
Appendix C

Notations for point and
crystallographic groups

The notation used for symmetry groups varies depending on the science
domain and on the class of groups used in applications.

Point symmetry groups of three-dimensional space are the most widely
used in different concrete applications. In fact, they are not the abstract groups
but their representations in three-dimensional Euclidean space.

There are seven infinite families of groups and seven exceptional groups.
The different notations for these groups are given in Table C.1.

We characterize shortly these groups here using Schoenflies notation.
The seven infinite series of point groups are:
Cn - group of order n generated by rotation over 2π/n around a given

axis; n = 1, 2, 3, . . . C1 is a trivial, “no symmetry” group. In the limit n → ∞
we get the C∞ = SO(2) group.

S2n - group of order 2n generated by rotation-reflection over π/n around a
given axis; n = 1, 2, . . . For n-odd, the group S4k+2 is often noted as C2k+1,i.
i.e. as an extension of the C2k+1 group by inversion. In particular S2 = Ci.
In the limit n → ∞ we get the C∞h group.

Cnh - Group of order 2n obtained by extension of Cn by including reflection
in plane orthogonal to the symmetry axis. n = 1, 2, . . . For n = 1, the notation
Cs ≡ C1h is used. In the limit n → ∞ we get the C∞h group.

Cnv - Group of order 2n obtained by extension of Cn by adding reflection
in plane including the symmetry axis. n = 2, 3, . . . In the limit n → ∞ we get
the C∞v = O(2) group.

Dn - Group of order 2n obtained by extension of Cn by including symmetry
axes of order two orthogonal to the Cn axis. n = 2, 3, . . . In the limit n → ∞
we get the D∞ group.

Dnd - Group of order 4n obtained by extension of Dn by including
reflection in the symmetry plane containing the Cn axis, but not contain-
ing orthogonal C2 axes. n = 2, 3 . . . In the limit n → ∞ we get the D∞h

group.
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Tab. C.1 – Different notations for point groups.

Schoenflies Cn S2n Cnh Cnv Dn Dnd Dnh

ITC (even n) n (2n) n/m nmm n22 (2n)2m n/mmm

ITC (odd n) n n (2n) nm n2 nm (2n)2m
Conway nn n× n∗ ∗nn n22 2∗n ∗n22

Schoenflies T Td Th O Oh I Ih

ITC 23 43m m3 432 m3m 235 m3̄5̄
Conway 332 ∗332 3∗2 432 ∗432 532 ∗532

Dnh - Group of order 4n obtained by extension of Dn by including
reflection in the symmetry plane orthogonal to the Cn axis and containing
all orthogonal C2 axes. n = 2, 3 . . . In the limit n → ∞ we get the D∞h

group.
The seven exceptional groups:
T - A group of order 12 contains all rotational symmetry operations of a

regular tetrahedron.
Td - Group of order 24. The symmetry group of a regular tetrahedron.
Th - Group of order 24 obtained by extension of group T by adding an

inversion symmetry operation.
O - A group of order 24 contains all rotational symmetry operations of a

regular octahedron (or cube).
Oh - Group of order 48. The symmetry group of a regular octahedron (or

cube).
I - A group of order 60 contains all rotational symmetry operations of a

regular icosahedron (or dodecahedron).
Ih - Group of order 120. The symmetry group of a regular icosahedron (or

dodecahedron).

C.1 Two-dimensional point groups
There are two families of finite two-dimensional point groups.
A Cn, group of order n, is generated by rotation over 2π/n. n = 1, 2, 3, . . .
Another family of groups is the extension of Cn by reflection in line passing

through the rotation axis. There is no universal notation for groups in this
family. Dn or Cnv notation is used because of obvious correspondence with
notation for three-dimensional point groups.

Two continuous two-dimensional point groups SO(2) and O(2) can be
described equally as C∞ and D∞ (C∞v) groups respectively.
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C.2 Crystallographic plane and space groups
For the notation for two- and three-dimensional crystallographic groups

we simply refer to the International Tables of Crystallography [14] or to any
basic book on crystallography.

C.3 Notation for four-dimensional
parallelohedra

We give here correspondence between different notations used for four-
dimensional lattices. Delone was the first to give in 1929 a list of 51
combinatorial types of four-dimensional lattices. In [41] he gave figures of
three-dimensional projections for all 51 found types, numerated consecutively
by numbers from 1 to 51. For each of these 51 types he gave also numbers of
facets of each type and in cases when several polytopes have the same numbers,
he added information which allows us to make a distinction between different
polytopes. In 1973 Shtogrin [87] found one combinatorial type missed by
Delone. We give in Tables C.2 and C.3 characterization of all 52 types. Column
“Delone” gives numbering used by Delone in [41] together with his description
of the set of facets in the form used by Delone, namely: (n1)k1 + (n2)k2 + . . .
where (ni)ki

gives the number ni of facets with ki 2-faces. The combinatorial
type discovered by Shtogrin is denoted as St.

In the tables we refer also to two types of notations used by
Engel [11, 49, 53]. A short notation indicates the number of facets and uses
consecutive numbers 1, 2, . . . to label polytopes within the subset of polytopes
with the same number of facets. The more detailed notation uses symbol
Nf .Nv-n6 where Nf is the number of facets, Nv is the number of vertices,
and n6 is the number of hexagonal 2-faces. When such labeling is insufficient, a
full description uses 2-subordinate and 3-subordinate symbols Kαnα

. . . giving
numbers Kα of 2-faces with nα edges in case of the 2-subordinate symbol and
numbers Kα of 3-faces with nα 2-faces in the case of 3-subordinate symbol.

For zonohedral polytopes we give also the notation used by Conway [32]
and slightly different but essentially the same notation used by Deza and
Grishukhin [44] (see column DG). For non-zonohedral polytopes we do not
use Conway notation which is based on a rather different principle and give
notation used by Deza and Grishukhin for a zonotope contribution Z(U)
which allows us to write a non-zonohedral polytope as a Minkowski sum of
P24 = 24.24-0 and a zonotope Z(U).
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Tab. C.2 – Combinatorial types of four-dimensional zonohedral lattices.
Correspondence between notations.

m Engel Engel (full) Delone Conway DG
10 30-2 30.120-60 1 K5 K5

490660; 8201410 1014 + 208

9 30-1 30.102-36 19 K3,3 K∗
3,3

4108636; 6121218 1812 + 126

28-4 28.96-40 4 K5 − 1 K5 − 1
490640; 66812126144 414 + 612 + 128 + 66

8 24-16 24.72-26 6 K5 − 2 K5 − 2
476626; 68810124142 214 + 412 + 108 + 86

26-8 26.78-24 5 K5 − 1 − 1 K5 − 2 × 1
492624; 68881210 1012 + 88 + 86

7 16-1 16.48-16 8 K4 + 1 K4 + 1
448616; 6688142 214 + 88 + 66

20-3 20.54-16 10 K5 − 3 K5 − 3
464616; 6888124 412 + 88 + 86

22-2 22.54-12 11 C2221 C2221

472612; 616126 612 + 166

24-12 24.60-12 7 K5 − 2 − 1 K5 − 1 − 2
486612; 61088126 612 + 88 + 106

6 12-1 12.36-12 16 C3 + C3 C3 + C3

436612; 812 128

14-2 14.36-8 13 K4 K4

44468; 6884122 212 + 48 + 86

20-2 20.42-6 12 C321 C321

46666; 61286122 212 + 68 + 126

22-1 22.46-0 9 C222 C222

484; 616126 612 + 166

5 10-1 10.24-4 17 C3 + 1 + 1 C3 + 2 × 1
43064; 6684 48 + 66

14-1 14.28-0 15 C4 + 1 C4 + 1
448; 612122 212 + 126

20-1 20.30-0 14 C5 C5

460; 620 206

4 8-1 8.16.0 18 1 + 1 + 1 + 1 4 × 1
424; 68 86
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Tab. C.3 – Combinatorial types of four-dimensional lattices obtained as a sum
P24 +Z(U) of 24-cell P24 = 24.24-0 and a zonotope Z(U). Correspondence between
notations for polytopes and for zonotope contribution to the sum.

m Engel Engel (full) Delone Z(U), [DG]
10 30-3 30.120-42 2 K5 − 1

472536642; 66821012126144 414 + 612 + 1210 + 28 + 66

30-4 30.120-36 3 K∗
3,3

36454554636; 66861218 1812 + 68 + 86

9 28-6 28.104-24 21 K5 − 2 × 1
36452554624; 64861981210 1012 + 810 + 68 + 46

28-5 28.104-30 20 K5 − 2
470536630; 64841014124142 214 + 412 + 1410 + 48 + 45

8 26-9 26.88-12 24 K5 − 1 − 2
312438560612; 62810108126 612 + 1210 + 68 + 46

26-10 26.88-18 22 K5 − 3
36456542618; 62881012124 412 + 1210 + 88 + 26

26-11 26.88-24 25 K4 + 1
474524624; 62881014142 214 + 1410 + 88 + 26

28-3 28.94-12 24 K5 − 1 − 2
36460554612; 64861012126 612 + 1210 + 68 + 46

28-2 28.94-18 23 C2221

478536618; 64861012126 612 + 1210 + 68 + 46

7 24-17 24.72-0 31 C222

324412572; 818126 612 + 188

24-18 24.72-12b 30 C221 + 1
312448536612; 814108122 212 + 810 + 148

24-19 24.72-12a 32 C3 + C3

312448536612; 8121012 1210 + 128

24-20 24.72-24 33 K4

484624; 816106142 214 + 610 + 166

26-6 26.78-6 28 C221 + 1
31245254866; 628101012122 212 + 1210 + 108 + 26

26-7 26.78-12 27 C321

36470530612; 628101012122 212 + 1210 + 108 + 26

28-1 28.88-0 29 C222

36472554; 64861012126 612 + 1210 + 68 + 46
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m Engel Engel (full) Delone Z(U), [DG]
6 24-15 24.62-0 37 C4 + 1

324432548; 818104122 212 + 410 + 188

24-13 24.62-6 38 C3 + 2 × 1
31845053066; 816108 810 + 168

24-14 24.62-12 39 C221

312468512612; 818104122 212 + 410 + 188

26-3 26.68-0 35 C5

318454542; 628121012 1210 + 128 + 26

26-4 26.68-6 34 C3 + 2 × 1
31247252466; 628121012 1210 + 128 + 26

26-5 26.72-0 36 C4 + 1
312470536; 628101012122 212 + 1210 + 108 + 26

5 24-8 24.52-0 41 4 × 1
330440530; 820104 410 + 208

24-9 24.52-6 42 C3 + 1
32445851266; 820104 410 + 208

24-10 24.56-0c 43 4 × 1
324456524; 816108 810 + 168

24-11 24.56-0d 44 C4

324456524; 818104122 212 + 410 + 188

26-2 26.62-0 40 4 × 1
318478518; 628121012 1210 + 128 + 26

4 24-6 24.42-0 47 3 × 1
342436518; 824 248

24-5 24.42-6 St C3

33645466; 824

24-7 24.46-0 48 3 × 1
336452512; 820104 410 + 208

26-1 26.56-0 45 3 × 1
324490; 628121012 1210 + 128 + 26

3 24-3 24.36-0 49 2 × 1
35443656; 824 248

24-4 24.40-0 48 2 × 1
348452; 820104 410 + 208

2 24-2 24.30-0 50 1
372424; 824 248

1 24-1 24.24-0 51 24-cell
396; 824 248 itself


