Christian Léonard
On the convexity of the entropy along entropic
interpolations

Introduction

Displacement convexity of relative entropy plays a crucial role in the Lott-Sturm-
Villani (LSV) theory of curvature lower bounds of metric measure spaces [31, 41, 42, 44]
and the related Ambrosio-Gigli-Savaré gradient flow approach [1, 2].

Let us explain shortly what is meant by displacement convexity of the relative en-
tropy. Let (X, d, m) be a metric measure space and P(X) denote the space of all Borel
probability measures on X. The distance d is the basic ingredient to construct the dis-
placement interpolations and the positive measure m is used as the relative entropy
reference measure, defined by H(u|m) := [, log(du/dm) du € (oo, o], u € P(X). Dis-
placement convexity means that along any displacement interpolation [uq, p;]4 =
(U¢)os<t<1 between two probability measures pg and u;, the entropy

H(t) :== H(u¢jm), Osts<1

of the interpolation as a function of time admits some convexity lower bound.

Let us recall briefly what displacement interpolations are. The Wasserstein pseudo-
distance W, is the square root of the optimal quadratic transport cost between ug
and u; € P(X) given by W3(uo, p1) := infy fxz d? dm where the infimum is taken
over all the couplings 1 € P(X?) of Uo and p;. It becomes a distance on the subset
P,(X) of all u € P(X) such that [, d?(xo, x) u(dx) < oo, for some x, € X. Displace-
ment interpolations are the geodesics of the metric space (P,(X), W>). They were in-
troduced in McCann’s PhD thesis [33] together with the notion of displacement convex-
ity of the entropy. Related convex inequalities turn out to be functional and geometric
inequalities (Brunn-Minkowski, Prekopa-Leindler, Borell-Brascamp-Lieb, logarithmic
Sobolev, Talagrand inequalities), see [12, 34].

As a typical result, it is known [12, 38, 43] that a Riemannian manifold has a nonneg-
ative Ricci curvature if and only if t — H(u¢|vol) is convex along any displacement
interpolation (M¢)o<t<1 -

An important hypothesis of the LSV theory is that the metric space is geodesic.
This rules discrete spaces out. Something new must be found to develop an analogue
of this theory in the discrete setting. Several attempts in this direction were proposed
recently. Maas and Mielke [18, 19, 32, 35, 36] have discovered a Riemannian distance
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on the set of probability measures such that the evolution of continuous-time Markov
chains on a graph are gradient flows of some entropy with respect to this distance.
Bonciocat and Sturm in [7] and Gozlan, Roberto, Samson and Tetali in [23] proposed
two different types of interpolations on the set of probability measures on a discrete
metric measure graph which play the role of displacement interpolations in the LSV
theory. The author recently proposed in [29] a general procedure for constructing dis-
placement interpolations on graphs by slowing down another type of interpolation,
called entropic interpolation.

Entropic interpolations are the main actors of the present paper. Analogously
to the displacement interpolations which solve dynamical transport problems, they
solve dynamical entropy minimization problems. Although related to the purpose of
this article, [29] is mainly concerned with the slowing down asymptotic to build dis-
placement — rather than entropic — interpolations. Displacement interpolations are
connected to optimal transport, while entropic interpolations are connected to mini-
mal entropy.

In this article, we consider the entropic interpolations in their own right, without
slowing down. The goal remains the same: studying convexity of the entropy along
these interpolations to derive curvature lower bounds of some Markov generators and
state spaces. Our main result states that along any entropic interpolation [ug, 1] =
(U¢)ost<1 between two probability measures pg and 1, the first and second derivatives
of the relative entropy H(t) := H(u¢|m) of u; with respect to some reference measure
m can be written as

H () - /'(8¢t—5¢t)dut, H'(¢) - /(6z¢t+5z¢odut. 61)
X X

The arrows on O and O, are related to the forward and backward directions of time.
The functions ¢ and 1 depend on the endpoints yy and p;, but the nonlinear op-
erators 6, ©, ©, and O, only depend on some reference m-stationary Markov pro-
cess. For instance, when this process is the Brownian diffusion with generator L =
(A -VV-V)/2 on a Riemannian manifold with m = e~ vol its reversing measure, we
show that

6=-=0=r/2, 6,=0,=I,/2 6.2)

are respectively half the carré du champ I'u := L(u?) - 2uLu and the iterated carré du
champ Iu := LTu - 2I'(u, Lu) which were introduced by Bakry and Emery in their
article [5] on hypercontractive diffusion processes. In the discrete case, these opera-
tors are not linked to I and I, anymore but they depend on L in a different manner,
see (6.16) and (6.17). In the Riemannian case, I'; is related to the Ricci curvature via
Bochner’s formula (6.34). This is the main connection between geometry and displace-
ment convexity. Because of the tight relation (6.2) between (6, ©,) and (I', I';) in the
Riemannian case, it is natural to expect that (@, ©,) has also some geometric content
in the discrete case. Does it allow for an efficient definition of curvature of graphs? This



196 —— Christian Léonard

question is left open in the present paper. However, based on 0 and 0,, we give a uni-
fied proof of the logarithmic Sobolev inequality on manifolds and a modified version
on graphs. This is a clue in favor of the relevance of the entropic interpolations.

An advantage of the entropic calculus, compared to its displacement analogue, is
that entropic interpolations are regular in general. This is in contrast with displace-
ment interpolations. Otto’s informal calculus provides heuristics that need to be rig-
orously proved by means of alternate methods on the other hand, entropic interpo-
lations allow for a direct rigorous calculus. As a matter of fact, it is proved in [26, 29]
that displacement interpolations are semiclassical limits of entropic interpolations:
entropic interpolations are regular approximations of displacement interpolations.

The entropic approach is not only available for reversible reference Markov dy-
namics, but also for stationary dynamics (in the reversible case, the time arrows on ©
and 6, disappear).

The article’s point of view is probabilistic. Its basic ingredients are measures
on path spaces: typically, Brownian diffusions on manifolds and random walks on
graphs. The Markov property plays a crucial role and we take advantage of its time
symmetry. Recall that it states that conditionally on the knowledge of the present
state, past and future events are independent. In particular, a time-reversed Markov
process is still Markov. Time-reversal stands in the core of our approach (even when
the reference stochastic process is assumed to be reversible); it explains the forward
and backward arrows on O and 0,. In contrast with analytic approaches, very few
probabilistic attempts have been implemented to explore geometric and functional
inequalities. In this respect, let us cite the contributions of Cattiaux [10] and Fontbona
and Jourdain [22] where stochastic calculus is central. In the present article, stochas-
tic calculus is secondary. The symmetry of the Markov property allows us to proceed
with basic measure theoretical technics.

The drawback of the entropic interpolations in the discrete setting is that the sec-
ond derivative of the entropy along the interpolations is difficult to handle in practice,
see Proposition 6.4.4 for instance. As a consequence, no specific examples based on
random walks on graphs are treated in the present article. There is still some (hard)
work to do to proceed in this direction.

Outline of the chapter

The article is organized as follows. Entropic interpolations are discussed in Section
6.1. In particular, we describe their dynamics. This allows us to write their equation of
motion and derive our main abstract result (6.1) in Section 6.2. This abstract result is
exemplified with Brownian diffusion processes in Section 6.3 and random walks on a
countable graph in Section 6.4. A unified proof of an entropy-entropy production in-
equality (logarithmic Sobolev inequality), in both the Riemannian and discrete graph
settings, is given in Section 6.5 in connection with convergence to equilibrium. The sta-
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tionary non-reversible case is investigated. In Section 6.6, we propose heuristics based
on thought experiments in order to grasp the link between entropic and displacement
interpolations. Finally, we address several open questions related to curvature and
entropic interpolations, keeping in mind the LSV theory of geodesic measure spaces
as a guideline. This article is a preliminary step and these open questions should be
seen as part of a program toward an analogue of the LSV theory that is available in a
discrete setting.

Notation

For any measurable space Y, we denote by P(Y) and M.(Y) the sets of all probabil-
ity measures and positive measures on Y. Let Q = D([0, 1], X) be the space of all
right-continuous and left-limited paths from the time interval [0, 1] taking their val-
ues in a Polish state space X endowed with its Borel o-field. The canonical process
X = (X¢)o<t<1 is defined by X¢(w) = w; € XforallO < ¢t < 1 and w = (w¢)o<t<1 € Q.
As usual, Q is endowed with the canonical o-field o(X;, 0 < t < 1) generated by the
canonical processé'l. For any 7 C [0, 1] and any positive measure Q on 2, we denote
X3 = Xt)er, Q7 = (X7)2Q, 0(X7) is the o-field generated by Xy. In particular, for
each t € [0, 1], Q¢ = (Xp)#Q € M.(X) and Qo; = (Xo, X1)4Q € M. (X?).

6.1 Entropic interpolation

Entropic interpolations are defined and their equations of motion are derived. The con-
tinuous and discrete space cases are both imbedded in the same abstract setting. This
prepares the next section where the first and second derivatives of H(t) := H(pu¢|m) are
calculated.

(f, g)-transform of a Markov process

The h-transform of a Markov process was introduced by Doob [16] in 1957. It is revisited
and slightly extended in two directions:

1. We consider a two-sided version of the h-transform, which we call (f, g)-
transform, taking advantage of the invariance of the Markov property with respect
to time reversal;

6.1 The canonical process is the standard naming by probabilists of the evaluation process of the
analysts. The usual Skorokhod topology of the path space is useless in this article; only its measurable
structure is used.
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2. We extend the notion of Markov property to unbounded positive measures on Q,
having in mind two typical examples:
— The reversible Wiener process on R", i.e. the law of the Brownian motion with
Lebesgue measure as its initial law;
— The reversible simple random walk on a countable locally finite graph.

Assumptions on R

We specify some R € M.(Q) which we call the reference path measure and we assume
that it is Markov and m-stationary6'2 where m € M. (X) is a o-finite positive measure
on X. See Definitions .0.4 and .0.7 at the appendix 6.6.

Definition 6.1.1 ((f, g)-transform). Let fo,g1 : X > [0, o) be two nonnegative func-
tions such that fo € LP(m)and g, € Lp*(m) withp,p” € [1,00land 1/p+1/p* = 1. The
(f, g)-transform P ¢ P(Q) of R associated with the couple of functions (fy, g1) is defined
by

P := fo(Xo)g1(X1) R € P(Q) (6.3)

with |, 2 fo()g1(y) Ro1(dxdy) = 1 for P to be a probability measure.

Note that fo(Xo)g1(X1) € LY(R). Indeed, denoting F = fy(Xo) and G = g;1(X1), we
see with Ro = Ry = m that ||F||pz) = [Ifollzogmys 1G]l gy = 1811l (my@nd ER(FG) <
IFllplIGllp = llfollpllg1llp < oo

Remarks 6.1.2. Let us write some easy facts about (f, g)-transforms and h-transforms.

(a) Taking fo = po and g, = 1 gives us P = po(Xo)R which is the path measure with
initial marginal uy = po m € P(X) and the same forward Markov dynamics as R.

(b) Symmetrically, choosing fo = 1 and g1 = p; corresponds to P = p1(X1)R which is
the path measure with final marginal u; = p; m € P(X) and the same backward
Markov dynamics as R.

(c) Doob’s h-transformis an extension of item (b). It is defined by P = h(Xr) Ry ;] where
T is a stopping time and h is such that P is a probability measure.

Let us denote the backward and forward Markov transition kernels of R by

{?(s,at,z) RXse-|X; =2), Oss<t<l,

RXye-|Xt=2), Ostsus<l,

Tt zu, )

6.2 This stationarity assumption is not necessary and one could replace m by R; everywhere. It simply
makes things more readable and shortens some computations.
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and for m-almost all z € X,

fl(z) = ER(fO(XO) | X[ =Z) = foO(X) <7(0’ dX; t’Z) (64)
82 = Er@i(X)|Xe=2) = [y T(tz1,d0)g0).
The relation between (fy, g1) and the endpoint marginals ug, y; € P(X) is

po = fo8o, m-ae.

(6.5)
p1 = fi81, m-ae.

where the density functions pg and p; are defined by Z o= Z 0 : . The system

1 = 1

of equations (6.5) was exhibited by Schrédinger in 1931 [39] in connection with the
entropy minimization problem (Sgy,) below.

Entropic interpolation

Let us introduce the main notion of this article.

Definition 6.1.3 (Entropic interpolation). Let P ¢ P(Q) be the (f, g)-transform of R
given by (6.3). Its flow of marginal measures

Ue:i=XpsP e P(X), Osts1,
is called the R-entropic interpolation between ug and u; in P(X) and is denoted by
(Mo, }ll]R = (Ht)te[0,1]-
When the context is clear, we simply write (g, i1], dropping the superscript R.

Next theorem tells us that u; is absolutely continuous with respect to the reference
measure m on X. We denote by

pt:=du¢/dm, O0=<ts<1,

its density with respect to m.
Identities (6.5) extend to all O < t < 1 as next result shows.

Theorem 6.1.4. Let P € P(Q) be the (f, g)-transform of R given by (6.3). Then, P is
Markov and forall 0 < t < 1, p¢ = pr m with

pe = ftg, m-ae. (6.6)
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Proof. Without getting into detail, the proof works as follows. As m = Ry,

dp,

pt(z) := 4R,

(2) = Eg [%Wf = Z} = Eg [fo(Xo0)g1(X1)|X; = 2]
= Eg [fo(Xo)|X¢ = z] Eg [81(X1)|X; = 2] =: fig:(2).

The Markov property of R at the last but one equality is essential in this proof. For
more detail, see [28, Thm. 3.4]. O

With (6.6), we see that an equivalent analytical definition of [ug, u1]® is as follows.

Theorem 6.1.5. The entropic interpolation [ug, u1]® satisfies p; = pe m with

pe(z) = /fo(x) (0, dx; t, z)/?(t, z;1,dy)g1(y), form-ae.zcX, 6.7)
X X

foreach0 <t < 1.

Marginal flows of bridges are (possibly degenerate) entropic interpolations

Let us have a look at the R-entropic interpolation between the Dirac measures 6x and
y.

(@) When Ro1(x,y) > 0, [8x, 6y]R is the time marginal flow (RY)o<t<1 of the bridge
ny(') = R('|X0=X’X1 =Y), X’yEX'

Indeed, taking po = 6x and p; = 8y, a solution (fo, g1) of (6.5) is fo = 1x/Ro1(x, y)
and g1 = 1,. It follows that the corresponding (f, g)-transform is fo(Xo)g1(X1) R =
Ro1 (6, ¥) M x,ox,x,y} R=RY.

(b) When Rg1(x,y) = 0, [6x, 6y]R is undefined. Indeed, Definition 6.1.3 implies that
Mo, M1 < m. Let us take the sequences of functions f§ = c;llB(X’l/n) and
81 = 1py,1/n With B(x, r) the open ball centered at x with radius r and c» =
Ro1(B(x, 1/n) x B(y, 1/n)) > 0 the normalizing constant which is assumed to be
positive for all n > 1. The corresponding (f, g)-transform of R is the conditioned
probability measure P" = R(- | Xy € B(x, 1/n), X1 € B(y, 1/n)) which converges
as n tends to infinity to the bridge R under some assumptions, see [11] for in-
stance. As a natural extension, one can see [y, 6y]R as the time marginal flow
t — R} of the bridge RV

(c) When the transition kernels are absolutely continuous with respect to m, i.e.
Tt z1, dy) = Tt z1, y)m(dy), for all (t,z) € [0,1) x X and 7(0,dx;t,z) =
(0, x;t,z) m(dx), for all (t,z) € (0,1] x X, then the density functions are
equal: 7 = 7 := r. This comes from the m-stationarity of R since R((X;, Xy) €
dzdz) = R(X; € dOR(X, € dZ | X, = 2) = md2)7(t,zt,2)m(dz)
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and similarly R(X;, X;) € dzdz) = R(X, € dz)R(X; € dz | X, = 2) =
m(dz) T (t, z; ¢, z2)m(dz). Now, (6.7) extends as

dr}Y () = 10, x;t, 2)r(t, z; 1, y)
dm r(0,x;1,y)

, O<t<1.

(d) Note that in general, for any intermediate time O < t < 1, R’t‘y is not a Dirac mass.
This is in contrast with the standard displacement interpolation [8y, 8,]9P whose
typical formis § . where v is the constant speed geodesic between x and y when
this geodesic is unique.

Any entropic interpolation is a mixture of marginal flows of bridges. This is ex-
pressed in (6.63). For a proof, see [28].

Schrédinger problem

The notion of entropic interpolation is related to the entropy minimization problem
(Sayn) below. In order to state this problem properly, let us first recall an informal def-
inition of the relative entropy

H(p|r) := /log(dp/dr) dp € (—oo, oo]

of the probability measure p with respect to the reference o-finite measure r; see ap-
pendix 6.6 for further detail. The dynamical Schrédinger problem associated with the
reference path measure R € M. (Q) is

H(PR)> min; P eP(Q): Py = po, P1 = . (Sayn)

It consists of minimizing the relative entropy H(P|R) of the path probability measure
P with respect to the reference path measure R subject to the constraints Py = pg and
P1 = puy where po, u1 € P(X) are prescribed initial and final marginals.

We shall need a little bit more than fy, g, € L%(m) what follows. The following set
of assumptions implies that some relative entropies are finite, and will be invoked in
Theorem 6.1.7 below.

Assumptions 6.1.6. In addition to fy, g1 € L?>(m) and the normalization condition
Jx2 fo()g1(y) Ro1(dxdy) = 1, the functions fo and g, entering the definition of the (f, g)-
transform P of R given in (6.3) satisfy

/ [log. fo(x) + log, g1()]fo(x)g1(y) Ro1(dxdy) < oo, 6.8)
XZ

wherelog, h := 1,1y log h, and as a convention 0log 0 = 0.
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Theorem 6.1.7. Under the Assumptions 6.1.6, the (f, g)-transform P of R which is de-
fined in (6.3) is the unique solution of (den) where the prescribed constraints py = po m
and p1 = p; m are chosen to satisfy (6.5).

Proof. See [28, Thm. 3.3]. O

Note that the solution of (Sgy,) may not be a (f, g)-transform of R. More detail about
the Schrédinger problem can be found in the survey paper [28].

[u, u1R is not constant in time

One must be careful when employing the term interpolation with regard to entropic
interpolations because in general when g = p; =: u the interpolation [u, u]® is not
constant in time. Let us give two examples.

(a) Suppose that Ro1(x, x) > 0. Then the solution of (Sqy,) With g = 1 = 6x is the
bridge R® and [8y, 6x]F is the marginal flow (R¥)<<; Which is not constant in
general.

(b) Consider R to be the reversible Brownian motion on a compact connected Rieman-
nian manifold X without boundary. Starting from y at time ¢t = 0, the entropic
minimizer P is such that yu; := P; gets closer to the invariant volume measure
m = vol on the time interval [0,1/2] and then goes back to y on the remaining time
period [1/2,1]. Let us show this. On the one hand, under our assumptions on the
manifold, assuming that the Ricci curvature is strictly positive and with Theorem
6.3.5 below, it is easy to show that the function t € [0, 1] — H(t) := H(u¢|vol)
is strictly convex whenever u #vol. And on the other hand, a time reversal argu-
ment tells us that H(t) = H(1 - t), O < t < 1. Therefore, the only constant entropic
interpolation is [vol, vol]X.

[y, p19SP is constant in time
Unlike the entropic interpolation [u, y]R , McCann’s displacement interpolation
[u, u]%P has the pleasant property of being constant in time. See (6.61) below for

the definition of the displacement interpolation and compare with the representation
(6.63) of the entropic interpolation.

Forward and backward stochastic derivatives of a Markov measure

Since P is Markov, its dynamics is characterized by either its forward stochastic deriva-
tive and its initial marginal po, or its backward stochastic derivative and its final
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marginal y;. Before computing these derivatives, let us recall some basic facts about
these notions.

Let Q € M.(Q) be a Markov measure. Its forward stochastic derivative 0 + fQ is
defined by

— _
[0+ LTI, 2) = lim k™ Eq (ult + b, Xeon) ~ u(t, XO) | Xe = 2)

for any measurable function u : [0, 1] x X - R in the set Dom fQ for which this limit
exists Q¢-a.e. for all 0 < t < 1. In fact this definition is only approximate, we give it
here as a support for understanding the relation between the forward and backward
derivatives. For a precise statement see [25, §. 2]. Since the time reversed Q" of Q is still
Markov, Q admits a backward stochastic derivative -0 + TQ which is defined by

[0 + L Yu(t, z) := lim h™ Eq (u(t = b, X,.p) - u(t, Xo) | X = 2)
for any measurable function u : [0, 1] x X - R in the set Dom TQ for which this limit

exists Q¢-a.e. forall O < t < 1. When the function u only depends on the space variable:
z +— u(z), one denotes forall0 < t < 1 and z € X,

- . -
Lu@ = lmh Eq(uXeo) - ulXo | Xe =),

<ftu(z)

lhif(} h'Eq (uXep) - u(Xe) | X¢ = 2).

Notice that - -

L?= L?_t, O<t=1.

It is proved in [25, §. 2] that these stochastic derivatives are extensions of the extended
forward and backward generators of Q in the semimartingale sense, see [15]. In par-

ticular, they offer us a natural way for computing the generators.

Forward and backward dynamics of the entropic interpolation

The dynamics in both time directions of [ug, u1]® are specified by the stochastic
derivatives Z = fp and Z = TP of the Markov measure P € P(Q) which appears in
Definition 6.1.3. For simplicity, we also denote f)R = I’ and TR = L and assume that
R is stationary, i.e. GQR[,H,[,M},] =Rjgp-q forallO<as<b<b+h=1,where 6" is the
time-shift defined for all t by X; o 0" = X,_,,. This implies that
ft=f, T[=<f, VOStSl,

meaning that the forward and backward transition mechanisms of R do not depend
ont.

To derive the expressions of Z and Z, we need to introduce the carré du champ I
of both R and its time reversed R". The exact definition of the extended carré du champ
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I’ and its domain is given in [25, Def. 4.10]. Restricting to functions u, v on X such that
u, vand uv are in Dom L, we recover the standard definition

{ T

<1_"(u, v)

f(uv) - ufv - vf)u
<f(uv) - u<fv - v<fu

-
When R is a reversible path measure, we denote L = L = L and ' = T”) = ?,

dropping the useless time arrows.

Remark 6.1.8. In the standard Bakry-Emery setting [4, 5], X is a Riemannian manifold
and one considers the self-adjoint Markov diffusion generator on L>(X, eV vol) given
by L =A-VV -V, withvol the volume measure and V : X > R a regular function. The
usual definition of the carré du champ of Lis I'(u,v) := [L(uv) — uLv — vLu]/2. In the
present paper, T is not divided by 2 and we consider L = L/2, i.e.

L=(-VV-V+A4)/2, (6.9)

which corresponds to an SDE driven by a standard Brownian motion. Consequently,
I'(u,v) =T(u,v)=Vu-Vv.

In general, even if R is a reversible path measure, the prescribed marginal constraints
enforce a time-inhomogeneous transition mechanism: the forward and backward
derivatives (atJZ)OSM and (—at+Zt)ogS1 of P depend explicitly on t. It is known (see
[25] for instance) that for any function u : X > R belonging to some class of regular
functions to be made precise,

Xtu(z) = ?u(z)+M, (t,z) €[0,1)x X,
<_gt(Z) (6.10)
Tu@ = Tuw+ LWE ¢ e, 1xx,
fi(2)

where f and g are defined as in (6.4). Because of (6.6), for any ¢ no division by zero
occurs p¢-a.e. For (6.10) to be meaningful, it is necessary that the functions f and g
are regular enough for f; and g to be in the domains of the carré du champ operators.
In the remainder of the paper, we shall only be concerned with Brownian diffusion
processes and random walks for which the class of regular functions will be specified,
see Sections 6.3 and 6.4.

Going back to (6.4), we see that the processes f¢(X;) and g(X;) are respectively
backward and forward local R-martingales. In terms of stochastic derivatives, this is
equivalent to

(6.11)

(—o¢ + <f)f(t, z)=0, O<ts<1, (0¢ + f)g(t,z) =0, O<t<1,
fo, t= 0, g1, t= 1,

where these identities hold p;-almost everywhere for almost all ¢.
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Assumptions 6.1.9. We assume that the kernels 7, that appear in (6.4) are (a) pos-

itivity improving and (b) regularizing:

(a) Forall(t,z) € (0,1)xX, 7(t,z;1,) > mand 7 (0, ;t,z) > m.

(b) The functions (fo, g1) and the kernels 7, 7 are such that (t, z) — f(t, z), g(t, z) are
twice t-differentiable classical solutions of the parabolic PDEs (6.11).

Assumption (a) implies that for any O < t < 1, f; and g; are positive everywhere. In
particular, we see with (6.6) that y; ~ m. Assumption (b) will be made precise later in
specific settings. It will be used when computing time derivatives of t — p;.

Mainly because we are going to study the relative entropy H(u:m) =
f x log(f:g¢) du;, it is sometimes worthwhile to express X and A in terms of the loga-
rithms of f and g :

{ $i(2) = logfi(z) = log Ex(fo(Xo) | Xi = 2),  (£,2) € (0,1]x X 612)

P1(2) :=log g¢(2) = log Er(g1(X1) | X = 2), (t,2) €[0,1)xX.

In analogy with the Kantorovich potentials which appear in the optimal transport the-
ory, we call ¢p and y the Schridinger potentials. Under Assumption 6.1.9-(b), they are
classical solutions of the “second order” Hamilton-Jacobi-Bellman (HJB) equations

{(—az+§)¢=o, 0<t<1, {(at+§)¢=0’ Os<t<1, 6.13)

¢o = log fo, t=0, Y1 =loggi, t=1,

where the non-linear operators B and B are defined by

- =

Bu := e“LeY,
e

%v = eVLeY,

. - = .
for any functions u, v such that e* € Dom L and e" € Dom L . Let us introduce the

notation R
Ag
<_
Ag

which allows us to rewrite (6.10) as X[ = Zzﬂt and it = <Z¢[, emphasizing their
dependence on the Schrédinger potentials.

T +e T,
<f + e‘9<1_"(ee, )

Forward-backward systems

The complete dynamics of [y, yl]R is described by a forward-backward system. We
see that

(6.14)

(-op+ Ayu=0, 0<ts1, [ @i+Bw=0, 0st<1,
IJO’ t=05 lpl:l()ggl, t=13
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and A" is the algebraic adjoint of A : JxAudp =: (u, A*y> . The evolution equation
for u is understood in the weak sense, in duality with respect to a large enough class
of regular functions u. Similarly,

(6.15)

(6?+Z;[)y=0, O0<t<1, where (—a;+§)¢=o, 0<ts1,
M1, t=1, ¢o = log fo, t=0.

We have denoted 0" and 0~ the right and left time-derivatives but we will drop the
superscripts + and - in the rest of the paper.

The boundary data for the systems (6.14) and (6.15) are respectively (po,g1) and
(fO’ }ll)-

6.2 Second derivative of the entropy

The aim of this section is to provide basic formulas to study the convexity of the en-

tropy
t € [0, 1] — H(t) := H(u¢|m) € [0, o)

as a function of time, along the entropic interpolation [, yl]R associated with the
(f, g)-transform P of R defined by (6.3). The interpolation [uo, u1]® is specified by its
endpoint data (g, u1) defined by (6.5). We have also seen in (6.14) and (6.15) that it is
specified by either (o, g1) or (fo, p1).

Basic rules of calculus and notation

We are going to use the subsequent rules of calculus and notation where we drop the
subscript t as often as possible. Assumption 6.1.9 is used in a significant way: it allows
us to work with everywhere defined derivatives.

- pe=figem, ¢:=logf, :=logg.
The first identity is Theorem 6.1.4. The others are notation changes well defined
everywhere under Assumption 6.1.9.

— U:=0u, J1:=0eu, (u,n):= [yudn.
These are simplifying notation.

— The first line of the following equalities is (6.10) and the other ones are definitions:

Xu = fu+7(g, u)/g Zu = (fu+<f(f, w/f
Bu = e ¥[Le¥ ) u = e’”<fe”
?u .= Bu-TLu %u = Bu-Tu

. — —

= (U, ) = (Au, p) = (-Au, ).
These identities hold since y is the time-marginal flow of the Markov law P whose
forward and backward derivatives are A and A.
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— A short way for writing (6.11) and (6£) is:
) — ;
{ § = -Lg o=

)

Lf
b - -By $ - B¢

Entropy production

By Assumption 6.1.9, the evolutigl PDEs (6.11) and (6.13) are defined in the classical
sense, and the functions ? and I below are well defined.

Definition 6.2.1 (Forward and backward entropy production). ForeachO <t < 1, we
define respectively the forward and backward entropy production at time t along the
interpolation [, u1]® by

TO = [, Opdu

- <
T = [y Opedu
where for any regular enough function u,

8u e‘”?(e“, u) - ?u

(6.16)
e’”(l_"(e”, u) - <Eu.

Bu
Calling the functions ? and I “entropy production” is justified by Corollary 6.2.4 be-

low.
We shall see in Section 6.3 that in the reversible Brownian diffusion setting where
R is associated with the generator (6.9) we have

(_9>u = 6u =TI'(w/2
with no dependence on t and as usual, one simply writes I'(u) := I'(u, u).
Proposition 6.2.2. Suppose that the Assumptions 6.1.6 and 6.1.9 hold. The first deriva-

tiveof t — H(t)is
%me) “TO-Tw®, o<t<1.

Proof. With Theorem 6.1.4 and the relative entropy definition, we immediately see that
H(t) = (logp, 1) = (¢ + i, u). It follows from our basic rules of calculus that

H©O = (b+bu)+(p+.i) = (Bp-Bp,p) + (-A¢+ A, ).

The point here is to apply the forward operators A - Zw, Bto Y and the backward
Z(p, B to ¢. This is the desired result since (X - ﬁ)z,b = 81/) and

®. O

%
operators A

(4-B)p-

g



208 =—— Christian Léonard

Notice that <¢ + l]),y> = (0¢logp, u) = (p/p, u) = (p, m) = (d/dt) (p, m) = 0. Hence,

(¢+v.mu)=(Bo-By.u)=o0.

As an immediate consequence of this Proposition 6.2.2, we obtain the following
Corollary 6.2.4 about the dynamics of heat flows.

Definitions 6.2.3 (Heat flows).

(a) We call forward heat flow the time marginal flow of the (f, g)-transform described
in Remark 6.1.2-(a). It corresponds to fo = po and g1 = 1, i.e. to P = po(Xo) R.

(b) We call backward heat flow the time marginal flow of the (f, g)-transform described
in Remark 6.1.2-(b). It corresponds to fo = 1 and g1 = p1, i.e.to P = p1(X;) R.

Corollary 6.2.4. -
(a) Along any forward heat flow (u¢)o<t<1, We have: %H(;ﬂm) =-I(t),0<t<1.
(b) Along any backward heat flow (U¢)o<t<1, we have: %H(yt\m) = 7(t), O<t<1.

Second derivative

The computations in this subsection are informal and the underlying regularity hy-
potheses are kept fuzzy. We assume that the Markov measure R is nice enough for the
Schrédinger potentials ¢ and y to be in the domains of the compositions of the oper-
ators L, I', A, B and C which are going to appear below. To keep formulas to a reason-
able size, we have assumed that R is m-stationary. The informal results that are stated
below in Claims 1 and 2 will turn later in Sections 6.3 and 6.4 into formal statements
in specific settings. We introduce

52u 7811 + e‘”? e, 3u + e‘”?(e”, u)ﬁu - e‘”?(e”?u, u),
<5211 T%u + e’“? e, 611 + e’”?(e”, u)§u - e’”?(e”%u, u),
(6.17)

provided that the function u is such that these expressions are well defined. It will be
shown in Section 6.3, see (6.30), that in the Brownian diffusion setting where R is as-

_>
sociated with the generators { - £.V+A/2 , we have EZ N 22/2 .
L = b-V+A/2 O, = TI,/2
where
T = LTwW-2T(Lu,u, (618)
Tow = LTTw-2T(Tu,w, '

are the forward and backward iterated carré du champ operators.

Remark 6.2.5. We keep the notation of Remark 6.1.8. In the standard Bakry-Emery set-
ting, the iterated carré du champ of L = A -V V -V is I';(u) = [L(I'(w)) - 2I'(u, Lu)]/2.
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In the present paper, we consider L = L/2 instead of L and we have already checked in
Remark 6.1.8 that I = I'. Consequently, I'; = T'5.

Introducing these definitions is justified by the following claim.
Claim 1 (Informal result). Assume that R is m-stationary. Then,

d? =
WH(M‘m) = <92¢t + 82¢t;ﬂt> , VO<t<1.

Proof. Starting from H(t) = (plogp, m) gives H'(t) = (1 +logp, j1) = (logp, j1) =
s ,, — — .
<—A¢+Al[),y>andH(t) 4 (-Ap,p +%<Alp,y>wuh

¢
4 () - (To-To-

Il
N s i SN
-
=T
|
=t
<
|

Similarly, we obtain

g (@) = (TR Tpp)
- <X(Z §)¢+(7gg")—g?(g, >w>
_)
- <Z(X—§)¢— (7“& )_Lsp ,-)> y u>
g g
- <524,,y>, (6.19)
which completes the proof of the claim. O

Gathering Proposition 6.2.2 and Claim 1, we obtain the following

Claim 2 (Informal result). When R is m-stationary, forall0 < t < 1,

%H(Hdm) <(—9>l/)t - <Efl’t,.ut>,

d? — -
WH(IHV") <921Pt+ @z¢t,}1t>-
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6.3 Brownian diffusion process

As a first step, we compute informally the operators © and 0, associated with the
Brownian diffusion process on X = R" whose forward and backward generators are
given forall0 < t < 1 by

T-b-v+4/2, TL=D-v+4a/2. (6.20)

— —

Here, z — b (2), b (z) € R" are the forward and backward drift vector fields. The term
. - < .

“informally” means that we suppose that b and b satisfy some unstated growth and

regularity properties which ensure the existence of R and also that Assumptions 6.1.9

are satisfied.

Then, we consider reversible Brownian diffusion processes on a compact manifold.

Dynamics of the entropic interpolations

—
;F_he associated nonlinear operato(riare ﬁu =Au/2+ b -Vu+ |Vu\2/2, §u =Au/2 +
b - Vu+|vul?/2 and 7(u,v) = T'(u,v) = Vu- Vv forany t and u, v € C>(R"). The
_>
Al2+(b +V1/Jt)-V,

expressions R
Ay
<_
A = 2/2+(b +Vey)-V,

of the forward and backward derivatives tell us that the density p¢(z) := du;/dz solves
the following forward-backward system of parabolic PDEs

(0t =A/Due(2) + V - (I«lt(? +VYP))(2) =0, (t,2)€(0,1]xX
Ho» t= Oa

where 1) solves the HJB equation

O+4/2+ 5 - VWD) + VP(@2=0, (LD DxX (o)
Y1 =loggi, t=1.
In the reverse time direction of time, we obtain
<_
(=0t = A/2)ue(2) + V - (ue(b +VP))(2) =0, (t,2) €[0,1)xX
Hi, t= 1;
where ¢ solves the H]JB equation
(0+4/2+ B - V)pe(@)+ [VE2IP/2=0, (DO XX (o)
¢o =logfo, t=0.

We fix log g1 = —oc on the set where g; vanishes, and the boundary condition at time
t = 1 must be understood as lim; ¥; = log g;. Similarly, we have also lim; | ¢; =
log fo in [~eo, o).
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Because of the stochastic representation formulas (6.4), the functions ¢ and ¥
are the unique viscosity solutions of the above Hamilton-Jacobi-Bellman equations,
see [20, Thm. IL.5.1]. The existence of these solutions is ensured by the Assumptions
6.1.6.

Remarks 6.3.1.

(a) In general, ¢ and p might not be classical solutions of their respective HJB equa-
tions; the gradients Vi and V ¢ are not defined in the usual sense. One has to con-
sider the notion of P-extended gradient: V¥, that is introduced in [25]. The com-
plete description of the Markov dynamics of P is a special case of [25, Thm. 5.4]:
the forward and backward drift vector fields of the canonical process under P are
respectively b + Vi, and D+ oP o¢.

(b) Suppose that the stationary measure m associated with R is e uivale{gt to the
Lebesgue measure. Then, the forward and backward drift fields b and b are re-
lated to m as follows. Particularizing the evolution equations with u; = m and
Vi = V¢ = 0, we see that the requirement that R is m-stationary implies that

V- (m{v® -Vlogym}) 0
V- (mv™) = 0

(6.23)

for all t, where m(x) := dm/dx, these identities are considered in the weak sense
and

%
= (b + D)2

-
= (b -b)/2
are respectively the osmotic and the (forward) current velocities of R that were intro-
duced by E. Nelson in [37]. In fact, the first equation in (6.23) is satisfied in a stronger
way, since the duality formula associated to time reversal [21] is

—
<n<
2 8

I

v® = Vlog vm. (6.24)

_>
An interesting situation is given by b = -VV/2 + b where V : R" - R is C? and the
drift vector field b | satisfies

v-(e"b))=0. (6.25)

It is easily seen that
m=e"Leb

is the stationary measure of R. Moreover, with (6.24), we also obtain

3) = -VV/2+b, v = -VV/2 (6.26)
b = —vvi2-b, ’ o= p, '

In dimension 2, choosing b | = eV (-0, U, 0,U) with U : R?> - R a €2-regular function,
solves (6.25). Regardless of the dimension, b | = eVSVU, where S is a constant skew-
symmetric matrix and U : R" - R a @?-regular function, is also a possible choice. In
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dimension 3 one can take b, = e’ V A A where A : R? > R3 is a @?-regular vector
field.

Computing 6 and 6,

Our aim is to compute the operators 8, <5, 62 and 62 of the Brownian diffusion pro-
cess R with the forward and backward derivatives given by (6.20) and (6.26):

%
{ i (-VV.-V+A)/2+b, -V, (6.27)

T (-VV-V+4)/2-b, -V,

where V - (e¥b | ) = 0. For simplicity, we drop the arrows and the index ¢ during the
intermediate computations.

Computation of 6

We have I'(u) = e “I'(e%, u) = |Vu|? and Cu = |Vu|?/2. Therefore, Ou = Cu = I'(u)/2 =
|Vu|?/2. This gives

6[1!)[ = |V¢t|2/2’ (6 28)

— ) .

Ocpr = [Vdel7/2,

and the entropy productions are written as follows, forall0 < t < 1,
1
T - 5 [ 190 due
X

(6.29)

T

1
3 [ 19 due
X

Recall that f;, g > O, ys-a.e. : forallO < t < 1.

Computation of 6,

Since R is a diffusion, I is a derivation i.e. I'(uv,w) = ul'(v, w) + vI'(u, w), for any
regular enough functions u, v and w. In particular, the two last terms in the expression
of ©,u simplify:

e “I'(e“Bu,u) - e “Ir(e*, u)Bu = I'(Bu, u) = I'(Lu, u) + I'(Cu, u),

and we get O,u = LI'(u)/2 + I'(Cu, u) - I'(Lu, u) - I'(Cu, u) = LI'(u)/2 — I'(Lu, u). This

means that -
8 - T2, (6.30)
0, T,/2. '



Entropic interpolations = 213

They are precisely half the iterated carré du champ operators ?2 and ?2 defined at
(6.18). The iterated carré du champ I'§ of L° = A/2 is

5w = | V2ulliis = Y (05w’
i,j
where V2u is the Hessian of u and ||[VZu|fs = tr((V?u)?) is its squared

Hilbert-Schmidt norm. As I'(u) = I'9(u) - 2Vb(Vu, Vu) where 2Vh(Vu, Vu) =
2 Zi,}- 0;b; ojudju = [V + V*1b(Vu, Vu) with V*b the adjoint of Vb, it follows that

{ T

IV2uljg + (V2V = [V + V'1b ) (Vu, Vu),
<

To) = |IV2ulds + (V2V + [V + Vb, )(Vu, Vi). (6.31)

Regularity problems

To make Claim 2 a rigorous statement, one needs to rely upon regularity hypotheses
such as Assumptions 6.1.9. If one knows that fo, g1, b and b are such that the lin-
ear parabolic equations (6.11) admit positive C>2((0, 1) x X)-regular solutions then we
are done. Verifying this is a standard (rather difficult) problem which is solved under
various hypotheses. Rather than giving details about this PDE problem which can be
solved by means of Malliavin calculus, we present an example in next subsection.

Working with classical solutions is probably too demanding. The operators © and
6, are functions of Vu and the notion of gradient can be extended as in [25] in con-
nection with the notion of extended stochastic derivatives, see Remark 6.3.1-(a). Fur-
thermore, when working with integrals with respect to time, for instance when con-
sidering integrals of the entropy production (see Section 6.5), or in situations where
H(t) is known to be twice differentiable almost everywhere (e.g. H(t) is the sum of a
twice differentiable function and a convex function), it would be enough to consider
dt-almost everywhere defined extended gradients. This program is not initiated in the
present paper.

Reversible Brownian diffusion process on a Riemannian manifold X

We give some detail about the standard Bakry-Emery setting that already appeared in
Remark 6.1.8. It corresponds to the case where b = 0. Let us take

v

m=e "’ vol (6.32)

where V € €2 satisfies fX e V™ yol(dx) < oo. The m-reversible Brownian diffusion
process R ¢ M.(Q) is the Markov measure with the initial (reversing) measure m and
the semigroup generator

L=(-VV-V+A4)/2.
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The reversible Brownian motion R° € M.(Q) corresponds to V = 0. Its stochastic
derivatives are I

L°=1°=A/2 (6.33)
and vol is its reversing measure. Since R is the unique solution to its own martingale
problem, there is a unique R which is both absolutely continuous with respect to R°
and m-reversible.

Lemma 6.3.2. In fact R is specified by

R = exp | -[V(Xo) + VX)]/2 + / [avxp/a - [vvexo/s] at | re.

[0,1]

Proof. To see this, let us define R by means of dR/dR° := e"V*9) 7, where
Z¢ = exp (fot -V (Xs)-dXs - 1 [o \@(Xs)ﬁ) is a local positive forward R°-

martingale. Since [, e”® vol(dz) < oo, it follows that ¢ + e VX7, is a forward
R°-supermartingale. In particular its expectation t — Ego [e"VX) 7] is a decreasing
function so that R(Q) = Ege(e"V¥0)Z,) < Epo(e" VX0 7)) = Ix e V@ vyol(dz) < oo.

On the other hand, since both R® and dR/dR?° are invariant with respect to the time
reversal X": X; := Xy, (cjo.1)» R is also invariant with respect to time reversal:
(X")4R = R. In particular, its endpoint marginals are equal: Ry = R;. Consequently,
ﬁ[o’ﬂ doesn’t send mass to a cemetery point T outside X as time increases, for other-
wise its terminal marginal R; would give a positive mass to t, in contradiction with
RO(T) = 0 and f%o = R,. Hence, Zis a genuine forward R°-martingale. With It6’s for-
mula, we see that dZ; = —ZtV%(Xt) - dX¢, R°-a.e. and by Girsanov’s theory we know
that R is a (unique) solution to the martingale problem associated with the generator
L = (-VV -V +A)/2. Finally, we take R = R and it is easy to check that L is symmetric
in L?(m), which implies that m is reversing. O

Remark 6.3.3. When L is given by (6.33), for any non-zero nonnegative functions
fo, 81 € L*(vol), the smoothing effect of the heat kernels 7 and 7 in (6.4) allows us
to define classical gradients Vi, and V¢ for all t in [0, 1) and (0, 1] respectively. We
see that V¢ and V ¢; are the forward and backward drift vector fields of the canonical
process under P.

The next result proposes a general setting where Assumptions 6.1.9 are satisfied. The
manifold X is assumed to be compact to avoid integrability troubles.

Proposition 6.3.4. Suppose that X is a compact Riemannian manifold without bound-
aryand V : X > R is C*-regular. Then, for any C*-regular function u : X > R, the
function (t, x) — u(t, x) := Eg[u(Xy) | Xo = x] belongs to C%2((0, 1) x X).
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In particular, if in addition X is assumed to be connected and f, and g, are non-
zero nonnegative C-regular functions, the functions f and g defined in (6.4) and their
logarithms ¢ and  are classical solutions of (6.11) and (6.13).

Proof. For any path w € QandanyO < t < 1, we denote

t
Zi(w) = exp | ~[V(wo) + V(wp)]/2 + / [aviws)a- [vVwP/8] ds
0

With Lemma 6.3.2 we see thatforallO<t<1, Z; = % and
[0,

_ Epo[u(X)Z1 | Xo =x] _

V(x) X X
) = = R =x] ¢ EuBIZ(BY)

where (B3)o<s<1 is a Brownian motion starting from x under some abstract probabil-
ity measure whose expectation is denoted by E. By means of parallel transport, it
is possible to build on any small enough neighborhood U of x a coupling such that
x € U ~ B* is almost surely continuous with respect to the uniform topology on
0. This coupling corresponds to BX = x + B® in the Euclidean case. The announced
x-regularity is a consequence of our assumptions which allow us to differentiate (in
the usual deterministic sense) in the variable x under the expectation sign E. On the
other hand, the t-regularity is a consequence of stochastic differentiation: apply It6’s
formula to u(Bf) and take advantage of the martingale property of Z;(B*).

With regard to the last statement, the connectivity assumption implies the posi-
tivity of f and g on (0, 1) x X if fo and g, are nonnegative and not vanishing every-
where. O

We gave detail on the proof of Proposition 6.3.4 because of its ease. Nonetheless, in
view of Remark 6.3.3, the requirement that f; and g; are @2 is not optimal. However,
this restriction will not be harmful when investigating convexity properties of the en-
tropy along interpolations.

In view of Proposition 6.3.4, we remark that under its assumptions the functions
ft, g¢ belong to the domain of the carré du champ operator. Hence, forany 0 < t < 1,
the stochastic derivatives of P are well-defined on €?(X) and equal to

A = 24)2+V(V/2+9)-V,
A = A2+V(V/2+¢)-V.

Here, 1 and ¢ are respectively the classical solutions (compare with Remark 6.3.1-(a))
. L e
of the HJB equations (6.21) and (6.22) with b = b = -VV/2.
Bochner’s formula relates the iterated carré du champ I'9 of L° = A/2 and the Ricci
curvature:
r3u) = | V2ul)gs + Ric(Vu) (6.34)
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where V2u is the Hessian of u and || V2u|fs = tr((VZu)?) is its squared Hilbert-
Schmidt norm. As I'>(u) = I'S(u) - [V + V']b(Vu), it follows that

I>(u) = | V2ullgs + Ric + V2V)(Vu). (6.35)

Theorem 6.3.5 (Reversible Brownian diffusion process). Let the reference Markov
measure R be associated with L given in (6.9) on a compact connected Riemannian
manifold X without boundary. It is assumed that V : X > R is C*-regular and fo, g1
are non-zero nonnegative C>-regular functions. Then, along the entropic interpolation
(Mo, u1]R associated with R, f, and g1, we have forall 0 < t < 1,

(G (0w = 19R). ).

<% (Fz(llit) +F2(¢t)>,}1t>

d v
EH(uzle vol)

& pole vol)
an Uele” " vo

v_v)her(e_ Y and ¢ are the classical solutions of the HJB equations (6.21) and (6.22) with
b = b =-VV/2,I(u) = |Vu|? and I, is given by (6.35).

Proof. The assumptions imply that f, and g; satisfy (6.8), and they allow us to ap-
ply Proposition 6.3.4; hence, Assumptions 6.1.9 are satisfied and Claim 2 is a rigorous
result. m

6.4 Random walk on a graph

Now we take as our reference measure R a continuous-time Markov process on a count-
able state space X with a graph structure (X, ~). The set X of all vertices is equipped
with the graph relation x ~ y which signifies that x and y are adjacent, i.e. {x, y} isa
non-directed edge. The degree ny := #{y € X, x ~ y} of each x € X is the number of
its neighbors. It is assumed that (X, ~) is locally finite, i.e. nx < oo for all x € X, and
also that (X, ~) is connected. This means that for any couple (x, y) € X? of different
states, there exists a finite chain (z1,...,z;)in X such that x ~ 2y ~ 25 -+ - ~ Z ~ Y.
In particular ny > 1, for all x € X.

Dynamics of the entropic interpolation

A (time homogeneous) random walk on (X, ~) is a Markov measure with forward
derivative 0 + L defined for any function u € RX by

fu(x)= Z (uy—ux)?x(y) =:/Dxud?x, O0<t<1,xeX,

i~y X
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where 7X(y) is the instantaneous frequency of forward jumps from x to y,
Dyu(y) = Du(x, y) := u(y) - u(x)
is the discrete gradient and

?X—Z?(y)(SyEMAX) O<t<l1l,xeX

yixesy
is the forward jump kernel. Similarly, one denotes its backward derivative by
TM(X) = /Dxu d?x, xeX,uc ]RX.
b

— —
For the m-stationary Markov measure R with stochastic derivatives L and L, the time-
reversal duality formula is

%
me) T xy) = my) Ty, Vx~yeX.
The expressions fu and <fu can be seen as the matrices
L = 1{x~y}7 ) = 1s- y}7 ) yex
I- (Lxyy ]X(y) Ly ]X(X))x yEX

acting on the column vector u = [ux],cx. Therefore, the solutions f and g of (6.11) are

< —
fy=elfy, g)=el0L g,

wheref : t € [0, 1] — [filyex(t) € R¥and g : t € [0, 1] — [gxlrex(t) € RX are column
vectors, whenever these exponential matrices are well-defined.

Let us compute the operators B, I' and A. By a direct computation, we obtain for
allo<t<landx e X,

Bul) [(eP - 1)d?x, T (u, V()
u) = [P -1)dTx, T,

(6.36)

fX DxuDyv d?x,
fx DyuDyvd ] Xs

and

Auk) = [yDxuelVd], 3 [uy) - u)] gt(y)? »),

yix~y
Tu) = fDauweP®dT, = 3 [uo)- u(x)]j:tgyi ).
yix~y

The matrix representation of these operators is

Xt = Z>(gt) = <1{x~y} gt()’)? (Y) l{x =y} Z gt 7 (Z))

zZ:. ZNX (X)

yEX

10 (1 S0t 5 53 70)
2:z x,yeX
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The forward-backward systems describing the evolution of [ug, ,ul]R are

t 1
Mo = Moexp /7(%(/36“)&)‘15
0 s
1 s

Il
=
-
2
o
—
it
/N
(]
gl
—
\
=~
:
Q.
)
=y
N——
Q.
wn
(@}
A
n
IN
==Y

t 0

where the measures yg, {1 are seen as row vectors and the functions fy, g1 as column
vectors, and the ordered exponentials are defined by

Id+z / Mr""'Mrldrl"'drn,

21y <lisryss

(ﬁ(/sM, dr)

eSS [ Mt an e

n=1

Wp(/lM, dr)

S<ry<ee<rp<l

Derivatives of the entropy

In the discrete setting, no spatial regularity is required for a function to be in the do-
main of the operators L, I', ... The only required regularity is that functions f and g
defined by (6.4) are twice differentiable with respect to t on the open interval (0, 1).
This is ensured by the following lemma.

Lemma 6.4.1. Consider fy, g1 as in Definition 6.1.1 and suppose that fy, g1 € L*(m) N
L?(m) where the stationary measure m charges every point of X. Then, under the as-
sumption that
&
sup{ 7 x(X) + T x(X)} < oo, (6.37)
xeX

foreachx € X, t — f(t, x) and t — g(t, x) are C>=-regular on (0, 1).

Proof. Forany O < t < 1, f; and g; are well-defined P;-a.e., where P is given by (6.3).
But, as R is an irreducible random walk, for each 0 < t < 1, “Ps-a.e.” is equiva-
lent to “everywhere”. Since f, € LY(m) and R is m-stationary, we have fx fedm =
ERERlfo(Xo) | Xl = Er(fo(Xo)) = [yfodm < oo, implying that f; € L'(m). As
sup, 7X(X) < oo, <f is a bounded operator on L'(m). This implies that t € (0, 1) —
fi = e-xﬁ(fos T, dr)fo € L1(m) is differentiable and (d/dt)*f; = T"ft for any k. As m
charges every point, we also see that t € (0, 1) — f¢(x) € R is infinitely differentiable
for every x. A similar proof works with g instead of f. O

As an important consequence of Lemma 6.4.1 for our purpose, we see that the state-
ment of Claim 2 is rigorous in the present discrete setting.
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Theorem 6.4.2. Let R be an m-stationary random walk with jump measures 7 and 7
which satisfy (6.37). Along any entropic interpolation [uo, u1]® associated with a couple
(fo, g1) as in Definition 6.1.1 and such that fy, g1 € L'(m) N L?(m), we have for all 0 <
t<1,

& Huim) = > (Bue-Ber) om0,
2
& Houm) = > (s Bate) )

wher(e_ the expressions of 8% and gq[)t are given in (6.38) and the expressions of 62 Yy
and O, ¢, are given in Proposition 6.4.4 below.

Computing 6 and 6,

Our aim now is to compute the operators 8, <§, 82 and 52 for a general random walk
R. We use the shorthand notation [y a(x, y)Jx(dy) = [ [ a dJ1(x) and drop the arrows
and the index t during intermediate computations. The Hamilton-Jacobi operator is
Bu:=e™Le" = [,(eP" - 1) dJ which gives

Cu=(B-L)u = / (D) dJ

where the function 6 is defined by
0(a):=e“-a-1, aecR.

Compare Cu = |Vu|?/2, noting that 6(a) = a®/2 + 0450(a?). The convex conjugate 6"
of 6 will be used in a moment. It is given by

(b+1)log(b+1)-b, b>-1,
0’ (b)={ 1, b=-1,
oo, b<-1.

Computation of 6

The carré du champ is I'(u, v) = [, DuDv dJ so that e™“I'(e", u) = fXDu(eD“ -1)dJ.
Since a(e? - 1) - 8(a) = ae® - e* + 1 = 0"(e? - 1), with Ou := e “I'(e¥, u) - Cu, we

obtain
B - 30 (PE) 7,
- yaxey Dfi(x. ) (6.38)
60 - S 6 ( ;t(x)y) T,

yix~y
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where we used eP¥®Y) — 1 = Dg(x, y)/g¢(x) and e?® Y — 1 = Df,(x, y)/f:(x). The
ratio Dg/g should be seen as the discrete logarithmic derivative of g. Recall that g; > 0O,
ut-a.e. : we do not divide by zero. Compare with Oy = |Vg/g|*/2, remarking that
6" (b) = b%/2 + 050(b?).

Entropy production

The entropy productions are

{Y(t) = Sy 0 (Z) w0070,

gex)

- . - (6.39)
1O = Supany 0 (252 mT20).

Computation of 6,

Unlike the diffusion case, no welcome cancellations occur. The carré du champ I' is not
a derivation anymore since I'(uv, w) - [ul'(v, w) + vI'(u, )] = uvLw + [, DuDvDw d].
Furthermore, we also loose the simplifying identity C = 6. To give a readable expres-
sion of @5, it is necessary to introduce some simplifying shorthand notation:

>y Floa) =[x F(Du(x, y)Jx(dy)

Y voyaoy Floa, 0d) Jx2 FDu(x, y), Du(x, y")) Jx(dy)Jx(dy)
> xsyz Floa, b) Jx2 F(Du(x, y), Du(y, 2)) Jx(dy)]y(dz)
D oyz F(pa, c) Jx2 F(Du(x, y), Du(x, 2)) Jx(dy)Jy(dz).

ea = Dulx,y)

where we have denoted ia Z gzg: }Z/ )) . Notice that 3., , F(c) =
c = Du(x,z)

Jx F(Du(x, 2)) J3(dz) with J3(dz) := JyexJx(dy)]y(dz) and pa + b = c.

Y e

We also define the function

h(a):=0"(e-1)=ae*-e*+1, acR. (6.40)
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Lemma 6.4.3. For any functionu € RX and any x € X,

Ou(x) = Z h(pa),

x>y
ot = (Y(eta-1)"+ 0,00 - L(X)lh(ea)
Xy x>y

+ 3" [2¢%ah(b) - (o).

XDy>z

Proof. The first identity is (6.38). Let us look at ©,u(x). Rather than using formula
(6.17), for an explicit formulation of @, in terms of J, it will be easier to go back to (6.19):
6 = A2+ L(A ) with Au = [, DuePd] andp = ~Bip = — [y (™ -
1d7J.

Making use of AY(x) = Zﬁy paea and l])(x) = ZX_W —(ea - 1), we see that

AP - / (A, — A)e? D I (dy)
X

Z e?abe® - Z egaga'eg“,

X2y>z X>yxy

/ (DY(x, y)ePPo) 4 Dby Ny - ) Jx(dy)
X

d
FAGDLES

- > (oae®a+ pa)(e? - 1) + > (caefa+ 0a)(e® - 1)
Xy>z xéy;xéy'

where pa, pa’ and b are taken with u = 1. This shows that

Oru(x) = Z e?abe®—(pae®a+ea)(e?-1)- Z egaga'e"“,—(gaegme"a)(eg"l—l)
X2y>z o

The functions defining the integrands rewrite as follows
e“be’ — (ae® + e*)(e” - 1) = h(a) + 2¢*h(b) - h(c) with c=a+b,
ede? - (ae® + ea)(e“, -1)=(e*-1)h(a) - h(a)(ea, -1)
+h(a) - (e® - 1)(e” - 1).
Hence,

Z eQaQa'eQ“l - (paela + e"a)(ega' -1)

Xy;x>y
= Y (a-Dhlea)- > hea) e -1+ > hea)
x2y;x>y x2y;x>y x2y;xy

- Y (efa- 1) - 1)

x2yx>y
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2
=Jx(X) > hlea) - (Z(e"a - 1))

x>y x>y

and the desired result follows. O
Lemma 6.4.3 leads us to the following evaluations.
Proposition 6.4.4. Consider fy, g, as in Definition 6.1.1 and suppose that fy, 81 €

LY m)n <£2(m) where the stationary measure m charges every point of X. Also assume
that 7, J satisfy (6.37). Then,

2
@) = ( 3 (PP ) ﬂ(y)) (6.41)
yix~y
+ 3 1T®) - THx010" (™) 1) T o)
yix~y
v 28 (PP 1) A )T
,2):x~y~z
— 0" (™ - 1) T T ()]
and
2
0,00 = ( 37 (P - 1)7x(y)> (6.42)
yix~y
+ 317500 - Txx))6" (29 1) Tu(y)
yix~y
v Y [0 (P07 -1) X0 T, @
,2):x~y~z
— 0" (- 1) Tu) T (2)]
where
A _ oDV _ 8y
i) =00 Toty) = SOST),
q _ Do) 7 o fty) <
Aexly) =e T x(y) 6 T x(y)

are the forward and backward jump frequencies of P = fo(Xo)g1(X1) R.

Reversible random walks

Let us take a positive measure m = erx My 6x € M4(X) with my > Oforall x € X. It
is easily checked with the detailed balance condition

m(dx)Jx(dy) = m(dy)Jy(dx) (6.43)
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which characterizes the reversibility of m that the jump kernel

]x = Z S(X, y) my/mx 6y, (6.44)
y:x~y

where s(x, y) = s(y, x) > 0 for all x ~ y, admits m as a reversing measure. As (X, ~) is
assumed to be connected, the random walk is irreducible and the reversing measure
is unique up to a multiplicative constant.

Examples 6.4.5. Let us present the simplest examples of reversible random walks.

(a) Reversible counting random walk. The simplest example is provided by the count-
ing jump kernel Jx = Zy:XNy 8y € P(X), x € X which admits the counting measure
m = 3" 6y as areversing measure: take my = 1 and s(x, y) = 1in (6.44).

(b) Reversible simple random walk. The simple jump kernel is Jx = nix Zy:XNy by €
P(X), x € X. The measure m = %, nx0x is a reversing measure: take my = ny and
s(x,y) = (nxny) Y2 in (6.44).

The dynamics of R is as follows. Once the walker is at x, one starts an exponential
random clock with frequency Jx(X). When the clock rings, the walker jumps at ran-
dom onto a neighbor of x according to the probability law Jx(X)™* Zy:XNy J0; y) 6y
This procedure goes on and on. Since R is reversible, we have 7 = 7 = J and the for-
ward and backward frequencies of jumps of the (f, g)-transform P = f3(Xo)g1(X1) R
are respectively

8:(y) 1),
= J and A = .
An(y) = 2:(0) x(y) x(y) = 00" Jx(y)
As a direct consequence of Theorem 6.4.2 and Proposition 6.4.4, we obtain the
following result.

Theorem 6.4.6. Let R be an m-reversible random walk with jump measure ]| which is
given by (6.44) and satisfies

sup Jx(X) < oo.

xeX
Then, along any entropic interpolation [, pu1]® associated with a couple (fy, g1) as in
Definition 6.1.1 and such that fy, g1 € L*(m) n L2(m), we have forall0 < t < 1,

& Huim) = > (6~ 04100 )
2
& Houm) = ICIRLIACHE

where the expressions of OY; and O¢; are given in (6.38) and the expressions of O,
and O, ¢, are given in Proposition 6.4.4 (drop the useless time arrows).
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Remarks 6.4.7.
(a) For the above condition sup,cx Jx(X) < oo to be satisfied, it suffices that for some
0<c,0<oo,wehaveforallx ~y € X,

(6.45)
0 < s(x, y)/fixny < 0,

{ my/ny < cmy/ny,

with the notation of (6.44).
(b) Inthe special case where fy = po and g1 = 1 corresponding to the forward heat flow
— see Definition 6.2.3 — we obtain

& HGudm) = - > D D08 )x ) M),
2 2
dattum) = S {1p0Ltogp)) + L .

X

The first identity is the well-known entropy production formula and the second one
was proved in [8].

6.5 Convergence to equilibrium

This section is dedicated to the detailed proofs of already known results such as the
(modified) logarithmic Sobolev inequality in Theorem 6.5.8. Its motivation is two-
pronged: (i) the proof of the convergence result Theorem 6.5.2 is usually omitted as
part of the standard folklore, and (ii) it is interesting to look at heat flows as special
entropic interpolations.

In this section R is an m-stationary Markov probability measure on the path space

Q = D([0, =), X)

built on the unbounded time interval ([0, oo) and m is assumed to be a probability
measure (and so is R). We are interested in the convergence as t tends to infinity of the
forward heat flow

He := (X)#(po(Xo)R) € P(X), t=0, (6.46)

where pg = duo/dm is the initial density. We are going to prove by implementing the
“stochastic process strategy” of the present paper, that under some hypotheses, the
following convergence to equilibrium

lim Ht=m
t—oo

holds. As usual, the function t — H(pu¢|m) is an efficient Lyapunov function of the
dynamics.
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Stationary dynamics
Let us first make the basic assumptions precise.

Assumptions 6.5.1. The stationary measure m is a probability measure and we assume
the following.
(a) Brownian diffusion. The forward derivative is

f=?-V+A/2

on a connected Riemannian manifold X without boundary. The initial density pg :=
duo/dm is regular enough for p¢(z) = du:/dm(z) to be positive and twice differen-
tiable in t and z on (0, o) x X.

(b) Random walk. The forward derivative is

Tut) = 3 ) - ut0l 7<)
yix~y

onthe countabl(e_locally finite connected graph (X, ~). We assume that (6.37) holds:
Squ{?x(X) + Jx(X)} < oo,

The point in the following Theorem 6.5.2 is that no reversibility is required. We define

I(u|m) == /5(10gp) dp €[0,00], u=pmePX).
X

We have seen in (6.28) and (6.38) that <§ > 0 (notice that 8° > 0), this shows that
J(ujm) = 0.

Theorem 6.5.2. The Assumptions 6.5.1 are supposed to hold together with ©, > 0.
Then, lim;_,, J(u¢|m) = 0.
Let us assume in addition that

— —
©, >xO forsome constant k > 0 (6.47)

and that the initial density pg := dpo/dm is bounded: supy po < oo.
Then, lim;_,o H(p¢|m) = 0.

Remark 6.5.3. The total variation norm of a signed measure n on X is defined by
Inllrv := |n|(X) and the Csiszdr-Kullback-Pinsker inequality is X ||ju — m||3,, < H(u|m),
for any y € P(X). Therefore we have lim;_, e || ¢ — M|ty = O.

Proof. The main idea of this proof is to consider the forward heat flow (u¢)e0 as an
entropic interpolation, see Definition 6.2.3, and to apply Claim 2. It will be seen that
the general regularity hypotheses of the theorem ensure that this claim becomes a
rigorous statement.
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Instead of restricting time to [0, 1], we allow it to be in [0, T], T > 0, and let T
tend to infinity. We denote p; := du:/dm. Since y is the time-marginal flow of P =
po(Xo) R, we have fo = pg and g7 = 1. This implies that g; = 1 and f; = p¢. Indeed,
8t(2) = Eplgr(X7) | X¢ = z] = ER(1 | X¢ = 2) = 1 and fi(2) = Erlfo(Xo) | X¢ = 2] =
ERlpo(Xo) | X¢ = z] = Eg[dP/dR | X; = z] = dP¢/dRi(2) = dP¢/dm(z) =: pi(2).
Therefore, ¢ = 0, ¢ = log p;, forall O < ¢ < T. Our assumptions guarantee that for all
t > 0, ¢, is regular enough to use our previous results about “0,-calculus”. Denoting
H(t) = H(u¢|m), with Corollary 6.2.4, we see that

H(O=T®) = / ©(10gp) due =: I(uem).
X

As J(-|m) = 0, H is decreasing. Of course, H(0) - H(T) = fOT J(u¢|m) dt. Now, we let
T tend to infinity. As H is non-negative and decreasing, it admits a limit H(co) :=
lim7_, ., H(T) and the integral in

S}

H(0) - H(oo) = / Ipelm) dit (6.48)
0

is convergent, implying with %J(yﬁm) = -0,(¢p¢) < 0 that lim¢_, o I(u¢|m) = 0. This
proves the first assertion of the theorem.
As pg is assumed to be bounded, for all t we have

pt(X¢) = Er(po | X¢) < suppg < oo. (6.49)

This will be used below.

Diffusion setting. By (6.29) with ¢, = pt, this limit implies that
lim oo [X |V /Pt 2 dvol = 0. Poincaré’s inequality tells us that for any open bounded
connected domain U with a smooth boundary, there exists a constant Cy such that

VBt - (VD ulliw) < Cull v/l (o) for all t, where (\/p)y == [, v/Pi dvol [ vol(U).
It follows that lim e ||/Pt = (\/Pt)ull12() = O Which in turns implies that

lim p¢ = ¢ (6.50)
t—roco

everywhere on X for some constant ¢ = 0.

Let us prove this last claim. By Bienaymé-Chebychev’s inequality, a vanishing vari-
ance along a sequence of random variables implies convergence in measure towards
a constant. On the other hand, the exponential rate of convergence ensured by our
assumption (6.47) implies with the Borel-Cantelli lemma that this limit is almost sure
on U. Finally, as p is continuous on (0, o) x X and X is connected, we can extend this
convergence to the whole space.

As sup; H(u¢|m) < H(ug|m) < oo, the set {y;, t > 0} is uniformly tight and therefore
relatively compact with respect to the narrow topology on P(X). It follows from (6.50)
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that lim_, .. p; = 1 everywhere. Finally, the uniform bound (6.49) allows us to apply
the Lebesgue dominated convergence theorem to assert lim;_, .. H(u¢Jm) = 0, which
is the desired result.

Random walk setting.  Since lim¢_, ., J(u¢|m) = 0, we obtain

Im > pi)8 (pe)/pel) - 1) m(x) T x(y) = 0. (651
(eydixey

For some constant C > 0, we have

ab’(b/a-1) 2 C@, ifb/a<2.

We see that the convergence to zero of the left-hand side implies the convergence of
b — a to zero when on a domain such that a is bounded. This will be applied with
a = p¢(x) which is bounded in virtue of (6.49).

When b/a = 2 and a = 2, the left hand side cannot be close to zero. Finally, the re-
maining case when b/a > 2 and a < 2 is controlled by considering the symmetric term
b6’ (a/b - 1) which also appears in the series in the limit (6.51), reverting x and y; re-
call that <7,((y) >0 & <Ty(x) > 0.As b8™(a/b-1) = b = 2a = 0, the convergence of
the left-hand term to zero implies the convergence of a and b to 0. Therefore, the limit
(6.51) implies that for all adjacent x and y € X, lim;—,o(p¢(x) — p¢(y)) = 0.

It follows from (6.49) the countability of X and the connectedness of the graph, that
there exists a sequence of times (t;) tending to infinity and a non-negative number ¢
such that limy p, (x) = c for all x € X. The same argument as in the diffusion setting
leads us to the relative compactness of {u; t = 0} and in particular of (). It follows
that limy p¢, (x) = 1 for all x. Finally, as t — H(u|/m) = 0 is decreasing, it admits a limit
as t tends to infinity and we obtain: lim; H(u¢|m) = limy H(u;, |m) = O where the last
identity follows as in the diffusion setting from the dominated convergence theorem.
This completes the proof of the theorem. O

Theorem 6.5.4. The Assumptions 6.5.1 are suppo(ied to <ﬁold. Then, under the addi-
tional hypotheses that H(po|m) < oo and (6.47) i.e. ©; = kO for some x > 0, we have

Ipuem) < I(uolm)e™, t=0 (6.52)
H(uem) < H(uolm)e™, t=0 (6.53)

and the following functional inequality
H(pm|m) < K'lﬂ(pm|m), (6.54)

holds for any nonnegative function p : X - [0, oo) such that [, p dm = 1, which in the
diffusion setting (a) is also assumed to be C?-regular.

Proof of Theorem 6.5.4. We already saw during the proof of Theorem 6.5.2 that our gen-
eral assumptions allow us to apply ,-calculus: Claim 2 is rigorous with ¢, = log p;.
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This gives: ?(t) =-H(t) = jX logpt) dytand T t)=-H'({t)=-[4 0 z(logpt) du.
The 1nequa11ty (6.47) implies that I t) £ -x T (t), for all t > 0. Integrating leads to
Tt < T)e™, t = 0, which is (6.52).

Let us assume for a while, in addition to (6.47), that supy po < o. It is proved in
Theorem 6.5.2 that under this restriction, H(eo) = 0. With (6.48) and (6.52), we see that

H(uo|m) = H(0) - / Tdt<T0) / e at = ‘T(0)/x.
0

A standard approximation argument based on the sequence pn = (o A1)/ [y(pAn)dm
and Fatou’s lemma: H(pm|m) < lim inf, H(p,m|m), allows to extend this inequality to
unbounded p. This proves (6.54).

Plugging p; instead of ug into (6.54), one sees that H(t) < I (t)/x = -H (t)/x. Integrat-
ing leads to H(t) < H(0)e ™!, which is (6.53). O

Remark 6.5.5 (About time reversal). The backward arrows in (6.47) suggest that time
reversal is tightly related to this convergence to stationarity. Let us propose an infor-
mal interpretation of this phenomenon. The forward entropy production I (t) vanishes
along the forward heat flow (U¢)eo Since I(t) = fx 5l,bt du; and Y = 0. Similarly
| X zlpt du; = 0. No work is needed to drift along the heat flow. In order to evaluate
the rate of convergence, one must measure the strength of the drift toward equilibrium.
To do so “one has to face the wind” and measure the work needed to reach yy when
starting from m, reversing time.

Remarks 6.5.6 (About 52 > Kg).
(a) In the diffusion setting, (6.47) can be written

<fzz)d".

When f is the reversible forward derivative (6.9), this is the standard Bakry-Emery
curvature condition CD(k, o), see [4, 5]. Further detail is given below at Theorem
6.5.8.

(b) In the random walk setting, we see with Lemma 6.4.3 that (6.47) can be written

(3 e -0Tm) + 17,3 - Tx0lhiea) T«

y:x~y y:x~y
+ Z [2egayh(c2 - Qay) - h(cz)] ] x) ] y(Z) (6.55)
,2):x~y~z

2k 3 higay) Tx(y)

yixe~y

for all x € X and any numbers gay,c; € R, (y,2z) : x ~ y ~ z, where h(a) :=
0" (e?-1)=ae?-e%+1, a € R, see (6.40).
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(c) An inspection of the proof of Theorem 6.5.4 shows that the integrated version of
(6.47):
“— —
/ 02(p) dp = K/ O(p)du, p=pmePX)
X b.¢

is sufficient.
In the diffusion setting (6.27) on X = R", we know through (6.31) that (6.47) becomes
1V2ullfs + (VZV +[V+ V*]bL)(Vu) > k| Vul?

for any sufficiently regular function u. This I';-criterion was obtained by Arnold,
Carlen and Ju [3]; see also the paper [24] by Hwang, Hwang-Ma and Sheu for a related
result. These results are recovered in the recent paper [22] by Fontbona and Jourdain
who implement a stochastic process approach, slightly different from the present ar-
ticle’s one but where time reversal also plays a crucial role, see Remark 6.5.5.

Reversible dynamics

More precisely, we are concerned with the following already encountered m-reversible
generators L.

(a) On a Riemannian manifold X, see (6.9):
L=(-VV-V+A)/2 (6.56)

with the reversing measure m = e~" vol.
(b) On a graph (X, ~), see (6.44):

Lu() = > [uy) - u()ls(x, y)y/my/my (6.57)

yix~y

with s(x, y) = s(y, x) >0 forall x ~ y.
Let us recall our hypotheses.

Assumptions 6.5.7. It is required that the reversing measure m is a probability mea-

sure.

The assumptions (a) and (b) below allow us to apply respectively Theorems 6.3.5 and

6.4.6.

(a) The Riemannian manifold X is compact connected without boundary and L is given
by (6.56). We assume that V : X > R is C*-regular and without loss of generality
that V is normalized by an additive constant such that m = e~ vol is a probability
measure.
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(b) The countable graph (X, ~) is assumed to be locally finite and connected. The gener-
ator L is given by (6.57), and the equilibrium probability measure m and the function
s satisfy (6.45).

Reversibility allows for a simplified expression of J(-|m). Indeed, as pO(logp) =
L(plogp - p) —logp Lp, we obtain

/@(logp)pdm=/L(plogp—p)dm—/logprdm= %/T(p,logp)dm
X X X b's

where the last equality follows from the symmetry of L in L?(m) (a consequence of the
m-reversibility of R), whenever (p, log p) € Dom I'. Therefore,

o) = LGam) o= & / I'p, log p) dm. 6.58)
X

It is the Fisher information of u with respect to m. A direct computation shows that

(a) in the diffusion setting (a),
1 1 [ |Vp|?
10m) = 5 [ (v1ogpP =5 [Cam -2 [ (7 am;
X X X

(b) in the random walk setting (b),

1

Ium) =5 > [pWy) - pOolllog p(y) - log p(I MO (y).
2

(6y):x~y

Theorem 6.5.4 becomes

Theorem 6.5.8. The Assumptions 6.5.7 are su@osed ﬁ) hold. Then, under the addi-
tional hypotheses that H(po|m) < oo and (6.47): 0, = kO for some x > 0, we have

I(ugm) < I(uoim)e™, t=0
H(ugm) < H(uolm)e™, t=0

and the following (modified) logarithmic Sobolev inequality
H(u|m) < x ' 1(u|m), (6.59)

for any u € P(X) which in the diffusion setting (a) is also restricted to be such that
du/dm is C%-regular.

In the diffusion setting (a), Theorem 6.5.8 is covered by the well-known result by Bakry
and Emery [5]. Inequality (6.59) is the standard logarithmic Sobolev inequality and
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(6.47): <§2 > K<§ for some x > 0, is the usual I';-criterion: I'; > xI'. In the random walk
setting (b), inequality (6.59) is a modified logarithmic Sobolev inequality which was
introduced by Bobkov and Tetali [6] in a general setting, and was already employed by
Dai Pra, Paganoni and Posta [13] in the context of Gibbs measures on Z?. Later Caputo,
Dai Pra and Posta [8, 9, 14] have derived explicit criteria for (6.59) to be satisfied in
specific settings related to Gibbs measures of particle systems. These criteria are close
in spirit to (6.47).

6.6 Some open questions about curvature and entropic
interpolations

We have seen in Section 6.5 that convergence to equilibrium is obtained by considering
heat flows. The latter are the simplest entropic interpolations since f = 1 or g = 1. In
the present section, general entropic interpolations are needed to explore curvature
properties of Markov generators and their underlying state space X by means of the
main result of the article:

HO- [ 5@p-0gadu, 10 [ 3@ape+ Dapo dpe
X X

Convexity properties of the entropy along displacement interpolations are funda-
mental for the Lott-Sturm-Villani (LSV) theory of lower bounded curvature of metric
measure spaces [31, 41, 42, 44]. An alternative approach would be to replace displace-
ment interpolations with entropic interpolations, taking advantage of the analogy be-
tween these two types of interpolations. Although this program is interesting in itself,
it can be further motivated by the following remarks.

1. Entropic interpolations are more regular than displacement interpolations.

2. Displacement interpolations are (semiclassical) limits of entropic interpolations,
see [26, 29].

3. Entropic interpolations work equally well in continuous and discrete settings
while LSV theory fails in the discrete setting (see below).

With respect to (1), note that the dynamics of an entropic interpolation share
the regularity of the solutions f and g of the backward and forward “heat equa-
tions” (6.11). Their logarithms, the Schrodinger potentials ¢ and 1, solve second order
Hamilton-Jacobi-Bellman equations. This is in contrast with a displacement interpo-
lation whose dynamics are driven by the Kantorovich potentials (analogues of ¢p and
1) which are solutions of first order Hamilton-Jacobi equations. Entropic interpola-
tions are linked to regularizing dissipative PDEs, while displacement interpolations
are linked to transport PDEs. More detail about these relations is given in [28].
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In practice, once the regularity of the solutions of the dissipative linear PDEs (6.11)
is ensured, the rules of calculus that are displayed at the beginning of Section 6.2 are
efficient. Again, this is in contrast with Otto’s calculus which only yields heuristics
about displacement interpolations.

With respect to (3), recall that we have seen in Theorems 6.5.4 and 6.5.8 unified
proofs of entropy-entropy production inequalities, available in the diffusion and ran-
dom walk settings.

In order to provide a better understanding of the analogy between displacement
and entropic interpolations, we start describing two thought experiments. Then, keep-
ing the LSV strategy as a guideline, we raise a few open questions about the use of
entropic interpolations in connection with curvature problems on Riemannian mani-
folds and graphs.

Thought experiments

Let us describe two thought experiments.

~ Schrodinger’s hot gas experiment. The dynamical Schrédinger problem (see (Sgyn)
in Section 6.1) is a formalization of Schrédinger’s thought experiment which was
introduced in [39]. Ask a perfect gas of particles living in a Riemannian manifold
X which are in contact with a thermal bath to start from a configuration profile
o € P(X)attime t = 0 and to end up at the unlikely profile y; € P(X) attimet = 1.
For instance the gas may be constituted of undistinguishable mesoscopic particles
(e.g. grains of pollen) with a random motion communicated by numerous shocks
with the microscopic particles of the thermal bath (e.g. molecules of hot water).
Large deviation considerations lead to the following conclusion. In the (thermo-
dynamical) limit of infinitely many mesoscopic particles, the most likely trajectory
of the whole mesoscopic particle system from pg to y; is the R-entropic interpo-
lation [uo, yl]R where R describes the random motion of the non-interacting (the
gas is assumed to be perfect) mesoscopic particles. Typically, R describes a Brow-
nian motion as in Schrddinger’s original papers [39, 40]. For more detail see [28,
§. 6] for instance.

— Cold gas experiment. The same thought experiment is also described in [44,
Pp. 445-446] in a slightly different setting where it is called the lazy gas experi-
ment. The only difference with Schrodinger’s thought experiment is that no ther-
mal bath enters the game. The perfect gas is cold so that the paths of the particles
are Riemannian geodesics in order to minimize the average kinetic action of the
whole system: entropy minimization is replaced by quadratic optimal transport.
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Connection between entropic and displacement interpolations

It is shown in [26, 29] that displacement interpolations are limits of entropic interpo-
lations when the frequency of the random elementary motions encrypted by R tends
down to zero. With the above thought experiment in mind, this corresponds to a ther-
mal bath whose density tends down to zero. Replacing the hot water by an increas-
ingly rarefied gas, at the zero-temperature limit, the entropic interpolation [ug, p1]R
is replaced by McCann’s displacement interpolation [uo, pu1]4P.

Cold gas experiment

As the gas is (absolutely) cold, the particle sample paths are regular and determinis-
tic. The trajectory of the mass distribution of the cold gas is the displacement inter-
polation [uo, #1]4P which is the time marginal flow of a probability measure P on Q
concentrated on geodesics:

p- / 8. n(dxdy) € P(Q) (6.60)

X2

where 71 € P(X?) is an optimal transport plan between ug and p1, see [28]. Therefore,

Ui = Pr = / 6. n(dxdy) € P(X), 0=t=1, (6.61)

X2

where for simplicity it is assumed that there is a unique minimizing geodesic ~* be-
tween x and y (otherwise, one is allowed to replace 6.~ with any probability concen-
trated on the set of all minimizing geodesics from x to y).

In a positively curved manifold, several geodesics starting from the same point
have a tendency to approach each other. Therefore, it is necessary that the gas initially
spreads out to thwart its tendency to concentrate. Otherwise, it would not be possible
to reach a largely spread target distribution. The left side of Figure 6.1 (taken from [44])
depicts this phenomenon. This is also the case for the right side as one can verify by
reversing time. The central part is obtained by interpolating between the initial and
final segments of the geodesics.

On the other hand, in a negatively curved manifold, several geodesics starting
from the same point have a tendency to depart form each other. Therefore, it is neces-
sary that the gas initially concentrates to thwart its tendency to spread out. Otherwise,
it would not be possible to reach a condensed target distribution.
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t=0 0<t<1 t=1

Fig. 6.1. The cold gas experiment. Positive curvature

t=0 0<t<l1

Fig. 6.2. The cold gas experiment. Negative curvature

Schrédinger’s hot gas experiment

As the gas is hot, the particle sample paths are irregular and random. The trajectory
of the mass distribution of the hot gas is the entropic interpolation [po, yl]R. An R-
entropic interpolation is the time marginal flow of a probability measure P on Q which
is a mixture of bridges of R:

p- / RY n(dxdy) € P(Q) 6.62)
XZ
where 71 € P(X?) is the unique minimizer of  — H(17|Ro1) among all n € P(X?) with

prescribed marginals pg and p1, see [28]. Therefore,

L = Pp = / R n(dxdy) € P(X), Os<t<1. 6.63)

X2
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Comparing (6.60) and (6.62), one sees that the deterministic evolution 8.« is replaced
by the random evolution R*. The grey leaf in Figure 6.3 is a symbol for the (say) 95%-
support of the bridge R*. It spreads around the geodesic v and in general the sup-
port of R}’ for each intermediate time O < ¢ < 1 is the whole space X.

¥y

t=0 t=1

Fig. 6.3. Hot gas experiment with o = dx and p1 = 0,
At a lower temperature, R is closer to 6., see Figure 6.4.

Y

t=0 t=1

Fig. 6.4. Hot gas experiment with pio = 0x and py1 = d,. At a lower temperature

And eventually, at zero temperature R*Y must be replaced by its deterministic limit
8w . Figure 6.5 is a superposition of Figures 6.2 and 6.3. It describes the hot gas exper-
iment in a negative curvature manifold.

Figures 6.3, 6.4 and 6.5 are only suggestive pictures describing most visited space
areas.

Open questions

As far as one is interested in the curvature of the metric measure space (X, d, m),
rather than in the curvature of some Markov generator f such as in Section 6.5, it
seems natural to restrict our attention to a reversible reference path measure R. For
instance when looking at a Riemannian manifold X considered as a metric measure
space (X, d, m) with the Riemannian metric d and the weighted measure m = eV vol,
the efficient choice with respect to LSV theory is to take R as the reversible Markov
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—_—

t=20 t=1

Fig. 6.5. The not so lazy gas experiment in a negative curvature manifold

measure with generator L = (A - VV - V)/2 (or any positive multiple) and initial mea-
sure m.

A representative result in the case where the reference measure m is the volume
measure (V = 0) is that relative entropy is convex along any displacement interpola-
tion in a Riemannian manifold with a nonnegative Ricci curvature. Based on McCann’s
seminal work [33, 34] and Otto’s heuristic calculus, Otto and Villani have conjectured
this result in [38]. This was proved by Cordero-Erausquin, McCann and Schmucken-
schldger in [12]. The converse is also true, as was shown later by Sturm and von Re-
nesse [43].

In the same spirit, an immediate consequence of Theorem 6.3.5 is the following

Corollary 6.6.1. Let R° be the reversible Brownian motion on a connected Riemannian
manifold X without boundary.

Suppose that the Ricci curvature is non-negative. Then, along any entropic interpolation
(1o, yl]Ro associated with R® and fo, g1 € L*(vol) such that (6.8) holds, the entropy
t € [0, 1] — H(u¢| vol) € R is a convex function.

Notice that in Theorem 6.3.5, X is assumed to be compact and f,, g; must be G2. This
was assumed to ensure the regularity of the interpolation (Proposition 6.3.4). However,
in the present setting this regularity follows from the regularity of the heat kernel.

Open questions 6.6.2.

(a) Is the converse of Corollary 6.6.1 true?

(b) Is there a way to define a notion of k-convexity on P(X) along entropic interpola-
tions: H(u¢) < (1 — t)H(uo) + tH(uq) — xC(uo, u1)t(1 - t)/2, 0 < t < 1? What term
C(uo, u1) should replace the quadratic transport cost W3(uo, u1) of the LSV and
AGS (Ambrosio, Gigli and Savaré [1, 2]) theories?

(c) Is there a notion of “entropic gradient flow” related to entropic interpolations that
would be similar to a gradient flow and would allow interpreting heat flows as “en-
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tropic gradient flows” of the entropy? This question might be related to the previous
one: the entropic cost C(ug, u1) could play the role of a squared distance on P(X).

The LSV theory requires the metric space (X, d) to be geodesic. Consequently, discrete
metric graphs are ruled out. Alternative approaches are necessary to develop a theory
of lower bounded curvature on discrete metric graphs.

1. Bonciocat and Sturm [7] have obtained precise results for a large class of pla-
nar graphs by introducing the notion of h-approximate ¢-midpoint interpolations:
d(xo, x¢) < td(xg, x1)+h, d(x¢, x1) < (1-t)d(xo, x1)+h where typically h is of order
1.

2. Erbar and Maas [18, 32] and independently Mielke [35, 36] have shown that the
evolution of a reversible random walk on a graph is the gradient flow of an en-
tropy for some distance on P(X), and derived curvature bounds for discrete graphs
by following closely the gradient flow strategy developed by Ambrosio, Gigli and
Savaré [1] in the setting of the LSV theory.

3. Recently, Gozlan, Roberto, Samson and Tetali [23] obtained curvature bounds by
studying the convexity of entropy along binomial interpolations. On a geodesic
(x = 29,21, ... s Zd(ey) = y) for the standard graph distance d, the binomial in-
terpolation is defined by u¢(z;) = B(d(x, y), t)(k), 0 < k < d(x,y), 0 < t < 1, where

B(n, p)(k) = <Z> pk(1 - p)" ¥ is the usual binomial weight.

We know by Lemma 6.4.3 that

02u00 = (Bu()) "+ 3 [0 - kXK (DuCx, ) 1)

yix~y

£ 3 [2eP 0 n(Duy, 2)) - h(Du(x, 2) | L@

(,2):x~y~z

(6.64)

where Bu(x) = Zy:XNy(eD“("’y) -1)Jx(y)and h(a) := 6" (e? - 1) = ae® - e +1,a € R.
In the diffusion setting where L = (4 - VV - V)/2, we have seen in Section 6.3 that
6, =I',/2 where I is given by the Bochner formula

() = |V2ullfs + V2V(Vu) + Ric(Vu). (6.65)

Open questions 6.6.3.
1. Inview of (6.64) and (6.65), is (6.64) a Bochner formula? Where is the curvature?
2. Are the following definitions relevant?
(a) The m-reversible random walk generator L has curvature bounded below by
ke Rif
Z O,(w)(x)m(x) = KZ ew(x)m(x), Yu.
X X
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(b) The infimum of the curvature at x € X of the Markov generator L is

curvy (x) := inf 92(u)

u Ou) 0.

A definition of curvature should be justified by its usefulness in terms of rate of con-
vergence to equilibrium, concentration of measure or isoperimetric behavior.

Let usindicate that with the discrete Laplacian Lu(x) = [u(x+1)-2u(x)+u(x-1)]/2
on Z, a rather tedious computation leads to the desired flatness result: curv;(x) = 0,
forall x € Z.

A. Basic definitions

This appendix section is part of articles [27, 30]. We repeat it here for the reader’s con-
venience.

Markov measures

We slightly extend the notion of Markov property to unbounded positive measures on
Q.

Definitions .0.4. Any positive measure on Q is called a path measure. Let Q be a path

measure.

(a) It is said to be a conditionable path measure if for any 0 < t < 1, Qq is a o-finite
measure on X.

(b) It is said to be a Markov measure if it is conditionable and for all 0 < t < 1 and
B € o(Xy, 1)), we have: Q(B | Xjg ) = Q(B | X¢).

When Q has an infinite mass, the notion of conditional expectation must be handled
with care. We refer to the following definition.

Definition .0.5 (Conditional expectation). Let ¢ : Q > Y be a measurable map. Sup-
pose that ¢4Q is a o-finite measure on Y. Then, for any f ¢ LP(Q) withp = 1, 2 or oo,
the conditional expectation of f knowing ¢ is the unique (up to Q-a.e. equality) function
Eq(f | @) := 6¢(p) € LP(Q) such that for all measurable function h on Y in LP*(m) where
1/p +1/p~ =1, we have [, h(p)f dQ = [, h(p)0s(p) dQ.

It is essential in this definition that the measure ¢4Q is o-finite on Y; otherwise, we
can’tinvoke the Radon-Nikodym theorem when proving the existence of 6. Inspecting
the above definition of a Markov measure, one sees that it is necessary that Qpo, and
Q; are o-finite for all t € [0, 1] for the corresponding conditional expectations to be
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defined. Nonetheless, this is warranted by the requirement that Q is conditionable, as
shown by the following result.

Lemma .0.6. Let Q be a path measure and T C [0, 1]. For Q< to be o-finite, it is enough
that Q;, is o-finite for some t, € 7.

Proof. Let t, € T be such that Q;, is o-finite with (X»),»1 an increasing sequence of
measurable subsets of X such that Q¢,(X») < oo and Uy»1Xn = X. Then, Qy is also
o-finite since Q7(X;, € Xn) = Q¢,(Xn) forall n = 1 and Up»1[X5(Q) N {X;, € Xn}] =
X5(Q). O

Consequently, for any Markov measure Q and any 7 C [0, 1], the conditional expec-
tation Eq(- | Xg) is well-defined; since Q is a Polish space, there exists a regular
conditional probability kernel Q(- | X5) : Q > P(Q) such that for all f € L(Q),
Eo(f | X3) = [,, £ dQ(- | Xy), see [17, Thm.10.2.2].

Stationary path measures

Let us make precise a couple of other known notions.

Definitions .0.7. Let Q be a path measure.

(a) Itis said to be stationary if for all O < t < 1, Q¢ = m, for some m € M(X). One says
that Q is m-stationary.

(b) 1t is said to be reversible if for any subinterval [a,b] < [0, 1], we have
(rev[“’b])# Qia,p) = Q[q,p) Where revl®bl s the time reversal on [a, b] which is defined
by revi@?] [7](¢6) = n([a + b - t]*) for any n € D([a, b], X), t € [a, b].

A reversible path measure is stationary. When Q is reversible, one sometimes says that
m = Qg = Q is a reversing measure for the forward kernel (Q(- | Xo = x); x € X), or
the backward kernel (Q(- | X; = y); ¥ € X) or shortly for Q. One also says that Q is
m-reversible to emphasize the role of the reversing measure.

Relative entropy
This subsection is a short part of [27, §. 2] which we refer to for more detail. Let r be

some o-finite positive measure on some space Y. The relative entropy of the probability
measure p with respect to r is loosely defined by

H(p|P) = / log(dp/dr)dp < (-0, 0],  p € P(Y) (6.66)
Y
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if p < r, and H(p|r) = oo otherwise. More precisely, when r is a probability measure,
we have

H(p|r)=/h(dp/dr)dre[0, wl,  p.reP(Y)
Y

with h(a) = aloga-a+1 > 0forall a > 0, (take h(0) = 1). Hence, the definition
(6.66) is meaningful. If r is unbounded, one must restrict the definition of H(-|r) to
some subset of P(Y) as follows. As r is assumed to be o-finite, there exist measurable
functions W : Y - [1, o) such that

Zy = /e‘w dr < oo, (6.67)
Y

Define the probability measure ryy := zte”" r so that log(dp/dr) = log(dp/dry) -
W —log zy. It follows that for any p € P(Y) satisfying [, W dp < oo, the formula

Hp|r) = H(p|rW)—/de—long€ (=00, o]
Y

is a meaningful definition of the relative entropy which is coherent in the following
sense. If [, W' dp < oo for another measurable function W' : Y - [0, oo) such that
zy < oo, then H(p|rw) - [, Wdp -logzw = H(p|ry) - [, W dp -log zy € (-0, o0].
Therefore, H(p|r) is well-defined for any p € P(Y) such that [, Wdp < oo for some
measurable nonnegative function W verifying (6.67).
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