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Abstract: We obtain a blow-up theorem for regular submanifolds in the Heisenberg group,
where intrinsic dilations are used. Main consequence of this result is an explicit formula for
the density of (p+1)-dimensional spherical Hausdorff measure restricted to a p-dimensional
submanifold with respect to the Riemannian surface measure. We explicitly compute this
formula in some simple examples and we present a lower semicontinuity result for the spherical
Hausdorff measure with respect to the weak convergence of currents. Another application is the
proof of an intrinsic coarea formula for vector-valued mappings on the Heisenberg group.
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1 Introduction

In recent years, several efforts have been devoted to the project of developing Analysis and
Geometry in stratified groups and more general Carnot-Carathéodory spaces with several
monographs and surveys on this subject. Among them we mention [3, 6, 13, 16, 23, 28],
but this list could be surely enlarged.

Our study fits into the recent project of developing Geometric Measure Theory in
these spaces. Ambient of our investigations is the (2n+1)-dimensional Heisenberg group
H", which represents the simplest model of non-Abelian stratified group, [6, 27]. Aim of
this paper is to present an intrinsic blow-up theorem for C' submanifolds in the geometry
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of the Heisenberg group along with its applications. The main feature of this procedure
is the use of natural dilations of the group, namely, a one-parameter family of group
homomorphisms that are homogeneous with respect to the distance of the group. Recall
that dilations in H" are anisotropic, hence they differently act on different directions of
the submanifold. The foremost directions are the so-called horizontal directions, that
determine the “sub-Riemannian geometry” of the Heisenberg group: at any point x € H"
a 2n-dimensional subspace H,H" C T,H?*""! is given and the family of all horizontal
spaces H,H" forms the so-called horizontal subbundle HH". We will defer full definitions
to Section 2.

The blow-up procedure consists in enlarging the submanifold ¥ at some point z € X
by intrinsic dilations and taking the intersection of the magnified submanifold with a
bounded set centered at x. We are interested in studying the case when 7, ¢ H,H",
namely, x is a transverse point. The effect of rescaling the submanifold at a transverse
point x can be obtained by considering the behavior of vol,(B,, N X)/rP™ as r — 0T,
that heuristically is

vol,(B,,NY)  vol,(L,0,(BiN%,,))  vol,(6,(BiN%,,))

i = o = s ~ afz)vol,(Br N X, ,).

Here vol, denotes the p-dimensional Riemannian measure restricted to X, the left transla-
tion [, : H" — H" is given by [,(y) = z -y, the dilation of factor r > 0 is ¢, : H" — H",
the dilated submanifold at x is X, , = &; /T(lx—lE) and B, , is the open ball of center x
and radius r with respect to a fixed homogeneous distance. The meaning of a(z) will
be clear in the following theorem, that makes rigorous our previous consideration and
represents our first main result.

Theorem 1.1 (Blow-up). Let X be a p-dimensional C* submanifold of Q, where Q is an
open subset of H" and let x be a transverse point. Then the following limit holds

vol, (SN B,,)  00(tsy(z))
11m =
r—0+ rptl |TE,V(:E)|

(1)

A novel object appearing in this limit is the vertical tangent p-vector 7sy(x), intro-
duced in Definition 2.13. Its associated p-dimensional subspace of h™ is a subalgebra
whose image through the exponential map represents the blow-up limit of the rescaled
submanifold ¥, , as r — 0. The p-vector 7, () in higher codimension plays the same
role that the well known horizontal normal vy plays in codimension one (compare for
instance with [19]). The metric factor 6(7sy(z)), introduced in [19], corresponds to the
measure of the intersection of B; with the vertical subspace associated to the vertical
tangent p-vector 7x(x). A first consequence of Theorem 1.1 is an explicit formula to
compute the (p+1)-dimensional spherical Hausdorff measure of p-dimensional C! sub-
manifolds in the Heisenberg group. In fact, thanks to SP™!-negligibility of characteristic
points proved in [22], Theorem 1.1 along with standard theorems on differentiation of
measures, immediately give the following result.
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Theorem 1.2. Let p be a homogeneous distance with constant metric factor a > 0 and
let SPT = a 8P Then we have

Sﬁ—:l(x):\/Z|7'E7v(fl§')|dV01p($). (2)

Note that in codimension one, the integral formula (2) fits into the results of [19] in
stratified groups. The connection between these results is shown in Proposition 4.18.
There are several examples of homogeneous distances satisfying hypothesis of Theo-
rem 1.2, as we show in Example 4.6. Proposition 4.5 shows a class of homogeneous
distances having constant metric factor. Proposition 4.10 shows how the computation
of the (p+1)-dimensional spherical Hausdorff measure of a submanifold can be easily
performed in several examples, that will appear in Section 4.

Another consequence of Theorem 1.1 is the validity of an intrinsic coarea formula for
vector-valued Lipschitz mappings defined on the Heisenberg group. By Sard theorem
and the classical Whitney approximation theorem we can assume that a.e. level set is a
submanifold of class C'!, then we apply representation formula (2). The core of the proof
stands in the key relation

_ Juf(x)
Jof ()’

which surprisingly connects vertical tangent p-vector with horizontal jacobian Jg f. The

(3)

|Tz,v($)‘

proof of (3) is given in Theorem 3.3. Thus, we can establish the following result.

Theorem 1.3 (Coarea formula). Let f : A — R* be a Riemannian Lipschitz map, where
A C H" is a measurable subset and 1 < k < 2n+ 1. Let p be a homogeneous distance
with constant metric factor « > 0. Then for every measurable function v : A — [0, +00]
the formula

~—

[ twsyar= [ ([ ) asgio) @ “

holds, where p = 2n+1 —k and SKi' = aSPH.

This coarea formula along with that of [21], which is a particular case, represent first
examples of intrinsic coarea formulae for vector valued mappings defined on non-Abelian
Carnot groups. It remains an interesting open question the extension of coarea formula
to Lipschitz mappings with respect to a homogeneous distance. Only in the case of
real-valued mappings this problem has been settled in [20]. This question is intimately
related to a blow-up theorem of “intrinsicly regular” submanifolds. In this connection, we
mention a recent work by Franchi, Serapioni and Serra Cassano [10], where a notion of
intrinisic submanifold in H" has been introduced in arbitrary codimension. According the
their terminology, a k-codimensional H-regular submanifold for algebraic reasons must
satisfy 1 < k < n. With this restriction it might be highly irregular, even unrectifiable
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in the Euclidean sense, [14]. Nevertheless they show that an area-type formula for its
(p+1)-dimensional spherical Hausdorff measure still holds. Here we wish to emphasize the
difference in our approach, where we consider C' submanifolds, but with no restriction
on their codimension.

Let us summarize the contents of the present paper. Section 2 recalls some notions.
Section 3 is devoted to the proof of Theorem 1.1. In Section 4 we show the validity
of Theorem 1.2, along with its applications. Precisely, in Theorem 4.9 we show how a
suitable rescaling of the spherical Hausdorff measure yields an intrinsic surface measure
only depending on the sub-Riemannian metric, namely, the restriction of the Riemannian
metric to the horizontal subbundle. In Proposition 4.5, we single out a privileged class of
homogeneous distances having constant metric factor. We present several explicit com-
putations of (p+1)-dimensional spherical Hausdorff measure in concrete examples. As
another application of Theorem 1.2, we show a lower semicontintuity result for the spher-
ical Hausdorff measure with respect to weak convergence of regular currents. Section 5
establishes an intrinsic coarea formula for vector-valued Riemannian Lipschitz mappings
on the Heisenberg group.

Acknowledgment
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2 Some basic notions

The (2n+1)-dimensional Heisenberg group H" is a simply connected Lie group whose Lie
algebra h™ is equipped with a basis (X7, ..., Xa,, Z) satisfying the bracket relations

(X0, Xin] = 27 (5)

for every k = 1,...,n. We will identify the Lie algebra h™ with the isomorphic Lie al-
gebra of left invariant vector fields on H", so that any X; also denotes a left invariant
vector field of H". In the terminology of Differential Geometry, the basis (X, ..., Xa,, Z)
forms a moving frame in H". We will say that (Xi,..., Xs,, Z) is our standard frame. In
particular, (Xy,..., Xs,) is a horizontal frame and it spans a smooth distribution of 2n-
dimensional hyperplanes, called horizontal hyperplanes and denoted by H,H™ for every
x € H". The collection of all horizontal hyperplanes forms the so called horizontal sub-
bundle, denoted by HH". In the sequel, we will fix the unique left invariant Riemannian
metric g such that the standard frame (X7, Xs, ..., Xs,, Z) forms an orthonormal basis
at each point.
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Definition 2.1. Every set of left invariant vector fields (Y7, ..., Y5,) spanning the hori-
zontal hyperplane at the unit element of H" will be called horizontal frame.

Recall that the exponential map exp : h" — H" is a diffeomorphism, then it is
possible to introduce a system of coordinates in all of H".

Definition 2.2 (Graded coordinates). Let (Yi,...,Y5,) be a horizontal frame and let
W be a non horizontal left invariant vector field. The frame (Y7,..., Ys,, W) defines a
coordinate chart F': R?"*1 — H" given by

F(y) = exp (yanW + 2Zn yij> - (6)

Jj=1

Coordinates defined by (6) are called graded coordinates in the case W = Z and standard
coordinates in the case the standard frame (Xq,..., Xs,, Z) is used. In general we will
say that the coordinates are associated to the frame (Yi,...,Ys,, W)

We will assume throughout that a system of standard coordinate is fixed, if not stated
otherwise.

Remark 2.3. Note that the horizontal frame (Yj,...,Y5,) of Definition 2.2 may not
satisfy relations (5), where X; are replaced by Y;.

The standard frame with respect to standard coordinates reads as follows
Xi = Ony — Thpn Oranars Xotn = Oupyr + T4 Orypyy and Z =0, (7)

and the group operation is given by the following formula

Ty = (xl Y1 o+ Yo, Tond  Yont1 + O (Tkkin — xk+nyk)> - (8)
j=1

A natural family of dilations which respects the group operation (8) can be defined as
follows

6.(2) = (rey, ma0, . . TTon, T2 0004 1) (9)

for every r > 0. In fact, the map 9, : H* — H" defined above is a group homomorphism
with respect to the operation (8).

In contrast with Analysis in Euclidean spaces, where the Euclidean distance is the
most natural choice, in the Heisenberg group several distances have been introduced for
different purposes. However, all of them are homogeneous in the following sense. If
p:H" x H* — [0, 400 + [ is a homogeneous distance, then

(1) pis a continuous with respect to the topology of H",
(2) p(zy,zz) = p(y, z) for every z,y,z € H",
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(3) p(d,y,06,2) =1 ply, z) for every y, z € H" and every r > 0.

To simplify notations we write p(x,0) = p(x), where 0 denotes either the origin of R*"*!
or the unit element of H". The open ball of center x and radius » > 0 with respect to
a homogeneous distance is denoted by B,,. The Carnot-Carathéodory distance is an
important example of homogeneous distance, [11]. However, all of our computations hold
for a general homogeneous distance, therefore in the sequel p will denote a homogeneous
distance, if not stated otherwise. Note that the Hausdorff dimension of H" with respect to
any homogeneous distance is 2n + 2. Next, we recall the notion of Riemannian jacobian.

Definition 2.4 (Riemannian jacobian). Let f : M — N be a C! smooth mapping
of Riemannian manifolds and let x € M, where M and N have dimension d and k,
respectively. The Riemannian jacobian of f at x is given by

Jof (z) = 1Ak (df ()] (10)

where Ak(df(x)) : Ag(ToM) — Ap(Ty)N) is the canonical linear map associated to
df (x) : T,M — TyuN. The norm of A(df(z)) is understood with respect to the
induced scalar products on Ag(7,M) and Ap(TyN). We recall scalar products of p-
vectors in (17).

To compute the Riemannian jacobian, we fix two orthonormal bases (X7, ..., X,) and
(Er, ..., Ey) of T,M and Ty, N, respectively, and we represent df (x) with respect to
these bases by the matrix

(B, df (2)(X1)) (En, df (2)(X2)) ... (Ev, df (2)(Xa))
Vo f(r) = <E2,df('~”6)(X1)> <E2,df('~”6)(X2)> <E27df<'x)(Xd>> ' 1)

(B, df (2)(X1)) (Eg, df (2)(X2)) - (Eg, df (x)(Xa))

Then the jacobian of the matrix Vx gf(z) coincides with .J, f(z). In the sequel, it will
be useful to fix the following notation to indicate minors of a matrix.

Definition 2.5. Let G be an m x n matrix with m < n. We denote by G, ; the
m X m submatrix with columns (i1, 4o, ...,%,). We define the minor
My, (G) = det (Giyis..iy) - (12)

Definition 2.6 (Horizontal jacobian). Let 2 be an open subset of H" and let = € .
The horizontal jacobian of a C' mapping f : Q0 — R¥ at x is given by

Juf(@) = [|Ac(df (@), ) | (13)

where Ay (df (2)m,mn ) @ Ap(HH®) — Ap(RF).
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From definition of horizontal jacobian, it follows that it only depends on the restriction
of g to the horizontal subbundle, namely, from the “sub-Riemannian metric”. Let us
consider a horizontal frame (Y3,Y5, ..., Y5,), hence Jy f(x) is given by the jacobian of

[ Vifi(@) Yafl(@) ... Yauf ()

Yif2(x) Yof?(z) ... Yo, f?(z
oy | ) i) | »

| Vi) Vo (@) o Vo M)

As a consequence, we have the formula

Juf(x) = > (Mo (Vy f (@))%, (15)

1< <ig-- <1, <2n

Proposition 2.7. Let (Y1, Ys, ..., Yo,, W) be an orthonormal frame with respect to a left
invariant metric h and let F': R*"*1 — H" define coordinates with respect to this frame.
Then we have FﬁEQ"“ = voly, 11, where voly, 11 denotes the Riemannian volume measure
with respect to the metric h.

Proof. Let A be a measurable set of R*"*!. By classical area formula and taking into
account the left invariance of both vol, and F;£*"*! we have

¢ L2 (A) = volysr (F(A)) = /A JF(x) da

for some constant ¢ > 0. Then f 1 JnF = c for any measurable A. By continuity of
x — JpF'(x) we obtain that J, F(z) = ¢ for any = € RY. We have F' = exp oL, with

2n
L(y) = yonsaW + > _ 45 Y;
i=1
and (Y1,Ys,...,Ys,, W) is orthonormal. Since the map dF(0) = dexp(0)oL = L has
jacobian equal to one, then ¢ = 1 and the thesis follows. O

Remark 2.8. By previous proposition, the volume measure of a measurable subset A of
H" corresponds to the (2n + 1)-dimensional Lebesgue measure of the same subset read
with respect to coordinates associated to an orthonormal frame. Here the volume measure
is defined by the same left invariant metric.

Recall that (Fyu)(A) = u(F~'(A)), where p is a measure defined on the domain of
F and A is a measurable set defined on the codomain of F. The d-dimensional spherical
Hausdorff measure 8¢ is defined as

S%(A) = sup inf {Z diam(E;)? | A C UE diam(E;) < 5} : (16)

e>0 =1
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where the diameter is considered with respect to a homogeneous distance p of H" and we
do not consider any dimensional factor. The k-dimensional Hausdorff measure built with
respect to the Riemannian distance is denoted by vol, and it corresponds to the classical

Riemannian volume measure with respect to the graded metric g, see for instance 3.2.46
of [5].

Definition 2.9 (Horizontal p-vectors). For each € H", we say that any linear combina-
tion of wedge products X, (2) A X, (x)A--- X (x), where 1 < j, <2nand j =1,...,2n,
is a horizontal p-vector. The space of horizontal p-vectors is denoted by A, (H,H").

Definition 2.10 (Vertical p-vectors). For each x € H", we say that any linear com-
bination of wedge products Xj () A Xj,(z) A--- X, (x) A Z(x), where 1 < j;, < 2n
and j = 1,...,2n, is a vertical p-vector. The space of vertical p-vectors is denoted by
V,(H,H").

For every couple of simple p-vectors vy A--- Awv,, wy A--- Aw, € Ay(T,H"), we define
the scalar product induced by the left invariant Riemannian metric g on T,,H" as

(Vi A= ANvp,wy A - Aw,) = det ((g(:p)(vi,wj)) : (17)

see for instance 1.7.5 of [5] for more details. This allows us to regard the space of vertical
p-vectors V,(T,H") as the orthogonal complement of the horizontal subspace A,(H,H").
We have the orthogonal decomposition

Ap(TH™) = Ay (H,H") & V,(T,H"), (18)

which generalizes the case p = 1, corresponding to T,H" = H,H" & (Z(x)).

Definition 2.11 (Vertical projection). Let x € H" and let £ € A,(T,H"). The orthogonal
decomposition £ = &y + & associated to (18) uniquely defines the vertical p-vector
& € V,(T,H"). We say that &y is the vertical projection of ¢ and that the mapping
my A (T,H") — V,(T,H"), which associates &y to &, is the vertical projection.

We have omitted = in the definition of vertical projection 7.

Definition 2.12 (Characteristic points and transverse points). Let ¥ C Q be a C!
submanifold and let x € . We say that x € X is a characteristic point it T,> C H,H"
and that it is a transverse point otherwise. The characteristic set of X is the subset of all
characteristic points and it is denoted by C(X).

Recall that a tangent p-vector to a p-dimensional submanifold X of class C! at x € 2
is defined by the wedge product ¢; Aty A --- A't,, where (¢,...,t,) is an orthonormal
basis of T,,X. We denote this simple p-vector by 7x(x). Notice that the tangent p-vector
(which belongs to a one-dimensional space) cannot be continuously defined on all of X,
unless the submanifold is oriented.
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Definition 2.13 (Vertical tangent p-vector). Let ¥ C © be a p-dimensional submanifold
of class C!' and let x € . A wvertical tangent p-vector to ¥ at z is defined by my(7s),
where 7y is a tangent p-vector and my is the vertical projection. The vertical tangent
p-vector will be denoted by 75 ().

3 Blow-up at transverse points

This section is devoted to the proof of Theorem 1.1. In the following proposition, we give
a simple characterization of characteristic points using vertical tangent p-vectors.

Proposition 3.1. Let ¥ C Q be a submanifold of class C* and let v € X3. Then x € C(X)
if and only if s y(x) = 0.

Proof. Let x € ¥ and let (¢1,ts,...,t,) be an orthonormal basis of 7,,¥. We have the
unique decomposition t; = V; +v; Z, where V; € H,H" for every j = 1,...,p. It follows
that

T=t Aty A-- At
=(Vi+mZ)A(Va+1Z) A A (Vy+7,2)

p
=VIAVAA AV + > 5 ViAVa A Vila AZ AV A= AV,

J=1

Assume that x ¢ C'(X). If V4, V4, ...,V are linearly dependent, then we get

p
tAta A Aty = 5 ViIAVAA - Vila AZ AV A=AV,
j=1

As a result, my(7) = 7 hence it is not vanishing. If Vj,...,V, are linearly independent,
then all wedge products of the form

VINVAN- - Via NZANVia A=AV, (19)

are non-vanishing for every j = 1,...,p. The fact that x is transverse implies that there
exists 7, # 0, then the projection

p
m(r) =Y Y VIAVRA - Vig AZAVi A=AV, (20)

J=1

is non-vanishing. Conversely, if m,(7) # 0, then (20) yields some v; # 0, therefore
t, ¢ H,H" O

Proposition 3.2. Let f : Q — R* be of class C*, with surjective differential at each
point of Q. Let ¥ denote the submanifold f~*(0) of Q and let v € X2. Then z € C(X) if
and only if df (x)|g,un is not surjective.
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Proof. We first notice that Ker <df(x)|Han> =T, N H,H", then we have

dim(H,H" N T,3) = 2n — dim (Im (df(:c)mn)). (21)

This last formula allows us to get our claim as follows. Assume that x € C(X). Then
T, C H,H" and (21) gives

2n+1—k =2n — dim (Im (df(a:)man))

From this equation we conclude that df (z)|g,mn is not surjective. Conversely, if df (x)x, un
is not surjective, then (21) implies

dim(H,H" N T,%) > 2n — k + 1 = dim(T, %)
therefore T,¥ C H,H", namely, z € C'(%). O

Theorem 3.3. Let f: Q — RF be of class C*, with surjective differential at each point
of Q. Let X denote the submanifold f~1(0) of Q and let x € X. Then we have

_ Ju f(x)
Jgf(x)

7o ()] : (22)
Proof. Left invariance of Riemannian metric allows us to consider the left translated
submanifold [,-13. Replacing f with fol, and €2 with [,-1{) we can assume that x is the
unit element 0 of H". Recall that I, : H* — H" is the left translation l,(y) = z - y. If
x € C(X), then Proposition 3.1 and Proposition 3.2 make (22) the trivial identity 0 = 0.
Assume that x € ¥\ C(X). Then Proposition 3.2 implies that the horizontal gradients

Vuf' = (X1f(0), Xof(0),..., Xon f'(0)) for i=1,2,... k

span a k-dimensional space of R?*". Let c¢;,co,...,c, € R?" be orthogonal unit vectors
generating this vector space and choose cji1,...,Cs € R?® such that (c1,Cy. .., Cop) 18
an orthonormal basis of R?". These vectors allow us to define a new horizontal frame
2n
Yj:Zcf Xy forevery j=1,...,2n. (23)
k=1

We denote by C' the 2n x 2n orthogonal matrix whose i-th column corresponds to the
vector ¢;, then by our choice of vectors ¢;, we obtain Vy f(z) = Vx f(z) C and

(Vafle) (Vaflce) - (Vufle) 0+ 0

Vy f(z) = <VHJ_C o <VHJ_C o WHJ? o z z ; (24)

<vakacl> <Vka7CQ> <Vka,Ck> 0---0
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where the symbol (,) denotes the standard scalar product of R**. Let us consider

F : R*™t1 — H", defining graded coordinates (yi, ..., Y2, 1) associated to the frame
(Y1,...,Ys,, Z), according to Definition 2.2. Then the differential of f at 0 with respect
to (Y1, ..., Yans1) can be represented by the matrix
[ /1 1 1 1 ]
5 (0) £, (0) -+ £, (0) 0 -+ 0 fy, ., (0)
0 (0) f,(0) -+ [ (0) 0 --- 0 f ., (0)
vV, f(0) = " : (25)
: . 0.0
| f3.(0) f3(0) -+ £ (0) 0 -+ 0 fir . (0) ]

It follows that

f3,(0) = (Vi f'c)
for every i,5 = 1,...,2n. The implicit function theorem gives us a C' map ¢ : A — R*
such that A C R? is an open neighbourhood of the origin and

f(gol(g)v‘"790k(g)7yk+17"'7y2n+1):O (26>

for every 4 = (Yr41,--->Y2ms1) € A. Then we define the mapping ¢ : A — R*"*L as

qb(?]) = (901<g)a cee 7@0k(g)7 Yk+15 - - - 7y2n+1)7 (27)

so that differentiating (26) we get

k
0=0,(f'op)=> fie +[i (28)
=1

for every i = 1,...,kand j = k+1,...,2n + 1. Equations (28) can be more concisely
written in matrix form as follows

sz Py; = _fyj7 (29)

where z = (y1,...,yx), the k X k matrix V, f has coefficients f;l, where 7,l =1,...,k and
j=k+1,...,2n+ 1. In order to achieve a more explicit formula for the differential of
the implicit map, we explicitly write the inverse matrix of V, f as

[ CL(V.f) Cor(Vof) - Cua(V.S) |

1 Cio(V.of) Coa(Vof) -+ Crai(V.f)

V= My (V- f) : AU ’

_Clk(vzf) C2k(vzf) e Ckk(vzf) |

where C;;(V., f) denotes the cofactor of V. f, which is equal to (—1)"*7 det(D; f) and D;; f
is the (k — 1) x (k — 1) square matrix obtained by removing the i-th row and the j-th
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column from V., f. In view of (29) we have

_Zle Ca(V.1)1,,

1 S Ca(V) S,

— -1 I e ——
Py; = (sz) fyj Muk(vzf)

| S GV 1 |

An elementary formula for computing the determinant of a matrix implies

k

Z Czs(vzf) ;j = M12~~~s—1js+l-~~k(vyf)

i=1
for every j =k +1,...,2n 4+ 1. As a consequence, we get

908 _ _M12---sfljs+1---k(vyf)
Yi M1k<vzf)

(30)

Note that M;.., (V. f) corresponds to the determinant of the matrix V., f. As a consequece
of (30) and of (25), we conclude that

©,,(0) =0
for every j = k+1,...,2n. Previous considerations and expression (27) lead us to the
formula
0 0 0 gl (0)]
0 0 0 QOZ% ,(0)
0 0 0 gp’y“% ,(0)
Vio0) =11 0 0 0 : (31)
0 1 0 0
0 0 0
1
0 0 e 0 1

where V;¢(0) is a (2n 4+ 1) x p matrix whose p x p lower block is the identity matrix.
Notice that columns of (31) represent a basis of the tangent space TpY with respect to
coordinates (Ygi1, ..., Y2nr1). More precisely, the set of vectors

Z(0) + Y5y v; Y;5(0)
<1 - Z?Zl v?) 2

Yk+1(0)> Yk+2(0)7 T 7Y2n(0)7
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form an orthonormal basis of TyX, where we have defined v; = ¢/, (0). Then the
tangent p-vector 7y to X at 0 is given by the wedge product

0 PO A Vi) - AYin(0) 1 (20) + Ty 0,%,(0)
o (15 )" |

Obviously, p-vectors Yi11(0) A Yiy2(0) A --- A Y5,(0) AY;(0) are horizontal, hence they
disappear in the vertical projection. It follows that

Y

) = Yii1(0) A Yeia(0) A -+ A Y2, (0) A Z(0)
- i 1/2
(1 +2 i v?)

7'271}(0) = Ty (Tz},V(O)

therefore we clearly obtain

rew(0)] = (1+ iv?>_1/ } (32)

Due to formula (30) in the case j = 2n + 1 and to (25), we obtain

k 2 2
2 (M. 1 (V.f)) + lezl (Mio.s12n41541-5(Vy f)) [ J4f(0) ’
o (M.(V-1))° : <JHf <0)> |

then (32) shows the validity of (22) in the case x = 0. Left invariance of the Riemannian
metric g leads us to the conclusion. O

Definition 3.4 (Metric factor). Let 7 be a vertical simple p-vector of A,(h") and let
L(7) be the unique associated subspace, with L = exp £(7). The metric factor of a
homogeneous distance p with respect to 7 is defined by

0r(t) =M1 (F~H(LN By)),

where F : R?"*1 —— H" defines a system of graded coordinates, H‘f | denotes the p-
dimensional Hausdorff measure with respect to the Euclidean distance of R?**! and B;
is the unit ball of H" with respect to the distance p. Recall that the subspace associated
to a simple p-vector 7 is defined as {v € h |v AT = 0}.

Remark 3.5. In the case of subspaces £ of codimension one, the notion of metric factor
fits into the one introduced in [19]. It is easy to observe that the notion of metric factor
does not depend on the system of coordinates we are using. In fact, F; ' o F : R?"*1 —
R2"*! is an Euclidean isometry whenever I}, F, : R*"*1 — H" represent systems of
graded coordinates with respect to the same left invariant Riemannian metric.
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Proof (of Theorem 1.1). Asin the proof of Theorem 3.3, left invariance of the Riemannian
metric g allows us to assume that x = 0. For ry > 0 sufficiently small, we can suppose the
existence of a function f : B,, — R¥ such that ¥ N B,, = f~1(0) and whose differential
is surjective at every point of B, . By Proposition 3.2, the horizontal gradients

Vuaf' = (X1£(0), Xaf"(0),..., Xonf'(0)) for i=1,2,....k

span a k-dimensional space of R?". Now, repeating the argument in the proof of Theo-
rem 3.3, we define the system of graded coordinates (yi, . .., y2n11) associated to the frame
(Y1,...,Ys,, Z), where Y; are given by (23). The differential of f at 0 can be represented
by the matrix

_ y11<0) y12(0) Z}k(o) 0---0 ylznﬂ(o)-
200) £2(0) --- fL(0)0-.--0 2 0
V,f(0) = y1_< ) ”_( ) yk_< ) ”"*_1( ) , (33)
: L. O 0---0 :
L 51(0) 52(0) ka(o) 0---0 252n+1(0)_

whose first k£ columns are linearly independent. By the implicit function theorem there
exists a C'! mapping ¢ : A — R* such that A C R? is an open neighbourhood of the
origin and

f((pl(gj),...,gpk(gj),ykﬂ,...,y%H):() (34)

for every ¥ = (Yg+1,-- -, Y2ns1) € A. Proceeding as in the proof of Theorem 3.3, we define
the mapping ¢ : A — R?"*! a5

gb(ﬂ) = (()01(@)’ ce 7Q0k<g>7 Yk+1y- -+ 7y2n+1)7 (35)

and by the same computations, differentiating (34) we obtain

0 0 0 9031/2n+1(0)
0 0 0 (,032/2“1(0)
0 0 - 0,0
Vi00)= |1 0 o 0 0 , (36)

0 1 e 0 0

0 0 0

1

0 0 0 1
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where V;¢(0) is a (2n 4 1) x p matrix whose p X p lower block is the identity matrix. For
each r < 1o, write the ball B, in terms of graded coordinates defining B, = F “YB,) C
R2"*1 The surface Y read in graded coordinates can be seen as the image of ¢. Then we
have established

vol, (XN B,) 1p/ .
e J dy . 37
L SR 4 @) dy (37)
The dilation ¢, restricted to coordinates (yi, ..., Yan+1) gives
57"@ = 5T((yk+17 oo 7y2n+1)) = (ryk—i-la TYk425 - -+ TY2n, T2y2n+1)7 (38)

therefore, performing a change of variable in (37) we get

vol,(X.N By.) / o
_— = J,0(6,7)dy . 39
Tp+1 61/r(¢_1(é'r)) ! ( ) ( )

The set 0y/,(¢(B,)) can be written as follows

(0,7 k(8,3 -
(90 (T y))___’SO (r y)’ykﬂ,_..,y%ﬂ) 631}. (40)

(G0 dod) \(By) = {y c RY

From expressions (36) and (38) one easily gets that

lim £07) _ 0 (41)

r—0+t r

for every j = 1,..., k. As a result, the limit

- +
Ly (o) T MBim 88 T =0 (42)

holds a.e. in R?, where we have defined
Il = {(07--~7O7yk+17~--7y2n+1) €R2n+l |y] ER,]:]C+1,,27Z+1}

From (39), we conclude that

li Y20 Ber) _ J,6(0) HP(II N By). (43)

r—0t an

To compute J,¢(0), we use both the canonical form of the tangent space TpX given by
(36) and the fact that our frame (Y7,...,Y3,,7Z) is orthonormal. Thus, according to
Definition 2.4 the Riemannian jacobian of ¢ at zero is given by

Jg#(0) = (1 +Z; v?)l/z, (44)

where we have defined v; = ¢§2n+1(0) for every j = 1,...,2n. Again, following the same
steps of the proof of Theorem 3.3, we get

750, (0)] = (1 L 2012)—1/2 (o)
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Then (43) yields

_ vol,(XNB,) H/(INDB)
lim =
r0+ rpt+l |75, (0)]

(45)

The subspace £(7sy(z)) associated to the p-vector 71 (x) satisfies the relation

exp (E(Tgy(:v))) = F(II)

therefore the metric factor of p with respect to 7xy(x) is HP(IIN By). This fact along
with (45) implies the validity of (1) and ends the proof. O

4 Spherical Hausdorff measure of submanifolds

This section deals with various applications of Theorem 1.2. A key result to obtain this
theorem is the S?~*-negligibility of characteristic points of a k-codimensional submanifold
of a Carnot group of Hausdorff dimension @, see [22]. This result in the case of Heisenberg
groups reads as follows.

Theorem 4.1. Let ¥ C Q be a C' submanifold of dimension p. Then the set of charac-
teristic points C(X) is SPT-negligible.

Remark 4.2. In order to apply the negligibility result of [22] one has to check that the
notion of characteristic point in arbitrary stratified groups coincides with our definition
stated in the Heisenberg group. According to [22] a point x € X is characteristic if

dim (FH,H") — dim (7,2 N H,H") < k — 1. (46)
If x is characteristic according to Definition 2.12, then
dim (XN HH") =p=2n+1—k
and (46) holds. Conversely, if (46) holds, then
p=dim(T,%) =2n — k+ 1 < dim (7,2 N H,H"),
hence T,,> C H, H".

Corollary 4.3. Let X C Q be a C' submanifold of dimension p. Then we have
/ 0(rsy(z)) dSP (z) = / |72y (2)] dvol,,(x) (47)
b )

Proof. We apply Theorem 2.10.17(2) and Theorem 2.10.18(1) of [5], hence from limit
(1) and Theorem 4.1 the proof follows by a standard argument. O
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Remark 4.4. Proof of Theorem 1.2 immediately follows from (47).

Next, we present a class of homogeneous distances in the Heisenberg group which
possess constant metric factor. The standard system of graded coordinates F : R?*+! —
H" induced by (Xi,..., Xs,, Z) will be understood in the sequel. To simplify notation
we will write z = F(Z,29,11) € H", with & = (21, ..., 79,) € R?™.

Proposition 4.5. Let F' : R*"*!1 — H" define standard coordinates and let p be a homo-
geneous distance of H" such that p(0, F(-)) : R?"*! — R only depends on (|F|, Toni1)-
Then 09(r) = 05(7) whenever 7,7 are vertical simple p-vectors.

Proof. Let 7 = Uy A- - -AU,_1\NZ and T = Wi A---AW,_1 AZ be vertical simple p-vectors,
where it is not restrictive assuming that both (Uy,---,Up—1,2) and (Wy,...,W,_1,2)
are orthonormal systems of h?**!. Then we easily find an isometry J : h2*+t — p2nt!
such that J(L£(7)) = L£(7) and J(Z) = Z. Recall that our graded coordinates are defined

by F = expoZ, where Z : R?"*! — p?7*+1 i5 an isometry such that

2n

I(w1,. .., Topg1) = Tong1 Z + Z%’ X;

j=1
for every (xy,...,Tony1) € R Thus, defining B, = F~Y(By) Cc R*! we have
F Y expL(F)NBy) =T o J(L()) N By = o(T7(L(7)) N By, (48)

where ¢ =Z 1o JoZ : R*™ — R?"! is an Euclidean isometry such that p(eg,. 1) =
€ani1 and eg, 1 is the (2n+1)-th vector of the canonical basis of R*"*!. Then |Z| = |7
whenever ¢(7,t) = (4,1). As a result, the fact that p(0, F(Z,t)) only depends on (||, t)
easily implies that o(B;) = By. Thus, due to (48), it follows that

o5(r) =1y (27 (L) N By) = 1y (p(Z7 (L)) N By) = 5(7). (49)
This ends the proof. O

Example 4.6. An example of homogeneous distance satisfying hypotheses of Proposi-
tion 4.5 is the gauge distance, also called Kordnyi distance, [15]. The gauge distance from
x to the origin is given by
- 1/4
d(,0) = (|l +1623,.,)"",

where © = (7, Zon41). Then we define d(z,y) = d(0,z7y), for any z,y € H". Another
example of homogeneous distance with this property is the “maximum distance”, defined
by

doo(,0) = max {|i|, |x2n+1|1/2} .

Due to Proposition 4.5, both of these distances have constant metric factor.
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Remark 4.7. The metric factor depends on the Riemannian metric ¢ we have fixed.
Furthermore, if we divide it by the volume of the unit ball B; (or any other fixed subset
of positive measure), then we obtain a number only depending on the restriction of the
Riemannian metric to HH".

Lemma 4.8. Let g be a left invariant Riemannian metric such that gjgu» = 9mmn - Then
05(7)/volany1(B1) = Hp( )/VOlgn_H(Bl) for any simple vertical p-vector, where volg, 1
and 05(7) are defined with respect to the metric g.

Proof. By hypothesis, we can choose an orthonormal frame (X, Xs, ..., Xo,, W) with
respect to g, where W = A7 + 2521 a;X; and X # 0. Let F,F : R>™ — H”
represent system of coordinates with respect to the standard basis (X1, Xo, ..., Xo,, Z)
and (X1, X, ..., Xon, W), respectively. We have F' = F o T, where T : R?"+1 — R2+1
is given by the matrix

10 0 -0 a

01 O 0 ag

1 as
A= (50)

0 .0
0 v 0 1 asg,
00 00 A
By Proposition 2.7, it follows that

\7(;12n+1 = Fﬁ£2n+l = ]det A’_lFﬁ£2n+1 = ‘)\l_l V012n+1. (51)

Let 7 = Uy AN --- NUp_1 A Z, where it is not restrictive to assume that the horizontal
vectors Uy, ..., U,_; are orthonormal with respect to both g and g. We denote by L the
subspace span{Uy,...,U, 1, Z} of h™. Recall that

Op(7) =M (F~ (exp(£) N By)) = MY

i (T (F Yexp(L) N By))) . (52)

Now we wish to determine a basis of the subspace F~1(exp(£) C R?"™!. The relations

U, = 2321 CZX]- give rise to p — 1 orthonormal vectors ci,...,c, 1 € R*" x {0} with
respect to the Euclidean scalar product such that

span{ci, ..., Cp 1, €1} = F ' (exp (E)) C R# (53)

In order to compute the Euclidean jacobian of T~ restricted to the p-dimensional sub-
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space span{cy, ..., Cp_1, 2,41} C R**! we write the matrix
10 0 -0 X'
01 0 .0 —Xlay
1 . =)\"la
Al = ’ (54)
0 .0
0-vn .- 0 1 -\"lay,
00 0 A\t
noting that 7-'c; = ¢; forevery j = 1,...,p—1and T '(e2n41) = A" €241 As a result,
the jacobian of (T‘1)| sspan{cy, ..., Cp1, €anp1 — R¥TLis [A|71] hence

55(7') =My, (T~ (FYexp(L) N By)))
= |\ ﬂ((F‘l(eXp([,) NBy)) = A7 6(7).

Joining (51) and the previous equalities, our claim follows. O

Theorem 4.9. Let ¥ be a p-dimensional submanifold of 2 and let g a left invariant
metric such that ggu» = g/gun. Then

1 7 vol -1 Tev(x)| dvol,(x
m/2|72,v($)|dvolp(:v) = V012n+1(Bl)/2‘ s v(7)] dvol,(z) (55)

The previous theorem is an immediate consequence of Corollary 4.3 and Lemma 4.8.
Next, we apply (2) to compute the spherical Hausdorff measure of some submanifolds.
We will use the following proposition.

Proposition 4.10. Let ¢ : U — R**™! be a C' embedding, where U C RP is a bounded
open set. Let F': R*"*1 — H" define standard coordinates and set ® = Fo¢ : U — H",
where X = ®(U). Let p be a homogeneous distance with constant metric factor a > 0.
Then we have

SHHi (%) = / |7Ty(<I>ul(u) ANy, (u) A=A q)up(u))‘ du , (56)
U

for every measurable set A C H", where the norm | - | is induced by the scalar product
(17) on p-vectors.
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Proof. By definition of Riemannian volume, formula (2) can be written with respect to

¢ as

SE(E) = [ Irsn(@()] y/det [o(6(0) (@), B, ()] du, (57)

where we have

oy (1) A By (1) A+ A By (1) = /et [g(@(1) (@4 (w), @y ()] (58)
Therefore, taking into account the formula

Dy, () A DPyy(u) A-- N Dy ()
Doy (w) A Py (u) A=+ A (I)up(u” ’

mo(®(u)) = (59)
the definition of vertical tangent p-vector my(7s) = 7v1 and joining (57), (58) and (59),
formula (56) follows. O
Example 4.11. Let ¢ : R — R%, defined by ¢(u) = (uy, up, us, 0, “S25) The
mapping ¢ parametrizes a 3-dimensional paraboloid ¥ = ®(U) of R®, where U is an
open bounded set of R?, ® = F'o ¢ and F' : R® — H? represents standard coordinates,
according to Definition 2.2. Using expressions (7), we have

bu (1) = X1(6(u)) + (63(u) + u)T(g(w)),

Bua0) = Ko(9() + (9(u) + ) T(5(u),

Gus (1) = Xa(d(u)) + (us = ¢1(u))T(¢(w)) .
Observing that for every j =1,...,2n, we have

AF(6(u))X;(6(w)) = X,(®(u)) € HyH"  and
dF (¢(u)) Z(p(u)) = Z(®(u)) € TopuH",
hence we obtain

X1(@(w) + (us +u)T(P(w),  Pu,(u) = Xo(P(u)) + upT(P(u))
X3(®(u)) + (U3 — ul)T((I)(u)) )

)
Py (u)
Thus, we can compute

T ( Py A Py A Oy, )
:(Ug—U1>X1/\X2/\T—U2X1/\Xg/\T+(U3+U1)X2/\X3/\T,

hence formula (56) yields

S (%) :/U\/ug—l—Z(u%—f—u%) du .
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Example 4.12. Let ¢ : R? — R?, ¢(uy, uz) = (ayuy, asus, bui+cusy), define a hyperplane
in R3, where aj,as,b,c € R and (Jg)" = a2a? + a2 + a2b?> > 0. Embedding the
hyperplane in H' through standard coordinates F : R* — H!, we obtain

a1 X1 (P(w)) + (aragus + 0)T(P(u)),
CLQXQ((I)(U)) + (C - a1a2u1)T(¢)(u)) )

o —
[0} —
where ® = F o ¢. Then we get

Wy(q)ul(u) A (I>u2(u)) = ai(c — araguy ) X3 AT — (ayagus + b)ag Xo AT

and formula (56) yields

Spu (1) = / \/af(c — ajaguy)? + a3(aragug + b)? du, (60)
U
where IT = ®(U) and U is an open bounded set of R?.

Example 4.13. Let ¢ : R? — R?, ¢ (uy, us) = (uq, us, "%;“u%), define a paraboloid in R?.
By standard coordinates F' : R?* — H' and arguing as in the previous examples, we have

Oy, (u) = Xo(P(u)) + (u2 + ur)T(®(u))  and

Do, (u) = Xo(P(u)) + (ug — ur) T(P(u)),
where ® = F o ¢. It follows that

Ty (@, (1) A @y, (0) = (ug — )Xy AT — (ug +u) Xo AT

and formula (56) yields

S3.(P) = / 2u? + 2u2 du 61
i (P) . \/ “ 2 (61)
where P = ®(U) and U is an open bounded set of R?.

Remark 4.14. It is curious to notice that the density of S3, restricted to the paraboloid
P, computed in (61), is proportional to the density of S7, restricted to the horizontal
projection of P onto the plane F'({(x1, 29, 73) | 23 = 0}) C H', whose density is given by
(60) in the case a; = ay =1 and b=c¢=0.

Example 4.15. From computations of Example 4.12, one can get the 2-dimensional
spherical Hausdorff measure of the line ®(t) = F'(at,0,bt) defined on an interval [«, [].
We have

O'(t) = aXy(B()) + T(B(t)) and myp(®(t)) = BT(D(L)), (62)

then defining the submanifold £ = ®([«, §]), the formula 8%, (£) = |b] (8 — «) holds.
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Another consequence of (2) is the lower semicontinuity of the spherical Hausdorff
measure with respect to weak convergence of regular currents. To see this, it suffices to
establish the following formula

Sﬁtl(E): sup /<Tg7y,w> dvol,, (63)
weFL(Q) I

where FP?(Q) is the space of smooth p-forms with compact support in Q with |w| < 1.
The norm of w is defined making the standard frame of p-forms (dzy,dzs, ..., dxs,, é)
orthonormal and extending this scalar product to p-forms exactly as we have seen in
formula (17). The 1-form 6 is the so called contact form

é = d[L‘Qn_H -+ Z$j+n dej — Ty dxj—&—n (64)
j=1
written in standard coordinates. Note that (dzi,dz,, ... ,dxzn,é) is the dual basis of

(X1,...,Xon, Z). Formula (63) follows from (2) observing that

/|7‘gyv|dvolp: sup /(Tgy,@dvolp, (65)
5 weFP(Q) Jx

as one can check by standard arguments. As a consequence of these observations, we can
establish the following proposition.

Proposition 4.16. Let (X,,) be a sequence of C' submanifolds of Q0 which weakly con-
verges in the sense of currents to the C' submanifold ¥. Then

lim inf S5 (2,,) > SE(D). (66)

m——>00

PRroOF. By hypothesis

/ (Ts,, v, w) dvol, — /(Tgy,w) dvol,, , (67)
5

m

for every w € FP(Q2). Then (63) ends the proof. O

Remark 4.17. It is clear the importance of (66) in studying versions of the Plateau
problem with respect to the geometry of Heisenberg groups.

Recall that the horizontal normal is the orthogonal projection of the normal to v(x)
to T,> onto the horizontal subspace H,H". In the next proposition we show that in
codimension one an explicit relationship can be established between vertical tangent 2n-
vector and horizontal normal vy.
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Proposition 4.18. Let 3 be a 2n-dimensional submanifold of class C* and let vy(x) a
horizontal normal at x € X. Then we have

V}{ = (—1) T%,v

where vy = Z?Zl 1/1[ X; and vy = 2321 Téyv XiN- X, g NXjp A Xoy NZ. In
particular, the equality |1s.v| = |vg| holds.

Proof. Let (t1,ts,...,t2,) be an orthonormal basis of 7,3, where z is a transverse point.
Then ,
i=1

where C' = (c}) is a (2n + 1) x 2n matrix, whose columns are orthonormal vectors of

R?"+1 Then we have

2n+1 )
sz(x):tl/\tg/\"'/\tgn: Zdet(éj)X1/\Xg/\---/\Xj,l/\XjH/\---/\Z,
j=1

where C” is the 2n x 2n matrix obtained by removing the j-th row from C'. The vertical
projection yields

2n )
Tev() = m(re(z) = det(C) Xy A Xy A AXG L AXja A ANZ - (68)
j=1
and by elementary linear algebra one can deduce that

n+1(—1)ﬂ‘ det(C7) el =det [Cc¢,| =0 (69)
> o

J=1

for every k =1,...,2n. Then the vector

2n ‘
UV = Z(_l)] det(@ﬂ) X] + (_1)2n+1 det(C 2n+1) 7
j=1
yields a unit normal to ¥ at z. Its horizontal projection is
2n '
T S .
j=1

Formulae (68) and (70) yield the thesis. O
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5 Coarea formula

This section is devoted to the proof of Theorem 1.3. Next, we recall the Riemannian
coarea formula, see Section 13.4 of [4].

Theorem 5.1. Let f : H* — R* be a Riemannian Lipschitz function, with 1 < k <
2n + 1. Then for any summable map u : H" — R, the following formula holds

/ () Jy () dvol () = /R k ( /f L) dvolp(y))dt, (71)
where p— 2n +1— k

In the previous theorem the Heisenberg group H" is equipped with its left invariant
Riemannian metric g. The terminology “Riemannian Lipschitz map” means that the map
is Lipschitz with respect to the Riemannian distance.

Proof (of Theorem 1.3). We first prove (4) in the case f is defined on all of H" and is
of class C'. Let Q be an open subset of H". In view of Riemannian coarea formula (71),

/Q (@), () do = /R k ( /f o dvolp(y)> dt. (72)

where u : @ — [0,400] is a measurable function. Note that in the left hand side of

we have

(72) we have used the Lebesgue measure in that, by Proposition 2.7, it coincides with the
volume measure expressed in terms of standard coordinates, namely Fﬁ(ﬁznﬂ) = volg, 1.
Now we define

uw(x) = Juf(x)lisrrone(z)/J f ()
and use (72), obtaining

/Q Ty f(x) dz = /IR k ( /f o Jif (33}11”{(;];#0} () dvolp(y)) dt. (73)

The validity of (72) also implies that for a.e. ¢t € R* the set of points of f~'(¢) where .J, f
vanishes is vol,-negligible, then the previous formula becomes

/ﬂ Tuf(x) de = /R k < /f e Jf ff(g) dvolp(y)> dt. (74)

By classical Sard’s theorem and Theorem 4.1 for a.e. ¢t € R* the C! submanifold f~'(¢)
has Sﬁﬁl—negligible characteristic points, hence Proposition 3.2 implies that

Co={yef ' t)NQ|Jufly) =0}

is SP*negligible. As a result, from formulae (22) and (2) we have proved that for a.e.
t € R* the equalities

Ju/(2) VO — Sl _ optlyp—1
/f—utm 7 70y Do) = ST NANG) = U N )
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hold, therefore (74) yields

/Q Ti f(x) de = /R CSENT N9 d (75)

The arbitrary choice of  yields the validity of (75) also for arbitrary closed sets. Then,
approximation of measurable sets by closed ones, Borel regularity of Sp . and the coarea
estimate 2.10.25 of [5] extend the validity of (75) to the following one

/ Juf(x)de = [ SEEN(f~Y(t) N A)dt, (76)
Rk

where A is a measurable subset of H". Now we consider the general case, where f : A —
R¥ is a Lipschitz map defined on a measurable bounded subset A of H?. Let f; : H* —
R¥ be a Lipschitz extension of f, namely, f1j4 = [ holds. Due to the Whitney extension
theorem (see for instance 3.1.15 of [5]) for every arbitrarily fixed € > 0 there exists a C"
function fo : H® — R¥ such that the open subset O = {z € H" | fi(2) # fo(2)} has
Lebesgue measure less than or equal to e. We wish to prove

: Juf(z)dr — /

Rk

Sﬁ‘:l(f_l(t)ﬂA)dt‘ < / Juf(z)dx
ANO
+/ SNt NANO)dt . (77)
Rk
In fact, due to the validity of (76) for C* mappings, we have

/ JHfQ(ZE)dI:/ SN M) N AN O)dt
A\O RK

Note here that the horizontal jacobian Jy f is well defined on A, in that df is well defined
at density points of the domain, see for instance Definition 7 and Proposition 2.2 of [17].
The equality fo 4,0 = fla\o implies that Jg fo = Jy f a.e. on A\ O, therefore

Juf(z dx_/SP“ ) NA\O)dt

A\O

holds and inequality (77) is proved. Now we observe that for a.e. x € A, we have

k 2n ‘ o 1/2
uf) <11 (Z (X, £ () ) < 1 (@) s |
i=1 N j=1
therefore the estimate
Ju f(x) < Lip(f)* (78)

holds for a.e. © € A. By virtue of the general coarea inequality 2.10.25 of [5] there exists
a dimensional constant ¢; > 0 such that

/ SN FTN) N AN O)dt < ¢ Lip(f)F HZ+2(0). (79)
Rk
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The fact that the 2n + 2-dimensional Hausdorff measure H?"*2 with respect to the homo-
geneous distance p is proportional to the Lebesgue measure, gives us a constant ¢, > 0
such that

/ SNt N ANO)dt < ¢y Lip(f)F £L21(0) < ¢, Lip(f)F e. (80)
Rk

Thus, estimates (78) and (80) joined with inequality (77) yield

/ Ju f(z)dr — / SEFL () N A)dt’ < (1+ ) Lip(f)*e.
A RF
Letting ¢ — 0T, we have proved that

/ Juf(x)de = / SEEL () N A)dt. (81)
A RK

Finally, utilizing increasing sequences of step functions pointwise converging to u and
applying Beppo Levi convergence theorem the proof of (4) is achieved in the case A is
bounded. If A is not bounded, then one can take the limit of (4) where A is replaced by
Ag and {A;} is an increasing sequence of measurable bounded sets whose union yields
A. Then the Beppo Levi convergence theorem concludes the proof. U

Remark 5.2. Notice that once f : A — R* in the previous theorem is considered with
respect to standard coordinates it is easy to check that the locally Lipschitz property with
respect to the Euclidean distance of R?"! is equivalent to the locally Lipschitz property
with respect to the Riemannian distance.
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