Vladimir I. Bogachev
Surface measures in infinite-dimensional
spaces

2.1 Introduction

There are three main constructions of surface measures in R" with the standard
Lebesgue measure. The most general one is based on the Hausdorff measure H" ! of
dimension n - 1, which is a special case of the p-dimensional Hausdorff measure H?
with 0 < p < n. Its role of a “surface measure” is explained by the following two fac-
tors: one, typical sets of finite positive H "-1_measure are surfaces of dimension n - 1,
and two, this measure coincides with other natural candidates in cases where com-
parisons are possible (in particular, it coincides with the usual Lebesgue measure on
hyperplanes). For reasonable sets, this surface measure can be obtained as a limit of
normalized volumes of metric e-neighborhoods of these sets. There is a much older
construction that is closer to the intuitive understanding of what a surface measure
must be: it is a natural measure on a regular surface S ¢ R", say, on the graph of
a smooth function f on R™"!. This means that this surface measure arises as a limit
of flat measures on small pieces of tangent hyperplanes approximating the given sur-
face. Finally, one more construction deals with surfaces that are level sets of regular
functions and defines the surface measure of the set {F = t} as a certain limit of suit-
ably normalized volumes of “neighborhoods” {t — € < F < t + €}. Locally, if VF #0 on
the level set, this construction coincides with the previous one; moreover, all the three
constructions coincide in this case. However, in general, a set of finite positive H"*-
measure need not be located on a surface (neither a graph nor a level set); certainly,
a level set need not be a graph even locally.

When discussing surface measures in infinite-dimensional spaces, it is customary
to recall that there are no exact analogs of Lebesgue measures in infinite-dimensions.
This is indeed but not a major problem: there are exact infinite-dimensional analogs
of other important measures on R", for example, Gaussian, and the local theory of sur-
face measures associated with the standard Gaussian measure on R" does not differ
much from the classical construction. Apparently, the principal difficulty in construct-
ing surface measures in infinite dimensions is that such measures are related to some
intrinsic geometry of the measure but not of the space. In other words, it seems that
in many cases there is no natural canonical geometry on the space determining sur-
face measures. For example, we shall see below that the countable power R* of the
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real line equipped with the countable power of the standard Gaussian measure carries
surface measures associated with Sobolev smooth functions; however, these surface
measures have nothing to do with the standard metric on the space R> (making it a
Polish space); moreover, the measure can be restricted to many (continuum of incom-
parable) weighted Hilbert spaces in R* of full measure and the surface measures will
be unchanged.

Surface measures on general spaces have become a popular subject of study in
recent years due to development of the Malliavin calculus, geometric measure the-
ory in metric measure spaces, and infinite-dimensional stochastic analysis, see [1],
21, [3], [4], [5], [6], [7], [8], [13], [15], [20], [21], [22], [24], [25], [26], [29], [37], [43],
[44], [62] and [63], where one can find discussions of diverse problems explicitly
or implicitly connected with surface measures in infinite dimensions. In the Gaus-
sian case, surface measures related to Gaussian volume measures by versions of the
Gauss—Ostrogradskii formula were considered in the 1960-70s by a number of au-
thors, see, e.g., [69], [66], [67], [39], and [47]. Actually, Skorohod [66], [67] consid-
ered surface measures for more general quasi-invariant measures. A rich theory of sur-
face measures on infinite-dimensional spaces equipped with differentiable measures
was worked out by A.V. Uglanov in the 1970-80s and presented in his book [75] (see
also [73], [74], [77], and [32]). In the same years, an approach to surface measures for
Gaussian volume measures was developed in the framework of the Malliavin calculus
which provided efficient tools for the study of induced measures. For this approach,
see [1], [49], [9], [10], and [11]; far reaching generalizations to the case of differentiable
measures were obtained in [56], [57], [58], [59], and [60]. A close construction for con-
figuration spaces was presented in [31]. Hausdorff measures associated with Gaussian
measures were studied in [36] (see also [35]); more references for the Gaussian case
can be found in [11] and [13].

The goal of this survey is to discuss several approaches to surface measures in
infinite dimensions with a particular emphasis on the construction from the recent
paper [18] that follows Malliavin’s idea, but applies to nonlinear spaces and requires
less regularity of the function F generating the surface. This surface measure on F~1(y)
is a weak limit of the measures r 11 (y<F<y+r} * O - uasr - 0, where 0 is some weight
function (for a sufficiently regular surface, one can think of 6 as the derivative of F
along the “normal to the surface”). In the Gaussian case this construction applies to
one-fold Malliavin differentiable functions with gradients having divergences. In the
nondegenerate case, these surface measures are equivalent to the standard ones. How-
ever, this approach leads to much shorter and simpler proofs; in particular, we shall
see that the existence of surface measures is proved in a few lines. We also mention
some open problems related to infinite-dimensional surface measures. In particular,
surface measures on zero sets of polynomials have not been sufficiently studied and
this is an interesting direction of research. There are interesting connections between
surface measures and Sobolev and BV functions on infinite-dimensional spaces, con-
nections which have been intensively studied in the last decade, see [2], [3], [6], [7],
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[8], [20], [21], [24], [48], and [51]. Finally, surface measures are important for the study
of boundary value and variational problems in infinite dimensions, see [28] and [76].

The main construction discussed below is related to the concept of conditional
measure (recalled in the next section). It makes sense in great generality while sur-
face measures are usually defined in a more special situation, where one can consider
suitable neighborhoods of the “surfaces” {F = y} and obtain a reasonable limit after
appropriate scaling. For example, the usual surface measure in R arises as a limit of
the ratio of the volume of the e-neighborhood of the surface and 2¢, as € > 0. The
discussed construction of a surface measure ¢” on the level set F~1(y) is this: we in-
troduce a certain weight function 6 and set

/ £00 0 (dx) :=lim © / 00800 ()

{y<F<y+r}

for a suitable class of functions f (say, bounded Lipschitzian). Under our assumptions
the surface measure will be actually a weak limit of the measures

r_ll{y<F<y+r} OF - M.

Unlike the case of conditional measures, such constructions require certain con-
straints on measures and functions in question. In the case of a Gaussian measure
u on a locally convex space X this construction applies to a function F in the second
Sobolev class W?'?(u) and we take 8y = |DyF|? (or 8 = |DyF| in a modified construc-
tion), where DyF is the Sobolev gradient of F along the Cameron—Martin space H of
the measure u (or to a function F in the first Sobolev class W' (u) if Dy F/|DyF|g has
divergence). The weight function 6 can be later dismissed provided it is sufficiently
nondegenerate; its purpose is to allow degenerate F and lower the required order of
differentiability of F. This approach can be also of interest for the study of surface
measures on metric measure spaces (see [27], [40], [46], and [71]).

Why is it not enough to deal with conditional measures that exist in much greater
generality? The reason is essentially the same as in the finite-dimensional case: the
Gauss—Ostrogradskii—Stokes formula and integration by parts. This explains at once
why certain smoothness restrictions on the volume measure and the function gener-
ating level sets are needed. Another reason is that conditional measures p* depend
not only on the level sets F~1(y), but also on the image-measure y o F! (though, for
the induced measures with positive densities this dependence reduces to a constant
factor for each fixed y). The presented construction shares this property, but allows a
modification that does not.

The paper is organized as follows. Section 2 contains notation and terminology.
In Section 3 we first discuss Gaussian surface measures in the finite-dimensional case
and then explain how the same method works in infinite dimensions. Section 4 is de-
voted to the main construction in an abstract setting and its relation to conditional
measures. Section 5 provides an additional step needed to obtain surface measures
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on every level set of a given function (not merely on almost every), which involves a
brief discussion of capacities. In Section 6 we consider examples, in particular, return-
ing to Gaussian measures. Finally, surface measures of surfaces of higher codimension
are discussed in Section 7.

I am grateful to H. Airault, L. Ambrosio, G. Da Prato, N. Gigli, A. Lunardi, I.I. Mal-
ofeev, M. Rockner, and G.I. Zelenov for useful discussions. This research was
sup-ported by the Russian Foundation for Basic Research Grant 17-01-00662 at
Moscow State University.

2.2 Notation and terminology

Let C‘;,"(]Rd) be the class of all bounded infinitely differentiable functions on R? with
bounded derivatives, and let CS"(Rd) be its subclass consisting of functions with com-
pact support.

Let X be a completely regular topological space with its Borel o-field B. Let y be a
bounded nonnegative Radon measure on B, i.e., for every Borel set B and every € > 0,
there is a compact set K C B such that u(B\K;) < € (see [12] for a discussion of such
measures). Below we also use signed Radon measures, i.e., Borel measures m such
that |m| is a Radon measure, where |m| = m* + m" is the usual total variation of m.

Functions measurable with respect to the Lebesgue completion of the measure u
are called p-measurable; such a function can be defined p-almost everywhere u-a.e.,
i.e., outside of a set of measure zero.

Given a a measure u, the measure with density 6 with respect to u is denoted by
0-u,ie.,

0-uB)= [ 6du.
/

In some assertions we shall assume that y is concentrated on a countable union of
metrizable compact sets; this is always the case if the space X is Souslin or metrizable,
or if y is Gaussian. The main definition does not use this assumption and actually
applies to general probability spaces; however, the assumption becomes important in
order to compare surface measures with conditional measures, and to ensure that our
surface measures are indeed concentrated on the level sets.

Given a measurable function F: X - R or a measurable mapping F: X - Y with
values in a topological space Y, we can take the image-measure y o F~! defined by the
formula

poF\(B) := u(F\(B))

on the Borel o-field in R or Y, respectively.

We recall that a Radon probability measure  on a locally convex space X is called
Gaussian if its one-dimensional images o I"! forall I € X" are Gaussian measures on
the real line, that is, are either given by densities (2770)'/2 exp(~(t — a)?/(20)) with



56 —— Vladimirl. Bogachev

o > 0 or are Dirac point measures. If all these measures are symmetric, then - is called
symmetric or centered; the latter is equivalent to the identity v(B) = ~(-B) for all Borel
sets B.

The most important examples of Gaussian measures are the standard Gaussian
measure v, on R" with density () ™2 exp(-|x|?/2), the standard Gaussian measure
~ on R* that is the countable power of the standard Gaussian measure v; on R (which
is defined on the countable power R* of the real line, i.e., on the space of all real
sequences), and the Wiener measure on C[0, 1] or L2[0, 1], which can be defined as
the image of v under the mapping

oo t
(xXn) — an/en(s) ds,
n=1

0

where {en} is an orthonormal basis in L?[0, 1]. Certainly, such a definition needs a
justification (it turns out that this series converges in L*[0, 1] and even in C[0, 1] for
almost all x = (x»)). Other equivalent definitions of the Wiener measure can be found
in [11] (see also [13] and [14]).

Let v be a centered Radon Gaussian measure on X. The Cameron—Martin space H
of v consists of all vectors h with finite norm

|hlg = sup{I(h): 1€ X, |||z, < 1}

It is known that H with this norm is a separable Hilbert space compactly embedded
into X; the corresponding inner product is denoted by (-, -)g. A typical example: if v
is the standard Gaussian measure on R*°, then H = [2 with the usual Hilbert norm.

For every h € H, there is a measurable linear functional ﬁ, belonging to the clo-
sure of X" in L%(~), such that

I(h) = / 100R)~(dx) Ve X
X

The inner product in H can be defined by the formula

(h, Oy =/ﬁd%
X

An important role of the Cameron—Martin space is that it is precisely the set of all
vectors h such that the shifted measure v} defined by ~,(B) = (B - h) is equivalent
to ; the corresponding Radon—-Nikodym derivative is given by the Cameron—Martin
formula R

exp(h - |h|§/2). 2.1)

If a Radon probability measure u is concentrated on a countable union of metriz-
able compact sets, then, for any y-measurable mapping F with values in a complete
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separable metric space Y, we can find the so-called conditional measures p¥ on X such
that the function y — pY(B) is u-measurable for each B € B, y’ is concentrated on
FY(y) for every y (or u o F !-a.e. y) and y is the integral of y¥ against u o F'!, which
is written as

p=p - poF(dy),

in the sense that

£0O0 u(dx) = fO) W (dx)p o F'(dy)
froma | |

Y X

for every bounded Borel function f on X; the integral exists due to the assumption of
measurability for u¥, see [12, Chapter 10] or [13, Chapter 1] for details. Actually, con-
ditional measures in a weaker sense exist under more general assumptions about u
and F.

2.3 Surface measures in the Gaussian case

We first consider a smooth function F on R" equipped with the standard Gaussian
measure . Suppose that VF(x) # 0. In this case, the level sets {F = t} are smooth
surfaces that locally look like graphs of smooth functions. They can be equipped with
usual surface (Lebesgue) measures and then Gaussian surface measures can be intro-
duced by simply multiplying these Lebesgue surface measures by the standard Gaus-
sian density. However, we are interested in globally finite Gaussian surface measures.
To this end, we shall assume that the function |VF(x)| ! belongs to certain L? (y,); the
required value of p will become clear soon.
The first step is to verify that the distribution function

t— ynlx: F(x) < t)

is continuously differentiable. To show this we employ the Malliavin calculus. Let us
consider the gradient vector field

v(x) = VF(x)
and the corresponding differentiation

ovg =(Vg,v).

Let o be the standard Gaussian density. For every function ¢ € C3°(R) we have

/ ¢ () o FA(d0) = / &' (F(0) m(dx)
R Rn
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, 1 1
- / # (FOONLFO) 5 (dx) - / 2oy pdm. (22
Rn Rn

Integrating by parts by means of the formula

/ dufih dm = / v dyn / Fpldivy + (v, Von/on)] dyn,
Rn Rn Rn

we represent the right-hand side as

/¢ Fav avF)

(dlvv + (v, Vgn/gn))} dvyn.

We have
= |VF|>, 0y(|VF?) = 2(D°F - VF, VF),
o ( L )z_avIVFl2 __2(D*F-VF,VF)
ovF) = o 2 Nz
where

divv + (v, Von/on) = LF
and L is the Ornstein—-Uhlenbeck operator defined by

Lf(x) = Af(x) - (Vf(x), x) = Z[ai,-f(X) = x;0x,f(X)].
i=1
Therefore, letting
_ 2(D’F-VF,VF) _LF
B [VF|* IVF|2’

we obtain

/¢(t o0 F(dt) = /¢(t)n(dt)

where 77 is the image under F of the measure with density g with respect to v», provided
that

/ 18] dn < .
]Rn

This means that the generalized derivative of v, o F~! is the measure 1. Therefore, vy o
F!is an absolutely continuous measure and its density is 7((~eo, t)). Moreover, the
measure 7 is also absolutely continuous, since it is obviously absolutely continuous
with respect to v, o F~1. Hence v, o F~! has a continuous density g; and

leall < 18l ¢y,)-

The integrability of the function g with respect to the standard Gaussian measure is
ensured by the integrability with respect to v, of the functions

ID*FOO|l/|[VFG)? and  |LF()|/|VF()[?,
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where ||D?F(x)|| is the operator norm of the second derivative (one can also use the
Hilbert-Schmidt operator). Therefore, if the function |VF(x)|2~¢ is yn-integrable for
some £ > O then, by Ho6lder’s inequality, it suffices to have the ~,-integrability of
ID2F(x)||**?/¢, because it is equivalent to the y,-integrability of |LF(x)|'*?/¢, so that
applying Holder’s inequality to the second function above we see that both functions
will be integrable.

Under these assumptions, the function v»(F < t) is continuously differentiable
and we can assign the value

00:= 45 <t

to the surface S; := F~1(t). However, it is still not a surface measure but just its value
on S;.

Our next step is to observe that we can define a measure in a similar manner: this
measure will be the weak limit of the measures

wr(B) = 2N BN {t-r<F<t+r})

as r - O+. Let us recall that a sequence of Borel measures y; on R" converges weakly

to a Borel measure u if
/fdu =}gg/fdu,~
]Rn

Rn
for every bounded continuous function f. Moreover, for nonnegative measures it suf-
fices if this limit exists for all bounded Lipschitz functions f (see, e.g., [13, Chapter 8]);
furthermore, it is enough if it exists for all nonnegative bounded Lipschitz functions f.

It remains to observe that our construction also works if we replace the initial
measure yn by yn, where i is a nonnegative bounded Lipschitz function. Indeed,
in our previous calculations we replace g, with g, noting that Vip(x) exists almost
everywhere and is bounded. Hence, we obtain the new functions

o (50r) =¥o:(505) * er

_ 2Y(D*F - VF, VF) , YLF  (VF,Vy)

|VF* |VF[? |VF|?
This function is integrable under the previous assumptions because ) and |Vip| are
bounded. Thus, the measures u, converge weakly to a bounded Borel measure ot
(when t is fixed) that we can take for a surface measure. However, this is not a true
geometric surface measure; because it depends on the function F and not on only on
the level set S;. In particular, this is not the limit of normalized measures of S; met-
ric neighborhoods. To obtain a true geometric surface measure, we can consider the
surface measure

oh := |VF|- o,
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which exists at least locally and is finite if, for example, F satisfies the conditions used
above (integrability of certain rations with the second derivative and LF) to ensure that
o is finite. Moreover, these conditions can be relaxed: we need

|IDF||/|VF| + |LF|/|VF| € L*(vn),

and for example, it suffices that |[D?F|| € L?(yn) and 1/|VF| € L?(yn). Actually, the
same reasoning as above applies to the measure |VF| - v, in place of vx, so that in
(2.2) we have to multiply and divide by |VF| in place of |V F|2. This leads to a weaker
integrability condition on 1/|VF|.

Let us show that ¢? is locally the weak limit of the measures (2r) 1 4»(-NS}), where
S is the metric r-neighborhood of S;. This means that for every Lipschitz function
¢ = 0 with bounded support we have

/ ¢ dofy = lim(2n)" / & dyn. 23)
S st

We can assume that t = 0. Let us fix € > 0. Taking a smooth partition of unity, we
can assume that the support of ¢ is contained in a ball K centered at xo so small that
1-¢ < |VF(x)|/|VF(x0)| < 1+¢&on K. We can also assume, changing coordinates, that
0x, F(xo) = [VF(x0)|, 1 — € < 0x,F(x)/0x,F(x0) < 1+ €on K and Sy N K is the graph
of a smooth function of variables x4, ..., X,_1. For r > 0 small enough, the integral
of ¢ against 03 is (2r)}|VF(xo)|¢ - u(|F| < r) up to a factor g € (1 - €, 1 + &). The
metric r-neighborhood of Sy in K is contained in the intersection of K with the set
{|F| = (1 + €)|VF(xo)|r}. Therefore, for r > 0 small enough we have

@) [ pdyn<(1+28)|VF(xo)| | pdo® <(1+2e)(1+¢) [ pdaf.
/ / /

On the other hand, the set {|F| < r} NK is contained in S&" with g = (1-¢€)™'/|VF(xo)|,
since if x € Sp N K and F(x + sen) > r, then s > r(1 - £) }|VF(xo)| ! by the equality
F(x + sen) - F(x) = sox, F(x + 8ey). Therefore,

(211 [VF(xo)| / ¢ dn < 21) L [VF(xo) / & dyn,
|Fl<r s

which yields that

V(o) /'¢d00 <(-o) M lim(an)! / & dyn.
So S

These bounds yield (2.3).

We now consider a slightly modified construction an advantage of which is exclu-
sion of the non-degeneracy assumption about VF. To this end, from the very begin-
ning we replace the original measure v, by the measure

V= avF"Yn,
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assuming that o, F € Ll(fyn); however, the latter assumption can be dismissed if we
agree to deal with local surface measures. This trick enables us to write

/ ¢'(OvoFi(dl) = / ' (F(0) 0y F () n(dx)
R R
=/6v(¢) oF)dyn = —/¢ o Foypn dx.
RII RYI

This shows that the generalized derivative of v o F~! is the image under F of the mea-
sure with density —(VF(x), X)on(x) which is finite when |VF| € L?(y») and absolutely
continuous with respect to v. Repeating the construction above we arrive at differ-
ent surface measures ¢¢ without any non-degeneracy conditions on VF. Again, the
obtained surface measures are not “geometric”. To return to usual surface measures
we have to assume that VF # 0 and in that case we can consider (at least locally)
the surface measures |VF|™! - ¢!. The measures ¢! and ¢} are related by the equality
at =|VF]?-d'.

Example 2.3.1. Suppose that F is a polynomial of R" such that VF(x) #0. It is known
(see, e.g., [72]) there are numbers ¢ > 0 and a > O such that

[VFGO” 2 c(1 + |x[1)7%

hence the function |VF|~? belongs to all LP(v»), p < ee. In this case both constructions
apply and yield globally finite surface measures on all surfaces F~1(t).

The described second construction has advantages also in the infinite-dimensional
case because it does not involve division by 0, F. We shall now discuss it still in the
Gaussian case but in infinite dimensions, and then present it in full generality.

Now let v be a centered Radon Gaussian measure on a locally convex space X.
Without loss of generality, one can assume this is the standard Gaussian measure on
R*° or its restriction to a weighted Hilbert space of sequences x = (x,) with finite norm

=S 5 1/2 oo
(Dexd) s en>0, Y en<oo,
n=1 n=1

The latter condition ensures this space has measure 1.

Let H be the Cameron—Martin space of ~, i.e., the usual Hilbert space 12 for the
standard Gaussian measure on R*°.

Let FC be the class of all functions of the form

fO) = follu(), ..., (X)), fo € CZR™M, ;€ X,

which for R* is just the union of all classes C3;’(R"). Functions in this class are called
smooth cylindrical.
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Using the Radon—Nikodym density expression of the shifted measure (see (2.1))
we obtain the equality

[ €10 = F00la(d0) - [ € exp (0 - E1hiE/2) - 1]00 (a0

X X

for all f € FC; hence, it follows by letting t - 0 that

/ Inf () ~(dx) = / FOORG) (), (2.4)
X X

where
Onf () :=lim EH(fx + th) - f(x)).

This simple formula is the basis for our construction.
The Sobolev class WP'1(v), p € [1, +o0), is defined as the completion of the class
FC with respect to the Sobolev norm

1/p
Wfllp,1 = lIfllzeey) + IPESllzecy) = [1Fllioy) + (/ IDufOO y(dx)) ,
X

where the gradient Dgf(x) € H (wWhich now plays the role of Vf(x)) is defined by
(Duf(), M)y = opf ().

If {ex} is an orthogonal basis in H the vector Dgf(x) has coordinates 0, f(x). For the
standard Gaussian measure on R* functions of class FC€ are just smooth functions
with bounded derivatives in finitely many variables, and Dyf(x) = Vf(x).

One defines similarly the Sobolev classes W?'1(~, E) of mappings with values in
a separable Hilbert space E; in this case, Dgf(x) is an operator between H and E, and
the Hilbert-Schmidt norm || - ||gs is used to define the Sobolev norm. This means that
in place of | Dy f(x)|y in the previous formula we use the quantity

- /
1DafWs = (3 10 fGIR)
n=1

As a result of completion, every Sobolev function f € W?:!(y) obtains a gradient
Dyf, an LP-mapping with values in H. On account of (2.4) it satisfies the integration
by parts formula

/ YO)DufO0), B +(dx) = - / FOOl9RP(0) — POORGA] A(dx)
X X

for all p € FC. Actually, this equality extends to p € W%'(5), ¢ = p/(p - 1). By us-
ing this directional integration by parts formula, one can show that ~ is differentiable
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along vector fields v € W?*1(~, H) in the following sense: there is a function Bv € LP(v)
such that for all functions f € W?1(y) with p’ = /(p - 1) one has

[ @ur60. v60) ~(d0) = [ Bu0F60-1 (@0, (25)
X X
In this case for v(x) = Y-, va(x)en we have

Br(x) = (3¢, v(x) = va(x)en(x)),

n=1

where the series converges in LP(v). The function By is called the logarithmic deriva-
tive, or divergence of v with respect to . If v(x) = h € H is constant then 8, = h.
Moreover, we can go a step further:

/ YOODf (), VO ~(dx) = - / YOIBGIF ) 1 (d)
X X

- / FOODEP, VO A(d),  (26)

X

where f, ) € WZPl’l(y) so that fi € Wp,’l(y) and (2.5) can be applied to fi.

It should be noted that (2.5) can hold (with some function 8v) for a vector field v
not belonging to a Sobolev class; for example, there are irregular vector fields on the
plane with zero divergence in the sense of distributions. If (2.5) holds for all smooth
cylindrical functions f then ~ is called differentiable along the vector field v.

Inductively one defines higher Sobolev classes W?**(~, E) with derivatives up to
order k; actually, we only need k = 1, 2. For example, the class W?>?(v) consists of
all functions f € WP1(y) such that Dyf € WP'1(v, H). Therefore, the measure ~ is
differentiable (in the sense explained above) along the gradient field v = DyxF once
F € WP>2(~). In this case

Bv=LF,

where L is the Ornstein—Uhlenbeck operator; for R* it is defined as the closure of the
operator

LFO) = [05.£(00) - x;0xf(0)]

on smooth cylindrical functions. However, belonging to the second Sobolev class is
not necessary for the existence of divergence of DyF. This happens already in the
finite-dimensional case.

Now, given a function F € WP*2(y), where v is the standard Gaussian measure
on R*°, with some p > 1 such that

1

»
DyF? € L (),
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we consider the exact analogs of the two constructions of surface measures on the
level sets S; = F~1(t) considered above for R™. In the first construction we have the
following exact analog of (2.2):

/ ¢ (O)y 0 F1(df) = / 203 .
R X

By using (2.6) and the equality
Ov(DEF(xX), DgF())y = 2(DEF(X) - DgF(x), DgF()),

where D4F(x) - DiF(x) is the action of the operator D F(x) on the vector Dy F(x), we
write the right-hand side as

o0l e ]t 208
X X

|DyF|%;

The integral on the right exists since we have LF, | D% F| g5 € L?(y) by the assumption
that F € WP*%(4); hence, |LF|/|DyF)%, |D%F us/|DuF|% € L (y) by Holder’s inequal-
ity. Next we show that similar equalities hold if we replace the measure v by - ~,
where 1 is a bounded function that is Lipschitz on R* with respect to the metric

d(x,y) = Z 27" max(|xn - ynl, 1).

n=1

To this end, we observe that such a function is Lipschitz along H, i.e.,
|p(x+h) - ()| <Llh|y forallx e R®andh e H = I,

Indeed, max(|hn|, 1) < |h|y for all n, hence d(x + h, x) = d(h, 0) < |h|y. It is known
(see [11, Section 5.11]) that this yields the inclusion ¢ € W1(y) forall s € [1, +o0) and
|[Dgy|g < L. Hence, in the calculations above we have to replace 1/0,F by /9dvF so
that in place of 9,(1/0vF) we have 0,¥/0vF + 9v(1/0vF). By the equality

ovp/ovF = (Dy, DyF)y/|DyF |y

and boundedness of Dy, this yields finite integrals in analogous calculations. There-
fore, as in the finite-dimensional case, the measures

B»—)(Zr)_l’y(Bﬂ{t—r<F<t+T})

converge weakly to finite measures ¢! as r > 0+.

Finally, in place of sets {¢ - r < F < t + r} we could deal with sets {t < F < t + r}
or {t < F < t +r} and divide by r in place of 2r in the appropriate places; this will be
done in the next section for the sake of some minor technical simplifications.
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The measures ¢}, can again be defined by the equality
0h = |DyF| - o'

provided that |DyF| is o'-integrable. This condition automatically fulfilled if |Dy F| is
bounded or under the assumptions F € W?"P(v) and 1/|DyF|* € LP (5) used above.
Moreover, as in the finite-dimensional case, even weaker assumptions are sufficient:
it is enough to have

Fe W>?(y), 1/|DyF| € L*(y).

This is verified by the same method with the measure |[DyF| - v in place of ~.
The second construction with the measure |DyF|? - v in place of v is completely
analogous; we obtain finite measures ¢} as weak limits of the measures

B ) Y(IDyF)? -7 )Bn{t-r<F<t+r}), r>0+.

We could also in this case deal with measures of thesets {t < F < t+r}or{t < F < t+r}
divided by r.

However, now we have a problem that arises also in R" if we do not assume the
continuity of F (which does not follow from the membership in W? 2(R™) for large n).
Namely, we cannot assert that ol or atl is concentrated on S;. We shall solve this prob-
lem in the next section in a general setting. To do so we compare our surface measures
with conditional measures and show that they are concentrated on the level sets S;
for almost all ¢ (with respect to the image measure). Moreover, in Section 5 we involve
Sobolev capacities to construct surface measures concentrated on the corresponding
surfaces for all ¢.

It is worth noting that an exact analog of the finite-dimensional situation consid-
ered above arises under the following two conditions: (i) we restrict our measure
to a weighted Hilbert space Y of sequences x = (x,) with finite norm ||x||y defined
by [|x||§ = S, cnXn, where ¢n > 0 and Yo, cn < oo (in this case y(Y) = 1), (i) F
is least twice continuously Fréchet differentiable on Y. In that case, the measures o'
and th will be concentrated on S; for each t. However, in the definition of an analog of
the measure ¢§ we now have two non-equivalent options: we can take the measures
|DyF|y - o' or the measures | VF|y - o. The former corresponds to r-neighborhoods
of S; with respect to the norm of H, i.e., to the sets S; + rUg, where Uy is the unit
ball of H; while the latter corresponds to the norm of Y. The relation to Y is, on the
one hand, natural, since v is concentrated on Y (but not on H); however, on the other
hand, there is no preference in our choice of Y (there are too many suitable spaces).

Consider continuously Fréchet differentiable function F on Y with VF # 0. We
can define surface measures locally by considering small neighborhoods U in which
S¢ looks like the graph of a continuously differentiable function G on a closed hyper-
plane Yy in Y. This is always possible by the implicit function theorem; moreover, it
is possible to choose such a hyperplane Yy in such a way that it is orthogonal in Y to
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a vector h from the Cameron—-Martin space H. This simplifies the previous construc-
tion, since we can take a constant vector field: v(x) = h. To minimize changes in the
discussed construction, it is convenient to replace v by a measure of the form g - v,
where g = 0 is a Lipschitz function with support in a ball Uy of radius ry such that
the ball with the twice larger radius belongs to the neighborhood U. In addition, func-
tions 1 with support in U will be taken. We can assume that 0,F = ¢ > 0in U, so
the function 1/9,F is bounded in U. Hence, both constructions are applicable in this
case. In principle, if F is continuously Fréchet differentiable and VF #0, we can intro-
duce global surface measures as possibly o-finite measures by summing local surface
measures.

Example 2.3.2. Let us consider the case where F = h is a measurable linear func-
tional. Typically, it has no continuous version. For example, in the case of the stan-
dard Gaussian measure on R* only finite linear combinations of coordinate functions
are continuous. Series ) | cnxn with infinitely many nonzero coefficients ¢, have no
continuous versions; the stochastic integral

1
/ (o) dx(®)
0

on the Wiener space, where y € L2[0, 1], has a continuous version precisely when
Y has a version of bounded variation. We can assume that |h|y = 1. Then \DHE\ H=
|h|g = 1 and all the three surface measures o', 0§y and ¢} coincide. They can be cal-
culated by using the connection with conditional measures that are known (see the
next section), but this can be also done directly. Let us recall that any Radon measure
is uniquely determined by its Fourier transform, i.e., the integrals of the functions
exp(il) for | € X". According to our construction, the integral of exp(il) against ¢ is
the limit of the expressions

@2n™ / exp(il) d~.

{t-r<h<tsr}

We can write | = ch + &, where ¢ € R, ¢ = u for some u € H such that £ and h are
orthogonal in L?(v) (equivalently, (h, u)y = 0). We shall use a proper linear version
of & (which exists); in this case it is known that &(h) = (u, h)g = 0. The orthogonal
measurable linear functionals ¢ and h are independent Gaussian random variables,
hence

Q2nt / exp(il) dy = (21)" / explich) dvy / exp(ié) dvy
{t—r<ﬂ<t+r} {t—r<ﬁ<t+r} X
t+r
= (2r)"1(2n)"1/2/exp(ics) exp(-s2/2) ds/exp(ié’) dr,

t-r X
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which tends to
(272 explict - t2/2) exp(-||¢]|3/2)

asr - 0.If t = 0, then we see that ¢° coincides up to the factor (271)‘1/ 2 with the
Gaussian measure 7 that is the image of v under the linear mapping Px = x — h(x)h.
Indeed, the Fourier transform of vo P! at the functional I represented as above equals

/ exp(il(x - A(O)) (dx) = / exp (i(ch - £)(x - A()M) +(d)

X X

- / exp (i£(x)) 7(dx) = exp(-||£[3/2),

X

since £(h) = (u, h)g = 0. Therefore, the measure ¢’ is the shift of the measure ¢° by
the vector th.

We conclude this section by considering an analog of “Gaussian” Hausdorff measures
associated with the geometry of the Cameron—-Martin space as proposed by Feyel and
de La Pradelle in [36]. This construction begins from R". Recall (see [12], [33], [34], [79])
that for every m € (0, n] the classical Hausdorff measure Hy, is generated by means of
the outer measure H, defined for each set A by

Hp(A) = infi Cm(diam A))",  Cm =27"I'(1/2)"/T(1+m/2),
j=1

where infis taken over all sequences of closed sets A; of diameter at most § with union
containing A. The values H3,(A) increase as 6 - 0+ and have a limit (possibly, infinite)
denoted by Hm(A). If we apply this method with balls in place of arbitrary closed sets
the result will be the spherical Hausdorff measure S, that is larger than H,, (on suf-
ficiently regular sets they coincide). Through this approach, the following “Gaussian
spherical Hausdorff” measures 6; on R" were introduced:

0x(B) = on * Sp(B),

where 8,,_;(B) is the limit as § > 0+ of the infimum of Z}’:l An-i(B;) over all covers of
B by closed balls of radius at most 6 and A,,_i(B;) is the (n - k)-dimensional volume
of B; measured as the (n — k)-dimensional volume of the section of B; by a subspace
of dimension n - k passing through the center of B; (which equals const(n — k)rlf"k,
where r; is the radius of B;). The number k in this notation refers to “codimension”.

The next step is to fix k and take an n-dimensional subspace Hy in H. The orthog-
onal projection P,: H - Hj, admits a measurable linear extension Ppn > X > Hp: if
e1,...,enis an orthonormal basis in Hy, then

Pnx :=e1(x)eq + -+ - en(x)en.
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Let v1 be the image of v under the measurable linear operator I - P,. For every Borel
(or Souslin) set A in X set

npn(A) = /ek(Ax)’Yn(dX), Ax={y € Hn: x+y € A}.
X

The section Ay is Borel in H; if A is Borel (and is Souslin for Souslin A). In addition,
the function x — 6 (Ax) is measurable with respect to all Borel measures. Finally, the
Gaussian Hausdorff measure 1, of codimension k on X is defined as follows: 1;(4) is
the supremum of 17,;"(4) over all n-dimensional subspaces in H with n > k.

These Gaussian Hausdorff measures are related to the initial Gaussian measure
by the following formula established in [36] and presented here for simplicity in the
case k = 1: if f € WP>?(y) for all p € [1, +o0) and f is continuous (actually, it suffices
that f be quasi-continuous with respect to the Sobolev capacity corresponding to the
class WP1(y), see the next section), then

/ IDgf | dvy = / n1(A N {{Duf| > 0} 0 fL(0) dt.
A

R

If [Dyf| > 0, then we integrate n1(A N f~1(t)) on the right.

Similarly to the finite-dimensional case, an obvious advantage of Gaussian Haus-
dorff measures is that their construction is absolutely independent of any particular
representations of sets. The other side of this universality is that it is rather difficult
to calculate surface measures of given sets; this happens already in R". Actually, the
last formula can help in such calculations: if |Dyf| > 0 and A = BN {f < s}, where B
is a Borel set and s € R, then we have

[ pafiar= [m@arioa
{f<s}NB —oco

Letting n1,¢(B) = n1(B N f~1(#)), for bounded Borel functions ¢ we obtain

S

[ #oaniar= [ [ @

{f<s} T X

Therefore, 171 (BN f~1(t)) can be obtained as the derivative of the distribution function
Ig|Dyf| - (f < 1); this identifies ; on f~1(t) with the surface measure of, considered
above.

It is not clear whether every surface of the form S = f~1(0), where f is a contin-
uous polynomial on a Hilbert space with a Gaussian measure ~ such that Vf(x) #0,
has a finite surface measure; certainly, locally all these approaches give nice surface
measures. The problem is that it is not known whether the function |[Vf(x)|? is inte-
grable (it is even unknown whether there is p > 0 for which it is integrable). Unlike
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the finite-dimensional case, there is no lower bound of the form Q(x) > c(1 +|x|?)™® for
any continuous polynomial Q > 0. It is also worth noting that zero sets of continuous
polynomials on a Hilbert space are more complicated sets than in R". For example,
the cardinality of the set of disjoint connected components of f~1(0) can be contin-
uum and the class of orthogonal projections of such sets coincides with the class of
all Souslin sets (see [11, Exercise 6.11.19]). A survey of results on distributions of poly-
nomials is given in [16].

2.4 Surface measures for differentiable measures

Here we described an abstract approach to surface measures suggested in [18], where
the proofs of some technical assertions can be found. For the reader’s convenience we
include justifications of the most important steps.

Let u = O be a fixed Radon measure on a completely regular space X and let B
be the Borel g-algebra of X. Let F be a class of bounded B-measurable real functions.
Recall that a class of functions separates measures if two measures coincide whenever
they assign equal integrals to all functions in this class. We assume throughout that
F satisfies the following conditions:

(F1) 7 is a linear space separating Radon measures on X, and ¢(f) € F for all
f e Fandall ¢ € C7(R).

For example, if X is a metric space the class of all bounded Lipschitzian functions
on X satisfies conditions (F1). We shall see in Section 4 that this class is indeed conve-
nient for many applications.

Another example: given some class F, of B-measurable functions, we take for F
the class of all compositions ¢(f1, . .., fn), where f; € Foand ¢ € C;’(R"). This classis
a linear space and is stable under compositions with C;’-functions; certainly, we still
need the additional condition that it must separate measures (which trivially holds
if ¥ is separating). See also the modification of (F1) for multidimensional mappings
considered in Section 7.

It follows from (F1) that 1 € J and that fg € F for all f, g € 7. Indeed, f* € J for
all f € F, because we can take for ¢ a function in C}’(R) that coincides with x? on the
bounded range of f, so it remains to use the equality 2fg = (f + g)*> - f* - g°.

Definition 2.4.1. A vector field on X (or an F-vector field if we need to indicate its rela-
tion to F) is a linear mapping (differentiation)

vi F>L' W), fo of,

such that
W(pof)=d(Novf pae. 2.7)
forallf € Fand ¢ € C3(R).
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Similarly we can define more general vector fields for which functions d,f belong to
the space L°(u) of u-measurable functions.

Applying (2.7) to f, g, f +g and ¢ such that ¢(¢) = t? on a sufficiently large interval
we obtain the Leibniz rule

ov(fg) = fovg +govfae. Vf,gecd. (2.8)

It is worth noting that 9,1 = 0 because we can take ¢ = 1 in (2.7) or, alternatively,
we can take f = g = 1 in (2.8).

Below a fixed vector field v will play a role of a normal field on level sets (and in
some cases one can use indeed unit normal fields).

Definition 2.4.2. The measure j is called Skorohod differentiable along v (with respect
to ¥) if there is a Radon measure dvu on B, called the Skorohod derivative of y along v,
such that

/ 3uf 00 u(dx) = - / FOO dup(dx) Vf € 5. 29)
X X

We say that u is Fomin differentiable along v if dvi < u; in that case the Radon—-
Nikodym density of dyu with respect to p is denoted by By and is called the logarithmic
derivative of u along v or divergence of v with respect to p.

For example, let u be a measure on R? with a smooth density p, F be the class of
all bounded Lipschitz functions or the classes C‘;"(Rd), and v be a nonzero constant
vector (so that 9,f is the usual partial derivative). Then dyu is given by density dvo
and By = (dvo)/0, which explains the terminology. If v = 1 on the real line the usual
Lebesgue measure A on [0, 1] regarded as a measure on R is Skorohod differentiable,
and dqA = g — 6, is the difference of two Dirac measures and Fomin differentiable.

In the case of R with F as above, a measure y is Skorohod differentiable along
all constant vectors precisely when it has a density p belonging to the class BV(R?)
of functions of bounded variation, that is, functions in Ll(]Rd) whose first order par-
tial derivatives in the sense of distributions are bounded measures (see [33], [79]); in
that case, for a constant vector v, the measure dyu is the partial derivative of u along
v in the sense of distributions. The measure u is Fomin differentiable along all con-
stant vectors in R? precisely when it has a density in the Sobolev class W' (R?) of
integrable functions possessing integrable first order partial derivatives in the sense
of distributions. If u = p dx and p € W (R9), then for any constant vector v one also
has By = 0v0/0, where we set 8, = 0 on the set of zeros of p. If a vector field v on R? is
not constant, but is bounded and Lipschitzian, then

Bv =divv + dvo/o.

This is also true for vector fields belonging to appropriate Sobolev classes. For a survey
of the theory of differentiable measures, see [13].
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If u is a centered Gaussian measure with the Cameron—Martin space H the mea-
sure u is Fomin differentiable along the constant vector field h and S, = —h, which is
a trivial corollary of the Cameron—Martin formula (2.1).

The original definition of Fomin dealt with constant vector fields on linear spaces.
Differentiability of measures along non-constant vector fields was already considered
in the 1980-1990s (sometimes implicitly) in the Malliavin calculus and its modifica-
tions (see [70], [30], [68], [9], and [31]); close constructions arise in relation to the so-
called “carré du champ” operators (see [23]). Obviously, to be differentiable depends
on F. However, in reasonable situations differentiability with respect to small classes
(separating measures) often yields differentiability with respect to larger classes. For
example, in the case of v(x) = 1 on the real line, differentiability with respect to C’
yields differentiability with respect to the class of bounded Lipschitz functions.

Observe that dyu(X) = 0, which follows from (2.9) applied to f = 1, so dyu is
necessarily a signed measure.

We need an extension of 9y to functions outside of F.

Definition 2.4.3. Let u be Skorohod differentiable along a vector field v. We say that a
B-measurable function ¥ belongs to Dy if ¥ € Ll(y) Al Ll(dv;u) and there is a sequence
of functions f, € F converging to ¥ in L*(u) and in L*(dyu) such that the functions dvfn
converge in L' (u) to some function w and the functions f,0vg converge in L' (u) for each
g € F. Thenweset 0y¥ := w.

Note that by convergence of {f,} in L*(u) the sequence {f,dvg} converges in L*(u)
precisely when it is uniformly p-integrable. This condition holds if {f»} converges to
¥ in LP(u) for some p > 1 and all functions o, g for g € Fbelong to LY (u), g = p/(p-1).

This definition is somewhat technical because we want to make it sufficiently
broad. Similar technicalities already arise on the real line if one wants to integrate
by parts unbounded functions with respect to measures with densities of bounded
variation (but not absolutely continuous) such that the derivatives can be singular.
In the case of a Fomin differentiable measure y with 8, € L?(u), it would be natu-
ral to say that a function ¥ e L?(u) has a Sobolev derivative 0,¥ € L?(u) if there is
a sequence of functions f, converging to f in L?(u) such that {dfx} also converges
in L%(u). In that case, the limiting function for {0, } would satisfy the integration by
parts formula. The definition above follows a similar idea under weaker integrability
conditions.

The function w (if it exists) is uniquely defined. Indeed, for each g € F we have

[ gm0 ut@n - tim [ §090,f:00 (@0
X

X

- lim / [0v(8f) (%) - Fa()0vg0O] p(dx)
X
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~—lim [ (ef)0 dd) - [ Vougu(a
X X
- / (g¥)() dyp(dx) - / Y(x)dvg00) u(dx).
X X

Therefore, the integral of gw is determined for each g € ¥, which uniquely deter-
mines w according to Condition (F1).

Remark 2.4.4. If f is bounded a sequence {fx} with the properties mentioned in the
definition can be replaced by a uniformly bounded sequence; the technical condi-
tion of uniform integrability will therefore be fulfilled automatically. Indeed, taking
{ € Cy(R) such that {(t) = t on an interval containing the range of f, we obtain a
new sequence gn = {(fx) that is uniformly bounded and converges to f in L!(u) and
L'(dyp). In addition, the functions dygn = { (f1)dvfn converge to oyf in L (u).

Let u be Skorohod differentiable along v. We shall assume that F: X > R is a B-
measurable function such that

(F2) (F) € Dy for each function ¥ € Cg5’(R) and there is a B-measurable func-
tion o, F such that d,(1 o F) = ¥ (F)d,F a.e. for each 1 € C3*(R). Moreover,

OvF=0, oyF e L(y).

Set
vi=(0vF)-u, n:i=dypoF'. (2.10)

The measure v is finite and nonnegative (it can be zero). The conditional measures
on the level sets F~1(y) generated by the measure v will be denoted by V" (in the case
where u is concentrated on a countable union of metrizable compact sets).

We now introduce our surface measures ¢”; it might be reasonable to use the sym-
bol ¢, to emphasize dependence on v, but we omit this indication for notational sim-
plicity. The definition employs only the differentiability of the distribution functions

%)= [ Ffvid
{F<y}
at a given point. In this respect, no topological structures are needed. However, for

deriving further properties of our surface measures we shall need some additional
assumptions of topological nature. We set

@s(y + h) - Df(y)
h

05(y) = Df(y) = lim (2.11)

if a finite limit exists.
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Definition 2.4.5. Lety € R. Suppose that @y is differentiable at y for each f € J and
there is a Radon measure ¢” on B such that

/ £00 0 (dx) = s(y) VS € F. 212)
X

Then ¢” is called the surface measure associated with the level set F~1(y).

Remark 2.4.6. Note that we do not require that the surface measure be concentrated
at the level set F~1(y), but under broad assumptions (see the next theorem) it is indeed
ameasure on F~1(y). In this respect, the situation is similar with conditional measures.

However, if F is continuous (which we do not assume) and, for every z € X\F1(y)
and every neighborhood U of z, there is a nonnegative function f € F with support
in U and positive in a neighborhood of z (which is fulfilled if F contains all bounded
Lipschitz functions on a metric space) then ¢” is automatically concentrated on F~1(y).
This is readily seen from (2.12) because we can take U such that |F(x)-y| > |F(z)-y|/2
forallx € U; by (2.11) this yields p¢(y) = 0. Hence, the integral of f against ¢” vanishes,
so that z does not belong to the topological support of ¢”.

A similar reasoning shows that ¢” is automatically concentrated on F~'(y) pro-
vided that F satisfies ¢p(F) € F for all ¢ € C;’(R). In this case, considering suitable
functions f = ¢(F), we obtain that the sets {F > y + 1/n} and {F < y - 1/n} have
o”-measure zero for all n € N. The latter condition with compositions is fulfilled if in
the Gaussian case (see Section 3 and Section 5) we take for J the class of all bounded
functions in the Sobolev space W??(u) and F € W?2(p).

We shall see that the hypothesis of differentiability of @ is fulfilled if u is Fomin differ-
entiable along v and F satisfies (F2). In typical cases, the assumptions of this definition
are ensured by the following condition: the measures v, = r™!I {y<F<ys+r} * V converge
weakly as r - 0, which in turn is ensured by their uniform tightness and convergence
of the integrals against v, of bounded functions from a measure separating class. Ex-
actly this will be implemented below.

In the case of measures on locally convex spaces differentiable along constant
vectors, this construction is close to the ones described in [9], [10], [11] and later de-
veloped in [58]; however, in our case it requires only one-fold differentiability of F.
In [58] the membership of F in the second Sobolev class is required and in [29], in the
Gaussian case, also the second derivative is used (the function F is in the first Sobolev
class, but its appropriately scaled Malliavin gradient must be also in the first Sobolev
class).

The following result from [18] gives broad sufficient conditions for the existence
of surface measures and describes their connections with conditional measures.

Theorem 2.4.7. Let u be Fomin differentiable along v with the logarithmic derivative
Bv. Suppose that (F1) holds, a function F: X - R satisfies (F2) and poF -1 has no atoms
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(i.e., u(F1(y)) = O for all y). Assume also that at least one of the following conditions
holds:

(i) X is a complete metric space and F contains all bounded Lipschitzian functions;

(ii) the measure u has compact support;

(iii) there exists a nonnegative function W € ©y such that Wy, Wo,F € L (u) and
the sets {W < R} are compact for allR = 0.

Then, for each y € R, the Radon surface measure o” associated with F~1(y) exists.

In addition, if u is concentrated on a countable union of metrizable compact sets,
then, for v o F'-a.e.y, where v = (0,F) - U, the surface measure oY is concentrated on
F1(y) and we have the equality

Oy 291()’)’Vy,

where p1 is the density of v o F~1 and {V"} is the system of conditional measures for v.

It follows that 0” is absolutely continuous also with respect to the conditional measure
w for p.

The proof will be given below after a number of auxiliary results. However, we
can say right now that in all these cases the measure ¢” will be obtained as the limit
of the measures r 1I {y<F<y+r} * v in the week topology; in cases (i) and (ii) this will be
an immediate corollary of our assumptions and in case (iii) some little extra work will
be needed.

The main point is that, under the assumptions of the theorem, for every f € F
the function @¢(y) is continuously differentiable. This can be explained immediately
in the case F € J. The function @(y) is the distribution function of the bounded
measure

mf = (]‘-'V)OF_1

on the real line. Therefore, it suffices to show that this measure has a continuous den-
sity o5 with respect to Lebesgue measure. This will be done if we show that the deriva-
tive of m; in the sense of generalized functions is a bounded measure 1y without points
of nonzero measure. Using the standard reasoning in the Malliavin calculus, we now
show that

’1f=(f'dVil+an'H)oF71
is the generalized derivative of m;. Let ) € C5(R). We have

/wmmwm=/WmvwnFﬂm=/mwwmwnmun
X
=/mWﬁWﬂMm»/¢wmwmmmw)
X X

=—/wmnmmmmm%/vwmmmnMMF—/¢mmwa @)
X X
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Finally, ny has no points of nonzero measure if this is true for y o F “Land dyu < p
(the latter is true in the case of Fomin differentiability). The proof below is similar, we
just need to extend (2.13) to more general functions F satisfying (F2).

Remark 2.4.8. It is worth noting that under our assumptions (F1) and (F2) the mea-
sure v o F~! is absolutely continuous (see below), hence Uo F! is also absolutely
continuous provided that 0,F > 0 u-a.e. (then u and v are equivalent). In particular,
in the latter case yu o F -1 has no atoms. In general, of course, this is not true, since F
can be constant on a positive measure set.

Remark 2.4.9. It will be clear from the proof that if we are interested only in surface
measures on F~1(y) for y in some interval I it suffices to have that u(F~1(y)) = 0 only
for y € I. In addition, in many cases the construction can be “localized” by replacing
u with the measure f - 4, where f € F has an appropriate support. In this way, one can
make assumptions about also local v, say, replacing v by f - v (note that the surface
measures in [11] are constructed locally).

The following classical concepts and facts are crucial for the proof of Theorem 2.4.7.
A sequence of Radon measures un converges weakly to a Radon measure u if, for
each bounded continuous function f, we have

/ F0O u(dx) = lim / £0O pn(d).
X X

By Aleksandrov’s theorem, weak convergence of a sequence of Radon probability
measures to a Radon probability measure u is equivalent to the relation u(W) <
lim inf,;50. un(W) for every open set W (see [12, Section 8.2]).

By LeCam’s theorem (see [12, Corollary 8.6.3]), ofr complete metric spaces, if a se-
quence of nonnegative Radon measures uj is such that the integrals of each bounded
Lipschitzian function with respect to these measures converge then this sequence con-
verges weakly to some Radon measure.

Finally, it follows from Prohorov’s theorem (see [12, Section 8.6]) that if a sequence
of Radon measures v, on X is uniformly bounded in variation and uniformly tight, i.e.,
for every € > O there is a compact set K¢ such that |un|(X\K¢) < € for all n, and there is
a class of bounded Borel functions on X separating Radon measures such that the in-
tegrals of f against p, converge for each f in this class, then the measures u, converge
weakly to some Radon measure yu on X (Prohorov’s theorem ensures the existence of
a Radon measure y that is a limit point of {un} in the weak topology and the second
condition says that this limit point is unique, hence the sequence converges weakly to
it).

Note that in order to have the uniform tightness of nonnegative Radon measures
vn it suffices to have a nonnegative Borel function W on X such that the sets {W < R}
are compact for all R > 0 and the integrals of W with respect to the measures v, are
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uniformly bounded by some number C. In that case, by the Chebyshev inequality we
have
va(X\{W <R}) < CRL.

Lemma 2.4.10. Let u be Skorohod differentiable along v. Then
(i) for every f € ®y, the measure (0vf - u) o f* is absolutely continuous and its
distributional derivative is (f - dyp) o f~1, hence for all t we have

t

/ () u(dx) = / / 00 dyp(dx) ds. (214)
ety S ffes)

(ii) ¢(f) € Dy for each Lipschitzian function ¢ and each f € 7.
In addition, ¢(f) € Dy for any continuously differentiable function ¢ with a
bounded derivative and any f € ©,. In both cases, dv(¢ o f) = ¢ (F)ovf u-a.e.

For a proof, see [18].

Lemma 2.4.11. We have (F) € Dy for each bounded Lipschitzian function i on the
real line. In addition, d,(Y(F)) = ' (F)d,F.

The proof of this lemma is easy and can be also found in [18].

Corollary 2.4.12. Under assumptions (F1) and (F2) we have
VoF Y =n=dpuoF?!

in the sense of distributions, where v and n are defined by (2.10). Hence the measure
voF lhasa density g1 of bounded variation, moreover,

01(t) = (o0, t)) = dypu(x: F(x) < t).

If u o F7! has no atoms and y is Fomin differentiable along v, then |dyu|({F = t}) = 0
for every t, hence this density is continuous.
Moreover, for every f € F we have

(F-v)oFY =(f-dyp)o F 1+ (0uf - p) o F (2.15)

and
I - v) o FYY | < |If - dvp+ 0vf - |-

If 4 o F~! has no atoms then the measure (f - v) o F! has a continuous density or of
bounded variation and

lor)| < IIf - dvp + ovf - | < [ldvll + [If[loo + [[Ovf L1 0)-
Finally, if dyyu = Bv - u, where Bv € L9(u), g = p/(p - 1), then
lor ] < 1BvliLagolflzogoy + 10V 111y (2.16)
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Proof. Extending (2.13), we find that

/ WO F-v) o Fde) - / 3y o FF0O) p(d)
X
- / YOG dypa(dx) - / WF0)auf () p(dx),
X X

which gives (2.15), hence all our assertions follow. O

Remark 2.4.13. It should be noted that the “non-normalized” surface measures intro-
duced above are still not true “surface measures”; they depend not only on the level
sets F~1(y) but also on the whole function F. Obviously, the whole measure depends
also on our choice of the vector field v. However, there is some scaling invariance of
the construction: for example, if we replace F by kF with some number k > 0, the set
F~1(0) does not change and our measure ¢° respects this. The sets {0 < kF < r} are the
old sets {0 < F < r/k}, so, when evaluating the derivative of the distribution function
at zero, we have the factor k coming from o0, (kF) and obtain the same quantity.

Nevertheless, if v also depends on F, e.g., if we take for v a suitable gradient of
F without normalization, then we loose this invariance. This is a certain disadvan-
tage of our definition which will be partially overcome below (by passing to surface
measures normalized by weights or by taking normalized vector fields). One should
bear in mind that, even dealing with very nice functions F on infinite-dimensional
spaces, the known constructions do not really define surface measures on individual
level sets F~1 (v). As it happens with usual nice surfaces in R , it is still necessary that
each fixed surface be included in a special family of level sets. An important excep-
tion is the Gaussian Hausdorff measure mentioned in Section 3; as we have seen this
is a non-o-finite measure on all Borel sets and it is not easy to calculate its value on
individual surfaces. Another exception is a surface determined by a nondegenerate
Fréchet differentiable function on a Banach space (but typical infinitely Sobolev dif-
ferentiable functions on infinite-dimensional spaces are not even continuous). On the
other hand, by using weight functions one can obtain “geometric surface measures”
on the basis of our surface measures for a reasonable individual surface.

Proof of Theorem 2.4.7. We can assume that y = 0. We know from Corollary 2.4.12 that
for every f € ¥ the distribution function of the measure (f - v) o F~! is differentiable at
zero and its derivative is p¢(0). Clearly,

0r0) = limn [ £00v(ax) = lim [ FG0va(an),
B, X

where
Bn={0<F< n'l} and vp:=nlg -v.
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Certainly, in place of n~! we can take numbers h, > 0 decreasing to zero (then the
factor nisreplaced by hy!). The nonnegative measures vy, are uniformly bounded since
their values on the whole space X converge to p1(0).

If either (i), (ii) or (iii) is fulfilled, it follows that there is a bounded nonnegative
Radon measure ¢° on X such that

/ £000°(dx) = lim / 00 va(d).
X X

Indeed, in case (i) we apply Le Cam’s theorem. Note that the measures v, are Radon
and are concentrated on a common separable subspace. In case (ii) we obviously have
the uniform tightness of the measures v,, which gives a Radon limit, as explained
above.

The same is also true in case (iii) because the integrals

/ W) va(dy) = n / W) v(dx)
X Bn

are uniformly bounded. This follows by the same reasoning that proves the existence
of 91(0), just in place of u we take W - u; our assumptions in (iii) are such that this
works. This completes the proof of Theorem 2.4.7.

Let us compare the constructed measures ¢” with the conditional measures v/,
assuming that y is concentrated on a countable union of metrizable compact sets. It
follows from the definition of g((y) that

/ / £ 0" (dx) dy = X/ £00v(dx) = R/ X/ FOOV(dx)v o F\(dy).

-0 X
The integral on the left can be written as

+oco

1 _ 1y oF!
Z X/ P05 0" (@) 1)y R/ X/ P05 0 (@) ve ).

Hence the measure 67 /p+(y) coincides with the conditional measure v for vo F-a.e.
y due to our assumption that F separates measures on B, and the essential uniqueness
of conditional measures. O

Remark 2.4.14. (i) The assumption that p is concentrated on metrizable compact sets
has not been used for the proof of existence of ¢”; it is only needed if we wish to com-
pare surface measures with conditional measures and localize ¢” on F~1(y).

(ii) In place of the sets {y < F < y+h} we could deal with the sets {y—h < F < y+h},
but then the factor h~! must be replaced by (2h)71.

(iii) It follows from our construction that in cases (i) — (iii) the mapping y — o” is
continuous provided that the space of probability measures is equipped with the weak
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topology. Indeed, according to (2.12), whenever y; - y, for each f € F the integral of f
against 0¥ converges to the integral of f against 0¥ ; by the respective assumption this
yields weak convergence.

(iv) Although our construction of surface measures is topological in the sense that
it involves weak convergence of measures and the latter depends on the initial topol-
ogy, the resulting measures possess certain topological invariance. Obviously, they do
not change if we continuously embed our space into a larger space. Moreover, in many
practical situation they do not change even if we consider them on a smaller topolog-
ical space of full measure continuously embedded into the original space in such a
way that the restriction of our measure y to this smaller space is Radon on it.

(v) Surface measures are closely related to the classes BV of functions of bounded
variation. In R" the functions of this class are precisely those functions f € L'(R")
for which the derivatives 0y,f in the sense of distributions are measures of bounded
variation. The indicator function Iy of a domain belongs to BV precisely when the
boundary oV of V has finite perimeter. For the infinite-dimensional case, see [2]-[8],
[20], [21], [22], [24], [25], [43], [44], [48], [51], [62], and [63]. An interesting question is to
determine when level sets of a convex function (for example, a seminorm) have finite
surface measures. This question is not trivial even for Gaussian measures and becomes
especially challenging for convex (or logarithmically concave) measures, i.e., proba-
bility measures whose finite-dimensional projections are measures given by densities
of the form e~V with a convex function V with respect to Lebesgue measures on affine
subspaces. One of the problems with such measures in infinite dimensions is that it is
not known whether they always have vectors of Skorohod differentiability. Returning
to the Gaussian case, recall that if v is a centered Gaussian measure and A is a Borel set
of measure y(A) > 1/2 and @(a) = v(A), where @ is the standard Gaussian distribution
function, then the following isoperimetric inequality holds (see, e.g., [11]):

YA +tUy)2P(a+t) Vt=0,

where Uy is the closed unit ball in the Cameron—Martin space H. Therefore,

1A + tUp) = 4(4) | Pla+0)- D)
t - t )

Hence letting t - 0 we conclude that the liminf of the left-hand side is at least @'(a) =
o(a), which is the surface measure of the half-space of y-measure a. Therefore, half-
spaces possess minimal surface measures among sets of y-measure a.

2.5 Fine versions of surface measures controlled by capacities
The surface measures constructed above on the basis of the Malliavin calculus have

the property that they are defined on “almost all” level sets similarly to conditional
measures. In this section we give some additional conditions under which there is a
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more canonical version of ¢” sitting on F~1(y) for each y. Here we assume that y is
Fomin differentiable along v (also some higher integrability of 8, will be assumed).
Note that the measures ¢ do not change if we take a different version of F, but the
sets F~1(y) can change. We recall that, as noted above, there is no problem if F is con-
tinuous and for every point z in the complement of F~1(y) and every neighborhood
U of z there is a nonnegative continuous function of class F positive at z and having
supportin U.

Another concept coming along with surface measures is capacity (see [11] or [13]).
Suppose that ¥ is equipped with a norm || - |5 such that convergence in this norm
yields convergence in L(u). In practical situations, this will be often the norm of a
suitable Sobolev space WP ’1(11), but so far no Sobolev spaces are needed. This norm
generates a capacity: for every open set U C X we define its capacity associated with
F by the formula

Cs+(U) =inf{||f|l5: feF, f=20, f=1 p-a.e.on U}.
For any set B C X let
C+(B) =inf{C4(U): U D Bisopen}.

Typically, capacities of the sort we consider are tight (see [61], [59], and [60]), i.e., for
each € > O there is a compact set K¢ such that C4(X\K¢) < €. However, we do not
assume this property.

Recall that a function f is called Cg-quasi-continuous if, for each n, there is a
closed set A, such that C5(X\A») < 1/nand f|,, is continuous.

It is known that each function f € JF has a Cg-quasi-continuous version (see
[13, Section 8.13]), provided that the norm || - || is strictly convex. This is the case
with the LP-norm with p € (1, +o0), and, more generally, with any norm of the form
Iflls = IT LIl Lr(m)> Where m is a probability measure and T is a bounded injective lin-
ear operator from L?(m) to Ll(p); in particular, the latter case covers most of Sobolev
classes such as WP 1(y) for a Gaussian measure ~ (see Section 3). However, in place of
such assumptions we simply assume in addition to (F1) and (F2) that

(F3) F has a quasi-continuous version.

We now fix a quasi-continuous version of F; the results below refer to this version.

Lemma 2.5.1. Let u be Fomin differentiable along v with respect to F and let (F1), (F2)
and (F3) hold. Suppose that there is p > 1 such that

oo + 10vfllLagy < Iflls> €T (2.17)

Assume also that v € Lp/(p‘l)(y). Then, for every open set W C X and any r > 0, the
measure v = (0vF) - u satisfies the estimate

vIWNn{y <F<y+r}) srCu)Cs(W), C@)=1+Bvllreq 9= I% (2.18)
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Proof. Letf € F,f 2 0and f = 1 p-a.e.on W.Then f = 1 v-a.e. on W, hence on
account of (2.16) and (2.17) we obtain

VWA {y<F<y+r))s / 00 v(dx)

Wn{y<F<y+r}

< / FOIVEX) < rCEIf o + 10vfl129) < FCRIF |7
y<F<y+r

which yields the announced estimate by taking inf in f. O

Certainly, we can always equip F with the norm given by the left-hand side of (2.17).
Moreover, this norm is strictly convex (since so is the LP-norm) and convergence in
this norm obviously yields convergence in LP(u), hence in L!(u). However, in con-
crete examples there might be other natural norms on F not related to v, e.g., certain
Sobolev norms. Quasi-continuous versions of F depend on our choice of C4, hence on
our choice of a norm on F.

Theorem 2.5.2. Suppose that in Theorem 2.4.7 we have B, € LP/®~D(y) for some p > 1
and that (2.17) and (F3) hold (which can be ensured by taking the norm on ¥ defined by
the left-hand side of (2.17)). Then each ¢” is concentrated on the set F~1(y) and vanishes
on all sets of Cx-capacity zero.

Proof. Let us show that 6”(X\F~1(y)) = 0. We can assume again that y = 0. It suffices
to show that ¢° vanishes on each set U := {|F| > §}, where § > 0. By assumption, for
each n, there is a closed set A, such that C5(X\An) < 1/nand F|4, is continuous. The
sets

Un=Un(X\An)

are open because {|F| < §} N Ay is closed by the continuity of the restriction F|,,. We
have U c (-, Un. Let k > 1/6. Then v;(U) = 0, where, as above, vy = klfocpeic1y * V-
By the lemma we have

Vi(Un) = vi(X\An) < Cu)n”",

hence 0°(Un) < C(u)n~!, which yields that ¢°(U) = 0. Note that we could not derive
this directly from the equality v4(U) = 0, because U need not be open.

We now prove that ¢¥(B) = O for every set B € B of zero Cs-capacity. Again it
suffices to consider the case y = 0. Let € > 0. By definition, there is an open set W
containing B such that C4(W) < &. Therefore, there is a function f € F > 0 such that
f=1 p-ae.on Wand ||f||5 < €. It follows from the lemma that |v,(W)| < eC(u), which
yields that |o°(W)| < eC(u). Letting £ > 0 we arrive at the desired conclusion. O

In the framework described above there is no natural way of normalizing our surface
measures. One way of making the construction more invariant is this: assuming that
there is some intrinsic norm |v|y (as is the case for Gaussian measures when we use
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the norm of the Cameron-Martin space H) and |v(x)|g > O p-a.e., one could use the
unit field v/|v|y, which leads to the weight 0, F/|v|y in place of o, F. However, to avoid
possible problems with differentiation along this new field, we just assume that the
measure |v|; - v is finite and take new measures

-1
oy = |vlg -V

on the same level sets F~1(y). These measures are finite for vo F~'-a.e. y, hence also for
uoF1-a.e.y.Finally, if no weight is used, we arrive at surface measures that coincide
with conditional measures.

Remark 2.5.3. Note that for any bounded continuous function g the measure g - 0¥
is naturally defined for every y (not for almost every y). It is readily seen from Theo-
rem 2.5.2 that the same is true for any bounded quasi-continuous function g. In order
to assign finite integrals with respect to all surface measures ¢” to some unbounded
functions g one can use the following trick: use surface measures generated by the
new measure g - u. Obviously, this requires some additional assumptions about g be-
cause our approach is based on positive differentiable measures. However, it works if
there is p > 1 such that o,f € LP(u) forall f € F, Bv € LP(u), ovF € LP(u), g = O be-
longs to ©y N jid (u), ovg € Lp,(y), where p’ = p/(p - 1). Using this trick separately for
g*and g~, one can extend this to certain functions of variable sign. One can show that
if in this situation g is bounded continuous this procedure yields the usual products
g-0.

It is also worth noting that if we apply the same construction to the original mea-
sure y in place of v in order to integrate by parts in the equality with 1’ (F) we must arti-
ficially add the factor 9, F to obtain the expression 0, (1(F)). The effect is that we must
impose the assumption of differentiability not on y, but on the measure (9,F)"* - u. In
principle, this is quite possible but requires some extra assumptions.

In the considered situation we have the following version of the Gauss—Ostrogradskii—
Stokes formula with our non-normalized surface measure. Set

Vy=Fl(-e0,1), Sr=F1().

Theorem 2.5.4. Let u be another vector field along which y is differentiable, satisfying
the same hypotheses as v. Then

/mawwn=— gﬁgdum
vy

Sy

provided that either the function & := 0,F/d,F is bounded quasi-continuous or £ and
&~ satisfy the additional conditions mentioned in the previous remark.

Proof. Let y(s) = 1ifs < r, Pu(s) =0ifs 2 r+ h, Pu(s) = C-s/hifr <s<r+h,
C = 1+r/h.Then ¥),(s) = -1/h in the interval (r, r + h) and 1}, = 0 outside the closure
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of this interval. We have 0, (), o F) = ~h 10, F on the set {r < F < r + h} and

/ Ya(F0)Bu00) p(dx) = - / du(hn o FYO) pu(dx) = b1 / uF () u(dx).
X X

r<F<r+h

As h > 0, the left-hand side of this identity tends to the integral of 8, over V, and
the right-hand side tends to the surface integral of the function 0,F/0o,F against the
surface measure o’. The latter holds if either ¢ is bounded quasi-continuous or there
are surface measures associated with the new measures £* - pand &~ - p. O

If u = v, then we have

VZ B0 ud - - [ o'av),

Sr

which gives the total mass of the surface.

2.6 Examples and comments

It is clear from the comments above that all our assumptions are rather general except
for the requirement of differentiability of u along a suitable vector field. Actually, also
vector fields of differentiability can be found for quite general measures (see [13, Chap-
ter 11]). The only serious restriction arises if we wish to find this field in a such a way
that o, F is not very degenerate in order to connect our surface measures with more
traditional surface measures as explained above. For this reason we include o,F in
our measure. In particular, identically zero v fits our construction pretty well and pro-
duces zero surface measures. In order to avoid such meaningless situations we now
consider some examples where for a given F one can find a suitable v with 9,F > 0
u-a.e.

Example 2.6.1. Suppose that X is a Banach space, u is Fomin differentiable along a
nonzero constant vector v, and F is a continuous function on X differentiable along v
such that o, F is continuous and c¢; < o,F < ¢, for some positive numbers c; and c,.
Then there exist surface measures ¢” on the level sets F~!(y). In addition, one can use
equivalent “traditional” surface measures |0,F|~2 - 6”. One can also use a local ver-
sion of this construction multiplying u by a Lipschitzian bump function with a small
support in a neighborhood of a point xo where 0,F(xg) > 0.

In this situation we can apply both (i) and (iii) in Theorem 2.4.7. Applicability of
(i) follows from the fact that any Lipschitzian function on X is u-a.e. differentiable
along v, which in turn follows from the one-dimensional case and the existence of
differentiable conditional measures on the straight lines x + Rv (see [13, Chapter 3]).
Case (iii) applies here if we take for F the same class of bounded Lipschitzian functions
or the class FC of smooth cylindrical functions. Finally, for W we can take a function
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of the form W(x) = w(||x|), where w is an unbounded Lipschitzian sufficiently slowly
increasing function on R such that W is y-integrable (one can always find such a func-
tion).

An obvious disadvantage of constant vector fields is that they give less chances to ob-
tain positive o, F. For example, if X is a Hilbert space and F is Gateaux differentiable,
then it would be optimal in this respect to take v = VF, which gives 0, F(x) = || VF(x)| .
However, even for very nice functions F there might be no natural measures differen-
tiable along VF. For example, if we take F(x) = (x, x) and want to define surface mea-
sures on the spheres, we have to ensure differentiability of u along the field v(x) = x.
However, say, Gaussian measures on infinite-dimensional spaces are not differen-
tiable along this field (see the example below). For this reason, one has to consider
vector fields with values in suitable analogs of the Cameron—Martin space.

Example 2.6.2. Let v be a centered Radon Gaussian measure on a locally convex
space X such that its Cameron—Martin space H is infinite-dimensional. Then ~ is not
Fomin differentiable along the vector field v(x) = x. Indeed, it suffices to prove this for
the standard Gaussian measure v on R*. Suppose that 8, € L() is the divergence
of v. Then for every smooth cylindrical function f in variables x4, . . . , x, we have

[ 3o k00020 == [ £00B001 (@0,
x =1 X

The left-hand side equals
n
- [ 100y -xf) 5t
% i=1

by the integration by parts formula. Therefore, the function Sx(x) = Y"1, (1 - x?)
equals the conditional expectation of the function , with respect to the o-field gener-
ated by xq, ..., xn. Werecall that the conditional expectation of an integrable function
& with respect to a smaller o-algebra A is an integrable function E*¢ that is measur-
able with respect to A and satisfies the identity

[ngar= [netsay
X X

for all bounded functions n measurable with respect to .A. By the martingale con-
vergence theorem (see, e.g., [12, Chapter 10]) the sequence of functions S, converges
in Ll(—y), but the functions 1 - xi2 are second order polynomials, hence the series of
1- x,-2 converges in all L?(v) (see [11, Chapter 5]). However, there is no convergence
in L2(), because these functions are mutually orthogonal in L?(y) and have equal
norms.
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Example 2.6.3. Let us return to Section 3 and consider the case of a centered Gaussian
measure u with the Cameron—-Martin space H and F belonging to the Sobolev class
W?2:2(y). In this case the vector field v = DyF € W?!(u, H) has divergence gy = LF ¢
L?(u) and O,F = |DyF|3 isin L' (p).

IfF € WP’Z(y) with some p € (1, 2), then we can use the vector field

v = DyF/|DyFlg,
for which o, F = 1 (and we obtain surface measures from [29]), or the vector field
v = DyF/|DyF|q,

so that v is a unit normal on the surface (but with respect to the Cameron—Martin
norm) and ovF = |DgF|g; now in both cases it becomes necessary to require that v
must have divergence. In the first case it suffices to have || D} F| gs/|DyF|3; € LP(p)
and in the second case it suffices to have || D% F||ys/|DyF|y € LP(u) (the corresponding
surface measures will be different). It is also possible to use a less constructive (but
weaker) assumption that F € W1(u) and one of these two vector fields has divergence
Bv € L' ().

If X is a Banach space, then we can take for F the class of all bounded Lipschitzian
functions. Conditions (F1)—(F3) are readily verified in this case. Actually, the case of a
general locally convex space with a Radon Gaussian measure reduces to this one by
the Tsirelson linear isomorphism theorem (see [11, Chapter 3]). If v € L?(u), then we
can take F = FC (smooth cylindrical functions) and apply case (iii) in Theorem 2.4.7. If
X is sequentially complete, then for W we can take the Minkowski functional p, of an
absolutely convex compact set Q of positive measure. It is known that p, € W™ (p)
forallr>1.

Actually, if one is interested only in a Gaussian measure y on a Banach space,
then the construction of surface measures along these lines becomes straightforward
as explained in Section 3.

In particular, if Dy F #0 a.e., our construction can be compared with surface mea-
sures considered in [1], [49], [11], [13], and [29] (note that the latter work develops a
construction based on distribution functions related to the measure y itself, so that
it leads to surface measures that are not invariant under scaling of F, as discussed
above). In order to come to usual surface measures one should either deal with a unit
field DyF/|DyF|y or deal with v = DgF, and then multiply the obtained surface mea-
sures by 1/|DyF|g.

We emphasize that for better surfaces (existing individually such as level sets of con-
tinuously Fréchet differentiable functions with nondegenerate derivatives) there is no
need to involve variable vector fields Dy F: it becomes much simpler to define surface
measures locally by using only constant vector fields of differentiability of u as in Ex-
ample 2.6.1. In that case no second derivatives of F appear at all and in this way we
recover the existence results of [75] (even under weaker assumptions).
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In place of a Gaussian measure p, it is possible to consider a Radon probability
measure y on a locally convex space X that is Fomin differentiable along a continu-
ously embedded dense Hilbert space H. A simple example is the countable power of a
probability measure on R with a smooth density with compact support; then one can
take X = R and H = [? is a natural choice (the same measure can be also considered
on a weighted Hilbert space of sequences (x») such that "~ | anx? < oo, where ay > 0
and )", an < o). Then one can also define Sobolev classes. This situation (studied
in [58], [59], and [60]) has been the most general considered so far in the linear case.
In [29], similar results have been reproved in the Gaussian case.

Remark 2.6.4. (i) It is worth noting that the case of a Fréchet space reduces to that
of a separable reflexive Banach space, since every Radon measure on a Fréchet space
is concentrated on a compactly embedded separable reflexive space (see [12, Theo-
rem 7.12.4]). For many measures on Banach spaces (Gaussian, differentiable), the class
of bounded Lipschitzian functions is a suitable candidate for &, since such functions
are almost everywhere differentiable with respect to such measures.

(ii) The class F€ of smooth cylindrical functions and the larger class of bounded
Lipschitzian cylindrical functions satisfy condition (F1), but in general they do not
have the property of the whole class of bounded Lipschitzian functions that conver-
gence of integrals of such functions with respect to a sequence of probability mea-
sures ensures weak convergence of these measures (say, this is not true for infinite-
dimensional Hilbert spaces, although is true for R*). This is why we considered
cases (ii) and (iii) in Theorem 2.4.7. As already noted, it is possible to define surface
measures locally in a suitable sense (for example, on compact sets) by replacing u by
¢ - u, where ¢ = 0is a bump function whose support gives the desired localization. For
example, in the Gaussian case or in the case of a differentiable measure on a Banach
space, it is always possible to choose { in a such a way that its support will be compact
and will contain a given compact set, and the measure { -y will remain Fomin differen-
tiable along the same directions as p. This approach can give local surface measures in
more general situations where there are no global surface measures. A possible way of
gluing these local surface measures is based on establishing their uniform tightness.

If X is equipped with a suitable tangent structure enabling us to consider v not as a
differentiation, but as a true vector field possessing the corresponding norm |v(x)|,
one might try to use fields of unit length; again the question of their choice arises.

The choice v = DgF in the Gaussian case mentioned above is connected with
another natural object related to Gaussian Hausdorff measures mentioned at the end
of Section 3: H-neighborhoods of sets. Given a Borel set B, we take the set B" = B+rUy,
where Uy is the unit ball in the Cameron—Martin space H. The set B” in general is much
smaller than the usual metric r-neighborhood of B. Then, for certain “surfaces” B, the
surface measure of B can be obtained as a limit of u(B")/r as r - 0. However, a precise
definition the surface measure of B is more involved.
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Among various restrictions on p and F imposed above, certainly the most strin-
gent one is the existence of vector fields of differentiability for u. For example, in many
cases, given a measure } on a metric space, one can take for ¥ the space of bounded
Lipschitzian functions; in many cases, such functions possess appropriate gradients
u-almost everywhere, so if F is locally Lipschitzian, then the only problem is to find
suitable differentiability fields for the measure. It is not always possible to build such
fields from constant vector fields (this happens already for distributions of diffusion
processes with non-constant diffusion coefficients, see [13, Chapter 4]). It would be
interesting to study vector fields of differentiability of measures in the framework of
metric measure spaces.

Remark 2.6.5. It would be interesting to study a possible analog of the Radon trans-
form associated with surface measures in the spirit of the construction developed in
[41], [42], [50], [17] for conditional measures on hyperplanes. Recall that the classical
Radon transform reconstructs a function on the plane by its integrals over all straight
lines (with Lebesgue measure). A natural infinite-dimensional analog (considered in
the cited papers) is this: given a Radon probability measure y, to get some information
about a function with given integrals with respect to conditional measures u’*” on the
set L + y for all possible hyperplanes L.

2.7 Surface measures of higher codimension

In this section we consider surface measures on surfaces of higher codimension. Note
that Gaussian Hausdorff measures (see Section 3) are defined in a unified way for ar-
bitrary codimension; other approaches exploited the fact that F was a real function.
Nevertheless, the construction developed in the previous sections also works in the
case of surfaces of higher codimension, but requires a bit more regularity of the map-
ping
F=(F1,...,F): X> R4

on the level sets of which we wish to define surface measures. We recall that condi-
tional measures are not sensitive at all to this change, they exist even for mappings
with values in quite general infinite-dimensional spaces.

Now we need d vector fields vy, ..., v, along which the measure y is differen-
tiable. However, in the multidimensional case it is reasonable to modify our conditions
on F as follows: ¥ is a linear space separating Radon measures on X such that

(p(fls""fn)6:}'~ Vfl,---’fneff

for all functions ¢ € C3°(R") with arbitrary n and

aVi((l)(fl’ oo ’fn)) = Zaxjd)(fl) ) 3fn)avif]"

j=1
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In order to modify condition (F2) we shall suppose that (F) € ©,, for all func-
tions ¢ € C?(Rd) and eachi = 1,..., d. This enables us to define functions 0, F; as
we have done in the one-dimensional case in (F2).

In place of 0y F we now take the determinant A of the so-called Malliavin matrix

(oij)i,jsd! 0'1']' = av,.Fj.

Let MY(x) = (-1)"m/!, where m/(x) is the minor in the Malliavin matrix correspond-
ing to the element 0j;(x). Thus, M U is the transposed matrix of cofactors of the Malli-
avin matrix. If the matrix (0;j(x)); j<q is invertible, the inverse matrix will be denoted
by (v7(x)); j<q- In that case
A = MY Ap.

Therefore,

> MU0 00 = AF() i (2.19)

jsd
where §;; is Kronecker’s symbol. Indeed, this is true for invertible matrices, but re-
mains valid for any matrix by approximation by invertible matrices.

In the Gaussian case considered above we take v; = DgF;, so that

0ij = (DyF;, DyFj)y

and the matrix (0;); j<4 is nonnegative definite.
In place of (F2) we suppose that Ar > 0 and Ap € L(u). Set

v=Afp-u.

Let
U ={xeR?% |x|<r} and W,={[F|<r}.

Let BV(U;) be the space of functions of bounded variation on U, and let WP'1(U,) be
the Sobolev class of functions belonging to LP(U,) along with their generalized first
order partial derivatives.

Theorem 2.7.1. (i) Suppose that fMV € D, for all i,j < d and all f € F vanishing
outside of Wy. Then the measure vo F~1 is absolutely continuous on U, and has a density
o of class BV(Uy). In particular, p € L% @-V(U,).

If Ap(x) #0 p-a.e.on Wy, then o € WH(U,).

(ii) If, in addition,
IAVZ Zd:[av,Mif + MY Bv;] € L’(v) forsomes > d, (2.20)

j<

ii=

then this density p belongs to WP:1(U,) with some p > d and has a continuous version.
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(iii) If s > 2d, then for any f € F the measure (f - v) o F~! is absolutely continuous
on Uy and has a bounded continuous density gy such that

d
sup (7)) < € (Iflzy + 3 19w iy ) 221)
yeU: i

where C is a number that depends only on d, s, ro, |[u;llsq), and [Ty, M7 [Ag||s)s
whenever r < rg and rq > 0 is fixed.

Proof. (i) Let € C3’(Ur). By (2.19) we have

/ 3y () v o F\(dy) = / 3y W (FCVAR(O) u(d)
U, w,

- [ 32 MY 00len RO ) = [ 3 04, e oMY 00 ()

X Jsksd x Jsd
S /(zp o FY0OMI() dypu(d) - 3 / (@ o F)(0)3y, M7 () pu(dx)
jsd % jsd
-3 / (% 0 FYO0w, M7 (x) + MY (0B, (0] ().
jsd x

The right-hand side can be written as the integral of i with respect to a bounded mea-
sure on Uy, hence the measure v o F~! on U, has a density p of class BV(U;). By the
Sobolev embedding theorem p € L4@-1(,), see, e.g., [13, Chapter 2], [33] or [79].

If the measure v is equivalent to u, which is the case where A > 0 p-a.e. and u
can be written as Az! - v, the right-hand side can be written as the integral of g;0,
where g; is the conditional expectation of the v-integrable function —u; with respect
to the measure v and the o-field generated by F (here we also take into account that
W(F) = Y(F)Iy,, because P has support in Uy). Therefore, p €¢ W' (Uy).

(ii) Note that for some function g; we have

0y,0 = 8i0-

By Jensen’s inequality for conditional expectations the inclusion |u;|$ € L(v) yields
the inclusion |g;|*0 € L!(U,). We recall that this inequality states that

V(EAE) < EAV(&)]

for every convex function V. In particular, [E*¢|P < EA[|¢|P] forall p = 1.

We now show that 9y, is better integrable under the assumptions of the last as-
sertion. Suppose that o € LP(U,) for some p > 1. By Holder’s inequality we have
gio € LsP/®+s)(y,). Therefore, o € WPr1(U,) with p1 = sp/(p + s); if p1 < d by the
Sobolev embedding this yields that o € LP2(U;) with

_dpy ds . ds Y 1- ds
b= "Pas—pis-a) Pdas-s+a P T ds—s+d

1.
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If p1 = dthen p € LI(U;) for any g < oo, hence dy,0 € WS=1(U,) for any € > 0.
Therefore, in finitely many steps we arrive at the situation where dy,0 € W?'(U,)
with some p > d. Therefore, the Sobolev embedding ensures a continuous density.

(iii) It follows from the reasoning above that if we replace v by the measure f - v,
the generalized partial derivative of the measure (f - v) o F~! with respect to y; will
equal the function g;0, where g; is the conditional expectation of the function

- Iy, .
ui = fui+ 4 ng]avjf
Js

with respect to the measure v and the o-field generated by F. Thus, we have
9y,05 = 8i0-

However, now we already know that g is bounded continuous on U, and it follows
from the previous step that its sup on Uy is estimated by a constant that depends on
d, s, rand the L5(v)-norm of u;. Therefore, choosing £ > O such that s = 2d(d+€)/(d-¢€)
and letting t = d + £ > d, we conclude that the L!(Uy)-norm of 0y, 05 is estimated by a
constant depending on the indicated quantities and the L{(v)-norm of 4;. By Hélder’s
inequality

st
luwlle = [ulls|Wlsgs-gr 5 = 2.

We apply this inequality with u = u; and w = f and also with u = Iy, MY/Ar and
w = dy,f. This gives a bound on the W% (U;)-norm of gy via

d
If 12y + > 119l 24y

j=1

multiplied by a constant, which yields the announced estimate by the Sobolev em-
bedding theorem. O

We now give a constructive sufficient condition for the continuity of densities of mul-
tidimensional distributions related to u rather than v. This requires, however, second
derivatives of F. In the next proposition we assume that dv, 0v,F; can be defined in the
same sense as 0y, F; above by using that 1(dv,F) € Dy, for smooth functions on R4
with compact support.

Theorem 2.7.2. (i) Suppose that for every r € N there is € > O such that the functions

> 6 B+ 0un™)) 222)
k

exp (sr

are p-integrable on the set {|F| < r}. Then the measure u o F~! has a continuous density
without zeros.
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(ii) Suppose that for every r € N there is pr > d such that the functions
: p
‘Z 'YlkBVk
k

are p-integrable on the set {|F| < r}. Then the measure y o F~! has a continuous density.

Proof. (i) We shall use the following result (see [19] or [13, Proposition 6.4.1]): if a non-
negative function g onaball U ¢ R? belongs to the Sobolev class W' (U) and there is
€ > 0 such that p exp(g|Vp|/0) € L*(U), where we define Vp/p = 0 on the set {p = 0},
then p has a continuous version that is either identically zero or positive.

Let us fix r € N and let U be the open ball of radius r in R? centered at the origin.
Let ¢ € C5’(U). We have

/ 0y b o FA(dy) = / 3y $(FO)) u(dx) = / S a0y, ) o Fdy

k,j<d

/ S ouoPdn== [ 3¢ oFlonr"+o"Buldu

ked \Fler ksd

- / SO 1o F(dy),
U

where 1; is the conditional expectation of the function

> 10w ™ + " Bu I Fiery
k

with respect to the measure u and the o-field generated by F. It follows that the gen-
eralized derivative of the measure u o F~! on U in the variable y; is the measure
Ni - (Mo FY) <« poF7 Therefore, u o F! on U has a density p ¢ W"(U) and
dy,0/0 = n;. By our assumption (2.22) and Jensen’s inequality for conditional expec-
tations (now applied to exp), we arrive at the condition mentioned above.

(ii) If we are given that u o F~! has a locally bounded density p, then the previous
relation can be written as

/ oy, p(V)o(y) d / d(ni(y)e(y) dy,

which means that dy,0 = ;0 on U in the sense of distributions. We obtain again that
o € WH(U), but now we conclude that dy,0 € LP"(U) by the same iteration of the
Sobolev embedding theorem as in the previous proposition. Therefore, by the Sobolev
embedding theorem p has a continuous density (now it is not asserted that it is posi-
tive). O

In order to ensure (2.22) in terms of the original Malliavin matrix, we note that

dve v = 0y, (M*AFY) = (3y, M)AZ - (3, Ap)AF.
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The first term is a sum of functions of the form Agl Ov, ow, where wis a product of d-2
matrix elements of the Malliavin matrix. The second term is a sum of functions of the
form A;zavkoij w with w as above. Therefore, it suffices to have the p-integrability of
the functions

&€ _
exp( 7710w, 0 Fil [0 Fm| ™ ), exp( 47 1Bl 10w Fnl*),
F

on the set {|F| < r}. For example, this holds if for some 6, > O the exponents of
845", 81dv,dyFil*,  6r|ovFm[*™*,  6iB1,
are integrable.

Definition 2.7.3. The surface measure o” is defined as a Radon measure such that

/f(X) 0’(dx) = gfly) Vfed.

This definition means that

y - -
/ £00 0¥ (dx) hmw| / F0Ov(dx),

{IF-y|<r}

where |Uy| is the usual volume of the ball U,. The existence of the limit in the right-
hand side is the only condition required by the definition, and this condition is fulfilled
in the situation of Theorem 2.7.1.

As in Section 4, we have to show that this relation defines a Radon measure.

We need also an analog of Lemma 2.5.1.

Lemma 2.7.4. Suppose that the hypotheses of case (iii) of Theorem 2.7.1 hold and

d

Ifllz2agoy + > 19 fllz2agy < Collflls Vf € . (2.23)
j=1

Then, for every open set W C X and any r > 0, we have
V(W N {|F-y| <r}) < CoC1r?Cx(W), (2.24)
where Cq depends on the same quantities as in assertion (iii) of Theorem 2.7.1.

Proof. Letf e F,f=20andf =1 p-a.e.on W.Then f > 1 v-a.e. on W, hence as in the
proof of Lemma 2.5.1 we obtain

VW {IF-y|<r)<r? sup |of(2),

z: |z-y|<r



Surface measures in infinite-dimensional spaces = 93

where g is the density of the measure (f - v) o F L. According to assertion (iii) of The-
orem 2.7.1 we can estimate the maximum of the continuous version of g on W, by

d
If N2y + > 19,1124y

j=1

multiplied by some constant depending on the quantities indicated in that proposi-
tion. O

Theorem 2.7.5. In the situation of Theorem 2.7.1(iii), the assertion of Theorem 2.4.7 is
true. The assertion of Theorem 2.5.2 is true as well if the condition of the previous lemma
holds and the respective quasi-continuous versions of F; are considered.

The proof is essentially the same, however, we should note that the assumptions are
now much stronger.

Asin case d = 1 we can equip F with the norm given by the left-hand side of (2.23).
However, this is not always convenient since this norm depends on F and v. If the
Gaussian case it may be preferable to use some Sobolev norm on F. For example, if
we take v; = Dy F; as in Example 2.6.3, then dv,f = (Dgf, Dy F;)g, so that ov,f € L2(v)
provided that f € W*%1(u), F; € W8%1(y) and A7! € L84*(u).

For Fomin differentiable measures, the above construction applies under much
broader assumptions than in [78].

Remark 2.7.6. Since 0¥ = g1 (y)V”, every v-integrable B-measurable function g is ¢”-
integrable for v o F~1-almost every y. This enables us to define surface measures for
g - v. Alternatively, we can use the trick described in Remark 2.5.3.

It should be noted the construction presented is chiefly oriented towards infinite-
dimensional spaces, where typical measures are not doubling and differ also in other
respects from measures usual in measure metric spaces. Nevertheless, it would be
interesting to compare suitable Hausdorff measures on metric measure spaces and
surface measures described above; measures differentiable along vector fields and all
other objects considered above (differentiations, gradients, Sobolev classes, etc.) are
meaningful on such spaces (see, e.g., [27], [40], [46], [64], and [65]). In particular, if we
have a differentiation of the form f — I'(f, g) defined by a fixed function in the Dirich-
let space (see [64]) built on a probability space (X, ) admitting a “carré du champ”
I'(f, g) such that 2I'(f, g) = L(fg) — fLg - gLf, where L is a Markov symmetric genera-
tor such that EI'(f, g) = —-EfLg, then we see that Lg is precisely the divergence of the
considered field (a similar framework is considered in [70]). In relation to constructing
vector fields possessing divergences, which is crucial for the presented approach, the
recent paper [38] is of interest.

Finally, it would be interesting to continue investigation of surface measures
and surface Sobolev and Besov classes connected, in particular, with restrictions of
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Sobolev and Besov classes on the whole space. About fractional Sobolev classes over
infinite-dimensional spaces, see [25], [52]-[54], and [55].
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