Appendix

A.1 Linear Programming

Consider program P, ; below which consists in minimizing the linear function

f(a1, 3,. .., x,); the variables of this function, 2, 2»,..., z,, are either Boolean vari-
ables, or integer variables or non-negative real variables. These variables are subject
to a set of linear constraints and the coefficients ¢y, ca,..., ¢y @1, Gise..y G (1= 1,
..oy m), by, ba,..., b, are arbitrary.
min  f(zy, 2, .., ;) = T + QB+ + Cpay,
azll'1+a121'2++amxn§b7 1= ]-77p (Al 1)
p an Ty + Gy + -+ apt, = by i=p+1,...,m (A.12)
Al S
s.t.|z; € {0,1} j=1,..,7 (A.1.3)
zeN j=r+1l..,s (A.l4)
z; >0 j=s+1,...,n (A.15)

P 1 is a mathematical program, called a mixed-integer linear program; it can be
written in the condensed form Py ».

min f(z1, B, .., %) = D ¢
j=1
j=1
PAA2 : ATy = bz Z:p+ 1,...,m (AQQ)
s.t.| 7=t
5e{0,1}  j=1...r (A.2.3)
z; €N j=r+1..,s5 (A.24)
;>0 j=s+1..,n (A.25)
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Problem PA ; — or Py o — consists in determining the values of variables z;, z»,...,
z, which respect their specificity, defined by constraints A.2.3—A.2.5, satisfy linear
constraints A.2.1 and A.2.2, and minimize the linear economic function Z;‘:l ;.

The linear constraints are either inequalities, Z}lzl ayw<b;, 1=1,2,...,p, or
equalities, 2.7:1 ayzj = b;, i=p+1,...,m. As regards the specificity of the vari-
ables in program P, ;, some of them can only take integer values; this is the case of
variables z;, j = 1,.. ., s. Others can take any non-negative real values; this is the case
of variables z;, j = s+1,...,n. Among the variables that can only take integer
values, some can only take the values 0 or 1; this is the case of variables
zj,j = 1,...,r. If all the variables of P, ; must only take integer values, we have an
integer linear program. If all its variables must only take the values 0 or 1, it is a 0—1
linear program or a linear program in Boolean variables. It can always be assumed
that all the variables in a mixed-integer linear program are positive or zero. This is
because any variable that is not constrained in sign can be expressed as the differ-
ence between two non-negative variables. Thus, a real variable can be expressed as
the difference between two positive or zero real variables and a variable belonging to
the set of integers, as the difference between two variables belonging to the set of
natural numbers.

Example A.1. Consider program Py 3, which consists of minimizing a linear function
of the five variables z;, m, 23, 74, and x5, subject to two linear constraints — one
equality and one inequality. Variables x; and z, can only take the values 0 or 1,
variable 3 must take a positive or zero integer value, and both variables x; and zs
must take real, positive or zero values.

min  f(z, 2, 23, 0, 35) = —21 — 31 + 313 — day + Ty
221 — 31+ 313 — 614 — 225 <10 (A.3.1)
Py, 7 — 4z + 223 — by + 31, =14 (A3.2)
’ s.t.| 21, 1 € {0,1} (A.3.3)
€N (A.3.4)
24,25 >0 (A.3.5)

Many software packages for solving linear programs are available. Using one of
these software packages, the following optimal solution of Py 3 is obtained: (z; = 1,
2 =0, 13 =4, 54 = 0.0714, 23 = 1.7857). This solution gives the economic function
the value 23.2143. A solution that satisfies all the constraints is called a feasible
solution. For example, the solution (2, =0, 2, =1, 23 =5, 24 = 0.5, 25 = 3.5) is
feasible but not optimal since it gives the economic function the value 34.5.

Some integer linear programs are easy to solve because any feasible basic
solution of their continuous relaxation is an integer solution. A matrix is said to be
totally unimodular if the determinants of all its square sub-matrices are 0, 1 or —1.
The coefficients of such a matrix can, therefore, only take the values 0, 1 or —1.
There are some simple characterizations of totally unimodular matrices. Consider
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the set of solutions, assumed to be not empty, {x € R" : Az <b,z>0}. In a general
way, if A is totally unimodular and if all the entries of the vector b are integer, then
{z € R": Az < b,2>0} is an integral polyhedron, i.e., a polyhedron whose vertices
all have integer coordinates. Consider the mathematical program P, 4 and its
continuous relaxation, Py 5. It is assumed that P, 4 admits an optimal solution.

n
min ) ¢;z;
=1
Paa: Zla,;ja:jgbi i1=1,...,p (A41)
=
Sl ef0,1} j=1,.,7 (A.4.2)
5 EN j=r+1...s (A43)
min 3 ¢
=1
PA.5 . /:zjl Qjj Tj S bz 1= ].7. e P (A51)
St g <1 j=1..,r (A5.2)
;>0 j=1,..,s8 (Ab5.3)

If the matrix associated with constraints A.5.1 and A.5.2 is totally unimodular
and if the coefficients b;, i = 1,..., p, are integers, then any basic solution of P, 5 is
integer-valued, and this is the case, in particular, of its optimal solution(s). To solve
the integer linear program P, 4, it is therefore sufficient to solve the continuous
linear program Py 5.

There is an extensive literature on linear programming, a central problem in
operational research. A few works, either entirely devoted to linear programming or
more general but with parts devoted to linear programming, are mentioned below.
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A.2 Quadratic Programming

Linear programming is a powerful tool for formulating and solving a wide variety of
optimization problems. However, in some cases, the economic function or con-
straints associated with the problems of interest do not possess the linearity prop-
erty. These are referred to as non-linear optimization problems and non-linear
mathematical programs. Solving a general non-linear mathematical program is a
difficult task. Here we are interested in quadratic programs. Such a program is
generally written as Py g.

min  q(T1, By, ., Tn) = D GT+ DD G
= =1 j=1
Z €L Tj + Z Z Clij Tj Tj S bk k= 1,. P (A61)
=1 i=1j=1
Pag: Z €1 T + Z Z Clij LT = by k=p+1,....,m (A62)
s.t.[ 77! ==t
X € {0,1} j=1,..,r (A.6.3)
7 €N j=r+1,..,8 (A6.4)
;>0 j=s+1,...,n (A.6.5)
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Variables w, 2»,...,%, are the variables of the problem; a;(j=1,...,n),
gii=1,..,mj=1,..,n), e;(k=1...mj=1,...,n), cy(k=1,...,myi=1,
oomnj=1,...,n),and by (k= 1,...,m) are any given coefficients. Constraints A.6.1
are quadratic inequality constraints and constraints A.6.2 are quadratic equality
constraints. Solving Py ¢ is generally difficult, but there are many interesting and
much easier special cases. Some of them are discussed below.

A.3 Convex Quadratic Programming

Consider program P, , that satisfies the following properties: the objective,
q(z) = q(z1, m,. .., 2,), and the left-hand side of constraint A.7.1, Z;":l €T +
> Z;;l CrijTi%;, are convex quadratic functions; the right-hand side of this con-
straint, by, is a positive or zero constant. Program P4 ; consists of minimizing a
convex function over a convex domain; it is called a convex quadratic program.
There are very efficient algorithms to solve it.

n n

n
min q(ml, Doy« oy :L‘n) = Z ;T + E Z Qij T Tj
=1

i=1j=1
PA 7 : n n n ' !
: Seymi+ > > oz <by k=1...,m (A.7.1)
s.t.| =1 i=1j=1
>0 j=1...n (A7.2)
Given n real variables, zi,1,...,2,, an expression of the form ¢(z) =>"",

Z:L:l z;q;x; is called a quadratic form. It is written, in matrix form, ¢(z) = 2'Qx
where z denotes the vector (z1, 2,.. ., z,), and @ denotes a symmetric square matrix
of dimension n x n. The matrix @ is said to represent the quadratic form ¢(z). Note
that any quadratic form can be represented by one and only one symmetric matrix
and that any symmetric matrix represents one and only one quadratic form. The
symmetric matrix Q is said to be positive semidefinite if, for all x € R", 2! Qx> 0. By
definition, the quadratic form ¢(z) = 2! Qr is convex if the symmetric matrix Q is
positive semidefinite. There are many characterizations of positive semidefinite
matrices.
A special case of Py 7, which can be solved very efficiently, consists in minimizing
a convex quadratic function subject to linear constraints. It corresponds to program
Pa g in which, now, b;, is a coefficient of any sign.
n n n
min - q(@1, B, ) = 20 4T+ D0 Y 6T,
j=1 i=1j=1
. n
Pas: . Sy <by k=1,...,m (A81)
N e

z; >0 j=1,...,n (A8.2)
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Example A.2. Consider the convex quadratic program P, g.

min ¢(z) = -3z — 21y — 373 — 102 + 435 +2(z — 1) 4 5(23 — 1)°
+2(zy — 1) + (25 — 2)
Pas 221 + 31 + 313 + 51y — 205 <20 (A.9.1)
s.t.
Ty, By, T3, B4, L5 2 0 (A.9.2)

Many software packages are available to solve Pjg. The optimal solution
obtained with one of these software packages is: (z; = 5.6, 7, = 0.375, 23 = 0.85,
7y = 1.625, 25 = 1.5). This solution gives the economic function the value —28.425.

There are many books and articles dealing with convex mathematical pro-
gramming and, in particular, convex quadratic programming. Some of these pub-
lications are mentioned below.

References and Further Reading

Best M.J. (2017) Quadratic programming with computer programs. Taylor & Francis.

Fletcher R. (1971) A General quadratic programming algorithm, IMA J. Appl. Math. 7, 76.

Gill P.E., Murray W., Wright M.H. (1986) Practical optimization. Elsevier.

Hertog D. den (1994) Interior point approach to linear, quadratic and convex programming,
algorithms and complexity. Kluwer.

Mitra G. (1976) Theory and application of mathematical programming. Academic Press.

Nesterov Y. (2004) Introductory lectures on convex optimization: basic course. Springer-Verlag.

Quadri D., Soutil E. (2015) Reformulation and solution approach for non-separable integer
quadratic programs, J. Oper. Res. Soc. 66, 1270.

Wolf P. (1959) The simplex method for quadratic programming, Econometrica 27, 382.

A.4 Mixed-Integer Quadratic Programs With Convex
Continuous Relaxations

In such programs, the variables are either integer or real. They are generally written
as P 10. In this program, the economic function and the left-hand side of constraint

A.10.1 are convex quadratic functions, and b, k = 1,2,...,m, is a positive or zero
constant.
min  q(z12y,. . ., Tp) = Z ajzi+ Y Z Qi TiZj
=1 j=
Z e T + Z Yemimz<by k=1,...,m (A.10.1)
Pato: =1j=1
st :r] 6 {0,1} j=1..,r (A.10.2)
7 €N j=r+1,...,s (A.10.3)
z; >0 j=s+1,..,n (A.10.4)

The continuous relaxation of P, ;o is obtained by relaxing the integrality
constraints. Specifically, the constraint z; € {0,1}, j=1,...,r, is replaced by the
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constraint 0<z; <1, j=1,...,r, and the constraint z; €N, j=r+1,..s, is
replaced by the constraint z; >0, j = r+1,.. ., s. The resulting program is called the
continuous relaxation of Py 19, and it is easy to see that it is a convex quadratic
program. There are efficient algorithms for solving mixed-integer quadratic pro-
grams with convex continuous relaxation. They are in fact based on implicit
enumeration methods that require, at each node of the search tree, the resolution of
a continuous relaxation, which in this case can be done efficiently because of
convexity properties.

There are also several methods for converting a mixed-integer quadratic program
whose continuous relaxation is not convex into a mixed-integer quadratic program
whose continuous relaxation is convex. Some examples of these transformations are
presented in the following section.

A.5 Quadratic Programming in 0-1 Variables

Quadratic programs in 0—1 variables allow the formulation of a large number of
combinatorial optimization problems in various fields. The general form of these
programs is given by Py 1.

n

n
> QT
i=1j=1

n
min q($1, T2y« oy mn) = Z ;T +
=1

doenxi+ ) cymimy <by  k=1,...p (A.1L.1)
Paar: 7=t =1j=1
't. n n n

S Senzi+ > > ewimry=0b, k=p+1,...,m (A1l.2)
j=1 i=1j=1

z € {0,1} j=1...n (A.11.3)

There are many methods to solve this type of program: linearization methods
and convexification methods. The linearization methods consist of transforming
P11 into a mixed-integer linear program, using additional variables. The convexi-
fication methods consist in transforming P, 1; into a quadratic problem whose
continuous relaxation is convex, possibly using additional variables. Some solvers
accept programs Py 17 directly, and automatically perform a pre-processing — lin-
earization or convexification — that transforms the program into an equivalent one
whose continuous relaxation is a linear or a convex quadratic program.

A.5.1 Linearizations

One way to solve P4 17 is to linearize it and then solve the mixed-integer linear
program thus constructed using a mixed-integer linear programming solver. A first
linearization method consists in replacing, in the economic function and in the
constraints, each product of variables z;z; by variable y;;, and in adding to the
obtained program constraints which force variable y;; to be equal to product z;z;.

Thus, we obtain program Py 15 in which 1J designates the set of index pairs (4, j) €
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{1,.., n}2 such that the product z;7; appears either in the economic function or in
the constraints of Py 1.
n
min - q(z1, B, . ., Tn) = Z 4z + Z Z 4iYij
i=1 _]_
Z erT+ ZZ CrijYij < by, k=1,..,p (A.12.1)
i=1j=
Paqs: Ze;]$]+ chkuyu = by, k=p+1,...m (A.122)
s.t.|" =15=1
Yi <@y <al—xi— 3 +y; >0 (4,5) €1J (A.12.3)
Yij =0 (1,j) e J (A.12.4)
zj € {0,1} j=1,..,n (A.12.5)

It is easy to verify, by examining the two possible values of variables z;,
j=1,...,n, that any feasible solution of P, i, satisfies y;; = z;z;

Example A.3. Consider program P, 13 which consists of minimizing a quadratic
function of 5 Boolean variables subject to one linear constraint.

min —3x; — 2m» + 313 — 102y + 425+ 22111
—4xi a3+ D51 a3 + 6wy — dagwy + 62325 — 22425

901 + 315 + 313 + 514 — 225 <20 (A.13.1)
s.t.
Ty, By, T3, Ta, Ty € {07]-} (A132)

Paas:

By applying the linearization shown above, we obtain program Py 4.

min —3z; — 22 + 313 — 102y + 45
+2y12 — 4y13 + Sy2s + 6yos — dyza + 6yss — 205
221 4+ 31 + 313 + 51y — 225 <20 (A14.1) | s <z yza <1y (A.14.6)
Pais: 1 — 2+ 412 >0 (A142) | 1—a5— a5+ ys5>0 (A.14.7)
stly<z;y3<3 (A143) | ws<m;yus<mz (A.14.8)
11— —a34+1y3>0 (A14.4) | @, 1,23, m, 75 € {0,1} (A.14.9)
1—m — a5+ 45 >0 (A14.5) | w12, y13, Y23, ¥25, U34, U35, Yas > 0 (A.14.10)

Note that, given the signs of the coefficients of variables y;; in the economic
function, some linearization constraints are unnecessary. An optimal solution for
Pagis: (m=1,25=0, 23 =1, 1y = 1, 75 = 0). This solution gives the economic
function the value —18.

We now present a second linearization method by applying it to program P, 15,
which consists of minimizing a quadratic economic function whose variables are
subject to linear constraints. Here, we assume that the quadratic part of the eco-
nomic function is written as Z?;ll ZJ":Z +1 9;7izj. Note that, since 3772 = r;, we can

assume that the economic function does not have any terms :CZQ
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n n—1 n
min q(ml,zg,. . .,:L’n) = Z ajxj+ Z Z Qi T Tj
j=1 =1 j=i+1
P : n
AL Sewz<by k=1...m (A.15.1)
S.t.|j=1
5 e{0,1} j=1,..,n (A15.2)

This second linearization consists in rewriting the economic function of Py 15 by
factoring variables z; in the quadratic part of this function and then replacing, for all
i=1,...,n— 1, the expression z; )7, | g;a; by variable 2. By proceeding in this
way, the economic function is written > 7 a;z; + S 2. We must then add
constraints A.16.2 and A.16.3 to force variable z; to take, at the optimum of the
program obtained, the value of the expression z; Z;:i +1 @5zj- We finally obtain
program Py 1.

n n—1
min g(@1, B, .., Tp) = Y a3+ %
j=1 i=1
n
> enjz < by k=1,..,m (A.16.1)
j=1
%> > 4 i=1,..,n—1 (A.16.2)
Pae: j=itl,.. n:
s.t. 7 <0
Zi > Z qijTj— (1 — 1‘1) Z qij 1= 17. s — 1 (A163)
j=i+1,..n j=i+1..,n:
qj >0
z € {0,1} j=1,..n (A.16.4)
z€eR i=1,...n—1 (A.16.5)

Let us look at constraints A.16.2 and A.16.3. If z; = 0, constraint A.16.2 becomes
720 and constraint A.16.3, 22> 3 1, @% — Dj—ii1,miq >0 % The
right-hand side of the latter constraint is negative or zero whatever the values taken
by variables z;. Finally, in this case and because we are seeking to minimize variable
z;, this variable takes the value 0 at the optimum of Py 14. If ; = 1, constraint A.16.2
becomes z; > Zj:i+1,...,n:qu<0 ¢; and constraint A.16.3 becomes z > Zj:iﬂ,m,n
gz Note that >0, @iz > D i1 . 4;<0 9 Whatever the values taken by
the Boolean variables ;. Because we are seeking to minimize z;, this variable takes,
at the optimum of Pj .6 the greater of the 2 values > ., ., . gy <0 Bij>

j—i+1,.n 5% Finally, at the optimum of

> j—it1...n €7, that is to say the value 3
_____ . ¢;%;- Note that the technique just presented for linearizing

Pa.e, 20 = i Zj:iﬂ, ,
the economic function could be applied in the same way to linearize quadratic
constraints.

Example A.4. Let us go back to P, 13 and apply this second linearization method to
it. The quadratic part of the economic function can be rewritten
21 (219 — 4x3) + 22 (53 + 615) + a3(—4xy + 625) + 24(—225). We thus obtain the
mixed-integer linear program P, 17 which is equivalent to program Py ;3.
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min 9(z1, 29, .., 35) = =311 — 20p+ 313 — 10 +4m+ 21+ 2+ 3+ 2
21 + 329 + 313 + Hay — 215 <20 | > —2ay; 2> — 21
Paar: . 2> —dxy; 2 > 21 — 4oy — 2(1 — x1) | @y, T2, T3, 4y, 25 € {0,1}
2 >0; >5x34 625 —11(1 — a) | 21, 22, 23, 21, 25 € R
7> —dag; 3> —day+6x5 —6(1 —a3) |

The optimal solution for Payr is: (zn=1,m=0,3=1,24 =125 =0,
21 =—4,2 =0,z = —4, z = 0), and this solution gives the economic function the
value —18.

A.5.2 Convexifications

There are several methods to transform Py 11 into an equivalent quadratic program
with a convex continuous relaxation. Examples of these methods are given below, in
the particular case of minimizing a quadratic function whose variables are subject to
linear constraints. Let us therefore consider program Py ;5.

min gz, By, Tn) = 30 4T+ 30 ) 4T
j=1 i=1j=1
Paas: X em<he k=1...m (A181)
S.T. =1

z€{0,1} j=1..,n (A.18.2)
Let Q" ={(4,7) : ¢; >0} and Q@ = {(4,5) : ¢;; <O0}. Since variables z;, i = 1,...,

n, are Boolean variables, the function g below is equal to the economic function of
Pas, q(71, 2, .., 3y), for all z € {0,1}".

- n 1
q(a, 22,0 -y 1) = 21 a1 + 5 Y ai((m+a) — (m+w))
=

(i)eQ*
1 2
-3 > ai((mi—n)* = (m+w))
(i.)€Q™
In addition, q(z, z,. . ., z,) is a convex function. Program Py ;5 is equivalent to

program P, 19 and the continuous relaxation of Py 19 is a convex quadratic program.

P fmin §(z, 2,. .., 1)
A19-7 56| (AL18.1), (A.18.2)

Let us now consider another convexification method. Let us rewrite program
Pa.1s using a matrix writing of the quadratic part of the economic function. We
obtain program Py 50 in which the matrix M, of general term my;, is the symmetric
matrix associated with the quadratic form 377 7% | g;@iz;. We have, for all i <4,

my = My = (qij + jS)/Q'
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n
min g(z, %, .., %) = Y ajz; + ' Mz
=1
s.t.| (A.18.1), (A.18.2)

Paoo:

One way of reformulating program Py oy — and thus program Py i35 — as an
equivalent quadratic program whose continuous relaxation is a convex quadratic
program, is to add to the function ¢(z, z,. . ., 2,,) — assumed to be non-convex — the

eigenvalue of the square and symmetric matrix, M. This gives the convex quadratic
function (1, 2,. .., x,) = q(21, B2, . ., ) + Z]-:L_N’n Amin (:L’]Q — J;j) which is equal to
q(z, 3. ., 1,) for all z€{0,1}". This method requires a relatively simple
pre-processing of program Pj o, the calculation of the smallest eigenvalue of the

matrix M. Finally, one can thus solve Py 5y by solving the quadratic program Py o;
whose continuous relaxation is convex.

~ S0 (22—
Py min ¢z, 22,. . ., ) + FZ:I Jmin (1;7 xj)
st (A18.1), (A.18.2)

Example A.5. Let us consider again program P, ;3 and transform it into a quadratic
program whose continuous relaxation is a convex program. To do this, let us add to
the economic function the quantity — =zero for any feasible solution —

Amin Z;L:1 (:z:f — xj) where A,.i, is equal to the absolute value of the smallest eigen-

value of the matrix associated with the quadratic form 2za—
42123 + 5ma3 + 6115 — dagay + 61325 — 23425, i.e., of the matrix

0 1 -2 0 0
1 0 25 0 3
M=|-2 25 0 -2 3
0 0 -2 0 -1
0 3 3 -1 0

The smallest eigenvalue of M is equal to —4.19. Program Py 13 is therefore
equivalent to program P, 2o whose continuous relaxation is convex.

min —3x; — 2m + 313 — 102y + 425 + 2311
—Adxi a3+ 5123 + 65 — dagwy + 62305 — 22425

+4.2Y (22 — z;)
i=1
2@ 4 3w + 323+ 5oy — 225, <20 (A.22.1)

s.t.
Ty, T2, X3, T4, T5 € {0,1} (A222)

Pao:
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There are other, more elaborate pre-treatments of program Pj ;5 — whose
continuous relaxation is non-convex — allowing it to be rewritten as an equivalent
quadratic program whose continuous relaxation is a convex quadratic program.
These methods, which are based on positive semidefinite programming, also allow
the processing of quadratic programs containing simultaneously Boolean variables,
integer variables and real variables. There are many publications dealing with these
linearization and convexification methods. Some of them are mentioned below.
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A.6 Fractional Programming

The general fractional optimization problem can be written in the form of the
mathematical program Py o3.

The set X is a compact, non-empty subset of R". The functions f(z) and g(z) are
continuous functions with real values defined on the set X. It is assumed here that
g(z) > 0 for any z belonging to X. There are many methods to solve this problem.
We present below one of these methods, the Dinkelbach algorithm.

Let 1 be a parameter belonging to the set of real numbers. Let us consider the
parametric problem Py 94(1) associated with Py os.

Paai(i) s { 1 S0 90

Let us denote by v (4) the optimal value of Pa24(4) and by z, an optimal
solution to this program. We can prove that v (1) = 0 if and only if 2 is the optimal
value of Py 3 and 7}, an optimal solution to this problem. Thus, we obtain another
formulation of program Py o3:

Find A € R such that v (1) = 0, where v (1) = max{f(z) — Ag(z) : x € X}.

From this formulation, we will be able to build algorithms to solve P, »3, based
on classical methods to determine the root of a function — the Newton method. This
is the case of the Dinkelbach algorithm presented below.

The Dinkelbach Algorithm

Step 1. A« f(0)/9(2) where 14 is a point of X.

Step 2. calculate v(4) = max{ f(z) — Ag(z) : x € X} and let z; be such that
o(2) = () — Ag(as).

Step 3. if v(A) # 0 then 1 — f(x;)/g(x;) and go to 2 else z; is an optimal solution
endif.

The difficulty of this algorithm depends on the difficulty of the optimization
problem of Step 2.

In the case where the functions f(z) and g(z) are linear or affine and X is a convex
polyhedron, P, o3 is a linear or hyperbolic fractional optimization problem. It is
written as Py os.

max (bo +30 b]-:zrj) / (C() + 2 cm)

. n
Pass: Sagm<d i=1...m (A.25.1)
s.t.| =1
>0 j=1...n (A.252)
where by, ¢o,b; (j=1,...,n),¢; (j=1,...,n),and a;;(i = 1,...,m,j = 1,...,n) arereal

coefficients such that, for any feasible solution of Py o5, ¢y + ZJ”:I cjz; > 0. Program
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Paos can be solved by the Dinkelbach algorithm. In this case, the optimization
problem of Step 2 consists in solving a continuous linear program. However, by per-
forming the variable changes y; = ;/(co+ Z]":l ¢zj), j=1,..,n, and
t=1/(co+ Z;;l ¢;%;), Pa 25 can be rewritten as the equivalent linear program Py 4.

max bot+ > by,
=i
n
ot+ Y gy =1 (A.26.1)
=1
Pase: n
s.t. Za@yigdit 1= 17...,m (A.26.2)
J=1
1 >0 j=1,..,n (A.26.3)
t>0 (A.26.4)

Let us now consider the mixed-integer linear fractional optimization problem
Paor

max (b() + >0 bjmj)/(co + > CJ‘:EJ')

Z aq;j:L'deq; 1= 1,...,m (A271)
Paor: j=1

st 4> 0 i=1,...p (A.27.2)

z€{0,1} j=p+1,..,n (A273)

As before, it is assumed that ¢y + 27:1 cjz; > 0 for any feasible solution. The

Dinkelbach algorithm, presented above, can be used to solve Py 57. In this case, X is
defined by Constraints A.27.1-A.27.3, and Step 2 of the algorithm consists in
solving a mixed-integer linear program.

Fractional optimization problems are very diverse. For example, one can look at
the ratio of two quadratic functions or at the sum of several ratios. For more infor-
mation on fractional optimization, the reader can consult the references cited below.
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A.7 Piecewise Linear Functions

In this section, we are interested in mathematical programs involving piecewise linear
functions and linear functions in the economic function and/or in the constraints. In
fact, in the general case, such programs can be rewritten as mixed-integer linear
programs. Note that this notion of piecewise linearity is interesting since any con-
tinuous function of one variable can be approximated by a piecewise linear function,
the quality of the approximation depending on the size of the segments. Let f(z) be a
piecewise linear function defined on the interval [by, b,] in the following way:

f(z) = az+ds bo<z<b
f(a:) = mr+ d h<z<b
f(z) = azz+ d3 by <z < b3

f(2) = aqz+d, bp-1 <z < by
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Fic. A.1 — A piecewise linear function, f(z), defined by the 5 points of coordinates (2,8),
(6,20), (8,16), (12,24), and (16,20).

The coefficients by, b1,. . ., b, are real numbers such that 0 < by < b; <---<b,. The
coefficients ay,. . ., a, represent the slope of the different segments. Figure A.1 shows
a piecewise linear function, f(z), defined on the interval [2, 16] by the 5 points of
coordinates (2, 8), (6, 20), (8, 16), (12, 24), and (16, 20). The 4 corresponding
linear — or affine — functions are: fi(z) = 3z +2, h(z) = —2z+ 32, f5(z) = 2z, and
fi(z) = —z+ 36.

A first formulation. This formulation allows a piecewise linear function to be
expressed as a linear function subject to linear constraints. This formulation uses
additional Boolean variables and also additional real variables. Note, first of all,
that, for any z between b, and b;,1, two non-negative reals, A; and A;.1, can be
defined, whose sum is 1 and such that © = 4;b; + 4;110;51. It is thus deduced that,
for any z between b; and b;, 1, the piecewise linear function f{z) can be written
f(z) = Aif (b;) + Aix1f(biy1) where A; and A, satisfy the above properties. Finally,
we can therefore write the function f(z) in the form f(z) = >°% ) 4;f(b;) where all 4,
are non-negative real numbers such that > % ; 1; = 1, and satisfying the following
conditions: if b, <x<b;. 1 then A;+4;,1 =1 and z=A4;b;+4;11b;11. We can
therefore write f(z) in the form Y% 1,f(b;), where variables z; and 4; satisfy con-
straints C, ; below.

p p
=0 =0
p—1
Cay:d <2 (CAL2) | Sa=1 (CA.1.6)
’ =0

2y <2y (CA14) |  z€{0,1} i=0,1,...p—1 (CA.1R)
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Indeed, constraints CA.1.6 and CA.1.8 require that one and only one variable z;
be equal to 1. Moreover, if z; = 1, then constraints CA.1.2, CA.1.3, CA.1.4, CA.1.5,
and CA.1.7 imply 4;+ 4,41 = 1 and A, = 0, for all £ different from i or i+ 1.

Example A.6. Let us apply the approach presented above to the mathematical
program Py og. In this program, the economic function and one of the constraints are
expressed as the sum of a piecewise linear function of variable z, and a linear
function of variable x and other variables, ¢, t», and 3. The piecewise linear function
f(z) is defined on the interval [1, 7] by the points of coordinates (1, 3), (3, 5), (5, 3),
and (7, 5).

min f(z)+t — 2+ t3 — 22

. 455+t — ;<275 (A28.1) |  4©<6 (A.28.4)
AU stz of(a) 26+ 26 <24 (A282) | <A (A.28.5)
1<z<7 (A283) |  t.b >0 (A.28.6)

The solution of P4 95 can be obtained by solving the mixed-integer linear program
P4 29 in which variable e represents the value of the piecewise linear function f(z).

min e+t — 2+ t3 — 2z

4.5+t —t3<27.5 | <2z | +zn+zm=1 | <4

Pazo:q | |7+2e420+2n<2 | h<zmta | dotrtiotiz=1 | Ao i1, isiz>0
e=3M+54+3%+54 | h<at+zn | 1<z<7 | t,t,t3>0
z=A0+34 +5ly+ T3 | <2 | t<6 | 2,2,2 € {0,1}

Note that the values of both variables e and z are entirely defined by the values of
variables 1;, i = 0, 1, 2, 3. The optimal solution of P o9 is: (z =6.1111, 4 =0,
ty =4, &3 =0); the corresponding values of variables e, A; and z are:
e=4.1111, g =0, 41 =0, Ao =0.4444, A3 = 0.5556, 2% =0, z1 =0, z» = 1. The
value of the optimal solution is equal to —16.1111.

A second formulation. We present below another way of expressing the piecewise
linear function f(z) defined at the beginning of this section. In this formulation, f(z)
is expressed as a linear function of real variables, u;, and Boolean variables, z;, i = 1,
..., p, these variables being subject to linear constraints. It is indeed easy to verify
that, for any z belonging to the interval [by, b,], f(z) = >_7_, (a;u; + d;z), provided
that variables u; and z; satisfy constraints C, 5 below.

bi,lziguigbizi 1= 1,...,p (CAQl)
p
=) u (CA2.2)
Caz:§ , =
Sz=1 (CA.2.3)
i=1
z € {0,1} i=1,.,p (CA.24)
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Example A.7. Let us apply this second method to the previous program Py o5. Since
the piecewise linear function f(z) is defined on the interval [1, 7] by the points of
coordinates (1, 3), (3, 5), (5, 3), and (7, 5), we have: ¢ =1,a0 = —1,a3 =1 and
dy =2,dy = 8,d3 = —2. The equivalent mixed-integer linear program P, 3, is
obtained in which variable e represents the value of the piecewise linear function f{z).

min e+t — 2 +t3 — 2z
T+ 2e+2t + 26 <24 | T = U + U+ u3
Paso: 4.5+t — t3<27.5 | A2+mt+xn=1
S.t.€:U1+2Z17U2+822+U/37223 | 0<6h<6; 0<Hh<4; 3>0
1 <u <3215 3 <up<5z;; by <uz3<Tx | 21, 2,2 € {0,1}

Note that the possible values of variables u; i = 1, 2, 3, are completely defined
by the values of variables z;, ¢ = 1, 2, 3, that the value of variable z is completely
defined by the values of variables u;, i = 1, 2, 3, and that the value of variable e is
completely defined by the values of variables u; and z;, i = 1, 2, 3. The optimal
solution of Py 39 is: (z = 6.1111, t; =0, &, =4, t3 = 0); the corresponding values of
variables e, and z; are: e = 4.1111, 2, =0, 2 = 0, 23 = 1. The value of the optimal
solution is —16.1111.

Maximization of a concave piecewise linear function. In the concave case, a piece-
wise linear function can be expressed as the maximum of a linear function of
additional real variables, these variables being subject to linear constraints. In this
case, the use of Boolean variables becomes unnecessary. Recall that a function f(z)
defined on a domain D is concave if and only if.

Vo, a € DVAE[0,1]: f(z) = f(Ar+ (1= A) m) > Af () + (1 = 2) f(2).

Figure A.2 shows an example of a concave piecewise linear function.

Let us consider a concave piecewise linear function, f(z), defined on the inter-
val [b, b,] by the points of coordinates (bo, %), (b1,41),..., (bp,yp) Wwith
0<by<b <---<by. It can be shown that, for all z belonging to the interval [by, b,)],

p ;T 7—
flz) = max{yo+ Muizx:

p
ul,...,up i—1 b1 —_— bi*l P

u;, 0 < u; < by — by (1= 17~~-7P)}-
1

Example A.8. Let us apply the previous method to program P, 3; which consists in
maximizing the sum of two concave piecewise linear functions subject to linear
constraints.
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FiG. A.2 — A concave piecewise linear function, f(z), defined by the 5 points of coordinates
(2, 4), (6, 16), (10, 24), (16, 30), and (24, 32). The successive slopes of the 4 segments are
decreasing and equal to 3, 2, 1, and 0.25, respectively.

max fi(z1) + fo(22)
Pasi: . m+25<6 | 0<1,<6
s.t.
3ui+1:>10 | 0<2;,<8
The function fi(x) is defined by the points of coordinates (0, 0), (1, 2), (3, 4)
0

3,4),
and (6, 5), and the function f(12) is defined by the points of coordinates (0, 0),
(2,4), (4, 6), and (8, 7). The linear program P, 3; is equivalent to Pa 3s.

max 2wy + 1o + § 3+ 2uz1 + Upy + § iz
7+ 23 <6 | 0<u;1<1; 0<up<2; 0<u3<3
Ppso: 321+ 2 > 10 | 0<up <2; 0<upp <25 0< up3 <4
s.t.
@ = Uy + U2 + ug3 | 0<2 <6
Ty = Uy + U + Ol23 | 0<1p <8

Note that constraints 0 <z; <6 and 0< 2 <8 are useless since the value of
variable z; (resp. z») is completely defined by the values of variables uyy, (resp. usy,),
k=1, 2,3. The optimal solution of Pa 3o is (21 = 3,2, = 1.5). Its value is 7.
The corresponding values of variables wu; are: u;; =1,u2 =2,u3 =0 and
U1 = 1.5, Ug9 = O, U3z = 0.

The concave piecewise linear function f(z), defined on the interval [by, b,] by the
points of coordinates (by, %0), (b1, ¥1),-.., (bp, yp) With 0 < by<by <---<b,, can also
be expressed as follows:
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Va € [bo, by, f(z) = _nllin {a;xz+ d;}
i=1,...,p

where, for i = 1,..., p, a; = (y; — yi—1)/(b; — bi—1) and d; = y; — a;b;. Applying this
property to program Pj 3; results in the equivalent linear program P, 33 in which
variable e represents the value of the piecewise linear function f(z) and variable e,
the value of the piecewise linear function fo(x).

max e+ e
e <214 | € <0.25m +5
e <z +1 | T+ 21 <6
Pass:
s.t.| e <(1/3)z; +3 | 311+ 2> 10
e <2m | 0<2 <6
e <m+2 | 0<1,n <8

Note that there is no need to further constrain the — non negative — variables e;
and e,. The optimal solution of Py 33 is: (7 = 3,1 = 1.5, e; = 4, es = 3); the value
of this solution is equal to 7.

For a more complete presentation of the possible processing of piecewise linear
functions, the reader can consult the references cited below.
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A.8 Robustness in Mathematical Programming

It is often necessary to take into account, in a mathematical program, some
uncertainty in the data since this uncertainty can strongly influence the quality and
feasibility of the selected solution. The robust approach allows this uncertainty to be
taken into account to some extent.

Consider the linear program Py 34.

n
max Cj Ij

J=1
PA‘34 : Z O,U.Z'] S bz Z = 1,. ., Mm (A341)
s.t.|j=1
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The coefficients ¢; (= 1,...,n), a5 (¢ = 1,..., m, j=1,..., n), b; (i = 1,..., m), |;
(j=1,..., n),and u; (j = 1,..., n) are data, and all the coefficients [; are positive or
zero. For all i € {1,...,m}, let J; be the set of indices j such that the coefficient a;; is
uncertain. It is assumed here that, for all i € {1,...,m}, each entry a;, j € J;, cor-
responds to a bounded symmetric random variable, a;;, j € J;, which takes its values
in the interval [a; — @, a;; + @;] where a;; is a positive or zero constant. Below we
present a robust approach proposed by Bertsimas and Sim (2004).

Maximal protection against uncertainty. In this case, the optimal solution of Py 34 is
the one that maximizes the value of the economic function and is feasible regardless
of the values taken by the coefficients a;;, in the set of possible values. The linear
program P, 35 allows this solution to be determined.

max CiTj
=1
Pass: Z Qi T; + E &zj’mj <b i=1,..,m (A351)
S.t.|j=1 JeJ;
[ <z <uy j=1..,n (A.35.2)

Indeed, any feasible solution of P 35 remains feasible for all possible values of the
random variables a;, i.e., for all values belonging to the interval [a; — @y, a; + ;).
The optimal solution of Py 35 is said to be the optimal robust solution of the problem
under consideration.

A less conservative approach. Here, it is considered unlikely that all uncertain
coefficients will differ simultaneously from their nominal value. It is thus assumed
that I'; coefficients a; can differ from their nominal value — at most from the
quantity a;. I'; is therefore an integer belonging to [0,]J;|]. As before, the optimal
solution of Py 34 is then the one that maximizes the value of the economic function,
and which is feasible regardless of the values taken by the coefficients a;;, given the
uncertainty assumptions. The search for this solution can be formulated as the
mathematical program Py s¢.

n
max ) ;1
=1

Pase:
..

i + max [Z (Alijl’]"| § bz = ].,. .am (A361)

ngfjguj ]: 17...,TL (A362)

Given a feasible solution of P 36, Z, let us denote by f,(Z,I';) the quantity
maxg,c j. |5 | < T, [Xjes @;j%j]. This quantity can be determined by solving the
linear program Py 37.
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max Z dijicjocﬁ
Jedi
PA'37 : Z ocij S FL (A371)
s.t.| I
0<o;<1 jeJi (A.37.2)

P 37 admits an optimal finite solution, which implies that its dual admits one
too (duality theory). Moreover, the values of these two optimal solutions are equal.
By associating the dual variable z; to constraint A.37.1 and the dual variables p;;,
j € J;, to constraints A.37.2, this dual problem is written.

min Y p; + iz
paT) = |FTPizan I€d

From this, it can be deduced that the optimal robust solution to the problem

under consideration can be determined by solving program Py 3s.

n
max . ¢z
j=1
n
Z:l Qi Tj
=
jedi
Pass: Zi+ pij 2 le‘j.’lfj i=1,...m;je J; (A.38.2)
s.t.
%>0 i=1,..,m (A.38.4)
pijZO i=1,....,m;j € J; (A385)

Example A.9. Consider the linear program Py 39.

max 6z; + 22 + 923 + 1024 + 25

Pasgg: . 4xy + 1 — Hag — 3ay — 225 <10 | ba —ay — T+ 62y + Ty <20
s.t.
31 +2m+ 913 — 31y — 105 <2 | 0<5;<10 1=1,..5



Appendix 321

The optimal solution of P4 39 is z = (0, 10, 10, 6.25641, 8.92308) and its value is
181.4872. Now, suppose that all the coefficients of the constraints are uncertain. The
values of the coefficients a;; are given by the matrix below.

08 02 1.0 06 04
(a;)=06 04 1.8 06 2.0
10 02 14 1.2 14

Table A.1 gives the optimal robust solutions and their values for different values
of the parameter I';. In this example, it is assumed that this parameter is not
dependent on i and we set I' = I'; for all 4.

Table A.1 shows that when the uncertainty is substantial (I' = 5), the protection
cost against this uncertainty is very high since the value of the economic function
decreases, for example, from 91.0816 when I' = 1, to 44.0547 when I' = 5 (about
—52%). Note that in the case where I' =5 the optimal robust solution can be
calculated by using the formulation Py 35.

TaB. A.1 — Optimal robust solutions associated with
program P, 39, for different uncertainty domains defined by
the parameter I'.

r Optimal robust solution Value

1 (0, 0, 9.0204, 0, 9.8980) 91.0816
2 (0, 1.7778, 2.2222, 2.5926, 2.2222) 51.7037
3 (0, 3.3182, 0.7374, 3.0379, 0.6636) 44.3156
4 (0, 0, 0.9701, 3.5323, 0) 44.0547
5 (0, 0, 0.9701, 3.5323, 0) 44.0547

The approach can be extended to mixed-integer linear programs. Consider
program Pj 49 in which some variables are integer while others are real.

n

max C]aj]
J=1
Pago: le ayr;<b i=1...m  (A40.1)
"l eN J=1...p (A.40.2)
;>0 j=p+1,..,n (A.40.3)

In this case, the optimal robust solution can be determined by solving the
mixed-integer linear program Py 4.
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n

max . ¢z
=1
Zaljlj]'—f— szj—&—l"izigbi 1=1,...,m (A.41.1)
J=1 JeSi

Paar:

7 €N j=1..,p (A.41.3)

s.t.
;>0 j=p+1,...,n (A.41.4)
2 >0 i=1,...,m (A.41.5)
pijZO i=1,...,m,j € J; (A416)

In everything we have just seen, the uncertainty affecting some coefficients is
defined by intervals. We now consider the case where the uncertainty is represented
by a set of (discrete) scenarios. A scenario is a set of assumptions about the evolution
of the factors that may influence the value of the coefficients, and several scenarios
are possible. In such an approach, the value of the different coefficients of the
mathematical program considered depends on the scenario.

Consider the linear program P, 4o where the coefficients a;; are uncertain.

n

max 221 ¢
=

CRAE
z; >0 j=1,..,n (A422)

Ppasg: . Sagr<b;  i=1,...,m (A42.1)
j=1

A set of scenarios, Sc = {sc,scs,...,s¢,}, is envisaged and the values of the
coefficients a;; depend on the scenario. It is assumed that for each of these p scenarios
the wvalues of all the coefficients a; are known. For i=1,..,m,
J=1..,n, and @ =1,..., p, aj denotes the value of the coefficient a;; in the case of

the scenario sc,,.
The problem of finding a solution to P4 4o that is feasible for all the scenarios and
that is the least costly — an optimal robust solution — can then be formulated as

Pa a3

n
max . ¢z
=1
Pass %
Al Yoafr<b i=1...m o=1...,p (A43.1)
s.t.j=1 °

7 >0 j=1,...n (A.43.2)
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We have just shown how to take into account some uncertainty about the
coefficients a;; of program Py 4. Let us now consider how to take into account
uncertainty about the coefficients of the economic function, ¢; Consider the linear
program P, 4o where the coefficients ¢; are uncertain. We consider a set of possible
scenarios, Sc = {sc,,scs,. . .,s¢,}, and denote the value of the coefficient c¢; in the case
of the scenario sc,, as c¢. Several robustness criteria can be considered (see, for
example, Kouvelis and Yu, 1997). We consider here a “max—min” criterion to
measure the quality of a solution. In this approach, a solution is better than all
others if its worst performance — over all scenarios — is better than the worst per-
formance of all other solutions. We first illustrate this robustness criterion on an
optimization problem in graphs (example A.10) and then formulate the search for an
optimal robust solution for program P, 4o with this robustness criterion.

Example A.10. Let us consider the problem of the path of minimum value in a graph
with uncertainty in the arc values, this uncertainty being modelled by a set of possible
scenarios. Note that this is a minimisation problem unlike program Py 43. Let G =
(X, U) be a graph where X = {m,...,z,} is the set of vertices and U = {ay,..., an},
the set of arcs. Let Sc = {sc,scs,. .., sc,} be the set of possible scenarios. For each
scenario sc,, € Sc, the value of the arc a; € U is denoted by ¢. The objective is to
determine a path of minimum value, from vertex x; to vertex z,, the value of a path
being equal to the sum of the value of its arcs. Here, we use a min—max criterion, i.e.,
we consider the problem of determining, among all the paths in the graph from z; to z,,
the one whose maximal length, over all the scenarios, is minimal. It is obviously
possible to consider other criteria to take into account this uncertainty on the arc
values. Let us consider an example of the problem with two scenarios.

The considered graph is represented by figure A.3 where each double arrow
connecting two vertices z; and z; actually corresponds to the 2 symmetric arcs (z;, z;)
and (z;, z;) with identical associated values. For each arc in the graph, the values for

Fic. A.3 — A symmetric graph with 4 vertices. The value of each arc depends on the scenario
and is indicated in brackets next to the arc: (value in the scenario sc, value in the scenario
scz). For example, the value of the arc (3, z;) and the arc (24, 23) is equal to 1 for the scenario
scy and 0 for the scenario scs.
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TaB. A.2 — List of all elementary paths, from z; to zy, in the graph of figure A.3, with their
values in both scenarios.

Name of the  Description of the  Value of the path in the  Value of the path in the

path path scenario sc; scenario sco
m T — Ty — I3 — Iy 2 1
Ty T Xy 1 3
T3 R 4 3
Ty T — a3 Xy 3 1
s T — Xy 3 2

the scenarios sc; and scy are given in brackets (arc value for the scenario scy, arc
value for the scenario scy). Let us determine the optimal robust solution, by
enumeration. Table A.2 gives, for all elementary paths from z; to x4, their respective
values in both scenarios.

We can deduce from table A.2 that, in this example, the optimal path is
m, = 1 — T» — 23 — 14 and the optimal value is equal to 2.

The program for determining an optimal robust solution of program Py 4o, when
the coefficients of the economic function, c;, are uncertain, is Py 44.

max o
< Y P w=1,..,p (A44.1)
=1

Paua: | J
SIS agm <, i=1,..,m (A.44.2)
=1

z; >0 j=1,..,n (A.44.3)

Choosing the best possible solution in the worst-case scenario can have a sig-
nificant drawback. Indeed, if one of the scenarios is very pessimistic — regarding the
value of the economic function coefficients —, then the solution chosen will essentially
take into account this single scenario. To overcome this disadvantage, other criteria
can be chosen to evaluate a solution of P 4o when the coefficients of the economic
function are uncertain. For example, we may be interested in the solution that
minimizes the largest relative gap or “regret” — over all scenarios — between the value
of the selected solution and the value of the optimal solution in the scenario under
consideration. To solve this problem, one must first determine the optimal solutions
in each scenario, i.e., solve program Py 45(®) for each scenario, i.e., for o = 1,..., p.

n

max c;%’_qyj

J=1"
Paas(w) : n |
S.t. jzzl aijmj S bz t= ]'7' - Mm (A45o)1)

7>0 j=1,...n (A45,2)

Let V*® be the optimal value of program Py 45(w) — for the scenario sc,. The
optimal robust solution can be determined by solving program P 4.
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min o
o> <V*“’ -2 c}":a)/V*“’ w=1,.,p (A.46.1)
Paas: =1
v
® Z aljxjgbi 1= 1,...,m (A462)
j=1
;>0 j=1..,n (A.46.3)

Robust optimization is a rapidly growing branch of mathematical optimization
that attempts to solve an optimization problem by taking into account as best as
possible the various uncertainties that affect it. For a more detailed presentation of the
basics of this optimization field, the reader can consult the references cited below.
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A.9 Set-Covering and Set-Partitioning Problems

We consider a set of elements, E = {ei,e,...,e,}, and a set of parts of E,
F={F,F,, .., F,}. With each element, F}, of F is associated a cost, c¢; The set
covering problem consists in determining a subset of F, of minimal cost, which covers
all the elements of E. In other words, the set covering problem consists in deter-
mining XCF such that U;. FJGXF]- = F, and which minimizes the cost of X, that is
the quantity Zj: Fex G The set X is said to be a cover for F.

One can also look at minimal covers in the inclusion sense. A cover, X, of F is
minimal in the inclusion sense if there are no other covers of E strictly included in X.

Mathematical program associated with the set-covering problem. With each ele-
ment F;of F, is associated a Boolean variable, z;, which, by definition, is equal to 1 if
and only if F}is selected to form the minimal cost cover, X, of E, i.e., if F; € X. Let J;
be the set of indices j belonging to {1,...,n} and such that e; € Fj. The set-covering
problem — finding a minimal cost cover — can be formulated as the linear program in
Boolean variables P 47.
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n
min Y ¢z
=1
Paar: EZ}ZI i=1
s.t.|jedi
5e{0,1} j=1...n (AA472)

oom (AAT1)

If the inequality constraints in P, 47 are replaced by equality constraints, the
resulting program is associated with what is called a set-partitioning problem. This
problem indeed consists in determining a set of elements of F of minimal cost, and
which form a partition of E.

Example A.11. Consider the set-covering problem in which F = {ey, es, €3, €4, €5},
F= {Fla FQaF37F4} Wlth Fl = {613 62}) F2 = {627 €3, 6-5}? F3 = {627 €4, 65}7 F4 -
{es, e} and ¢ = {3,4,5,2}. The associated linear program in Boolean variables is
Pa s

min 3z +4x + daz + 21y

Paus: n>1 | m4+m>1
Stm+m+a>1 | mt+a>1
T4z >1 | @, 2, 23,24 € {0,1}

The very particular structure of the programs associated with set-covering and
set-partitioning problems make that many simple and effective pre-processing
operations are possible. Suppose, for example, that the set of indices, J,, appearing
in a constraint ris contained in the set of indices, J,, appearing in a constraint s. In
the case of the set-covering problem, constraint s can be removed. In the case of the
set-partitioning problem, we can set to 0 all variables whose indices belong to J
without belonging to J,, and remove the constraint s. Thus, in program P, 4s, the
second constraint can be removed. Furthermore, the resolution of the continuous
relaxation of P 47 often results in an optimal solution in which all the variables take
integer values — 0 or 1. The continuous relaxation of program P, 47 is obtained by
replacing in this program the constraints z; € {0,1}, j = 1,..., n, by the constraints
0<2;<1, j=1,...,n. If this happens, the resolution of P, 47 is particularly easy
since it can be deduced that the optimal solution of the continuous relaxation of
Pa 47 — a continuous linear program — is the optimal solution of Py 47.

Set-covering and partitioning problems are two important issues in operations
research with many applications. For more information on the different properties of
these problems and how to approach their resolution, the reader can consult the
references mentioned below.
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A.10 Elements of Graph Theory

An undirected graph, G, is a pair, (X, E), composed of a set of vertices,
X =A{z, 1, ..,2,}, and a set of edges, F, each edge connecting two vertices of
X called the ends of the edge. In general, two vertices can be connected by more than
one edge. If this is the case, we are dealing with a multi-graph. In the rest of this
section we consider simple graphs. In such graphs, two vertices are connected by no
more than one edge and there is no loop, i.e., an edge whose two ends are identical.
Each edge is therefore defined by a pair of distinct vertices, {z;, zj}. The two vertices
7; and 7; are said to be adjacent. The degree of a vertex is equal to the number of
edges of which this vertex is one end. An adjacency matrix can be associated with
G. It is a n X n-matrix, M, whose general term, m,;, is equal to 1 if and only if
vertices x; and z; are adjacent. If these two vertices are not adjacent m;; = 0.

A directed graph — or oriented graph — G is a pair, (X, A), composed of a set of
vertices, X = {z1, ;,...,2,}, and a set of arcs, A, each arc being defined by a —
oriented — pair of vertices, (z;, ;). One says that z; is the initial end of the arc, that z;
is its terminal end, that z;is a predecessor of x;, and that z;is a successor of z;. An arc
whose two ends are identical is called an oriented loop. We are interested here in
oriented graphs without loops — oriented — and for which, for any pair of vertices
(z;, z;), there is at most one arc going from z; to z;. The indegree of a vertex is the
number of arcs of which this vertex is the terminal end, and the outdegree of a vertex
is the number of arcs of which this vertex is the initial end.

Graphs are so named because they can be represented graphically. Each vertex is
represented by a point, each edge by a line connecting its ends, i.e., two points, each
arc by an arrow from its initial end to its terminal end. A graph can be drawn in
several ways: the positions of the points representing the vertices and the shape of
the lines or arrows connecting these vertices can vary.
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Let G = (X, U) be a directed or undirected graph. An induced sub-graph of G is
a graph having for vertices a subset, X, of the vertices of G, and for arcs /edges only
those of G joining the vertices of X; a partial sub-graph of G is a graph having for
vertices a subset, X, of the vertices of G and for arcs/edges a subset of those of
G joining the vertices of X. In an oriented graph, a path originating at z; and ending
at z; is defined by a sequence of consecutive arcs, connecting z; to z;. If z; and z; are
identical, then we have a circuit. In the oriented graph in figure A.4, the 3 arcs
(22, 23), (23, 24), and (24, 22) define a circuit.

In a graph, oriented or not, a chain connecting z; to z; is a sequence of arcs or
edges placed end to end, and connecting these two vertices. A chain connecting z; to
z;is a cycle if ; and z; are identical and if the edges of the chain are all distinct. The
length of a chain is the number of edges or arcs that compose it, and the length of a
path is the number of arcs that compose it. In the undirected graph of figure A.4, the
4 edges {z1, 12}, {22, 15}, {25, 2}, and {1y, 15} form a chain connecting vertices x;
and 12z and in the directed graph of the same figure, the 4 arcs
(22, 11), (22, 23), (23, 24), and (x5, 24) form a chain connecting these same two vertices.

A graph — oriented or not — is connected if and only if any pair of vertices is
linked by a chain. The distance between two vertices of a connected graph is the
length of the chain that links them, with the smallest number of edges — or arcs. The
diameter of a connected graph is the greatest distance between two vertices of that
graph, among all pairs of vertices. A real value — sometimes called a weight — can be
associated with each arc of G. The value of a path/chain is then equal to the sum of
the values of the arcs/edges that compose it. A connected component of a graph G'is
a sub-graph, Gy, of G, which is connected and maximal in the inclusion sense — no
other connected sub-graph of G contains Gj.

An oriented graph is strongly connected if and only if for any oriented pair of
vertices, (;, ;), there is a path from z; to z;. A strongly connected component of an
oriented graph, G, is a sub-graph, G, of G, which is strongly connected and max-
imal in the inclusion sense — no other strongly connected sub-graph of G contains Gg.
The two graphs in figure A.4 are connected. The sub-graph of the oriented graph in

Fic. A.4 — An example of an undirected graph and a directed graph with 7 vertices. Here, a

double arrow connecting two vertices z; and x; — for example 2, and 2; — means that the graph
includes an arc from z; to z; and an arc from z; to ;.
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this figure, induced by the vertex set {a», 3, x4, 75, 25, 27}, is a strongly connected
component of this graph.

A tree is an undirected graph that has no cycle and is connected (figure A.5).
A tree can be defined in many ways. For example, G is a tree if G is without cycles
and has n—1 edges, or G is a tree if G is connected and has n—1 edges — n denotes the
number of vertices of the graph.

If in a tree a particular vertex, r, is chosen and the edges of this tree are oriented
so that there is a — unique — path from r to all other vertices, one obtains an
arborescence of root r (figure A.6).

We can also define an arborescence as an oriented graph without circuits
admitting a particular vertex, r, called root, and such that there is a single path from
r to all the other vertices of the graph.

Given a connected undirected graph, G, a spanning tree of G is a partial
sub-graph of G whose vertices are those of G, and which is a tree. A classical
problem, when values are assigned to the edges of G, is to determine a spanning tree
of minimal value, the value of a tree being equal to the sum of the values of its edges.
There are efficient algorithms to solve this problem. One can also look at the

Fic. A.5 — An example of a tree with 7 vertices.

Fi1G. A.6 — An example of an arborescence constructed from the tree in figure A.5 and whose

root is vertex .
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Fic. A.8 — A connected undirected graph with values associated to each edge and a set of

mandatory vertices X = {x, 24, 27}.

spanning tree of minimal value in an oriented graph. The tree in figure A.7 is a
spanning tree of minimal value for the graph in figure A.8.

Consider an undirected graph, G = (X, E), and a subset of vertices, X, included
in X. With each edge {z;, z;} of E, is associated a positive or zero value. The Steiner
tree problem consists in determining a partial sub-graph of G that includes all the
vertices of X, which is a tree, and whose value is as small as possible. Recall that the
value of a tree is equal to the sum of the values of its edges. This problem is usually
difficult. Consider the graph in figure A.8. The values of the edges are shown next to
the edges. Suppose that the set X consists of vertices z;, 74, and 27 — the required
vertices. The Steiner tree of minimal value is given in figure A.9.

A transportation network is defined by an oriented graph, G = (X, A), with two
particular vertices, x;, which is the source of the network and z,,, which is its sink. To
simplify the presentation, it is assumed that no arc ends at z; and no arc starts at z,,.
Each arc in the graph has an associated capacity. It is assumed that there is no
useless vertex, i.e., for any vertex x; of X, there is a path from z; to z, passing
through =z, In a transportation network, G, a flow is the assignment of a
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Fia. A.9 — A Steiner tree of minimal value (11) associated with the graph in figure A.8 when
the set of mandatory vertices is X= {z1, 24, 27}

[10] (6)

Fic. A.10 — A transportation network whose source is vertex z; and sink is vertex z;, and a
flow of value 13 on this network.

non-negative real value to each arc of G — the flow on that arc — which can be
interpreted, for example, as a quantity of matter transported on that arc, such that,
in each vertex, the sum of the incoming flows — on the arcs of which this vertex is the
terminal end — is equal to the sum of the outgoing flows — on the arcs of which this
vertex is the initial end. This flow must take into account the capacity assigned to
each arc, this capacity reflecting an upper limit of the flow allowed on that arc.
The value of the flow is equal to the sum of the flows emanating from z; or entering
z,. It is easy to show that these two quantities are equal. A classical problem, for
which efficient algorithms exist and which has many applications, consists in
determining a flow of maximal value on the considered network. Let us consider the
transportation network in figure A.10. The capacities of the arcs are given in square
brackets next to the arcs. A flow from z; to a7, of value 13, is shown in figure A.10.
The corresponding flow of each arc is noted between brackets next to it.
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41 @

[71(6)

Fia. A.11 — A flow of maximal value (15) on the transportation network in figure A.10.

The flow indicated in figure A.10 is not a maximal flow because there is a flow
with a value of 15 from z; to 27 (figure A.11). It can be shown that the value of this
new flow is maximal.

Publications concerning graph theory, a branch of mathematics in its own right,
are extremely numerous. For more information on the basic notions of this very
dynamic discipline, the reader can consult the references cited below.

References and Further Reading

Ahuja R., Magnanti T., Orlin J. (1993) Network flows: Theory, algorithms, and applications.
Prentice Hall.

Berge C. (1958) Théorie des graphes et ses applications. Dunod.

Berge C., Ghouila-Houri A. (1962) Programmes jeuz et réseaux de transport. Dunod.

Berge C. (1970) Graphes et Hypergraphes. Dunod.

Bondy A., Murty U. (2008) Graph theory. Graduate texts in mathematics 244, Springer, Traduction
frangaise  disponible:  https://www-sop.inria.fr/members/Frederic.Havet / Traduction-Bondy-
Murty.pdf.

Bretto A., Faisant A., Hennecart F. (2018) Eléments de théorie des graphes. Hermes Science
Publications.

Promel H.G., Steger A. (2002) The Steiner tree problem: a tour through graphs, algorithms, and
complexity. Vieweg.

Roseaux (collective of authors) (2005) Exercices et problémes résolus de recherche opérationnelle
(Tome 1), Graphes, leurs usages, leurs algorithmes. Dunod.

Roy B. (1969-1970) Algébre moderne et théorie des graphes orientées vers les sciences économiques
et sociales, Tome 1: notions et résultats fondamentauzr, Tome 2: applications et problemes
spécifiques. Dunod.

Sessions J. (1992) Solving for network connections as a Steiner network problem, For. Sci. 38, 203.

West D. (2000) Introduction to graph theory. Prentice Hall.

A.11 Markov Chains

A Markov chain allows to model the dynamic evolution of a random system with
N states, S1, Ss,..., Sy- The system — or the chain — is initially in one of the states,
and passes successively from one state to another. Each movement constitutes a step
or a transition. If the chain is, at a given instant, in state 5;, then it passes into state
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S;, at the following instant with a probability denoted by p;;, and this probability
does not depend on the state in which the chain was previously — nor on the con-
sidered instant for a homogeneous chain. The probabilities p;; are called transition
probabilities. The process can also remain in state S; in which it was, and this
happens with a probability p;. If this probability is equal to 1, state S; is said to be
absorbing. The set of these transition probabilities constitutes the transition
probability matrix. A graph can be easily associated with this matrix. Figure A.12
presents such a graph for a chain defined on 5 states. Note that, for all s € {1,..., N},
Sripy=1.

The starting state of the chain is defined by the initial probability distribution of
states Si, S,..., Sy. This is often done by specifying a particular state as the starting
state. Markov chains allow a large number of situations to be modelled in a variety of
fields. The study of a Markov chain aims at studying the evolution of the system
described by this chain. One can be interested, for example, in the probability of
being in state S; at the end of p transitions when the initial state is S;. One can also
seek to determine the probability distribution of the states after a very large (in-
finite) number of transitions — if this limiting distribution exists. One can also be
interested in the probability of entering state S; for the first time after p transitions,
starting from state S;. Some chains are said to be absorbing. In this case, there is at
least one absorbing state and, from any non-absorbing state, an absorbing state can
be reached in one or several transitions. For any absorbing Markov chain and for any
starting state, the probability of being in an absorbing state after p transitions tends
to 1 when p tends to infinity. In such chains, one can look at the probability of
ending up in a given absorbing state — if there are several absorbing states — or at the
expected number of transitions through the non-absorbing state S, starting from the
non-absorbing state .S;, before ending up in an absorbing state. One can also look at
the number of transitions it will take on average to reach an absorbing state, taking
into account the initial state of the chain.

P24

P12
P13

Fic. A.12 — Graph associated with a Markov chain with 5 states S;, Ss,..., Ss. If, at the time
n, the chain is in state Ss, then at the time n + 1 it will be in one of the 2 following states:
again in state S; with the probability pss or in state S; with the probability ps,
(Psa + ps5 = 1).
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Example A.12. Consider a Markov chain with the 5 states, S, S, S3, S4, and S5, and
whose transition probability matrix is the matrix M below. The value at the
intersection of row i and column jis the transition probability from state S; to state
S;, i.e., the probability p;. Thus, when the chain is at the instant n in state Ss, it can
be at the instant n + 1 either in state S;, with the probability 0.4, or in state Ss,
with the probability 0.4, or in state S;, with the probability 0.1, or in state Ss, with
the probability 0.1. This chain has 3 transient states, S, S5, and S, and 2 absorbing
states, S; and Ss5. A state is transient if the system, being in this state, may not
return to this state.

04 05 0 0 0.1
0 0.5 03 01 0.1
M=104 0 04 01 041
0 0 0 1 0
0 0 0 0 1

Let us denote by Z the sub-matrix of transition probabilities between transient
states and by D the sub-matrix of transition probabilities from a transient state to
an absorbing state. In this example,

04 05 0 0 01
Z=10 05 03 and D=1{01 0.1
04 0 04 0.1 0.1

Let us denote by 7;; the expected number of passages through state 5; - transient
— starting from state S; — transient — before absorption, and by IT the matrix whose
general term is 7;. We can show that II= (I—Z)71 where [ designates the identity
matrix of the same dimension as Z. In our example, II is equal to the inverse of the
matrix

1-04 —05 0 25 25 125
I-Z=1{0 1-05 -03 |, de, N=|1 3 15
—04 0 1-04 5/3 5/3 2.5

Thus, starting from state S,, the system will go on average 3 times through this
same state before absorption. Let us now look at the probability, being in state S;,
i=1, 2, 3, of ending up in the absorbing state S}, j = 4, 5. Let a;; be this probability
and A be the matrix of general term a;;. We can show that A = I1.D. In our example,

0.375  0.625
A={045 055
1.25/3 1.75/3

Thus, starting from state 57, the system will end up in the absorbing state S
with a probability equal to 0.625.

Markov chain theory has proven to be very effective in modelling and studying
many concrete or theoretical random phenomena. For a more detailed presentation
of this theory the reader can consult the references cited below.
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