
Appendix

A.1 Linear Programming
Consider program PA.1 below which consists in minimizing the linear function
f ðx1; x2;. . .; xnÞ; the variables of this function, x1, x2,…, xn, are either Boolean vari-
ables, or integer variables or non-negative real variables. These variables are subject
to a set of linear constraints and the coefficients c1, c2,…, cn, ai1, ai2,…, ain (i = 1,
…, m), b1, b2,…, bm are arbitrary.

PA:1 :

min f ðx1; x2;. . .; xnÞ ¼ c1x1þ c2x2þ ���� þ cnxn

s.t:

ai1x1þ ai2x2þ ���� þ ainxn � bi i ¼ 1;. . .; p (A:1.1)

ai1x1þ ai2x2þ ���� þ ainxn ¼ bi i ¼ pþ 1;. . .;m (A:1.2)

xj 2 f0; 1g j ¼ 1;. . .; r (A:1.3)

xj 2 N j ¼ r þ 1;. . .; s (A:1.4)

xj � 0 j ¼ sþ 1;. . .; n ðA:1:5Þ
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PA.1 is a mathematical program, called a mixed-integer linear program; it can be
written in the condensed form PA.2.

PA:2 :

min f ðx1; x2;. . .; xnÞ ¼
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj � bi i ¼ 1;. . .; p ðA:2:1Þ
Pn
j¼1

aijxj ¼ bi i ¼ pþ 1;. . .;m ðA:2:2Þ
xj 2 f0; 1g j ¼ 1;. . .; r ðA:2:3Þ
xj 2 N j ¼ r þ 1;. . .; s ðA:2:4Þ
xj � 0 j ¼ sþ 1;. . .; n ðA:2:5Þ

����������������
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Problem PA.1 – or PA.2 – consists in determining the values of variables x1, x2,…,
xn which respect their specificity, defined by constraints A.2.3–A.2.5, satisfy linear
constraints A.2.1 and A.2.2, and minimize the linear economic function

Pn
j¼1 cjxj .

The linear constraints are either inequalities,
Pn

j¼1 aijxj � bi; i ¼ 1; 2;. . .; p, or
equalities,

Pn
j¼1 aijxj ¼ bi; i ¼ pþ 1;. . .;m. As regards the specificity of the vari-

ables in program PA.1, some of them can only take integer values; this is the case of
variables xj ; j ¼ 1;. . .; s. Others can take any non-negative real values; this is the case
of variables xj ; j ¼ sþ 1;. . .; n. Among the variables that can only take integer
values, some can only take the values 0 or 1; this is the case of variables
xj ; j ¼ 1;. . .; r . If all the variables of PA.1 must only take integer values, we have an
integer linear program. If all its variables must only take the values 0 or 1, it is a 0–1
linear program or a linear program in Boolean variables. It can always be assumed
that all the variables in a mixed-integer linear program are positive or zero. This is
because any variable that is not constrained in sign can be expressed as the differ-
ence between two non-negative variables. Thus, a real variable can be expressed as
the difference between two positive or zero real variables and a variable belonging to
the set of integers, as the difference between two variables belonging to the set of
natural numbers.

Example A.1. Consider program PA.3, which consists of minimizing a linear function
of the five variables x1, x2, x3, x4, and x5, subject to two linear constraints – one
equality and one inequality. Variables x1 and x2 can only take the values 0 or 1,
variable x3 must take a positive or zero integer value, and both variables x4 and x5
must take real, positive or zero values.

PA:3 :

min f ðx1; x2; x3; x4; x5Þ ¼ �x1 � 3x2þ 3x3 � 4x4þ 7x5

s.t:

2x1 � 3x2þ 3x3 � 6x4 � 2x5� 10 ðA:3:1Þ
x1 � 4x2þ 2x3 � 5x4þ 3x5 ¼ 14 ðA:3:2Þ
x1; x2 2 f0; 1g ðA:3:3Þ
x3 2 N ðA:3:4Þ
x4; x5� 0 ðA:3:5Þ
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Many software packages for solving linear programs are available. Using one of
these software packages, the following optimal solution of PA.3 is obtained: (x1 = 1,
x2 = 0, x3 = 4, x4 = 0.0714, x5 = 1.7857). This solution gives the economic function
the value 23.2143. A solution that satisfies all the constraints is called a feasible
solution. For example, the solution (x1 = 0, x2 = 1, x3 = 5, x4 = 0.5, x5 = 3.5) is
feasible but not optimal since it gives the economic function the value 34.5.

Some integer linear programs are easy to solve because any feasible basic
solution of their continuous relaxation is an integer solution. A matrix is said to be
totally unimodular if the determinants of all its square sub-matrices are 0, 1 or −1.
The coefficients of such a matrix can, therefore, only take the values 0, 1 or −1.
There are some simple characterizations of totally unimodular matrices. Consider
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the set of solutions, assumed to be not empty, fx 2 R
n : Ax � b; x � 0g. In a general

way, if A is totally unimodular and if all the entries of the vector b are integer, then
fx 2 R

n : Ax � b; x � 0g is an integral polyhedron, i.e., a polyhedron whose vertices
all have integer coordinates. Consider the mathematical program PA.4 and its
continuous relaxation, PA.5. It is assumed that PA.4 admits an optimal solution.

PA:4 :

min
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj � bi i ¼ 1;. . .; p ðA:4:1Þ
xj 2 f0; 1g j ¼ 1;. . .; r ðA:4:2Þ
xj 2 N j ¼ r þ 1;. . .; s ðA:4:3Þ
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PA:5 :

min
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj � bi i ¼ 1;. . .; p ðA:5:1Þ

xj � 1 j ¼ 1;. . .; r ðA:5:2Þ
xj � 0 j ¼ 1;. . .; s ðA:5:3Þ

���������

8>>>>>>>><
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If the matrix associated with constraints A.5.1 and A.5.2 is totally unimodular
and if the coefficients bi, i = 1,…, p, are integers, then any basic solution of PA.5 is
integer-valued, and this is the case, in particular, of its optimal solution(s). To solve
the integer linear program PA.4, it is therefore sufficient to solve the continuous
linear program PA.5.

There is an extensive literature on linear programming, a central problem in
operational research. A few works, either entirely devoted to linear programming or
more general but with parts devoted to linear programming, are mentioned below.
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A.2 Quadratic Programming
Linear programming is a powerful tool for formulating and solving a wide variety of
optimization problems. However, in some cases, the economic function or con-
straints associated with the problems of interest do not possess the linearity prop-
erty. These are referred to as non-linear optimization problems and non-linear
mathematical programs. Solving a general non-linear mathematical program is a
difficult task. Here we are interested in quadratic programs. Such a program is
generally written as PA.6.

PA:6 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn
i¼1

Pn
j¼1

qijxixj

s.t:

Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijxixj � bk k ¼ 1;. . .; p ðA:6:1Þ
Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijxixj ¼ bk k ¼ pþ 1;. . .;m ðA:6:2Þ
xj 2 f0; 1g j ¼ 1;. . .; r ðA:6:3Þ
xj 2 N j ¼ r þ 1;. . .; s ðA:6:4Þ
xj � 0 j ¼ sþ 1;. . .; n ðA:6:5Þ

�����������������
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Variables x1; x2;. . .; xn are the variables of the problem; aj ðj ¼ 1;. . .; nÞ,
qij ði ¼ 1;. . .; n; j ¼ 1;. . .; nÞ, ekj ðk ¼ 1;. . .;m; j ¼ 1;. . .; nÞ, ckij ðk ¼ 1;. . .;m; i ¼ 1;
. . .; n; j ¼ 1;. . .; nÞ, and bk ðk ¼ 1;. . .;mÞ are any given coefficients. Constraints A.6.1
are quadratic inequality constraints and constraints A.6.2 are quadratic equality
constraints. Solving PA.6 is generally difficult, but there are many interesting and
much easier special cases. Some of them are discussed below.

A.3 Convex Quadratic Programming
Consider program PA.7 that satisfies the following properties: the objective,
qðxÞ ¼ qðx1; x2;. . .; xnÞ, and the left-hand side of constraint A.7.1,

Pn
j¼1 ekjxj þPn

i¼1
Pn

j¼1 ckijxixj , are convex quadratic functions; the right-hand side of this con-
straint, bk, is a positive or zero constant. Program PA.7 consists of minimizing a
convex function over a convex domain; it is called a convex quadratic program.
There are very efficient algorithms to solve it.

PA:7 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn
i¼1

Pn
j¼1

qijxixj

s.t:

Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijxixj � bk k ¼ 1;. . .;m ðA:7:1Þ
xj � 0 j ¼ 1;. . .; n ðA:7:2Þ

������

8>>>><
>>>>:

Given n real variables, x1; x2;. . .; xn, an expression of the form qðxÞ ¼Pn
i¼1Pn

j¼1 xiqijxj is called a quadratic form. It is written, in matrix form, qðxÞ ¼ xtQ x
where x denotes the vector ðx1; x2;. . .; xnÞ, and Q denotes a symmetric square matrix
of dimension n � n. The matrix Q is said to represent the quadratic form qðxÞ. Note
that any quadratic form can be represented by one and only one symmetric matrix
and that any symmetric matrix represents one and only one quadratic form. The
symmetric matrix Q is said to be positive semidefinite if, for all x 2 R

n, xtQx � 0. By
definition, the quadratic form qðxÞ ¼ xtQx is convex if the symmetric matrix Q is
positive semidefinite. There are many characterizations of positive semidefinite
matrices.

A special case of PA.7, which can be solved very efficiently, consists in minimizing
a convex quadratic function subject to linear constraints. It corresponds to program
PA.8 in which, now, bk is a coefficient of any sign.

PA:8 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn
i¼1

Pn
j¼1

qijxixj

s.t:

Pn
j¼1

ekjxj � bk k ¼ 1;. . .;m ðA:8:1Þ
xj � 0 j ¼ 1;. . .; n ðA:8:2Þ

������

8>>>><
>>>>:
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Example A.2. Consider the convex quadratic program PA.9.

PA:9 :

min qðxÞ ¼ �3x1 � 2x2 � 3x3 � 10x4þ 4x5þ 2ðx2 � 1Þ2þ 5ðx3 � 1Þ2
þ 2ðx4 � 1Þ2þðx5 � 2Þ2

s.t:
2x1þ 3x2þ 3x3þ 5x4 � 2x5� 20 ðA:9:1Þ

x1; x2; x3; x4; x5� 0 ðA:9:2Þ

������

8>>>>>><
>>>>>>:

Many software packages are available to solve PA.9. The optimal solution
obtained with one of these software packages is: (x1 = 5.6, x2 = 0.375, x3 = 0.85,
x4 = 1.625, x5 = 1.5). This solution gives the economic function the value −28.425.

There are many books and articles dealing with convex mathematical pro-
gramming and, in particular, convex quadratic programming. Some of these pub-
lications are mentioned below.
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A.4 Mixed-Integer Quadratic Programs With Convex
Continuous Relaxations

In such programs, the variables are either integer or real. They are generally written
as PA.10. In this program, the economic function and the left-hand side of constraint
A.10.1 are convex quadratic functions, and bk, k ¼ 1; 2;. . .;m, is a positive or zero
constant.

PA:10 :

min qðx1x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn
i¼1

Pn
j¼1

qijxixj

s.t:

Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijxixj � bk k ¼ 1;. . .;m ðA:10:1Þ
xj 2 f0; 1g j ¼ 1;. . .; r ðA:10:2Þ
xj 2 N j ¼ r þ 1;. . .; s ðA:10:3Þ
xj � 0 j ¼ sþ 1;. . .; n ðA:10:4Þ

�����������
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The continuous relaxation of PA.10 is obtained by relaxing the integrality
constraints. Specifically, the constraint xj 2 f0; 1g, j ¼ 1;. . .; r , is replaced by the
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constraint 0� xj � 1, j ¼ 1;. . .; r , and the constraint xj 2 N, j ¼ r þ 1;. . .; s, is
replaced by the constraint xj � 0, j ¼ r þ 1;. . .; s. The resulting program is called the
continuous relaxation of PA.10, and it is easy to see that it is a convex quadratic
program. There are efficient algorithms for solving mixed-integer quadratic pro-
grams with convex continuous relaxation. They are in fact based on implicit
enumeration methods that require, at each node of the search tree, the resolution of
a continuous relaxation, which in this case can be done efficiently because of
convexity properties.

There are also several methods for converting a mixed-integer quadratic program
whose continuous relaxation is not convex into a mixed-integer quadratic program
whose continuous relaxation is convex. Some examples of these transformations are
presented in the following section.

A.5 Quadratic Programming in 0–1 Variables
Quadratic programs in 0–1 variables allow the formulation of a large number of
combinatorial optimization problems in various fields. The general form of these
programs is given by PA.11.

PA:11 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn
i¼1

Pn
j¼1

qijxixj

s.t:

Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijxixj � bk k ¼ 1;. . .; p ðA:11:1Þ

Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijxixj ¼ bk k ¼ pþ 1;. . .;m ðA:11:2Þ

xj 2 f0; 1g j ¼ 1;. . .; n ðA:11:3Þ

�����������

8>>>>>>>>>><
>>>>>>>>>>:

There are many methods to solve this type of program: linearization methods
and convexification methods. The linearization methods consist of transforming
PA.11 into a mixed-integer linear program, using additional variables. The convexi-
fication methods consist in transforming PA.11 into a quadratic problem whose
continuous relaxation is convex, possibly using additional variables. Some solvers
accept programs PA.11 directly, and automatically perform a pre-processing – lin-
earization or convexification – that transforms the program into an equivalent one
whose continuous relaxation is a linear or a convex quadratic program.

A.5.1 Linearizations

One way to solve PA.11 is to linearize it and then solve the mixed-integer linear
program thus constructed using a mixed-integer linear programming solver. A first
linearization method consists in replacing, in the economic function and in the
constraints, each product of variables xixj by variable yij, and in adding to the
obtained program constraints which force variable yij to be equal to product xixj.
Thus, we obtain program PA.12 in which IJ designates the set of index pairs ði; jÞ 2
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f1;. . .; ng2 such that the product xixj appears either in the economic function or in
the constraints of PA.11.

PA:12 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn
i¼1

Pn
j¼1

qijyij

s.t:

Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijyij � bk k ¼ 1;. . .; p ðA:12:1Þ
Pn
j¼1

ekjxj þ
Pn
i¼1

Pn
j¼1

ckijyij ¼ bk k ¼ pþ 1;. . .;m ðA:12:2Þ

yij � xi; yij � xj ; 1� xi � xj þ yij � 0 ði; jÞ 2 IJ ðA:12:3Þ
yij � 0 ði; jÞ 2 IJ ðA:12:4Þ
xj 2 f0; 1g j ¼ 1;. . .; n ðA:12:5Þ

�����������������

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

It is easy to verify, by examining the two possible values of variables xj,
j ¼ 1;. . .; n, that any feasible solution of PA.12 satisfies yij = xixj.

Example A.3. Consider program PA.13 which consists of minimizing a quadratic
function of 5 Boolean variables subject to one linear constraint.

PA:13 :

min �3x1 � 2x2þ 3x3 � 10x4þ 4x5þ 2 x1x2
�4x1x3þ 5x2x3þ 6x2x5 � 4x3x4þ 6x3x5 � 2x4x5

s.t:
2x1þ 3x2þ 3x3þ 5x4 � 2x5� 20 ðA:13:1Þ
x1; x2; x3; x4; x5 2 f0; 1g ðA:13:2Þ

�����

8>>>><
>>>>:

By applying the linearization shown above, we obtain program PA.14.

PA:14 :

min �3x1 � 2x2þ 3x3 � 10x4þ 4x5

þ 2y12 � 4y13þ 5y23þ 6y25 � 4y34þ 6y35 � 2y45

s.t:

2x1þ 3x2þ 3x3þ 5x4 � 2x5� 20 ðA:14:1Þ j y34� x3; y34� x4 ðA:14:6Þ
1� x1 � x2þ y12� 0 ðA:14:2Þ j 1� x3 � x5þ y35� 0 ðA:14:7Þ
y13� x1; y13� x3 ðA:14:3Þ j y45� x4; y45� x5 ðA:14:8Þ
1� x2 � x3þ y23� 0 ðA:14:4Þ j x1; x2; x3; x4; x5 2 f0; 1g ðA:14:9Þ
1� x2 � x5þ y25� 0 ðA:14:5Þ j y12; y13; y23; y25; y34; y35; y45� 0 ðA:14:10Þ

��������������
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Note that, given the signs of the coefficients of variables yij in the economic
function, some linearization constraints are unnecessary. An optimal solution for
PA.14 is: (x1 = 1, x2 = 0, x3 = 1, x4 = 1, x5 = 0). This solution gives the economic
function the value −18.

We now present a second linearization method by applying it to program PA.15,
which consists of minimizing a quadratic economic function whose variables are
subject to linear constraints. Here, we assume that the quadratic part of the eco-
nomic function is written as

Pn�1
i¼1
Pn

j¼iþ 1 qijxixj . Note that, since x2i ¼ xi, we can

assume that the economic function does not have any terms x2i .
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PA:15 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn�1
i¼1

Pn
j¼iþ 1

qijxixj

s.t:

Pn
j¼1

ekjxj � bk k ¼ 1;. . .;m (A.15.1)

xj 2 f0; 1g j ¼ 1;. . .; n (A.15.2)

������

8>>>>>><
>>>>>>:

This second linearization consists in rewriting the economic function of PA.15 by
factoring variables xi in the quadratic part of this function and then replacing, for all
i ¼ 1;. . .; n � 1, the expression xi

Pn
j¼iþ 1 qijxj by variable zi. By proceeding in this

way, the economic function is written
Pn

j¼1 ajxj þ
Pn�1

i¼1 zi. We must then add
constraints A.16.2 and A.16.3 to force variable zi to take, at the optimum of the
program obtained, the value of the expression xi

Pn
j¼iþ 1 qijxj . We finally obtain

program PA.16.

PA:16 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn�1
i¼1

zi

s.t:

Pn
j¼1

ekjxj � bk k ¼ 1;. . .;m ðA:16:1Þ
zi � xi

P
j ¼ iþ 1;. . .; n :

qij\0

qij i ¼ 1;. . .; n � 1 ðA:16:2Þ

zi �
P

j¼iþ 1;...;n
qijxj� ð1� xiÞ

P
j ¼ iþ 1;. . .; n :

qij [ 0

qij i ¼ 1;. . .; n � 1 ðA:16:3Þ

xj 2 f0; 1g j ¼ 1;. . .; n ðA:16:4Þ
zi 2 R i ¼ 1;. . .; n � 1 ðA:16:5Þ

������������������

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

Let us look at constraints A.16.2 and A.16.3. If xi = 0, constraint A.16.2 becomes
zi � 0 and constraint A.16.3, zi �

P
j¼iþ 1;...;n qijxj �

P
j¼iþ 1;...;n : qij [ 0 qij . The

right-hand side of the latter constraint is negative or zero whatever the values taken
by variables xj. Finally, in this case and because we are seeking to minimize variable
zi, this variable takes the value 0 at the optimum of PA.16. If xi = 1, constraint A.16.2
becomes zi �

P
j¼iþ 1;...;n : qij\0 qij and constraint A.16.3 becomes zi �

P
j¼iþ 1;...;n

qijxj . Note that
P

j¼iþ 1;...;n qijxj �
P

j¼iþ 1;...;n : qij\0 qij whatever the values taken by

the Boolean variables xj. Because we are seeking to minimize zi, this variable takes,
at the optimum of PA.16, the greater of the 2 values

P
j¼iþ 1;...;n : qij\0 qij ,P

j¼iþ 1;...;n qijxj , that is to say the value
P

j¼iþ 1;...;n qijxj . Finally, at the optimum of
PA.16, zi ¼ xi

P
j¼iþ 1;...;n qijxj . Note that the technique just presented for linearizing

the economic function could be applied in the same way to linearize quadratic
constraints.

Example A.4. Let us go back to PA.13 and apply this second linearization method to
it. The quadratic part of the economic function can be rewritten
x1ð2x2 � 4x3Þþ x2ð5x3þ 6x5Þþ x3ð�4x4þ 6x5Þþ x4ð�2x5Þ. We thus obtain the
mixed-integer linear program PA.17 which is equivalent to program PA.13.
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PA:17 :

min qðx1; x2;. . .; x5Þ ¼ �3x1 � 2x2þ 3x3 � 10x4þ 4x5þ z1þ z2þ z3þ z4

s.t:

2x1þ 3x2þ 3x3þ 5x4 � 2x5� 20 j z4� � 2x4; z4� � 2x5

z1� � 4x1; z1� 2x2 � 4x3 � 2ð1� x1Þ j x1; x2; x3; x4; x5 2 f0; 1g
z2� 0; z2� 5x3þ 6x5 � 11ð1� x2Þ j z1; z2; z3; z4; z5 2 R

z3� � 4x3; z3� � 4x4þ 6x5 � 6ð1� x3Þ j

����������

8>>>>>>><
>>>>>>>:

The optimal solution for PA.17 is: (x1 ¼ 1; x2 ¼ 0; x3 ¼ 1; x4 ¼ 1; x5 ¼ 0;
z1 ¼ �4; z2 ¼ 0; z3 ¼ �4, z4 ¼ 0), and this solution gives the economic function the
value −18.

A.5.2 Convexifications

There are several methods to transform PA.11 into an equivalent quadratic program
with a convex continuous relaxation. Examples of these methods are given below, in
the particular case of minimizing a quadratic function whose variables are subject to
linear constraints. Let us therefore consider program PA.18.

PA:18 :

min qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ
Pn
i¼1

Pn
j¼1

qijxixj

s.t:

Pn
j¼1

ekjxj � bk k ¼ 1;. . .;m ðA:18:1Þ
xj 2 f0; 1g j ¼ 1;. . .; n ðA:18:2Þ

������

8>>>><
>>>>:

Let Qþ ¼ fði; jÞ : qij [ 0g and Q� ¼ fði; jÞ : qij\0g. Since variables xi, i = 1,…,
n, are Boolean variables, the function ~q below is equal to the economic function of
PA.18, qðx1; x2;. . .; xnÞ, for all x 2 0; 1f gn.

~qðx1; x2;. . .; xnÞ ¼
Pn
j¼1

ajxj þ 1
2

X
ði;jÞ2Qþ

qijððxi þ xjÞ2 � ðxi þ xjÞÞ

� 1
2

X
ði;jÞ2Q�

qijððxi � xjÞ2 � ðxi þ xjÞÞ

In addition, ~qðx1; x2;. . .; xnÞ is a convex function. Program PA.18 is equivalent to
program PA.19 and the continuous relaxation of PA.19 is a convex quadratic program.

PA:19 :
min ~qðx1; x2;. . .; xnÞ
s.t: ðA:18:1Þ; ðA:18:2Þj

�

Let us now consider another convexification method. Let us rewrite program
PA.18 using a matrix writing of the quadratic part of the economic function. We
obtain program PA.20 in which the matrix M, of general term mij, is the symmetric
matrix associated with the quadratic form

Pn
i¼1
Pn

j¼1 qijxixj . We have, for all i� j,

mji ¼ mij ¼ qij þ qji
� �

=2.
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PA:20 :
min q x1; x2;. . .; xnð Þ ¼ P

n

j¼1
ajxj þ xt Mx

s.t: ðA:18:1Þ; ðA:18:2Þj

8<
:

One way of reformulating program PA.20 – and thus program PA.18 – as an
equivalent quadratic program whose continuous relaxation is a convex quadratic
program, is to add to the function qðx1; x2;. . .; xnÞ – assumed to be non-convex – the
quantity

P
j¼1;...;n kminðx2j � xjÞ where kmin denotes the absolute value of the smallest

eigenvalue of the square and symmetric matrix, M. This gives the convex quadratic

function q̂ x1; x2;. . .; xnð Þ ¼ q x1; x2;. . .; xnð Þþ Pj¼1;...;n kmin x2j � xj
� �

which is equal to

qðx1; x2;. . .; xnÞ for all x 2 0; 1f gn. This method requires a relatively simple
pre-processing of program PA.20, the calculation of the smallest eigenvalue of the
matrix M. Finally, one can thus solve PA.20 by solving the quadratic program PA.21

whose continuous relaxation is convex.

PA:21 :
min q x1; x2;. . .; xnð Þþ P

n

j¼1
kmin x2j � xj

� �

s.t: ðA:18:1Þ; ðA:18:2Þj

8<
:

Example A.5. Let us consider again program PA.13 and transform it into a quadratic
program whose continuous relaxation is a convex program. To do this, let us add to
the economic function the quantity – zero for any feasible solution –

kmin
Pn

j¼1 x2j � xj
� �

where λmin is equal to the absolute value of the smallest eigen-

value of the matrix associated with the quadratic form 2x1x2�
4x1x3þ 5x2x3þ 6x2x5 � 4x3x4þ 6x3x5 � 2x4x5, i.e., of the matrix

M ¼

0 1 �2 0 0
1 0 2:5 0 3
�2 2:5 0 �2 3
0 0 �2 0 �1
0 3 3 �1 0

0
BBBB@

1
CCCCA
:

The smallest eigenvalue of M is equal to −4.19. Program PA.13 is therefore
equivalent to program PA.22 whose continuous relaxation is convex.

PA:22 :

min �3x1 � 2x2þ 3x3 � 10x4þ 4x5þ 2x1x2
�4x1x3þ 5x2x3þ 6x2x5 � 4x3x4þ 6x3x5 � 2x4x5

þ 4:2
Pn
i¼1

x2i � xi
� �

s.t:
2x1þ 3x2þ 3x3þ 5x4 � 2x5� 20 ðA:22:1Þ
x1; x2; x3; x4; x5 2 f0; 1g ðA:22:2Þ

�����

8>>>>>>><
>>>>>>>:
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There are other, more elaborate pre-treatments of program PA.18 – whose
continuous relaxation is non-convex – allowing it to be rewritten as an equivalent
quadratic program whose continuous relaxation is a convex quadratic program.
These methods, which are based on positive semidefinite programming, also allow
the processing of quadratic programs containing simultaneously Boolean variables,
integer variables and real variables. There are many publications dealing with these
linearization and convexification methods. Some of them are mentioned below.
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A.6 Fractional Programming
The general fractional optimization problem can be written in the form of the
mathematical program PA.23.

PA:23 :
max f ðxÞ=gðxÞ
s.t: x 2 X

�

The set X is a compact, non-empty subset of Rn. The functions f ðxÞ and gðxÞ are
continuous functions with real values defined on the set X. It is assumed here that
gðxÞ[ 0 for any x belonging to X. There are many methods to solve this problem.
We present below one of these methods, the Dinkelbach algorithm.

Let k be a parameter belonging to the set of real numbers. Let us consider the
parametric problem PA:24ðkÞ associated with PA.23.

PA:24ðkÞ : max f ðxÞ � k gðxÞ
s.t: x 2 X

�

Let us denote by v ðkÞ the optimal value of PA:24ðkÞ and by x�k, an optimal
solution to this program. We can prove that v ðkÞ ¼ 0 if and only if k is the optimal
value of PA.23 and x�k , an optimal solution to this problem. Thus, we obtain another
formulation of program PA.23:

Find k 2 R such that v ðkÞ ¼ 0, where v ðkÞ ¼ maxff ðxÞ � kgðxÞ : x 2 Xg.
From this formulation, we will be able to build algorithms to solve PA.23, based

on classical methods to determine the root of a function – the Newton method. This
is the case of the Dinkelbach algorithm presented below.

The Dinkelbach Algorithm

Step 1. k f ðx0Þ=gðx0Þ where x0 is a point of X.
Step 2. calculate vðkÞ = max f ðxÞ � kgðxÞ : x 2 Xf g and let xk be such that

vðkÞ = f ðxkÞ � kgðxkÞ.
Step 3. if vðkÞ 6¼ 0 then k f ðxkÞ=gðxkÞ and go to 2 else xk is an optimal solution

endif.
The difficulty of this algorithm depends on the difficulty of the optimization

problem of Step 2.
In the case where the functions f ðxÞ and g(x) are linear or affine and X is a convex

polyhedron, PA.23 is a linear or hyperbolic fractional optimization problem. It is
written as PA.25.

PA:25 :

max b0þ
Pn

j¼1 bjxj
� ��

c0þ
Pn

j¼1 cjxj
� �

s.t:

Pn
j¼1

aijxj � di i ¼ 1;. . .;m ðA:25:1Þ

xj � 0 j ¼ 1;. . .; n ðA:25:2Þ

�������

8>>>>><
>>>>>:

where b0, c0, bj ðj ¼ 1;. . .; nÞ, cj ðj ¼ 1;. . .; nÞ, and aijði ¼ 1;. . .;m; j ¼ 1;. . .; nÞ are real
coefficients such that, for any feasible solution of PA.25, c0þ

Pn
j¼1 cjxj [ 0. Program
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PA.25 can be solved by the Dinkelbach algorithm. In this case, the optimization
problem of Step 2 consists in solving a continuous linear program. However, by per-
forming the variable changes yj ¼ xj=ðc0þ

Pn
j¼1 cjxjÞ, j = 1,…,n, and

t ¼ 1=ðc0þ
Pn

j¼1 cjxjÞ, PA.25 can be rewritten as the equivalent linear program PA.26.

PA:26 :

max b0tþ
Pn
j¼1

bjyj

s.t:

c0tþ
Pn
j¼1

cjyj ¼ 1 (A:26:1Þ
Pn
j¼1

aijyj � dit i ¼ 1;. . .;m (A:26:2Þ
yj � 0 j ¼ 1;. . .; n (A:26:3Þ
t� 0 (A:26:4Þ

�������������

8>>>>>>>>>>>><
>>>>>>>>>>>>:

Let us now consider the mixed-integer linear fractional optimization problem
PA.27.

PA:27 :

max b0þ
Pn

j¼1 bjxj
� ��

c0þ
Pn

j¼1 cjxj
� �

s.t:

Pn
j¼1

aijxj � di i ¼ 1;. . .;m ðA:27:1Þ

xj � 0 j ¼ 1;. . .; p ðA:27:2Þ

xj 2 f0; 1g j ¼ pþ 1;. . .; n ðA:27:3Þ

�����������

8>>>>>>>>>><
>>>>>>>>>>:

As before, it is assumed that c0þ
Pn

j¼1 cjxj [ 0 for any feasible solution. The
Dinkelbach algorithm, presented above, can be used to solve PA.27. In this case, X is
defined by Constraints A.27.1–A.27.3, and Step 2 of the algorithm consists in
solving a mixed-integer linear program.

Fractional optimization problems are very diverse. For example, one can look at
the ratio of two quadratic functions or at the sum of several ratios. For more infor-
mation on fractional optimization, the reader can consult the references cited below.
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A.7 Piecewise Linear Functions
In this section, we are interested in mathematical programs involving piecewise linear
functions and linear functions in the economic function and/or in the constraints. In
fact, in the general case, such programs can be rewritten as mixed-integer linear
programs. Note that this notion of piecewise linearity is interesting since any con-
tinuous function of one variable can be approximated by a piecewise linear function,
the quality of the approximation depending on the size of the segments. Let f ðxÞ be a
piecewise linear function defined on the interval [b0, bp] in the following way:

f ðxÞ ¼ a1x þ d1 b0� x � b1

f ðxÞ ¼ a2x þ d2 b1� x � b2

f ðxÞ ¼ a3x þ d3 b2� x � b3
. . .. . .. . .. . .. . .. . .. . . . . .. . .. . .. . .
f ðxÞ ¼ apx þ dp bp�1� x � bp
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The coefficients b0; b1;. . .; bp are real numbers such that 0� b0\b1\� � �\bp. The
coefficients a1;. . .; ap represent the slope of the different segments. Figure A.1 shows
a piecewise linear function, f ðxÞ, defined on the interval [2, 16] by the 5 points of
coordinates (2, 8), (6, 20), (8, 16), (12, 24), and (16, 20). The 4 corresponding
linear – or affine – functions are: f1ðxÞ ¼ 3x þ 2, f2ðxÞ ¼ �2x þ 32, f3ðxÞ ¼ 2x, and
f4ðxÞ ¼ �x þ 36.

A first formulation. This formulation allows a piecewise linear function to be
expressed as a linear function subject to linear constraints. This formulation uses
additional Boolean variables and also additional real variables. Note, first of all,
that, for any x between bi and biþ 1, two non-negative reals, ki and kiþ 1, can be
defined, whose sum is 1 and such that x ¼ kibi þ kiþ 1biþ 1. It is thus deduced that,
for any x between bi and biþ 1, the piecewise linear function f(x) can be written
f ðxÞ ¼ kif ðbiÞþ kiþ 1f ðbiþ 1Þ where ki and kiþ 1 satisfy the above properties. Finally,
we can therefore write the function f ðxÞ in the form f ðxÞ ¼Pp

i¼0 kif ðbiÞ where all ki
are non-negative real numbers such that

Pp
i¼0 ki ¼ 1, and satisfying the following

conditions: if bi � x � biþ 1 then ki þ kiþ 1 ¼ 1 and x ¼ kibi þ kiþ 1biþ 1. We can
therefore write f ðxÞ in the form

Pp
i¼0 kif ðbiÞ, where variables zi and λi satisfy con-

straints CA.1 below.

CA:1 :

x ¼ P
p

i¼0
kibi ðCA:1:1Þ j Pp

i¼0
ki ¼ 1 ðCA:1:5Þ

k0� z0 ðCA:1:2Þ j Pp�1
i¼0

zi ¼ 1 ðCA:1:6Þ
ki � zi�1þ zi 1� i\p ðCA:1:3Þ j ki � 0 i ¼ 0; 1;. . .; p ðCA:1:7Þ
kp� zp�1 ðCA:1:4Þ j zi 2 0; 1f g i ¼ 0; 1;. . .; p� 1 ðCA:1:8Þ

8>>>>>>>><
>>>>>>>>:
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FIG. A.1 – A piecewise linear function, f ðxÞ, defined by the 5 points of coordinates (2,8),
(6,20), (8,16), (12,24), and (16,20).
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Indeed, constraints CA.1.6 and CA.1.8 require that one and only one variable zi
be equal to 1. Moreover, if zi ¼ 1, then constraints CA.1.2, CA.1.3, CA.1.4, CA.1.5,
and CA.1.7 imply ki þ kiþ 1 ¼ 1 and kk ¼ 0, for all k different from i or iþ 1.

Example A.6. Let us apply the approach presented above to the mathematical
program PA.28. In this program, the economic function and one of the constraints are
expressed as the sum of a piecewise linear function of variable x, and a linear
function of variable x and other variables, t1, t2, and t3. The piecewise linear function
f ðxÞ is defined on the interval [1, 7] by the points of coordinates (1, 3), (3, 5), (5, 3),
and (7, 5).

PA:28 :

min f ðxÞþ t1 � 2t2þ t3 � 2x

s.t:

4:5x þ t1 � t3� 27:5 ðA:28:1Þ j t1� 6 ðA:28:4Þ
x þ 2f ðxÞþ 2t1þ 2t2� 24 ðA:28:2Þ j t2� 4 ðA:28:5Þ
1� x � 7 ðA:28:3Þ j t1; t2; t3� 0 ðA:28:6Þ

�������

8>>>><
>>>>:

The solution of PA.28 can be obtained by solving the mixed-integer linear program
PA.29 in which variable e represents the value of the piecewise linear function f(x).

PA:29 :

min eþ t1 � 2t2þ t3 � 2x

s.t:

4:5x þ t1 � t3� 27:5 j k0� z0 j z0þ z1þ z2 ¼ 1 j t2� 4

x þ 2eþ 2t1þ 2t2� 24 j k1� z0þ z1 j k0þ k1þ k2þ k3 ¼ 1 j k0; k1; k2; k3� 0

e ¼ 3k0þ 5k1þ 3k2þ 5k3 j k2� z1þ z2 j 1� x � 7 j t1; t2; t3� 0

x ¼ k0þ 3k1þ 5k2þ 7k3 j k3� z2 j t1� 6 j z0; z1; z2 2 f0; 1g

����������

8>>>>>>><
>>>>>>>:

Note that the values of both variables e and x are entirely defined by the values of
variables λi, i = 0, 1, 2, 3. The optimal solution of PA.29 is: (x ¼ 6:1111; t1 ¼ 0;
t2 ¼ 4; t3 ¼ 0); the corresponding values of variables e, λi and zi are:
e ¼ 4:1111; k0 ¼ 0; k1 ¼ 0; k2 ¼ 0:4444; k3 ¼ 0:5556, z0 ¼ 0; z1 ¼ 0; z2 ¼ 1. The
value of the optimal solution is equal to −16.1111.

A second formulation. We present below another way of expressing the piecewise
linear function f ðxÞ defined at the beginning of this section. In this formulation, f ðxÞ
is expressed as a linear function of real variables, ui, and Boolean variables, zi, i = 1,
…, p, these variables being subject to linear constraints. It is indeed easy to verify
that, for any x belonging to the interval [b0, bp], f ðxÞ ¼

Pp
i¼1 ðaiui þ diziÞ, provided

that variables ui and zi satisfy constraints CA.2 below.

CA:2 :

bi�1zi � ui � bizi i ¼ 1;. . .; p (CA:2:1Þ

x ¼ P
p

i¼1
ui (CA:2:2Þ

Pp
i¼1

zi ¼ 1 (CA:2:3Þ
zi 2 f0; 1g i ¼ 1;. . .; p (CA:2:4Þ

8>>>>>>><
>>>>>>>:
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Example A.7. Let us apply this second method to the previous program PA.28. Since
the piecewise linear function f ðxÞ is defined on the interval [1, 7] by the points of
coordinates (1, 3), (3, 5), (5, 3), and (7, 5), we have: a1 ¼ 1; a2 ¼ �1; a3 ¼ 1 and
d1 ¼ 2; d2 ¼ 8; d3 ¼ �2. The equivalent mixed-integer linear program PA.30 is
obtained in which variable e represents the value of the piecewise linear function f(x).

PA:30 :

min eþ t1 � 2t2þ t3 � 2x

s.t:

x þ 2eþ 2t1þ 2t2� 24 j x ¼ u1þ u2þ u3

4:5x þ t1 � t3� 27:5 j z1þ z2þ z3 ¼ 1

e ¼ u1þ 2z1 � u2þ 8z2þ u3 � 2z3 j 0� t1� 6; 0� t2� 4; t3� 0

z1� u1� 3z1; 3z2� u2� 5z2; 5z3� u3� 7z3 j z1; z2; z3 2 f0; 1g

��������������

8>>>>>>>>>>><
>>>>>>>>>>>:

Note that the possible values of variables ui, i = 1, 2, 3, are completely defined
by the values of variables zi, i = 1, 2, 3, that the value of variable x is completely
defined by the values of variables ui, i = 1, 2, 3, and that the value of variable e is
completely defined by the values of variables ui and zi, i = 1, 2, 3. The optimal
solution of PA.30 is: ðx ¼ 6:1111; t1 ¼ 0; t2 ¼ 4; t3 ¼ 0Þ; the corresponding values of
variables e, and zi are: e ¼ 4:1111; z1 ¼ 0; z2 ¼ 0; z3 ¼ 1. The value of the optimal
solution is −16.1111.

Maximization of a concave piecewise linear function. In the concave case, a piece-
wise linear function can be expressed as the maximum of a linear function of
additional real variables, these variables being subject to linear constraints. In this
case, the use of Boolean variables becomes unnecessary. Recall that a function f ðxÞ
defined on a domain D is concave if and only if.

8x1; x2 2 D; 8k 2 ½0; 1� : f ðxÞ ¼ f ðkx1þ ð1� kÞ x2Þ� kf ðx1Þ þ ð1� kÞ f ðx2Þ.

Figure A.2 shows an example of a concave piecewise linear function.
Let us consider a concave piecewise linear function, f ðxÞ, defined on the inter-

val [b0, bp] by the points of coordinates ðb0; y0Þ, ðb1; y1Þ,…, ðbp; ypÞ with
0� b0\b1\� � �\bp. It can be shown that, for all x belonging to the interval [b0, bp],

f ðxÞ ¼ max
u1;...;up

y0þ
Xp
i¼1

yi � yi�1
bi � bi�1

ui : x ¼
Xp
i¼1

ui; 0� ui � bi � bi�1 ði ¼ 1;. . .; pÞ
( )

:

Example A.8. Let us apply the previous method to program PA.31 which consists in
maximizing the sum of two concave piecewise linear functions subject to linear
constraints.
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PA:31 :

max f1ðx1Þþ f2ðx2Þ

s.t:
x1þ 2x2� 6 j 0� x1� 6

3x1þ x2� 10 j 0� x2� 8

�����

8>><
>>:

The function f1ðx1Þ is defined by the points of coordinates (0, 0), (1, 2), (3, 4),
and (6, 5), and the function f2ðx2Þ is defined by the points of coordinates (0, 0),
(2, 4), (4, 6), and (8, 7). The linear program PA.31 is equivalent to PA.32.

PA:32 :

max 2u11þ u12þ 1
3 u13þ 2u21þ u22þ 1

4 u23

s.t:

x1þ 2x2� 6 j 0� u11� 1; 0� u12� 2; 0� u13� 3

3x1þ x2� 10 j 0� u21� 2; 0� u22� 2; 0� u23� 4

x1 ¼ u11þ u12þ u13 j 0� x1� 6

x2 ¼ u21þ u22þ a23 j 0� x2� 8

��������������

8>>>>>>>>>>>><
>>>>>>>>>>>>:

Note that constraints 0� x1� 6 and 0� x2� 8 are useless since the value of
variable x1 (resp. x2) is completely defined by the values of variables u1k (resp. u2k),
k = 1, 2, 3. The optimal solution of PA.32 is (x1 ¼ 3; x2 ¼ 1:5). Its value is 7.
The corresponding values of variables uik are: u11 ¼ 1; u12 ¼ 2; u13 ¼ 0 and
u21 ¼ 1:5; u22 ¼ 0; u23 ¼ 0.

The concave piecewise linear function f ðxÞ, defined on the interval [b0, bp] by the
points of coordinates ðb0; y0Þ, ðb1; y1Þ,…, ðbp; ypÞ with 0� b0\b1\� � �\bp, can also
be expressed as follows:

0 2 4 6 8 10 12 14 16 18 20 22 24 26
0

4

8

12

16

20

24

28

32

36

x

  f
 (x

)

FIG. A.2 – A concave piecewise linear function, f(x), defined by the 5 points of coordinates
(2, 4), (6, 16), (10, 24), (16, 30), and (24, 32). The successive slopes of the 4 segments are
decreasing and equal to 3, 2, 1, and 0.25, respectively.
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8x 2 ½b0; bp�; f ðxÞ ¼ min
i¼1;...;p

faix þ dig

where, for i = 1,…, p, ai ¼ ðyi � yi�1Þ=ðbi � bi�1Þ and di ¼ yi � aibi. Applying this
property to program PA.31 results in the equivalent linear program PA.33 in which
variable e1 represents the value of the piecewise linear function f1(x) and variable e2
the value of the piecewise linear function f2(x).

PA:33 :

max e1þ e2

s.t:

e1� 2x1 j e2� 0:25x2þ 5

e1� x1þ 1 j x1þ 2x2� 6

e1�ð1=3Þx1þ 3 j 3x1þ x2� 10

e2� 2x2 j 0� x1� 6

e2� x2þ 2 j 0� x2� 8

�������������

8>>>>>>>>>><
>>>>>>>>>>:

Note that there is no need to further constrain the – non negative – variables e1
and e2. The optimal solution of PA.33 is: (x1 ¼ 3; x2 ¼ 1:5; e1 ¼ 4; e2 ¼ 3); the value
of this solution is equal to 7.

For a more complete presentation of the possible processing of piecewise linear
functions, the reader can consult the references cited below.

References and Further Reading
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linear functions, INFORMS J. Comp. 21, 314.
Lin M.-H., Carlsson J.G., Ge D., Shi J., Tsai J.-F. (2013) A review of piecewise linearization

methods, Mathematical problems in engineering. Hindawi Publishing Corporation.
Vielma J.P., Ahmed S., Nemhauser G. (2010) A note on “A superior representation method for

piecewise linear functions”, INFORMS J. Comp. 22, 493.

A.8 Robustness in Mathematical Programming
It is often necessary to take into account, in a mathematical program, some
uncertainty in the data since this uncertainty can strongly influence the quality and
feasibility of the selected solution. The robust approach allows this uncertainty to be
taken into account to some extent.

Consider the linear program PA.34.

PA:34 :

max
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj � bi i ¼ 1;. . .;m ðA:34:1Þ

lj � xj � uj j ¼ 1;. . .; n ðA:34:2Þ

�������

8>>>>><
>>>>>:
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The coefficients cj (j = 1,…, n), aij (i = 1,…, m, j = 1,…, n), bi (i = 1,…, m), lj
(j = 1,…, n), and uj (j = 1,…, n) are data, and all the coefficients lj are positive or
zero. For all i 2 f1;. . .;mg, let Ji be the set of indices j such that the coefficient aij is
uncertain. It is assumed here that, for all i 2 f1;. . .;mg, each entry aij, j 2 Ji, cor-
responds to a bounded symmetric random variable, ~aij , j 2 Ji, which takes its values
in the interval ½aij � âij ; aij þ âij � where âij is a positive or zero constant. Below we
present a robust approach proposed by Bertsimas and Sim (2004).

Maximal protection against uncertainty. In this case, the optimal solution of PA.34 is
the one that maximizes the value of the economic function and is feasible regardless
of the values taken by the coefficients aij , in the set of possible values. The linear
program PA.35 allows this solution to be determined.

PA:35 :

max
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj þ
P
j2Ji

âijxj � bi i ¼ 1;. . .;m ðA:35:1Þ

lj � xj � uj j ¼ 1;. . .; n ðA:35:2Þ

������

8>>>>><
>>>>>:

Indeed, any feasible solution of PA.35 remains feasible for all possible values of the
random variables ~aij , i.e., for all values belonging to the interval ½aij � âij ; aij þ âij �.
The optimal solution of PA.35 is said to be the optimal robust solution of the problem
under consideration.

A less conservative approach. Here, it is considered unlikely that all uncertain
coefficients will differ simultaneously from their nominal value. It is thus assumed
that Ci coefficients aij can differ from their nominal value – at most from the
quantity âij. Ci is therefore an integer belonging to ½0; Jij j�. As before, the optimal
solution of PA.34 is then the one that maximizes the value of the economic function,
and which is feasible regardless of the values taken by the coefficients aij , given the
uncertainty assumptions. The search for this solution can be formulated as the
mathematical program PA.36.

PA:36 :

max
Pn
j¼1

jxj

s.t:

Pn
j¼1

aijxj

þ max
Si 	Ji ; Sij j � Ci

P
j2Si

âijxj

" #
� bi i ¼ 1;. . .;m ðA:36:1Þ

lj � xj � uj j ¼ 1;. . .; n ðA:36:2Þ

�����������

8>>>>>>>>>><
>>>>>>>>>>:

Given a feasible solution of PA.36, ~x, let us denote by bið~x;CiÞ the quantity
maxSi 	Ji ; Sij j � Ci ½

P
j2Si âij~xj �. This quantity can be determined by solving the

linear program PA.37.
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PA:37 :

max
P
j2Ji

âij~xjaij

s.t:

P
j2Ji

aij �Ci ðA:37:1Þ

0� aij � 1 j 2 Ji ðA:37:2Þ

������

8>>>><
>>>>:

PA.37 admits an optimal finite solution, which implies that its dual admits one
too (duality theory). Moreover, the values of these two optimal solutions are equal.
By associating the dual variable zi to constraint A.37.1 and the dual variables pij,
j 2 Ji, to constraints A.37.2, this dual problem is written.

bið~x;CiÞ ¼

min
P
j2Ji

pij þCizi

s.t:

zi þ pij � âij~xj j 2 Ji

pij � 0 j 2 Ji

zi � 0

�������

8>>>>><
>>>>>:

:

From this, it can be deduced that the optimal robust solution to the problem
under consideration can be determined by solving program PA.38.

PA:38 :

max
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj

þ P
j2Ji

pij þCizi � bi i ¼ 1;. . .;m ðA:38:1Þ

zi þ pij � âijxj i ¼ 1;. . .;m; j 2 Ji ðA:38:2Þ

lj � xj � uj j ¼ 1;. . .; n ðA:38:3Þ

zi � 0 i ¼ 1;. . .;m ðA:38:4Þ

pij � 0 i ¼ 1;. . .;m; j 2 Ji ðA:38:5Þ

����������������������

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

Example A.9. Consider the linear program PA.39.

PA:39 :

max 6x1þ 2x2þ 9x3þ 10x4þ x5

s.t:
4x1þ x2 � 5x3 � 3x4 � 2x5� 10 j 5x1 � x2 � 7x3þ 6x4þ 7x5� 20

3x1þ 2x2þ 9x3 � 3x4 � 10x5� 2 j 0� xi � 10 i ¼ 1;. . .; 5

�����

8>><
>>:
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The optimal solution of PA.39 is x = (0, 10, 10, 6.25641, 8.92308) and its value is
181.4872. Now, suppose that all the coefficients of the constraints are uncertain. The
values of the coefficients âij are given by the matrix below.

ðâijÞ ¼
0:8 0:2 1:0 0:6 0:4
0:6 0:4 1:8 0:6 2:0
1:0 0:2 1:4 1:2 1:4

0
@

1
A

Table A.1 gives the optimal robust solutions and their values for different values
of the parameter Ci. In this example, it is assumed that this parameter is not
dependent on i and we set C ¼ Ci for all i.

Table A.1 shows that when the uncertainty is substantial (C ¼ 5), the protection
cost against this uncertainty is very high since the value of the economic function
decreases, for example, from 91.0816 when C ¼ 1, to 44.0547 when C ¼ 5 (about
−52%). Note that in the case where C ¼ 5 the optimal robust solution can be
calculated by using the formulation PA.35.

The approach can be extended to mixed-integer linear programs. Consider
program PA.40 in which some variables are integer while others are real.

PA:40 :

max
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj � bi i ¼ 1;. . .;m ðA:40:1Þ

xj 2 N j ¼ 1;. . .; p ðA:40:2Þ
xj � 0 j ¼ pþ 1;. . .; n ðA:40:3Þ

���������

8>>>>>>>><
>>>>>>>>:

In this case, the optimal robust solution can be determined by solving the
mixed-integer linear program PA.41.

TAB. A.1 – Optimal robust solutions associated with
program PA.39, for different uncertainty domains defined by
the parameter C.

C Optimal robust solution Value

1 (0, 0, 9.0204, 0, 9.8980) 91.0816
2 (0, 1.7778, 2.2222, 2.5926, 2.2222) 51.7037
3 (0, 3.3182, 0.7374, 3.0379, 0.6636) 44.3156
4 (0, 0, 0.9701, 3.5323, 0) 44.0547
5 (0, 0, 0.9701, 3.5323, 0) 44.0547
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PA:41 :

max
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj þ
P
j2Ji

pij þCizi � bi i ¼ 1;. . .;m ðA:41:1Þ

zi þ pij � âijxj i ¼ 1;. . .;m; j 2 Ji ðA:41:2Þ

xj 2 N j ¼ 1;. . .; p ðA:41:3Þ

xj � 0 j ¼ pþ 1;. . .; n ðA:41:4Þ

zi � 0 i ¼ 1;. . .;m ðA:41:5Þ

pij � 0 i ¼ 1;. . .;m; j 2 Ji ðA:41:6Þ

�����������������������

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

In everything we have just seen, the uncertainty affecting some coefficients is
defined by intervals. We now consider the case where the uncertainty is represented
by a set of (discrete) scenarios. A scenario is a set of assumptions about the evolution
of the factors that may influence the value of the coefficients, and several scenarios
are possible. In such an approach, the value of the different coefficients of the
mathematical program considered depends on the scenario.

Consider the linear program PA.42 where the coefficients aij are uncertain.

PA:42 :

max
Pn
j¼1

cjxj

s.t:

Pn
j¼1

aijxj � bi i ¼ 1;. . .;m ðA:42:1Þ
xj � 0 j ¼ 1;. . .; n ðA:42:2Þ

������

8>>>><
>>>>:

A set of scenarios, Sc ¼ fsc1; sc2;. . .; scpg, is envisaged and the values of the
coefficients aij depend on the scenario. It is assumed that for each of these p scenarios
the values of all the coefficients aij are known. For i ¼ 1;. . .;m;
j ¼ 1;. . .; n; and x ¼ 1;. . .; p, axij denotes the value of the coefficient aij in the case of
the scenario scω.

The problem of finding a solution to PA.42 that is feasible for all the scenarios and
that is the least costly – an optimal robust solution – can then be formulated as
PA.43.

PA:43 :

max
Pn
j¼1

cjxj

s.t:

Pn
j¼1

axij xj � bi i ¼ 1;. . .;m; x ¼ 1;. . .; p ðA:43:1Þ

xj � 0 j ¼ 1;. . .; n ðA:43:2Þ

������

8>>>>><
>>>>>:
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We have just shown how to take into account some uncertainty about the
coefficients aij of program PA.42. Let us now consider how to take into account
uncertainty about the coefficients of the economic function, cj. Consider the linear
program PA.42 where the coefficients cj are uncertain. We consider a set of possible
scenarios, Sc ¼ fsc1; sc2;. . .; scpg, and denote the value of the coefficient cj in the case
of the scenario scω as cxj . Several robustness criteria can be considered (see, for
example, Kouvelis and Yu, 1997). We consider here a “max–min” criterion to
measure the quality of a solution. In this approach, a solution is better than all
others if its worst performance – over all scenarios – is better than the worst per-
formance of all other solutions. We first illustrate this robustness criterion on an
optimization problem in graphs (example A.10) and then formulate the search for an
optimal robust solution for program PA.42 with this robustness criterion.

Example A.10. Let us consider the problem of the path of minimum value in a graph
with uncertainty in the arc values, this uncertainty being modelled by a set of possible
scenarios. Note that this is a minimisation problem unlike program PA.43. Let G ¼
ðX ;U Þ be a graph where X ¼ fx1;. . .; xng is the set of vertices and U ¼ fa1;. . .; amg,
the set of arcs. Let Sc ¼ fsc1; sc2;. . .; scpg be the set of possible scenarios. For each
scenario scω 2 Sc, the value of the arc ai 2 U is denoted by cxi . The objective is to
determine a path of minimum value, from vertex x1 to vertex xn, the value of a path
being equal to the sum of the value of its arcs. Here, we use a min–max criterion, i.e.,
we consider the problem of determining, among all the paths in the graph from x1 to xn,
the one whose maximal length, over all the scenarios, is minimal. It is obviously
possible to consider other criteria to take into account this uncertainty on the arc
values. Let us consider an example of the problem with two scenarios.

The considered graph is represented by figure A.3 where each double arrow
connecting two vertices xi and xj actually corresponds to the 2 symmetric arcs ðxi; xjÞ
and ðxj ; xiÞ with identical associated values. For each arc in the graph, the values for

x1 

x3 

x2 

x4 

(2,1) 

(0,1) 

(1,0) 

(1,2) 

(3,2) 

(1,0) 

FIG. A.3 – A symmetric graph with 4 vertices. The value of each arc depends on the scenario
and is indicated in brackets next to the arc: (value in the scenario sc1, value in the scenario
sc2). For example, the value of the arc (x3, x4) and the arc (x4, x3) is equal to 1 for the scenario
sc1 and 0 for the scenario sc2.
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the scenarios sc1 and sc2 are given in brackets (arc value for the scenario sc1, arc
value for the scenario sc2). Let us determine the optimal robust solution, by
enumeration. Table A.2 gives, for all elementary paths from x1 to x4, their respective
values in both scenarios.

We can deduce from table A.2 that, in this example, the optimal path is
π1 = x1 ! x2 ! x3 ! x4 and the optimal value is equal to 2.

The program for determining an optimal robust solution of program PA.42, when
the coefficients of the economic function, cj, are uncertain, is PA.44.

PA:44 :

max a

s.t:

a� P
n

j¼1
cxj xj x ¼ 1;. . .; p ðA:44:1Þ

Pn
j¼1

aijxj � bi i ¼ 1;. . .;m ðA:44:2Þ
xj � 0 j ¼ 1;. . .; n ðA:44:3Þ

����������

8>>>>>>><
>>>>>>>:

Choosing the best possible solution in the worst-case scenario can have a sig-
nificant drawback. Indeed, if one of the scenarios is very pessimistic – regarding the
value of the economic function coefficients –, then the solution chosen will essentially
take into account this single scenario. To overcome this disadvantage, other criteria
can be chosen to evaluate a solution of PA.42 when the coefficients of the economic
function are uncertain. For example, we may be interested in the solution that
minimizes the largest relative gap or “regret” – over all scenarios – between the value
of the selected solution and the value of the optimal solution in the scenario under
consideration. To solve this problem, one must first determine the optimal solutions
in each scenario, i.e., solve program PA:45ðxÞ for each scenario, i.e., for ω = 1,…, p.

PA:45ðxÞ :

max
Pn
j¼1

cxj xj

s.t:

Pn
j¼1

aijxj � bi i ¼ 1;. . .;m ðA:45x:1Þ
xj � 0 j ¼ 1;. . .; n ðA:45x:2Þ

������

8>>>>><
>>>>>:

Let V �x be the optimal value of program PA.45(ω) – for the scenario scω. The
optimal robust solution can be determined by solving program PA.46.

TAB. A.2 – List of all elementary paths, from x1 to x4, in the graph of figure A.3, with their
values in both scenarios.

Name of the
path

Description of the
path

Value of the path in the
scenario sc1

Value of the path in the
scenario sc2

π1 x1 ! x2 ! x3 ! x4 2 1
π2 x1 ! x2 ! x4 1 3
π3 x1 ! x3 ! x2 ! x4 4 3
π4 x1 ! x3 ! x4 3 1
π5 x1 ! x4 3 2
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PA:46 :

min a

s.t:

a� V �x �P
n

j¼1
cxj xi

 !,
V �x x ¼ 1;. . .; p ðA:46:1Þ

Pn
j¼1

aijxj � bi i ¼ 1;. . .;m ðA:46:2Þ

xj � 0 j ¼ 1;. . .; n ðA:46:3Þ

������������

8>>>>>>>>>><
>>>>>>>>>>:

Robust optimization is a rapidly growing branch of mathematical optimization
that attempts to solve an optimization problem by taking into account as best as
possible the various uncertainties that affect it. For a more detailed presentation of the
basics of this optimization field, the reader can consult the references cited below.
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A.9 Set-Covering and Set-Partitioning Problems
We consider a set of elements, E ¼ fe1; e2;. . .; emg, and a set of parts of E,
F ¼ fF1;F2;. . .;Fng. With each element, Fj , of F is associated a cost, cj. The set
covering problem consists in determining a subset of F, of minimal cost, which covers
all the elements of E. In other words, the set covering problem consists in deter-
mining X	F such that [ j : Fj2XFj ¼ E, and which minimizes the cost of X, that is
the quantity

P
j : Fj2X cj. The set X is said to be a cover for E.

One can also look at minimal covers in the inclusion sense. A cover, X, of E is
minimal in the inclusion sense if there are no other covers of E strictly included in X.

Mathematical program associated with the set-covering problem. With each ele-
ment Fj of F, is associated a Boolean variable, xj, which, by definition, is equal to 1 if
and only if Fj is selected to form the minimal cost cover, X, of E, i.e., if Fj 2 X . Let Ji
be the set of indices j belonging to f1;. . .; ng and such that ei 2 Fj . The set-covering
problem – finding a minimal cost cover – can be formulated as the linear program in
Boolean variables PA.47.

Appendix 325



PA:47 :

min
Pn
j¼1

cjxj

s.t:

P
j2Ji

xj � 1 i ¼ 1;. . .;m ðA:47:1Þ
xj 2 f0; 1g j ¼ 1;. . .; n ðA:47:2Þ

�����

8>>>><
>>>>:

If the inequality constraints in PA.47 are replaced by equality constraints, the
resulting program is associated with what is called a set-partitioning problem. This
problem indeed consists in determining a set of elements of F of minimal cost, and
which form a partition of E.

Example A.11. Consider the set-covering problem in which E ¼ fe1; e2; e3; e4; e5g,
F ¼ fF1;F2;F3;F4g with F1 ¼ fe1; e2g, F2 ¼ fe2; e3; e5g, F3 ¼ fe2; e4; e5g, F4 ¼
fe3; e4g and c ¼ f3; 4; 5; 2g. The associated linear program in Boolean variables is
PA.48.

PA:48 :

min 3x1þ 4x2þ 5x3þ 2x4

s.t:
x1� 1 j x3þ x4� 1
x1þ x2þ x3� 1 j x2þ x3� 1
x2þ x4� 1 j x1; x2; x3; x4 2 f0; 1g

������

8>>><
>>>:

The very particular structure of the programs associated with set-covering and
set-partitioning problems make that many simple and effective pre-processing
operations are possible. Suppose, for example, that the set of indices, Jr, appearing
in a constraint r is contained in the set of indices, Js, appearing in a constraint s. In
the case of the set-covering problem, constraint s can be removed. In the case of the
set-partitioning problem, we can set to 0 all variables whose indices belong to Js
without belonging to Jr, and remove the constraint s. Thus, in program PA.48, the
second constraint can be removed. Furthermore, the resolution of the continuous
relaxation of PA.47 often results in an optimal solution in which all the variables take
integer values – 0 or 1. The continuous relaxation of program PA.47 is obtained by
replacing in this program the constraints xj 2 f0; 1g, j ¼ 1;. . .; n, by the constraints
0� xj � 1, j ¼ 1;. . .; n. If this happens, the resolution of PA.47 is particularly easy
since it can be deduced that the optimal solution of the continuous relaxation of
PA.47 – a continuous linear program – is the optimal solution of PA.47.

Set-covering and partitioning problems are two important issues in operations
research with many applications. For more information on the different properties of
these problems and how to approach their resolution, the reader can consult the
references mentioned below.
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A.10 Elements of Graph Theory
An undirected graph, G, is a pair, ðX ;EÞ, composed of a set of vertices,
X ¼ fx1; x2;. . .; xng, and a set of edges, E, each edge connecting two vertices of
X called the ends of the edge. In general, two vertices can be connected by more than
one edge. If this is the case, we are dealing with a multi-graph. In the rest of this
section we consider simple graphs. In such graphs, two vertices are connected by no
more than one edge and there is no loop, i.e., an edge whose two ends are identical.
Each edge is therefore defined by a pair of distinct vertices, fxi; xjg. The two vertices
xi and xj are said to be adjacent. The degree of a vertex is equal to the number of
edges of which this vertex is one end. An adjacency matrix can be associated with
G. It is a n � n-matrix, M, whose general term, mij, is equal to 1 if and only if
vertices xi and xj are adjacent. If these two vertices are not adjacent mij = 0.

A directed graph – or oriented graph – G is a pair, ðX ;AÞ, composed of a set of
vertices, X ¼ fx1; x2;. . .; xng, and a set of arcs, A, each arc being defined by a –

oriented – pair of vertices, ðxi; xjÞ. One says that xi is the initial end of the arc, that xj
is its terminal end, that xi is a predecessor of xj, and that xj is a successor of xi. An arc
whose two ends are identical is called an oriented loop. We are interested here in
oriented graphs without loops – oriented – and for which, for any pair of vertices
(xi, xj), there is at most one arc going from xi to xj. The indegree of a vertex is the
number of arcs of which this vertex is the terminal end, and the outdegree of a vertex
is the number of arcs of which this vertex is the initial end.

Graphs are so named because they can be represented graphically. Each vertex is
represented by a point, each edge by a line connecting its ends, i.e., two points, each
arc by an arrow from its initial end to its terminal end. A graph can be drawn in
several ways: the positions of the points representing the vertices and the shape of
the lines or arrows connecting these vertices can vary.
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Let G ¼ ðX ;U Þ be a directed or undirected graph. An induced sub-graph of G is
a graph having for vertices a subset, X̂ , of the vertices of G, and for arcs/edges only
those of G joining the vertices of X̂ ; a partial sub-graph of G is a graph having for
vertices a subset, X̂ , of the vertices of G and for arcs/edges a subset of those of
G joining the vertices of X̂ . In an oriented graph, a path originating at xi and ending
at xj is defined by a sequence of consecutive arcs, connecting xi to xj. If xi and xj are
identical, then we have a circuit. In the oriented graph in figure A.4, the 3 arcs
ðx2; x3Þ; ðx3; x4Þ, and ðx4; x2Þ define a circuit.

In a graph, oriented or not, a chain connecting xi to xj is a sequence of arcs or
edges placed end to end, and connecting these two vertices. A chain connecting xi to
xj is a cycle if xi and xj are identical and if the edges of the chain are all distinct. The
length of a chain is the number of edges or arcs that compose it, and the length of a
path is the number of arcs that compose it. In the undirected graph of figure A.4, the
4 edges fx1; x2g; fx2; x5g; fx5; x4g, and fx4; x6g form a chain connecting vertices x1
and x6 and in the directed graph of the same figure, the 4 arcs
ðx2; x1Þ; ðx2; x3Þ; ðx3; x4Þ, and ðx6; x4Þ form a chain connecting these same two vertices.

A graph – oriented or not – is connected if and only if any pair of vertices is
linked by a chain. The distance between two vertices of a connected graph is the
length of the chain that links them, with the smallest number of edges – or arcs. The
diameter of a connected graph is the greatest distance between two vertices of that
graph, among all pairs of vertices. A real value – sometimes called a weight – can be
associated with each arc of G. The value of a path/chain is then equal to the sum of
the values of the arcs/edges that compose it. A connected component of a graph G is
a sub-graph, G0, of G, which is connected and maximal in the inclusion sense – no
other connected sub-graph of G contains G0.

An oriented graph is strongly connected if and only if for any oriented pair of
vertices, (xi, xj), there is a path from xi to xj. A strongly connected component of an
oriented graph, G, is a sub-graph, G0, of G, which is strongly connected and max-
imal in the inclusion sense – no other strongly connected sub-graph of G contains G0.
The two graphs in figure A.4 are connected. The sub-graph of the oriented graph in
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FIG. A.4 – An example of an undirected graph and a directed graph with 7 vertices. Here, a
double arrow connecting two vertices xi and xj – for example x2 and x7 – means that the graph
includes an arc from xi to xj and an arc from xj to xi.
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this figure, induced by the vertex set fx2; x3; x4; x5; x6; x7g, is a strongly connected
component of this graph.

A tree is an undirected graph that has no cycle and is connected (figure A.5).
A tree can be defined in many ways. For example, G is a tree if G is without cycles
and has n−1 edges, or G is a tree if G is connected and has n−1 edges – n denotes the
number of vertices of the graph.

If in a tree a particular vertex, r, is chosen and the edges of this tree are oriented
so that there is a – unique – path from r to all other vertices, one obtains an
arborescence of root r (figure A.6).

We can also define an arborescence as an oriented graph without circuits
admitting a particular vertex, r, called root, and such that there is a single path from
r to all the other vertices of the graph.

Given a connected undirected graph, G, a spanning tree of G is a partial
sub-graph of G whose vertices are those of G, and which is a tree. A classical
problem, when values are assigned to the edges of G, is to determine a spanning tree
of minimal value, the value of a tree being equal to the sum of the values of its edges.
There are efficient algorithms to solve this problem. One can also look at the
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FIG. A.5 – An example of a tree with 7 vertices.
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FIG. A.6 – An example of an arborescence constructed from the tree in figure A.5 and whose
root is vertex x2.

Appendix 329



spanning tree of minimal value in an oriented graph. The tree in figure A.7 is a
spanning tree of minimal value for the graph in figure A.8.

Consider an undirected graph, G = (X, E), and a subset of vertices, X̂ , included
in X. With each edge {xi, xj} of E, is associated a positive or zero value. The Steiner
tree problem consists in determining a partial sub-graph of G that includes all the
vertices of X̂ , which is a tree, and whose value is as small as possible. Recall that the
value of a tree is equal to the sum of the values of its edges. This problem is usually
difficult. Consider the graph in figure A.8. The values of the edges are shown next to
the edges. Suppose that the set X̂ consists of vertices x1, x4, and x7 – the required
vertices. The Steiner tree of minimal value is given in figure A.9.

A transportation network is defined by an oriented graph, G = (X, A), with two
particular vertices, x1, which is the source of the network and xn, which is its sink. To
simplify the presentation, it is assumed that no arc ends at x1 and no arc starts at xn.
Each arc in the graph has an associated capacity. It is assumed that there is no
useless vertex, i.e., for any vertex xi of X, there is a path from x1 to xn passing
through xi. In a transportation network, G, a flow is the assignment of a
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FIG. A.7 – A spanning tree of minimal value (12) associated with the graph in figure A.8.
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FIG. A.8 – A connected undirected graph with values associated to each edge and a set of

mandatory vertices X̂ ¼ fx1; x4; x7g.
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non-negative real value to each arc of G – the flow on that arc – which can be
interpreted, for example, as a quantity of matter transported on that arc, such that,
in each vertex, the sum of the incoming flows – on the arcs of which this vertex is the
terminal end – is equal to the sum of the outgoing flows – on the arcs of which this
vertex is the initial end. This flow must take into account the capacity assigned to
each arc, this capacity reflecting an upper limit of the flow allowed on that arc.
The value of the flow is equal to the sum of the flows emanating from x1 or entering
xn. It is easy to show that these two quantities are equal. A classical problem, for
which efficient algorithms exist and which has many applications, consists in
determining a flow of maximal value on the considered network. Let us consider the
transportation network in figure A.10. The capacities of the arcs are given in square
brackets next to the arcs. A flow from x1 to x7, of value 13, is shown in figure A.10.
The corresponding flow of each arc is noted between brackets next to it.
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FIG. A.9 – A Steiner tree of minimal value (11) associated with the graph in figure A.8 when

the set of mandatory vertices is X̂ ¼ fx1; x4; x7g.
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FIG. A.10 – A transportation network whose source is vertex x1 and sink is vertex x7, and a
flow of value 13 on this network.
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The flow indicated in figure A.10 is not a maximal flow because there is a flow
with a value of 15 from x1 to x7 (figure A.11). It can be shown that the value of this
new flow is maximal.

Publications concerning graph theory, a branch of mathematics in its own right,
are extremely numerous. For more information on the basic notions of this very
dynamic discipline, the reader can consult the references cited below.
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A.11 Markov Chains
A Markov chain allows to model the dynamic evolution of a random system with
N states, S1, S2,…, SN. The system – or the chain – is initially in one of the states,
and passes successively from one state to another. Each movement constitutes a step
or a transition. If the chain is, at a given instant, in state Si, then it passes into state
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FIG. A.11 – A flow of maximal value (15) on the transportation network in figure A.10.
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Sj, at the following instant with a probability denoted by pij, and this probability
does not depend on the state in which the chain was previously – nor on the con-
sidered instant for a homogeneous chain. The probabilities pij are called transition
probabilities. The process can also remain in state Si in which it was, and this
happens with a probability pii. If this probability is equal to 1, state Si is said to be
absorbing. The set of these transition probabilities constitutes the transition
probability matrix. A graph can be easily associated with this matrix. Figure A.12
presents such a graph for a chain defined on 5 states. Note that, for all i 2 f1;. . .;Ng,PN

j¼1 pij ¼ 1.
The starting state of the chain is defined by the initial probability distribution of

states S1, S2,…, SN. This is often done by specifying a particular state as the starting
state. Markov chains allow a large number of situations to be modelled in a variety of
fields. The study of a Markov chain aims at studying the evolution of the system
described by this chain. One can be interested, for example, in the probability of
being in state Sj at the end of p transitions when the initial state is Si. One can also
seek to determine the probability distribution of the states after a very large (in-
finite) number of transitions – if this limiting distribution exists. One can also be
interested in the probability of entering state Sj for the first time after p transitions,
starting from state Si. Some chains are said to be absorbing. In this case, there is at
least one absorbing state and, from any non-absorbing state, an absorbing state can
be reached in one or several transitions. For any absorbing Markov chain and for any
starting state, the probability of being in an absorbing state after p transitions tends
to 1 when p tends to infinity. In such chains, one can look at the probability of
ending up in a given absorbing state – if there are several absorbing states – or at the
expected number of transitions through the non-absorbing state Sj, starting from the
non-absorbing state Si, before ending up in an absorbing state. One can also look at
the number of transitions it will take on average to reach an absorbing state, taking
into account the initial state of the chain.
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FIG. A.12 – Graph associated with a Markov chain with 5 states S1, S2,…, S5. If, at the time
n, the chain is in state S5, then at the time n + 1 it will be in one of the 2 following states:
again in state S5 with the probability p55 or in state S4 with the probability p54
(p54 + p55 = 1).

Appendix 333



Example A.12. Consider a Markov chain with the 5 states, S1, S2, S3, S4, and S5, and
whose transition probability matrix is the matrix M below. The value at the
intersection of row i and column j is the transition probability from state Si to state
Sj, i.e., the probability pij. Thus, when the chain is at the instant n in state S3, it can
be at the instant n + 1 either in state S1, with the probability 0.4, or in state S3,
with the probability 0.4, or in state S4, with the probability 0.1, or in state S5, with
the probability 0.1. This chain has 3 transient states, S1, S2, and S3, and 2 absorbing
states, S4 and S5. A state is transient if the system, being in this state, may not
return to this state.

M ¼

0:4 0:5 0 0 0:1
0 0:5 0:3 0:1 0:1
0:4 0 0:4 0:1 0:1
0 0 0 1 0
0 0 0 0 1

0
BBBB@

1
CCCCA

Let us denote by Z the sub-matrix of transition probabilities between transient
states and by D the sub-matrix of transition probabilities from a transient state to
an absorbing state. In this example,

Z ¼
0:4 0:5 0
0 0:5 0:3
0:4 0 0:4

0
@

1
A and D ¼

0 0:1
0:1 0:1
0:1 0:1

0
@

1
A:

Let us denote by πij the expected number of passages through state Sj – transient
– starting from state Si – transient – before absorption, and by Π the matrix whose
general term is πij. We can show that Π= (I−Z)−1 where I designates the identity
matrix of the same dimension as Z. In our example, Π is equal to the inverse of the
matrix

I � Z ¼
1� 0:4 �0:5 0
0 1� 0:5 �0:3
�0:4 0 1� 0:4

0
@

1
A; i:e:; P ¼

2:5 2:5 1:25
1 3 1:5
5=3 5=3 2:5

0
@

1
A:

Thus, starting from state S2, the system will go on average 3 times through this
same state before absorption. Let us now look at the probability, being in state Si,
i = 1, 2, 3, of ending up in the absorbing state Sj, j = 4, 5. Let aij be this probability
and A be the matrix of general term aij. We can show that A = Π.D. In our example,

A ¼
0:375 0:625
0:45 0:55
1:25=3 1:75=3

0
@

1
A:

Thus, starting from state S1, the system will end up in the absorbing state S5
with a probability equal to 0.625.

Markov chain theory has proven to be very effective in modelling and studying
many concrete or theoretical random phenomena. For a more detailed presentation
of this theory the reader can consult the references cited below.
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