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New stability results for sequences of metric
measure spaces with uniform Ricci bounds
from below

1.1 Introduction

In this paper we establish new stability properties for sequences of metric mea-
sure spaces (X, d;, m;) convergent in the measured Gromov-Hausdorff sense (mGH for
short). Even though some results are valid under weaker assumptions, to give a unified
treatment of the several topics treated in this paper we confine our discussion to se-
quences of RCD(K, oo) metric measure spaces, with K € R independent of i. A pointed
mGH limit of a sequence of Riemannian manifolds with a uniform lower Ricci curva-
ture bound, called Ricci limit space, gives a typical example of a RCD(K, oo) metric
measure space. This paper provides new results even for such sequences and for the
corresponding Ricci limit spaces. Our stability results, relative to spectral properties
and Hessians, extend the ones in [33], [34] for compact Ricci limit spaces.

The stability of the curvature-dimension conditions has been treated in the semi-
nal papers [41], [48], while stability of the “Riemannian” condition (i.e. the quadratic
character of Cheeger’s energy) has been estabilished in [7]. Consider complex ob-
jects derived from the metric measure structure like derivations, Lagrangian flows
associated to derivations, heat flows, Hessians. It is by now quite clear that treat-
ing the stability of such objects is possible by adopting the so-called extrinsic ap-
proach (even though we do not exclude other possibilities). This approach assumes
that (X;, d;) = (X, d) are independent of i, and that m; weakly converge to m in duality
with Cy,¢(X), the space of continuous functions with bounded support. We follow this
approach, also because this paper builds upon the recent papers [31] (for stability of
heat flows and Mosco convergence of Cheeger’s energies) and [14] (for strong conver-
gence of derivations) which use the same one. See also [31, Theorem 3.15] for a detailed
comparison between the extrinsic approach and other intrinsic ones, with or without
doubling assumptions. In a broader context, see also the recent monograph [47] for
detailed analysis of convergence and concentration for metric measure structures.

Before moving to a more precise technical description of the paper’s content, we
discuss the main applications:

Spectral gap. We discuss joint continuity w.r.t. (p, (X,d, m)) of the p-spectral gaps
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w.r.t. mGH convergence. Here, for p € [1, o), A1, is the first positive eigenvalue of
the p-Laplacian when p > 1, and Cheeger’s constant when p = 1, see (1.54) for the
precise definition in our setting. This extends the analysis of [31] from p = 2 to general
p and even to the case when p depends on i. See Theorem 1.9.4 and also Theorem 1.9.6,
dealing with the case p; - oo, with

1/o00 2
(A1,00(X, d, m)) "7 2= diam (supp )" (1.2)
These general continuity properties were conjectured in [33] in the Ricci limit setting,
and so we provide an affirmative answer to the conjecture in the more general setting
of RCD(K, o) spaces. In particular, Theorem 1.9.4 yields that Cheeger’s constants are
continuous w.r.t. mGH convergence.

The class RCD”(K, N) of metric measure spaces has been proposed in [28] and
deeply investigated in [8], [27] and [12] in the nonsmooth setting. Recall that in the
class of smooth weighted n-dimensional Riemannian manifolds (M™, d, e Vvol un) the
RCD"(K, N) condition, n < N, is equivalent to

. vV VvV
Ric + Hess(V) - —~N-n : KI.
Analogously, it is well-known that the condition RCD(K, oo) for (M™, d, e”Vvolym) is
equivalent to Ric + Hess(V) = KI.
By combining the continuity of (1.1) with the compactness property of the class of

RCD’(K, N)-spaces w.r.t. the mGH convergence, we also establish a uniform bound
Cr = (A, d,m) P < Gy, (13)

where C; are positive constants depending only on K, N < oo, and two-sided bounds
of the diameter, i.e. C; do not depend on p (Proposition 1.11.1).

Suspension theorems. The second application is related to almost spherical suspen-
sion theorems of positive Ricci curvature. For simplicity we discuss here only the case
when N > 2 is an integer, but our results (as those in [48], [37], [38], [19]) cover also the
case N € (1, o0). In [19] Cavalletti-Mondino proved that for any RCD"(N - 1, N)-space,
the quantity (1.1) is greater than or equal than (}ll, " SV, d, mN)) P for anyp € [1, o),
where SY is the unit sphere in RN*1 d is the standard metric of sectional curvature
1, and my is the N-dimensional Hausdorff measure. Moreover, equality implies that
the metric measure space is isomorphic to a spherical suspension. Under our nota-
tion (1.2) as above, this observation is also true when p = oo, which corresponds to
the Bonnet-Myers theorem in our setting (see [48] by Sturm). Note that [19] also pro-
vides rigidity results as the following one: for a fixed p € [1, <], if (A4, p)l/ P is close to
(Al,p(SN ,d, mN)) Up , then the space is Gromov-Hausdorff close to the spherical sus-
pension of a compact metric space, a so-called almost spherical suspension theorem.
The converse is known for p € {2, oo} in [37, 38] by Ketterer and we extend the result to
general p; in addition, combining this with the joint spectral continuity result we can



New stability results for sequences of metric measure spaces =—— 3

remove the p-dependence in the almost spherical suspension theorem, i.e. if (11, p)l/ p
is close to (/Il,p(SN ,d, mN))l/p for some p € [1, o], then this happens for any other
q € [1, o], see Corollary 1.11.6. This seems to be new even for compact n-dimensional
Riemannian manifolds endowed with the n-dimensional Hausdorff measure. In par-
ticular, by using Petrunin’s compatibility result [44] between Alexandrov spaces and
curvature-dimension conditions, this extension of the result to general p also holds for
all finite-dimensional Alexandrov spaces with curvature bounded below by 1, which
is also new.

Stability of Hessians and of Gigli’s measure-valued Ricci tensor. The final applica-
tion deals with stability of Hessians and Ricci tensor with respect to mGH conver-
gence. These notions come from the second order differential calculus on RCD(K, oo)
spaces fully developed by Gigli in [29], starting from ideas from I'-calculus. For Ricci
limit spaces, analogous stability results were estabilished in [34]. In this respect, the
main novelty of this paper is the treatment of RCD(K, =) spaces, dropping also the
dimensionality assumption. The main results are the stability of Hessians, see Corol-
lary 1.10.4 and Corollary 1.10.3, and a kind of localized stability of the measure-valued
Ricci tensor. In connection with the latter, specifically, we prove in Theorem 1.10.5 that
local lower bounds of the form

Ric(Vf, Vf) = {|Vf[*m,

with { € C(X) bounded from below, are stable under mGH convergence. This way,
also nonconstant bounds from below on the Ricci tensor can be proved to be stable
(see also [39] for stability results in the same spirit, obtained from a localization of the
Lagrangian definition of curvature/dimension bounds). On the other hand, since our
approach is extrinsic, this result becomes of interest from the intrinsic point of view
only when {’s depending on the metric structure, as ¢ o d, are considered. See also
Remark 1.10.7 for an analogous stability property of the BE(K, N) condition with K and
N dependent on x € X.

We believe that these stability results and the tools developed in this paper could
be the basis for the analysis of the stability of the other calculus tools and concepts de-
veloped in [29], as exterior and covariant derivatives, Hodge laplacian, etc. However,
we will not pursue this point of view in this paper.

Organization of the paper. In Section 1.2 we introduce the main measure-theoretic pre-
liminaries. In Section 1.3 we discuss convergence of functions f; in different measure
spaces relative to m;; here the main new ingredient is a notion of L?i convergence
which also covers the case when the exponents p; converge to p € [1, o0). We discuss
the case of strong convergence, and of weak convergence when p > 1. Section 1.4 re-
calls the main terminology and the main known facts about RCD(K, o) spaces and the
regularizing properties of the heat flow h;. Less standard facts proved in this section
are: the formula provided in Proposition 1.4.5 for u — [, |[Vu|dm (somehow reminis-
cent of the duality tangent/cotangent bundle at the basis of [29]), of particular interest
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for the proof of lower semicontinuity properties, and the weak isoperimetric property
of Proposition 1.4.7.

In Section 1.5 we enter the core of the paper, somehow “localizing” the Mosco con-
vergence result of Cheeger’s energies of [31]. The main result is Theorem 1.5.7 where
we prove, among other things, that the measures |Vf;|?m; weakly converge to |Vf|*m
whenever f; strongly converge to f in H>? (i.e., f; L?-strongly converge to f and the
Cheeger energies of f; converge to the Cheeger energy of f). To prove this, the main
difficulty is the localization of the lim inf inequality of [31]; we obtain it using the re-
cent results in [14], for families of derivations with convergent L? norms (in this case,
gradient derivations, see Theorem 1.5.6 in this paper). Section 1.6 covers the stabil-
ity properties of BV functions, the main result is that f € BV(X, d, m;) whenever
fi € BV(X, d, m;) L'-strongly converge to f, with L = liminf; |Df;|(X) < oco. In addi-
tion, |Df|(X) < L. The proof of these stability properties strongly relies on the results
of Section 1.5 and, notwithstanding the well-estabilished Eulerian-Lagrangian duality
for Sobolev and BV spaces (see [3] for the latter spaces) it seems harder to get from the
Lagrangian point of view.

Section 1.7 covers compactness results for BV and H"?, also in the case when p
depends on i. In the proof of these facts we use the (local) strong L? compactness prop-
erties for sequences bounded H'-? proved in [31]; the generalization from the exponent
2 to higher exponents is quite simple, while the treatment of smaller powers and the
improvement from Lf:) . to LP convergence (essential for our results in Section 1.9) re-
quires the existence of uniform isoperimetric profiles. We review the state of the art on
this topic in Theorem 1.7.2. In Section 1.8 we prove I'-convergence of the p;-Cheeger en-
ergies Chl’;,,. relative to (X, d, m;) (set equal to the total variation functional f — |Df|(X)
in BV when p = 1), namely

lixginfChLi(fi) > Chy(f)
v d==l

whenever f; LPi-strongly converge to f, and the existence of a sequence f; with this
property satisfying lim sup; Ch;,i (f;) = Chp(f). The only difference with the case p = 2
considered in [31] is that, in general, we are not able to achieve the lim inf inequality
with LPi-weakly convergent sequences, unless a uniform isoperimetric assumption on
the spaces grants relative compactness w.r.t. strong LP' convergence. Under this as-
sumption, Mosco and I'-convergence coincide.

Finally, Section 1.9, Section 1.10 and Section 1.11 cover the above mentioned sta-
bility results for p-eigenvalues and eigenfunctions (using Section 1.7 and Section 1.8),
for Hessians and Ricci tensors (using Section 1.5), and the dimensional results relative
to the suspension theorems (using Section 1.9).
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1.2 Notation and basic setting

Metric concepts. In a metric space (X, d), we denote by B(x) and B;(x) the open and
closed balls respectively, by C,,s(X) the space of bounded continuous functions with
bounded support, by Lip, (X) C Cys(X) the subspace of Lipschitz functions. We use
the notation C,,(X) and Lipy,(X) for bounded continuous and bounded Lipschitz func-
tions respectively.

For f : X > R we denote by Lip(f) € [0, o] the Lipschitz constant and by lip(f)
the slope, namely

li x) :=limsu M 1.4
(00 i~ limsup =5 (14)

We also define the asymptotic Lipschitz constant by
Lipof00) = inf Lip(f] ) = im Lip(£],, ) (1.5)

which is upper semicontinuous.

The metric algebra A,,. We associate to any separable metric space (X, d) the smallest
A C Lipy(X) containing

min{d(-, x), k} withk € QN [0, o], x € Dand D C X countable and dense (1.6)

which is a vector space over Q and is stable under products and lattice operations. It
is a countable set and it depends only on the choice of the set D (but this dependence
will not be emphasized in our notation, since the metric space will mostly be fixed).
We shall work with the subalgebra Ay, of functions with bounded support.

Measure-theoretic notation. The Borel o-algebra of a metric space (X, d) is denoted
B(X). The Borel signed measures with finite total variation are denoted by M(X), while
we use the notation M*(X), Mj,.(X), P(X) for nonnegative finite Borel measures, Borel
measures which are finite on bounded sets and Borel probability measures.

We use the standard notation L?(X, m), L{’OC(X ,m) for the L? spaces when m is
nonnegative (p = 0 is included and denotes the class of m-measurable functions). No-
tice that, in this context where no local compactness assumption is made, Lﬁ)c means
p-integrability on bounded subsets.

Given metric spaces (X, dy) and (Y, dy) and a Borel map f : X - Y, we denote by
fu the induced push-forward operator, mapping P(X) to P(Y), M*(X) to M*(Y) and,
if the preimage of bounded sets is bounded, M}, .(X) to M{,.(Y). Notice that, for all
U € M*(X), fap is also well defined if f is y-measurable.
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Convergence of measures. We say that m, € M;,.(X) weakly converge to m € M, (X)
if [y vdmn, > [yvdmasn > eoforall v e Cps(X). When all the measures mn as well
as m are probability measures, this is equivalent to requiring that [, vdmn > [, vdm
as n - oo for all v € C,(X). We shall also use the following well-known proposition.

Proposition 1.2.1. If mn, weakly converge to m in My, (X), and if limsup [, O dm, is
oo

finite for some Borel © : X - (0, <], then

oo

X X

lim [ vdm =/vdm (1.7)

forallv : X > R continuous with limy, 3. [V|(x)/0(x) = O for some (and thus all)
X € X.IfO : X > [0, o) is continuous and

limsup/@dmns/@dm<oo,

n—-oco
X

then (1.7) holds for all v : X > R continuous with |v| < CO for some constant C.

Metric measure space. Throughout this paper, a metric measure space is a triple
(X, d, m), where (X, d) is a complete and separable metric space and m € Mj,.(X).

As explained in the introduction, in this paper we always consider metric mea-
sure spaces according to the previous definition. When a sequence convergent in
the measured-Gromov Hausdorff sense is considered, we shall always assume (up
to an isometric embedding in a common space) that the sequence has the structure
(X, d, m;) with m; € M .(X) weakly convergent to m € M, .(X). In particular, this
convention forces us to drop the condition suppm = X, used in many papers where
individual spaces are considered.

1.3 Convergence of functions

In our setting, we are dealing with a sequence (m;) C M;,.(X) weakly convergent to
m € Mj,.(X). Assuming that f; in suitable Lebesgue spaces relative to m; are given, we
discuss in this section suitable notions of weak and strong convergence for f;. Moti-
vated by the convergence results of Section 1.8 and Section 1.9, we extend the analysis
of [31] and [14] to the case when the exponents p; € [1, o) are allowed to vary, with
pi 2 p € [1, o). For weak convergence we only consider the case p > 1 (we do not
need L'-weak convergence), while for strong convergence, in connection with the re-
sults of Section 1.6, we also consider the case p = 1.

Weak convergence. Assume that p; € [1, 00) converge to p € (1, c0). We say that
fi € LPi(X, m;) LPi-weakly converge to f € LP(X, m) if fym; weakly converge to fm in
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Myoe(X), with
linl SUp [Ifill ri xt,my) < - (1.8)
10

For R¥-valued maps we understand the convergence componentwise.
It is obvious that LPi-weak convergence is stable under finite sums. The proof of
the following result is very similar to the proof when p and m are fixed, and is omitted.

Proposition 1.3.1. Iff; € LPi(X, m;; RX) LPi-weakly converge to f € LP(X, m; R¥), then
e x, miry < A (1f3 ] i G, g ety -

Moreover, any sequence f; € LPi(X, m;; RX) such that (1.8) holds admits a LPi-weakly
convergent subsequence.

Strong convergence. We discuss the simpler case p; = p first. If p > 1 we say that
fi € LP(X, m;; RK) LP-strongly converge to f € LP(X, m; R¥) if, in addition to weak LP-
convergence, one has lim sup; [|f;l|1»(x,m,:z%) < IfllLrcx,m:ri)- If kK = p = 1, we say that
fi € LY(X, m;) L'-strongly converge to f € L1(X, m) if o o f; L?-strongly converges to
oo f, where 0(z) = sign(z)\ﬂ is the signed square root.

In the following remark we see that strong convergence can be written in terms
of convergence of the probability measures naturally associated to the graphs of f;;
this also holds for vector-valued maps and we will use this fact in the proof of Propo-
sition 1.3.3.

Remark 1.3.2 (Convergence of graphs versus L?-strong convergence). If p > 1 one
can use the strict convexity of the map z € R¥ — |z[P to prove that F; : X > RK LP-
strongly converge to F if and only if y; = (Id x F;)m; weakly converge to pu = (Id x F)ym
in duality with

Cp(X x R) ;= {l/) c C(X xRNy : [Y(x, 2)| < C|z|P for some C > O} (1.9

(see for instance [5, Section 5.4], [31]).
If p = k = 1, we can use the fact that the signed square root is a homeomorphism of
R, and the equivalence estabilished in the quadratic case to get the same result.

We recall in the following proposition a few well-known properties of LP-strong con-
vergence, see also [35], [31] for a more detailed treatment of this topic.

Proposition 1.3.3. For all p € [1, o) the following properties hold:

(a) If f; LP-strongly converge to f the functions ¢ o f; LP-strongly converge to ¢ o f for
all ¢ € Lip(R) with ¢(0) = 0.

(b) If f;, g; LP-strongly converge to f, g respectively, then f; + g; LP-strongly converge
tof +g.
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(c) If f; LP-strongly (resp. LP-weakly) converge to f, then ¢f LP-strongly (resp. L?-
weakly) converge to ¢f for all ¢ € C,(X) (resp. ¢ € Cps(X)).
(d) Iff; L>-strongly converge to f and g; L>-weakly converge to g, then

_lgm /figi dm; = /fgdm.
v d)
X X

If g; are also L?-strongly convergent, then f;g; are L-strongly convergent.
(e) If (g;) is uniformly bounded in L™ and L*-strongly convergent to g, then

lllglo ”giHLl’i(X,m,-) = [18llLr(x,m)
whenever p; € [1, o) convergetop € [1, o).

Proof. (a) In the case p > 1 this is a simple consequence of Remark 1.3.2, since y; =
(Id x f;)wm; weakly converge to 4 = (Id x f)sm in duality with the space Cp(X x R) in
(1.9). Since P(x, 2) = P(x, p(2)) belongs to Cp(X xR) for all € Cp(X x R) it follows
that (Id x ¢ o f;)sm; weakly converge to u = (Id x ¢ o f)sm in duality with Cp(X x R),
and then Remark 1.3.2 applies again to provide the L?-strong convergence of ¢ o f; to
pof.

In the case p = 1, since o(p(f;)) = sign(@ o fi)\/|p|of;, from the strong
L?-convergence of \/ p*of;to \/ @* o f and the additivity of L2-strong convergence
(proved in the first line of the proof of (b), independently of (a)) we get the result.

(b) The case p > 1 is dealt with, for instance, in [35], see Corollary 3.26 and Propo-
sition 3.31 therein. In order to prove additivity for p = 1 we can reduce ourselves,
thanks to the stability under left composition proved in (a), to the sum of nonnega-
tive functions u;, v;. Since \/u; and /v; are L?-strongly convergent, using the identity
VU F Vi =4/ \/uﬁ-z + \/7,-2 we obtain that also ,/u; + v; is strongly L?-convergent.

The proof of (c) is a simple consequence of the definitions of L?-strong conver-
gence, splitting ¢ and f; in positive and negative parts to deal also with the case p = 1.

The proof of the first part of statement (d) is a simple consequence of

liminf f; + t8ill2orm) 2 1F + 82w VEER,

see also Section 1.8 where a similar argument is used in connection with Mosco con-
vergence. In order to prove L!-strong convergence when also g; are L2-strongly con-
vergent, we can reduce ourselves to the case when f; and g; are nonnegative. Then,
convergence of the L? norms of +/f;g; follows by the first part of the statement; weak
convergence of \/f;g;m; to \/fgm follows by Remark 1.3.2, with k = p = 2, F; = (f;, g;)
and Y(2) = \/|z1]|z2].

For the proof of (e), let N = sup; ||g;l|~(x,m,) @and notice first that (g;) is uniformly
bounded in L?'. Hence, the liminf inequality follows by the LP'-weak convergence
of g; to g. The proof of the lim sup inequality follows by statement (a) with ¢(z) =
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|z[P A NP, which ensures that [, ¢(g;)dm; > [, p(g)dm = Hgllf,,(x’m), noticing that
pi > p implies [, ¢(g;) dm; - [y |g;[P" dm; > 0. O

Now we turn to the general case p; > p € [1, o). We say that L?i-strongly converge to
fiff; € LPi(X, m;), LPi-weakly convergent to f € LP(X, m) and if for any € > 0 we can
find an additive decomposition f; = g; + h; with

(i) (g;) uniformly bounded in L, and strongly L'-convergent;
(i) sup; [[hill7iox,my) < €-

It is obvious from the definition that also L?i-strong convergence is stable under
finite sums. In the following proposition we show that stability under composition
with Lipschitz maps ¢ holds and that LP' convergence implies convergence of the LP:
norms.

Proposition 1.3.4 (Properties of LPi-strong convergence). The following properties

hold:

(a) Iff; LPi-strongly converge to f, the functions @ o f; LPi-strongly converge to ¢ o f for
all ¢ € Lip(R) with ¢(0) = 0.

(b) If (f;) is LPi-strongly convergent to f € LP(X, m), then

}}g Hfi”L”i(X,mi) = Hf”LI’(X,m)'

Proof. (a) Possibly splitting ¢ in positive and negative parts we can assume ¢ > 0.
Since ¢ is a contraction, taking also Proposition 1.3.3(a) into account, it is immediate
to check that decompositions f; = g; + h; induce decompositions @ o g; + (@ o fi— @ o
gi) of @ o f;; in addition, if ¥ is any LPi-weak limit point of (¢ o f;), from the lower
semicontinuity of LP! convergence we get

1% =@ o 8llrx,m) < liggjonf ¢ © hillLri (x,my < Lip(@)e€
loof-@oglwxm < Lip(p)|If - 8llr(x,m) < Lip((p)li?_l)glf HhiHLPi(X,mi)
< Lip(p)e,

where g denotes the LPi-strong limit of g;. Since € is arbitrary, we obtain that i) = @of,
and this proves the LPi-strong convergence of f; to f.

(b) The lim inf inequality follows by weak convergence. If f; = g; + h; is a decom-
position as in (i), (ii), and if g is the LPi-strong limit of g;, the lim sup inequality is a
direct consequence of the inequality ||f - g|1r(x,m) < € and of

Hm (1 it mp = 181200t m)»

ensured by Proposition 1.3.3(e). O
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1.4 Minimal relaxed slopes, Cheeger energy and RCD(K, o)
spaces

In this section we recall basic facts about minimal relaxed slopes, Sobolev spaces and
heat flow in metric measure spaces (X, d, m), see [6] and [28] for a more systematic
treatment of this topic. For p € (1, o) the p-th Cheeger energy Chy, : LP(X, m) - [0, o]
is the convex and L? (X, m)-lower semicontinuous functional defined as follows:

Chy(f) := inf mginf}l7 / Lip?(f) dm ¢ fi € Lipy(X) 1 (X, ), [fu - fllp = O
n—oo .

X
(1.10)

The original definition in [22] involves generalized upper gradients of f,, in place of
their asymptotic Lipschitz constant, but many other pseudo gradients (upper gradi-
ents, or the slope lip(f) < Lip,(f), which is a particular upper gradient) can be used
and all of them lead to the same definition. Indeed, all these pseudo gradients produce
intermediate functionals between the functional in (1.10) and the functional based on
the minimal p-weak upper gradient of [46], which are shown to be coincident in [1]
(see also the discussion in [6, Remark 5.12]).

The Sobolev spaces HP(X, d, m) are simply defined as the finiteness domains of
Chp. When endowed with the norm

1/p
s 2= (I Bogx,my *+ PCRR ()

these spaces are Banach, and reflexive if (X, d) is doubling (see [1]).

The case p = 2 plays an important role in the construction of the differentiable
structure, following [29]. For this reason we use the disinguished notation Ch = Ch,
and it can be proved that H2(X, d, m) is Hilbert if Ch is quadratic.

In connection with the definition of Ch, forall f € H>2(X, d, m) one can consider
the collection RS(f) of all functions in L?(X, m) larger than a weak L?(X, m) limit of
Lip,(fn), with f, € Lipp(X) and fn > fin L2(X, m). This collection describes a con-
vex, closed and nonempty set, whose element with smallest L2(X, m) norm is called
minimal relaxed slope and denoted by |Vf|. We use the not completely appropriate
nabla notation, instead of the notation |Df| of [29], since we will be dealing only with
quadratic Ch. Notice also that a similar construction can be applied to Chy, and pro-
vides a minimal p-relaxed gradient that can indeed depend on p (see [26]). However,
either under the doubling and Poincaré assumptions [22], or under curvature assump-
tions [30] this dependence disappears. In any case, we will only be dealing with the
2-minimal relaxed slope in this paper.

When Ch is quadratic we denote by (Vf, Vg) the canonical symmetric bilinear
form from [H'?(X, d, m)]? to L1(X, m) defined by

[V(f +eg)]> - |Vf|?

e (1.11)

(Vf,Vg) :=lim
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(where the limit is understood in the L (X, m) sense). Notice also that the expression
(Vf, Vg) still makes sense m-a.e. (i.e. up to m-negligible sets) for any f, g € Lip,(X)
(not necessarily in the H2 space, when m(X) = oo), since f, g coincide on bounded
sets with functions in the Sobolev class, and gradients satisfy the locality property on
open and even on Borel sets.

Because of the minimality property, |Vf| provides integral representation to Ch,

so that
Ch(f + €g) - Ch(f)
€

Vf,Vg)dm = lim

/ (Vf,Vg)dm = lim
X

and it is not hard to improve weak to strong convergence.

Theorem 1.4.1. For all f € D(Ch) one has

1 2
Ch(f) =3 [ [Vf|"dm
-/

and there exist f € Lipy(X) N L(X, m) with f, > f in L*(X, m) and Lip,(fx) > |Vf| in
L*(X, m). In particular, if H**(X, d, m) is reflexive, there exist fn € Lip,(X) N L*(X, m)
satisfying fn > f in L>(X, m) and |V (fn - f)| > 0in L*(X, m).

Most standard calculus rules can be proved, when dealing with minimal relaxed
slopes. For the purposes of this paper the most relevant ones are:

Locality on Borel sets. |Vf| = |Vg| m-a.e. on {f = g} forall f, g € H**(X, d, m);
Pointwise minimality. |Vf| < g m-a.e. for all g € RS(f);

Degeneracy. |[Vf| = 0 m-a.e. on f1(N) for all f € H?(X, d, m) and all £!-negligible
N € B(R);

Chainrule. [V(¢of)| = |¢'(f)||Vf| forall f € H*(X, d, m)and all ¢ : R > R Lipschitz
with ¢(0) = 0.

Leibniz rule. If f, g € H»?(X, d, m) and h € Lip,(X), then

(Vf,V(gh)) = h(Vf,Vg) +g(Vf,Vh) m-a.e. in X.

Another object canonically associated to Ch and then to the metric measure struc-
ture is the heat flow h;, defined as the LZ(X, m) gradient flow of Ch, according to the
Brezis-Komura theory of gradient flows, see for instance [17]. This theory provides a
continuous contraction semigroup h; in L2(X, m) which, under the growth condition

m(B,(%)) < c;e”  wr>o, (112)

extends to a continuous and mass preserving semigroup (still denoted h;) in all
LP(X,m) spaces, 1 < p < oo, In addition, h; preserves upper and lower bounds with
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constants, namely f < C m-a.e. (resp. f > C m-a.e.) implies hf < C m-a.e. (resp. h¢f = C
m-a.e.) forall t = 0.

We shall use h; only in the case when Ch is quadratic, as a regularizing operator.
We adopt the notation

D(A) = {f e HY2(X,d, m) : Af € LX(X, m)} 1.13)

namely D(4) is the class of functions f € H"“(X,d,m) satisfying - [, vgdm =
[¢(Vf, Vv)dm for all v e H"*(X,d, m), for some g € L*(X,m) (and then, since g
is uniquely determined, Af := g). When Ch is quadratic the semigroup h; is linear
(and this property is equivalent to Ch being quadratic) and it is easily seen that

1tijf1(;l hef =f strongly in H2 for all f € H2(X, d, m).

We shall extensively use the typical regularizing properties (independent of curvature
assumptions)

2
hef € WH2(X, d, m) forall f € L2(X, m), ¢t > 0 and Ch(hf) < % (1.14)

2
gt

hef € D) forall f € L*(X, m), ¢ > 0 and || Ahef |2, my € — 5 (1.15)

as well as the commutation rule hf o A = Ao hy, t > 0.

Finally, we describe the class of RCD(K, oo) metric measure spaces of [7], where
thanks to the lower bounds on Ricci curvature even stronger properties of h; can be
proved.

Definition 1.4.2 (CD(K, o) and RCD(K, =) spaces). We say that a metric measure
space (X, d, m) satisfying the growth bound (1.12) (for some constants c,, ¢, and some
X € X)is a RCD(K, o) metric measure space, with K € R, if:

(a) the Relative Entropy Functional Ent(y) : P>(X) > R U {oo} given by

1 d if u = 3
Ent(u) := {fxp ogpdm ifj=pm<m (116)

oo otherwise

where

Po(X) := {y e P(X) : /dz()‘(, x) dm(x) < oo} ,
X

is K-convex along Wasserstein geodesics in P,(X), namely

Ent(uc) < (1 - OENt(0) + (Enty) ~ (1~ OW3(ao, 1)

for all o, uy € D(Ent) := {u : Ent(u) < oo}, for some constant speed geodesic p¢
from g to u, (so, this condition forces D(Ent), W) to be geodesic). This condition
corresponds to the CD(K, o) condition of [41], [48].
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(b) Chis quadratic. This is the axiom added to the Lott-Sturm-Villani theory in [7].

Remark 1.4.3 (On the growth condition (1.12)). Notice that (1.12) is needed to give a
meaning to the integral in (1.16), as it ensures the integrability of the negative part of
plogp. On the other hand, adopting a suitable convention on the meaning to be given
to Ent in these cases of indeterminacy (so that the CD(K, o) condition makes sense),
it has been proved in [48] that (1.12) can be deduced from the CD(K, oo) condition, and
that the constants c; can be estimated in terms of K and of the measure of two concentric
balls centered at X € supp m.

It is not hard to prove that the support of any RCD(K, oo) (or even CD(K, o) space)
is length, namely the infimum of the length of the absolutely continuous curves con-
necting any two points x, y € suppm is d(x, y). See [7] (dealing with finite reference
measures), [9] (for the o-finite case) and [8] for various characterizations of the class
of RCD(K, oo) spaces. We quote here a few results, which essentially derive from the
identification of h; as the gradient flow of Ent w.r.t. the Wasserstein distance and the
contractivity properties w.r.t. that distance.
It is proved in [7] that the formula

heg(x) := /g(y)dfltcsx(y) xeX, t20
X
where h; is the dual K-contractive semigroup acting on P, (X), provides a pointwise
version of the semigroup on L2NL*°(X, m) with better continuity properties. This result
is recalled in the next proposition. In the formula

ﬁty :=/I71t6x du(x)

provides a canonical extension of fzt to the whole of P(X), used in Proposition 1.6.3.

Proposition 1.4.4 (Regularizing properties of h¢). Let (X, d, m) be a RCD(K, o) met-
ric measure space. Then, any f € HV?(X, d, m) with |Vf| € L>(X, m) has a Lipschitz
representative f, with Lip(f) = |||Vf]| L=(x,m) and the following properties hold for all
t>0:

(a) iff € L? N L=(X, m) one has hf € Lip,(X) N H>2(X, d, m) with

Vhef| = liphef) wae,  Lip(he) < @vnm,m;

(b) forallf € HV?(X, d, m) with |Vf| € L=(X, m) the Bakry-Emery condition holds in
the form

(1.17)

Lip,(h¢f, x) < e_Ktht|Vf|(x) vx € X; (1.18)
(c) if u € P2(X), then fzty = fym, with

/ft log frdm < (r2 +/d2(x, X) dy(x)) - log(m(B/(x)))
X X

1
215k ()
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forallx € Xandr > 0.

Proof. (a) is proved in [7, 8], (b) in [45]. The inequality (c) follows by Wang’s log-
Harnack inequality, see [8, Theorem 4.8] for a proof in the RCD(K, o) context. O

In RCD(K, o) spaces we have a useful formula to represent the functional [, |[Vf|dm.

Proposition 1.4.5. For all f € HY“?(X,d,m) one has that |Vf| is the essential
supremum of the family (Vf,Vv) as v runs in the family of 1-Lipschitz functions in
HY%2(X, d, m). Moreover, for all g : X - [0, o) lower semicontinuous, one has

/|Vf|gdm=sup2/<vf, Vv )Wy dm (1.19)
k %

X

where the supremum runs among all finite collections of 1-Lipschitz functions v, €
HY2(X, d, m) and all wy, € Cps(X) with 3", |wy| < 8.

Proof. The proof of the representation of |[Vf| as essential supremum has been
achieved in [15, Lemma 9.2]. We sketch the argument: denoting by M the essential
supremum in the statement, one has obviously the inequalities M < |Vf| m-a.e. and
|(Vf, Vv)| < MLip(v) m-a.e. for all v e HY?(X,d,m) Lipschitz and bounded. By
localization, this last inequality is improved to |(Vf, Vv)| < MLip,(v) m-a.e. for all
v € H%?(X, d, m) Lipschitz and bounded and then a density argument provides the
inequality |(Vf, Vv)| < M|Vv| forall v e H?(X, d, m) Lipschitz and bounded, which
leads to |Vf| < M choosing v = f.

In order to prove (1.19) we remark that the representation of |Vf| as essential
supremum yields

/g|Vf| dm = supz Ck /(Vf, Vvyg) dm

X ko B

where the supremum runs among all finite Borel partitions By of X, constants c¢; <
infp, g and all choices of bounded 1-Lipschitz functions vy € H L2(x,d, m). By inner
regularity, the supremum is unchanged if we replace the Borel partitions by finite fam-
ilies of pairwise disjoint compact sets K. In turn, these families can be approximated
by functions wy € Cp,s(X) with >~ [wy| < g. O

Now we recall three useful functional inequalities available in RCD(K, oo) spaces.

Proposition 1.4.6. If (X,d, m) is a RCD(K, o) metric measure space, for all f €
Lipy,¢(X) one has

/ \hef - f| dm < c(t, K) / V| dm (1.20)
X X

with c(t,K) ~ Vtast] 0.
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Proof. Fix g € L=(X, m) with ||g||;~(x ) < 1 and let us estimate the derivative of ¢ —
Jx ghtf dm:

’/gﬂhtfdm‘ = ‘/ght/ZAht/Zfdm‘ = '/ht/nght/zfdm’
X
= | [ (Vhyog, Vhiof ’/v £ dm
‘/ f/Zg t/2 > \/m | t/2 |
—Kt/Z /
|Vfdm.
V2l (t/2)
By integration, and then taking the supremum w.r.t. g, we get (1.20). O

When the space has finite diameter and K < 0 we will also use, as a replacement of the
isoperimetric inequality (presently known in the RCD(K, o) setting only when K > 0),
the following inequality, which is an easy consequence of Proposition 1.4.4(c).

Proposition 1.4.7. If (X, d, m) is a RCD(K, o) metric measure space with m(X) =
and if D = supp m is finite, for all € > 0 we can find M = M(e, D, K) = 1 such that

/ fdmse(/fdm+/|vf|dm).
{f=M [, f dm} X X

for all f € Lipy(X) nonnegative.

Proof. The standard entropy inequality

/gdmlog i/gdm s/gloggdms/gloggdm+ 1m(X\A)
m(A4) e
A A A X

provides a modulus of continuity wg, depending only on E = 0, such that g nonnega-
tiveand [, gloggdm < Eimply [, gdm < wg(m(4)).

Assume first [, fdm = 1 and let M > 0. For all ¢ > 0 we apply Proposition 1.4.6
and Proposition 1.4.4(c) with r = D to get

/' fdm / hfdm+/|htf f|dm (1.21)
=My (=M}

wEt(M)"’C(K, t)/\Vﬂ dm
X

IN

IN

with

DZ
Ei=—— 2> /htflog htfdm
Lk (8) J
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By a scaling argument, the inequality (1.21) implies

/ fdmswE[(%)/fdm+c(K, t)/|Vf|dm W, M>0.
{fM [, fdm} X X

Then, given € > 0 we choose first ¢ > 0 sufficiently small such that c(t, K) < € and then
M sufficiently large to reach our conclusion O

Finally, we close this section by reminding higher order properties, strongly inspired
by Bakry’s calculus, which played a fundamental role in the recent developments of
the theory.

Proposition 1.4.8. Let (X, d, m) be a RCD(K, o) space. Then

VAl my < CllflloolI(A = K™Df [l 12 (¢, m) (1.22)

forallf € L=(X, m) N D(A), and

V(9821 < - / (2K|Vg|* + 2/Vg2(Vg, VAg)) dm (1.23)
X

forallg € H“2(X, d, m) N Lipy(X) N D(A) with Ag € H?(X, d, m).

Proof. See [11, Theorem 3.1] for (1.22), [45, Section 3] for (1.23). O

1.5 Local convergence of gradients under Mosco convergence

The main goal of this section is to localize the Mosco convergence result of [31], proving
convergence results for (Vu;, Vv;); to (Vu, Vv) when u; are strongly convergent in
H'2 to u, and v; are weakly convergent in H'*? to v. When both sequences are strongly
convergent, we obtain at least the weak convergence as measures. Our main tools are
the Theorem 1.5.4 borrowed from [31] and the convergence results of [14] in the more
general context of derivations (see Theorem 1.5.6).

Definition 1.5.1 (Mosco convergence). We say that the Cheeger energies Chi := Chp,
Mosco converge to Ch if both the following conditions hold:
(a) (Weak-liminf). For every f; € L?(X, m;) L?>-weakly converging to f € L*>(X, m), one
has
Ch(f) < lim inf Chi(fy).

(b) (Strong-limsup). For every f € L?(X,m) there exist f; € L*(X,m;), L?-strongly
converging to f with _
Ch(f) = lim ChI(F). (1.24)
i~oco
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One of the main results of [31] is that Mosco convergence holds if (X, d,m;) are
RCD(K, oo) spaces with

mi(Br(X) < ¢ Vr>o0, Vi (1.25)

for some x € X and c1, ¢, > 0. This result holds even in the larger class of CD(K, oo)
spaces and the uniform growth condition (1.25), that we prefer to emphasize, is actu-
ally a consequence of the local weak convergence of m; to m and of the uniform lower
bound on Ricci curvature (see Remark 1.4.3).

Following [31], we define weak and strong convergence in the Sobolev space H'*2
in a natural way, and with a variable reference measure.

Definition 1.5.2 (Convergence in the Sobolev spaces). We say that f; € H*(X, d, m;)
are weakly convergent in H? to f € H“%(X, d, m) if f; are L*>-weakly convergent to f
and sup; Chi(f,-) is finite. Strong convergence in H%? is defined by requiring L?-strong
convergence of the functions, and that Ch(f) = lim; Ch'(f)).

Notice that the sequence f; = h, with h € Lip,(X) fixed, need not be strongly con-
vergent in H''2, as the following simple example taken from [14] shows. The reason is
that this sequence should not be considered as a constant one since the supports of
m; can well be pairwise disjoint.

Example 1.5.3. Take X = R? endowed with the Euclidean distance, f(x1, x2) = x> and
let
m; = iL%L([0,1]x [0, 1]),  m=3("L[0,1] x {0}.

Then, it is easily seen that |Vf|; = 1 while |Vf| = 0.

It is immediate to check that weak convergence in H'*? is stable under finite sums; it
follows from (1.26) below that the same holds for strong convergence in H'>2. Also,
Theorem 1.7.4 below (borrowed from [31]) yields that weakly convergent sequences
are also Lfoc-strongly convergent, and provides conditions under which this can be
improved to L?-strong convergence.

Theorem 1.5.4 (Mosco convergence under uniform Ricci bounds). If (X,d, m;) are
RCD(K, o) spaces satisfying (1.25), then Ch' Mosco converge to Ch. In addition

llg:lo (Vvi, Vw;)idm; = /(Vv, vVw)dm, (1.26)
X X

whenever (v;) strongly converge in H"? to v and (u;) weakly converge in H"? to u and

the heat flows h' relative to (X, d, m;) converge to the heat flow h relative to (X, d, m) in

the following sense:

vt > 0, hif,~ Lz-strongly converge to h:f whenever f; Lz-strongly convergeto f. (1.27)
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Proof. See [31, Theorem 6.8] for the Mosco convergence and [31, Theorem 6.11] for the
L?-strong convergence of hb‘,- to h¢f. The proof of (1.26) is elementary: since v; + tw;
weakly converge in H''? to v + tw for all t > 0, by Mosco convergence we have

Ch(v) + Zt/(Vv, Vw)dm + t2Ch(w)
X
= Ch(v+tw)< lin_1>infChi(vi + tw;)
1o

= lin_l)inf Chi(v;) + 2t /(Vv,-, Vw;);dm; + t>Chi(g))
1700 .
X

IN

Ch(v) + 2tli;1_1>inf (Vv;, Vw;);dm + £ lim sup Chi(w;).
i>oo i>oo
¥ i>
Since sup; Chi(wi) is finite, we may let ¢ | O to deduce the lim inf inequality; replacing
w by -w gives (1.26). O

In the following corollary we prove standard consequences of the Mosco convergence
of Theorem 1.5.4, which refine (1.27) (see also [31, Corollary 6.10] for a discrete coun-
terpart of this result, involving the resolvents).

Corollary 1.5.5. Under the same assumptions of Theorem 1.5.4, one has

(a) iffi € HY*(X,d,my), f; € D(A;) L?-strongly converge to f and A;f; is uniformly
boundedin L?, thenf € D(A), Af; L? weakly converge to Af and f; strongly converge
inH? to f;

(b) forall t > 0, hif; strongly converge in H>? to h.f whenever f; L?-strongly converge
tof.

Proof. (a) Using the integration by parts formula we see that f; is weakly convergent
in H2, Let y € H»?(X,d, m) and let x; € H"2(X, d, m;) be strongly convergent to y
in HV2. Let g be a L%-weak limit point of A;f; as i > oo, so that (1.26) gives (along a
subsequence, that for simplicity we do not denote explicitly)

[ sxdm=tim [ xiaifidm =~ lim [ (9, Vfi)idom = [ (9, 9 d.
X X X X

This proves f € D(A) and g = Af, so that compactness implies A;f; L2-weakly con-
verge to Af. We can take the limit in the integration by parts formula | X |Vfi\i2 dm; =
~ [x filAif; dm; to prove the strong H"? convergence of f; to f.

Now, we can prove (b). From (1.15) we know that A,-hifi is bounded in L? for all
t > 0, hence (a) provides the strong convergence in H'*? of hifi to hef. O

In order to localize the previous results (see in particular (1.26)) we shall use the next
theorem, proved in [14, Theorem 5.3]. It shows that any sequence (f;) strongly conver-
gent in H"? to f induces gradient derivations which are strongly converging to the
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gradient derivation of the limit function, using as class of test functions the family
hg+Aps defined below

hg, Aps := {hsf : f € Aps,, 5 € Q:+} C Lipy(X). (1.28)

Notice that hg, A, depends only on the limit metric measure structure, and it is dense
in HY2(X, d, m), see [14, Theorem B.1]. Notice also that, since suppm can well be a
strict subset of X, the Lip,(X) extension of f € hg, Ay is not necessarily unique, and
therefore (Vv, Vf); might depend on this extension when v € H L2(x,d, m;) (while
(Vv, Vf) does not for v € HV2(X, d, m)). Nevertheless, the following convergence the-
orem is independent of the extension.

Theorem 1.5.6 (Strong convergence of gradients). Assume that (X,d,m) is a
RCD(K, oo) metric measure space, that Chi are quadratic and that Mosco converge to
Ch. Let v; € HV2(X, d, m;) be strongly convergent in H"? tov € H"2(X, d, m).

Then, for all f € hg+ Ay, (VVi, Vf)i L2-strongly converge to (Vv, Vf).

Theorem 1.5.7 (Continuity of the gradient operators). Assume that (X,d,m;) are
RCD(K, oo) metric measure spaces, let v.e H“*(X,d, m) and let v; ¢ H>*(X, d, m;)
be strongly convergent in H? to v. Then:
(a) the following tightness on bounded sets holds:
lim lim sup / |Vv;|? dm; = 0. (1.29)
R0 j3eo
X\Br(X)
(b) If w; weakly converge to w in H>? the measures (Vv;, Vw;);m; weakly converge in
duality with hg, Aps to (Vv, Vw)m, and if (Vv;, Vw;); is bounded in LP for some
p € (1, o) also weakly in L?.
(c) If w; strongly converge to w in H"? then (Vv;, Vw;); L!-strongly converge to
(Vv, Vw).

Proof. (a) In order to prove (1.29) we choose g : X > [0, 1] 1/R-Lipschitz with yz = 0
on Bg(X), xg = 1 on X \ Byz(x) and notice that the Leibniz rule gives

/\VVi|i2XR dm; = /(VVi,V(ViXR»idmi_/<VV1':VXR>Vi dm;
X X X

so that we can use (1.26) to get

1/2
. 1
timsup [ (9vifxedmi < [ (vv, Ve dm+ & ( [ dm) V)2 my-
oo

X X X

Using the Leibniz rule once more we get

. 1/2
. 2
imsup [ 9 dm; = [ 19vPxdms & ([ 19vRdm) " Wibigom
i~oco

X X X
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which gives (1.29).
Let us now prove (b). Let f € hg, Ayps. Using the Leibniz rule we can write

/(Vvi, Vwy)if dm; = —/in’ Vf)iw; dm; + /(VVi, V(wif)); dm;

X X X

and use (1.26) together with the L?-strong convergence of (Vv;, Vf); to (Vv, Vf), en-
sured by Theorem 1.5.6, to conclude the weak convergence in duality with hg, Ay of
(VVi, Vw;)ym;. Assuming in addition that (Vv;, Vw;); satisfy a uniform L? bound for
some p > 1,let & € LP(X, m) be the LP-weak limit of a subsequence (not relabelled for
simplicity of notation). Then, (1.29) gives

lim sup =o(R)

i>oo

/(VVi,VWOi(P'l’R dm; - /(VVi,VWih(P dm;
X X

with ¢ € hg, Aps and g = 1 - xg € Lipy(X) with g chosen as in the proof of (a).
Hence, we take to the limit as i - oo to get

‘/-{go!,bR dm—/(Vv, Vw)(pdm‘ =o(R).
X X

Since hg, Aps is dense in L9(X, m), with g dual exponent of p, we can pass to the limit
as R - oo and use the arbitrariness of ¢ to obtain that & = (Vv, Vw).

In order to prove (c), by polarization and the linearity of L!-strong convergence it
is not restrictive to assume v; = w;. It is then sufficient to apply (1.30) of Lemma 1.5.8
below (whose proof uses only (a), (b) of this proposition) to obtain the inequality
liminf; [, [Vfi|;dm; 2 [, [Vf|dm on any open set A C X. Assume that § € L*(X,m)is
a L?-weak limit point of | Vf;|;; from the lim inf inequality we get [ W §dm = [, |[Vfldm
for any open set A with m(0A) = 0. A standard approximation then gives ¢ = |Vf]
m-a.e. in X. Since the H2 strong convergence gives

limsup/ Vi dm; < / VfP dm < /52 dm,
oy X X

we obtain the L2-strong convergence of |Vf;|;. Combinig the inequality above with
liminf; ||VfilillL2(x,mp = 1€11L2(x,m) We Obtain that & = |Vf]. O

Lemma 1.5.8. Iff; € H“2(X, d, m;) weakly converge in H*? to f, then

lim inf / g[Vfildm; > / g|Vf| dm (1.30)
1 (o ]

X X
for any lower semicontinuous g : X - [0, oo] and then

lim inf / |Vfi|? dm; > / |Vf|* dm (1.31)
1700
A A

for any openset A C X.
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Proof. Since truncation preserves leoc-strong convergence and uniform L? bounds,
in the proof of (1.30) we can assume with no loss of generality that f; are uniformly
bounded. Since any lower semicontinuous function is the monotone limit of a se-
quence of Lipschitz functions with bounded support, we also assume g € Lipy(X).
Also, taking into account the inequality |Vhifi|; < e Xthi|Vf];, we can estimate

v

lilginf/ng,-hdmi lirginf/hfg|Vf,~\,-dmi—limsup/\hig—g||vfi\idmi
1700 | 1700 iSoo
X X X

v

e limint | g/Vhifi; dm; - Climsup [hig - &lxctm»
X e
with C = sup;(2Ch'(f;))"/2. Since (1.20) gives

lim lir{l;:lp/ |hig - g|* dm; =0,
X

this means that as soon as we have the lim inf inequality for hif;, h.f for all t > 0, we

have it for f;, f.

Hence, possibly replacing f; by hif; we see thanks to (1.17) that we can assume
with no loss of generality that f; are uniformly Lipschitz. Under this assumption, we
first prove (1.30) in the case when g = y, is the characteristic function of an open set
A C X, we fix finitely many v, € HV?(X, d, m) with Lip(vy) < 1, as well as finitely
many wy € Cps(X) with suppwy C A and >, [wy| < 1. Let us also fix v, ; strongly
convergent in H%*? to v;. Now, notice that
llm <Vfl, vvk,i>iwk dm,— = /<Vf, VVk>Wk dm vk. (132)

oo

X X

Indeed, (1.32) follows at once from the weak L? convergence of (Vf;, Vvy;); to
(Vf, Vvg) provided by Theorem 1.5.7(b). Adding w.r.t. k, since Lip(vy;) < 1 and
>k Wil < xa, from (1.19) with g = x4 we get (1.30).

For general g we use the formula

/ghdy=/ / hdudt

0 {g>t}
(with 4 = m; and y = m) and Fatou’s lemma.
The proof of (1.31) is a direct consequence of (1.30), of the superadditivity of the
lim inf operator, and of the elementary identity

2
/u2 dm = sup Zm(Ak)’1 (/ [u| dm) ,
“ k

Ay

where the supremum runs among the finite disjoint families of open subsets A; of A
with m(4;) > 0, of (1.30) and of the superadditivity of the lim inf operator. O
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1.6 BV functions and their stability

In this section we first recall basic facts about BV functions in metric measure spaces.
The most important result of this section, estabilished in Theorem 8.1.1, is the exten-
sion of a well-known fact, namely the stability of BV functions under L*-strong con-
vergence, to the case when even the family of spaces is variable.

Definition 1.6.1 (The class BV(X, d, m) and |Df|(X)). We say that f € L'(X,m) be-
longs to BV(X, d, m) if there exist functions fp, € L'(X, m) N Lip,(X) convergent to f
in LY(X, m) with

L:= lirginf/lip(fn)dm < oo, (1.33)
n—->oo
X

where lip(g) denotes the local Lipschitz constant of g, see (1.4). If f € BV(X, d, m), the
optimal L in (1.33) (i.e. the inf of liminf) is called total variation of f and denoted by
|Df|(X). By convention, we put |Df|(X) = eo if f € L' \ BV(X, d, m).

It is immediate to check from the definition of total variation that ¢ o f € BV(X, d, m)
forall f € BV(X,d, m)and all ¢ : R > R 1-Lipschitz with ¢(0) = 0, with

ID(g o /)|(X) < [Df|(X). (1.34)
In addition, the very definition of |Df|(X) provides the lower semicontinuity property

IDf|(X) < lirr_l)inf [Dfn|(X) whenever f;, > fin L}(X, d, m).
n—>oco

Still using the lower semicontinuity, arguing as in [43], one can prove the coarea for-
mula

oo

|Df\(X)=/|DX{f>t}\(X)dt Wf € L'(X,m), f> 0. (1.35)
0

In the following proposition, whose proof was suggested to the first author by S.
Di Marino, we provide a useful equivalent representation of |Df|(X).

Proposition 1.6.2. For all f € L*(X, m) one has

IDFICX) = inf lim inf / Lip, (fa) dm,
X

where the infimum runs amont all f, € Lip,4(X) convergent to f in L*(X, m).

Proof. By a diagonal argument it is sufficient, for any f € Lipy(X) with lip(f) <
LY(X, m), tofind f, € Lipp(X) convergent to f in L' (X, m) with Lip,(fn) - gin L}(X, m)
and g < lip(f) m-a.e. in X. By a further diagonal argument, it is sufficient to find f
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when f € Lipy(X). Under this assumption, we know by Theorem 1.4.1 that there ex-
ist fn € Lipy(X) satisfying f > f in L?(X, m) with Lip,(f.) > |Vf] in L?(X, m). Since
f has bounded support, also f, can be taken with equibounded support, hence both
convergences occur in L (X, m). Since |Vf| < lip(f) m-a.e., we are done. O

In the following proposition we list more properties of BV functions in RCD(K, oo)
spaces.

Proposition 1.6.3. Let (X, d, m) be a RCD(K, o) space. Then, the following properties
hold:
(a) iff € Lipy(X) N L' (X, m) n HY2(X, d, m) one has

DFCO - [ 19 dm (136)
X
(b) iff € BV(X, d, m) one has
IDRf|(X) < e ™ |Df|(X); (1.37)
(c) forallf € BV(X,d, m) one has
/ IPof - fldm < c(t, K)|Df|(X) (1.38)
X

with c(t, K) ~ Vtast | O.

Proof. (a)Letf € Lip,(X)NL'(X, m)nH?(X, d, m) and apply (1.18) and the inequality
lip(g) < Lip,(g) to get

IDhef|(X) < [ [Vhef|dm < e™™ [ [Vf|dm.
/ /

Letting t | O provides the inequality < in (a). In order to prove the converse inequality
we have to bound from below the number L in (1.33) along all sequences (f,) C Lip,(X)
convergent to f in L*(X, m). It is not restrictive to assume that the liminf is a finite
limit and also, since f is bounded, that f; are uniformly bounded. The finiteness of
/, « IVfn| dm gives immediately fn € H L2(X, d, m). In addition, for all ¢ > 0 it is easily
seen that h;f, weakly converge to hf in H>*(X, d, m), hence the convexity of

g / Veldm  ge HY2(X,d,m)
X

and Mazur’s lemma give

L> eKtlirr_1>inf / 1V (hefn)| dm > X / |Vhf| dm.
n—>co
X X
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We can use the lower semicontinuity of the total variation to get the inequality > in (a).

The proof of (b) in the case of bounded functions uses (1.18) as in the proof of (a)
and it is omitted. The general case can be recovered by a truncation argument.

The proof of (c) is an immediate consequence of (1.20) and the definition of BV.

O

The following theorem provides the stability of the BV property under mGH-
convergence. It will be generalized in Theorem 1.8.1, but we prefer to give a direct proof
in the BV case, while the proof of Theorem 1.8.1 will focus more on the Sobolev case.

Theorem 1.6.4 (Stability of the BV property under mGH convergence). Let (X, d, m;)
be RCD(K, o) spaces satisfying (1.25). If f; € BV(X, d, m;) L -strongly converge to f
with sup; |Df;|;(X) < oo, then f € BV(X, d, m) and

IDF|(X) < liginf IDf;];(X). (1.39)

Proof. In the proof it is not restrictive to assume that the functions f; are uniformly
bounded. Indeed, since the truncated functions f¥ := N A f; v -N L!-converge to
fN .= NAfV-N, if we knew that fy € BV(X, d, m), with

IDfY|(X) < lim inf |Df;"[;(X),

then we could apply (1.34) to fl-N and use the lower semicontinuity of the total variation
to obtain (1.39).

After this reduction to uniformly bounded sequences, let us fix t > 0 and con-
sider the functions hif;, which are uniformly bounded, uniformly Lipschitz (thanks to
(1.17)), in HY2(X, d, m;) and converge to h¢f € H2(X, d, m). If we were able to prove

[Dhef |(X) < lim inf [Dhifi ;(X) (140)

then we could use (1.37) to obtain
IDhf|(X) < e K¢ lim inf |Df;|;(X)
1>co

and we could use once more the lower semicontinuity of the total variation to conclude
our argument.

Thanks to these preliminary remarks, in the proof of the proposition it is
not restrictive to assume that f; are equibounded and equi-Lipschitz, with f; <
HY2(X,d,m;), f € H»%(X, d, m). Assuming also with no loss of generality that the
lim inf in (1.39) is a finite limit, we have that f; are equibounded in H**2, so that they
converge weakly to f in H"2. Hence, thanks to the representation (1.36) of the total
variation on Lipschitz functions, we need to prove that

/ |[Vf]dm < lirginf/ |Vfil; dm;. (1.47)
1700

X X

This is a consequence of Lemma 1.5.8 with g = 1. O
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1.7 Compactness in H? and in BV

In this section, building upon the basic compactness result in H"? of [31], we provide

new compactness results. In order to state them in global form (i.e. moving from L{’O -

strong to LP-strong convergence) and in order to reach exponents p smaller than 2,
suitable uniform isoperimetric estimates along the sequence of spaces will be needed.

Definition 1.7.1 (Isoperimetric profile). Assume m(X) = 1. We say that w : (0, o) >
(0, 1/2] is an isoperimetric profile for (X, d, m) if for all € > 0 one has the implication

m(4) < w(e) = m(A) < €Dy, |(X) (1.42)
for any Borel set A C X.

A stronger formulation is
m(A) < @(|Dy4|(X)) whenever m(4) < 1/2

for some @ : [0, oo] > [0, 1] nondecreasing with @(0) = 0 and ®(u) = o(u) asu |
0, but the formulation (1.42), which involves only the control of sets with sufficiently
small measure, is more adapted to our needs.

If (X, d, m) has w as isoperimetric profile, one has the following property: for any
€ > 0and any t € R such that m({f > t}) < w(e), one has

/ (F - )P dm < pPe? / lip? (F) dm. (143)
(o) X

In order to prove (1.43) it is sufficent to apply (1.35) to get

/ gdm < e/lip(g) dm whenever m({g > 0}) < w(e).
{g=0} X

By applying this to g = [(f - t)*]?, with the H6lder inequality we reach our conclusion.
By the definition of Ch, we also get

/ (f - 07 dm < PP ePChp(f)  Vf € HYP(X, d, m) with m({f > ) < w(e). (144)
{f=t}
The following theorem provides classes of spaces for which the existence of an isoperi-

metric profile is known. Notice that RCD(K, N) spaces with K > 0 and N < o have
always finite diameter.

Theorem 1.7.2 (Isoperimetric profiles). The class of spaces (X, d, m) with m(X) = 1
having an isoperimetric profile includes:
(a) RCD(K, o) spaces with K > 0;
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(b) RCD(K, o) spaces with finite diameter.

Proof. Statement (a) follows from Bobkov’s inequality that, when particularized to
characteristic functions, gives vKJ(m(4)) < |Dy4|(X), where J is the Gaussian isoperi-
metric function. The proof given in [16, Theorem 8.5.3] can be adapted without great
difficulties to the context of RCD(K, oo) metric measure spaces (notice that the set-
ting of Markov triples of [16], with a I'-invariant algebra of functions, does not seem to
apply to RCD(K, oo) spaces), see [13] for a proof.

Statement (b) is a direct consequence of Proposition 1.4.7 and of the definition of
BV which, choosing f = y, grant the inequality

m(A) < e(m(A) + [Dya (X))
as soon as M(e, D, K)m(A) < 1. O

Remark 1.7.3 (Sharp isoperimetric profiles). See also [18] for comparison results and
for a description of the sharp isoperimetric profile in the case when N < oo, in the much
more general class of CD(K, N) spaces (assuming finiteness of the diameter when K <
0).

The following compactness theorem is one of the main results of [31], see Theorem 6.3
therein. We adapted the statement to our needs, adding also a compactness in L2
independent of the equi-tightness condition (1.46). We say that a sequence (f;) L .-
strongly converges to f if f;¢ L*-strongly converges to fo for all ¢ € Cpg(X).

Theorem 1.7.4. Assume that (X, d, m;) are RCD(K, o) spaces and f; € H*?(X, d, m;)
satisfy

sqp/ Fi? dm; + Chi(fy) < oo (145)
"
and (for some and thus all x € X)
lim lim sup / Ifi|? dm; = 0. (1.46)
D0 jeo
X\Br(%)

Then (f;) has a L?-strongly convergent subsequence to f € HV?(X, d, m). In general, if
only (1.45) holds, (f;) has a subsequence L -strongly convergent to f € H"*(X, d, m).

Proof. The first part, as we said, is [31, Theorem 6.3]. For the second part, having
fixed x € X, it is sufficient to apply the first part to the sequences f;xr, where xz €
Lip(X, [0, 1]) with yp = 1 on Bg(x) and yg = 0 on X \ Bg,1(X), and then to apply a
standard diagonal argument. O

Under suitable finiteness assumptions, coupled with the existence of a common
isoperimetric profile, we can extend this result to LP! compactness, assuming Sobolev
or BV bounds, as follows.
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Proposition 1.7.5. Assume that (X, d, m;), (X, d, m) are RCD(K, o) spaces satisfying
m;(X) = 1, m(X) = 1 and with a common isoperimetric profile.
Assuming that p; > 1 converge to p in [1, o) and that f; € H"P!(X, d, m;) satisfy

sup/ IfilP dm; + Ch;,i(fl-) < oo,
i
X

the family (f;) has a LP©-strongly convergent subsequence (fy;)). Analogously, if p; = 1
and
sup [ Il dm; + DF,00) < o,
1
X

then the family (f;) has a L-strongly convergent subsequence (fig))-

Proof. By LPi-weak compactness we can assume that the weak limit f € LP(X, m) ex-
ists.

The case p; = 2 for infinitely many i is already covered by Theorem 1.7.4. Indeed,
the condition (1.46) is automatically satisfied under the isoperimetric assumption,
splitting

[ rams [ iR i MmO\ Be(o)
X\Br(X) {Ifil=M}
and using (1.44) with p = 2, letting first R - oo and then M 1 oo.

Hence, we need only to consider the cases p; > 2 for i large enough and p; < 2 for
i large enough.

In the case when p; > 2 for i large enough the proof is simpler since for any
6 > 0 we can write f; = g; + h; with [|h;|| s (x,m,) < 05 18illL=(x,m,) €quibounded and
sup; Chl’;i(gi) < o0. Since 2Ch(g;) < (piChI’;,i (gi))z/p", it follows that Ch(g;) is bounded
as well. Hence, by what we already proved in the case p = 2 we can find a subsequence
8i(j) L?-strongly convergent and then (since (g;) are equibounded) LP:-strongly conver-
gent. The decomposition f; = g; + h; can be achieved using (1.44) with p = p;, which
gives

Jmsup [ Q- M o,
{Ifil>M}
This is due to the fact that Markov’s inequality and the uniform L! bound on f; give

li ({If;| > M}) = 0.
aim sup w;({Ifi| > M})
Hence, we can first choose € > 0 sufficiently small, in such a way that
sqppf”'”e""Ché,(ﬂ) <6
1

and then M in such a way that sup; m;({|f;| = M}) < w(e), setting
gi=i v-M)AM.
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In the case p; < 2 for i large enough the decomposition f; = g; + h; can still be
achieved using (1.44) (with € sup; |Df;|(X) < & in the case p; = 1). Since p; < 2, this
time we need one more regularization step to achieve the compactness of g;. More pre-
cisely, we write g; = (g; - hig;) + hig;; since hig; are uniformly Lipschitz we obtain that
sup; Ch,(hig;) is uniformly bounded; hence, we can extract a L?-strongly convergent
(and also LPi-strongly convergent) subsequence. It remains to prove that

lim lim sup / |gi — higi|P' dm; = 0. (1.47)
tl0  j5eo .
X

This is an immediate consequence of (1.38) and the uniform boundedness of (g;). O

1.8 Mosco convergence of p-Cheeger energies

The definition of Mosco convergence can be immediately adapted to the case when
the exponent p is different from 2 and even i-dependent. Adopting the convention
Ch1(f) = IDf|(X) to include also the case p = 1, if p; € [1, o0) converge to p € [1, o0)
we say that the p;-Cheeger energies Ch;i relative to (X, d, m;) Mosco converge to Chp,
the p-Cheeger energy relative to (X, d, m), if:

(a) (Weak-liminf). For every f; € LPi(X, m;) LPi-weakly converging to f € LP(X, m),
one has .
Chp(f) < lin_l)infCh;,i(}‘i).
1700

(b) (Strong-limsup). For every f € LP(X,m) there exist f; € LPi(X,m;) LPi-strongly
converging to f with ‘
Chp(f) = 1i)m Chy,(fy). (1.48)
1700

We speak instead of I'-convergence if the same notions of convergence occur in
(@) and (b), namely the lim inf inequality is only required along L?-strongly conver-
gent sequences. Obviously Mosco convergence implies I'-convergence and we have
provided in Proposition 1.7.5 a compactness result that allows to improve, under the
assumptions on (X, d, m;) stated in the proposition, I" to Mosco convergence.

Theorem 1.8.1. Let (X, d, m;) be RCD(K, o) spaces satisfying (1.25) and let (p;) C
[1, o) be convergent to p € [1, o0). Then Chy, I'-converge to Chy. Under the assump-
tion of Proposition 1.7.5 one has Mosco convergence.

Proof. liminf inequality, p > 1. Possibly replacing f; by their LP! approximations in-
volved in the definition of Chp,, we need only to prove the weaker inequality

pChp(f) = lirginf/ Lip? (f;) dm;. (1.49)
1~>oo
X
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Assume first that f; are uniformly bounded in H? and equi-Lipschitz. Then,
Lemma 1.5.8 and the inequality |Vf|; < lip(f) give

/g\Vf\ dmslin_l)inf/gwm,-dm,- slin;inf/glip(f,-) dm;
1700 1200
X X X

for any g lower semicontinuous and nonnegative. This, in combination with the ele-
mentary duality identity

%/wﬂp dm = sup /g\vf\ dm—%/qum: geC(X), 2205 (150)
X X X

with g dual exponent of p (applied also to the spaces (X, d, m;) with p = p;), provides
the inequality
/ [VfIP dm < liminf / Lip?'(f;) dm;. (151)
X o X
In order to remove the additional assumptions on f; we now consider the interme-
diate case when f; are uniformly bounded in L and in L. Let us fix t > 0 and con-
sider the functions hif;, which are uniformly bounded, uniformly Lipschitz (thanks to
(1.17)), in H»2(X, d, m;) and weakly converge in H'*? to h;f € H"?(X, d, m) by Theo-
rem 1.5.4. Then we can use (1.17), (1.18) and (1.51) with hffl- to get

ert/Lipﬁ(thf)dms/|Vhtf|p dm < e_I(ptligginf/Lipﬁf(ﬁ)dmi.
1 oo
X X X

Letting t | O then provides (1.49).

We consider the general case f;; possibly splitting in positive and negative parts,
we assume f; > 0. We consider the truncation 1-Lipschitz functions (notice that the
quadratic regularization near the origin is necessary in the case p = 2, to get L? inte-
grability)

N2 ifoszs<4;
pn(t) =8-S +z ifL<z<N;

-sg+N ifN<z
and f¥ := @y o f;. Since f LPi-strongly converge to f := ¢y o f, we obtain
Chy(fN) < lim inf Chl, (FV) < lim inf Ch, (f;).
1700 100

By letting N - oo we reach our conclusion.

lim inf inequality, p = 1. The proof is analogous, in the case when the f; are uniformly
bounded it is sufficient to prove (1.49) for the regularized functions hifi, h¢f, without
using the duality formula (1.50). The uniform boundedness assumption on f; can be
removed as in the case p > 1, with the simpler truncations ¢y(z) = min{N, x}.
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lim sup inequality. For p > 1, let us consider f € HP(X, d, m) and f¥ € Lipy (X) with
Lip,(f¥) > |Vf| in LP(X, m). For any N one has, by the upper semicontinuity of the
asymptotic Lipschitz constant,

limsuppichéi(fN) slimsup/Lipa"(fN)dmi < /Lip’;(fN)dm.
i>oo i>oo
X

Since fN LPi converge to fV, by a diagonal argument, we can then define f; = fV @ with
N(i) > oo asi - oo insuchaway that f; L converge to f and lim sup; Chy,(f;) < Chy(f).
For p = 1 the proof is similar and uses Proposition 1.6.2. O

1.9 p-spectral gap

Throughout this section we assume that m(X) = 1 when a single space is considered
and, when a sequence is considered, also m;(X) = 1. For any p € [1, o) and any

f € LP(X, m) we put
1/p
cp(f) := (;relﬂg/ If —al? dm) . (1.52)
X

Wealsorecall that forany f € L!(X, m) there exists a median of f, i.e. a real number
m such that 1 1
m{f>mpss  and  m({f<mpss.
In the following remark we recall a few well-known facts about the minimization
problem (1.52) (see also [53, Lemma 2.2], [21]).

Remark 1.9.1. Forp € (1, o), thanks to the strict convexity of z — |z|P thereis a unique
minimizer a in (1.52), and it is characterized by

/ If - alP*(f -a)dm = 0.
X

It is also well known that, when p = 1, medians are minimizers in (1.52), the converse
seems to be less well known, so let us provide a simple proof. Assume that a is a min-
imizer and assume by contradiction that m({f > a}) > 1/2 (if m({f < a}) > 1/2 the
argument is similar). We can then find § > 0 such that m({f > a + 6}) > 1/2 and a
simple computation gives

If -(a+8)dm- [ |f-aldm
/ /

S(m({f < a+8}) -m({f = a+6})

- 2 / (f-a)dm <0,
{a<f<a+6}

contradicting the minimality of a.
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In particular, forany p € [1, oo) there exists a minimizer of (1.52), and it will be denoted
by mp(f); by convention, it will be any median of f when p = 1. Analogously, when we
say that mp, (f;) converge to mp(f) we understand this convergence in the set-theoretic
sense when p = 1 (i.e. limit points of mp,(f;) are medians).

Lemma 1.9.2. Let p; converge to p in [1, oo) and let f; € LPi(X, m;) be an LPi-strongly
convergent sequence to f ¢ LP(X, m). Then

11})12 mp,(f;) = mp(f) and ,ILE}, cp;(fi) = cp(f).

Proof. Since
pi p
lim sup cp, (f;) <11m /\f, b dm; = /|f—b|pdm Vb € R,
oo

taking the infimum w.r.t. b gives the upper semicontinuity of cp,(f;).
On the other hand, since it is easily seen that [mp,(f;)| < 2|/f;l|17i(x,m,), the family
myp,(f;) has limit points as i > o, and if mp,, (fjx)) > a as k > oo one has

1/pi
timin ([ 1f; = mp, Gigo) " d
X

likm_)ioglf Cpiy (fi(k))

1/p

- / f-aPdm| ey (1.53)
X

If we apply this to limit points of subsequences i(k) on which the lim infy cp,, (fix)) is
achieved, this gives that cp,(f;) > cp(f). In addition, the inequality (1.53) gives that
any limit point of mp,(f;) is a minimizer. O

Now, for p € [1, o) let

A1 (X, d,m) o= inf / Lip?(f) dm, (1.54)

1

D
()

() )
where the infimum runs among all nonconstant Lipschitz functions f on X. By the very
definition of Chy, the infimum above does not change if we minimize pChy(f)/c5(f) in
the class of nonconstant functions f € H?(X, d, m). Furthermore, whenever a min-
imizer exists, we may normalize it in such a way that cy(f) = [/f||1»x,m) = 1 (i.e. the
infimum in (1.52) is attained at a = mp(f) = 0).

Forp € (1, o0), Remark 1.9.1 and the definition of Chj, gives other characterizations

of Al,p (X)

A1 p(X, d, m) = inf /Lipg(f)dm; f € Lip(X, d),/mp dm=1, /|f|p‘2fdm=0
X X

X
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=inf{ [ lip?(f)dm: f e Lip(X,d), [ |f' dm =1, fp‘zfdm=0}
\/ furan=r |

~ inf {pChp(f) . fe HYP(X, d,m),/\f\p dm=1, / FP-2f dm = 0} .
X X
(1.55)

Remark 1.9.3. Ifm(X) = 1, let us define the Cheeger constant h(X, d, m) of (X, d, m) by
M (4)

m(4) ’
where the infimum runs among all Borel subsets A of X with 0 < m(A) < 1/2, and M~ (A)

is the lower Minkowski content of A, namely (here I;(A) is the open r-neighbourhood of
A)

h(X,d, m) := iI/}f

M (A) := liminf

m (Ir(A)) -m(A)
>0+ r )

Then, in [4] it has been proved that

IDxal(X)
m(4) ’

h(X,d, m) =1sz

where as before the infimum runs among all Borel subsets A of X with 0 < m(4) < m(X)/2
(the same result holds if we use the upper Minkowski content in the definition of h). On
the other hand, by applying Lemma 1.9.2 with m; = m, from Proposition 1.6.2 we get

|Df|(X)

c1(f)

Since c1(xa) = m(A) for m(A) < 1/2, the coarea formula for BV maps shows that the
Cheeger constant h coincides also with the quantities in (1.56).

AMa1X,d,m) = inf{ : feBV(X,d,m), f # constant} . (1.56)

In the following theorem we prove a generalized continuity property (1.57) of the first
eigenvalue, allowing also the exponents p; - p € [1, o) to depend on i. As the proof
shows, this property holds even in the extreme case when diam supp(m) = 0, with the
convention

(A1,p(X, d, m)M? := oo if diam supp(m) = 0.
Note that (1.57) in the case when diam supp(m) = 0 will be used in the proof of Corol-
lary 1.11.6.

Theorem 1.9.4. Assume that (X,d,m;), (X, d, m) are RCD(K, o) spaces satisfying
m;(X) = 1, m(X) = 1 with a common isoperimetric profile (for instance either K > 0
or uniformly bounded diameters of supp m;). If p; converge to p in [1, o), then

11)11’1 Al,pi(Xx d, m,-) = Al,p(X, d, m) (157)
1—~oco
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In particular the Cheeger constants are continuous w.r.t. the measured Gromov-
Hausdorff convergence.

Proof. Forany f € H*?(X, d, m) with cp(f) = ||f|p = 1, by Theorem 1.8.1, there exists
a sequence f; € H“Pi(X, d, m;) LP-strongly converging to f with lim sup; Chy, (f;) <
Chp(f). Applying Lemma 1.9.2 yields

Chi (f:
limsup Ay p, (X, d, m;) < lim sup piChy, (i) < Chp(f).
oo

iDeo (Cpi (fi))pi

Taking the infimum w.r.t. f gives the upper semicontinuity of A, p,(X, d, m;).

In order to prove the lower semicontinuity, we can assume with no loss of gen-
erality that A;,p,(X, d, m;) is a bounded convergent sequence. For any i > 1 take
fi € HYPi(X, d, m;) with

i 1 )
M, 4, m) = piCH, ()] < ¢ and cp(f) = [ Ifi¥"dm = 1,
X

By Proposition 1.7.5, without loss of generality we can assume that the L?i-strong limit
f € LP(X, m) of f; exists. Thus, Theorem 8.1.1 gives Chy(f) < liminf; Chy, (f;). As a con-
sequence, since Lemma 1.9.2 gives ¢p(f) = ||fl|»(x,m) = 1, we have

liminf Ay p, (X, d, m;) = lim inf piChb.(f) 2 pChy(f) = A1 (X, d, m).
1700 1200

Forp € (1, o0) and Q C X Borel, let us denote

Ap(Q,d,m):={ fe H*’(X,d, m) : /|f|pdm=1, f=0m-ae.onX\Q
Q

Accordingly, we define )llf, p (Q, d, m) as the infimum of the p-energy with Dirichlet con-
ditions
AL p(Q,d, m) :=inf {pChy(f) : f € Ap(Q,d,m)}. (1.58)

Lemma 1.9.5. Letp < (1, o).
(1) For any Borel subsets Q1, Q, of X with m(Q1 N Q,) = 0, we have

Ap(X, dym) < max {AD (@1, d, m), AD (@, d, m) | (1.59)

(2) Ifp € [2,00) and f € HVP(X, d, m) is a minimizer of the right hand side of (1.54)
with mp(f) = O, then

/ (VF, V) [VFP 2 dm = Ay p(X, d, m) / FIP2fg dm (160)
X X
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for any g € HYP(X, d, m). In particular, choosing g = f* gives

-1
Nip(X, d, m) = pChy(F) (/ |fipdm) .
X

(1.61)

Proof. We first prove (1.59). Take f; ¢ H"P(X, d, m) with fQi IfiPdm = 1land f; = 0
m-a.e. on X \ Q;. Then, choosing thanks to a continuity argument a« € R such that

JxIfs + af2P72(f1 + af2) dm = 0, we get

(1+|a|p)/\1,p(X, d,m)zAl,p(X’ d!m)</ ‘f1|pdm+/‘af2‘pdm)
Q;

(o}

=X, d,m)/|f1 +afa|P dm
X

< pChy(f1 + af2) = pChy(f1) + plaf? Chyp(f2).

By taking the infimum w.r.t. f; and f, we obtain (1.59).
Next we prove (1.60). Let

F(s, t) :=/|f+sg—t|p'2(f+sg—t)dm.
X

Then, it is easy to check that

Fe(s,6)= (p- 1) / glf +sg- P 2dm
X

and that
Fi(s,t)=(1-p) / If +sg - t\p’z dm.
X

(1.62)

The implicit function theorem yields that s — mp(f + sg) is differentiable at s = 0.
Recall that according to [30], we can represent pChy(f) as [ [Vf[P dm, where |Vf|
is the 2-minimal relaxed slope (as always, in this paper). Then, the direct calculation

of the left hand side of

d < pChp(f +5s8) )

< -0
ds \ [I(f +s8) = mp(f + 5917 )

s=0

with the differentiability of m,(f + sg) at s = 0 proves (1.60).
In the following stability result we need the extra assumption

linl SUP [Ifill e (x,my) < 1l m)
100

. 1/p;
whenever p; > oo, SUp [f i xmy + ( [ 1A dmy) "7 < oo
1
X

and f; strongly LP-converge to f for some (and thus all) p € (1, o).

(1.63)
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This is a kind of extension of Theorem 1.9.4 to the case p = oo. We believe that it should
be possible to avoid this assumption, possibly making an additional hypothesis on
the decay rate of the common isoperimetric profile. Nevertheless, this assumption is
harmless for the applications of Theorem 1.9.6 below in Section 1.11. Indeed, in the
setting of Section 1.11, as soon as p; > N the functions f; and f are equibounded and
equi-Holder on supp m;, supp m respectively; denoting by f;, f suitable equibounded
and equi-Holder extensions of f;, f to the whole of X, the Hausdorff convergence of
supp m; to supp m and the weak convergence of fim; to fm easily imply the uniform
convergence of f; to f on supp m, so that

111151110 Ifill Lo, my) < lirgsup |fill Lot x, m) < lilgsup IF 1o x,m) < I e, m)-
i>oo idoo iSoo

Theorem 1.9.6. Let (X, d,m;), (X,d, m) be RCD(K, o) metric measure spaces with
m;(X) = 1, m(X) = 1 and a common isoperimetric profile (e.g. either K > 0 or equi-
bounded diameters of suppm;). If p; € [1, oo) diverge to oo and (1.63) holds, one has

. ) 1/pi _ 2
llirg (Al,pi (Xa d’ ml))

" diam supp(m)” (1.64)

Proof. Letxy, x, € suppm; thanks to the weak convergence of m; to m we can find x; ;
convergent to xjasi > oo, j = 1, 2. Let r = d(x1, X2), r; = d(xy;, X5 ;) and let us define
nonnegative Lipschitz functions §; ; € Lip(X, d) by

r.
6]"1'(X) = max {El - d(Xj,i, X), 0} ,
uniformly convergent as i - oo to
6;(x) := max{g -d(xj, x), 0} .

Then, since {B,,,(x;,;)}j-1,2 are nonempty disjoint subsets of X, and since §; ; are 1-
Lipschitz, for any p € (1, o), (1.59) and the Ho6lder inequality give that

1/pi 1/pi
(Alypi(X’ d, mi)) e }'=i)2( { (All),Pi (Bri/Z(Xi,i))) }

-1/p;
1 / .
<max{ | ———— 87 dm;
=12 | | mi (By2 () pEETH
By 12(x;,1)
-1/p
|
< max _ 67 dm;
=1.2 | | m; (By2(x;,0) R
By.12(x;,)
for all sufficiently large i. Thus by letting i > oo we have
-1/p

. /pi 1

limsup (Ay,p,(X, d, m;) P ¢ max . — / 6P dm

iSeo ( Lp 1 ) j=1,2 m (BY/Z(X})) ]
B2 (x;)
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Letting p > oo yields

lim sup (Ay,,(X, d,mi))l/pi ST a?2<{||5j||ible(x,m)} =

2 2
i>oo B J=1, r

dxg,x2)”
By minimizing w.r.t. x; and x, we get the lim sup inequality in (1.64).

Next we check the lim inf inequality in (1.64). We can assume with no loss of gen-
erality that the limit lim; (A p,(X, d, mi))l/ Pt exists and is finite. For any i such that
p; > 2 take a minimizer f; € HVPi(X, d, m;) of the right hand side of (1.55) (whose ex-
istence is granted by Proposition 1.7.5). Set f; := f/||f£[| »i(x.my @nd fi := f{ — f; . Since
Lemma 1.9.5 yields

A1p (X, d, m;) = piChy, (F7),

by the compactness property provided by Theorem 1.8.1 we can also assume that fl*
LP-strongly converge for all p > 1 to a nonnegative g ¢ ﬂp>1 H'P(X,d, m), and that
{i‘ L?-strongly converge for all p > 1 to a nonnegative h ¢ Mps1 H Lp(X, d, m), so that
fi strongly LP-converge forall p > 1to f = g - h. For p > 1 fixed, taking the limit as
i - oo in the equality

||fi+‘|€p(x’mi) + Hf?”il’(X,mi) = Hfi”il’(X,m,-)

we obtain that g = f* and h = f~. We now claim that both f* and f~ have unit L* norm.
The proof of the upper bound is a simple consequence of the inequalities || ff e (X, m;) S
IIﬁ*HLp,-(X,m,.) = 1 for p; = p, by letting first i > oo and then p > oo, while the proof of
the lower bound is a direct consequence of (1.63).

Theorem 1.8.1and the inequality (actually, as we already remarked, equality holds
under our curvature assumption, see [30]) between p-minimal relaxed slope and 2-
minimal relaxed slope |Vf| give

+ 41\ 1 . . i et \\ 1/Di
IVF (o m) < (pChyp(f)) Ip shggf(pich;,(ﬁ)) Ip

for any p > 2, thus letting p > oo gives

+ . 1/pi
1V gty < Hm (A, X, dy ) 2

Therefore f* have Lipschitz representatives, still denoted by f*, with Lipschitz con-
stants at most the right hand side above. The relatively open subsets Q* := {f* >
0} N supp m of supp m are disjoint and nonempty. Let

r(Q*) := sup ( inf d(x, y)> .

xeQ+ \y€0Q*Nsupp(m)

Using the inequality r(Q*) + r(Q~) < diam(supp m), ensured by the length property+
of (suppm, d), we get

2 1 1
msmax{m,m}. (1.65)
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For § € (0, 1), take points x* € Q* with f*(x*) > 1 - §, and take points y* €
00* N supp m; since f*(y*) = 0, we have

1-6 < |f* () - f(y")| < Lip(f)d(x*, y*),
so that ||f*||;~(x,,m) = 1 and the arbitrariness of y* give

1 < Lip(f*)r(Q*) < lirginf (A1, (X, d, m,-))l/p" - r(QY).
120

Thus
S S S R NUp
e { nQ+)’ n(@) } < lim inf (A5, (X, d, my)) (1.66)
and (1.65) and (1.66) yield the lim inf inequality in (1.64). 0

1.10 Stability of Hessians and Ricci tensor

Recall that derivations, according to [29] (the definitions being inspired by [52]), are
linear functionals b : H?(X,d, m) > L°(X, m) satisfying the quantitative locality
property
|b(u)| < h|Vu| m-a.e.in X, forall u € H"*(X, d, m)

for some h € L°(X, m). The minimal A, up to m-negligible sets, is denoted |b|. The sim-
plest example of derivation is the gradient derivation b,(u) := (Vv, Vu) induced by
v € H"2(X, d, m), which satisfies |by| = |[Vv| m-a.e. in X. By a nice duality argument,
it has also been proved in [29, Section 2.3.1] that the L*°(X, m)-module generated by
gradient derivations is dense in the class of L? derivations. In the language of [29],
L2-derivations correspond to L%-sections of the tangent bundle T(X, d, m) viewed as
dual of the L?-sections of cotangent bundle T*(X, d, m) (the latter built starting from
differentials of Sobolev functions), see [29, Section 2.3] for more details.

Even though higher order tensors will not play a big role in this paper, except for
the Hessians, let us describe the basic ingredients of the theory developed for this
purpose in [29]. In a metric measure space (X, d, m), for p € [1, o] let LP(T§(X, d, m))
denote the space of LP-tensor fields of type (r, s) on (X, d, m), defined as in [29]. A
tensor field of type (r, s) is a L°(X, m)-multilinear map

r+s

r
T: ® TX,d, m) ® ® T"(X,d, m) > L°(X, m)
k=1 k=r+1

satisfying, for some g € L°(X, m) a continuity property
|IT(u® V)| < glu® Vv|gs m-a.e. in X.

w.r.t. a suitable Hilbert-Schmidt norm on the tensor products. The minimal (up to m-
negligible sets) g is denoted | T| and L tensor fields correspond to tensor fields satisy-
ing |T| € LP(X, m).
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In particular derivations correspond to (0, 1)-tensor fields. We recall the following
facts and definitions:
(1) any choice of g%, ..., g™ € WH?(X, d, m) induces a product tensor field T acting

as follows
r+s

(T, Qv e Q) d') = onbfk(g) n b

k=r+1

and denoted g° Q" dg* ® Q'S Vg*. Since derivations correspond to (0, 1)-tensor
fields, we recover in particular the concept of gradient derivations.

(2) Denoting, as in [45], [29] (recall that D(A) is defined as in (1.13))
TestF(X, d, m) := {f € Lipy(X) N D(A) : Af € HY2(X, d, m)} ,

the space of finite combinations of tensor products

r+s

STi(X,d, m) {Zg’()@d ® ® vghk: N21, ghic TestF(X,d,m)}
j=1

k=r+1

is dense in LP(T%(X, d, m)) for p € [1, o). This is due to the fact that the very defini-
tion of tensor product involves a completion procedure of the class of finite sums of
elementary products. Notice also that h; maps Lipy,(X) into TestF(X, d, m) forall t > 0.
(3) If (X, d, m) is a RCD(K, o=) space, the space W*2(X, d, m) is defined in [29] to be
the space of all functions f € H*?(X, d, m) such that

2 / oHess(f)(dg @ dh) = - / (Vf, Vg) div(gVh) dm - / (Vf, Vh) div(pVg) dm
X X
/ o(Vf,V(Vg, Vh))dm (1.67)

for ¢, f, g € TestF(X, d, m), with Hess(f) a (0, 2) tensor field in L2. This is a Hilbert
space when endowed with the norm

1/
P2 a,m = (It am * I1HesSOl g m) -

It has been proved in [29, Corollary 3.3.9] that H*2(X, d, m) N D(4) ¢ W?2%(X, d, m),
with
/ |Hess(f)| dm < / (Af)* + K*|Vf)* dm. (1.68)
X X

Notice that (1.67) makes sense because of (1.23); on the other hand, as soon as f €
W22(X, d, m), by approximation the formula extends from ¢ € TestF(X, d, m) to ¢ €
Lip,(X). In particular, in our convergence results we shall use the choice ¢ € hg, Aps,
where h is the semigroup relative to the limit metric measure structure. Also, arguing
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as in [29, Theorem 3.3.2(iv)], we immediately obtain that, given f € H2(X, d, m), f €
W?2(X, d, m) if and only if there is h € L?(X, m) satisfying

52(- [ 197, V0 divigupThi dm — [ (9F, The) divguape ey d
X

k X

- [ o9, VT8 ) ) |« [ WY pTa e Thidn (169
X X k

for any finite collection of @, Yy € hg, Aps, gk, hy € TestF(X, d, m). In addition, the
smallest h up to m-negligible sets is precisely |Hess(f)|.
We shall also use the simplified notation Hess(f)(g, h).

Remark 1.10.1. If we have finitely many g, hy < HY“*(X,d,m) and gé‘, h{‘ €
HY2(X, d, m;) are strongly convergent to g, hy in H? and uniformly Lipschitz, then

| Z (kag%‘ ® Vhﬂ,- L?-strongly converge to | Z (kagk ® th\ (1.70)
k k

for any choice of ¢, € Cy,(X). Indeed, we can use the identity

1> oivel @ VR =" orpi(Ver, Vi) i(VhE, Vhi);
k k, 1

and Theorem 1.5.7(c) which provides the L'-strong convergence of (Vg{f , Vg%)i to
(vgk, vgl); since these gradients are equibounded we can use Proposition 1.3.3(a) to
improve the convergence to L? (actually any L?, p < o) convergence, so that the prod-
ucts L*-strongly converge.

Let us consider the regularization of h;
hof i= / p(s)hsf ds, .71)
0

with p € CZ((0, o)) convolution kernel and, when necessary, let us define h}, in an
analogous way. Since

Ahyf = —/p'(s)hsfds iff € L2(X,m), Ahyf = /p(s)hsAfds it f € D(A),
0 0

(1.72)
it is immediately seen that h, maps L*(X, m) into TestF(X, d, m) and retains many
properties of h, namely

sup |hpf| < supf], Lip(hof) < X T Lip(f), (1.73)
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(with T = sup supp p) if f is bounded and/or Lipschitz, and

/|Vhpf|2dms/\vf\2dm if f € HY?(X, d, m), (1.74)
X X
/ |ARpf1? dm < / AfPdm  iff € D(A). 1.75)
X X

Then, we define
Test+F(X,d, m) := {hp (L2 NL=(X, m)) : p € CZ((0, o0)) convolution kernel}
C TestF(X, d, m).

By letting p - 6o it is immediately seen from (1.73), (1.74), (1.75) that the class
Test«F(X, d, m) is dense in TestF(X, d, m), namely for any f € TestF(X, d, m) there
exist f, € Test«F(X, d, m) strongly convergent in H>? to f, with sup |fn| < sup|f],
Lip(fn) < Lipf, and Af,, > Af strongly in H"2.

In the next proposition we show a canonical approximation of test functions in
the class TestF(X, d, m) by test functions for the approximating metric measure struc-
tures. Notice that we do not know if condition (b) can be improved, getting strong H"?
convergence of |Vf;|7.

Proposition 1.10.2. Let f € TestF(X, d, m). Then there exist f; € Test«F(X, d, m;) with
IfillL=x,m;) S IflL=(x,m) and sup; Lip(f;) < oo, such that f; and A;f; strongly converge to
f and Af in HY2, respectively. Moreover, these properties yield:

(a) |Vfi|? L'-strongly and L} .-strongly converge to |Vf|?;

(b) |Vfi|? weakly converge to |Vf|* in H2.

Proof. Let us assume first that f = hyg for some g € L? N L=(X, m) and some con-
volution kernel p. We define f; as h},g,-, with g; L?-strongly convergent to g, with
18illL=x,my) < 18 ]lL=(x,m)- It is clear from the construction that ||f;|| L (x,m,) < [IfllL=(x,m)
and that sup; Lip(f;) < eo. From (1.14) and (1.15), together with the first formula in (1.72)
(applied to h,’;), we obtain that both f; and A;f; are bounded in H'?, and their strong
convergence is a direct consequence of Corollary 1.5.5(b) and of (1.72) again.

The weak convergence in H'2 of |Vf;|? to |Vf|? follows by the apriori estimates
(1.22) and (1.23), that ensure the uniform bounds in H'*?, and by Theorem 1.5.7(c) that
identifies the L!-strong limit (and therefore the weak H'*? limit) as |Vf|?. Theorem 1.7.4
provides the relative compactness in L2 of |Vf;|? and then proves L{ -convergence
of |Vfi|? to |Vf]? as well.

When f € TestF(X, d, m) we apply the previous approximation procedure to h,f
and then we make a diagonal argument, letting p > 89, noticing that the first iden-
tity in (1.72) grants the strong convergence in H"? of A,-h}} fi to Ahpf, while the second
identity in (1.72) grants

1Ahof (| L20x,m) < 1AF Il 220, m)s IVARpfllL2x,m) < VASIlL2(x,m)-
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O

Theorem 1.10.3 (Stability of W>'? regularity and weak convergence of Hessians). Let
fi € W>2(X, d, m;) with sup; Ifillw22(x,d,my) < o, and assume that f; strongly converge
inHY? to f € H“2(X, d, m).

Then f € W?2%(X, d, m) and Hess;(f;) L?-weakly converge to Hess(f) in the following
sense: whenever g; € HY?(X, d, m;) are uniformly Lipschitz and strongly converge in
H%2tog e HY?(X,d, m),

Hess;(f;)(g:, g;) L>-weakly converge to Hess(f)(g, g).

In addition, [Hess(f)| < H m-a.e. for any L?-weak limit point H of |Hess;(f;)|, and in
particular

/ |Hess(f)\2dmslin§inf / |Hess;(f;)| dm;. (1.76)
1700
X X

Proof. Let g € TestF(X,d, m) and let H be a L?-weak limit point of |Hess;(f;)|. Let
(g;) be provided by Proposition 1.10.2. We will first prove convergence of the Hessians
under this stronger convergence assumption on g;.

In order to identify the L?-weak limit of Hess(f;)(g;, g;) we want to take the limit
as i - oo in the expression

-2 /(Vfi:vgi>idiv(§ov.§'i)dmi_/(P<V]Cixv|v§i|i2>idmi
X X

with ¢ € hg, Aps. Let us analyze the first term. Since div(pVg;) = pA;g; + (Vgi, Vo),
this term L2-strongly converges to div(pVg) = pAg+(Vg, V). On the other hand, by
Theorem 1.5.7(b), the term (Vf;, Vg;); L?>-weakly converges to (Vf, Vg). This proves
the convergence of the first term.

Let us analyze the second term. Since Proposition 1.10.2(b) shows that |Vg;
weakly converge in H''? to |Vg|2, we can apply Theorem 1.5.7(b) again to obtain the
convergence of [, ¢(Vf;, V|Vg;|?); dm; to [, o(Vf, V|Vg|*) dm.

This completes the proof under the additional assumption on g;. In the general
case it is sufficient to apply the already proved convergence result to h,’; gi, with p con-
volution kernel with support in (0, oo), noticing the uniform Lipschitz bound on g;
yields

)
E

/ IHess(f)(g;. g1) - Hess(f))(hbgi, hhgy)] dm;
X
< / |Hess(f})|| Vg ® Vgi - Vh}',gi ® Vh,‘;g,-| dm;
X

< C/|Hess(fi)||Vgi_Vh;)gi|idmi
X
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and that the strong H'+? convergence of h)g; to hyg yields

lim lim sup/ |Vgi- Vh,iagiliz dm; = 0.
p>80  idoo %

The inequality [Hess(f)| < H can be proved as follows. We start from the observa-
tion that, by bilinearity,

—/<Vfi,Vgi>idiV(§0¢’Vhi) dm; —/Wﬂ,Vhi)idiV((PlPVgi) dm;—
X X

+/¢¢<Vﬁ,V(Vgi,Vhi>i>idmi
X

converges to

- [ (9F.%g) divtpyvh) dn- [ (v, V) divigyps) dm- [ (V1. V(Tg, Vh)) dm
X X X
for any @, ¥ € hg, Aps whenever g;, h; € TestF(X, d, m;) are uniformly Lipschitz and
strongly converge in H L2 to g, h € TestF(X, d, m) respectively. This, taking also Re-
mark 1.10.1 into account, enables to take the limit in (1.69) written for f;, to get

52~ [ 495, vw) divtoupTmyam - [ (57, 9 divtpup Ve d
k X X

- / ¢k¢k<Vf,V<ng,th>>>
X

< /H| > @i Ve @ Vhy| dm
¥ K

for any finite collection of ¢y, Py € hg, Aps, gk, i € TestF(X, d, m). This proves that
|[Hess(f)| < H m-a.e. in X. O

In the next corollary we use the bounds on laplacians of f; to obtain at the same time
strong convergence in H"? and the uniform bound in W22, so that the conclusions of
Theorem 1.10.3 apply.

Corollary 1.10.4 (Weak stability of Hessians under Laplacian bounds). Let f; € D(4;)
with
sup((Ifill 2x,my) + 1Aifill2x,mp) < o0
1

and assume that f; L?-strongly converge to f. Then f € D(A) and
(i) f; strongly converge to f in HV2;
(ii) A;f; L>-weakly converge to Af;
(iii) the Hessians of f; are weakly convergent to the Hessian of f as in Theorem 1.10.3.

Proof. Statements (i) and (ii) follows by Corollary 1.5.5(a), while statement (iii) is a
consequence of Theorem 1.10.3 and of (1.68). O
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In the final part of his work [29], motivated also by the measure-valued I', operator
introduced in [45], Gigli introduced a weak Ricci tensor Ric. It is a sort of measure-
valued (0, 2)-tensor, whose action on gradients of functions f € TestF(X, d, m) is given
by

Ric(Vf, Vf) := A%Wﬂz ~ |Hess(f)2m - (Vf, VAf)m, 1.77)

where the potentially singular part w.r.t. m comes from the distributional laplacian A.
The measure defined in (1.77) is bounded from below by K|Vf|?*m and it is a capaci-
tary measure, namely it vanishes on sets with null capacity (w.r.t. the Dirichlet form
associated to Ch); hence, its duality with functions in H*?(X, d, m) is well defined.

Actually, Ric can be defined as a bilinear form on a larger class H}I’Z(T(X ,d, m)) of
vector fields, weakly differentiable in a suitable sense, which includes gradient vector
fields of functions in TestF(X, d, m); on the other hand, using the linearity property
of Proposition 3.6.9 in [29], as well as the continuity property (3.6.13) of Theorem 3.6.7,
one can prove that (1.79) holds if Ric(v, v) > {|v|? for all v € H;*(T(X, d, m)). For this
reason we confine ourselves to the smaller class of vector fields.

Using the tools developed so far we are able to prove a kind of upper semiconti-
nuity, in the measure-valued sense, for Ric under measured Gromov-Hausdorff con-
vergence.

Theorem 1.10.5 (Upper semicontinuity of Ricci curvature). Assume that (X, d,m;)
are RCD(K;, o) spaces satisfying

Ric;(Vf, Vf) = (|Vf]?  Vf € TestF(X, d, m;) (1.78)
for some { € C(X) with {~ bounded. Then
Ric(Vf, Vf) = {|Vf|>  Vf € TestF(X,d, m). (1.79)

Proof. Setting K = sup {~, from (1.78) and from the characterization of RCD(K, o)
spaces based on Bochner’s inequality in [8] we obtain that (X, d, m;) are RCD(K, oo)
spaces. By a truncation argument, it is not restrictive to assume that { € Cp(X). As-
sume that f € TestF(X, d, m) and let f; € TestF(X, d, m;) be strongly convergent in
H'? to f, with sup;(supy |f;| + Lip(f;)) < e, A;f; strongly convergent to Af in H!:? and
|Vfi|? weakly convergent in H'2 to |Vf|*. "The existence of a sequence (f;) with these
properties is granted by Proposition 1.10.2.
We want to take the limit as i > oo in the integral formulation

1
-3 [ T0u VIfRidmi - [ pilfess) dm~ [ g1(F VA dm
X X X

> / {pil V7 dm; (1.80)
X

of (1.78), with ¢; € H"?(X, d, m;) bounded and nonnegative, thus getting the integral
formulation of (1.79). To this aim, for ¢ € H>?(X, d, m), let ¢; be uniformly bounded,
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nonnegative and strongly convergent in H+? to ¢. First of all, since |Vf;|? L'-strongly
converge to |Vf]?, the right hand sides converge to Jx So|Vf |2 dm. Also the conver-
gence of the third term in the left hand side to [, ¢(Vf, VAf) dm is ensured by The-
orem 1.5.7(b). To handle the first term, we just use (1.26). Finally, in connection with
the Hessians, possibly extracting a subsequence we obtain a L?-weak limit point H of
|Hess;(f;)|, with H > |Hess(f)| m-a.e. in X.

Summing up, taking the limit as i - oo in (1.80) one obtains the inequality

—%/(V(p,VWﬂz)dm—/gon dm—/<p<w, VAf) dmz/(<p|Vf|2dm.
X X X

X

Using the inequality H > |Hess(f)| m-a.e. in X we conclude the proof. O

Remark 1.10.6. For any r € (0, 1), it is easy to construct a sequence (g}) of Rieman-
nian metrics on S? with sectional curvature bounded below by 1 such that (S?, g >
[0, 7] x4in S1(r) in the Gromov-Hausdorff sense, where S'(r) := {x € R?;|x| = r} (the
limit space is an Alexandrov space of curvature = 1). Note that [0, 1] xsin, S*(r) > [0, 7]
as r > 0 in the Gromov-Hausdor({f sense, and that

H?(Bs(x0)) 3 H2(Bs(xx)) 1 ’ .
F2([0, 1] xin S1(r)) ~ H2([0, 7] xg ST(r)) 2 / sin ¢ d
0

for any s € [0, ], where xo = (0, *) and xz = (7, *). Thus, by a diagonal argument,
there exist Riemannian metrics (g;) on S? (in fact g; := g!' for some r; - 0) with sec-
tional curvature bounded below by 1 such that (S?, g;, H*/H?*(S?)) > ([0, n1], g, v) in
the measured Gromov-Hausdorff sense, where g is the Euclidean metric and v is the
Borel probability measure on [0, 1| defined by

S

v([r,s) = %/sintdt

r

forany r,s € [0, ] with r < s. Let us consider eigenfunctions f; € C=(S?) of the first
positive eigenvalues of A; with |f;|| 2s2 my) = 1, where m; = H?/H*(S?) w.r.t. g;. Then,
by [24] we can assume with no loss of generality that f; strongly converge to f in H2,
with f eigenfunction of the first positive eigenvalue of A. It is known that Af = 2f and
that lim; ||[Hess;(f;) + fi8illl12(x,m;) = O- Moreover we can prove that f(t) = 3 cos t. Note
that these observations correspond to the Bonnet-Mayers theorem and the rigidity on
singular spaces. See [23, 24] for the proofs.

In particular lim; ||[Hess;(f)|[| 12(s2,m,) = 2 1im; ||fill 12(s2,m;) = 2 On the other hand,
it was proven in [35] that g; L*>-weakly converge to g on [0, rt]. Thus Hess(f) + fg = 0 in
L?. In particular ||[Hess(f)| || 12(10,x1.0) = IIf ll2(o0,1,0) = 1. Thus these facts give

lim Ric,(Vf;, VA)(S”, gi.mi) < Ric(Vf, VA0, 7], g, v),
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i.e. the Ricci curvatures are strictly increasing even in the case when f;, |Vf; 1-2, Aif; are
uniformly bounded, and strongly converge to f, |Vf|?, Af in H2, respectively. In this
respect, Theorem 1.10.5 might be sharp. Moreover this example also tells us that, in gen-
eral, the condition that A;f; L*-strongly converge to Af does not imply that |Hess;(f;)|
L?-strongly converge to |Hess(f)|.

Remark 1.10.7. With a very similar argument one can prove stability of the BE(K, N)

condition

(4f)?
N

with K : X > (—oo, +oo] lower semicontinuous and bounded from below, N : X > (0, o]

upper semicontinuous. Notice that the strategy of passing to an integral formulation,

adopted in [8, Theorem 5.8], seems to work only when K and N are constant.

SAIVFP = (vf, vaf) + s Kjop?,

1.11 Dimensional stability results

In this section only we state results that depend on the assumption N < oo. We re-
call that the definition of RCD"(K, N) space has been proposed in [28] and deeply in-
vestigated and characterized in various ways in [27] (via the so-called Entropy power
functional, a dimensional modification of Shannon’s logarithmic entropy) and in [12]
(via nonlinear diffusion semigroups induced by Rényi’s N-entropy), see also [8] in
connection with the stability point of view. Starting from RCD(K, o), the conditions
RCD*(K, N) amount to the following reinforcement of Bochner’s inequality

A%\Vﬂz > %(Af)2m+ (Vf, VAf)m + K|Vf|*m (1.81)
in the class TestF(X, d, m).

Proposition 1.11.1. There exist positive and finite constants C;(a, N), i = 1, 2, such that
for any RCD*(K, N)-space (Y, d, m) with suppm = Y, m(Y) = 1 and finite diameter one
has

0 < Cy(K(diam Y)?, N) < diam Y (Ay,(Y, d, m))? < C,(K(diam ¥)*, N) < oo (1.82)
forany p € [1, o).
Proof. Since the rescaled metric measure space
(Y, (diam ¥)"'d, m)
is an RCD"(K(diam Y)?, N)-space, and

Ap (Y, (diam Y)'d, m) = (diam Y)” A1 (Y, d, m),
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it suffices to check (1.82) under diam Y = 1.

Let M(K, N) be the set of all isometry classes of RCD*(K, N) spaces (Y, d, m) sat-
isfying suppm = Y, diam Y = 1 and m(Y) = 1. It is known that this set is sequentially
compact w.r.t. the measured Gromov-Hausdorff convergence by [8, 27]. We consider
the function F on M(K, N) x [1, oo] defined by

F((Y,d,m),p) == (A4p(Y,d, m)) /7.

Hence, Theorem 1.9.4 and Theorem 1.9.6 yield that F is continuous. In particular the
maximum and the minimum exist. Moreover, by the definition of RCD*(K, N) space
depend only on the parameters N and K. This shows (1.82). O

Remark 1.11.2. The finiteness of N in Proposition 1.11.1 is essential, i.e. the estimate
C1(KR?) < diamY (A1,p(Y,d, m)) Up C>(KR?) does not hold for RCD(K, oc)-spaces.
Indeed, the standard n-dimensional unit sphere with the standard probability measure
(S™, dn, mp) satisfies

,}EE, A1,2(S™, dn, my) = oo,

Forany N € (1, e0) and any p € [1, o] let us denote ()lll\’,p)l/lfJ the infimum of (A )'/?

in the set M(N) of all isometry classes of RCD"(N - 1, N) probability spaces. For

p = 2 the sharp Poincaré inequality for CD*(N - 1, N)-spaces given in [48] by Sturm

yields (AY,)/2 = N'/2 which coincides with (A; 5(S¥, d, my))*/? if N is an integer.

The Bonnet-Meyers theorem for CD*(N - 1, N)-spaces given in [48] by Sturm gives

(Y )V = 2/m which also coincides with (A;,..(S", d, my))'/** if N is an integer.
The following rigidity theorem is proven by Ketterer in [37, 38].

Theorem 1.11.3. Forany p € {2, oo}, any N € (1, o), and any RCD"(N - 1, N)-space
(Y, d, m) with suppm = Y, the equality

(A1 (Y, d,m)) P = (2F,) 1P

holds if and only if (Y, d, m) is isometric to the spherical suspension of an RCD"(N -
2, N - 1)-space.

Furthermore for any p € {2, 00}, any N € (1, o0), and any € > O there exists 6 :=
8(p, N, €) > 0 such that if an RCD*(N - 1, N)-space (Y, d, m) satisfies suppm = Y and

| (A p(v,d,m) " = (A1) 17| <,

then
|(Arq(¥,dom) = ()] <cc,

forany q € {2, oo} and there exists an RCD"(N - 2, N - 1)-space (Z, p, v) such that

dor (Y, d,m), (0, <" (Z,p,v))) <e.
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The following theorem is proven by Cavalletti-Mondino in [18, 19].

Theorem 1.11.4. We have the following.

(i) Forany p € [1,o0) and N € N,,, we have (Alﬁp)l/p = (A1,,(SY, dy, my)) /7.

(ii) Forany p € [1,00), any N € (1, o) and any RCD"(N - 1, N)-space (Y, d, m) with
suppm =Y, if the equality

(A1 p(Y, d,m) P = (AY )12

holds, then (Y, d, m) is isometric to the spherical suspension of an RCD"(N -2, N —
1)-space.
Furthermore for any p € [1,00), any N € (1, o), and any € > O there exists § :=
6(p, N, €) > 0 such that if an RCD*(N - 1, N)-space (Y, d, m) satisfies suppm = Y
and

|(Ap(¥, d,m) 7 - (aF,) 7| <,

then |diam (Y, d) - 71| < e.

We now give a model metric measure space whose (A1, p)l/ P attains (/111\( p)l/ P for general
N.

Proposition 1.11.5. Forany N < (1, o), let ([0, m], d, vy) with d equal to the Euclidean
distance and

1 . N-1
un(4) := 7/51n tdt.
N o sin" ! tde J

Then ([0, nt], d, vy) is an RCD* (N - 1, N)-space with
(Al,p([oa ﬂ], ds UN)) 1p = (Allv,p)l/p vp € [17 oo]‘

Proof. By [19, Theorem 1.4], for any p € [1, oo], ()lllv, p)l/p coincides with the infimum
in the smaller class

inf {21,,([0, 71], d, m); ([0, 1], d, m) € M(N)} . (1.83)

By Theorem 1.9.4 and the sequencial compactness of M(N), there exists a Borel proba-
bility measure m? on [0, 71] such that (13 , ([0, 7], d, m?)) /P = ()lllv’p)l/p. Then the max-
imal diameter theorem and p-Obata theorem for general N € (1, o) yield m? = vy.
This completes the proof. O

As a corollary of Theorem 1.9.4 and Theorem 1.9.6, we have a generalization of Theo-
rem 1.11.3 and Theorem 1.11.4 as follows. It is worth pointing out that this is new even
in the class of smooth metric measure spaces, and shows that the parameter § in The-
orem 1.11.4 can be chosen independently of p:
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Corollary 1.11.6. For any N < (1, o) and any € > O there exists § := 6(N, €) > 0 such
that if an RCD*(N - 1, N) space (X, d, m) satisfies suppm = X, m(X) = 1 and

|(Ap(x, d,m) 7 - (aX,) 7| < 6
forsome p < [1, o], then

‘(Al,q(x’ d, m))l/q - (Allv,q)l/q’ <€
forall g € [1, o<].

Proof. We first prove that if an RCD"(N - 1, N)-space (Y, d, m) satisfies suppm = Y
and diam (Y, d) = 7, then (A1 (Y, d, m))/? = (A )!/P forany p € [1, o).

By Theorem 1.11.3, there exists an RCD"(N - 2, N - 1)-space (Z, p, v) such that
(Y, d, m) is isometric to ([0, 7] xﬁi’gl (Z, p,v)) and, from now on, we make this identi-
fication. Note that for any f € L!([0, ], vy) the function fo(y) := f(t) fory = (¢, 2) is
in L1(Y, d, m), and satisfies c,(fo) = cp(f), [Ifollzr = |If||z» for any f € LP([0, n], vy). In
addition

/ fodm = /ﬂ fduy. (1.84)
Y 0

Let g € Lip([0, rt], d) with cp(g) = ||g|lrr = 1 (W.r.t. vy). Using the agreement of min-
imal relaxed slope with local Lipschitz constant in metric measure spaces satisfying
the doubling and (1, p)-Poincaré condition (first proved in [22], see also [1]), it is easy
to check that |Vgo|(t,z) = |Vg|(t) for any t € (0, ), any z € Z. Applying (1.84) for
f =1|VglP yields

Vs
Aup(¥,d,m) < / Vgol? dm = / Vgl duy.
Y 0

Taking the infimum for g with Proposition 1.11.5 yields
Ap(Y, d, m)''? = (A1, (0, 7], d, uw) /P = (AY )P

because cp(go) = I|golz» = 1.

We are now in a position to finish the proof of Corollary 1.11.6. The proof is done
by contradiction via a standard compactness argument. Assume that the assertion is
false. Then there exist € > 0, p; € [1,09], g; € [1, 0] and RCD*(N - 1, N)-spaces
(X;, d;, m;) with suppm; = X; and m;(X;) = 1 such that

fim | (Aep (K, diy ) 7 = ()| =0

and

[ m) 1% = (1) €.




New stability results for sequences of metric measure spaces = 49

By the sequential compactness of M(N), without loss of generality we can assume
(after embedding isometrically (X;, d;) into a common metric space (X, d)), that X; = X,
d; = d and that the measured Gromov-Hausdorff limit (X, d, m) of the spaces (X, d, m;)
exists, and is an RCD"(N - 1, N)-space. We assume also that the limits p, g € [1, oo]
of p;, q; exist. Then Theorem 1.9.4 and Theorem 1.9.6 yield that

(A1 pX, d,m) P = (A )P

and that

(Ar.q(X, d,m) % #(2g) 7.
This contradicts Theorem 1.11.4 with the argument above. O
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