Takashi Shioya
Metric measure limits of spheres and complex
projective spaces

8.1 Introduction

Gromov [11]*S. 3% developed the metric measure geometry based on the idea of con-
centration of measure phenomenon due to Lévy and Milman (see [14-17]). This is par-
ticularly useful to study a family of spaces with unbounded dimensions. A metric mea-
sure space (or mm-space for short) is a triple (X, dx, ux), where (X, dx) is a complete
separable metric space and px a Borel probability measure on X. Gromov defined the
observable distance, say dconc(X, Y), between two mm-spaces X and Y by the differ-
ence between 1-Lipschitz functions on X and those on Y, and studied the geometry
of the space of mm-spaces, say X, with metric dconc. (In [11], the observable distance
function is denoted by H, £1,.) The observable distance is much more useful than the
Gromov-Hausdorff distance to study a sequence of spaces with unbounded dimen-
sions. We say that a sequence of mm-spaces X, n =1, 2, ..., concentrates to an mm-
space X if Xy, dconc-converges to X as n - oo.

We have a specific natural compactification, say II, of (X, dconc). The space II con-
sists of pyramids, where a pyramid is a directed subfamily of X with respect to a natural
order relation <, called the Lipschitz order. X < Y holds if there exists a 1-Lipschitz
continuous map from Y to X that pushes py forward to py. For a given mm-space
X € X, thesetof X' € X withX < Xisa pyramid, denoted by Px. We call Py the
pyramid associated with X. The space IT has a natural compact topology such that the
map

1: X>5X—Pxell

is a topological embedding map. The image ((X) is dense in IT and so II is a compact-
ification of X.

It follows that X < Y if and only if Px C Py, namely the Lipschitz order < on X
extends to the inclusion relation on I1. X itself is a maximal element of I, and a one-
point mm-space corresponds to a minimal element of IT. A sequence of mm-spaces is
a Lévy family if and only if it concentrates to the one-point mm-space. A sequence of
mm-spaces infinitely dissipates if and only if the sequence of the associated pyramids
converges to the maximal element X.

It is interesting to study concrete examples of nontrivial sequences of mm-spaces
and their limits (in IT and in X), where ‘nontrivial’ means that it neither is a Lévy
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family, dissipates, nor [J-converges, where [J denotes the box distance function on
X, which is an elementary metric on X and satisfies dconc < (1. We remark that there
are very few nontrivial examples that are studied in detail before. All such known
examples are of the type of product spaces (see [11]*S. 3%.49,56). In this paper, we
study two examples of the non-product type, spheres and complex projective spaces
with unbounded dimensions. Those are also the first discovered examples of sequence
with the property that the limit space is drastically different from the spaces in the se-
quence.

We present some definitions needed to state our main theorems. The precise defi-
nitions are given in S. 8.4. Let v* be the infinite-dimensional standard Gaussian mea-
sure on R, We call '™ := (R, || - ||2, ¥°°) the infinite-dimensional standard Gaussian
space, where || - ||> denotes the I, norm on R* (which takes values in [0, +oc ]). Note
that v*° is not a Borel measure with respect to the I, norm (cf. [2]*S. 2.3) and that '™ is
not an mm-space. Nevertheless we have the associated pyramid Pr-. We call Pr- the
virtual infinite-dimensional standard Gaussian space. In the same way, we consider the
infinite-dimensional centered Gaussian measure ~3; with variance A%, A > 0, and de-
fine the virtual infinite-dimensional Gaussian space pr;; as a pyramid. Tr;; coincides
with the scale change of Pr~ of factor A. We consider the Hopf action on I'y; by iden-
tifying R* with C*. The Hopf action is isometric with respect to the I, norm and also
preserves +;;. The quotient space I';; /S ! has a natural measure and a metric. We also
have the associated pyramid Pr- . Let S"(r) be the n-dimensional sphere in R™*!
centered at the origin and of radius r > 0. We equip the Riemannian distance func-
tion or the restriction of the Euclidean distance function with S"(r). We also equip the
normalized volume measure with S™(r). Then S"(r) is an mm-space. We consider the
Hopf quotient

CP"(r) := $*™(r)/S*

that has a natural mm-structure induced from that of S2"*1(r) (see S. 8.2.5). This is
topologically an n-dimensional complex projective space. Note that, if the distance
function on S$2™1(r) is assumed to be Riemannian, then the distance function on
CP™(r) coincides with that induced from the Fubini-Study metric scaled with factor
r.

One of our main theorems in this paper is stated as follows.

Theorem 8.1.1. Let {rn},., be a given sequence of positive real numbers, and let Ay, :=
rn/\/1 (resp. An := rn//2n + 1). Then we have the following (1), (2), and (3).
1. An > 0asn > oo if and only if {S™(rn)}neq (resp. {CP™(rn)}ieq) is a Lévy family.
2. Ap > +ooasn > oo if and only if {S™(rn) }meq (resp.
{CP™ (rn)}21) infinitely dissipates.
3. Assume that A, - A as n > o for a positive real number A. Then, as n - oo, Psn(r,)
(resp. Pcpn(y,)) converges to Pre (resp. TPF;; /s)-
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(1) and (2) both hold for the Riemannian metric (resp. the scaled Fubini-Study metric)
and also for the Euclidean distance function (resp. the distance induced from the Eu-
clidean). (3) holds only for for the Euclidean distance function (resp. the distance in-
duced from the Euclidean).

Theorem 8.1.1 is analogous to phase transition phenomena in statistical mechanics.

If rn is bounded away from zero, then {S"(rn)}7; and {CP"(rn)}>; both have
no [J-convergent subsequence (see Proposition 8.7.4). The theorem also holds for any
subsequence of {n}. We have the same statement as in Theorem 8.1.1 also for real and
quaternionic projective spaces in the same way.

(1) of Theorem 8.1.1 follows essentially from the works of Lévy and Milman (see
[10]*S. 1.1 for the proof of (1) for spheres). For (1), we give some fine estimates of the
observable diameter (Corollaries 8.5.7 and 8.5.10) by using the normal law a la Lévy
(Theorem 8.5.2).

(2) follows from a discussion using the Maxwell-Boltzmann distribution law
(Proposition 8.5.1).

(3) is the most important part of the theorem. It follows from the Maxwell-
Boltzmann distribution law that the limit pyramid of (the Hopf quotient of) spheres
contains the (Hopf quotient of) virtual Gaussian space. For the proof of the reverse in-
clusion, we define a metric p on the space II of pyramids compatible with the topology
on IT (see Definition 8.3.4) that satisfies the following theorem.

Theorem 8.1.2. For any two mm-spaces X and Y, we have
P(:PX, Py) < deonc(X, Y),

i.e., the embedding map t : X > X — Px € II is 1-Lipschitz continuous with respect to
dconc and p.

Applying this theorem, we prove the reverse inclusion. We give an outline of the proof
of the reverse inclusion for spheres with r, = \/n. The key point of the proof is to
show that the (n + 1)-dimensional standard Gaussian measure of the Euclidean ball,
say Bg*l, centered at the origin and with radius 6/n converges to zero as n - oo for
any fixed 0 < 6 < 1 (see Lemma 8.6.1). Since the measure of BS” is almost equal
to zero for large n, we ignore this part of I'"" and consider the central projection from
R"™1\ BI*! to the boundary S"(0+/n) of B}*!, which proves S"(6y/n) < I'** \ Bj*!
and s0 Pgu(g, /) C Prwsypy- The box distance between I'"*! and I'"*! \ B! can be

estimated by the measure y"**(Bj**). Thus, applying Theorem 8.1.2 proves

r}l_)l’(l)lo fPSn(g\/ﬁ) C 31_)11;10 ':Ple\Bsﬂ = 21_)1110 (Ppm = fP['m.

As 0 > 1, we obtain the reverse inclusion.
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Note that Gromov [11]*S. 3% gave only the notion of convergence of pyramids and
did not define the topology on II. Note also that there exists no metric on IT (strongly)
equivalent to dconc. In fact we have the following as a consequence of Theorem 8.1.1.

Theorem 8.1.3. There exist mm-spaces Xn and Yo, n =1, 2,..., such that
1. dconc(Xn, Yn) is bounded away from zero;
2. the associated pyramids Py, and Py, both converge to a common pyramid as n ~>

oo,

After this paper had been completed, we have the following progress. In [19], we study
the phase transition phenomenon appeared in Theorem 8.1.1 for a general sequence
of mm-spaces. Using a criterion of the phase transition in the observable diameter, we
investigate several sequences of manifolds. For the phase transition property of the
product spaces, we refer to [20]. In [22], we determine the limits of Stiefel manifolds
and flag manifolds as the dimension diverges to infinity. A main part of this paper is
also explained in [21].

8.2 Preliminaries

In this section, we give the definitions and the facts stated in [11]*S. 3%. In [11]*S. 3%,
many details are omitted. We refer to [8, 9, 18, 21] for such details. The reader is ex-
pected to be familiar with basic measure theory and metric geometry (cf. [1, 3, 4, 12]).

8.2.1 mm-Isomorphism and Lipschitz order

Definition 8.2.1 (mm-Space). Let (X, dx) be a complete separable metric space and
Ux a Borel probability measure on X. We call the triple (X, dx, ux) an mm-space. We
sometimes say that X is an mm-space, in which case the metric and the measure of X
are respectively indicated by dx and py.

Definition 8.2.2 (mm-Isomorphism). Two mm-spaces X and Y are said to be mm-
isomorphic to each other if there exists an isometry f : supp ux > supp py such that
fxux = Uy, where f«uy is the push-forward of pux by f. Such an isometry f is called an
mm-isomorphism. Denote by X the set of mm-isomorphism classes of mm-spaces.

Any mm-isomorphism between mm-spaces is automatically surjective, even if we do
not assume it.

Note that X is mm-isomorphic to (supp pyx, dx, ux). We assume that an mm-space
X satisfies

X = supp pix
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unless otherwise stated.

Definition 8.2.3 (Lipschitz order). Let X and Y be two mm-spaces. We say that X
(Lipschitz) dominates Y and write Y < X if there exists a 1-Lipschitzmap f : X > Y
satisfying

ferx = py.

We call the relation < on X the Lipschitz order.

The Lipschitz order < is a partial order relation on X.

8.2.2 Observable diameter

The observable diameter is one of the most fundamental invariants of an mm-space.

Definition 8.2.4 (Partial and observable diameter). Let X be an mm-space. For a real
number a, we define the partial diameter diam (X; &) = diam (ux; @) of X to be the in-
fimum of diam A, where A C X runs over all Borel subsets with ux(A) > a and diam A
denotes the diameter of A. For a real number x > 0, we define the observable diameter
of X to be

ObsDiam(X; —x) := sup{ diam(fpx; 1 — x) |
f : X > Ris 1-Lipschitz continuous }.

Definition 8.2.5 (Lévy family). A sequence of mm-spaces Xn,n=1,2,...,iscalled a
Lévy family if
lim ObsDiam(X,; k) =0
n—co
forany x > 0.
Proposition 8.2.6. If X < Y, then

ObsDiam(X; —x) < ObsDiam(Y; k)

forany x > 0.

8.2.3 Separation distance

Definition 8.2.7 (Separation distance). Let X be an mm-space. For any real numbers
Ko, K1, , Ky > Owith N = 1, we define the separation distance

Sep(X; Ko, K1,°** KN)
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of X as the supremum of min; dx(A;, Aj) over all sequences of N + 1 Borel sub-
sets Ag, Az, -+ , Ay C X satisfying that ux(4;) = x; foralli = 0,1,---, N, where
dx(Aj, Aj) = infyca, yea, dx(x, y). If there exists no sequence Ao, ..., Ay C X with
ux(4;) 2 x;,i=0,1,---, N, then we define

Sep(X; ko, K1, - , Ky) :=0.

Lemma 8.2.8. Let X and Y be two mm-spaces. If X is dominated by Y, then we have,
for any real numbers xg, ..., Ky > 0,

Sep(X; kg, ..., Ky) < Sep(Y; ko, ..., Ky).

Proposition 8.2.9. For any mm-space X and any real numbers x and x withx > k > 0,
we have

ObsDiam(X; -2x) < Sep(X; k, k), 6))
Sep(X; k, k) < ObsDiam(X; —x ). 2

8.2.4 Box distance and observable distance

Definition 8.2.10 (Prokhorov distance). The Prokhorov distance dp(u,v) between
two Borel probability measures y and v on a metric space X is defined to be the in-
fimum of € > 0 satisfying

u(Ue(A)) 2 v(4) - € (8.1)

for any Borel subset A C X, where

Ug(A) :={x e X|dx(x,A)<e}.

The Prokhorov metric is a metrization of weak convergence of Borel probability mea-
sures on X provided that X is a separable metric space.

Definition 8.2.11 (me). Let (X, u) be a measure space and Y a metric space. For two p-
measurable maps f, g : X > Y, we define mey(f, g) to be the infimum of € > 0 satisfying

H{xeX|dy(fx),gx)>e}) <e. (8.2)

We sometimes write me(f, g) by omitting u.

mey, is a metric on the set of y-measurable maps from X to Y by identifying two maps
if they are equal p-a.e.
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Lemma 8.2.12. Let X be a topological space with a Borel probability measure yu and Y
a metric space. For any two pu-measurable maps f, g : X > Y, we have

dp(fep, gep) < mey(f, 9.

Definition 8.2.13 (Parameter). Let I := [0, 1) and let X be an mm-space. A map ¢ :
I - X s called a parameter of X if ¢ is a Borel measurable map such that

¢*L1 = Hx>

where L' denotes the one-dimensional Lebesgue measure on I.
Any mm-space has a parameter.

Definition 8.2.14 (Box distance). We define the box distance [J(X, Y) between two
mm-spaces X and Y to be the infimum of € = 0 satisfying that there exist parameters
¢:1->X,y:1->Y,and aBorel subset Iy C I such that

|¢*dX(s, t) - ll)*dy(S, t)|<e foranys,t e Ip; (6))
LiIp) = 1-¢, )

where ¢"dx(s, t) := dx(¢(s), p(t)) for s, t € L.
The box distance function (J is a complete separable metric on X.

Proposition 8.2.15. Let X be a complete separable metric space. For any two Borel
probability measures y and v on X, we have

O(X, w), (X, v)) < 2dp(p, v).

Definition 8.2.16 (Observable distance dconc(X, Y)). Denote by Lip,(X) the set of 1-
Lipschitz continuous functions on an mm-space X. For any parameter ¢ of X, we set

¢ Lip,(X) :={fo | f € Lip;(X) }.

We define the observable distance dconc(X, Y) between two mm-spaces X and Y by
deonc(X. Y) := inf dy(¢” Lip, (dx), " Lip, (dy)),

where ¢ : I > Xand Y : I > Y run over all parameters of X and Y, respectively,
and where dy is the Hausdorff distance with respect to the metric me ;.. We say that a
sequence of mm-spaces Xn, n = 1,2, ..., concentrates to an mm-space X if Xn dconc-
converges to X as n - oo.

Proposition 8.2.17. Let {Xn};>, be a sequence of mm-spaces. Then, {X,} is a Lévy
family if and only if Xn concentrates to a one-point mm-space as n - oo.



268 —— TakashiShioya

Proposition 8.2.18. For any two mm-spaces X and Y we have

deonc(X, Y) < O(X, V).

8.2.5 Quotient space

Let X be a metric space and G a group acting on X isometrically. We define a pseudo-
metric on the quotient space X/G by

dyjo(x]. V) = inf ]dx(x',y'), [x], [y € X/G.

ElxLy’ely
We call dy,; the pseudo-metric on X/G induced from dy. If every orbit in X of G is
closed, then dy/; is a metric.

Assume that we have a Borel measure px on X. Then, we call the measure py/; :=
mpx the measure on X/G induced from uy, where 7t : X > X/G is the natural projec-
tion.

8.2.6 Pyramid

Definition 8.2.19 (Pyramid). A subset P C X is called a pyramid if it satisfies the fol-
lowing (1), (2), and (3).
1L IfXePandifY < X,thenY € P.
2. For any two mm-spaces X, X & P, there exists an mm-space Y € PsuchthatX < Y
and X < Y.
3. Pis nonempty and (-closed.
We denote the set of pyramids by II.
For an mm-space X we define

Px:={X eX|X <X}
We call Px the pyramid associated with X.

It is trivial that X is a pyramid.
In Gromov’s book [11], the definition of a pyramid is only by (1) and (2) of Definition
8.2.19. We here put (3) as an additional condition for the Hausdorff property of I1.

Definition 8.2.20 (Weak convergence). Let Pn,P € I, n = 1, 2,.... We say that Pn
converges weakly to P as n - o< if the following (1) and (2) are both satisfied.
1. For any mm-space X € P, we have

lim O(X, Pn) = 0.
n->oo
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2. For any mm-space X € X \ P, we have

liminf O(X, Pn) > 0.
n—>oco

Theorem 8.2.21. The set II of pyramids is sequentially compact, i.e., any sequence of
pyramids has a subsequence that converges weakly to a pyramid.

Proposition 8.2.22. For given mm-spaces X and Xn, n = 1,2,..., the following (1)
and (2) are equivalent to each other.

1. Xn concentrates to X as n > oo.

2. Px, converges weakly to Px as n - oo.

Dissipation is an opposite notion to concentration.

Definition 8.2.23 (Infinite dissipation). Let Xn, n = 1,2,..., be mm-spaces. We say
that {Xn} infinitely dissipates if for any real numbers kg, k1, . . . , Ky > O with Z?L o Ki <
1, the separation distance

Sep(Xn; Ko, K1y -+ KN)

diverges to infinity as n - oo.

Proposition 8.2.24. Let Xp, n = 1, 2,..., be mm-spaces. Then, {Xn} infinitely dissi-
pates if and only if Px_ converges to X as n > oo.

Let X be an mm-space. Denote by £, (X) the quotient of Lip, (X) by the R-action:
R x Lip;(X) > (t,f) = t + f € Lip;(X).

The R-action on Lip, (X) is isometric with respect to the metric me. We denote also by
‘me’ the induced metric on £;(X) from ‘me’. We see that me([f], [g]) = inf;cg me(f +
t, g) = me(f + to, g) for some ty € R.

Lemma 8.2.25. For any two mm-spaces X and Y we have
dGH(L 1 (X)’ Ll(Y)) < dCOl’lC(X’ Y)’
where dgy denotes the Gromov-Hausdor(f distance function.

Definition 8.2.26. We say that a pyramid P is concentrated if {£1(X)}xcp is dgy-
precompact.

Lemma 8.2.27. Let P be a pyramid. Then the following (1) and (2) are equivalent to
each other.

1. Pis concentrated.

2. Pis the weak limit of {Px,} for some dconc-Cauchy sequence {Xn} of mm-spaces.
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8.3 Metric on the space of pyramids

The purpose of this section is to define a metric p on II compatible with weak conver-
gence such that the embedding map

1: X>X+—Pxell

is a 1-Lipschitz continuous with respect to dconc on X.

Definition 8.3.1 (M(N), M(N, R), X(N, R)). Let N be a natural number and R a non-
negative real number. Denote by M(N) the set of Borel probability measures on RN
equipped with the Prokhorov metric dp, and set

M(N,R) :={ p € M(N) | suppu C Blg 1,
where BY := { x € RV | ||x||s < R } and || - || denotes the lo. norm on RN. We define

X(N, R) := { (BR, || - lloo, ) | w € M(N, R) }.
Note that M(N, R) and X(N, R) are compact with respect to dp and ], respectively.

Definition 8.3.2 (N-Measurement). Let X be an mm-space, N a natural number, and
R a nonnegative real number. We define

M(X;N) = { Dupiy | @ : X > (RY, || - ||o) is 1-Lipschitz },
M(X;N,R) := { u € M(X;N) | suppu C BY }.

We call M(X; N) (resp. M(X; N, R)) the N-measurement (resp. (N, R)-measurement) of
X.

The N-measurement M(X; N) is a closed subset of M(N) and the (N, R)-measurement
M(X; N, R) is a compact subset of M(N).

The following lemma is claimed in [11]*S. 3% without proof. Since the lemma is
important for the definition of p, we give a sketch of proof (the detailed proofis lengthy
and contained in the book [21]).

Lemma 8.3.3 ([11]*S. 3%). For given pyramids P and Pn,n =1, 2, ..., the following (1)
and (2) are equivalent to each other.
1. Pn converges weakly to P as n - oo.
2. For any natural number k, the set Pn N X(k, k) Hausdorff converges to P N X(k, k)
as n - oo, where the Hausdor(f distance is induced from the box metric.

Sketch of proof. We prove ‘(1) = (2)’. Suppose that P, converges weakly to P, but
Pn N X(k, k) does not Hausdorff converge to P N X(k, k) for some k. We then find a
subsequence {Pp, } of {Pn} in such a way that lim inf .. dg(PnNX(k, k), PNX(k, k)) >
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0. Since X(k, k) is O-compact and by replacing { Py, } with a subsequence, Pn, N X(k, k)
Hausdorff converges to some compact subset Po. C X(k, k) different from P n X(k, k).
Since any mm-space X € P is the limit of some X; € Pn, N X(k, k), i=1,2,..., the
set P is contained in P, so that P € P N X(k, k). For any mm-space X ¢ P n X(k, k),
there is a sequence of mm-spaces X; € Pp, (J-converging to X as i > oo. We are able to
find a sequence of mm-spaces X;- € X(k, k) with X;- < X; that (J-converges to X. Since
X; € Pn; N X(k, k), the space X belongs to Pe.. Thus we have Poo = P N X(k, k). This is
a contradiction.

We prove ‘(2) = (1)’. We assume (2). Let P__ be the set of the limits of conver-
gent sequences of mm-spaces X, € Pn, and Pe the set of the limits of convergent
subsequences of mm-spaces X, € Pn. We have P__ C P.. in general. We shall prove
P =P =D

To prove P C P, we take any mm-space X € P. Since P N [J5_; X(N, N) is -
dense in P, there is a sequence of mm-spaces X; € PN Jy.; X(N, N) that O-converges
to X. For each i we find a natural number N; with X; € X(N;, N;). By (2), there is a
sequence of mm-spaces X;, € Pn N X(N;, N;),n =1, 2,..., that O-converges to X; for
each i. There is a sequence i, - oo such that X; ,, O-converges to X, so that X belongs
to P... We obtain P C 2.

To prove Po C P, we take any mm-space X € Pw. X is approximated by some
Xy = RN, || - HM,EN), My € M(X; N). It is easy to see that for any R > O there is a
unique nearest point projection gz : RN > Bllg with respect to the Il norm. 1y is
1-Lipschitz continuous with respect to the I norm. Since (715)« Ky > U N weakly as
R > +o0, X is approximated by some X ¢ X(N,R) with X < X. By the [J-closedness
of P, it suffices to prove that X" belongs to . It follows from X € P that there are
sequences n; > oo and X; € P, i =1, 2,..., such that X; (J-converges to X. We find
a sequence of mm-spaces Xl with X;- < X; that CJ-converges to X . We are also able to
find a sequence X; € X(N, R) such that X; < X; for any i and X; converges to X as
i > co. Since Pr, is a pyramid, X; belongs to Pn,. By (2), X is an element of P. We thus
obtain P = P, = Pe.

We prove the weak convergence P, - P. Let us verify the first condition of Defi-
nition 8.2.20. Take any mm-space X € P. Since X € P_, there is a sequence of mm-
spaces Xn € Pn,n=1,2,..., that O-converges to X. Therefore,

lim sup O(X, Pr) < lim O(X, X,) = 0.
n->oo n->oo
Let us verify the second condition of Definition 8.2.20. Suppose that
liminf,5. O(X, Py) = O for an mm-space X. It suffices to prove that X belongs
to P. We find a subsequence {Py,} of {Pn} in such a way that lim;s., O(X, Py,) = O.
There is an mm-space X; € Py, for each i such that X; (-converges to X as i - oo.
Therefore, X belongs to Pec = P.
This completes the proof. O
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Definition 8.3.4 (Metric on the space of pyramids). Define, for a natural number k
and for two pyramids P and ¥,

, 1 ,
pi(P,P) := ﬂdH(CP nx(k, k), P nx(k, k)),

p(P,P) =" 27 pi(@, P).
k=1

Note that 1/(4k) in the definition of p;, is necessary for the proof of Theorem 8.1.2.

Proposition 8.3.5. p is a metric on the space II of pyramids that is compatible with
weak convergence. II is compact with respect to p.

Proof. We first prove that p is a metric. Since O < 1, we have p; < 1/(4k) for each k
and then p < 1/4. Each py is a pseudo-mettic on IT and so is p. If p(, P') = 0 for two
pyramids P and %, then p (P, P') = 0 for any k, which implies P = P’ (see Lemma
8.3.3). Thus, p is a metric on II.

We next prove the compatibility of the metric p with weak convergence in II. It
follows from Lemma 8.3.3 that a sequence of pyramids P», n = 1, 2,..., converges
weakly to a pyramid P if and only if lim,5., pi(Pn, P) = 0 for any k, which is also
equivalent to lim,, 5., p(Pn, P) = 0.

Since II is sequentially compact (see Theorem 8.2.21), it is compact with respect
to p. This completes the proof. O

The rest of this section is devoted to the proof of Theorem 8.1.2.

Lemma 8.3.6. Let X and Y be two mm-spaces. For any natural number N we have
dg(M(X; N), M(Y; N)) < N - deonc(X, V),

where the Hausdorff distance dy is defined with respect to the Prokhorov metric dp.

Proof. Assume that deonc(X, Y) < € for a real number . There are two parameters
¢ : 1> Xandy : - Y suchthat

dy(¢" Lip, (X), ¥" Lip; (V) < e. (8.3)

Let us prove that M(X; N) C By (M(Y; N)). Take any F«uy € M(X; N), where F : X >
(RM, || - |s) is a 1-Lipschitz map. Setting (f1, ..., fy) := F we have f; € Lip, (X) and so
fi o ¢ € ¢” Lip,(X). By (8.3), there is a function g; € Lip,(Y) such that me(f; o ¢, g; o
) < £.Since G := (g1,...,8N5) : ¥ > RY, | - ||e) is 1-Lipschitz, we have G.«uy €
M(Y; N). We prove dp(Fspy, G+py) < Ne in the following. For this, it suffices to prove
Fux(Be(A)) = Guy(A) — Ne for any Borel subset A ¢ RY. Since Fepiy = (F o ¢p)«L1
and G+uy = (G o )«L1, we have

Faux(Be(A)) = LH(F o ) ' (Be(A)),  Gepy(4) = L1((G o ) 1 (A)).
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It is sufficient to prove
LG o) (A)\ (F o ¢) ' (B=(A))) < Ne.

Ifwe take s € (G o ) 1(A) \ (F o ¢) 1(Be(A)), then G o 1(s) € Aand F o ¢(s) € B:(A)
together imply
|IF o ¢(s) = Goth(s)]les > €

and therefore

LG o) A\ (Fod) ' Be(A)) < L ({ s €I [[Fod(s) -~ Goh(s)]ew > € })
N
=t (U{seﬂ \fi o @(s) - gi o P(s)| >€}>

i=1

N
<> L{selllfiop(s)-giop(s) >el)

i=1
< Ng,

where the last inequality follows from me(f; o ¢p,g; o ) < &. We thus obtain
dp(F«uy, Gspy) < Ne, so that M(X; N) € By(M(Y; N)). Since this also holds if we
exchange X and Y, we have

dg(M(X; N), M(Y; N)) < Ne.
This completes the proof. O

Lemma 8.3.7. Let X and Y be two mm-spaces. Then, for any natural number N and
nonnegative real number R we have

dg(M(X; N, R), M(Y; N, R)) < 2dg(M(X; N), M(Y; N)),

where the Hausdor(f distance dy is defined with respect to the Prokhorov metric dp on
M(N)

Proof. Let € := dy(M(X; N), M(Y; N)). For any measure u € M(X; N, R) there is a
measure v € M(Y; N) such that dp(u, v) < €. This implies

V(BB 2 uBY)-e=1-¢. (8.4)

Letm=mg: RV > Bg be the nearest point projection. This is 1-Lipschitz and satisfies
"\Bg = Ing. We have t+v € M(Y; N, R). By Lemma 8.2.12 and (8.4), we see dp(m«v, v) <
mey (77, Idgy) < € and hence

dp(p, mev) < dp(u, v) + dp(v, m+v) < 2,
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so that M(X; N,R) C B,.(M(Y; N, R)). Exchanging X and Y yields M(Y;N,R) C
B,.(M(X; N, R)). We thus obtain

dyM(X; N, R), M(Y; N, R)) < 2¢.
This completes the proof. O

Lemma 8.3.8. Let X and Y be two mm-spaces, N a natural number, and R a nonnega-
tive real number. Then we have

dy(Px N X(N, R), Py N X(N, R)) < 2dy(M(X; N, R), M(Y; N, R)).

Proof. The lemma follows from Proposition 8.2.15. O

Proof of Theorem 8.1.2. By Lemmas 8.3.8, 8.3.6, and 8.3.7,

dH(fPX N :X:(N, R), ﬂ)y n X(N, R))
< 2dg(M(X; N, R), M(Y; N, R))
< 4dg(M(X; N), M(Y; N)) < 4N deonc(X, V),

so that py(Px, Py) < dconc(X, Y) for any k. This completes the proof of the theorem. [

8.4 Gaussian space and Hopf quotient

In this section we present the precise definitions of the spaces which appeared in The-
orem 8.1.1.
For A > 0, let 7,'(‘2 denote the n-dimensional centered Gaussian measure on R™ with

variance A%, i.e.,
1

RN
em)i ) ¢ X
A

’Y/r{lz (A) =

for a Lebesgue measurable subset A C R", where dx is the Lebesgue measure on R"
and ||+||2 the I, (or Euclidean) norm on R". We put~" := ~}, which is the n-dimensional
standard Gaussian measure on R". Note that the n-th product measure of V}Z coincides
with 7},. We call the mm-space I'}, := (R", [|-||2, 7)) the n-dimensional Gaussian space
with variance A2. Call ™ := T T the n-dimensional standard Gaussian space. For k < n,
we denote by nj : R" > R¥ the natural projection, i.e.,

(X1, X2, ooy Xn) 1= (X1, X2, .., Xi), (X1, X2, ..., Xn) € R™.

Since the projection i ; : I'', > I'y!is 1-Lipschitz continuous and measure-
n-1 A A
preserving for any n = 2, the Gaussian space I ,’1'2 is monotone increasing in n with
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respect to the Lipschitz order, so that, as n - oo, the associated pyramid ﬂ’p;z con-
verges to the O-closure of | ;- , pr:z , denoted by Tp; . We call pr;; the virtual infinite-
dimensional Gaussian space with variance A%. Call Pr~ := Pre the virtual infinite-
dimensional standard Gaussian space.

Recall that the Hopf action is the following S-action on C":

SxC"s eV, 2) —s eV Mz e,

where S is the group of unit complex numbers under multiplication. Since the pro-
]ectlonn : C" > Ck, k < n, is S'-equivariant, i.e., s (e\/jtz) = e‘ﬁtnﬁﬁ(z) for any

eVl e S1 and z € C", there exists a unique map ﬁ%}} C"/S* > C*/S* such that the
following diagram commutes:

n st nj/cl
ct —=—— C"/s

= | |7
Ck st (C"/Sl
We consider the Hopf action on I';}! by identifying R?" with C". The Hopf action is iso-
metric with respect to the Euclidean distance and also preserves the Gaussian measure
'VAZ Let
ry/s' =(C"/S', denys, 732

be the quotient space with the induced mm-structure (see S. 8.2.5). Note that this is
isometric to the Euclidean cone (cf. [4]) over a complex projective space of complex
dimension n - 1 with the Fubini-Study metric. Since the map 757, ;) : I'37'/S' >
r fz("’l) /St is 1-Lipschitz continuous and pushes 7/1” forward to 'yz(" V. the quotient
space I' f /S is monotone increasing in n with respect to the Lipschitz order. The as-
sociated pyramid CPFQ /st converges to the O-closure of | J,; CPF;, /s1» which we denote
by fPF; /Ste We pllt :Pl’oc/sl = iPFT/Sl'

8.5 Estimate of observable diameter

In this section, we give some estimates of the observable diameters of spheres and
complex projective spaces, which are little extensions of known results (see [11, 13]).
Let 0™ denotes the normalized volume measure on the sphere

S") = {xeR"™ ||x|,=71}

of radius r > 0. For k < n, we consider the restriction of the projection 7'["+1 S'(r) c
R™1 > RK, which is 1-Lipschitz continuous with respect to the geodesic distance and
also to the restriction of the Euclidean distance to S"(r).
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Recall that weak (resp. vague) convergence of measures means weak-* conver-
gence in the dual of the space of bounded continuous functions (resp. continuous
functions with compact support).

The following is well-known and the proof is elementary.

Proposition 8.5.1 (Maxwell-Boltzmann distribution law®!). For any natural number
k we have

d(m o™ | dAk

dLk dck

where ¢" is the normalized volume measure on S"(/n) and d%k means the Radon-

Nikodym derivative with respect to the k-dimensional Lebesgue measure. In particular,

asn - oo,

(T Yo" > X weakly  asn > oco.
We prove the following theorem, since we find no proof in any literature.

Theorem 8.5.2 (Normal law & la Lévy; Gromov [11]*S. 31).

Let fn : S"(v/n) > R, n = 1,2,..., be 1-Lipschitz continuous functions with respect
to the geodesic distance on S"(\/n). Assume that, for a subsequence {fn;} of {fn}, the
push-forward (fn,;)~0™ converges vaguely to a Borel measure 0 on R, and that 0. is
not identically equal to zero. Then, 0 is a probability measure and

(R’ | ¢ |s O-W) < (R’ | * ‘) '71)’

i.e., there exists a 1-Lipschitz continuous function a : R > R such that asy' = Gee.

Note that there always exists a subsequence {fy, } such that (f,)-0™ converges vaguely
to some finite Borel measure on R.

We need some claims for the proof of Theorem 8.5.2. The following theorem is
well-known.

Theorem 8.5.3 (Lévy’s isoperimetric inequality; [6, 14]). For any closed subset Q C
S™(1), we take a metric ball B, of S™(1) with 6™ (Bg) = ¢™(Q). Then we have

0" (Ur(Q)) 2 0" (Ur(Bp))

for any r > 0, where U,(Q) denotes the open r-neighborhood of Q with respect to the
geodesic distance on S"(\/n).

We assume the condition of Theorem 8.5.2. Consider a natural compactification R :=
R U {—o0, +o0} of R. Then, by replacing {fs,} with a subsequence, {(fx,)«0™} con-
verges weakly to a probability measure G 0n R. We have Geo|p = 0o and 0wo(R) +
Goo{—00, +00} = Feo(RR) = 1. We prove the following

8.1 This is also called the Poincaré limit theorem in many literature. However, there is no evidence
that Poincaré proved this (see [5]*S. 6.1).
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Lemma 8.5.4. Let x and x be two given real numbers. If y*(—oo, x| = Goo[ o0, X' | and
if 0ea{x'} = O, then

OolX €1, X +&3] 24 [Xx -1, x+ &3]

for all real numbers €1,¢&, = 0. In particular, 0 is a probability measure on R and
Oco{—00, +o0} = 0.

Proof. Weset Q. := {fn, > x } and Q- := { fn, < x }. We have Q. U Q_ = S"(/m)). Let
us prove

Ue, (Q4) N Uy (Q-) C {X =1 < fr, <X + €2 }. (8.5)

In fact, for any point & € Ue,(Q.), there is a point & € Q. such that the geodesic
distance between ¢ and ¢’ is less than &;. The 1-Lipschitz continuity of f,, proves that
fi (&) > fn, (&) — €1 = X — 1. Thus we have Ug, (Q+) C {x — €1 < fn, } and, in the same
way, Ue,(Q-) C {fn, < X + &5 }. Combining these two inclusions implies (8.5).

It follows from (8.5) and U, (Q+) U U, (Q-) = S™(\/n;) that

(Fa )« [x - €1, % +&5]
= 0"(X — &1 < fr; <X +85) 2 0" (Ue, (Q4) N Ug, (Q2))
= 0"(Ue, (Q4)) + 0" (Ug,(Q-) - 1,

where ¢"(P) means the ¢™-measure of the set of points satisfying a conditional for-
mula P. The Lévy’s isoperimetric inequality (Theorem 8.5.3) implies ™ (U, (Q+)) =
0" (Ue, (Bg,)) and 0" (Ue,(Q-)) = 0™ (Ue,(Bg_)), so that

(Fn)+ 0" [ X — 1, X + &3] 2 0" (Ue, (Bg,)) + 0™ (Ue, (B )) - 1.

It follows from oe{x} = O that 0™(Q.) converges to Feo( X , +o0] as n > co. We be-
sides have Goo( X, +00] = [ x, +o0) #0, 1. Therefore, there is a number iy such that
0"(Q:) #0,1 forall i > iy. For each i > i we have a unique real number a; satisfy-
ing v![ a;, +o0) = 0™ (Q4). The number a; converges to x as i > oe. By the Maxwell-
Boltzmann distribution law (Proposition 8.5.1),

lim 6" (Ue, (Bo.)) = Y x -1, +00)
1700
as well as
lim 0™ (Ue, (Bo.)) = (=0, x +£;].
1700
Therefore,

OoolX —€1,X +&3] 2 lirginf(fni)*ani[x' —e1, X +&]
120

2y [x - €1, +00) + 4 (—o0, x +£5] - 1
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=71[x—£1,x+52].

The first part of the lemma is obtained.

The rest of the proof is to show that 0.(R) = 1. Suppose 0-(R) < 1. Then, since
0(R) > 0, there is a non-atomic point x of 0ee such that 0 < Feo[—c0, x) < 1. We
find a real number x in such a way that v (—oo, x] = Geo[ —o0, X |. The first part of the
lemma implies 0oo[ X — €1,x +&2] = v [x — €1, x + &5 ] for all €1, &, > 0. Taking the
limit as €1, £, - +o0, we obtain 0-(R) = 1. This completes the proof. O

Lemma 8.5.5. supp 0 is a closed interval.

Proof. supp 0 is a closed set by the definition of the support of a measure. It then
suffices to prove the connectivity of supp 0. Suppose not. Then, there are numbers
x and € > 0 such that 0eo(—o0, X =€) > 0, Ooo[ X —€, X +€] = 0, and Goo( X +&, +00) >
0. There is a number x such that v}(-oo, x] = 0eo( oo, X' |. Lemma 8.5.4 shows that
Oo[X —€,x +€] 2~y [x—€,x+€] >0, which is a contradiction. The lemma has been
proved. O

Proof of Theorem 8.5.2. For any given real number x, there exists a smallest number
x satisfying 7'(—oco, x] < 0w(—o0, x']. The existence of x follows from the right-
continuity and the monotonicity of y +— 0e(—oo, y]. Setting a(x) := x we have a
function a : R - R, which is monotone nondecreasing.

We first prove the continuity of a in the following. Take any two numbers x;
and x, with x; < x. We have 4!(=o0,x1] < Ooo(—o00, a(x1)] and 71(-o0,x,] =
Ooo(—o0, a(x7)), which imply

Yx1, X212 Goo(@(x1), a(x2)). (8.6)

This shows that, as x; > a - 0 and x, > a + O for a number a, we have
Os(a(x1), a(x2)) = 0, which together with Lemma 8.5.5 implies a(x,) - a(x;) > O.
Thus, a is continuous on R.

Let us next prove the 1-Lipschitz continuity of a. We take two numbers xand € > 0
and fix them. It suffices to prove that

Aa:=alx+¢&)-alx) <e.

Claim 1. If 0o{a(x)} = O, then Aa < €.

Proof. The claim is trivial if Aa = 0. We thus assume Aa > 0. Since 0o{a(x)} = 0, we
have y1(—o0, x] = Goo( —o0, at(x)], so that Lemma 8.5.4 implies that

Ol a(x), a(x) + 8] = v [x, x + 6] 8.7)
for all 6 > 0. By (8.6) and (8.7),

Ax, x+ €] 2 0ol a(x), alx + €))
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= 0| a(x), a(x) + Aat)

= lim oelalx), alx)+ 6]
6>Aa-0

> lim ~!x,x+6]
6>Aa-0

=[x, x +Aa],

which implies Aa < €. O

We next prove that Aa < € in the case where g-.{a(x)} > 0. We may assume that Aa > 0.
Let x; := sup a”*(a(x)). It follows from a(x) < a(x + €) that x, < x + €. The continuity of
a implies that a(x:) = a(x). There is a sequence of positive numbers €; - 0 such that
O {a(xs+ + &)} = 0. By applying the claim above,

alx: +g+e)—alx: +¢) < e.

Moreover we have a(x + €) < a(x+ + & + €) and a(xs+ + &) > a(xs) = a(x) asi > oo.
Thus,
alx+¢e)-alx)<e

and so a is 1-Lipschitz continuous.

The rest is to prove that a*”yl = 0. Take any number x € a(R) and fix it. Set
x :=sup a1 (x) (< +o0). We then have a(x) = x’ provided x < +oo. Since x is the largest
number to satisfy 7' (oo, x] < Ges(—o0, x ], We have v! (oo, X | = 0ee( o0, x ], where
we agree v1(—oo, +0o] = 1. By the monotonicity of a, we obtain

ey (—oo, X1 = 7 (@ (~o0, X 1) = 7 (~o0, X] = Teo( o0, X ],

which implies that asy! = 0o because 0w is a Borel probability measure. This com-
pletes the proof. O

Proposition 8.5.6. Let X be an mm-space. Then, for any real number t > 0 and x = O,
we have
ObsDiam(tX; —x) = t ObsDiam(X; —x).

Proof. We have

ObsDiam(tX; —k) = sup{ diam(fspx; 1 - x) | f : tX > R 1-Lipschitz }
= sup{ diam(fspy; 1 - x) | t 1f : X > R 1-Lipschitz }
= sup{ diam((tg)+ux; 1 - k) | g : X > R 1-Lipschitz }
= t ObsDiam(X; -x).

This completes the proof. O
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Corollary 8.5.7. Let {rn}n2, be a sequence of positive real numbers. If rn/\/n > A as
n - oo for a real number A, then

lim ObsDiam(S" (rn); ~) = diam(v1:; 1 - ) = 2AI (1 - ©)/2),
n—>oco

for any real number k with O < x < 1, where I(r) := v1[ 0, r]. This holds for the geodesic
distance function on S™(rn) and also for the restriction to S (rn) of the Euclidean distance
function on R™.

Proof. It suffices to prove the corollary in the case where r, = \/n, because of Propo-
sition 8.5.6. We assume that r, = \/n.

The corollary for the geodesic distance function follows from the normal law a la
Lévy (Theorem 8.5.2) and the Maxwell-Boltzmann distribution law (Proposition 8.5.1).

Assume that the distance function on S"(y/n) to be Euclidean. Since the Euclidean
distance is not greater than the geodesic distance, the normal law a la Lévy still holds.
Clearly, the projection ij** : S"(v/n) > R¥ is 1-Lipschitz with respect to the Euclidean
distance function. Thus, the corollary follows from the normal law a la Lévy and the
Maxwell-Boltzmann distribution law. This completes the proof. O

Lemma 8.5.8. Let X be a metric space and G a group acting on X isometrically. Then,
for any two Borel probability measures y and v on X, we have

dP(ﬂ9 ‘7) < dP(’-'l’ V)’

where ji denotes the push-forward of u by the projection X > X/G.

Proof. Take any Borel subset A ¢ X/G and set A := n71(A), where 7 : X > X/G is the
projection. Assume that dp(u, v) < € for a real number . Since 7171 (B¢(A)) > B:(A),
we have

A(Be(A)) = pu(m ' (Be(A))) = u(Be(A)) = v(A) e = ¥(A) - €

and therefore dp(fi, V) < €. This completes the proof. O

Denote by {" the normalized volume measure on CP"(r) with respect to the Fubini-
Study metric. Note that {, = 52"*!, where 62! denotes the push-forward of 62! by
the Hopf fibration $2"*1(r) > CP(r).

Proposition 8.5.9. Let {rn};>; be a sequence of positive real numbers such that
rm/V2n+1 > Aasn > oo for a real number A. Then, for any natural number k we
have

(2™ > 32K weakly asn > oo,

where 32 : CP"(rn) € C™1/S' > C¥/SYis asin S. 8.4 and 33¥ the push-forward of
73X by the projection C* > C*/S.
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Proof. By Proposition 8.5.1, (27+2).¢*" converges weakly to 72 as n > oo. In the
following, a measure with upper bar means the push-forward by the projection to the
Hopf quotient. Since (713} 2)«{" = (3}2)«5°" = (m27+2)«02", and by Lemma 8.5.8, we
have

dp((3F ) (™, 735 < dp((T3T )™, 43K) > 0 asn > oo,

This completes the proof. O

Corollary 8.5.10. Let {rn};2; be a sequence of positive real numbers. If rn[v/2n+1 > A
as n - oo for a real number A, then

lim sup ObsDiam(CP"(ry); —k) < 2AI 1 ((1 - x)/2),

n->oo

2
linl)inf ObsDiam(CP"(rn); —x) = Adiam(([ 0, +o0 ), re” 2 dr); 1 — k).
n—>oco

These inequalities both hold for the scaled Fubini-Study metric and also for the induced
distance function from the Euclidean distance on S*™(ry).

Proof. The upper estimate follows from CP"(rn) < S*"(rn) and Corollary 8.5.7.
Since 3"*2 : CP"(rn) c C™*1/S! > C/S! is 1-Lipschitz, Proposition 8.5.9 proves

lirginf ObsDiam(CP"(rn); -x) > diam((C/S?, ’_7/%2); 1-x)
n—>oco
2
= Adiam(([ 0, +o0), re” 2dr); 1 - k).
This completes the proof. O
We conjecture that

rZ
li_;n ObsDiam(CP"(ryn); —x) = Adiam(([ 0, +o0 ), re” 2 dr); 1 — k)
n—>oco

ifrn/vV2n+1->2Aasn - oco.

8.6 Limits of spheres and complex projective spaces

In this section, we prove Theorem 8.1.1 by using several claims proved before. We need
some more lemmas.

Lemma 8.6.1. For any real number 0 with 0 < 6 < 1, we have

lim A x e R™  Ovn< x|, <07 n )} =1.
n—>oco

Proof. Considering the polar coordinates on R", we see that

ron, -t2/2
JotheT it dt

n+1 n+1 = -
¥ {XGR H|X|‘zsr}_f0°°tne*tz/2dt.
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Integrating both sides of (log(t"et/2))" = —n/t?~1 < -1 over [t, /N | with O < t < V1
yields

~(log(t"e /)" = (log(t"e 1)) | /i ~ (log(t"e /%)) < ¢ - v/m.
Integrating this again over [ t, v/n] implies
n/Ze—n/Z) < _(t - \/ﬁ)z
-

—tz/Z)

log(t"e —log(n

so that thet'/2 < n/2eM2e=(-vV*/2 and then, for any r with O < r < /7,

Vn-r vn
/ e C/2 gt < prl2e 2 / e 12 gt < p/2e /2T 12,
0 r

Stirling’s approximation implies

/t"e’tz/zdt Tl/ s'Te Van-1)ie 7.
0 0

N
N

Therefore,

n/2 ,-n/2 ,~(1-6)*n/2
lim "' { x € R™" | ||x|2 < 6V } < lim mee ¢ — -0
n—>oco

noee  /a(n-1)ie 7

The same calculation leads us to obtain
lim 4" { x € R™ | [|x]2 = 67V } = 0.
n—>oco

This completes the proof. O

For a positive real number t and a pyramid P, we put
tP:={tX|Xe?P},
where tX := (X, t dy, ux). The following lemma is obvious and the proof is omitted.

Lemma 8.6.2. Assume that a sequence of pyramids Pn,n =1, 2,..., converges weakly
to a pyramid P, and that a sequence of positive real numbers tp,,n = 1, 2, .. ., converges
to a positive real number t. Then, t,Pn converges weakly to tP as n - eo.

Proof of Theorem 8.1.1. (1) follows from Corollaries 8.5.7 and 8.5.10.

We prove (2) for S"(rn). We first assume that rp/\/n > +oo as n - oo. Take any
finitely many positive real numbers ko, k1, . .., Ky With Zfi oKi < 1, and fix them.
We find positive real numbers xg, k7, . . . , ky in such a way that k; < «; for any i and
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Zfio K; < 1. For any € > 0, there are Borel subsets Ag, A1,...,Ay C R such that
v1(4;) = k; for any i and

min dz(4;, 4) > Sep((®, Y5k, v, Ky) - €.

Without loss of generality we may assume that all A;’s are open. Let fr := 77| ( ok
S"(v/n) > R. Proposition 8.5.1 tells us that (f,)«0™ converges weakly to v as n > oo.
Since A; is open,

liminf 0" ((fa) ™ (41) = 7" (47) = ki > K;.

There is a natural number ng such that 6™((fn)"1(4;)) = ; for any i and n = ng. Since
fn is 1-Lipschitz continuous for the Riemannian metric and also for the Euclidean dis-
tance on S™(y/n), we have

dsn(\/ﬁ)((fn)_l(Ai)a (fn)_l(Aj)) > dg(4A;, Aj)~
Therefore, for any n = no,

Sep(S™"(vn); ko, - - - » k) > Sep((R, v1); Ko, -+« , Ky) — &,

which proves
lirginfSep(S"(\/ﬁ); Kos - -, Ky) = Sep((R, +1); K;), e, K}V) > 0.
n—>oco

Since rn/+/n - oo as n - oo,

I'n

vn

is divergent to infinity and so {S"(rn)} . infinitely dissipates.

We next prove the converse. Assume that {S"(rn)} infinitely dissipates and rn/v/n
is not divergent to infinity. Then, there is a subsequence {r,;} of {rn} such that
TG/ /n(j) is bounded for all j. By (8.8), {S"?(,/n(}))}; infinitely dissipates. However,
for each fixed x with O < x < 1/2, ObsDiam(S™(v/n); —k) is bounded for all n by Corol-
lary 8.5.7, and, by Proposition 8.2.9, so is Sep(S"(v/n); k, k), which contradicts that
{S"U)(\/T(D)} infinitely dissipates. This completes the proof of (2).

(2) for CP"(rp) is proved in the same way as for S™(rn) by using Proposition 8.5.9
and Corollary 8.5.10 instead of Proposition 8.5.1 and Corollary 8.5.7.

We prove (3) for S"(ry). By Lemma 8.6.2 and by I'}, = AI'", it suffices to prove it in
the case of r, = v/n. We assume that r, = v/n. Suppose that P Vo) does not converge
weakly to Pr-~ as n > oo. Then, by the compactness of II, there is a subsequence
{Psni(mn}t of {Pgn(/m} that converges weakly to a pyramid P with P #Pr-. It follows
from the Maxwell-Boltzmann distribution law (Proposition 8.5.1) that I' k belongs to P
for any k, so that Pr~ C P. We take any real number 6 with 0 < 6 < 1 and fix it. It

Sep(S™(rn); Ko, ..., KN) = Sep(S"(vn); ko, ..., KN) (8.8)
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follows from Lemma 8.6.2 that Pgn;(g, ;) converges weakly to 6P as i - oo. Define a
function fp ,, : R™! > R""! by

fon(X) = %X if ||x|[> > 6v/n,
,n X ifHXHZ < 6\/5,

for x € R™1, fo,n is 1-Lipschitz continuous with respect to the Euclidean distance. Let
o be the normalized volume measure on S"(6,/n). We consider o} as a measure on
R™! via the natural embedding S"(6/n) ¢ R™**!. From Lemma 8.6.1, we have

dp((fg. )™, o) <A™ x e R™ | ||x||]2 < 8/ } > 0asn > oo,

so that the box distance between Sy, := (R™,| - |2, (fp..)7"*!) and S"(6v/n)
converges to zero as n > oo. By Proposition 8.2.18 and Theorem 8.1.2, we have
p(Ps, . Tsn(e\/m) - 0 as n > oo. Therefore, :PSG.ni converges weakly to 0P asi > oo.
Since Sp, < (R™', | - ||l2,7™*"), we have Ps,  C Prmi C Pr~. We thus obtain
0P C Pre C P forany 6 with 0 < 8 < 1 and so P = Pr-, which is a contradiction.
This completes the proof of (3) for S™(rn).

We prove (3) for CP™(rn). The proof is similar to that for S"(r,). We may assume
that r, = v/2n + 1. Suppose that Tcpn( V) does not converge weakly to Pr-s1 as

2n+
n - oo. Then, by the compactness of II, there is a subsequence {CP"(,/2n(j) + 1}
of {CP"(v/2n + 1)}, that converges weakly to a pyramid P with P # Pr«s:. Propo-
sition 8.5.9 proves that I'’*/S! c P for any k and s0 Pr. /st C P. We take any real
number 6 with 0 < 6 < 1 and fix it. By Lemma 8.6.2, ?cpnw(o J/anG)e1) Converges

weakly to 0P as j > oo. Let fj 2n41 @ C" > C™! be as above by identifying C"**
with R?™2_ fy 5.1 is S'-equivariant and induces a map fq , : C""!/S' > C"*1/S?,
which is 1-Lipschitz continuous. Let 05”” be the normalized volume measure on
$2™1(0v/2n + 1). Since (fg,3n.1)+7*" | (93T 1S @ constant multiple of 05", the
measure (g, 50.1)72"*2| cpng /2777, 18 als0 a constant multiple of 53"**, where the up-
per bar means the push-forward of a measure by the projection to the Hopf quotient
space. We see that

(fe,zn+1)*’72"+2 = (f0,2n+2)*'_)/2n+2-
By Lemmas 8.5.8 and 8.6.1, we have
dp((fg,oni2)«7°™%, ™) < dp((fg,ane)sy™" 2, 05") >0 asn > oo,

so that the box distance between Yy , := (C™?, ||-||2, (fg,n)«7*"*?) and CP"{6+/2n + 1}
converges to zero as n - oo. The rest of the proof is the same as before. This completes
the proof of the theorem. O
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8.7 dconc-Cauchy property and box convergence

In this section, we prove Theorem 8.1.3 and prove the non-convergence property for
spheres and complex projective spaces with respect to the box distance.

Proposition 8.7.1. The virtual infinite-dimensional standard Gaussian space Pr- is not
concentrated.

Proof. Let¢,;: R" > R,i=1,2,...,n,be the functions defined by
On.i(xX1, X2, ..oy Xn) = X, (X1, X2, ..., xn) € R™.

Each ¢, ; is 1-Lipschitz continuous and we have the elements [¢,, ;] of £1(I™"). For any
different i and j,

me.n([pn,il, [Pnj]) = me.2([¢2,1], [2,2]) = me. 2 (P21, P22 +1)

for some real number t. If me..(¢2,1, ¢2,2 + t) = 0 were to hold, then ¢, 1 = ¢ > + ¢
almost everywhere, which is a contradiction. Thus, me.([¢y,], [¢n,;]) is a positive
constant independent of n, i, and j with i #j. This implies that {£1(I")}n; is not dgy-
precompact. Since I'" € Pr-, the pyramid Pr- is not concentrated. This completes the
proof. O

As adirect consequence of Proposition 8.7.1, Lemma 8.2.27, and Theorem 8.1.1, we have
the following.

Corollary 8.7.2. 1. {I'"}2; has no dconc-Cauchy subsequence.
2. If {rn} is a sequence of positive real numbers with rp//n > 1 asn > oo, then
{8™(rn)} has no dconc-Cauchy subsequence.

Proof. (1) follows from Proposition 8.7.1 and Lemma 8.2.27.

Theorem 8.1.1(3) implies that Pgx(, ) converges weakly to Pr~ as n > oo, which
together with Proposition 8.7.1 and Lemma 8.2.27 proves (2) of the corollary. This com-
pletes the proof. O

Proof of Theorem 8.1.3. Since {S"(v/n)} has no dconc-Cauchy subsequence, there exist
two subsequences {Xn} and {Yn} of {S"(v/n)} such that inf, dconc(Xn, Yn) > 0. Theo-
rem 8.1.1(3) implies that Px, and Py, both converge weakly to Pr-. This completes the
proof. O

Lemma 8.7.3. Let Xy and Yn,n =1, 2,..., be mm-spaces such that Xn < Yn for any
n. If {Yn} is O-precompact, then so is {Xn}. In particular, if { Y} is O-precompact and
if Xn concentrates to an mm-space X, then X, (J-converges to X.
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Proof. Recall (see [11]*S. 3%.14 and [21]*S. 4) that {Y,} is O-precompact if and only
if for any € > O there exists a number A(e) > 0 such that we have Borel subsets
Kn1, Kn2, ..., Kyn C Yy for each n with the property that

() N <A(e);

(ii) diamK,; <eforanyi=1,2,...,N;
(iil) diam i, Kn; < A(€);
(i) py, (Ui Kni) 21 - €.

We assume that {Y,} is O-precompact, and then have Borel subsets K,; C Y sat-
isfying (i)—(iv). Without loss of generality we may assume that all K,; are compact,
since each uy, is inner regular. By X, < Yy, we find a 1-Lipschitz continuous map
fn + Yn > Xn with (fu)spy, = px,. The sets K,; := fa(Ky;) are compact and satisfy
()-(iv), so that {Xy} is O-precompact. The first part of the lemma has been proved.
We prove the second part. Assume that { Y, } is J-precompact and that X, concen-
trates to an mm-space X. If X, does not concentrate to X, then the [J-precompactness
of {Xn} proves that it has a (J-convergent subsequence whose limit is different from
X. This contradicts that X, concentrates to X as n - oo (see Proposition 8.2.18). The
proof of the lemma is completed. O

Proposition 8.7.4. Let {rn}Z; be a sequence of positive real numbers. If rn is bounded
away from zero, then {S"(rn)}m, and {CP"(rn)}5>, both have no O-convergent subse-
quence.

Proof. Assume that ry = ¢ > O for any natural number n and for a constant c. We have
S™(c) < S™(rn) and CP"(c) < CP"(rn). According to [7], the two sequences {S"(c)}
and {CP"(c)} both have no O-convergent subsequence. By Lemma 8.7.3, {S"(rx)} and
{CP"(ry)} also have no [J-convergent subsequence. This completes the proof. O
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