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Abstract: In this chapter we solve generalized fractional differential equations by us-
ing the Sumudu transform. The equations we treat include differential equations with
generalized Riemann-Liouville fractional derivatives. The operators involved are very
general in nature, and cover a wide range of fractional differential equations and their
solutions in terms of various functions related to Mittag — Leffler functions.
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1 Introduction

In the last three decades, fractional calculus became an important tool for the devel-
opment and analysis of accurate models of various phenomena of nature, in diverse
fields of science such as engineering, economics, material sciences and aerospace sci-
ences. This field of mathematical analysis - which deals with investigations and appli-
cations of integrals and derivatives of arbitrary order, received considerable attention
by scientists and mathematicians in numerous theoretical and applied sciences. Re-
cently, Special families of generalized fractional derivative operator [Dg’f ] of order a
and type 8, were introduced and investigated (Garra et al., 2014, Hilfer and Anton 1995;
Hilfer 2000; Hilfer 2002; Hilfer 2008; Hilfer). Applications of fractional calculus may
be based on fractional derivatives of different kinds, (Hilfer, Luchko, and Tomovski,
2009; Mainardi and Gorenflo, 2007; Sandev and Tomovski, 2010; Srivastava and To-
movski, 2009; Tomovski 2012). The solution of generalized differential equations of
fractional order is quite involved. Some analytical methods were presented some using
and numerous integral based transforms, such as the popular Laplace transform (Pod-
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lubny, 1994; Podlubny, 1999), the Fourier transform method (Miller and Ross, 1993),
and more recently, the Sumudu transform (Belgacem et al., 2014, Bulut, Baskonus and
Belgacem, 2013a, Bulut, Baskonus and Belgacem, 2013b; Chaurasia., Dubey, and Bel-
gacem 2012; Dubey, Goswami and Belgacem, 2012; Gupta,, Sharma, and Belgacem,
2011 ; Katatbeh and Belgacem, 2011, Tuluce, Bulut and Belgacem, 2014) that treat frac-
tional type equations and systems by means of the Sumudu transform method.

The prevalence and summary of the state of the art capabilities and main proper-
ties of the Sumudu transform including intricate developments, can be found in the
works of Belgacem, 2006a, Belgacem 2009; and Belgacem, 2010. With more than two
decades after its bringing back to circulation after Watugala Re-baptism (Watugala,
1993). With less than fifty articles in circulation, of which we recommend the follow-
ing articles treating integer order types of equations of systems (Asiru, 2001; Asiru,
2002; Asiru, 2003; Belgacem, Karaballi and Kalla 2003; Belgacem 2006 b; Belgacem,
2009; Belgacem 2010; Husain and Belgacem, 2007; Kilicman, Eltayeb, and Agarwal,
2010; Rana et al. 2007; Weerakoon, 1994; Weerakoon, 1999; Zang 2007).

In the recent published literature dedicated to Smudu transform, the only tables
provided are those in the works of Belgacem, Karaballi et Kalla, 2003; Belgacem and
Karaballi, 2006; Katatbeh and Belgacem, 2011; Belgacem and Silambarasan, 2012.

In this chapter, we apply the Sumudu transform of the generalized fractional
derivative, and use the expansion coefficients of series to derive the explicit solution
to homogeneous fractional differential equations.

2 Preamble

The Riemann - Liouvville fractional derivative is defined in the (Miller and Ross, 1993),
as follows:

Definition 1: The Riemann - Liouvville fractional derivative of order, a,
m-1<a<m,méeE N, isdefined as the left inverse of Riemann — Liouvville fractional
integral, i.e.

t

th(t) = I'(m-a) J (t- T)a+1—m :

In contrast, we find that Caputo gave an alternative definition for the fractional
derivative, (Caputo,1969):
Definition 2: The Caputo fractional derivative of order a,m -1 < a < m,m € N is
given by

t
DO =T D"F O rom— | (t_x)la,mﬂnmf(x) dx. @
0
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On the other hand, (Hilfer, 2002) stated yet another version of the fractional
derivative, namely:
Definition 3: The Hilfer fractional derivative or composite fractional derivative of or-
der 0 < a < 1, and type, O < 8 < 1, is defined by

DEPF(t) = P ODIT PO (). €)

Furthermore, in 24 Hilfer R. (2008) extended his own definition, and termed it
generalized Riemann-Liouville.
Definition 4: Forn-1<a <n,0 < B < 1,n € N, The generalized Riemann-Liouville
fractional derivative is defined by

DYPF () = PO pr [P (¢ @)

In the definition above, type 8 allows D?’ﬁ to interpolate continuously between the
classical Riemann-Liouville fractional derivative, and the Caputo fractional derivative.
Clearly, the case 8 = 0, reverts back to yield the classical Riemann-Liouville fractional
derivative:

DXF () = DI Of (t) = DIf (t), O<a<1. (5)

Furthermore, in the case 8 = 1, the Caputo fractional derivative is obtained
DO () = IO () = CDEF(1), O<a<i. ©6)

Definition 5: A generalization of the Mittag — Leffler function E, g (z) is introduced by
Prabhakar, 1971, as follows:

2k
Ez,ﬁ @) Z I'( ak +p) k! @

wherea, 8,y € C; R (a) > 0; R (B) > 0; z € C and ~; denotes the familiar Pochhammer
symbol or the shifted factorial, since (1), = k! (k € Np), the set of whole numbers
(No = Nu {0} ={0, 1, 2...}), and where

e = T(v+k) 1 (k =05~ € C\ {0}
S O F(y+1) .. (y+k-1) (k € Ny~ € C)

(8)
Definition 6: The Sumudu transform is defined over the set of functions (See for in-

stance Watugala, 1993):

A={f(t)]3M, 11 , FO] < MelV'T, if te (-1 x [0, 0)},

by
G = SIF(O)] = / fuetdt, ue (11, 72) 9)
0
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With the definitions above, we now recall some useful results which are directly ap-
plicable below:

st [u“l (1 - wuﬂ) _5] = t“’lEg,a (Wtﬁ) , (10)

where, S~! denotes the inverse Sumudu transform.
We can prove the result in the following way:

oo

S [t’Y‘lEg,7 (wtﬂ)] - / et (uty ES, (w (ut)ﬂ) dt.
0

By using Eq. 7, we get,
n
_ > (5)}’[ (wuﬁ) _ ﬁ -6
u” 1§T=u” 1(1—wu ) .

By applying inverse Sumudu transform, we get our required result.

-2
k=0

To find inverse Sumudu transform of this function we will use result 10

L - 1 s )
2 (42 = = = —
Wt e b) (1+aua2) |1+ b | ko (Lraur?)”
(1 + au—a+2)
_ N 2kl gk —q2y (k1)
>u (-b)* (1 +au™™?)

kr=0
(12)

Then by using result 10

-2 b
S_l |:(u:| = Z (_b)k t2k+1_1Elf;12,2k+1 (_at_a+2) (13)

u?+au®+b)|

(iii)

-1 o
B u k (2k+2-1 7k .
P 7 D DL - G ) B (D
k=0
(iv)
B(1-a)-1 >
_ au k (p(1-)+2k+1 pk -
s {m} = > a. (B PUIRERL gk (-at*?)(15)
k=0

)

B2-a)-1 =

_ au k (p2-a)+2k+1 pk -

s {m} D L o e i I
k=0
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(vi)
-1 Lo
571 [ _ u :| _ Z (_b)k tak+a—1El;:%’ak+a (_ata71>
k=0

aul+ua+ph

(vii)

-1 yP-o-1 - B(1-a)+ak+a-1 k+1 a-1
S au-l+u®+h E (- b) t Ea 1,f(1-a)+ak+a (_at )
k=0

(viii)

B2-a)-1
_ u X )
S 1 [m} Z( b) tﬁ(z e 1Ea 1,8(2-a)+ak+a (—ata 1>

373

(17)

(18)

(19)

Lemma 1: The Sumudu transform of generalized fractional derivative, (Dg’f y) x)is

given as follows:

x>a+

n-1
s(D&fy) o= WSyl - > w0 lim ;—):((If{i’“)“’my)(x)].
k=0

Proof. The generalized fractional differential operator is defined as

(D&fy) 00 = (<8879 (D6 ) ) 0.

(20)

(1)

Applying the integral operator, (13+), on both side of 21, (see for instance Pod-

lubny I. 1994).
16 (D&fy) 00 = (1 (06 %) ) 0

n-1 (x - @)k~ (-00-p)

RRACRD DY e e B 7 1A

k=0

&Py

Then applying the Sumudu transform on each side of above equation we get

n-1

u's (Dify) () = Syl - Y[ lim = 01 - @)D

Multiplying both sides by, u™%, and taking a = 0, we get required result.

x>0+ dxk

n-1
5 (D82y) (0 = wSly(al) - S im L 00Dy
k=0

(22)

(23)
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3 Main Results

In the foreword we establish the main findings of this chapter.
Theorem 1: The following generalized fractional differential equation

V' (©+ay™P ©+byt)=0 (24)
wheren-1<a<nandO<fB<1landa,beR
. s - 3 / : -p)a-o _
with the initial conditions, y (0) = cpandy (0) = c1 I0 y)(©0) = c; and
(Igl’ﬂ)(z’“)y> (0) = c3, has a solution given by

btk X T(r+k+1)(-at>™)’

H=c e
y(t) Ok;) K 2 TE-ar 2k (25)

S\ (=h)kekt & I(r+k+1)(-at>™ )’
+C1 Z Al T(2-a)r+2k+2]r!
k=0 r=0

S (-h)kgpu-a2iet 20 P(rek+1)(-at> ™)’
T Z k! I2-a)r+p(1-a)+2k+2]r!

k=0 r=0

S (=hyfpearzet 2 [(r+k+1)(-at* )’
+C3 Z

ard k! = TIT2-a)r+p(2-a)+2k+2]r!

Proof. Applying the Sumudu Transform to Eq. 24, we obtain:

uS[y (O] -u?y (0) - uly (0) + au Sy (t)] u

O A 2
_auﬁ(lfa)fl(lgl A1 a)y)(o) _ auﬁ(Z—a)—l (I(()l B2 a)y) (O) + bS [y (t)] =0 ( 6)

Solving for S[y(t)] and using initial conditions we have

u-2 ul auP-o-1 auP@-o-1

Sly®] =

=0. 27

Co + C1+ Cy +
u2+au-2+b uZ+au®+b uZ+au®+b u?Z+au+b

Now taking the inverse Sumudu transform on both sides and using results 11 to 16,

y(O) =co Y (b P EN s (-at?)
k=0

k (2k+2-11 pk+1 -a+2
+C1 Z (_b) t 1E—0(+2,2k+2 (at )
k=0
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k B(1-a)+2k+1 pk a2
+cy a.(-b) (P B B-a2ke2 (at o )
k=0

+¢3 Z a.(-b) k (B2~ ot)+2k+1Ekwr2 Bays2ke2 ( t—a+2) (28)

(- b) 2k ST (r+k+1) (-at?™)"
y(O= kg F[(2 a)r+2k+1]r!
= b) tz"*l = L(r+k+1)(-at?™@)’
Z T'2-ayr+2k+2]r!

k=0
i (-b)* fﬁ(l W2kl & I(r+k+1)(-at>®)
k=0 ,:OF[(z_“)r+ﬂ(1—a)+2k+2]r!
)k (p-a)+2k+1 = I(r+k+1)(-at® r
+C ( ) k! F[(Z—a)r+,8(2—(a)+212+2]rl (29)
k=0 : r=0 .
O

Theorem 2: The following generalized fractional differential equation

yoP(t) +ay (t) + by(t) =0 wherel<a<2andO<pB<1anda,bcR
(30)
with the initial conditions y (0) = co and y (0) = c; , (If)l_ﬁ)(l"“)y> (0)=c, and

(Iél_ﬁ )(Z—a)y) (0) = c3, has its solution given by:

~ i (—b)k i F(r +k+ 1) (_a)r t(a—l)r+ak+a—1
y(t)‘“COZ ki ; Tl(a-1)r+ak+a]r
( b)k had F(I’+ k + 1)( (1) tﬂ(l a)+ak+a-1+(a-1)r
+C12 Z I'fa-Dr+pQA-a)+ak+a]r!

r=0

(-b Tr+k+1)(- a) B-a)rak+a-1+(a-1)r
+CZZ Z I'jfla-Dr+pR2-a)+ak+a]r! €

k=0

Proof. Applying the Sumudu transform of Eq. 30, we obtain:

WS [y (6)] u - uP- O (P Dy (0)

(32)
w0t ([P0 ) 0)+ au STy (0] - auly (0)+ bS[y (0] =
Solving for S [y (t)] and using the initial conditions above we get
-1 B(1-a)-1 BR2-a)-1
Sy®] =a——" cot+ 2 o+ 2 ;=0 (33)

0 1 2
aul+ua+p aul+ua+p aul+ua+ph
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Now taking the inverse Sumudu transform on both sides and using results 17-19,

y(t) =aco Z (_b)k tak+a71E§t%,ak+a (_atail)
k=0

+cy Z (—b)k tﬁ(z—a)+ak+a—1Elétiﬁ(}a%aha (_ata—l)
k=0

rcy Z (—b)k pl-o+akra-1 Elz;ﬂ,ﬁ(l—a)mkm (_ata—l) (34)
k=0

oo oo

k r y(a-1)r+ak+a—
Y(f)=aCoZ(_b) ZF(r+k+1)(_a) gla-Dr+akea-1

— k! o T'[a-1)r+ak+a]r!

e (—b)k e F(r +k+ 1) (_a)r tﬁ(Z—zx)+zxk+a—1+(a—1)r
”2;; 2 [a-Dr+p2-a)+ak+alr

o (—b)k o re+ k+ 1) (_a)r tﬁ(l—a)+ak+a—1+(a—1)r
+C1§ k! Z I'[(la-Dr+p(A-a)+ak+a]r! (35)
O
Theorem 3: The following equation:
y*P(t)-by(t)=0, where O<a<1 and beR (36)
with the initial condition y (0) = ¢ has its solution given by
N _p)k B(1-a)+a+ak-1
y(©) = co > Pgrarar
k=0
Proof. We apply the Sumudu transform of 36, that is
u S [y (O] - PO =Py (0) - bS [y (0] 37
Solving for S|y (¢)]
B(1-a)-1 B(1-a)-1 ind ind
= u __u - ayk o B1-a)-1+a _ k., B(1-a)-a+ak-1
Sy (0] O @ h) " ww (1= bu) > (bu*)u > () u
k=0 k=0
(38)
Now taking the inverse Sumudu of the equation above, we get:
~ oo (—b)k tﬁ(l—zx)+a+ak—1
y(t)_co,g)l‘ﬁ(l—a)+a+ak (39)
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Remark 1If a = 0 in Eq. 22, then the equation,
y Pty -by()=0 1<as<2 40)

with the initial conditions y (0) = coandy’ (0) = c; has its solution given by

) (—b)k tﬁ(l—a)+a+ak—1 oo (—b)k tﬁ(Z—a)+a+ak—1
y(®)=co ). +C1
i TB(1-a)+a+ak S TB2-a)+a+ak (41)

The next reult treats the generalized Vibration equation which is a particular case
of the previous one.
Theorem 4: A nearly simple generalized harmonic vibration equation:

¥ () - wy (t) =0, 1<as<?2 (42)
with the initial conditions y (0) = coandy’ (0) = c; has its solution given by

(_WZ)I‘ tﬁ(l—a)+a+ak—1 o (_WZ)I‘ tﬁ(z—a)+a+ak—1
ta ,g) TB(2-a)+a+ak (43)

y(t)=CO,§J I'fA-a)+a+ak

Proof. By putting, b = w? in Eq. 40, the proof of the statement of the theorem is com-
pleted. O

4 Conclusion

In this work we have derived solutions of some generalized and special type of frac-
tional differential equations. These solutions are general in nature and to get them
we have used the Sumudu transform technique. The Sumudu transform method turns
out to be a very powerful and direct technique towards the elucidation of such ap-
plications. It is also very user friendly. Along with the references we provide below,
we hope that our respected readers would find ample information about this multi-
tasking tool, its properties, the obvious ones and the more intricate ones, as well as
the various applications in fractional Calculus it was capable to successfully tackle.
Any feedback or related communications would be highly welcome and taken into
consideration.
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