Chapter 4

Compactness

4.1 Introduction

As we have seen in the previous chapters, the spatial configuration of a nature
reserve is a determining factor for the survival of the species that live there.
Chapter 2 deals with fragmentation and chapter 3 with connectivity — or contiguity.
In this chapter, we discuss another spatial aspect of a reserve, compactness. This
aspect, which can be assessed in several ways and is not completely distinct from the
notion of fragmentation, takes into account the distance separating the different
zones. The smaller these distances, the easier it is for species to move within the
reserve. It can therefore be said that the more compact a reserve is, the more
effective the means devoted to its protection. On the other hand, a compact reserve
is generally easier to manage than a non-compact reserve.

We will also look at the length of the reserve boundaries (which we also call the
reserve perimeter), i.e., the length of the transition zones between the reserve and
the surrounding matrix, this criterion being, in a way, related to compactness
(figure 4.1).

4.2 Compactness Measures of a Reserve

The compactness of a reserve, i.e., a set of zones selected for some protection, can be
assessed in many ways. For example, the diameter of the reserve, i.e., the maximal
distance between two points of the reserve, can be considered. The minimization of
this criterion leads to the selection of a set of zones with an external contour that is
close to a circle. The minimal distance between two zones can also provide some
information on compactness. Another measure of the reserve compactness is its total
perimeter. Minimizing this latter criterion allows to obtain groups of zones whose
shape is close to a square or a circle, but the distance between the groups is not
controlled. The compactness of a reserve can also be measured by the sum of the
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(b)

Fic. 4.1 — Two reserves defined on a set of 100 candidate zones represented by a grid of
10 x 10 square and identical zones whose length of the sides is equal to one unit. The area of
these 2 reserves — made up of grey zones — is equal to 30 units. (a) A very fragmented and
uncompact reserve with a perimeter of 80 units. (b) A fragmented but relatively compact
reserve with a perimeter of 64 units.

distances between all the pairs of selected zones or by its total perimeter divided by
its total area. In the latter case, the aim is to minimise the value of the corresponding
ratio. Minimizing this ratio also has the effect of reducing the edge effect, which is
generally considered as unfavourable to biodiversity protection.

Let S = {s1, $2,..., S} be the set of concerned species, Z = {z, 2,..., ,} be the
set of zones that can be protected, S be the set of indices of the species of Sand Z be
the set of indices of the zones of Z. Let us specify some supplementary data — and
corresponding notations — that we use in this chapter: [;, the perimeter of zone z;, a;,
the area of zone z;, l;;, the length of the border common to zones z; and z;, and d,;, the
distance “as the crow flies” between zones z; and z. We denote by Comp(R) the
compactness of a reserve, R, and we examine several measures of this compactness.

It is assumed here that we know, among the zones of Z, those whose protection
leads to the protection of species s;, (e.g., its survival), and this for all species, i.e., for
all k€ S ={1,2,...,m}. This subset of Z is denoted by Z; and the corresponding set
of indices is denoted by Z;. Thus, the protection of species s, is ensured if and only if
at least one of the zones of 7, is protected and the number of protected species is
noted Nby(R) (chapter 1, section 1.1). For example, it is considered here that the
protection of a zone allows all the species present in that zone to be protected,
provided that their population size is greater than or equal to a certain threshold
value. This value is denoted by v, for zone z; and species s;. In other words, Z; =
{#; € Z : nix > vy} where ny, refers to the population size of species s;, in zone z;.

4.3 Some Problems of Selecting Compact Reserves
and their Mathematical Programming Formulation
As with the other spatial criteria we examined, several zone selection problems may

arise with the objective of obtaining a compact set of zones. We note R the set of
selected zones, i.e., the reserve obtained, and R the set of indices of the zones
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forming reserve R. Some of these problems are discussed below, by way of example.
Let us recall that we denote by Comp(R) the value of the compactness criterion
associated with reserve R. As we have seen, this criterion can correspond to different
aspects of the compactness of a reserve — and can, therefore, be calculated in several
different ways. Table 4.1 summarizes the compactness criteria considered in this
chapter and that we seek to minimize.

To simplify the presentation, we assume that the set of candidate zones are
represented by a grid with nr rows and nc columns. The zones are then designated by
z; where i is the row index and j is the column index. It should be noted that
everything presented in the rest of this chapter can be applied directly to any other
set of candidate zones.

Take again the reserves in figure 4.1 to illustrate these 3 criteria. First of all, the
distance between two candidate zones — represented by two squares whose length is
equal to one unit — is defined by the distance, in a straight line, separating the centre
of these two zones. Other definitions of the distance between two zones could be
considered. Let us compare the compactness of the two reserves in figure 4.1 using
the 3 criteria in table 4.1. Using criterion No. 1, the compactness of the reserve in
figure 4.1a is equal to the distance between the centres of zones 2z ; and 2919, i.€.,
12.73 (1/162) while the compactness of the reserve in figure 4.1b is equal to the

distance between zones z 4 and # 10, i-e., 8.49 (v/72). Using criterion No. 2, the
compactness of the reserve in figure 4.1a is equal to 2.67 since its total perimeter is
equal to 80 and its total area to 30, while the compactness of the reserve in
figure 4.1b is equal to 2.13 since its total perimeter is equal to 64 and its total area to
30. Finally, using criterion No. 3, the compactness of the reserve in figure 4.1a is
equal to 2,514.79 while the compactness of the reserve in figure 4.1b is equal to
1,716.43.

Different problems of determining an optimal compact reserve can be considered.
For each of these problems, the 3 compactness criteria that we have just defined can
be taken into account. Table 4.2 presents the 3 problems we will consider. Recall
that Nby(R) represents the number of species protected by reserve R and that
species s, is considered to be protected by reserve R if at least one of the zones of Z;,
belongs to R where, for any k of S, Z; is a known subset of Z (see section 4.2).

TAB. 4.1 — Three compactness criteria for a reserve, R.

Criterion Statement Formulation
number
1 Diameter of the reserve, i.e., max{dy; : (3,7) € R*,i<j}

maximal distance between two
zones of the reserve.

2 Total perimeter of the reserve,
divided by the total area of the (Zie@ li—2 Z(LJ)€EQJ<.7' b > / Zieﬁ ai
reserve.
3 Sum of the distances between all D g i< B

pairs of zones in the reserve.
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TAB. 4.2 — Three reserve selection problems with a compactness objective.

Problem Problem statement Formulation
no.
I Selection of a reserve, R, of minimal cost, allowing to min C(R)
protect, at a minimum, a given number of species, Ns, RCZ
and such that the compactness indicator, Comp(R), =
is lower than or equal to a given value, p. s.t.| Nby(R) > Ns
Comp(R) <p
I Selection of a reserve, R, of cost less than or equal to max Nbj(R)
a given value, B, allowing the greatest possible RCZ
number of species to be protected, and whose value of =
the compactness 1ndlcat01T7 Comp(R), is less than or st.| C(R)<B
equal to a given value, p.
Comp(R) < p
111 Selection of a reserve, R, of cost less than or equal to min Comp(R)
a given value B, allowing to protect, at a minimum, a
. . L RCZ
given number of species, Ns, and minimizing the
value of the compactness indicator, Comp(R). st.| C(R)<B
Nb;(R) > Ns

Also remember that C(R) refers to the cost of reserve R: C(R) = ), p ¢; where ¢; is

the cost associated with zone z,.

4.3.1 Problem I: Protection, at the Lowest Cost, of at Least
Ns Species of a Given Set, with a Compactness
Constraint

This problem can be formulated as the mathematical program P,; in which p
designates the value that the compactness indicator of the selected reserve must not
exceed. As in all the programs we have studied, the Boolean variable z; is equal to 1
if and only if zone z; is selected to form the reserve.

min Y ¢
i€z
w< > keSS (411) | z€{0,1} ieZ (4.1.4)
Pyi: €2,
st | 3 ye>Ns (41.2) | wef01} keS (4.15)
kes
Comp(R) < p (4.1.3) |
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The economic function to be minimized represents the cost of the reserve.
According to constraints 4.1.1, variable y;, can take the value 1 if and only if at least
one zone in 7, is protected. Constraint 4.1.2 expresses that the number of protected
species must be greater than or equal to Ns. Constraint 4.1.3 imposes a compactness
index less than or equal to p. Note that if we seek to protect all the species —
Ns = m — we can replace constraints 4.1.1 and 4.1.2 by the single family of
constraints .. 7, i >1, ke S. If we want to obtain, among the optimal solutions

of P, 1, a solution that maximizes the number of protected species, we only need to
subtract from the economic function to be minimized the quantity &), ¢ yr where &

is a sufficiently small constant. Similarly, if one wants to obtain, among the optimal
solutions of P 1, a solution that minimizes the value of the compactness criterion, it
is sufficient to add to the economic function to be minimized the quantity éComp(R)
where ¢ is a sufficiently small constant. Let us now study constraint 4.1.3 according
to the criterion retained to measure compactness. Recall that R = {z;: i=1,..., n;

Criterion No. 1. The compactness of a reserve is measured by the diameter of the
reserve, i.e., by the maximal distance between two zones of the reserve (see appendix
at the end of the book). In this case, P, solves the problem by replacing the —
generic — constraint 4.1.3 with one of the specific constraint sets C4; or Cyo:

Coi:zm+z <1 (i) € 2% i<j, dj > p;

JeZ.j> i dy > p

Constraints C4; express that if the distance between any two zones, z; and z;, is
greater than p then these two zones cannot both be part of the reserve. In other
words, in this case, variables z; and z; cannot simultaneously take the value 1.
According to constraints C, , if zone z; is selected — x; = 1 — then none of the zones
located at a distance greater than p from z; can belong to the reserve. In case zone z;
is not retained — z; = 0 — the corresponding constraint is inactive provided that the
constant M is chosen large enough.

Criterion No. 2. Let us now consider the case where the compactness of a reserve, R,
is measured by the total perimeter of the reserve divided by its total area:

Comp(R) = (ZieR =233 )er i< lz’j)/zz'e[z a;. In this case, the problem con-
sidered can be solved by program P, ; by replacing the — generic — constraint 4.1.3 by
the specific constraint C, 5:

Zieg lizi — 2Z(z,j)eg2,z:<j lijzi; <

Cyz: <p
Diez Wil
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The perimeter of the reserve is calculated by summing the perimeters of all the
zones that constitute the reserve, > ., liz;, and by subtracting twice the sum of the
lengths of the borders common “to each pair of zones of the reserve,
2 Z(i, Hez, i<j lijz; ;. Note that, in the latter expression, many terms /; are equal to 0.
The quantity ) .., a;z; represents the sum of the areas of each zone constituting the
reserve, i.e., the total area of the reserve. Constraint C, 3 is equivalent to constraint
C,.4 in which the first member is quadratic and the second member is linear:

Cyyq: Z Lix; — 2 Z lijfyjl’j <p Z a;T;.

€z (ij)eZ’i<j i€Z

It is possible to replace C, 4 with equivalent linear constraints (see appendix at
the end of the book). To do this, each product z;z; is replaced in C4 4 by variable u;
and 2 families of linearization constraints are added to force variables u,; to be equal
to the products z;z;, at the optimum of the obtained program. Finally, the problem
can be solved by program P, ; by replacing the — generic — constraint 4.1.3 by the set
of specific constraints C,5:

Sl —2 > Liuy<p) ag
€z (i,5)€Z%i<j i€z
Cas w; <z (i,) € Z%,i<j, l; >0

Note that if the compactness criterion is the perimeter of the reserve and not the
perimeter-to-area ratio, it is sufficient to replace the first constraint of C,5 by the
constraint y ., Lz — 22(1-4-)6 22.i<j ljij < p where p now refers to the maximal

allowed perimeter.

Criterion No. 3. Let us now consider the case where the compactness of a reserve is
measured by the sum of the distances between all the pairs of zones of the reserve:
Comp(R) = Z(i,j)eRQJKj d;;. In this case, the problem considered can be solved by

program P, by replacing the — generic — constraint 4.1.3 by the specific constraint
Cye

Cig: Y dymz<p.

(if)e2%i<j

Constraint C4¢ is quadratic since it involves the products z;z;. As in the case of
Ca3, it is possible to replace this constraint by a set of linear constraints (see
appendix at the end of the book). To do this, each product z;x; is replaced in Cy ¢ by
variable u;; and 2 sets of linearization constraints are added to force variables u;; to
be equal to products z;x; — at the optimum of the obtained program. Finally, the
problem can be solved by program P, by replacing constraint 4.1.3 by the set of
constraints Cy 7:



Compactness 63

> dju;<p
oo (ig)€ 2%, i<j
YY1 =g — 3+ u; >0 (i,)) € 2%, i<y’

4.3.2 Problem II: Protection, Under a Budgetary
Constraint, of the Largest Possible Number
of Species of a Given Set, with a Compactness
Constraint

This problem can be formulated as the mathematical program P, .

max . Uk
kes
Pys: ieZ
st | < > m keS (422) | we{0,1} keS (4.2.5)
icZ,
Comp(R)<p (4.2.3) |

The economic function, to be maximized, expresses the number of protected
species. Constraint 4.2.1 reflects the budgetary constraint: the cost associated with
the reserve retained must not exceed the budget, B. For the meaning of the other
constraints (4.2.2-4.2.5), the reader may refer to program P4 ;. To solve the problem
with the 3 compactness criteria considered, it is sufficient to replace in Pyo
constraint 4.2.3 by the appropriate constraints: C,; or C, 5 for criterion No. 1, C, 5
for criterion No. 2, and C, 7 for criterion No. 3 (see section 4.3.1). As in program
P41, zone z; belongs to reserve R if and only if x; = 1.

4.3.3 Problem III: Protection, Under a Budgetary
Constraint, of at Least Ns Species of a Given Set,
with Optimal Compactness

This problem can be formulated as the mathematical program P, 3.

min Comp(R)
w< Yoz keS (431) | €{0,1} ieZ (434)
i€z,
P 3.
Y ) s | Gem<B (432) | we{01} keS (435)
> Yk >Ns (4.33) |
keSS

The economic function, to be minimized, expresses the compactness of the
reserve. As in programs P, ; and P4, zone z; belongs to reserve R if and only if
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z; = 1. The meaning of the constraints in P, 3 is presented in the two previous
sections. Let us now look at how to solve the problem with the 3 compactness
criteria considered.

Criterion No. 1. The compactness of a reserve is measured by the diameter of the
reserve, i.e., the maximal distance between two zones of the reserve. To solve the
problem, variable o is introduced, the — generic — economic function of P, 3 is
replaced by a and the set of constraints C, g is added:

Cys:a>dymz  (i,)) € Z°, i<j.

These constraints express that if zones z; and z; are retained — z;z; = 1 — then the
value of variable « must be greater than or equal to the distance between these two
zones. This results in a program with a linear economic function but with some
quadratic constraints. These constraints can be replaced by the equivalent set of
linear constraints Cy g:

Clo - {a> dj(~1+zi+a) (i) € 2, i<j
>0

Criterion No. 2. The compactness of reserve R is measured by the ratio of the total
perimeter of the reserve divided by its total area. In this case, the problem consid-
ered can be solved by program P, 3 by replacing the — generic — economic function of

this program with the expression (Zieg Lz, — 2 Z(i,j)eg?«j li,-mimj) /Zieg a;z;. The
numerator of this expression is quadratic and the denominator is linear (see
appendix at the end of the book). This expression can be transformed into a ratio of
two linear functions by replacing each product z;z; with variable u;; and adding the
linear constraints w; < ; and wu; < ;. The problem can thus be reformulated as
program P, 4.

min (Zieg Lz — 2Z(z‘,j)ef, i<j lij%) /Zieg i Z;

Z C;T; S B (441)
i€Z
w< > keS (4.4.2)
i€Z,
Pya: > yp >Ns (4.4.3)
s.t.| kes

wy <wi; ug<wz; (i,) € 2°,i<j,l; >0 (4.4.4)

z; € {0,1} i€z (4.4.5)

yi € {0,1} kes (4.4.6)
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We can therefore use the algorithms of fractional programming to solve P 4, for
example the Dinkelbach algorithm (see appendix at the end of the book). The core
of this algorithm is to solve the auxiliary problem P, 5(1) which is a linear program in
0-1 variables.

min Z lﬂ}; -2 Z lijuij —A Z a;T;

Pys(4) : €2 (ij)€ 2% i<j i€Z
s.t.| (4.4.1) — (4.4.6)

Criterion No. 3. Finally, consider the case where the compactness of a reserve is
measured by the sum of the distances between all the pairs of zones of the reserve:
Comp(R) = Z(z’,j)e R, i<; &j- In this case, the problem considered can be solved by
program P, 3 by replacing its — generic — economic function with the expression
Z@J)E 2, i< di;x;z;. We then obtain a mathematical program whose economic
function is quadratic and whose constraints are linear (see appendix at the end of
the book). One way to solve the resulting program is to linearize the economic
function, and there are many techniques to do so. A simple technique that we have
already presented consists of replacing products z;z; by variables u; and adding the
set of linear constraints C, 1o that force variable u;; to be equal to product zz;:

Cou: {1 — 2 =+ u; >0 (@j) €Z§7zi<]:'

u; >0 (i,5) € Z%,i<j
Another technique consists in rewriting the economic function as
(1/2) > ez @i 2 jey dijwj then replacing, for any i of Z, the expression ;) , dijz; by
the real, non-negative variable ¢, The new economic function — to be minimized — is
therefore written (1/2) Y"._, t;. Then we must add the set of linear constraints Cy 1y
which force variable t; to be. equal, at the optimum, to the expression z; )

6> dya— M(1—x) i€Z
. i jez YijLj i 4
C4'H'{ti20 ez .

jez Gy

If variable z; is equal to 1 then, because of the first family of constraints of C,
and the fact that we seek to minimize the expression )., t;, variable t; takes the

value Zje 7 diz;. On the contrary, if variable z; is equal to 0, then the set of con-
straints C,1; and the fact that we seek to minimize the expression ) .., t; force

variable t; to take the value 0. M denotes a sufficiently large constant.

4.4 Computational Experiments

A hypothetical set of candidate zones represented by a grid of 10 x 10 square and
identical zones is considered. The cost associated with each zone of the grid is
randomly drawn, in a uniform way, from the set {5, 6,..., 10} and is shown in
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1 23 45678 910
1101 77|97 |6]10[/5]|9|6
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107 (8[5]|5|7|9(4]7|8]|7

Fi1G. 4.2 — Cost associated with each of the 100 candidate zones.

figure 4.2. The available budget is 150 units and 100 species are considered. The
presence of a species in a given zone — with a sufficient abundance to be protected if
the corresponding zone is protected — is randomly drawn, with a probability equal
to 0.1. Figure 4.3 shows, for each candidate zone, the list of the species that are
protected if the zone is itself protected. It should be noted that, in this example, 9 of
the 100 species considered cannot be protected. These are species s7, $13, Sig, S23, 33,
S61, 573, Ss3, and syo.

Table 4.3 presents the results obtained for Problem I of table 4.2 with the
compactness criteria No. 1 and No. 2 of table 4.1 (see section 4.3.1). All instances
were resolved in less than one second of computation. Some of the reserves obtained
are shown in figure 4.4.

Table 4.4 presents the results obtained for Problem II of table 4.2 with the
compactness criteria No. 1 and No. 2 of table 4.1 and when the available budget, B,
is equal to 150 (see section 4.3.2). All the instances considered were resolved in less
than one second of computation. Some of the reserves obtained are shown in
figure 4.5.

Table 4.5 presents the results obtained for Problem III of table 4.2 with the
compactness criteria No. 1 and No. 2 of table 4.1 and an available budget, B, equal
to 150 (see section 4.3.3). All the instances considered were resolved in less than one
second of computation. Some of the obtained reserves are presented in figure 4.6.

4.5 Compactness Measure Specific to a Connected
Reserve: Protection of a Maximal Number of Species

of a Given Set by a Connected and Compact Reserve,
under a Budgetary Constraint

In this section, we focus on reserves that must, on the one hand, be connected and,
on the other hand, meet a compactness criterion. In a connected reserve, the species
can move through the whole reserve without leaving it (see chapter 3). With regard
to compactness, we consider here a different measure from those studied in the
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1 2 3 4 5 6 7 8 9 10
1575] 4 11 |3 5 85] - | 143147803485 122 353727 87
! 18 69| 89 38 |77 88
98
479 |28 92|31 423537 625 | 1932112529 53|34 51| 95
2 65 6884|6399 40 |8586| 99
¥ |1763] - 20 | 4199 |21 44| 50 - 2 ;
3 100
840 | - } 67 | 6395 [62679|94454] - |84054| 43
4 5869
98 | 3566 | 36 | 4672 | 2576 | 1832 | 8896 | 53 69 | 2644
5 7787 53
52 67 | 2882 - 44 | 27371966 | 84 | 559 | 57
6 4188 64 88
71 85 | 43 48 | 76 78 | 10 37 | - |46 59 | 14 62 | 10 12 | 15 25| 87
7 27 59 | 59 60
91 70
69 85 |41 45| 46 |4849 (3039 |4676| 814 | 370 | - 19
8 80 86 94 97
91
6399 |12 24|25 14] 98 [2694| 99 76 18 | 850 | 75
9 39 64 | 25 88 72 81
68
347 | 81 |17 58|48 93] 55 19 |12 60| 53 13 56
10171 74 85
97

F1G. 4.3 — For each of the 100 candidate zones, list of the indices of the species protected due
to the protection of the zone. For example, the protection of zone z;; leads to the protection of
species S and Sgg.

previous sections and which can only be applied to connected reserves, in contrast to
the 3 measures presented in table 4.1. To measure the compactness of such reserves,
we define the distance between two zones z; and z; as the shortest distance to travel
from zone z; to zone z; without leaving the reserve. As announced, this definition of
the distance between two zones of a reserve implies that this reserve is connected, in
contrast to the definition of the distance between two zones used in the compactness
measures No. 1 and No. 3 presented in table 4.1. The zones outside the connected
and compact reserves in which we are interested should also form a set of connected
zones. In other words, it must be possible to cross all the areas outside the reserve
without crossing the reserve in order to protect it from external disturbances. The
problem considered is to select a set of zones included in the set of candidate zones,
Z = {2z, 2,..., Zn}, to constitute a connected reserve that maximizes the number of
species protected by this reserve while respecting a compactness criterion and
budgetary constraint. The compactness criterion used here is described in detail
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TAB. 4.3 — Results obtained for Problem I of table 4.2 with the compactness criteria No.
1 and No. 2 of table 4.1, and for the instance described in figures 4.2 and 4.3. We consider 2
different values of the minimal number of species to be protected, Ns, 30 and 60. For each pair
(Ns, No. of the compactness criterion) considered, we study 2 values of the compactness
criterion, p, that should not be exceeded.

Problem I
Ns No. of the p  Number Cost of  Number of  Actual Associated
compactness of the protected value of figure
criterion selected selected species the
considered zones reserve criterion
30 1 4 9 62 30 3.6 4.4a
7 8 48 30 6.1 4.4b
2 0.9 20 125 31 0.9 —
1.5 10 68 30 1.5 -
60 1 4 - - - - -
7 26 170 60 6.7 -
2 0.9 32 219 60 0.9 4.4c
1.5 24 159 60 1.5 4.4d
— No feasible solution.
(a) (b) (© ()

Fic. 4.4 — Obtained reserves for 4 instances of Problem I (see table 4.3).

below. It can be assumed that the non-selected zones, i.e., those located outside the
reserve, will be used for urban, industrial or agricultural development. We are
interested in a set, S = {1, $,..., S}, of rare or threatened species present in these
zones. For each zone z; we know the list of the species present in this zone and, for
each species, its population size. The population size of species s, in zone z; is
denoted by n;, and reserve, R, is considered to protect species s, if and only if the
total population size of species s;, in this reserve is greater than or equal to a certain
threshold value, ;. Thus, the interest in protecting reserve, R, is measured by the
quantity Nbo(R) which expresses the number of species whose total population size
in the reserve is greater than or equal to the threshold value (chapter 1, section 1.1).
It is assumed that the movements of the species under consideration are only



Compactness 69

TAB. 4.4 — Results obtained for Problem II of table 4.2 with the compactness criteria No.
1 and No. 2 of table 4.1, for the instance described in figures 4.2 and 4.3, and when the value
of the available budget, B, is equal to 150. Two values of p, the compactness criterion value
that should not be exceeded are studied for each considered compactness criterion.

Problem IT

No. of the p Number Actual Number Actual Associated
compactness of cost of the of criterion figure
criterion selected selected protected value
considered zones reserve species
1 4 14 101 35 3.6 4.5a

7 23 149 57 6.7 4.5b
2 0.9 20 142 41 0.9 -

1.5 24 150 57 1.5 —

(@) (b)

FiG. 4.5 — Obtained reserves for 2 instances of Problem II (see table 4.4).

TAB. 4.5 — Results obtained for Problem III of table 4.2 with the compactness criteria No.
1 and No. 2 of table 4.1, for the instance described in figures 4.2 and 4.3, and when the value
of the available budget, B, is equal to 150. We consider 2 different values, 30 and 60, of the
minimal number of species to be protected, Ns.

Problem III

Ns No. of the Number  Actual cost Number Value of  Associated
compactness of of the of the figure
criterion selected selected protected  criterion
considered zones reserve species
30 1 11 82 30 3.2 4.6a
2 23 148 31 0.9 4.6¢
60 1 25 150 60 7.3 4.6b

22 150 60 1.7 4.6d
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(a) (b) (© (d)

Fic. 4.6 — Obtained reserves for 4 instances of Problem III (see table 4.5).

0 N N W B~ W N

Fic. 4.7 — The candidate zones form a grid of dimension 8 X 8. Each zone is a square whose
side length is equal to one unit. Among the 64 candidate zones, 17 are selected and form a
connected reserve.

possible within the reserve — the outside of the reserve being a too hostile environ-
ment — and these movements are made from a zone of the reserve to an adjacent zone
of this reserve. This notion of adjacency is considered to be the same for all species
considered. To facilitate the presentation of the examples, all the candidate zones
form a grid and two zones are considered adjacent if they share a common side. It is
then assumed, for measuring the length of a route, that the movements are made
gradually from the centre of a zone to the centre of an adjacent zone. We are looking
for a connected and compact reserve. In such a reserve, thanks to connectivity, the
species can circulate throughout the reserve without leaving it (figure 4.7) and,
thanks to compactness, the distance they have to travel within the reserve to get
from one zone to another is not too long. Let us now look at the precise definition of
compactness that we have chosen here.

Compactness. The compactness indicators usually use the Euclidean distance
between zones. This is the case for the criteria No. 1 and No. 3 of section 4.3, and
also for a measure of the compactness of a reserve equal to the radius of the smallest
circle containing the whole reserve (e.g., all the centres of each zone). On the reserve

in figure 4.8, we see that this radius is equal to /8 and the centre of the
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corresponding circle is located in the centre of the zone located at the intersection of
row 5 and column 5. This structural measure may not be relevant from a functional
point of view. Indeed, two zones may be relatively close as the crow flies but distant
when trying to travel from one to the other without leaving the reserve. This is the
case for the two light grey zones of the reserve shown in figure 4.8. The distance to
be covered to join these two zones is equal to 2 units — assuming that the distance
between two adjacent zones is equal to one unit — but the associated route leaves the
reserve. On the other hand, the minimal distance to be covered to join these two
zones without leaving the reserve is equal to 14 units. We will therefore use a more
realistic measure of compactness than the radius of the smallest circle containing the
whole reserve. Denote by R the reserve, i.e., the set of zones that constitute it. Let
d;;(R) be the minimal distance that the species must cover to get from zone z; to zone
z; without leaving the reserve. To each zone z; of the reserve R, its eccentricity is
associated. It is denoted by ecc(z,R) and defined as follows: ecc(z;, R) =
max{d;(R): z; € R}. The eccentricity of zone z; in reserve R is therefore equal to the
distance — defined above — between zone z; and the zone which is furthest from z;.
Finally, we define the compactness of a reserve by the minimal value of this quantity,
i.e., Comp(R) = min{ecc(z;, R) : z; € R}. This measure of the compactness of R is
also called the radius of R. With this definition, the compactness of the reserve
shown in figure 4.8 is equal to 7 — the eccentricity of the zone located at the inter-
section of row 5 and column 6.

Connectivity of the zones outside the reserve. When a set of zones is selected to
form a reserve, it may be desirable, in order to minimize disturbance of the reserve,
to be able to move through all the zones not belonging to the reserve without
crossing it. Indeed, some species and/or their habitats can be very sensitive to
human presence. This is the case, for example, for plant species that are damaged by
trampling (e.g., plants to stabilize dunes), animals whose normal behaviour is easily

0O N O w»n A W N

Fic. 4.8 — The candidate zones form a grid of dimension 8 X 8. Each zone is a square whose
side length is equal to one unit. Among the 64 candidate zones, 17 are selected and form a
connected reserve. The structural distance between the 2 zones 233 and 23 is equal to 2 units
while the functional distance between these two zones is equal to 14 units.
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disturbed, or species that are particularly affected by introduced diseases or invasive
species. The zones that do not belong to the reserve are made up of unselected
candidate zones to which one or more zones representing the territory located
outside the candidate zones are added. It is therefore necessary that this set of zones
that do not belong to the reserve be connected. It is assumed here that off-reserve
movements, such as movements within the reserve, can only be made by gradually
moving from one zone to an adjacent one. Consider figure 4.9 where the candidate
zones are represented by a grid of 64 square and identical zones. The selected reserve
contains 18 grey zones. Non-reserve zones are those zones of the grid that are not
selected, to which a zone representing the outside of the grid is added. Zones of the
grid that touch the outside of the grid are considered to be adjacent to the zone
representing the outside of the grid. The reserve shown in this figure is not an
admissible reserve because it is impossible, for example, to join the two zones

[T3R L]

marked with a “x” without crossing the reserve.

On the other hand, the reserve shown in figure 4.10 is admissible since it is
possible to move to all the zones outside the reserve — including the zone outside the
grid — without crossing the reserve.

Some definitions of graph theory (see appendix at the end of the book). Let
G = (V, E) be a connected graph where V = {vy, vs,..., v,} is the set of vertices and
FEis the set of edges. Denote by d;; the length of the minimal length chain connecting
vertices v; and v;. The eccentricity of vertex wv;, ecc(v;), is equal to the quantity
max;.,ev dij. The centre of G is, by definition, a vertex of minimal eccentricity and
its eccentricity is called the radius of the graph. In other words, the radius is the
smallest possible value that satisfies the following property: the distance between a
vertex — to be determined — and any other vertex is less than or equal to this value.
A connected graph has one or more centres. The graph in figure 4.11 includes 3
centres, vo, U5, and vs.

A tree is a connected graph without cycles. To work on a tree, it can be inter-
esting to particularize one of its vertices to make it a root. For tree A of root r, the
father of vertex v is the vertex adjacent to v and belonging to the chain connecting

1 23 45 6 78
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Fic. 4.9 — The 64 candidate zones form a grid of size 8 X 8. 18 zones are selected to form a
connected reserve. This reserve is not admissible because the zones that are not affected to the
reserve are not all connected.
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Fic. 4.10 — The 64 candidate zones form a grid of size 8 X 8. 20 zones are selected to form a
connected reserve. This reserve is admissible because the zones that are not affected to the
reserve are all connected — possibly through the zone outside the grid.

Fic. 4.11 — A connected graph, of radius 2, whose centres are v, v, and vg. The edges drawn
in bold define a spanning tree of height 2 if v is selected as the root of this tree.

the root to v. Root ris the only vertex of A without a father. The sons of a vertex
v are the vertices adjacent to v that are not the father of v. A leaf of A is a vertex
without sons and its degree is therefore equal to 1. The height of A, that we denote
by h(A), is the length of the chain of maximal length that connects the root to a leaf.
If all the edges of A are transformed into arcs oriented from the chosen root, r,
towards the leaves, we obtain an arborescence. A spanning tree of G = (V, E), is a
tree whose all edges belong to G, and which connects — covers or spans — all the
vertices of G. A spanning tree of G is therefore a tree, A = (V, E4), such that E4
CE. An induced sub-graph of G is a sub-graph of G defined by a subset of vertices of
V. More precisely, His an induced sub-graph of G if, for any pair of vertices {v;, v;} of
H, v; is connected to v; by an edge of H if and only if v; is connected to v; by an edge
of G.
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The above definitions allow us to state Property 4.1 below that we use in the
formulation of the problem.

Property 4.1. The radius of a connected graph G is less than or equal to p if and
only if G admits a spanning tree with a height less than or equal to p.

Proof. If G admits a spanning tree of height less than or equal to p, then the
eccentricity of its root, in G, is less than or equal to p, and the radius of G is,
therefore, itself less than or equal to p. Conversely, if the radius of G is less than or
equal to p, the graph composed of the shortest chains connecting a centre of G to all
the other vertices of G is, by definition, a spanning tree with a height less than or
equal to p.

Expression of the problem in terms of graphs. Let us associate to the set of can-
didate zones Z={z, #,..., z,} a non-oriented graph whose vertices are Z = {1, 2,
.., n} and such that there is an edge between vertex i and vertex jif two zones z; and
z; are adjacent. Defining a reserve whose compactness is less than or equal to p
consists in selecting a subset of zones, i.e., a subset of vertices of the graph associated
with the candidate zones, such that the sub-graph induced by this subset is con-
nected and with a radius less than or equal to p. With each vertex of the graph —
candidate zone — is associated a cost and the cost of a sub-graph is equal, by
definition, to the sum of the costs of its vertices.

The problem can then be formulated as follows: determine a subset of vertices,
with a cost less than or equal to the available budget, B, which induces a connected
sub-graph of radius less than or equal to p and which allows the greatest possible
number of species to be protected. Using property 4.1 above, the problem can be
reformulated as follows: determine a subset of vertices, of cost less than or equal to
the available budget, B, which admits a spanning tree with a height less than or
equal to p, and which allows the greatest possible number of species to be protected.
The consideration of the connectivity constraint for zones not belonging to the
reserve is considered later in section 4.5.2.

4.5.1 Mathematical Programmaing Formulation

The Boolean variables ¢, i € Z, h = 1,...,p+ 1, are used, which take the value 1 if
and only if zone z; is selected and assigned to level & of the searched spanning tree.
Level 1 corresponds to the root of the tree and the vertices of level h + 1 are
connected to the root by a chain of length h. Thus, t; = 1 implies that there is a
chain, of length less than or equal to h—1, from z; to the root and passing only
through the selected vertices. We also use the Boolean variables y;, k& € S, which
take the value 1 if and only if species s;, is protected by the selected reserve. In other
words, and taking into account the conditions for a species to be protected, y, = 1 if
and only if the total population size of species s;, present in the zones selected to form
the reserve is greater than or equal to the threshold value, 0;. To simplify the
presentation, we also use the working Boolean variables x; which can be simply
expressed as a function of variables ¢;;, and which take the value 1 if and only if zone
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z; is affected to the reserve. We can now formulate the problem as the linear program
in Boolean variables P, .

max . WYk
kes
p+1
h=1
Oryr < Z ngr; k€S (4.6.2)
i€
Sty =1 (4.6.3)
i€z
P4.6 : tih S Z tj,hfl Z (S Z, h = 2,. P + 1 (464)
s.t. jEA);
i€z
T € {0, 1} 1€ Z (4.6.6)
tihE{O,l} 1€Z, h=1,...,p+1 (4.6.7)
Y € {0, 1} ke S (4.6.8)

The economic function measures the weighted number of protected species — wy,
refers to the weight associated with species s;. Indeed, due to constraints 4.6.2, the
Boolean variable y;, is necessarily equal to 0 if the total population size of species s,
in the reserve is lower than the threshold value, 0;. Otherwise, it takes the value 1 —
at the optimum of P, — since the aim is to maximize the value of the economic
function. Constraints 4.6.1 express variables x; as a function of variables ¢;,: z; = 1 if
and only if zone z; is assigned to one (and only one) of the p + 1 levels of the tree.
Constraint 4.6.3 corresponds to the choice of the root vertex: the root must be
chosen in one and only one vertex. According to constraints 4.6.4, if zone z; is
selected and assigned to level h of the tree, then at least one of its adjacent zones
must be selected and assigned to level h—1. Adj; refers to all the indices of the zones
adjacent to zone z;. Constraint 4.6.5 expresses the budgetary constraint. Finally,
constraints 4.6.6-4.6.8 specify the Boolean nature of all variables in program P .

4.5.2 Connectivity of Zones Outside the Reserve

To determine an optimal reserve that takes this constraint into account, we can
proceed as follows: (1) solve P, ¢ without taking it into account, (2) if the constraint
is satisfied by the solution obtained, then this solution is the optimal solution to the
problem, (3) if not, solve P, ¢ again, but with an additional constraint to prohibit
the obtained configuration. The process is repeated until an admissible reserve is
obtained. Computational experiments have shown that, at least under our experi-
mental conditions, an admissible reserve is obtained directly — i.e., by solving P4 ¢
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once — in more than one case out of three and that if this is not the case, a few
iterations are sufficient to obtain an admissible solution. Let us look more precisely
at a way of implementing point (3). Given a reserve, a set of “isolated” zones is
defined as a set of candidate zones, not belonging to the reserve, in one piece —
connected — that cannot be reached from outside the grid without crossing the
reserve and that is maximal in the inclusion sense. A set of “isolating” zones is
associated with any set of isolated zones as follows: any reserve containing all the
zones of the set of isolating zones is admissible only if it contains all the zones of the
set of isolated zones. In fact, we associate to any subset of isolated zones a set of
isolating zones, minimal in the inclusion sense. If Z denotes a set of isolated zones
and Z°, the set of isolating zones associated with Z%, then any admissible reserve
must satisfy constraint C4q;. It should be noted that the reserve that had been
obtained is no longer admissible.

C4_112 Z Z; Z |Za| (1— Z (1—I2)>

i:z4€29 i 4,€20

Indeed, if all the zones of the set of isolating zones are selected, constraint C, q¢
becomes ;.. ;. 7> |Z°] and imposes that all the zones of the set of isolated
zones are selected in the reserve. On the contrary, if ¢ (>1) zones of the set of
isolating zones are not selected, this constraint becomes ) ;.. ., 2> |29 (1 - q)
and is then inactive — always satisfied.

In summary, if the solution obtained by P, ¢ corresponds to a reserve with at
least one set of isolated zones, it is necessary to add constraint C, 17 to the program
and solve it again. The process must then be iterated — keeping the constraints
already added — until a reserve is obtained without a set of isolated zones. Let us
again take the example of figure 4.9 and assume that the resolution of P, g results in
the reserve of this figure. It is then necessary to add to P,¢ the constraint
g5 4 246 > 2 (1 4 235 + 236 + Tag + 247 + 55 + 156 — 6).

4.5.3 Computational Experiments

In order to test the effectiveness of the approach, we considered different instances of
the problem and solved them with the mathematical program P,¢. We considered
hypothetical instances constructed from a set of zones forming a grid of 20 x 20
identical square zones whose length of sides is equal to one unit, and 100 hypo-
thetical species, which are divided into 3 groups whose weight in the economic
function is equal to 10, 5, and 1, respectively.

e Group I (species numbered 1 to 20): These species are rare; they are present in
only 10% of the candidate zones and their presence is randomly selected.

e Group II (species numbered 21 to 50): These species are relatively rare; they are
present in only 20% of the candidate zones and their presence is randomly
selected.
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e Group IIT (species numbered 51 to 100): These species are relatively common;
they are present in 30% of the candidate zones and their presence is randomly
selected.

For each species present in a zone, its population size in that zone is chosen at
random according to the uniform law, between 5 and 10 units. In order to simplify
the presentation, the minimal size of the total population necessary for the survival
of each of the 100 species considered is set to 25. The distance between two adjacent
zones is equal to the distance between their centres, i.e., one unit. The costs asso-
ciated with each zone are randomly selected, according to the uniform law, between
5 and 20 units. With regard to compactness, 5 values of p are considered, 4, 5, 6, 7,
and 8, and for each of these values, 3 values of the available budget, B, are con-
sidered, 150, 300, and 450. We also randomly select 3 zones that must necessarily
belong to the reserve and, on the contrary, 20 zones that cannot be included in it.
With these values, the reserves obtained allow for the protection of 0-100 species
and the value of the economic function — the weighted number of protected species —
varies from 0 to 400. The computation results are presented in table 4.6. All the
instances considered could be solved. When p = 3, there are no admissible reserves,
regardless of the value of B considered, and the resolution of P, g for these 3 values of
Brequires less than one second of computation. As expected, the resolution of P g is
very fast for small radius values, p, and slower for large values. Indeed, the number of
Boolean variables t,; — associated with zone z; and level h — increases rapidly with
the value of p; in our experiments, this number is equal to 400(p + 1). Several hours
of computation are required to solve the problem when p = 8 and B = 300. It can
also be seen that, for any fixed value of the radius, the CPU time increases with the
budget up to a certain value and then decreases. The resolution of program P, ¢
provides, for 9 instances out of 15, a reserve with at least one enclave — zones outside
the reserve and isolated. The results presented in table 4.6 show that, for these 9
instances, only a few iterations are sufficient to determine a reserve without an
enclave. They also show that taking into account the connectivity constraint for the
zones outside the reserve deteriorates only slightly the value of the economic func-
tion. Figure 4.12a shows the reserve obtained by solving P,s with p = 6 and
B = 300 without taking into account the connectivity constraint for the zones
outside the reserve. We see that zone zgq is isolated. Figure 4.12b shows the optimal
reserve without an enclave. Respecting the “no enclave” constraint does not sig-
nificantly penalize the value of the solution: it decreases by only 5 units out of 310 —
less than 2%. On the other hand, the structure of the reserve has been profoundly
modified. A table such as table 4.6 can help a decision-maker to choose the level of
compactness of the envisaged reserve. In this example, if he/she can only use a
budget of 150 units, he/she can afford to look for a very compact reserve. Indeed, in
this case, the compactness constraint does not influence the optimal value of the
weighted number of protected species. In contrast, if he/she has a larger budget,
such as 300 units, he/she must deal with a compromise between the compactness
and the weighted number of protected species.



TAB. 4.6 — Results obtained by solving program P, ¢ for hypothetical instances, constructed from a grid 20 x 20 with 100 hypothetical species,
when 0, = 25 for all k € S.

p B Number of protected Economic CPU Presence of Number of iterations to ~ Final value of Additional
species in each group function time enclaves in the obtain a reserve the economic CPU time
(I, 11, I1I) value (s) obtained reserve without enclaves function (s)
4 150 1,11, 37 102 1 No - B
300 7, 25, 50 245 1 Yes 4 235
450 8, 30, 50 280 1 Yes 2 270 1
5 150 1,11, 37 102 3 No
300 10, 28, 50 290 11 Yes 1 290 4
450 16, 30, 50 360 1 Yes 3 350 3
6 150 1,11, 37 102 8 No - - -
300 11, 30, 50 310 174 Yes 2 305 292
450 20, 30, 50 400 3 Yes 5 390 28
7 150 1, 11, 37 102 24 No - - -
300 13, 28, 50 320 1,046 Yes 1 320 881
450 20, 30, 50 400 3 Yes 2 400 7
8 150 1,11, 37 102 207 No - - -
300 13, 30, 50 330 10,267 Yes 3 325 27,292
450 20, 30, 50 400 5 No - - -
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Fic. 4.12 — Two optimal connected reserves, with a radius of 6 or less and a cost of 300 or less.
(a) The centre of the reserve is zone zy. 11 species in Group I and all the species in Groups II
and III are protected. The value of the solution is 310 but zone zg5, which does not belong to
the reserve, is isolated by zones zsg, 257, 276, and zgs. (b) The centre of the reserve is zone zgs.
11 species in Group I and all the species in Groups II and III, except one species in Group II,
are protected. The value of the solution is 305 and there is no enclave in this reserve.
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