
Chapter 2

Fragmentation

2.1 Introduction
The spatial configuration of a nature reserve plays an important role in the survival
of the species that live there. In this chapter, we are interested in the fragmentation
of a reserve, i.e., the dispersion of the patches – or zones – that compose it, in
relation to each other (see figure 2.1). This phenomenon, which is often associated
with the decrease in the area of various patches, is considered to be one of the main
causes of biodiversity loss. The fragmentation of a reserve is indeed one of the main
factors preventing species from moving around the reserve as they should and could
in a non-fragmented one. This habitat fragmentation, therefore, significantly
increases the extinction risk of many species. It can be natural but more often results
from a fragmentation of the space due to artificial phenomena such as the presence
of urbanized zones, intensive agricultural zones or transport infrastructures. It
should be noted that species are affected differently by habitat fragmentation.
A reserve may appear to be very fragmented for some species, those that will have
great difficulty moving from one patch to another, and not very fragmented for
others, those that, despite some distance between patches, will still be able to travel
most of these patches due, for example, to their ability to fly or cross obstacles such
as roads or zones treated with pesticides. Fragmentation is also a handicap in terms
of species’ adaptation to climate change. It should be noted, however, that the ease
of movement of species within a reserve is not always without its drawbacks: it can
increase the risk of disease transmission between wildlife species in the reserve and
also the transmission of these diseases to domestic species. It can also facilitate the
proliferation of invasive species, a phenomenon currently considered to be one of the
major causes of biodiversity loss. There has been much debate about the desirable
size of protected zones: is it more interesting to have a single large protected zone or
several small ones with the same total size – SLOSS: Single Large Or Several Small.
This debate focuses mainly on ecological aspects, but it is worth noting that the
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management of a fragmented set of zones is generally more difficult and costly than
the management of a non-fragmented set.

Given a set of zones spread over a territory and such that any two zones have no
common parts, many indicators of fragmentation can be associated with this set. We
will examine, for example, the following indicators: the Mean Nearest Neighbour
Distance (MNND), the Mean Shape Index (MSI), and the Mean Proximity Index
(MPI).

The problem related to the notion of fragmentation, which naturally arises in the
presence of a set of zones – without common parts – that can be protected, consists
in selecting, among these zones and under certain constraints, a subset of zones to be
protected that is optimal with regard to these indicators or that respects some of
values of them.

2.2 The Indicators MNND (Mean Nearest Neighbour
Distance), MSI (Mean Shape Index) and MPI
(Mean Proximity Index)

First, let us look at the MNND indicator associated with a reserve, R, i.e., a subset
of zones of Z = {z1, z2,…, zn}. Let us denote by dij the distance between zones zi and
zj. Here, it is the straight line distance between the two zones. More precisely, dij is
defined as the shortest distance that can be found between a point in zone zi and a
point in zone zj. The distance between two zones could very well be defined differ-
ently, taking into account, for example, the difficulty for the species under consid-
eration to move from one zone to another. One could thus take into account the
obstacles to be overcome or the inhospitable nature of the areas to be crossed, i.e.,
the surrounding matrix and not only the distance to be covered. For each zone zi of

(a)  (b) 
                  
                  
                  
                  
                  
                  
                  
                  
                  
                  

FIG. 2.1 – A hypothetical landscape represented by a grid of square and identical cells. Two
reserves – in black – with a total area of 30 units. (a) A highly fragmented reserve. (b) A less
fragmented reserve.
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R, we are interested in the distance between this zone and its nearest neighbour
belonging to R. The index corresponding to this nearest neighbour is equal to
minj2R;j 6¼i dij where R designates the set of indices of the zones of R. The MNND
indicator associated with a reserve, R, can therefore be formulated as follows:

MNNDðRÞ ¼ 1
Rj j

X
i2R

min
j2R;j 6¼i

dij :

The indicator MNND applied to reserve R concerns all the zones of R and is
equal to the average of the distances between each zone of R and the zone closest to
it. The dimension of MNND is a length. If the zones closest to each zone are further
away, then MNND increases and the “inter-zone” movements of the different species
concerned become more difficult. Low values of MNND(R) correspond to a larger
grouping of zones of R. We assume, for the definition of MNND(R), that there are at
least two zones in reserve R.

Let us now look at the indicator MSI. It reflects a relationship between the
perimeter of a zone and its area. More precisely, for each zone of the set R consid-
ered, we use the ratio between the perimeter of this zone and the square root of its
area, all this multiplied by the coefficient 0.25. The value of the indicator MSI
associated with a reserve, R, is then equal to the average of these values over all the
zones of R. By noting, respectively, li and ai the perimeter and the area of zone zi, the
indicator MSI associated with R is written

MSI(RÞ ¼ 1
Rj j

X
i2R

0:25 liffiffiffiffi
ai

p �

For example, the value of this indicator is 0.89 for a circular zone, 1 for a square
zone and 1.74 for a rectangular zone ten times longer than wide. MSI is dimen-
sionless and minimal when all the zones have regular contours – circles. MSI
increases with the irregularity of the contours of the zones.

Let us now look at the indicator MPI. Although the indicator MNND is useful for
assessing the isolation of zones, considering only the zone closest to a given zone may
not adequately represent the ecological neighbourhood of the zone under consider-
ation. To remedy this weakness, we can consider the mean proximity index, MPI.
This index takes into account both the proximity and the area of zones whose
distance to a given zone is less than or equal to a certain value, d. The contribution
of each zone to this index is calculated by summing, over all the zones within a given
radius, the area of the zone divided by the square of the distance from the zone under
consideration. The value of the index associated with a subset, R, of Z is then equal
to the average of the values obtained for each zone of R. We obtain

MPI ðR; dÞ ¼ 1
Rj j

X
i2R

X
j2IiðR;dÞ

aj
d2
ij
;

where IiðR; dÞ ¼ fj 2 R : j 6¼ i; dij � dg. The contribution of a zone of R that does
not have neighbouring zones – belonging to R – located at a distance less than or
equal to the threshold distance, d, is equal to 0. MPI(R, d) is dimensionless and
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increases with the size and proximity of the surrounding zones. This indicator
measures the relative isolation of zones within a landscape.

Figure 2.2 illustrates the calculation of the 3 indicators MNND, MSI, and MPI
on a small instance with 17 candidate zones.

2.3 Reserve Minimizing the Indicator MNND
With regard to the indicator MNND, the basic problem is to select, under certain
constraints, a subset of zones that minimizes this indicator. Consider, for example, the
problem of selecting, under a budgetary constraint, a subset of zones, R�Z , which
allows to protect, at aminimum, a certain number, Ns, of species and whichminimizes
MNND. The set of species considered is S = {s1, s2,…, sm}. Let us situate ourselves in
the case where the number of species protected by a reserve, R, is estimated by the
quantity Nb1(R) (see chapter 1, section 1.1). Recall that, in the calculation of Nb1(R),
it is assumed that the protection of a zone allows all the species present in that zone to
be protected, provided that their population size is greater than or equal to a certain
threshold value. We note Zk the set of zones whose protection results in the protection
of species sk andZk the corresponding set of indices.We assume thatwe know the setZk

for all k 2 S ¼ f1; 2;. . .;mg. Let us adopt the following notations: Z = {1,…, n},
Ii ¼ j 2 Z : j 6¼ if g for all i 2 Z and, for all vector x of 0; 1f gn,
I ðxÞ ¼ fi 2 Z : xi ¼ 1g, and IiðxÞ ¼ f j 2 Z : j 6¼ i; xj ¼ 1g for all i 2 Z : Note that if
x is the characteristic vector of reserve R ðxi ¼ 1 , zi 2 RÞ then I ðxÞ ¼ R and
IiðxÞ ¼ R� fig. The problem considered can be formulated as the fractional math-
ematical program in Boolean variables P2.1 (see appendix at the end of the book).

P2:1 :

min
P

i2I ðxÞ
min
j2IiðxÞ

dij=
P
i2Z

xi

s.t:

P
i2Z

cixi �B ð2:1:1Þ j xi 2 f0; 1g i 2 Z ð2:1:4Þ
P
k2S

yk �Ns ð2:1:2Þ j yk 2 f0; 1g k 2 S ð2:1:5Þ

yk �
P
i2Zk

xi k 2 S ð2:1:3Þ j

�����������

8>>>>>>>>>><
>>>>>>>>>>:

(a)                   (b) R1 (c) R2

FIG. 2.2 – (a) The hypothetical landscape is represented by a grid of square and identical
cells; 17 zones (in black) are candidates for protection. Two examples of reserves with the
same area, R1 and R2, built from these zones: (b) MNND(R1) = 1, MSI(R1) = 1.18, MPI
(R1,2) = 11.5; (c) MNND(R2) = 2.73, MSI(R2) = 1.23, MPI(R2,2) = 0.9.
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This program consists in determining the values of variables xi and yk that
respect constraints 2.1.1–2.1.5 and that minimize an economic function expressed as
a fraction whose denominator is a linear function. We will see how to also express the
numerator of this fraction by a linear function in order to finally obtain an economic
function expressed as the ratio of two linear functions. Lemma 2.1 below shows how
to express, for any vector x of 0; 1f gn, the value of the expressionP

i2I ðxÞ minj2IiðxÞ dij
as the optimal value of an integer linear program including the decision variables xi,
i 2 f1;. . .; ng, and the additional Boolean “working” variables tij, ði; jÞ 2 Z2; i 6¼ j.
By definition, variable tij is equal to 1 if and only if, on the one hand, zones zi and zj
are selected and, on the other hand, zone zj is, among the selected zones, the one
closest to zi.

Lemma 2.1. For all vector x of 0; 1f gn,
X
i2I ðxÞ

min
j2IiðxÞ

dij ¼ min

( X
ði; jÞ 2 Z2

i 6¼ j

dij tij : t 2 0; 1f gn�n;

X
j2Ii

tij ¼ xi; tij � xj ðði; jÞ 2 Z 2; i 6¼ jÞ
)
:

Proof.
X
i2I ðxÞ

min
j2IiðxÞ

dij ¼
X
i2Z

xi min
j2IiðxÞ

dij

¼
X
i2Z

xi min
�X

j2Ii
dij tij : t 2 0; 1f gn�n;

X
j2Ii

tij ¼ 1; tij � xj ðj 2 IiÞ
�

¼
X
i2Z

min
�X

j2Ii
dij tij : t 2 0; 1f gn�n;

X
j2Ii

tij ¼ xi; tij � xj ðj 2 IiÞ
�

¼min
� X

ði;jÞ2Z 2;i 6¼j

dij tij : t 2 0; 1f gn�n;

X
j2Ii

tij ¼ xi ði 2 ZÞ; tij � xj ðði; jÞ 2 Z 2; i 6¼ jÞ
�
:

Lemma 2.1 allows program P2.1 to be rewritten as program P2.2.
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P2:2 :

min
P

ði;jÞ2Z 2; i 6¼j

dij tij=
P
i2Z

xi

s.t:

P
j : ði;jÞ2Z2; i 6¼j

tij ¼ xi i 2 Z ð2:2:1Þ

tij � xj ði; jÞ 2 Z2; i 6¼ j ð2:2:2Þ
P
i2Z

cixi �B ð2:2:3Þ
P
k2S

yk �Ns ð2:2:4Þ

yk �
P
i 2Zk

xi k 2 S ð2:2:5Þ

xi 2 f0; 1g i 2 Z ð2:2:6Þ

yk 2 f0; 1g k 2 S ð2:2:7Þ

tij 2 f0; 1g ði; jÞ 2 Z2; i 6¼ j ð2:2:8Þ

�������������������������������

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Program P2.2 consists of minimizing the ratio of two linear functions whose
variables are subject to linear constraints. This problem can be solved using the
algorithms of fractional programming, for example the Dinkelbach algorithm (see
appendix at the end of the book). In this case, the auxiliary problem associated with
the – combinatorial – fractional program P2.2 consists in minimizing the linear
function, parameterized by the scalar k,

P
ði;jÞ2Z2; i 6¼j dij tij � k

P
i2Z xi, under the

same constraints as those of program P2.2.This auxiliary problem is a linear program
in Boolean variables.

2.4 Examples of Reserves Minimizing the Indicator
MNND

Consider a set of 20 rectangular zones spread over a 15 km square territory
(figure 2.3). The total area of these 20 zones is 79 km2 and the value of the indicator
MNND for these 20 zones is 1.05 km.

We are interested in 10 species and, for each of the zones, we know all the species
that live there in sufficient numbers to ensure that the protection of the zone will
lead to the protection of this set of species. We also know the cost associated with
protecting each zone. This information is summarized in table 2.1. We are looking
for a subset of zones, R, which minimizes MNND(R), which protects, at a minimum,
a fixed number of species, Ns, and whose cost is less than or equal to the available
budget, B. The results obtained by solving program P2.2 are presented in table 2.2
for different values of B and Ns.
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 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

0 z1       z2       z4 
1           z3     
2      z6          
3  z5         z7     
4                
5 z8       z9  z10    z11  
6                
7   z12             
8           z14  z15   
9       z13         

10                
11 z16       z18       
12     z17     z19    
13                
14              z20 

FIG. 2.3 – A set of 20 rectangular zones, z1, z2,…, z20, distributed over a 15 km square
territory represented by a grid of 15� 15 identical square cells whose area is equal to 1 km2.
The total area of these 20 zones is 79 km2 and the value of the indicator MNND for these 20
zones is 1.05 km.

TAB. 2.1 – Cost associated with protecting each zone of figure 2.3 and list of the species living
in each of these zones in sufficient numbers.

Zone Cost Species living in the zone Zone Cost Species living in the zone

z1 2 s5 z11 3 s4
z2 2 s5 z12 3 s9 s10
z3 1 s6 z13 4 s4
z4 5 s7 z14 3 s4
z5 1 s1 s8 z15 4 s1 s4
z6 2 s2 z16 3 s10
z7 2 s9 z17 3 s1 s2
z8 4 s1 s3 z18 2 s4
z9 5 s1 z19 4 s5
z10 5 s1 s4 z20 1 s8
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TAB. 2.2 – Results corresponding to the minimization of the indicator MNND for the instance described in figure 2.3 and table 2.1, for different
values of the minimal number of species to be protected, Ns, and the available budget, B.

Number of species
to be protected (Ns)

B Protected species Budget used Zones selected Protected area
in % of the
initial area

MNND(R)
(km)

5 5 s1 s6 s8 s9 s10 5 z3 z5 z12 13.92 4.36
5 8 s1 s3 s8 s9 s10 8 z5 z8 z12 13.92 1.00
7 9 s1 s2 s5 s6 s8 s9 s10 9 z2 z3 z5 z6 z12 22.78 1.40
7 12 s1 s2 s3 s5 s6 s8 s9 12 z2 z3 z5 z6 z7 z8 24.05 1.00
8 10 – – – – –

8 12 s1 s2 s4 s5 s6 s8 s9 s10 12 z2 z3 z5 z6 z11 z12 27.85 1.67
10 20 all 20 z1 z3 z4 z5 z6 z8 z12 z18 37.97 1.33
10 21 all 21 z1 z3 z4 z5 z8 z12 z17 z18 41.77 1.00

– No solution.
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2.5 Reserve Minimizing the Indicator MNND
with a Constraint on the Indicator MSI

Several optimization problems can be considered with regard to the indicator MSI.
For example, we consider the following problem: determine, under a budgetary
constraint, a subset of zones that can protect at least a certain number of species,
Ns, whose MSI value is less than or equal to a given value, MSImax, and which
minimizes the value of the indicator MNND. As in sections 2.3 and 2.4, the number
of species protected by a reserve, R, is estimated by Nb1(R). This optimization
problem can be formulated as the fractional combinatorial program P2.2 to which is
added the linear constraint 0:25

P
i2Z ðli=

ffiffiffiffi
ai

p Þ xi �MSImax �
P

i2Z xi. The obtained

program can be solved, like P2.2, by the Dinkelbach algorithm. The auxiliary pro-
gram associated with the fractional program obtained consists in minimizing the
parameterized linear function

P
ði;jÞ2Z2; i 6¼j dijyij � k

P
i2Z xi under the set of con-

straints of P2.2 plus the constraint on the maximal MSI value.

2.6 Examples of Reserves Minimizing the Indicator
MNND with a Constraint on the Indicator MSI

Let us take the same instance as described in section 2.4 and look for a subset of
zones, R, of minimal fragmentation, i.e., minimizing MNND(R), which protects, at
a minimum, a fixed number of species, Ns, and whose associated MSI indicator value
is less than or equal to a given value, MSImax. The results obtained are presented in
table 2.3.

2.7 Reserve Maximizing the Indicator MPI
Many optimization problems can arise in connection with this indicator. Consider,
for example, the following problem: determine, under a budgetary constraint, a set,
R, of zones to be protected in order to protect at least Ns species, while maximizing
MPI(R, d). As in the previous sections, the number of species protected by reserve
R is estimated by Nb1(R). To formulate this problem, simply replace the objective of

P2.1 by the function
P

i2I ðxÞ
P

j2Iiðx;dÞ aj=d2
ij

� �� �.P
i2Z xi to be maximized where,

for any i of Z and any x of 0; 1f gn, Iiðx; dÞ ¼ fj 2 Z : j 6¼ i; xj ¼ 1; dij � dg. We will
see how to reformulate the program obtained as a fractional combinatorial program
consisting in maximizing the ratio of two linear functions under linear constraints.

Lemma 2.2. Program P2.3 is equivalent to the fractional linear program P2.4.

P2:3 :
max

P
i2I ðxÞ

P
j2Iiðx;dÞ

�
aj=d2

ij

	� �
P
i2Z xi

s.t: xi 2 0; 1f g i 2 Z ð2:3:1Þj

8><
>:
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TAB. 2.3 – Results associated with the instance described in figure 2.3 and table 2.1: Minimization of the indicator MNND for different values
of the minimal number of species to be protected, Ns, and the available budget, B, with a maximal value of the indicator MSI, MSImax.

Number of species
to be protected (Ns)

MSImax B Protected species Selected zones Budget
used

Protected
area in % of
the initial

area

MNND(R) (km) MSI(R)

5 1.02 8 s1 s2 s5 s9 s10 z2 z12 z17 8 20.25 3.80 1.01
1.02 12 s1 s4 s5 s9 s10 z12 z15 z19 12 20.25 2.61 1.01
1.50 5 s1 s6 s8 s9 s10 z3 z5 z12 5 13.92 4.36 1.08
1.50 8 s1 s2 s5 s6 s8 s9 z1 z3 z5 z6 z7 8 25.32 1.00 1.14

8 1.02 12 – – – – – –

1.02 17 s1 s2 s4 s5 s7 s8 s9 s10 z2 z4 z5 z11 z12 z17 17 29.11 3.52 1.02
1.50 12 s1 s2 s4 s5 s6 s8 s9 s10 z2 z3 z5 z6 z11 z12 12 27.85 1.67 1.07
1.50 15 s1 s2 s3 s5 s6 s8 s9 s10 z2 z3 z5 z6 z8 z12 15 26.58 1.00 1.09

– No solution.
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P2.4 :

max
P

i2Z vi
�P

i2Z xi

s.t:
vi �

P
j2IiðdÞ

aj
d2
ij
xj i 2 Z ð2:4:1Þ j vi � 0 i 2 Z ð2:4:3Þ

vi �Mixi i 2 Z ð2:4:2Þ j xi 2 f0; 1g i 2 Z ð2:4:4Þ

������

8>>>><
>>>>:

where Mi is a constant greater than or equal to the value of the expressionP
j2IiðdÞ ðaj=d2

ijÞxj in an optimal solution of P2.3. We can take, for example,

Mi ¼
P

j2IiðdÞ ðaj=d2
ijÞ. By examining successively the two possible values of xi, it can

easily be verified that constraints 2.4.1 and 2.4.2 imply vi ¼ xi
P

j2IiðdÞ
aj
d2
ij
xj, at the

optimum of P2.4. The objective of P2.4 is therefore equivalent to maximizing the

expression
P

i2Z xi
P

j2IiðdÞ
aj
d2ij
xj

� 

P
i2Z xi. This last expression, to be maximized,

is a rewriting of the economic function of P2.3, since it is easy to verify thatP
i2Z xi

P
j2IiðdÞ

aj
d2
ij
xj ¼

P
i2I ðxÞ

P
j2Iiðx;dÞ

aj
d2ij
. P2.4 is therefore equivalent to P2.3.

Finally, the problem considered – determining, taking into account an available
budget, B, a set of zones, R, to be protected in order to protect at least Ns species,
while maximizing MPI(R, d) – can be formulated as the fractional mathematical
program P2.5.

P2:5 :

max
P

i2Z vi
�P

i2Z xi

s.t:

vi �
P

j2IiðdÞ

aj
d2
ij
xj i 2 Z ð2:5:1Þ j yk �

P
i 2Zk

xi k 2 S ð2:5:5Þ

vi �Mixi i 2 Z ð2:5:2Þ j vi � 0 i 2 Z ð2:5:6Þ
P
i2Z

cixi �B ð2:5:3Þ j xi 2 f0; 1g i 2 Z ð2:5:7Þ
P
k2S

yk �Ns ð2:5:4Þ j yk 2 f0; 1g k 2 S ð2:5:8Þ

�����������������

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

The auxiliary problem associated with P2.5 is to maximize the parameterized
linear function

P
i2Z vi � k

P
i2Z xi under the same constraints as those of P2.5.

Example 2.1. Consider the instance described in figure 2.3 and table 2.1 and the
problem of maximizing the indicator MPI for different values of the threshold dis-
tance, d, minimal number of species to be protected, Ns, and available budget,
B. The results obtained, by solving program P2.5, are presented in table 2.4.
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TAB. 2.4 – Results concerning the maximization of the indicator MPI for the instance described in figure 2.3 and table 2.1, for different values
of Ns, d, and B.

Number of species
to be protected (Ns)

d (km) B Protected species Selected zones Used budget Protected area in %
of the initial area

MPI(R, d)
(km)

5 4 6 s1 s2 s5 s6 s8 z1 z3 z5 z6 6 20.25 5.66
4 10 s1 s2 s5 s6 s8 s9 z1 z2 z3 z5 z6 z7 10 30.38 8.23
6 6 s1 s2 s5 s6 s8 z1 z3 z5 z6 6 20.25 5.73
6 10 s1 s2 s5 s6 s8 z1 z2 z3 z5 z6 z7 10 30.38 8.34
6 12 s1 s3 s8 s9 s10 z1 z5 z6 z8 z12 12 27.85 8.53

8 4 10 – – – – –

4 12 s1 s2 s4 s5 s6 s8 s9 s10 z1 z3 z5 z6 z11 z12 12 32.91 4.42
6 10 – – – – –

6 12 s1 s2 s4 s5 s6 s8 s9 s10 z1 z3 z5 z6 z11 z12 12 32.91 4.57
6 15 s1 s2 s3 s5 s6 s8 s9 s10 z1 z2 z3 z5 z6 z8 z12 15 36.71 8.52

– No solution.
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