embeddings into
some large EN to even de�ne what this means. Then one need only prove semicon-
tinuity of the angles. The power of property (e) is described in [23] including ideas
towards the possibility that (e) implies (f). Recall that (f) on a Riemannian manifold
is equivalent to Scal ≥ 0 but was not powerful enough to prove any global properties
of such spaces. Nor is (f) continuous with respect to VolF convergence unless one as-
sumes a uniform lower bound rp ≥ r0 > 0 for all p ∈ Mj for all j ∈ N. Nevertheless any
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natural notion of Scal ≥ 0 on an integral current space ought to imply (f). Note that
Gromov also proves hyperbolic and spherical prism inequalities on spaces with lower
bounds on scalar curvature which are negative or positive, respectively. He suggests
that such such inequalities might be used to generalize these lower bounds on scalar
curvature. One might prove they imply the appropriate limit as in (9.5) on M∞.

Remark 9.7.12. In Remark 9.7.3 we proposed that the Brown York mass might be semi-
continuous with respect to F convergence. One might devise a way to de�ne the Brown-
York mass, mBY (∂P), where P is a prism. These de�nitions are likely only to involve inte-
grals of dihedral angles. It is quite possible that it would be easier to study the limits of
Brown-York masses of prisms than to even de�ne dihedral angles on the limit spaces. If
one can do this, then might try to replace (e) with

(eBY ) Shi-Tam Nonnegativity of the Brown-York Mass of Prisms: mBY (∂P) ≥ 0.

Perhaps the consequences Gromov devises using (e) might be concluded from (eBY ).

9.7.6 Almost Rigidity of the Positive Mass Theorem and Regularity of F Limits

It should be noted that in the famous work of Cheeger-Colding on the properties of
metric measure limits of Riemannian manifolds with lower bounds on Ricci curva-
ture, a key step in proving regularity and the existence of Euclidean tangent spaces
at regular points, was the proof of their Almost Splitting Theorem [14]. In their work a
point p in a limit spaceM∞ has a Euclidean tangent space if the sequence of rescaled
balls

(B(p, rj), dj/rj) where rj → 0 (9.217)

converges in the GH sense to a ball B(0, 1) in Euclidean space. The Toponogov Split-
ting Theorem was similarly used to prove regularity results for Alexandrov Spaces by
Burago-Gromov-Perelman [11]. However, there is no splitting theorem for manifolds
with nonnegative scalar curvature.

Remark 9.7.13. Let us consider Mj
F−→ M∞ where the Mj satisfy conditions like those

in the proposed Scalar Compactness Conjecture,

Scalj ≥ 0 and MinA(Mj) ≥ A0 > 0 (9.218)

and p ∈ M∞. If one has proven a local version of the almost rigidity of the Positive Mass
Theorem then one can determine settings in which

(B(p, rj), dj/rj , [B(p, rj)])
F−→ (B(0, 1), dE3 , [B(0, 1)]). (9.219)

This may possibly then be applied in the place of a splitting theorem to prove some sort
of regularity on the limit space, M∞.
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Note thatwithout the assumptions in (9.218), an intrinsic �at limitmayhaveno regular
points in the sense described in (9.219). In the original paper de�ning intrinsic �at
convergence by the author with Wenger [61], an example of a sequence of Mj is given
which converges in the intrinsic �at sense to taxicab space,

M2
taxi = ([0, 1] × [0, 1], dtaxi , [ [0, 1] × [0, 1] ]) (9.220)

where
dtaxi

(
(x1, x2), (y1, y2)

)
= |x1 − y1| + |x2 − y2|. (9.221)

Such a space has no notion of angles and no prism properties. It is possible to imagine
how sewing methods could be used to construct a sequence of M3

j with Scalj ≥ −1/j
that converges to M3

taxi. However, the MinA(Mj) ≥ A0 > 0 condition fails on such
examples. The taxi limit example in [61] satis�es MinA(Mj) ≥ A0 > 0 but contains
points for which the scalar curvature decreases to negative in�nity.

Given M∞ as in Remark 9.7.13 one may even be able to prove that almost every
point p ∈ M∞ satis�es (9.219). Thus it may well be worthwhile to examine to what
extent onemay use this kind of regularity to de�ne dihedral angles, mean curvatures,
quasilocal masses and a generalized notion of nonnegative scalar curvature on M∞.
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